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1 Introduction

Recessions are often explained by large aggregate shocks. However, one feature of the Great
Recession is that small, sectoral shocks that stemmed from the subprime mortgage mar-
ket propagated to the whole economy, inducing the enormous economic turmoil.! In fact,
though these shocks were initially constrained to the financial sector, their consequence
was far-reaching. Since then, there are upsurges of research interests of two strands of the
macroeconomics literature. One is on the relation between financial frictions and business
cycles. The other is the resurgence on how small shocks are amplified through a network of
input-output linkages.?

This paper is at the interplay between the above two strands of literature. More specifi-
cally, I seek to answer the following question: how does the network of input-output linkages
amplify the aggregate impact from sectoral financial distortions in a dynamic environment?
And how large is the amplification magnitude? The idea is simple. Consider firms in a
production network that require funds for their factors of production. A tightening of a
firm’s financial constraint could affect its own production and, hence, its output supplied as
intermediate inputs to downstream firms; a decrease in outputs of these firms in turn could
affect their connected firms, and so on and so forth, resulting in a multiplier effect. The
question is then is this amplification magnitude empirically significant?

The aggregate effect of a financial shock in a network depends on two things: the first
is the affected producers’ impact on aggregate output, and the second is their sensitivity
to financial shocks. Hulten (1978) provides the foundation theorem that states producers’
impact on aggregate TFP and output is summarized by sales to GDP share, i.e., Domar
weights, in efficient economies. In contrast, in inefficient economies, Domar weights are
not sufficient to describe sectoral impact on aggregate variables. One needs to account for
producers’ heterogeneous responses to financial shocks and changes in factor reallocation.
To see these heterogeneous responses, Figure 1 depicts the sectoral corporate bond spreads
of selected sectors and the average across all sectors from 2003 to 2014. Among all sectors,
the Finance, Insurance, and Real Estate (FIRE) sector has the highest spike during the
recession: from a low of 0.8% in 2006 to the high of 5.2% in 2008. At the same time, the

1. Gorton and Ordonez (2014) show that only 4 percent of subprime securities had been impaired and the
realized principal losses on the AAA subprime bonds were 17 basis points as of February 2011.
2. See, for example, Acemoglu et al. (2012) and Acemoglu, Akcigit, and Kerr (2015).



Manufacturing sector has the lower-than-average spread. While these two sectors both have

the highest Domar weights in the United States, their impacts under financial shocks are

much different.
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Figure 1: The sectoral corporate bond spreads from 2003 to 2014Q1. The bold black line is
the sectoral average. The red long dashed line is the spread of the FIRE sector. The blue

short dashed line is the spread of the Manufacturing sector. The data is from the TRACE
bond prices database and calculated by the author.

To explore this heterogenous financial response channel in a production network, I develop
a dynamic general equilibrium model with financial frictions and input-output linkages. The
financial friction here refers to the costly state verification problem proposed by Townsend
(1979), which is then combined into the multi-sector real business cycle framework based on
Long and Plosser (1983).% In the model, entrepreneurs, who manage firms, need to borrow to
purchase capital with their net worth. However, idiosyncratic returns on capital are private
information, and verifications from lenders are costly. In equilibrium, lenders sign a standard
debt contract with borrowers, and the verification cost is interpreted as default cost, which
generates a capital wedge (credit spread). Entrepreneurs of different sectors differ in their
default costs and volatilities of idiosyncratic returns. Hence, in equilibrium, capital wedges
differ across sectors. This allocative inefficiency, i.e., capital misallocation, reduces aggregate

TFP. Entrepreneurs are subject to uncertainty shocks, which are innovations to the sectoral

3. My model is built on the works of Carlstrom and Fuerst (1997), Bernanke, Gertler, and Gilchrist (1999),
and Christiano, Motto, and Rostagno (2014). I extend these papers’ analysis of production by examining
multiple sectors with input-output linkages among them.



volatility of idiosyncratic capital returns. These are second-moment shocks to Solow-neutral
(capital-augmenting) productivity, directly affecting credit spreads.

I modify Hulten’s theorem in this inefficient dynamic economy with endogenous capital
wedges. The main theoretical result is that aggregate TFP change can now be decomposed
into two components: changes in productivity weighted by Domar weights and changes in
allocative efficiency. In efficient economies, changes in allocative efficiency are always zero,
and the aggregate effect falls on productivity changes, as stated in Hulten’s theorem. In
inefficient economies, changes in allocative efficiency may be nonzero. A sectoral productivity
shock can induce both effects. An aggregate productivity shock only has the first effect
but not the second effect, since the relative marginal product of capital remains the same
across sectors. Uncertainty shocks, however, no matter aggregate or sectoral, always affect
capital allocative efficiency and aggregate TFP, because endogenous capital wedges respond
differently across sectors. In response to an aggregate uncertainty shock, the relatively more
financially constrained producers are more vulnerable, and capital flows from them to less
financially constrained producers, reducing allocative efficiency and aggregate TFP.

I then calibrate the model to the U.S. data and estimates shocks processes through the
maximum likelihood estimation. There are two quantitative results. First, input-output
linkages amplify the impact of an aggregate uncertainty shock by more than two folds. In
response to an aggregate uncertainty shock that generates a spike of average credit spread
by about 3%, as observed during the recession in Figure 1, aggregate output decreases by
1.6% and aggregate TFP decreases by 0.3%. To quantify the amplification magnitude from
linkages, I compare the impulse responses with another multi-sector model economy with
the same level of financial frictions, but without linkages. The ratio of aggregate TFP drop
between two model economies is 1.7, and the ratio of aggregate output drop between them
is 2.3. Both model economies have a similar impulse response of capital misallocation, so
the large difference is mainly from the amplification of input-output linkages.

Second, the amplification magnitude of input-output linkages on sectoral uncertainty
shocks ranges from 1.2 to 10 (the ratio of aggregate output drop between two model economies).
Among all sectors, a sectoral shock to the FIRE sector induces the largest decline in aggre-
gate output. This is because the FIRE sector has the largest default cost, is most sensitive to
a change in its financial constraints, and has the second largest Domar weight in the U.S. On

the other hand, while the Manufacturing sector has the largest Domar weight, its response



to uncertainty shocks is modest.

This paper adds values to the new strand of the literature that consider frictions into
production networks.? For example, Jones (2011, 2013) are the pioneer works that consider
how linkages amplify the effect of misallocation in development accounting. Altinoglu (2016)
studies the credit network when intermediate inputs are financed by supplier credit. Baqaee
(2018) shows entry and exit provide a new mechanism for propagating shocks, along with
input-output networks. Luo (2016) studies the relation between financial frictions and trade.
Liu (2018) studies industrial policies in production networks.

This paper is most closely related to Bigio and La’O (2017) and Baqgaee and Farhi (2018).
Bigio and La’O (2017) ask how the structure of a production network affects the impact of
sectoral distortions and quantify the amplification of linkages on distortions. Their result on
the amplification magnitude of aggregate financial frictions shocks ranges from 1.7 to 2.4,
consistent with this paper. Baqaee and Farhi (2018) provide a general theory and nonpara-
metric formulas for inefficient economies with input-output networks and distortion wedges.
All three works share the feature that changes in allocative efficiency reduce aggregate TFP.
However, the unique feature of this paper that deviates from theirs is that capital wedges and
credit spreads are endogenous in a dynamic environment, while the above two works both
take the reduced-form markup and wedge approach via static modeling. Bigio and La’O
(2017) focus on labor market distortions and use the sectoral credit spreads constructed by
Gilchrist and Zakrajsek (2012) as a proxy to infer sectoral financial distortions, interpreted
as working capital constraints on intratemporal variables. However, this approach fails to
account, for the fact that the majority of funds in the credit market is for intertemporal
usage. In contrast, I focus on capital market distortions with endogenous credit spreads,
and this allows me to directly identify the degree of financial distortions from data.

The modeling element of financial frictions builds on Bernanke, Gertler, and Gilchrist
(1999) and Christiano, Motto, and Rostagno (2014). The type of uncertainty shock used
here is first proposed by Christiano, Motto, and Rostagno (2014). Instead of considering any
nominal rigidity, I focus on multi-sector real economies. This setting allows me to simplify
the analysis and focus on the amplification from input-output linkages and enables me to

perform sectoral analysis.

4. For the literature on input-output networks in efficient economies, see Atalay (2017), Acemoglu et
al. (2012), Dupor (1999), Durlauf (1993), Foerster, Sarte, and Watson (2011), Horvath (1998, 2000), and
Shea (2002).



The rest of the paper proceeds as follows. Section 2 starts from a frictionless economy
as the benchmark, then develops the dynamic general equilibrium model with frictions,
and characterizes the equilibrium. Section 3 explains data, calibrates and estimates the
model parameters, discusses meanings of financial parameters. Section 4 shows quantitative

analysis. Section 5 concludes. Proofs and other technical details are in the appendix.

2 The General Equilibrium Model

To illustrate the value added of considering frictions within a multi-sector real business
cycle model, I first layout a frictionless economy served as the benchmark and show some
properties that are known to the literature. I then present the general model with financial

frictions and show how adding frictions would modify the result.

2.1 The Frictionless Benchmark

Consider a static variant of the multisector model of Long and Plosser (1983) and Acemoglu
et al. (2012). In a perfectly competitive economy, there is a representative consumer endowed

with one unit of labor, supplied inelastically, with a Cobb-Douglas preference over N goods.

where ¢; is consumption of good j, and Zj\[:l B; = 1. Alternatively, one can think there
is a final good Y produced by Cobb-Douglas technology. There are N production sectors;
each of them produces a good indexed by 7 = 1,..., N. Assume there is a representative
firm within each sector and it uses a constant return to scale Cobb-Douglas technology. The

output of sector j is given by

N N
_ 1—m; Vij _
Y= A M D e = my,
i=1 =1

where A; is Hicks-neutral sectoral productivity of j, [; is the amount of labor employed by
the sector, and M;; is the amount of intermediate input of good ¢ purchased by j. The
exponent 7;;, which is the equilibrium intermediate input share of M;;, represents input-

output linkages. m; is the total intermediate input share of sector j, and (1 — m;) is labor
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share of j.

Let T denote the input-output matrix of N sectors:

Y11 Y12 ot YN
. N

I — 7?71 7?,2 | 72‘,
IN1 YN2 ' INN

I’ can be treated as an adjacency matrix of the weighted production network, with each
element representing the directed link from sector ¢ to j.

The profits of a producer in sector j is

N
;= ;Y —wily = Y piMi,
=1

where p; is the price of good j, and w; is the wage rate at sector j. In equilibrium, w; = w, V.
Finally, to clear the market, the sectoral gross output is equal to its final use and factor

use:

In this frictionless benchmark economy, due to inelastic labor supply, the aggregate output
change is equivalent to aggregate TFP change. The change of aggregate output (TFP) in

response to sectoral productivity shocks are stated in the following theorem.

Theorem 1 (Hulten 1978). The first-order approzimation of aggregate output (TFP) change
s given by:

j=dnY =dlnA=>) v;dlnA; =v'dn A,

J

where A is aggregate TFP, v = ijYj is sectoral sales to output ratio, and A = (A, ..., Ax)

1s the vector of sectoral productivity.

Hulten’s theorem simply states that, up to a first-order approximation, in a competitive



economy with intermediate inputs, sectoral influence on aggregate output and TFP is its
productivity change weighted by its equilibrium sales shares, i.e., Domar weights. Given its
meaning on the impact to aggregate output, Acemoglu et al. (2012) called v the influence
vector. The influence vector describes the aggregate output elasticity of sectoral technological

change, since

dinY
din A, 7

That is, sectoral size determines its impact on aggregate output.®
In addition, the market clearing condition and the first-order conditions on intermediate

inputs relate Domar weights into the final use share and the Leontief inverse:

v=[Iy-T]'8,

where 3 = (31, ..., n) is the vector of final use share, and [Iy — I']™! is the Leontief inverse
matrix. That is, in this input-output economy, equilibrium sectoral size depends on its final
demand from the households and also its intermediate use demand from other producers.
Due to the presence of intermediate inputs, the impact of sectoral productivity shocks to

aggregate output is amplified.

Definition 1. The aggregate input-output multiplier of productivity shocks is

dlnY
VA . dlnA] ZUJ >

J

va (upsilon) describes the total output change in response to a systematic uniform tech-
nology shock across sectors. That is, if productivity in every sector falls by 1%, then ag-
gregate output would decrease by v2%. The last inequality comes from the presence of
intermediate use. Intuitively, when a bad shock hits a sector, its sectoral output decreases
(price increases), and hence all intermediate inputs supplied to (or purchased from) its direct
downstream producers decreases; these downstream producers then decrease their outputs,

6

and so on.” The aggregate input-output multiplier is also the ratio of aggregate output

5. For this size argument, see Gabaix (2011, 2016).
6. This effect can be seen directly from the algebra

[In —T] ' =Iy+T+T%+...,

where the first I is the direct effect from the impacted sector, the second term is the effect of its downstream



change between the input-output economy and its equivalent multisector economy without
input-output linkages. In this way, v4 describes the amplification magnitude from input-
output linkages under productivity shocks.

Next, I will show that how adding financial frictions modifies the result of Hulten’s
theorem by changing allocative efficiency, and how input-output linkages amplify the impact

of allocative inefficiency on reducing aggregate TFP in a dynamic general equilibrium model.

2.2 The Model with Financial Frictions

The general model combines financial frictions through costly state verification with uncer-
tainty shocks, as in Christiano, Motto, and Rostagno (2014), and the multi-sector real busi-
ness cycle framework with input-output linkages, as in Long and Plosser (1983). Bernanke,
Gertler, and Gilchrist (1999) is the first to combine the costly state verification into a busi-
ness cycle model, and they call it the financial accelerator. Since this modeling technique is
well-known and popularly used, I simplify its presentation here and put all technical details
in the appendix.

Consider a perfectly competitive economy. There are five types of agents in the model:
a representative household (workers and entrepreneurs), N intermediate goods producing
sectors, a final goods producer, a capital producer, and a financial intermediary. Here I use
the large household assumption as in Christiano, Motto, and Rostagno (2014) to incorpo-
rate the costly state verification problem into a standard business cycle model. This large
household assumption also follows from Gertler and Karadi (2011) to incorporate financial

intermediaries and maintain the tractability of the representative household approach.”

2.2.1 Technology

Final Goods
There is a representative, competitive final goods producer that combines intermediate goods,
Xjt, from N intermediate goods sectors to produce a homogeneous final good, Y;, which is

used for consumption and investment. The price of the final good is normalized to one. The

customers, and the third term is its customers’ customers.

7. An alternative way, used by Bernanke, Gertler, and Gilchrist (1999), is to assume entrepreneurs to
be another type of households with risk-neutral preferences. They work, consume, and manage firms with
an exogenous death rate. The equations that characterize the equilibrium are almost the same in both
approaches, and all results remain the same. It is just different ways of model presentation.



firm uses constant return to scale Cobb-Douglas technology. The representative final goods

producer maximizes its profits as follows:

N
(2.1) max Y; - lejtxﬁ,
]:
N N
st. v =[[x7 > 8=1,
j=1 j=1

where [3; represents the final use share of each intermediate input, X;;, and pj; is its price.
Intermediate Goods

There are N intermediate goods producing sectors. Firms in sector j are managed by
entrepreneurs of type 7. Each firm’s capital is owned by its entrepreneur and is purchased
one period ahead. Given entrepreneurs’ capital, firms need to decide how much labor /;; to
hire and how many intermediate inputs M,;; to buy from other sectors. After production and
factor payments, entrepreneurs receive the leftovers as capital income, rﬁtkjt. Here, rﬁt is
the return on capital through production (capital rent) in sector j, and kj; is entrepreneurs’
capital in sector j. The technology exhibits constant return to scale.

The firm’s profit maximization problem is:

N
k _ E
(22) max Tj,tkjt = PjtY}‘t — wjtljt — pitMijtu
Lie M j¢ P
N N
A (g 7lmaiN1-m; Vij S )
st., Yj —Ajt(kjt L ) H MY, E Vij = My,
i=1 =1

where Aj; is Hicks-neutral sectoral productivity of j at period ¢, a; is capital share, M;j; is
intermediate goods produced in sector 7, purchased as input by sector j with the price p;,
and wj; is the wage rate in sector j. Similarly, denote I' as the input-output matrix of N
sectors.

In equilibrium, first-order conditions imply that
(2.3) rie = (L —my)a;p;eYe/ ke,

that is, the capital rent is equal to the sectoral marginal revenue product of capital (MRPK).

Capital Production

10



Capital is homogeneous across sectors, and this assumption allows capital to be reallocated
easily across sectors. After production of all goods in period t, entrepreneurs sell unde-
preciated capital, (1 — §)K}, to capital producers in a competitive market, where § is the
depreciation rate.® The representative capital producer combines existing capital, K;, and
investment, [;, to produce new capital, K;,;. This new capital is then repurchased by

entrepreneurs in all sectors. The representative capital producer’s problem is:

(24) Hl]aX Qth+1 — Qt(l — 5)Kt — [t7

s.t. Kt+1 = ®(It/Kt)Kt + (1 — 5)Kt7
where (), is capital price. The first-order condition implies

1
(2.5) Q= W

Let ®(I;/K;) = I’ K~%. This concave function represents convex capital adjustment cost as

in Hayashi (1982), which is used to pin down capital price, Q.

2.2.2 Households

There is a representative household with a continuum of members of measure unity. The
household consumes, saves, and supplies labor. Within the household there are two types
of members: workers and entrepreneurs. Workers supply labor and return the wages to
the household, and they consists of every type of differentiated labor supplied to every
intermediate goods producing sector. Entrepreneurs manage intermediate goods producing
firms and return part of the firms’ profits as dividends to the household. Type j workers
and entrepreneurs work and manage firms in sector j, respectively.

A type j entrepreneur in this period stays entrepreneur of type j in the next period
with probability x;, which is exogenously given. The average survival rate for a type j
entrepreneur is 1/(1 — x;). This finite horizon for entrepreneurs is used to ensure that
over time they do not accumulate enough net worth to fund their capital fully. When

entrepreneurs exit, they give their retained earnings, their net worth, back to the household as

8. The big letter K represents aggregate capital, while little k; is used to indicate sectoral capital at sector
j.

11



dividends and become workers. A similar number of workers randomly become entrepreneurs,
keeping the relative proportion of each type fixed. The household then gives some startup
funds to its new entrepreneurs for operation. Within the family there is perfect consumption
insurance.

Let C} be family consumption and H; family labor supply. The preference of the repre-

sentative household is given by:

oo I G

1—0p0 1+e€

where 3 is the discount factor, o the coefficient of constant relative risk aversion (CRRA),
and e the Frisch elasticity of labor supply.

The household saves in a competitive financial intermediary and receives the risk-free
rate, Ry, as gross return. The representative household chooses consumption, labor supply,
and risk-free deposit (Cy, Hy, Dy11) to maximize expected discount utility, Eq (2.6), subject

to the following budget constraint:

Ct + Dt+1 = tht + RtDt + Ht,

where w; is the wage rate and II; the net transfer from entrepreneurs (dividends from exiting
entrepreneurs minus start up funds for new entrepreneurs). Family labor supply is the sum
of total labor supplied in every sector (H; = S ;). Since the labor market is competitive
and there are no frictions, in equilibrium, the wage rate in every sector, w;; in Eq (2.2), is

the same across sectors and equal to w;.

2.2.3 Financial Frictions

At the end of period t, after production and factor payments, an entrepreneur ¢ in sector j
sells his or her undepreciated capital to the capital producer and has net worth n;t 4+1- Heor
she needs to determine how much capital to buy for the next period, k;t 41, with the price
;. If the value of capital is larger than his or her own net worth, he or she needs to borrow
the amount Q& ,,, —n’,,, from the financial intermediary. As it turns out, in equilibrium,
every entrepreneur’s net worth is insufficient to buy capital and therefore he or she will need

to borrow.

12



However, after purchasing capital but before putting it into production at ¢ + 1, there
is an idiosyncratic shock w;t +1, Which converts one unit of purchased raw capital into w;t 41
units of effective capital, w;'-,t +1k;,t - wit 1 could be interpreted as a Solow-neutral (capital-
augmenting) productivity shock. Assume w;'-,t 41 is drawn from a unit mean lognormal dis-
tribution with standard deviation o;;;; independently and identically across time. That
is, F/ [w;] = 1,Vj. Here, the standard deviation, 0,41, is assumed to follow a stochastic
process, and the innovation of it is called the uncertainty shock, second-moment shocks to
Solow-neutral productivity.’

While the level of sectoral uncertainty, 0,1, is observable to everyone, the realization of

Wi

%141 18 private information. The lender must pay a cost to observe the realized return. As

in Bernanke, Gertler, and Gilchrist (1999), the optimal contract is a standard debt contract
that specifies the amount the entrepreneur can borrow, B:,,, = Q;k}, ; — n},,, and the
gross loan rate, z;t 41, that the entrepreneur needs to repay. So the specified total loan
payment is 2%, B}, ;.
From the entrepreneur’s perspective, the total return from capital is
T’f,tﬂ + Qi+1(1 —0)

(2.7) RE = 0, ;

where rF

7141 1s capital rent specified in Eq (2.3). And the realized payoff from capital at period

t+1iswi,  RY, Qik!, . There exists a threshold wj;,; for each type j entrepreneurs (in

sector j) such that the total payoff is equal to the pre-specified loan payment, that is,

— k ) o )
Wja1 R 11 QiR o = 2501 By

Ceteris paribus, specifying the loan interest rate is equivalent to specifying the threshold
Wj4+1. For each individual entrepreneur, if realized w;'-,t 41 < Wj 41, he or she defaults. In this
case, the financial intermediary then seizes the entrepreneur’s asset, w]i-’t +1R§t +1th§,t 41, and
pays a fraction p; of the asset as verification cost. Since this cost only occurs under default,
it is interpreted as default cost here. p; is an exogenous parameter governing this default

cost, interpreted as the degree of financial frictions. Figure 2 summarizes the environment.

9. Christiano, Motto, and Rostagno (2014) use the exactly the same type of shock and call it the risk
shock, the risk faced by entrepreneurs. Since innovations to ;41 are actually second-moment shocks to
Solow-neutral productivity, I found it is more natural to call it uncertainty shocks as in Bloom (2009) and
Bloom et. al. (2018).

13



log w

std: O

default <o k— wk

Figure 2: Distribution of w and the default threshold.

Denote F(w) = Prlw’ < w] a continuous probability distribution. Then F(@) is the default
region in Figure 2.

The total expected profit of sector j is Rf}t +1@:ikj 41 (the sum of all entrepreneurs’ ex-
pected profits in sector j). Ex ante, the expected loan payment from entrepreneurs in sector
7 is

. . ~ - . ~ . .
[W;‘,t+1p7"(wé’,t+1 < Wj1) + Wj,tHPT(W;‘,tH > Wj 1)) Rj,t—i—thk;',t-i-l'

N

denote this fraction as ;141
That is, ex ante, a fraction 1 —€;,,; of sector j’s expected profits goes to entrepreneurs,
and the financial intermediary collects the fraction €2;;,, of expected profits and pays the
default cost.
I impose the zero-profit condition for the financial intermediary. The sum of expected
profits from lending in each sector (after paying expected default cost) is equal to the deposit

interest to be paid to the representative household allocated in that sector:

_ k .
(2.8) [ 41 — pywier Prw; <wj)] Ry Qe = RiiBjis -
capit;ﬁrpayoﬁ deposit interest

The optimal contract then maximizes each entrepreneur’s expected return, entrepreneurs’

expected profits divided by opportunity cost,

(2 9) max E [1 - Qj7t+1]R§,t+1th§',t+l
. , t

- i )
Li 105,041 Rt+1”j,t+1

by choosing the leverage and the threshold, (L;'A,t +1>Wjt+1), subject to the zero-profit condi-
tion, Eq (2.8). The leverage is defined as L%, = Q:k},,,/n’ . After solving the optimal
contract in each sector, we can get an equilibrium condition of the spread between the

expected sectoral capital return, EtRfjt +1, and the risk-free rate, R, as the following:

14



w k— wk

Figure 3: A mean-preserving spread induces higher w and raises capital wedge.

RF
(2.10) EtR]’—tH = p(@jt41,05641), Jj=1,...,N.
1

Eq (2.10) says that the spread is a function ¢ of endogenous threshold w;,1; and ex-
ogenous sectoral uncertainty o;.1. And it turns out that sectoral capital only depends on
sectoral aggregate net worth, and every entrepreneur ends up with the same leverage within
a sector. So we only need to keep track of sectoral net worth, Nj; 11 =3, nf,, ;.1

Rewriting Eq (2.10) gives the wedge representation:
(211) EtR;tJrl = Eth_H(l + Tﬁt+1).

The endogenous capital wedge, 1+ Tj’ft 41, is determined through the optimal contract at
each period. Due to the presence of default cost, Tft 41 1s always positive.

In Eq (2.10), assume that the standard deviation in each sector follows a first-order
autoregressive process, AR(1), with innovation €7, which is called the uncertainty shock.!?
€741 affects the endogenous capital wedge through the following mechanism. Consider a
mean-preserving spread (€7,,; > 0) in Figure 3. When the standard deviation increases, the
original default region (under the black dashed line and the dashed threshold line) becomes
larger. The financial intermediary is then paying higher default cost under the original
threshold. To make it break-even, the intermediary needs to raise the threshold, i.e., the
loan interest rate. Facing a higher borrowing cost, entrepreneurs borrow less. All this results

in a higher return spread in Eq (2.10) and higher capital wedge.

10. For more technical details, please refer to the appendix.
11. The detail of this AR(1) process is described in Section 3 where I estimate the shock processes.
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2.2.4 Equilibrium Characterizations

The competitive equilibrium in the model is defined as follows:

Definition 2. A competitive equilibrium consists of a sequence of vectors {l;s, ki, Njt, Y, Mije,
X, wj, Ye, Cy, Hy, Iy, D22 and a sequence of vectors of prices {pjt,Rit,Rt,wt,Qt}fio for
7=1,...,N, such that

1. Households mazximize lifetime utility (Eq (2.6)).

2. Entrepreneurs mazximize expected profits (Eq (2.9) ).

3. Firms mazimize profits (Eq (2.1), (2.2), (2.4)).

4. All markets are clear.

Regarding the market clearing conditions, there are five markets: capital, sectoral goods,

final goods, labor, and credits markets.

N
(2.12) K=Y ki,
j=1
N
(2.13) Yie= X+ Z M, Vi
i=1
N
(2.14) Y,=C + I, + Z MjGj,tthQt—lk’jt,
j=1
N
(2.15) H, =Y 1y,
j=1
N
(2.16) Dy = Z(thj,tJrl — Njiq1).
j=1

The last term in Eq (2.14) is the total amount of default cost across all sectors, where ;G
is the share of sector j’s profits paid as default cost at period t (defined in the appendix).
These disposed default costs across sectors are the source of credit spreads.

To characterize the general equilibrium, it is helpful to define some allocation variables.
Let a:f and a:i be vectors of capital and labor allocation variables, respectively, so that in
equilibrium,

P T

XTo, = —— X, = ——.
Jt ) Jt
K H,
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Next, define intermediate inputs allocation variables as 7;; for sector j, so that
Miie = mjitYie,  Xje = (1 —me) Ve,

where 7;; = Z@Nﬂ n;ie. Note that 7;; is the allocation for commodity j used as intermediate
inputs in sector 7. Yj;; = Xj; + Zf\il M;;. M is the goods of sector j purchased as input
by sector 7, and Xj; is final demand of goods j. Finally, define the influence vector {vjt}év:l

as:

Proposition 1. In the competitive equilibrium, the influence vector v, the intermediate

l

iputs allocation matrix n, and the labor allocation vector @' are constants across time.

v :[IN _]-1]71/67
1

n=[—xv]ol,
v

l )\l

J
e V]
TN

where )\é- = (1 —m;)(1 — a;)v; is the aggregate output elasticity of sectoral labor, and o is

the Hadamard product for matrices.

The result that the influence vector, the intermediate inputs allocation matrix, and labor
allocation vector are constant arises from the assumptions of constant return Cobb-Douglas
technology, perfect competition, and frictionless intermediate inputs and labor markets.

The equilibrium sales share, the influence vector, is determined by the product of Leontief
inverse and the final use share. Generally speaking, we can extend Hulten’s theorem from
technology shock to shocks that affect sectoral output, and the influence vector describes

the aggregate output elasticity with respect to sectoral output change, that is,

dinY,
dinY;, 7

The labor allocation vector simply states that labor should be allocated proportionally
to the aggregate output elasticity of sectoral labor )\é-, which is the sectoral output elasticity
of labor, (1 —m;)(1 — «), times the aggregate output elasticity, v;. A’ thus describes the

degree of aggregate output change with respect to sectoral labor input change. This result
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can be treated more generally as a first-order approximation of any homogeneous of degree
one production functions under similar environment.

Due to frictions in the capital market, however, the optimal capital allocation variable is
not a constant. Denote sectoral marginal revenue product of capital as MRPK;; = %ﬁ.

The following proposition solves the capital allocation in equilibrium.

Proposition 2. With frictions on capital, the capital allocation vector in the competitive

equilibrium is:
- )\f(MRPKﬁ)*l
S UN(MRPEK )Y

x
where )\é? = (1 —my)ajv; is the aggregate output elasticity of sectoral capital.

Similarly to the labor allocation vector, )\5‘5 is the change of aggregate output with respect
to sectoral capital input change. In the first best allocation, capital should be allocated
proportionally according to its impact on aggregate output, and MRPK is equalized across
sectors. When frictions are present, M RPKj; o< R}, o (147},) in Eq (2.11), and this deviates
capital allocation from the first best case. The wedge representation form of Proposition 2

gives
k ky—1
o AF(1+75) ‘
PN+

Intuitively, Proposition 2 says that capital is allocated proportionally to )\é? and the inverse
of distortion relative to the weighted harmonic average distortion, (3, AF(1 + 75)=1)~!,
along the equilibrium path. A larger than average capital wedge implies that this producer
purchases too small amount of capital from a social perspective.

Proposition 2 has several implications. First, a sectoral productivity shock could induce
capital reallocation in this inefficient economy. In contrast, in efficient economies, productiv-
ity shocks—mno matter aggregate or sectoral—do not affect capital reallocaion, since sectoral
MRPK is always equalized in equilibrium and a:f is a contant. Second, an aggregate produc-
tivity shock does not affect allocative efficiency, since in this case sectoral MRPK changes by
the same amount. Similarly, if one takes the reduced form approach and considers an aggre-
gate wedge shock, then there would be no resource reallocation. The result that aggregate
shocks do not affect allocative efficiency is common in the literature.'? Finally, however, a

systematic uncertainty shock here can possibly induce heterogeneous responses in endoge-

12. See Bigio and La’O (2017) and Baqaee and Farhi (2018).
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W W,

Figure 4: Change of the default region and the thresholds of two sectors when gy > ;.

nous capital wedges across sectors and hence affect allocative efficiency. This happens when
sectors have different degrees of default cost, p;, and uncertainty levels, o;, thus various
endogenous threshold, @w;;.

In general, in response to the same size of uncertainty shocks, ceteris paribus, sectors
with higher degrees of default cost p; would have higher increases in capital wedges. This
is the key to understanding how an aggregate uncertainty shock affects capital allocative
efficiency. To see this point, consider an economy with two sectors, 7 = 1,2. Both sectors
have the same parameters except that p; < ps. In equilibrium, sector 2 bears higher amount
of default cost and thus @wy > @, F(&) > F (@), and 75 > 7F. Thus 2% > 25. Suppose now
a systematic uncertainty shock hits the economy such that o; in both sectors increase by the
same amount. Denote the new cumulative distribution function as F’(w). Then the increase
of default region under the original thresholds would be F'(iws) — F(iwe) > F'(w) — F(w).
This can be easily seen from Figure 4, where the change of default region is covered among
the blue line, the threshold line, and the black dashed line. Thus, to maintain the zero-
profit condition of the financial intermediary, ws must increase more than @w; in the new
equilibrium, and hence A7¥ > A7rF. Subsequently, capital is reallocated from sector 2 to
sector 1.

In words, when a systematic uncertainty shock hits the economy, the relatively more fi-
nancially constrained sectors (higher capital wedges) are more vulnerable, and capital would
flow from these more constrained sectors to less constrained ones, reducing allocative effi-
ciency. The following theorem then solves the aggregate output and TFP in general equilib-

rium.

Theorem 2. In the competitive equilibrium with capital misallocation, the solution for the
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total production of aggregate output has the form:
Y, = A KSHS,
where

In(A) = v'In A, + A* In x¥ + constant,

a=>y M\
2N

A, is aggregate TFP, and Ay is the vector of sectoral productivity.'?

The first-order approximation of aggregate TFP change with capital misallocation is
(2.17) dln A, = v'dIn A, + \¥'d In z¥.

Theorem 2 modifies Hulten’s theorem under the inefficient economy with capital distor-
tions. Aggregate TFP now depends on the level of misallocation a:f and is maxmized when
m?t x )\g‘? in the first best allocation.'* Theorem 2 states that the change of aggregate TFP
can be decomposed into two components: the sum of weighted sectoral productivity changes,
holding the distribution of capital fixed, and the equilibrium changes of capital reallocation.
AF_ the aggregate output elasticity of sectoral capital, describes the impact of changes in
sectoral capital on aggregate output. The sum of AF is simply its factor income share, a.
Productivity Shock

Theorem 2 implies that under a sectoral productivity shock,

dIn A, dlnz*
— . )\k it )
dln Ay, ”ﬁzi: " din Ay,

That is, in response to a sectoral productivity shock, there are two effects. The first is its

direct effect on final demand and its indirect effect through intermediate input markets, sum-

13. The exact formula for aggregate TFP is

ln(/L) = v’at + }\k/ In $f + Zﬂl Z(l — 77”) + }\l/ In wl + Z Uy Z Yij In Mij-

J J

14. In the neoclassical framework, capital is predetermined one period ahead, and so does the effect of
capital reallocatin on aggregate TFP. The exact relation should be At(mf_l).
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marized by v;; the second is the weighted average of capital reallocation across all producers
when the initial equilibrium is inefficient.!® Note that an aggregate productivity shock only
has the first effect from technology change, but does not have the second effect, since relative

MRPK remains the same. That is,

dIn A,
dln A, ;“ﬂ' -

Uncertainty Shock

However, uncertainty shocks, no matter aggregate or idiosyncratic, always affect alloca-
tive efficiency and hence aggregate TFP. And the impact of uncertainty shocks on aggregate
TFP purely comes from the second effect, changes in allocative efficiency. Note that the
second effect is the weighted sum of capital reallocation across all sectors. For example,

under an idiosyncratic uncertainty shock,

dln4, \ednzh

dlnoy, - “dlnoy,’

And for a systematic uncertainty shock, we have that

dln A, s dlnzk
= A5 =,
dIn oy Zj: Jzi:danjt

Unlike the effect of an aggregate productivity shock, where all sectors have same re-
sponses and maintain relative MRPK| sectors can have heterogeneous responses on endoge-
nous wedges under a systematic uncertainty shock, and this induces a change in allocative
efficiency. To build intuition, first consider the impact of an aggregate uncertainty shock.
Let’s continue the two sector example in Proposition 2, where \¥ = A& = M. After being
hit by a systematic uncertainty shock, we have A7 > A7rf. Some amount of capital is
reallocated from sector 2 to sector 1, Az¥ > 0, Az% < 0, and since in the initial equilibrium

Az Acg |. So the aggregate TFP

3 k
Ty T2

x¥ > 2% the percentage deviations would be that |

| <
change is that
dln A = XdInz¥ + \*dInzk <0

—— ——
>0 <0

15. This second term is related to the cross-entropy used in Baqaee and Farhi (2018).

21



In words, the relatively more financially constrained sectors suffer more under a systematic
uncertainty shock, and this deepens allocative inefficiency, reducing aggregate TFP.
Next, consider the impact of idiosyncratic uncertainty shocks on the above two sector

economy. We have

dlnA>O din A
dlnoy " dlnoy

That is, an idiosyncratic uncertainty shock to the relatively less constrained producers
would raise aggregate TFP, since it reduces the relative distortion between sectors by mak-
ing sector 1 (lower MRPK) more financially constrained and allowing more capital being
purchased by sector 2 (higher MRPK). In contrast, an idiosyncratic uncertainty shock to
sector 2 would further deepen the degree of relative distortion, reducing aggregate TFP.

In general, changes in sectoral capital reallocation are weighted by their impact on
aggregate output. Eq (2.17) shows that changes in aggregate TFP is maximized when
A% oc dInzh. This impact is summarized by technology parameters and input-output link-
ages, i.e., )\f = (1 — m;)o;v;, while the changes of reallocation, dIn x;?, depends on the de-
gree of financial frictions. Proposition 2 and Theorem 2 thus imply that, under uncertainty
shocks, changes in allocative efficiency affects aggregate TFP the most when the relatively
more financially constrained sectors are at the same time also more capital intensive, sup-
plying more intermediate inputs to the economy (central suppliers), or having higher final
demands. Changing the structure of input-output linkages may amplify or dampen the effect
of allocative inefficiency on aggregate TFP, depending on the interaction between producers’
location in production networks and their degree of financial frictions.

To summarize, Theorem 2 modifies Hultens’s theorem in an inefficient economy and de-
composes aggregate TFP change into two effects: changes in productivity and changes in
allocative efficiency. While productivity shocks may have both effects, uncertainty shocks
only has the second effect. An aggregate uncertainty shock always deepens allocative in-
efficiency, reducing aggregate TFP, while an idiosyncratic uncertainty shock may improve
or worsen allocative efficiency, depending on the result of resource reallocation. Finally,
whether input-output linkages amplify the effect of sectoral distortion depend on both a
sector’s degree of financial friction and its impact on aggregate output, and thus requires an

empirical test. This is the subject of the quantitative exercises in Section 4.
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3 Data, Parameter Values, and Estimation

In this section, I first present data used in the paper. I then calibrate parameter values to
match data moments and discuss parameter interpretations. Finally, I estimate the autore-

gressive process of shocks by the maximum likelihood estimation (MLE).

3.1 Data Description
3.1.1 The Input-Output Accounts

I calibrate the model to the U.S. input-output matrix at the two-digit NAICS level, which
corresponds to the direct requirement table at the sector level in the Input-Output Accounts
(I-O) in the Bureau of Economic Analysis (BEA). Since there is no government in the model, I
exclude the government sector (NAICS 9). I also exclude the banking sector (NAICS 521-522)
from the estimation of input-output coefficients (y;;) because the model counterpart of the
banking sector in the data is the financial intermediary, which does not involve production.
Figure 5 is the Hinton diagram of the U.S. input-output matrix, where the area occupied by
a square is proportional to the intermediate input share’s value.

The row sum of the input-output matrix, which is called weighted sectoral out-degree,
measures the total intermediate inputs one sector supplies to the entire economy. In the
United States, the largest three common suppliers are the Manufacturing, FIRE, and Pro-
fessional and Business (P&B) sectors. Figure 6 plots the weighted out-degree of each sector.
The out-degree distribution exhibits a heavy tail at the high end, even at this broad level of
disaggregation.'6

The BEA uses the same accounting procedure to calculate labor cost shares in the I-O
accounts as in the NIPA, and this tends to underestimate the true labor share, as pointed
out in Krueger (1999) and Gomme and Rupert (2004). The issue is that proprietors’ income,
a sub-item in the gross operating surplus, includes components of both labor and capital
income. Most studies assign two-thirds of proprietors’ income as labor income from the NIPA,
and the resulting value of the labor share ranges from 0.6 to 0.7. However, the amount of
proprietors’ income is not listed in the I-O accounts. The BEA only reports values of the

noncorporate component of other gross operating surplus, and there is ambiguity to how

16. Acemoglu et al. (2012) exhibit the heavy tail phenomenon on the out-degree distribution at the disag-
gregation level of 523 sectors.
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Figure 5: The Hinton Diagram of the U.S. Input-Output Matrix
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Figure 6: Sectoral Out-Degree

much should be assigned as labor income in the noncorporate component.'” Since the BEA

17. In the direct requirement table, proprietors’ income is included in the noncorporate component of other
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started to publish the I-O tables annually after 1997, I use the annual direct requirement
tables from 1998 to 2012. I chose the fraction of one half to match the aggregate labor share
value of 0.62. This value fits the time average of the declined labor share in this period.
That is, in dealing with the I-O accounts:

Labor share= Compensation of employees + 1/2 of the noncorporate part of other gross
operating surplus.

Capital share = Gross operating surplus + taxes on production and imports less subsidies

- 1/2 of the noncorporate part of other gross operating surplus.

To calibrate the final use share 3;, I use data reported in the annual I-O use tables. Denote
final use expenditure in the data as fe;;, where ¢ = 1998,...,2012, and j = 1,...,14. The
final use expenditure here is the sum of personal consumption expenditure, private fixed
investment, and changes in private inventories reported in the use table. I do not include
final uses in exports, imports, and government expenditure here.'® Thus, the estimated final

use share for each year is:
Jeji

11 :
Zj:l fejt

And the estimated final use share is the time average over the sample period (15 years).

B =

3.1.2 Financial Data

For financial parameters, three types of financial data are used: sectoral leverages, sectoral
corporate bond spreads, and sectoral corporate bond default rates. Sectoral leverage is
calculated from Compustat. Although I exclude the banking sector, all other firms in the
FIRE sector still partially serve other types of intermediation, and they tend to bear higher
leverages than firms in other production sectors. However, this high leverage in the FIRE
sector does not directly correspond to its counterpart in the model, in which the leverage is an
equilibrium result from default possibility, default costs, and the expected return on capital.

The common measure of leverage in the literature, balance sheet leverage (total assets divided

gross operating surplus, which is a sub-item of gross operating surplus. The noncorporate component consists
of proprietors’ income without adjustments, proprietors’ income with inventory valuation adjustment, rental
income of persons without capital consumption adjustment, noncorporate capital consumption allowance,
and noncorporate net interest.

18. The issue is that when import and export uses are taken into account, the final use of the Utilities
sector is negative, since oil and gas are mostly imported. The model assumes that the value of 3; is larger
than 0 because there are no imports and exports in the model.
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by shareholders’ equity), is not appropriate here. Since most financial firms use short-term
debt to finance operations, I use the financial leverage, defined as [1 + financial debt/equity],
to exclude short-term debt.'® This measure of leverage better reflects the degree of external
finance used for investment. I first take the median value of firms in each sector in every
year, from 1985 to 2012, and then take the time average.

Sectoral bond spreads are derived from the TRACFE database, using the period from 2003
to 2014Q1. I choose the spread between the yields of investment grade corporate bonds with
around a 10-year maturity and the Treasury bill rate with a constant 10-year maturity. I
select only the plain vanilla fixed coupon bounds. I first take the median value of spreads of
all daily transactions in a month for each sector, and then take time average as the steady
state sectoral spread value. Figure 1 depicts sectoral bond spreads of selected sectors (the
two with the highest Domar weights) and the sectoral average during the sample period. To
calculate the steady state value, I choose the time series average of the period of 2003Q1
to 2007Q2 and 2010Q1 to 2014Q1, disregarding the period of turmoils. In the quantitative
analysis of Section 4, I use these credit spread spikes during the recession as the criterion to
catch the size of uncertainty shocks.

Finally, the sectoral corporate bond default rates are reported in Moody’s 2010 annual
default study. They are historical default rates from 1985 to 2010, and I take the time series

average. The financial data is reported in Table 1.

3.2 Calibration and Interpretation

3.2.1 Calibration Results

Table 2 lists parameters’ values and their empirical targets (bold letters are vectors). For
preference parameters, the coefficient of constant relative risk-aversion, p, is set at 1.5, and
the Frisch elasticity of labor supply, €, is set at 1. The value of the Frisch elasticity I chose is
larger than the estimated value from micro literature (ranging from 0.1 to 0.4), but smaller
than the estimated value from macro literature (ranging from 2 to 3). The value of 1 is
appropriate when the effect of unemployment is taken into account as pointed in Bigio and

La’0O (2017). Table 3 reports values of technology parameters.

19. This definition of financial leverage is used in accounting. Financial debt is long-term debt (DLTT)
plus debt in current liabilities (DLC). Capitalized abbreviations in this section are Compustat mnemonics.

26



Default(%) | Spread(bps) | Leverage
Agriculture 2.5 140 1.7
Mining 2.5 125 1.45
Utilities 0.2 107 2.1
Construction 2.5 187 1.8
Manufacturing | 2.5 92 1.4
Wholesale 2.5 148 1.7
Retail 3 89 1.6
Transportation | 2.2 126 1.9
Information 3.8 115 1.5
FIRE 0.7 140 2.1
P&Bs 2.9 134 1.4
Education 3.8 117 1.7
Arts 2.9 116 1.8
Other services | 2.9 7 1.8

Table 1: Summary of financial data.

Figure 7 shows the values of calibrated influence vector, v = [In — I'|7!3. We can see
that the Manufacturing, FIRE, and P&B sectors are the three most influential sectors, in the
sense that they are common suppliers in the input-output network, and also contribute large
final use shares in the final goods production. We should expect that idiosyncratic sectoral
shocks from these three sectors would have a larger impact on aggregate output than other

sectors.

3.2.2 Calibration of Financial Parameters

Spreads, leverages, and default rates in Table 1 are used as targets in Eq (2.8), (2.10), and
default probability (F'(w;)) in the model to pin down two vectors of parameters, p and o,
and a vector of endogenous thresholds @ at the steady state. Entrepreneurs’ survival rates
K are then backed out from the law of motion of net worth (Eq (A.3) in the appendix) at
the steady state. Capital wedges at the steady state can then be backed out from Eq (2.10)
(or Eq (A.4)) by using the sectoral corporate bond spreads. The result is reported in Table
4.
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Parameter \ Meaning \ Target \ Value
Preference

5} discount factor 3% Real Interest Rate (APR) 0.993

0 coefficient of CRRA 1.5

€ Frisch elasticity of labor supply 1

Technology

« capital shares Direct Requirement Table Table 3

r Input-Output linkages (matrix) | from Input-Output Account

B Final Use Share Final Use in the BEA Use Table

0 capital adjustment cost 0.9

) capital depreciation rate 0.02

Financial Parameters

n bankruptcy cost Sectoral Default rates & Table 4

o uncertainty Corporate bond spreads &

K net worth transferring rate Leverages

Table 2: Parameters and Calibration Targets

Sector Capital Share | Labor Share | Int. Inputs Share (m;) | Final Use /3
Agriculture 0.16 0.24 0.60 0.005
Mining 0.36 0.24 0.40 0.006
Utility 0.41 0.17 0.42 0.02
Construction 0.12 0.41 0.47 0.07
Manufacturing 0.13 0.21 0.66 0.19
Wholesale 0.32 0.38 0.30 0.04
Retail 0.26 0.41 0.33 0.09
Transportation 0.16 0.36 0.48 0.02
Information 0.26 0.27 0.47 0.04
FIRE 0.35 0.27 0.38 0.20
P&B 0.13 0.51 0.36 0.05
Education 0.08 0.52 0.40 0.15
Arts 0.19 0.38 0.43 0.06
Other services 0.15 0.53 0.32 0.04

Table 3: Technology Parameters
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Influence Vector (14)
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Figure 7: Influence Vector/ Domar Weights

Sector I o K

Agriculture 0.51 | 0.33 | 0.95
Mining 0.43 | 0.43 | 0.96
Utilities 1 10.220.94
Construction 0.72 1 0.29 | 0.94
Manufacturing 0.27 | 0.44 | 0.96
Wholesale 0.54 | 0.33 | 0.97
Retail 0.20 | 0.38 | 0.95
Transportation 0.52 | 0.27 ] 0.95
Information 0.19 | 0.43 | 0.97
FIRE 1 10.23]0.95
Professional and Business services | 0.37 | 0.49 | 0.96
Education 0.28 | 0.35 | 0.96
Arts 0.33 | 0.30 | 0.95
Other services 0.18 | 0.32 | 0.96

Table 4: Financial Parameters

3.2.3 Interpretation of Financial Parameters

The calibration of financial parameters at the disaggregated sectoral level is an important

contribution of this paper. It is worth examining and explaining the calibration results in
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more detail here. The majority of values reported in Table 4 fall in the conventional range.
The conventional values used in the previous literature are the result under a representative
firm framework and thus correspond to the aggregate economy.? The “unconventional”
values in Table 4 are the result from disaggregated sectoral data. Since the entrepreneur
exit rate, k, is a modeling technique to avoid infinite accumulation of net worth, and the
calibrated values fall within the conventional range, I focus the discussion in the following
on the calibration results of y and o.

First, the bankruptcy cost, pu, reflects all economic costs associated with the event of
default in the model, and there is no appropriate and direct measure in the empirical coun-
terpart. For example, the often used recovery rate only measures the extent to which the
defaulted debt can be recovered, not including the effort and cost of lenders involved in the
debt recovery.

An important result regarding p is that the values in the FIRE and Utilities sectors are
particularly high (one). This extreme value of bankruptcy cost comes from data that shows
these two sectors have very low historical default rates, a medium level of spreads, and high
leverages (Table 1). The high leverage and extreme low default rate imply that the two
sectors are considered safe, and lenders therefore are willing to lend a lot to these sectors.
But why is the price of debt high if they are safe borrowers? In the model, from Eq (A.2)
and (A.4), the spread(z;++1/Ri41) is increasing in the endogenous default rate (F'(@;41))
and the level of bankruptcy cost (1;). The model shows that this is the result of these
sectors having a very high level of bankruptcy cost. Some may argue that the observed low
default rate in the FIRE sector may be due to government intervention or historical bailouts.
But the reason behind government intervention is the enormous bankruptcy cost—and not
the other way around. In addition, industries in the Utilities sector include electric power
generation (fossil fuel, nuclear, and hydropwoer) and water and natural gas distribution,
which also bear high bankruptcy costs. These high bankruptcy costs imply that these two
sectors are particularly vulnerable to uncertainty shocks.

There is another pair of sectors worth discussing here. In Tables 3 and 1, the Wholesale

and Retail sectors are similar in their technology parameters, default rate, and leverage, but

20. In Carlstrom and Fuerst (1997), Bernanke, Gertler, and Gilchrist (1999), and Nolan and Thoenissen
(2009) and Christiano, Motto, and Rostagno (2014), the calibrated values of the survival rate (k) range from
0.94 to 0.99, the values of the uncertainty level (o) range from 0.2 to 0.4, and the values of bankruptcy cost
(1) range from 0.2 to 0.36.
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Wholesale has a higher spread than Retail. Given the financial data, the model then implies
that Wholesale should have a higher level of bankruptcy cost. My explanation is that the
main difference between these two sectors is their out-degree (Figure 6). All other things
held equal, the sector occupying a more central position in the production network would
induce a larger cost if firms in that sector fail. This larger economic cost shows up as a larger
bankruptcy cost in the model.

Second, the standard deviation of idiosyncratic capital returns, o, reflects the riskiness
of investment, and there is a caveat to how we should interpret ¢ when we map the model
into data. In the model, 0 mostly affects the leverage, which is an endogenous outcome
of the optimal contract. It is the balance between the credit demand (the dependence on
external finance of a sector) and supply. Since entrepreneurs behave as if they are risk-
neutral, the dependence on external finance channel is missing in the model. Therefore, the
credit is mainly constrained by the supply side. That is, lenders are less willing to lend if
the investment return is risky—the endogenous leverage is decreasing in o. The calibration
then maps a low leverage in the data to high ¢ in the model, and vice versa. However, in the
real world, a firm may have low leverage because it does not require much external finance.
It is thus important to consider the dependence on external finance of each sector when we
examine the appropriateness of calibrated o.

To do this, I follow the procedure described in Rajan and Zingales (1998) to construct
a measure (RZ) of dependence on external finance for each sector.?! Table 5 reports the
equilibrium leverage in data, calibrated o, and the RZ measure, sorted by the leverage in
descending order. The RZ measure of 14 sectors ranges from 1.28 (Minging) to 0.17 (FIRE),
and the median is 0.53. Here, using the median as the benchmark, sectors depend relatively
more on external finance if their RZ measures are larger than 0.53. Similarly, a sector has
high (low) leverage if its leverage is larger (smaller) than the median value of 1.7.

Since the model indicates that a high leverage sector is one with safe investment returns
(low o), a low RZ measure (small demand) would confirm this interpretation, and a high RZ
measure suggests the model may overstate its safety. Consider the high leverage sectors, for
example, the FIRE and Construction sectors have high leverages and low RZ measures, and a

low value of o is considered reasonable. But the values of o; for the Utilities, Transportation,

21. The Rajan-Zingales (RZ) measure is defined as capital expenditure minus cash flow from operations
divided by capital expenditures. To calculate this, I first took the median value of firms in each sector and
year in Compustat and then took the average from 1985 to 2012 for each sector.
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Leverage | o | RZ
FIRE 2.10 0.23 | 0.17
Utilities 2.09 0.22 | 0.88
Transportation 1.97 0.27 | 0.86
Construction 1.88 0.29 | 0.48
Arts, Entertainment 1.84 0.30 | 0.89
Other services 1.76 0.32 | 0.48
Wholesale 1.73 0.33 | 0.38
Agriculture 1.70 0.33 | 0.58
Education and Health Care 1.70 0.35 | 0.53
Retail 1.58 0.38 | 0.68
Information 1.50 0.43 | 0.48
Mining 1.45 0.43 | 1.28
Manufacturing 1.43 0.44 | 0.47
P&Bs 1.37 0.49 | 0.40

Table 5: Equilibrium leverage, o, and dependence on external finance (RZ).

and Arts sectors might be underestimated.

For those low leverage sectors, the risky return interpretation (high o) is confirmed by a
large value of the RZ measure, such as in the Mining sector. The Mining sector has a low
leverage but a high RZ measure, reflecting higher demand on external finance but relatively
smaller supply, so the risky investment interpretation—a high value of o;—is reasonable.??
But for the Information, Manufacturing, and P&B sectors, one cannot rule out the possi-
bility that they have low leverage simply because they do not need much external finance.
Furthermore, the model might overestimate the values of o; for these sectors. As a result
of this concern, I only make conclusions about sectors with reasonable matches between
leverages and RZ measures regarding uncertainty shocks in the quantitative analysis. More
specifically, my result in Section 4 that the FIRE sector has the largest sectoral impact is

backed with a reasonable value of o here.

22. Why are investments in the Mining sector risky? An important feature in the mining and oil industries
is that their investment returns are highly related to oil price fluctuations. A plunge in the price of oil hurts
mining and energy firms’ profits and returns, and the default rate and spreads of their bonds often rise
during these periods. Kellogg 2014 points out that firms’ failures to respond to oil price volatility can lead
to a significant cost (25 percent of the value of a drilling well in Texas). Since the price of oil is volatile,
uncertainty in Mining investment returns is high, and this confirms the model’s risky return interpretation.
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3.3 Estimation of Shock Process

Since Bloom et al. (2018) has suggested that recessions are best modelled as being driven
by shocks with a negative first moment and a positive second moment, to better estimate
the model, I consider both productivity shocks and uncertainty shocks as the following. I

assume sectoral productivity (Eq (2.2)) and sectoral uncertainty follow autoregressive (AR)

process:
(3.1) In(Aj141) = p? InA;j, + 6?,t+17
(3.2) In T2 ey DL e

O_j,ss Uj,ss

where o, is sector j's steady state value of the standard deviation of idiosyncratic en-
trepreneur’s wj- shocks, pf and pj are autoregressive parameters, and €,411 and €, are
mutually independent and identically distributed random variables drawn from a zero mean
normal distribution with the covariance matrix €2, and €2, respectively. Instead of trying to
identify sectoral and aggregate shocks, I estimate all elements of €2, (and €2,) from the data.

I use sectoral gross output, sectoral financial leverage, aggregate investment, real interest
rate, and real GDP from 1987 to 2012 to estimate autoregressive parameters and the cor-
responding covariance matrices by the MLE.?® Prior to analysis, the data are transformed
as follows. Sectoral gross output, aggregate investment, and GDP are transformed into real
per capita term. I then take the logarithmic difference and remove the sample mean for each
variable. The leverage and real interest rate are measured in level terms (%) net of their

sample mean.?* My implementation directly follows that of Ireland (2004).

23. Sectoral corporate bonds’ spreads most distinguish the effect between productivity shocks and uncer-
tainty shocks and should be included in MLE if data is available. However, the data I extracted from the
TRACE is incomplete in time series, and cannot be used in MLE. For example, some sectors do not have
bond trade records until 2004, and trade frequency decreases a lot during the period of the 2007-2008 finan-
cial crisis. As a result, the current estimation would underestimate the importance of uncertainty shocks.
However, this limitation in data availability does not handicap the main purpose of this paper, which is
to quantify the amplification magnitude from input-output linkages. Despite this shortcoming, the sample
means can still be used to approximate the steady state values of credit spread in the model counterpart.
Since data in credit spread is not useable, I chose to use sectoral financial leverage, as uncertainty shocks
can generate procyclical leverage, while productivity shocks cannot.

24. As in McGrattan, Rogerson, and Wright (1997), I assign a measurement error for each observation
variable and assume they are uncorrelated across variables. That is, I denote these measurement errors at
time t as ug, and it follows that uy = Dug_1 + &, where & is a vector of mean zero serially uncorrelated
innovations and is normally distributed with a covariance matrix E[€:£;] = V. The matrix D and V are
diagonal. The autoregressive parameters are optimized around 0.8, and standard deviations of innovations
are 0.4%. I chose these values to allow for structural shocks to explain most of the variations in observation
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Sector P Po (%) Q0 (%)
Agriculture 0.89 0.95 084 8.48
Mining 0.88 0.94 1.00 7.52
Utility 0.89 094 0.87 7.54
Construction 0.89 0.94 1.03 7.54
Manufacturing 0.89 094 0.29 7.58
Wholesale 0.89 0.94 1.10 7.58
Retail 0.89 0.94 1.18 7.81
Transportation 0.89 094 0.87 7.61
Information 0.90 0.94 0.66 7.59
FIRE 0.89 094 0.82 7.58
Professional and Business services 0.90 0.94  0.57 7.64
Education 0.89 094 0.50 8.63
Arts 0.89 094 0.69 7.67
Other services 0.89 0.95 1.13 8.65

Table 6: Estimation results for shocks

I first calibrate the model and use the above calibrated parameter values to run the
MLE for shock parameters. The estimation result and the diagonal elements of covariance
matrices are reported in Table 6. Two remarks are in order. First, the main message in
Table 6 is that the standard deviations of sectoral uncertainty shocks are roughly ten times
larger than that of sectoral productivity shocks. This result is consistent with Christiano,
Motto, and Rostagno (2014).

Second, with financial frictions on capital and convex capital adjustment cost, it is harder
for the household to smooth consumption through production, and the model economy would
be more volatile. One could use preferences with habit formation to reduce consumption
volatility, but this is not the main focus of this paper. Instead, the main purpose is to

explore the amplification magnitude from input-output linkages and the sectoral impact on

aggregate output.

variables.

34



4 Quantitative Analysis

4.1 Changing the Degree of Financial Frictions

I first do a numerical demonstration to echo the implication of Proposition 2 that sectors
with higher degree of default cost would have higher increase in capital wedges in response to
uncertainty shocks. For expositional convenience, I use a single sector version of the model,
calibrated to all the aggregate moments in Section 3. I vary the value of the default cost
parameter, u, from 0 to 1 and show its impulse response with respect to uncertainty shocks
in Figure 8. p = 0 refers to the frictionless economy, and the model has no response with
respect to uncertainty shocks. Without any default cost, the endogenous wedge is zero, i.e.,

entrepreneurs always borrow at the risk-free rate, and MRPK is equalized across sectors.
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Figure 8: The impulse responses to uncertainty shocks with different

The general equilibrium response of Figure 8 is the following. When uncertainty level
increases, default cost rises, hence the loan rate and capital wedge. Facing a higher borrowing
cost, demand for credit declines. To clear the credit market, the equilibrium interest rate
thus decreases, and labor supply decreases due to the intertemporal substitution effect. The

decrease in equilibrium labor is the pure cause of the drop in aggregate output in this single
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sector economy. Figure 8 shows that all the responses are increasing in p.

4.2 Amplification on Aggregate Shocks

To distangle and quantify the amplification magnitude from input-output linkages, I compare
the main model with an equivalent multisector model without linkages, where transmission of
sectoral shocks via intermediate inputs flows has been shut down. The no-linkage multisector
economy is constructed as in Horvath (2000) that all sectors purchase intermediate inputs
from another independent sector, which produces from its own endowment and is not subject
to any stochastic variation. The production function follows Eq (2.2) but now ~;; is modeled
as m;. Both economies share the same parameters values on sectoral capital and labor share,
final demand, and financial frictions. So both economies are subject to the same degree of
allocative inefficiency in their steady states.

In the following exercises, I first consider an aggregate uncertainty shock that drives
up the average spread by about 3% from its steady state value (from 1.4% to 4.4%), as
observed during the recent recession in Figure 1. This amounts to an increase of capital
return volatility about two standard deviations (20%). In the second exercise, I combine
a negative first-moment shock that replicates a 5.8% drop in aggregate output during the

recession.

4.2.1 An Aggregate Uncertainty Shock

In all the following exercises, shocks hit the model economies at the first period. In response
to an aggregate uncertainty shocks, aggregate TFP drops in both economies due to changes
in allocative efficiency as in Eq (2.17), but with different magnitudes.

In the left panel of Figure 9, aggregate TFP drops in the second period after the shock
because capital is predetermined one period ahead. In the right panel, capital misallocation
is measured as the standard deviation of MRPK across all sectors relative to its steady
state value. Both economies have similar degree of changes in capital misallocation, d In wi“,
which is not surprising since both share the same parameter values on financial frictions.
However, the input-output economy peaks the aggregate TFP drop by 70% compared to it
in the no-linkage economy (the ratio of -0.29% to -0.17% at period 2). This large magnitude

is from the difference of A\¥ between two model economies. In the input-output economy,
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Figure 9: The impulse responses of aggregate TFP and capital misallocation (MRPK dis-
persion) under an aggregate uncertainty shock.

Ao = (1—=m)oaco([Iy—T]7!B), while in the no-linkage economy, A* . ;i = (1—m)oaof.
That is, when we shut down input-output linkages, the dynamic response of the no-linkage
economy behaves as if the influence vector has been changed from v = [Iy — T'|7'3 to 3.

Denote the aggregate input-output multiplier for uncertainty shocks as v,. Then v, =
> ;vidIn k[ 3 BidInzf,=1.7 in the calibrated model. v, describes the amplification mag-
nitude from input-output linkages on the impact of allocative efficiency (the second effect in
Eq (2.17)). Thus, input-output linkages can generate significant amplification on the effect
of allocative inefficiency in reducing aggregate TFP.

Next, let me discuss the differences of other general equilibrium effects between two
economies in Figure 10. Aggregate output in the input-output economy drops by more than
130% to it in the no-link economy in the second period (the ratio of -1.63% to -0.71%),
resulting from the larger declines in aggregate TFP and equilibrium labor in the input-
output economy, while average spreads in both economies increase by 3%. Equilibrium
labor declines and consumption increases due to the intertemporal substitution effect.?> The
larger decrease in the equilibrium interest rate and increase in consumption implies that
the household in the input-output economy is facing a larger intertemporal substitution
effect, inducing a larger shift in labor supply. In addition to this, transmission of shocks
through input-output linkages also induces a relatively larger decline in labor demand. This

can be seen after we control the intertemporal substitution effect. Figure 11 shows the

25. This counterfactual negative correlation between consumption and output is common in the uncertainty
shock literature, e.g., see Bloom (2009) and Bloom et. al. (2018). This counterfactual relation could be
muted by introducing inflation or nominal rigidities as in Christiano, Motto, and Rostagno (2014), or adding
negative first-moment shocks as in Bloom et. al. (2018).
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Figure 10: Impulse response functions under an aggregate uncertainty shock.

impulse response functions of the two economies, while the input-output economy is now
hit by a smaller uncertainty shock such that two economies have the similar response in
the interest rate. The concurrence of the impulse response of consumption indicates that
now both economies have the similar degree of intertemporal substitution effect. Since the
shifts in labor supply now are the same between the two economies, the smaller increase
in equilibrium wage and the larger decline in equilibrium labor implies that labor demand
shifts (decreases) relatively more in the input-output economy. This is because decreases
of intermediate inputs from linkages also lower marginal product of labor (due to the use
of Cobb-Douglas technology) and hence labor demand, while in the no-link economy, the
amount of intermediate inputs is fixed. Overall, all the above effects combined give the
ratio of the peaks of aggregate output drops between two economies to the value of 2.29, a

significant amplification magnitude.

4.2.2 Adding a First-Moment Shock

By adding input-output linkages, uncertainty shocks that increase capital misallocation can

generate a significant aggregate output drop of 1.6%. However, a pure uncertainty shock
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Figure 11: Impulse response functions under an aggregate uncertainty shock, controlling the
intertemporal substitution effect.

has a counterfactual feature that consumption is countercyclical. Thus, I conduct a similar
exercise as in Bloom et al. (2018): add a first-moment shock. To generate an empiri-
cally relevant exercise that match the aggregate output drop during the recent recession,
I consider a combination of an aggregate uncertainty shock (20%) and a -2% aggregate
TFP shock. By adding a TFP shock, the first effect in Eq (2.17) kicks in. The aggregate
input-output multiplies of productivity shock, v, now amplifies the aggregate TFP change.
va =305/ >; B =>;v; = 1.8 in the calibrated model.

In Figure 12, aggregate TFP in the no-linkage economy decreases exactly by the size of
the shock (2%), while it decreases by 3.6% in the input-output economy. This is exactly the
magnitude of vy. Aggregate output drops by 5.8% at the first period in the input-output
economy, while it in the no-linkage economy is 2.6%. This is mainly resulting from the larger
decreases of aggregate TFP and equilibrium labor. Overall, the ratio of aggregate output

drop between two economies is 2.18.

4.3 Amplification on Sectoral Shocks

Previous results have shown significant amplification magnitudes of input-output linkages

on aggregate shocks. Next, I will conduct sectoral analysis to show sectoral heterogeneity in
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Figure 12: Impulse response functions under a combination of a -2% aggregate TFP shock
and an aggregate uncertainty sock.

response to uncertainty shocks and amplification on sectoral impacts to the entire economy.

I first show steady state sectoral distortions and then go to dynamic exercises.

4.3.1 Steady State Characteristics

Figure 13 shows the steady state sectoral distortions. The top panel is the model implied
capital wedges for each sector, the middle panel shows the sectoral capital allocation between
the model economy and another hypothetical frictionless economy, the bottom panel shows
the deviation of capital allocation from its frictionless level. For example, the Construction
sector is the most distorted sector; the proportion of capital allocated to the Construction
sector is only 87% compared to its frictionless proportion. On the other hand, the Retail
sector has the smallest capital wedge among the 14 sectors, and hence capital is over-allocated
to the Retail sector, 22% larger than its frictionless proportion.

If capital is allocated hypothetically to its frictionless level, aggregate TFP will increase
only by 1%.2° This implies that overall, the degree of credit market friction is quite modest

26. The amount of TFP increase in the steady state level is consistent with the finding in Gilchrist, Sim,
and Zakrajsek (2013).
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in the United States. However, as discussed in the previous section, combined with input-
output linkages, these small distortions can generate significant aggregate impact in the

dynamic environment.
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Figure 13: The Degree of Capital Misallocation in the Steady State. The sector order is: Con-
struction, Utilities, Arts, Agriculture, Transportation, FIRE, Wholesale, Education, Professional
and Business Services, Mining, Information, Other Services, Manufacturing, and Retail.

4.3.2 Amplification on Sectoral Impact

To analyze sectoral impact, I hit the model economies with a 20% uncertainty shock for each
sector at a time. The left panel of Figure 14 depicts sectoral output drop (at the second
period) in response to its own uncertainty shock. These sectoral heterogenous responses
are contingent on the interaction of all three financial parameters: sectoral default cost, p;,
uncertainty level, o;, and exist rate x;. Among them, default cost have a strong impact.
The FIRE and Utilities sectors, which have the highest default cost (Table 4), suffer from

the largest gross output declines among all sectors. These two sectors are most sensitive

41



to an increase of capital return volatility, indicating a rise in borrowing cost. Input-output
linkages do not generate much difference on sectoral output changes, since linkages mainly

affect the propagation to other sectors.
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Figure 14: Sectoral and aggregate output drops under idiosyncratic sectoral shocks. The
x-axis is percentage deviation in output (sectoral output on the left panel; aggregate output
on the right panel).

Next, the right panel depicts the declines of aggregate output to show the impact of
linkages. While Hulten’s theorem tells that sectoral impact on aggregate output (under
productivity shocks) is purely determined by Domar weights, this is not the case here. With
uncertainty shocks, sectoral impact now depends on the combination of Domar weights and
sectoral sensitivity to capital frictions.

The result that a FIRE sectoral uncertainty shock can generate the largest decline on
aggregate output is because FIRE has both high Dormar weight (a key hub sector) and high
sensitivity to uncertainty shocks. Among all 14 sectors, the Manufacturing sector has the
largest Dormar weight, but its sectoral impact is of about only one fourth compared to the
FIRE sector. On the other hand, although the Utilities sector is also highly sensitive to
uncertainty shocks, its sectoral impact is still much smaller than that of the FIRE sector,
since it has relatively small Domar weight. Overall, the amplification magnitude of input-
output linkages on sectoral shocks ranges from 1.2 to 10 (the ratio of aggregate output drop
between two model economies). For the FIRE sector, the amplification magnitude is 2.14.

Next, Figure 15 depicts the impulse response functions of other aggregate variables under

a sectoral FIRE uncertainty shock that drives up the FIRE spread by about 3.8% from its
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Figure 15: Impulse response functions of some aggregate variables under a sectoral FIRE
uncertainty shock.

steady state value. Overall, with input-output linkages, aggregate output decreases by 0.77%,
aggregate TFP drops 0.3%, equilibrium labor falls 0.8%, investment decreases by 6%, and
average spread increases by 1.5%. Input-output linkages generate significant amplification

on sectoral impact to aggregate TFP and aggregate output.

5 Conclusion

This paper develops a dynamic general equilibrium model with endogenous capital wedges
to study how input-output linkages amplify the aggregate impact of sectoral financial dis-
tortions. I extend the result of Hulten (1978) into economies with financial distortions. The
aggregate impact of a shock can be decomposed into weighted productivity changes and
changes in allocative efficiency. A sectoral productivity shock has both effects, but an aggre-
gate productivity shock only has the first effect. On the other hand, uncertainty shocks, no
matter aggregate or sectoral, always induce changes in allocative efficiency. In response to
an aggregate uncertainty shock, the relatively more financially constrained sectors are more
vulnerable, and capital flows from them to less financially constrained sectors, reducing

allocative efficiency and aggregate TFP.
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In response to an aggregate uncertainty shock, input-output linkages amplify the drop
in aggregate output by 2.3 times more than an equivalent multi-sector model with the same
level of financial frictions but without linkages. In response to a sectoral uncertainty shock,
input-output linkages amplify the drop in aggregate output between 1.2 to 10 times more
than the economy without linkages. Among all sectors, the FIRE sector has the largest
impact on aggregate output in response to a sectoral uncertainty shock. This is because
the FIRE sector bears the largest default cost, most sensitive to changes in its financial
constraint, and also has the highest Domar weight in the U.S.

Overall, I show input-output linkages can generate significant amplification magnitude on
the aggregate impact of sectoral financial distortions. This has the implication that variation
in capital misallocation and fluctuation in the credit markets may contribute importantly to

business cycles.
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A Appendix: Technical Details on Financial Frictions

An an entrepreneur ¢ in sector j has net worth n; ++1 and needs to borrow the amount

Bl = Qikl, . —nly,, from the financial intermediary with the gross loan rate, 2}, ,,
that the entrepreneur needs to repay. Two remarks are in order. First, specifying B;;1; is
equivalent to specifying the leverage, L}, , = Q:k},,/n’,,,, given net worth, n},,,, and
capital, k;;t 4+1- Second, specifying the gross loan rate z}t 41 s equivalent to specifying the

threshold, w; ;1 1, such that for the lender, ex-ante,
- k i i i
wj,t+1Rj,t+1thj,t+1 = zj,t+1Bj,t+17

for every entrepreneur. Since E; [w;'»,t 1) =1, Rf’t +1th§-7t 41 1s the expected payoff by investing

capital k%, ,, at period ¢, and w!, | R}, Q¢k?,,, is the realized payoff at period ¢ 4 1.
Denote Fj(w) = Pr(w}, < w] a continuous probability distribution and f;;(w) the pdf of

w,. Then Fjy(w;,) is the fraction of entrepreneurs in sector j who default at period t. The

zero-profit condition for the financial intermediary is

Wy t+1
{(1—py) / w1 (w)dw + 05 [l = Fjpi1(0,041)] FRE Qi = Rep1Djyi, V.
0

P TV
~~ loan repayment
from defaulted entrepreneurs

The first component of the left part is the amount of asset seized by the financial intermediary
from defaulted entrepreneurs after paying the cost. The second component of the left part
of is the amount of repayment the financial intermediary receives from those non-defaulted
entrepreneurs. In equilibrium, a competitive financial intermediary earns zero profit in every
sector. Note that > i Djiy1 = Dyy1. Sum the above constraint over each sector j, we get

N Wy t+1 )

Z {(1 — 1) / W i1 (w)dw + @441 (1 — Fj,t+1(@j,t+1)]}Rj,tﬂthj,tH = Ri11 D41

j=1 0
To simplify the presentation, define (2, ., as the share of sector j’s profits going to the lender

at period t + 1:
Wi t+41
41 (@j 41, Tja1) = / whitr(W)dw + e[l = Fjer1(@je41)],
0
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and ;G 41 the share of sector j’s profits as default cost at period ¢ + 1:

Wi t+1
115G i1 (@jeg1, 0j001) = Mj/ W firr1(w)dw.
0

For the profits in sector j at period t + 1, entrepreneurs get (1 — €2;,,1) share, and the
financial intermediary gets (€2;¢+1 — ;G 4+1) share. Thus the zero-profit condition at sector

7 can be written as

k _
(Qer1 — 115G e1) R 1 Qikjrrn = Ry Djgya

Qi (@j441,0j141) and G;(W0;¢41,0,441) are functions of the endogenous threshold w; 41
and exogenous sectoral uncertainty o; ;1.

The optimal contract then maximizes each entrepreneur’s expected return,

- k i
max B [1— Qj,t-i-l(wj,t+l)]Rj,t+1thj,t+l _ L,

k
, e i
L} 4 p1:@5,041 Rt+1nj,t+1

[T — Q1 (@041)] TR
t+1

by choosing the leverage and the threshold, (L;'-,t +1,Wjt+1), subject to the zero-profit condi-
tion.
After solving the optimal contract for each individual, we get a linear relationship between

individual capital and net worth:

Qi1 = V(ERS /Rg)n o

Two remarks are in order here. First, after aggregating the above equation over en-
trepreneurs in sector 7, it turns out that sectoral capital only depends on sectoral aggregate
net worth, and there is no need to keep track of an individual’s net worth. Second, every
entrepreneur ends up with the same leverage. So sectoral leverage can be written as the
ratio of the value of sectoral capital and sectoral net worth, L1, = %

Aggregating the equilibrium condition of individual capital and net worth gives the rela-

tionship between sectoral spread and leverage as the following:

Lj,tJrl = w(EtR§7t+1/Rt+1).
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Rewrite the above equation gives the Eq (2.10):

RE
(A1) Et}%—m = (Lje1) = (@441, 0j41)-
t+1

Since L; 41 is the result from the optimal contract and depends on the endogenous threshold

w;+1 and exogenous sectoral uncertainty o; ;1.

Note that Dj;+1 = Qikjiy1 — Njig1, S0 Di41 Lj,;+1 — 1. Dividing the zero-profit

Nji+1
condition at sector j by Nj.y1, we can rewrite the financial intermediary’s expected zero-

profit condition as the following:

1 R;'C,tJrl
(A.2) 7 = 1= B Qi — 145Gjen1)-
g1 t+1

At the end of period ¢, after the realization of wi,, production, and factor payments,

Jt»
an entrepreneur transfers all his or her asset into net worth, n! 41, by selling capital to the
capital producer. Before borrowing, (1—x;) fraction of type j entrepreneurs exit and become
workers, and upon doing so, they give their net worth back to the household as dividends.
This dividend has two purposes. First, it makes entrepreneurs’ net worth part of households’
wealth. It is thus in the interest of the representative household to instruct its entrepreneurs
to maximize expected net worth. Second, this setup ensures that entrepreneurs will not
accumulate too much net worth and end up without the need to borrow. At the same time,
a similar number of workers become type j entrepreneurs such that the relative proportion
of each type is fixed. The household then gives these new entrepreneurs and defaulted
entrepreneurs some startup funds as their net worth which they can use to borrow to buy
new capital for the next period. For simplicity, since there is no need to keep track of
individual net worth, let these startup funds for each type be w$Nj;, where w§ is set at 0.01
for every sector j. This small amount of wealth is used to ensure that every entrepreneur

has positive net worth, for those who default and those new entrepreneurs. Therefore, the

law of motion for sectoral net worth is:
(A.3) Njis1 = (1 = Qu(@j1, 050) ) R, Qurkeje + w§ Ny
For each sector, the relation between the interest rate spread (the difference between z; 44
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and Ry, 1) and the capital wedge (the spread between the return to capital and risk-free rate)

is:

(A1) N

=, .
J,t+1
Ry Ripq Ljy —1

B Proofs

Proof of Proposition 1:
Influence Vector v. From firms’ first-order conditions of intermediate goods, we have

Pt = 'ij(j/t, M = % Multiply both sides of Eq (2.13) by pj;;, and plug in the above

two terms:
N
B;Y: BiY
X—ijt B;Y; + Z %jX—itht
J =1
Define the influence vector as vj; = pjtTi/jt = ﬁJX—YZt, then the above equation becomes:
J

N
v Yy = B;Y; + Z Vij Vit Y-

i=1
Divide Y; on both sides:
N
vje = B + Z%’jvz‘t-
i=1

Write in the vector form: v, = 3+ I'vy. That is, the influence vector is independent of time,
and v = [Iy —T]7'3.
Intermediate inputs allocation matrix 7. From intermediate goods firms’ first-order

condition on Mijt; f)/ijpjt}/jt = pitMijt;

%‘jpjtyjt = pith'jt = pz‘tnz'jtY;t,
DitYit Vij
>——=—
pjtht Mijt
Dit Yit Yij Vs

Since v = =, we have 7,;; = ==. So 7;; is independent of time, and it can be written in
Jt+g J [3

the vector form as: g = [+ v/] o .

Labor allocation variable x!. Sum intermediate goods firm’s first-order condition on

51



Lit, (1 — o)(1 — m;)pjsYje = wylji, over sectors and use the definition of v:

(L—op)( = mps¥ye _ S (1= ay) (1 —my)uY
ljt ! Ht

Let [, jt = .T Ht, then

o (= ag)(—my)p
T = ap) (L )Y
(1 —ay)(d —my)y;
S (1= ay) (1 = my);.

Proof of Proposition 2:

From Eq (2.7), the marginal revenue product of capital is defined as

— my)a;p;eYje

1
MRPK;; = (
ke

Define the capital allocation variable :L‘ . be that kj; = :c K¢, and substitute p;; Y, = v;Y;

in the above equation, we get

kjt :U?t MRPKzt(l — mj)ozjvj
kit n ZEkt a MRPK]t(l - mi)ozivi'

t is then solved by applying Z =1

Proof of Theorem 2:

Jljt

Take logarithm on sectoral production function in Eq (2.2). Denote InYj;, = y;;. Substi-
tute kj;; with 35 Iy, L with o) Ht, and M;;; with n;;Yi:

N
yir =l Aj + (1 —my)ay In(al, 1) + (1—my) (1= ag) In(ah Hy) + Y v In(i;Yie),

=1
N
= Yo =In Ag + (1= my)ay Inafy + (1= my)(1 - ay) Inaf + Z%j In 75 + \_(1 _ m._/j)&j o A
=1 i
. _— ~  denote this as Jj;
denote this as ¢y ;¢
N
+ (]_ — m])(l — O@) lnHt + Z’Y@] h’l}/zt,
i=1

denote thls as dy;
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N

= Yjt = In Ajt + Cyjt + 6k’j In Kt + 5lj In Ht + Z YijYit-
i=1

Denote In A;; as aj;. The vector form of the above equation is

Yt =Q¢ + Cyt + O N Ky + 6 In Hy + Ty,
(B.1) =y =[In — '] Yas + cyt + 6 In K; + 6 In Hy).

Replace X;; with (1 —n;)Yj; in Eq (2.1). So Y, = vazl((l —n;)Y;:)% . Take logarithm, and

use Eq (B.1). The vector form of the production function in logarithm is the following:

InY; =@'In(1 —n) + By,
(B.2)
=Y, =0FIn(l-n)+08[In—-T]"as+cy)+BIn—T] "6 In K, + 3 [In — '] ', 1n H,.

~
denote these terms as In Ay denote this as &

Note that & = @' [Iny —I] 718, is a constant, not a vector. And In A, is a single time-varying

variable. Since the vector sum, 0 + 0 = 1 — m, we have the sum:
BN T8+ B In -1 "6, =1,

be a constant of 1. Denote A; = (1 —m;)(1 — a;)v; and ¥ = (1 —m;)ajv;. Thus, Eq (B.2)
can be written as
Y, =InA, +alnK,+ (1 —a&)ln H,

ln(flt) —v'a; + A In :Cf + Zﬁz Z(l — 0ij) + Anzl + Zvj Z%j Inn;;.
- - - -

7 J %
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