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SAFE INTEREST RATES ARE FALLING
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THE WORLD POPULATION IS AGING

Share of population above 50
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DEMOGRAPHICS AND INTEREST RATES

» State of the debate

» Aging lowers interest rates....

» ...but how much?

» Standard strategy
» Calibrate OLG models with realistic demography

» Different model assumptions — different interest rate responses
to aging
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INTEREST RATE SENSITIVITY TO AGING

» Key unknown macro quantity: interest rate sensitivity to aging
(IRSA)

> Needed to forecast real interest rate in an aging world

» Implications
> asset prices
> fiscal sustainability

» conduct of monetary policy
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THIS PAPER

» Develop rich OLG model with heterogeneity and flexible
parametrization

» SS demand and supply framwork
> Identify model elasticities that determine IRSA

» Calibration aims at finding good values for key elasticities

» Model partially identified given key elasticities
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MODEL SETUP

» OLG model in steady state. i is age, ¢ is time.

» 0 indexes demographic parameters

» Fertility: growth rate of newborns, No; = (1 + n)"
» Mortality: death rates ¢; ;11 = %
> Ny = Zl Nj; total population, grows at rate n in s.s.

> i (0) = &t s.s. population share

Labor-augmenting technology: productivity h;Z; at age i
» Exogenous growth Z; = (14 )", loaded on time effects

» Output growthrateins.s. 1+ g = (1+n) (1+7)

» Production function Y = F (K, L) with constant returns to scale

Y K
v =F (ZN;WZ (6) hz>
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ASSET SUPPLY: STANDARD NEOCLASSICAL MODEL
» Capital demand (perfect competition, constant depreciation J)
oYy K
K =r+4 = 7N :k(r)zi:m(e)hi
Y
= N = y(r)Zﬂ'i (0) h;

with &k (r) = Fg' (r +6,1) and y (r) = F (k (r),1)
» >, ™ (0) hy is effective labor per person

» No government debt = s.s. normalized aggregate asset supply
_ A K
~ ZN ZN

= k(r)zm (6) hy

a® (r,0)
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ASSET DEMAND

» Wage per efficient unit: ¥ = F, (k (r),1) = w (r)

» Household problem determines savings
> Accumulate assets from wages

» Life-cycle motive: pretax earnings w (r) h; Z; + pension in
retirement

> Bequest motive

> Allows for balanced growth

» Household optimization = s.s. normalized aggregate asset
demand

10 /35
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EQUILIBRIUM

» Small open economy: given r, aggregate wealth to GDP ratio

g W AYZN _ Tim (0) 4 1
)=y =378 = S 7 (0) by )

» @ affects both numerator and denominator

» From now on, normalize ), 7; (%) h; = 1 for baseline 6*
» Closed economy: r solves
d _ S
a®(r,0) =a®(r,0)

equivalently

W(?‘,@) = )
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SUFFICIENT STATISTICS FOR STEADY STATE
PROJECTIONS

Consider a small change in demographics df; da; = %‘g do,

dr; = 9%5.d9.
» Inas.o.e, the steady state wealth-to-GDP changes by

d(?j)-Z{ai—?jhi}dm+;mClZizA 3)

7 )
———
As Ae

(irrespective of v loading on time or cohort effects.)

» In a closed economy, the steady state real interest rate changes by

Ag + A,
dr:ied—es 4)

d

where €“, €® are asset demand and supply semielasticities
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MODEL SETUP

» OLG model in steady state
» 6 indexes demographic parameters (fertility, mortality)
» N (0) = Zj Nj¢ () total population, Nj ; of age j

N (0)

N¢(0)

> Labor-augmenting technology: a household age j living at time ¢
has exogenous productivity h; Z:

> m; (0) = population share in steady state
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STEADY STATE FEATURES

» The steady state features

» constant population growth rate n: No; = (1+ n)t, subsequently
affected via ®;

» constant rate of technological improvement v: Z; = (1 + )"

> (endogenously) constant real rate r, capital rental rate %, wage rate
per unit of efficient labor %, and tax rate on labor income 7
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DEMOGRAPHICS
» Demographic parameters: pop. growth n (#) and survival rates
®; (9)
» Per period survival rates ¢;,_1  — @; = Hi:l Pk—1,k
(¢r,r+1 = 0)
» Normalizing ¢t = 0 population to 1:
Not = (1+n)
Nje = @;(1+n)"™

The total population N; is growing at the rate of entrants

ZN]t— (14n) Z(‘I’J’)j

o (1+n

» Write 7; = 24* for the population s are of age j, then
Write 7; = - for the population sh f age j, th

(OF
J 7T(]Wlth T = ;@ (5)

(1+n)’ Z?:o m

=
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PRODUCTION

3. Decomposition and calibration

» Final output proced competitively by intermediate goods Yy

( Y € dk)
» Y} produced with capital Ky + effective labor Ly,

Yie = F (Kt Lit)

» Monopolistic competition (to allow rents) implies price

€ Wi € Ry
Py = =
€= 1Fp (K, L) €= 1 Fg (Kgy, L)
» Equilibrium factor prices and profits

Ry 1

— = —Fg (K, L

B K (K¢, Lt) (6)
W, 1

B, = il (L) (7)

m, 1
B (1 - u) F (K, Ly) (8)
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LABOR MARKET

» N,; workers of age j

» Worker (indexed by %)
> idiosyncratic skill shocks h; ¢
> exogenously supplies /;;; hours to the market

» Normalize such that [;;; = 1 and E[h;j] = h;

» Labor market clearing

Zth]E zythmt Zt NtZtZWJ l]t (9)
J

Li=NiZy il (10)
i
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ASSET MARKET AND STEADY-STATE RATIOS

» A capital mutual fund owns the capital and rents it to firms.

» Every period: invests I; = K41 — (1 — §) K; ; maximizes the
present discounted value of dividends

. |
(14 1) VX (K,) = max {tm C(Kpr — (1 8) )+ VS, (Kpn)

K+ t

(11)

» Conjecture VX (K;) = v K; — firm FOC + envelope theorem

R
v{_i1:1:>ﬁ:rt,1+5 (12)

» Capitalized value of the capital mutual fund: VX (K;) = K;.

11 . D _— : _ K 1
» Steady state dividends: % = (r — g) K with 1 + g = =
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INTEREST RATE AND CAPITAL MARGINAL PRODUCT

» Combining (6) with (12)
K
Fg <t71> =p(r+9)
Ly
combining next with (7), we find
w K; 1 1
P NFL(Lt )—MFL(FK {N<T+5)}71)
Y; K
L = <Lt 1)

» Hence, from (9), the steady state output growth rate is

finally

Yirr  Kyr o Le

t9=vy- =% =, —EnNl+n)
and steady-state investment is
K
== 5) —
v = (9+9) 3

(13)

(14)

(15)

(16)
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PROFIT MUTUAL FUND

» A profit mutual fund passively owns the intermediate goods
firms. Its value at time ¢ is given by

1
(1+r) V= (1_H>K‘/+V;PH
. yiI
in a steady state - = v™ such that
t

(1+r)v™ = (1—i) +u" (1+9)

T (R
w)r—g

» Intuition: markup share of GDP valued at dividend growth
formula

or
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LIFE INSURANCE COMPANY

» Life insurance company; owns both mutual funds

» Sells annuity contracts to households and has asset value

Afth—F(ll) Ly, (17)
n)r—g

» Using (13) we have
Ky = Fit (u(r+6)) Ly

and

Y, =F (Fi' (u(r+9)),1)L
Then, combining with (10), we obtain “normalized normalized”
asset supply A*:

Z‘f\ft—<J~1K1(u(r+6))+(1—111)F(FKT(_TMS >(Z7r] )
(18)
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HOUSEHOLDS

» Heterogeneous households indexed by i, withages j =1---T,
interpreted as single-parent families.

Start work Children Leave
Birth Have children leave h.h. Retire bequest Death
0 T T* T " T

» Skill level given by: h;;; = 0;h €4
> 0;: household fixed effect (E[0;] = 1)

> 11°(6’|9) intergenerational transmission of fixed effects.
» 79 (0): for the stationary distribution of 6.

> h; is the deterministic age profile of productivity,

> ¢;,¢ idiosyncratic shock
> Markov chain IT¢(€’|e)
> Ele;:] = 1atevery .
> 7€ (e): for the stationary distribution of e.
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VALUE FUNCTION

» Value function for household

Vij(0,e,a) = maxyu(c) + 05 (b) + B +1E [Viy1,11(0,€,a")|e]
17]‘ (b) = YZtVio].{j:Tb}’U(b) (19)
c—l—b—l—a':yjt(@,e)—i—w (20)
bj-1,
w
Yje (0,€) = Lijerry (1 =7) Ze 5 - Ohje + Lijoprydy - 0

—AZ,

v

withu (c) = 11;”, and v(b) = bll%: with o > v capturing luxury
bequests

> Zy~° — stationary distribution of bequests

v

1); age-dependent utility modifier due to child raising

v

Productivity loads on time rather than cohort effects

> Retirement age is fixed + pensions scale with household fixed effect
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BEQUESTS AND PAY-AS-YOU-GO

» Bequests given at age 7° (pooled among ¢’ type)

NTb’t Z H9(9/|9)W6(9)E[bt\9]

NTwﬂg o 71'9(0/)

G,Tw7t(0/) =

» The government finances PAYGO system with labor taxes
771

T
T%ZtZw Z N; ih; —dtZw GZNN
0

j=Tw j=T"
» No cross-subsidization across 6 types

Tr—1

szt > Njihy=dy Z Nj,

j=Tv J=1r
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AGGREGATE CONSUMPTION AND ASSETS

» Total asset demand and consumption

Af = NjiE[ai]
i

Cﬁ = Z thIE[Cijt]
J
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NORMALIZATION OF DECISION RULES

» Define normalized income as

~ w ~
yj (0,€) = ooy (1-71) B -Ohje+ 1g>pryd- 0
where W1
di TP 2ij—rw Wil

(/i\: —_— =
T
Zt dj=1r T

» Normalized consumption, ¢ = %' bequests b = %tt' etc

. . o~ gy
> Assets normalized by last period productivity @ = 7*— (so
at ;1\ )
Zt T4+~
» Value function V = Z‘l/if’
t

» Discount factor 3 =681+ 7)1_0
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CONSUMER PROBLEM IN NORMALIZED FORM

» Then the problem in (20) can be rewritten as

‘7}-(0,6,6) = maxy;u(c )+Y1{ —7v} ¥ ( ) +ﬂ¢] j+1E {%(0,6/707)‘6}
o . (14+7r) .
b J = i 0 —_— 21
c+b+a yj(76)+(1+7)¢j—1,ja (21)
. W ~
y ( ) _1{j<TT} (177’)?9h]6+1{]2T7~}d0
a > —b
and b ;
() = 2 5 IO 0) 22)

Tw ) 7'('6(9/)
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STATIONARY EQUILIBRIUM

» Stationary equilibrium: “normalized normalized” aggregate
asset demand and consumption

A A,

d _ 2t _ TRl

A = N, E m;E[a;] (23)
e _

C=N > mE[E] (24)

» Steady state equilibrium: r that equates A% in (18) with Adin (23).
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NORMALIZED STATIONARY EQULIBRIUM

» Calibration guided by demand/supply decomposition for small
change in demographics df .

» Start from the market clearing condition for assets in levels

Al = Ag

» Normalize by technology and population

.
¢ Zi Ny
= Z”J Elajt)
_ Af
N

= <kt+ (1 - 1) rlgyt) RACLY

o
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TOTAL DIFFERENTIATION

» Totally differentiating with respect to 6, we obtain

OF|a OF|a;;
ZE Qijt dﬂj + Z’/Tj a”t df + Z?T]‘ éiljt] dr =
J

dﬂ'j (e)hj 1
ag (skdlog kt + srdlogy: + ; RO - gsrdr

» Rearranging terms and noticing that >, 7 (0)hs, = 1, we have

1o} OF[a;
> (Blaj] — hjay) W“rz T a]t] dg

J

3E[al]t s n 1
(E tr+5(sk+s,na)+r_gsr dr
[awt Y Sr
(E a; r+6(1fs7«(lfoz))+r_g dr“ V

J
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INTEREST RATE SENSITIVITY OF DEMOGRAPHICS
» Interest rate effect

— [, (Blasd - hyat) g + 5,7 22524 - a0

(5, m 2 1 (% (1=s,(1-0))+35))

» Function of

» Observables:
> (E[dijt} — hj a;‘) is net demand for asset for age group j

dr =

> 8—d@ is the observed population share change

» Production elasticities
> a,6,1m

» Rent elasticities
> Sp,T—g

» Behavioral elasticities:
OFla;j:]
Z oy
J
OF
Z Ty 7[am] do

, 90
Vi
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CHALLENGES FOR CREDIBLE CALIBRATION

» Shocks ¢: falling population growth rate + falling mortality rates

v

Observables — easy

v

Production elasticities

> «a,0 quantitatively unimportant in reasonable bound; n challenging

Rent elasticities

v

» Needed: separate capital from markups

v

Behavioral elasticities
» Natural experiment evidence on Zj T % (Jakobsen et al.
2018)

> Mortality effects in Zj ug %de hopefully insensitive to

parameters (tbd)

» Bequest and consumption effects in Zj ; %d@ (tbd)
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ROAD FORWARD

» Experiment with sensitivity of key elasticities w.r.t. parameters

00

» Bequest and consumption effectsin > T do

> Mortality effects in Ej T %d@

» Calibrate using weighted moment matching
» Prioritize hitting key elasticities for counterfactual exercise in
calibration
» Apply decomposition method to existing models

» Identify locus of disagreement in literature
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