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Abstract

A growing body of empirical research highlights substantial changes in the US economy dur-
ing the last three decades. Business dynamism – namely job reallocation, firm entry and creative
destruction – is declining. Market power, as measured by markups and industry concentration,
seems to be on the rise. Aggregate productivity growth is sluggish. We show that declines in the
rate of growth of the labor force can qualitatively account for all of these features in a standard
model of firm-dynamics. Despite its richness we can characterize the link between population
growth and dynamism, markups and growth analytically. When we calibrate the model to the
universe of U.S. Census data, the labor force channel can explain a large fraction of the aggregate
trends.

1 Introduction

The U.S. economy is facing substantial challenges. First, a large body of work has documented a
decline in business dynamism in recent decades. The start-up rate has fallen substantially (Halti-
wanger et al. (2015)), job reallocation is down (Pugsley and Şahin (2015)) and creative destruction
has declined. Second, new evidence is emerging that concentration ratios within industries, whether
measured by sales or employment, have increased markedly during the same time frame (Autor
et al. (2017)), as have measures of markups (De Loecker and Eeckhout (2017)). Lastly, save for the
I.T.-fueled boom of the late 1990s, productivity growth has been sluggish for many years (Fernald
(2015)).

One leading explanation for the decline in the start-up rate is declining labor force growth, as pro-
posed in Karahan et al. (2016) and Hathaway and Litan (2014). At play are general equilibrium
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Figure 1: Labor Force Growth and Start-ups
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(b) Entry Rate of New Firms
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Note: Panel (a) shows the growth in the labor force of the U.S., with the raw series in blue and a HP-filtered trend component in red.
The data is sourced from the BLS, accessed through FRED. Panel (b) shows the start-up rate of new firm. The data is from the Business
Dynamics Statistics produce by the Center for Economic Studies at the U.S. Census Bureau.

forces. The primary way in which the economy accommodates an influx of new workers is through
firm creation. Labor force growth both expands demand and lowers wages, all else equal, raising the
incentive to start a new firm. When this slows markedly, as it has since 1970=5 (see Figure 1a), so too
will the rate of firm formation. Both the above papers use geographic variation in the age structure
of the population of the U.S. to test this idea, and find broad empirical support.

Using the lens of simple growth theory, we show that the implications of declining labor force growth
are much broader than the start-up rate alone. The fall in the start-up rate ripples through the econ-
omy. Incumbent firms find it easier to raise prices over time, unconstrained by young firms eating at
their market share. They also face less competition when they expand into new markets, and grow
larger as a result. Average firm size increases, the pace of job reallocation slows, and markups rise
across the economy. Lastly, creative destruction declines, and with it the pace of productivity growth
falls.

To show this, we present a new model of firm dynamics that is rich enough to match many first-order
features of firm growth. In particular, it allows for a fully endogenous determination of markup
growth over the life-cycle of the firm, as in Peters (2018). However, it expands the theory beyond a
unitary elasticity of substitution, and frees it from counterfactual scale effects, which is vital when
dealing with labor force growth. Nonetheless, it remains highly tractable, with tight analytic linkages
between labor force growth, creative destruction and markups. We show that declining labor force
growth can qualitatively account for all of the above trends.

We then use our theory to quantify the importance of this channel. We calibrate our model to match
key moments of the firm lifecycle, focusing on generating the life-cycle patterns of sales and markups
which appear in the data. This is of prime importance when considering the dynamic evolution of
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the joint distribution of employment and markups, and sets us apart from other quantitative work
exploring the macroeconomic importance of concentration and market power (see e.g. Edmond et al.
(2018)). We examine the counterfactual implications of the model under the empirically observed
variations in labor force growth, and find they can account for a significant fraction of the observed
trends.

Throughout the paper, we take movements in the labor force to be largely exogenous to market con-
centration and firm dynamics. In the data, slowing labor force growth reflects three primary chan-
nels: an end to increasing female participation, declining prime-age male participation, and slowing
growth in the working age population (due to both falls in fertility and slowing immigration). In
Appendix A.1 we decompose the contributions of each of these channels to the declines observed in
Figure 1a, and find that female participation topping out is responsible for the early fall in the rate
of growth, and more recently slow population growth bears much of the blame. While a declining
labor share and rising market power may itself have implications for worker participation, here the
simplicity of taking these movements as given yields substantial insight into the changing patterns
of firm dynamics we see in the data.

2 Theory

2.1 General Environment

Time is continuous. There is a measure Lt of identical households who each supply one unit of labour
inelastically. This population of households and hence the labor force is growing at a constant rate η.
Studying the response of markups, growth and business dynamism to changes in η is the main focus
of this paper. Households have preferences over a final consumption good ct, which are given by

U =
∫ ∞

0
e−ρt ln (ct) dt.

Final consumption is composed of differentiated varieties. As in Klette and Kortum (2004), we model
these varieties as particular product lines, which may be produced by multiple firms. Production
of the final good takes place in a competitive final sector, with output of the final good given by
combining intermediate product lines according to

Yt =

∫ Nt

0

(
∑

f∈Sit

y f it

) σ
σ−1

di

 σ
σ−1

. (1)

Here Nt is the number of active product lines, where these product lines are indexed by i. This
number evolves endogenously with the creation and destruction of new products. Sit is the set of
firms actively producing product i at time t, and time y f it is the production of firm f in product
line i at time t. Note that this production function implies that the output of firms producing the
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same product are taken as perfect substitutes in the aggregation into final goods, but that different
products are imperfect substitutes, with the elasticity of substitution given by σ.

Firms can be active in multiple product markets. Each firm is characterized by a portfolio of the
products they produce, denoted by Θ f , and the productivity with which they produce each product
in their portfolio, indexed by {q f i}i∈Θ f . We denote the number of products firm f produces by n f .
Production of each good uses only labour, and is given by

y f i = q f il f i (2)

where l f i is the amount of labour hired by firm f to produce product i.

Within product markets, firms compete a la Bertrand. By standard arguments, each producer has
an optimal markup they would like to charge of σ

σ−1 over marginal cost. However, the presence of
competing firms implies that the most efficient producer of the good will resort to limit pricing. If
they are unable to price at the optimal markup without inviting competition, they will set their price
equal to the marginal cost of the next most efficient producer of that good, who is then indifferent
between producing or not. Given the production function in (2), the markup charged in product i ,µi,
is given by

µi = min

{
σ

σ− 1
,

qi

qC
i

}
, (3)

where qi denotes the productivity of current producer in product i and qC
i is the productivity of the

most efficient competitor.

It is easy verify that product-level sales pyi, employment li and profits πi are given by

pyi = µ1−σ
i

(
qi

wt

)σ−1

Yt, li = µ−σ
i

(
qi

wt

)σ−1 Y
w

, πi =

(
1− 1

µi

)
µ1−σ

i

(qi

w

)σ−1
Y. (4)

For the case of µ = σ
σ−1 these expressions reduce the usual expressions where profits and labor

payments are a constant share of total revenue, i.e. πi = 1
σ pyi and wli = σ−1

σ pyi. Because firms
produce multiple products, firm-level sales are py f = ∑

n f
i=1 pyi (and for profits and employment

analogously).

Given the firm-level allocations in (4), we can also characterize the aggregate allocations. In particular
aggregate output Yt and the level of wages wt are given by

Yt =MtQtN
1

σ−1
t LP

t and wt = ΛtYt/LP
t

where Qt =
(∫

qσ−1
i dFt (q)

) 1
σ−1

=
(

Et

[
qσ−1

i

]) 1
σ−1

and

Mt =

(∫
i µ1−σ

i (qi/Qt)
σ−1 di

) σ
σ−1∫

i µ−σ
i (qi/Qt)

σ−1 di
and Λt =

∫
i µ−σ

i di∫
i µ1−σ

i di
. (5)
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The two aggregate statistics Mt and Λt fully summarize the static macroeconomics consequences
of monopoly power. Market power reduces both production efficiency (the misallocation termMt)
and lowers factor prices relative to their social marginal product (the labor wedge Λt). In particular,
a common increase in markups reduces the labor wedge Λt but keeps the allocation efficiency Mt

unchanged. The latter is affected by the dispersion of markups. Because our model generates the
distribution of markups endogenously, changes in the rate of population growth will directly affect
Mt and Λt.

Firm Dynamics and Aggregate Growth

Both firms’ productivities and the products they sell evolve endogenously. As in Garcia-Macia et al.
(2016), our theory allows for three sources of firm dynamics. These margins will at the same time
also determine the rate of aggregate productivity growth and the extent of market power. First we
allow for creative destruction by incumbents and entrants (as in Klette and Kortum (2004)). Creative
destruction occurs when either an existing firm or a new firm improves the productivity of a product
i, which is currently produced by another producer. Because the output of firms producing the same
product i is considered to be perfectly substitutable (see (1)), such productivity improvements result
in churning, whereby the old producer gets replaced.

Second we allow for own-incumbent innovation, whereby firms can improve the productivity q of the
products they are currently producing (see Atkeson and Burstein (2010) or Luttmer (2007)). In our
model, however, own-incumbent innovation will also be the source of increasing markups as existing
firms pull away from their competitors (see (3)).

Third, we allow for the endogenous entry of new varieties. This margin will be source of variety gains,
whereby firms can generate product varieties which are entirely new to the economy. As in Young
(1998), it is this margin, which implies that the model does not suffer from strong scale effects, i.e.
the endogenous growth rate is independent of the size of the population.

We formalize these decisions in the following way. We assume that productivity q evolves on a
quality ladder and each successful innovation represents a productivity improvement of λ > 1.
We also refer to λ as the step size. In order to expand into new products, both incumbent firms
and potential entrants make costly investments to choose a Poisson innovation rate. Conditional
on successfully creating a new product, this product can either be a new variety or it can improve
upon an already existing product from another firm. Importantly, we assume that the direction of
innovation is undirected. With probability α the product represents a technological advance over
an existing firm, increases the product’s productivity by λ and forces the current producer to exit.
With the complementary productivity 1− α, the product will be new to the society as a whole. We
assume that the quality of new products is given by qσ−1 = ωqt, where ω is drawn from a fixed
distribution Γ(ω) and qt = Et

[
qσ−1

i

]
. Hence, as in Buera and Oberfield (2016), the productivity of

new varieties is determined both by the existing knowledge embedded in q̄t and by novel ideas. In
terms of innovation costs, we assume that incumbent firms pay a cost cX

t (X, n) in units of labour,
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Figure 2: Dynamic Decisions: Entry and Innovation

Incumbent Firms Entrant Firms

Increase pro-
ductivity in own
product q′ = λq

Increase pro-
ductivity in

other product

Replace other
firm q′ = λq

Create new
variety q′ =
q̄ω ω ∼ Γ(ω)

Replace other
firm q′ = λq

Create new
variety q′ =
q̄ω ω ∼ Γ(ω)

Own-innovation Creative Destruction Variety Gains

I x

α 1 − α

z

α 1 − α

Notes: The figure contains a summary of the dynamic decisions in our model.

where n denotes the number of products the firm is currently producing and X denotes the flow rate
of innovation. Entrants have access to a linear entry technology, where each worker generates a flow
of ϑE ideas.

Firm can also spend resources to engage in own-innovation and improve the productivity of the
products in their existing portfolio. For each product, firms can choose a Poisson rate Ii to improve
the productivity for that product to λq f i. They pay a cost cI

t (Ii, qi), which is again denominated in
units of labour. Figure 2 contains a summary of the innovation and entry decisions in our model.

Finally, we also assume that any product can die exogenously at a constant Poisson rate δ. If a product
line dies, the knowledge of how to produce it is lost forever, to all those who knew how to produce
it. Allowing for this possibility is not conceptually important but it gives us one additional degree of
freedom for our quantitative assesment.

Endogenous Market Power

A key aspect of our theory is that the distribution of markups is jointly determined with the process
of firm-dynamics outlined above. To see why, note that the assumption of the quality ladder structure
implies that the equilibrium markup in (3) is given by µi = min

{
σ

σ−1 , λ∆i
}

, where ∆i is the number
of quality steps the current producer is ahead of the second most productive firm. We also refer to
∆i as the productivity gap. As long as ∆i < ∆ ≡ ln(σ/σ−1)

ln λ , markups are fully determined from limit
prices and increasing in ∆i.

To see how the endogenous distribution of markups is determined, note the difference between suc-
cessful creative destruction and own-innovation. Suppose the current producer of product i has a
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quality gap of ∆i. If this firm is replaced by another producer through successful creative destruc-
tion, the quality gaps reduces to unity as the new firm is only a single step ahead of the erstwhile
producers. Hence, creative destruction reduces markups. In contrast, if the existing firm success-
fully increases its productivity through own-innovation, the quality gap increases to ∆i + 1 and so do
markups. Formally, our model of growth gives rise to an endogenous stochastic process of markups.
Let τ denote the rate of creative destruction and let Ii denote the rate of own-innovation. Within a
small time interval δt, the evolution of the markup in product i is given by

µit+δt =


λ with probabilty τδt

λµit with probabilty Iiδt

µit with probabilty 1− (τ + Ii) δt

. (6)

Hence, own-innovation is akin to a positive drift for the evolution of markups, while creative de-
struction is similar to a “reset” shock, which lowers markups. We will show below, that the stochas-
tic process in (6) gives rise to a stationary distribution of markups along the balanced growth path,
which explicitly depends on the endogenous rate of creative destruction and own-innovation. And
because both these equilibrium outcomes respond to the rate of population growth η, a declining
rate of population growth will directly affect the equilibrium degree of market power. In fact, we
will show that lower population growth increases markups.

Equilibrium

Because firms’ innovation decision are forward-looking, we need to characterize the value function.
Given the expression for profits in (4) and for markups in (3), the state variables are [∆i, qi]

n
i=1. We

denote the rate of creative destruction per product as τt. This rate is determined endogenously but
taken as given by existing firms. Consequently, the value function of a firm is given by

rtVt ([∆i, qi]) =
n

∑
i=1

πt ([∆i, qi])︸ ︷︷ ︸
Ptofits

+
n

∑
i=1

(τt + δ0)
[
Vt

([
∆j, qj

]
j 6=i

)
−V ([∆i, qi])

]
︸ ︷︷ ︸

Creative Destruction and Product Loss

+ V̇t ([∆i, qi])︸ ︷︷ ︸
Capital Gains

+max
I

n

∑
i=1

Ii

Vt

([
∆j, qj

]
j 6=i [∆i + 1, λqi]

)
︸ ︷︷ ︸

Value of own innovation

−Vt ([∆i, qi])

− cI (Ii, qi)wt


+max

X

{
X
[

α
∫

Vt ([∆i, qi] , 1, λq) dFt︸ ︷︷ ︸
Replacing an existing firm

+ (1− α)
∫

Vt
(
[∆i, qi] , ∆, ωq̄t

)
︸ ︷︷ ︸

New variety

dΓ−Vt ([∆i, qi])

]
− cX (X, n)wt

}
.

The free entry condition requires that the expected value of a successful innovation equals the cost
of entry

α
∫

q
Vt (1, λq) dFt (q) + (1− α)

∫
q

Vt
(
∆, ωq̄t

)
dΓ (ω) =

1
ϑE

wt.
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Finally, labor market clearing requires that the total population Lt equals the number of production
workers LP

t and the number of workers engaged in own-innovation, incumbent expansion and entry.

2.2 The Main Result: Population Growth, Product Creation and Creative Destruction

In this section we derive the central result of this paper. We show that as long as the economy is
on a balanced growth path (BGP), lower population growth reduces the rate of entry and the rate of
creative destruction but keeps incumbents’ incentives to expand unchanged.

Consider a BGP where the firm size distribution is stationary and all aggregate variables grow at a
constant rate. This implies that the number of products Nt has to grow at the same rate as the labor
force, i.e.

η =
Ṅt

Nt
. (7)

Furthermore, incumbents’ expansion rate per product x and the entry flow per product z is constant.
This implies that that the rate of creative destruction per product τ is given by

τ = α (x + z) (8)

as a share α of entry and expansion activities result in a replacement of existing firms. Similarly, the
evolution of the of the number of products Nt is given by

Ṅt = (1− α) (x + z) Nt − δNt. (9)

These three equations directly imply our main proposition.

Proposition 1. Consider a BGP. The rate of creative destruction τ is given by

τ =
α

1− α
(η + δ) (10)

and the rate of incumbent expansion x and entry z are given by

x =

(
1
ζ

ϑx

ϑE

) 1
ζ−1

and z =
η + δ

1− α
− x. (11)

Hence, population growth increases creative destruction, ∂τ
∂η > 0, increases the flow rate of entry, ∂z

∂η > 0, but
leaves incumbent expansion unchanged ∂x

∂η = 0.

Proof. Equation (10) directly follows from (7), (8) and (9). (11) is shown in Section B.2 in the Appendix.
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Proposition 1 contains a key theoretical result of this paper: population growth is absorbed by the
economy’s extensive margin - entrants do all the work. And because entry is an important compo-
nent of creative destruction, population growth reduces the extent of creative destruction in equilib-
rium. Two assumptions, are driving this result. First of all, our assumption that entry and incumbent
expansion is undirected, implies that creative destruction is tied to the creation of new products.
Secondly, the fact that incumbent expansion x is tied to technology parameters (see (11)) while entry
z is determined residually follows from the assumption that incumbents’ innovation technology is
convex, while entry costs are linear.

Armed with Proposition 1 we now trace out its implications. In particular, we show that lower
population growth by reducing creative destruction activities of entrants increases market power,
concentration and firm size but lowers the equilibrium entry rate and aggregate productivity growth.

2.3 Implications: Population Growth, Dynamism, Markups and Growth

To trace the implications of a reduction in population growth, we start our analysis with a special case
of the general framework above by imposing two restrictions. First of all, we assume that consumer
preferences take the Cobb Douglas form, i.e. σ = 1. Secondly, we assume the incumbent own-
innovation I is exogenous, i.e. existing firms improve the quality of their own products at a constant
rate.

This case is analytically attractive because we can solve the entire model in closed form. For our
quantitative analysis in Section 3 we are of course not imposing these restrictions. The key simpli-
fications of these assumptions are threefold. First of all, the limit price is always binding, i.e. the
markup in product i is given by µi = qi//qC

i = λ∆i . Because markups are only constrained by the
limit price, we assume that newly invented products charge a markup λ, i.e. as if they had a produc-
tivity advantage of a single step. Secondly, firm sales are not a function of productivity but only of
the number of products - see (4). This implies that we can tightly characterize the distribution of sales
and its dependence on η. Finally, our assumption that I is exogenous allows us to fully characterize
both the distribution of markups and the equilibrium growth rate in terms of parameters, including
η.

Result 1: Population Growth and Market Power

We first turn to the effect of population growth on the equilibrium degree of market power.

Proposition 2. Consider a BGP. Define

γ (η) = ln
(

1 +
η + δ0

(1− α) I

)
Then:
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1. The stationary distribution of markups is given by

G (µ) = 1− µ−
1

ln λ γ(η)

2. Aggregate misallocation is given by

M = e−
1

γ(η)
1 + γ (η)

γ (η)
and Λ =

γ (η)

1 + γ (η)
.

Hence, lower population growth increases markups and increases misallocation.

Proof. See Section B.4 in the Appendix.

Proposition 2 concisely links the rate of population growth to the stationary degree of market power.
Our model implies that the unique equilibrium distribution of markups is pareto distribution, whose
shape parameter γ is increasing in the rate of population growth. Hence, lower population growth
increases both the level and the dispersion of markups.

This result is similar to the finding in Peters (2018), who studies a related model without population
growth and without the new variety margin. He shows that the pareto tail of the markup distribution
is determined by the rate of creative destruction τ. Proposition 2 leverages this result and the fact that
in our economy, creative destruction is directly tied the rate of population growth. The intuition is
simple. Recall that creative destruction τ lowers the expected time a given firm produces a particular
product. Hence, as in Jones and Kim (2016), creative destruction plays the role of a “death shock”,
which limits the extent to which incumbent firms can accumulate market power through successful
draws of own-innovation. The resulting stationary distribution of the stochastic process in (6) is the
pareto distribution of Proposition 2.

The second part of the proposition contains expressions for the macroeconomic consequences of mis-
allocation. In the case of σ = 1, the two statisticsM and Λ only depend on the marginal distribution
of markups (see (5)) and can be solved in closed form. It is easy to verify that they are increasing in
γ (η). Lower population growth increases misallocation through lower creative destruction.

Result 2: Population Growth and Aggregate Growth

As usual in models of Schumpeterian growth, in our economy creative destruction is an important
determinant of aggregate productivity growth. This already suggests an important channel why
lower population growth might indeed be detrimental for the rate of productivity growth. This
intuition is indeed correct.

Proposition 3. Consider a BGP. The growth rate of GDP per capita g is given by

g = ln (λ) (τ + I) = ln (λ)

(
α

1− α
(η + δ0) + I

)
(12)
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Hence, lower population growth reduces productivity growth.

Proof. See Section B.3 in the Appendix.

Proposition 3 shows why population growth is a driver of income growth: it affects creative destruc-
tion, which itself is an important component of aggregate productivity growth. Proposition 3 also
highlights additional effects, which are absent in this special case of our theory but present in the full
model. By assuming that I is exogenous, we abstract from any feedback between creative destruction
and incumbent own-innovation. In our full model, I will also be endogenous and hence respond to
changes in the rate of population growth. Furthermore, in the Cobb-Douglas case of the model, there
are no variety gains, i.e. growth in the number of products does not affect the growth rate of income
per capita. Again: variety will be present in our full model. We will show below that the relationship
between g and η is negative even once these additional aspects are taken into account.

Result 3: Population Growth and Firm Dynamics

Finally, we turn to the implications for the process of firm-dynamics. We are particularly interested in
the the effect of population growth on the start-up rate and average firm size. That lower population
growth indeed reduces the start-up rate and increases firm size, follows almost immediately from
Proposition 1: lower population is entirely absorbed by the entry of new firms. This naturally reduces
the entry rate. At the same time, incumbent firms face less competition from new entrants and hence
have an easier time to expand. In a stationary equilibrium this raises average size.

To make these intuitions precise, we need to characterize the distribution of firm size. For the sim-
plified case in this section, it is convenient to measure size by sales. As sales are proportional to the
number of products firm sell, we only need to characterize the stationary product distribution. In
Section B.5 in the Appendix, we show that this distribution is fully characterized by a simple set of
recursive equations. In particular, letting ωt (n) be the mass of firms with n products, the number
of firms is given by Ft = ∑n ωt (t). Stationarity requires that the number of firms grows at the rate
of population growth and that therefore ν (n) = ωt (n) /Nt is constant. There we also show that
{ν (n)}n is fully characterized by the set of equations

ν (n + 1) =


ν(1)(τ+x+δ+η)−z

2(τ+δ)
if n = 1

ν(n)n(τ+x+δ)+ν(n)η−ν(n−1)(n−1)x
(n+1)(τ+δ)

if n > 1

together with the accounting condition ∑∞
n=1 ν (n) n = 1.

Proposition 4. Consider a BGP and let {ν (n)}n be the distribution of products. Then

∞

∑
n=1

νn =
z− ν (1) (τ + δ)

η
.
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1. Average firm size is given by

LP
t + Lx

t
Ft

=
1

∑n ν (n)
1
ϑz

 Λλ

λ− 1

αη + δ + (1− α)
(

ρ +
(

λ−1
λ

)
I
)

(αη + δ + (1− α) (ρ + I))

 (1− α)
(

ρ−
(

ζ−1
ζ

)
x
)
+ αη + δ

(1− α)

+
1
ζ

x

 ,

where Λ is given in Proposition 2.

2. The start-up rate is given by

ER =
zNt

Ft
=

z
∑n ν (n)

. (13)

Proof. See Section B.7 in the Appendix.

3 Quantifying the Effects of Lower Labor Force Growth

In this Section, we quantify the impact of declining labor force growth on the trends we have out-
lined. We begin by showing the implications in the simple case discussed above, with Cobb-Douglas
aggregation and an exogenous innovation rate I within products. This captures several key patterns
well, including the growth in average firm size and the firm entry rate. We then move to the full
model, where the endogenous movement in own-incumbent innovation becomes key to generating
increases in markups that can speak to the rises we have seen at the economy wide level.

Our exercise is conceptually simple. We calibrate the model to a balanced growth path matching
key moments of the data from 1980, when labor force growth was 1.8%. We then vary labor force
growth by dropping it 1%, the magnitude of the decline observed until 2008, and trace out the impli-
cations for the entry rate, average firm size, markups and lifecycle growth in the sequence of BGP’s
parameterised by η.

3.1 Calibration

A central element of our work is building a quantitatively accurate picture of the dynamic evolution
of sales, employment and markups at the firm-level. Here we show how these rich patterns are
generated from the interactions of a few key parameters. The model has an attractive recursive
structure which allows identification of these parameters sequentially, by matching central moments
of firm dynamics to their analytical expressions in the model.

The parameters we need to calibrate in the simple model appear in Table 1. All but two are deter-
mined internally for the simple case. One key parameter we fix is α, the share of products that are
stolen from other firms when a new product is created. In the full model, this parameter pins down
the level of the average markups that young firms charge, since it governs the fraction of firms that
immediately charge the monpolistically competitive markup upon creating a product. There is no
such analogous information in the simple case, and so we fix it ex-ante at the value we use in the full
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Table 1: Key Parameters

Parameter Description Baseline Value Source/Moment

η Rate of labor force growth in 1980 0.018 Data from BLS

δ Destruction rate of products 0.01 Entry Rate of 14 %

λ Step size on quality ladder 2 Markup growth of 10% between 2.5 & 12.5 yrs

I Innovation rate of incumbents 0.79 Aggregate growth of 2%

ϑX Cost of product expansion 0.11 Avg. sales growth of 50 % between 2.5 & 12.5 yrs

ϑE Cost of entry 0.31 Avg. firm size of 20.5 from the BDS

ζ Curvature of innovation cost 2 Expansion rates of incumbents (normalisation)

α Fraction of products stolen 0.5 Markups of young firms

model. The second is the curvature of the innovation cost function, ζ, which we fix at 2 so that cost
function is quadratic. This parameter is not identified independent of $x, which jointly determine the
rates of incumbent expansion. Crucially for our purposes, since incumbent expansion is unaffected
by variations in labor force growth (see Proposition , we can set one of these parameters freely.

We begin with determining the rate of creative destruction τ. Together with knowledge of the prod-
uct entry rate z, in the simple model this completely determines the growth rate of incumbent firms.
To see this, note that with Cobb-Douglas aggregation, sales of each firm is simply proportional to
the number of products each firm has, as in Equation (4). The arrival rate of new products x and
their death rate δ are linear functions of τ and z, and are all that is needed to characterize life-time
sales growth (see Equation (??) in Section B.9 in the Appendix). We target an expansion rate of 50%
between ages 2.5. and 12.5, matching evidence from XXX. We also target a firm entry rate of 14%, the
rate in 1980 from the BDS, using the expression in (13).

This gives us numbers for τ and z. From equation (8) we get the rate of product death δ, and then
from (10) we can solve for the expansion rate per product x by incumbents. With this in hand, we
calibrate the innovation step size λ to match the observed markup life-cycle growth. As we show
in Section B.10 in the Appendix, we can derive a closed form expression for the life-cycle profile of
markups. We target a growth in markups between ages 2.5 and 12.5 of 10%, using evidence from
XXX. The lifecycle profiles of sales and markups are shown in Figure (3). The average markups
across the firm age distribution is 1.1, in line with the cost-weighted average markup calculated by
Edmond et al. (2018).

Given this knowledge, all we need to determine the aggregate growth rate g from Equation (12) is I,
the innovation rate of incumbent firms, which recall is fixed in the simple case. We set a growth rate
of 2% p.a., matching data from the decade of 1975-1985. The last thing to do is calibrate the expansion
cost ϑX and the entry cost ϑE. The former is directly implied by the value for x, which has already

13



Figure 3: Life-Cycle Growth Profiles
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Note: Panel (a) shows the growth in the labor force of the U.S., with the raw series in blue and a HP-filtered trend component in red.
The data is sourced from the BLS, accessed through FRED. Panel (b) shows the start-up rate of new firm. The data is from the Business
Dynamics Statistics produce by the Center for Economic Studies at the U.S. Census Bureau.

been set. The latter we choose in order to pick average firm size from (??), which we set at 20.5 from
the BDS. As we stress throughout, the entry cost has implications only for the number of operational
firms in equilibrium, not the entry rate or other lifecycle moments.

3.2 The Labor Force Slowdown in the Simple Case

Using the calibrated model, we now examine the implications of a 1% slow down in labor force
growth by comparing BGP’s and holding all other parameters constant. In the first panel of Figure
4 we show the effect on average firm size. In the model this rises by almost 11%. To see why, note
that incumbents expansion effort is unaffected by population growth. With the rate x unchanging
but the rate of creative destruction τ shrinking, each product an incumbent has survives destruction
for longer. As a result, incumbent firms expand in every age bracket. The change in average firm
size almost exactly mirrors what is found in the data. In Appendix A.2 we show the time series for
average firm size from the BDS, which turns out to have risen 14% since 1980.

In the top right panel we plot the entry rate. This too experiences a decline which closely matches
the data. As discussed above, the economy absorbs all of the decline in labor force growth though
a slowing of new entrants per product, z. Now since all entrants are new firms, but existing firms
may have more than one product, the entry rate of new firms must respond more than the entry
rate per product. As such, we see a significant decline in the firm entry rate from a seemingly minor
reduction in labor force growth.

However, the simple case misses an important dimension of the data. Average markups at the prod-
uct level only rise by 1%, much less than the roughly 10% reported with cost weighting in Edmond
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Figure 4: Slowing Labor Force Growth- Simple Case
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et al. (2018). Examining equation X, declines in labor force growth on the order we are studying
having only a minor direct effect on the tail index of the Pareto distribution for markups. Thus a
slowdown in creative destruction cannot directly be responsible for the rise in markups we observe.

Indirectly, however, there is an important second effect which appears when we allow I to be chosen
optimally. with each product expected to be around for longer before it becomes obsolete, the returns
to investing in improving the markup of that product are higher. As such, as ηslows, firms will
increase their incumbent innovation. This serves as a second force depressing the Pareto index for
the markup distribution.

3.3 Moving to the Full Model

ANALYSIS TO COME

4 Conclusion

We have considered the implications of declining labor force growth in previous decades for a host
of troubling macroeconomic outcomes. Operating through a decline in the startup rate, a slowdown
in labor force growth causes a rise in markups and concentration. This may provide a new impetus
to look a the welfare costs of declining dynamism. Future work might consider optimal policies
that take into account the lifecycle nature of firms investment in raising markups, and ask whether
attempting to ameliorate these trends should be a goal for policymakers.
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A Empirical Analysis

A.1 Labor Force Growth Decomposition

ANALYSIS TO COME

A.2 Average Firm Size

Figure 5: Average Firm Size
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B Characterizing the special case with σ = 1

B.1 Static Allocation and the Value function

Static Allocations This final good, which I take to be the numeraire, is a Cobb-Douglas composite
of a continuum of differentiated varieties

lnYt =
∫ Nt

0
ln

(
∑
f εSit

y f it

)
di, (14)

where Nt is the number of varieties available at time t. This final good is the numeraire. Hence, sales
per variety i are given by

piyi =
Yt

Nt

The mass of production workers is

LPt =
∫ Nt

i=0
litdi =

Yt

wt

(
1

Nt

∫ Nt

i=0
µ−1

i di
)

.

Given that the final good is the numeraire, we have that

wt = exp
(

1
Nt

∫ Nt

i=0
ln qitdi

)
exp

(
1

Nt

∫ Nt

i=0
ln µ−1

it di
)

Hence,

Yt =
wt(

1
Nt

∫ Nt
i=0 µ−1

i di
)LPt = exp

(
1

Nt

∫ Nt

i=0
ln qitdi

) exp
(

1
Nt

∫ Nt
i=0 ln µ−1

it di
)

(
1

Nt

∫ Nt
i=0 µ−1

i di
) LPt

Let us denote the distribution of qualities q by Ft (q) and the distribution of markups µ by Gt (µ).
Then

Qt = exp
(

1
Nt

∫ Nt

i=0
ln qitdi

)
= exp

(∫
R+

ln qdFt (q)
)

and

exp
(

1
Nt

∫ Nt

i=0
ln µ−1

it di
)

= exp
(∫

ln µ−1dGt (µ)

)
= exp

(
E
[
ln µ−1

it

])
1

Nt

∫ Nt

i=0
µ−1

i di =
∫

µ−1dGt (µ) = E
[
µ−1

it

]
Then

Yt = QtMtLPt (15)

wt =
Yt

LPt
Λt
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where

Mt =
exp

(
E
[
ln µ−1

it

])
E
[
µ−1

it

] and Λt = E
[
µ−1

it

]
.

Hence, along a BGP the growth rate of Yt is given by

gY = gQ + η

as LPt grows at rate η andMt is constant in a BGP. Wages grow at rate gQ. Along a BGP it will also
be the case that the number of varieties Nt grows at the rate of the laborforce, i.e

gN = η.

The Value Function In the case of Cobb-Douglas demand, profits are given by

πit =
(

1− λ−∆i
) Yt

Nt
= πt (∆i) .

Hence, the quality q is not a state variable. Again, it is easy to verify that the value function is
additively separable across products. Hence, consider a single product. The value function is given
by

rVt (∆)− V̇t (∆) = πt (∆)− (τ + δ)Vt (∆) + I (Vt (∆ + 1)−Vt (∆)) + max
x

{
xVt (1)−

1
ϑx

xζwt

}
.

Conjecture that Vt takes the form

Vt (∆) = κwt +
(

θ − βλ−∆
) Yt

Nt
,

where β, θ and κ are to be determined. As Yt/Nt and wt grow at rate g and r− g = ρ, we get that

(ρ + τ + δ)

(
κwt +

(
θ − βλ−∆

) Yt

Nt

)
= πt (∆) + Iβλ−∆

(
λ− 1

λ

)
Yt

Nt
+ max

x

{
xVt (1)−

1
ϑx

xζwt

}
.

Hence,

(ρ + τ + δ)

(
κwt +

(
θ − βλ−∆

) Yt

Nt

)
=
(

1− λ−∆i
) Yt

Nt
+ Iβλ−∆

(
λ− 1

λ

)
Yt

Nt
+

ζ − 1
ϑx

xζwt,

where

x =

(
ϑx

ζ

V1 (x)
wt

) 1
ζ−1

. (16)
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Note x is constant along a BGP. Hence,

(ρ + τ + δ) κwt =
ζ − 1

ϑx
xζwt

(ρ + τ + δ)
(

θ − βλ−∆
) Yt

Nt
=

(
1− λ−∆i

) Yt

Nt
+ Iβλ−∆

(
λ− 1

λ

)
Yt

Nt

This implies that

κ =

ζ−1
ϑx

xζ

ρ + τ + δ

θ =
1

ρ + τ + δ

β =
1

ρ + τ + δ +
(

λ−1
λ

)
I

Hence,

Vt (∆) =
ζ−1
ϑx

xζwt

ρ + τ + δ
+

(
1

ρ + τ + δ
− 1

ρ + τ + δ +
(

λ−1
λ

)
I

λ−∆

)
Yt

Nt
.

Note that (5) implies that
Yt

Nt
=

wtLPt

Nt

1
Λ

.

Hence,

Vt (1) =

ζ−1
ϑx

xζwt

ρ + τ + δ
+

((
ρ + τ + δ +

(
λ−1

λ

)
I
)
− 1

λ (ρ + τ + δ)

(ρ + τ + δ)
(
ρ + τ + δ +

(
λ−1

λ

)
I
) )

Yt

Nt

=
1

ρ + τ + δ

[
ζ − 1

ϑx
xζ +

λ−1
λ (ρ + τ + δ + I)

ρ + τ + δ +
(

λ−1
λ

)
I

LPt/Nt

Λ

]
wt. (17)

Free entry condition The free entry condition is given by

Vt (1) =
1
ϑz

wt.

This has two implications.

1. From (16) we know that

x =

(
ϑx

ζ

V1 (x)
wt

) 1
ζ−1

=

(
1
ζ

ϑx

ϑz

) 1
ζ−1

(18)

2. Using (17) we get that

1
ϑz

=
Vt (1)

wt
=

1
ρ + τ + δ

[
ζ − 1

ϑx
xζ +

λ−1
λ (ρ + τ + δ + I)

ρ + τ + δ +
(

λ−1
λ

)
I

LPt/Nt

Λ

]
. (19)

21



Note that this equation determines LPt/Nt in terms of parameters as Λ is fully determined in
Proposition 2.

B.2 Population Growth and Creative Destruction (Proof of Proposition 1)

From (7) and (9) in the main text it follows directly that

η =
Ṅt

Nt
= (1− α) (x + z)− δ.

Hence, (8) implies that
τ = α (x + z) =

α

1− α
(η + δ) .

This is (10) in Proposition 1.

To derive (11), note that x is given in (18) and that

z =
τ

α
− x =

η + δ

1− α
− x.

B.3 Population Growth and Aggregate Growth (Proof of Proposition 3)

GDP pc is given by (see (15))

yt =
Yt

Lt
= QtMt

LPt

Lt
.

Along the BGP,Mt and LPt
Lt

are constant. Hence, the growth rate of GDP pc is equal to the growth
rate Qt. Standard arguments imply that this growth rate is given by

gQ =
Q̇t

Qt
= ln (λ) (τ + I) .

B.4 The Distribution of Markups (Proof of Proposition 2)

The markup in product i is given by
µi = µ(∆i) = λ∆i

To determine the distribution of markups we hence only need to characterize the share of products
with quality gap ∆, Wt (∆).

Consider first Wt (1). The law of motion for the mass of products with a quality gap of one is given
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by

dWt (1)
dt

= − (δ + I + τ)Wt (1) + τ ∑
∆≥1

Wt (∆) + Flow of new Products

= − (δ + I + τ)Wt (1) + τNt + Flow of new Products,

where Nt is the total number of products. Because products are created at rate (z + x∗) (1− α), the
total mass of new products is given by

Flow of new Products = Nt (z + x∗) (1− α) = Ntτ

(
1− α

α

)
.

Hence,

dWt (1)
dt

= − (δ + I + τ)Wt (1) + τNt + Ntτ

(
1− α

α

)
= − (δ + I + τ)Wt (1) +

τNt

α

Now consider the mass of products with ∆ ≥ 2. The evolution of this mass satisfies the law of
motion:

dWt (∆)
dt

= IWt (∆− 1)− (τ + I + δ)Wt (∆) .

Along the BGP Wt (∆) grows at rate η. Hence, the above equations reduce to

ηWt (1) = − (δ + I + τ)Wt (1) +
τNt

α
ηWt (∆) = IWt (∆− 1)− (τ + I + δ)Wt (∆) .

Define νt(∆) ≡Wt (∆) /Nt = ν(∆) as the share of products with quality gap ∆. Then

ην (1) = − (δ + I + τ) ν (1) +
τ

α
ην (∆) = Iν (∆− 1)− (τ + I + δ) ν (∆) .

Hence,

ν (1) =
1
α

τ

δ + I + τ + η

ν (∆) =
I

δ + I + τ + η
ν (∆− 1) .

It is easy to verify that

ν (∆) =
1
α

τ

I

(
I

δ + I + τ + η

)∆

. (20)
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Note that

∞

∑
∆=1

ν (∆) =
1
α

τ

I

∞

∑
∆=1

(
I

δ + I + τ + η

)∆

= 1

as required.

From (20) we can derive the distribution of markups. Note first that

P (∆ ≤ d) =
d

∑
∆=1

ν (∆) =
d

∑
∆=1

1
α

τ

I

(
I

δ + I + τ + η

)∆

= 1−
(

I

I + η+δ
1−α

)d

= 1−
 1

1 + η+δ
(1−α)I

d

= 1− e−γ(η)×d

where
γ (η) = ln

(
1 +

η + δ

(1− α) I

)
(21)

Hence (treating the distribution as continuous), the distribution of log markups is given by

P (ln µ ≤ m) = P
(

∆ ≤ m
ln λ

)
= 1− e−

γ(η)
ln λ m,

i.e. is an exponential distribution. The distribution of markups is therefore given by

P (µ ≤ m) = P (ln µ ≤ ln m) = 1− e−
γ(η)
ln λ ln m = 1− eln m−

γ(η)
ln λ

= 1−m−
γ(η)
ln λ .

where the pareto tail of the markup distribution is given in (21). The pareto tail is increasing in η and
decreasing in I.

B.5 The Firm-Size Distribution

We first derive the firm-size distribution, i.e. the distribution of products across firms. Let τ + δ

denote the rate of losing a product and x the rate of gaining a product and z the flow rate of entry.
Let ωt (n) be the mass of firms with n products at time t. Consider n ≥ 2. Then

ω̇t (n) = ωt (n− 1) (n− 1) x︸ ︷︷ ︸
From n−1 ton products

+ωt (n + 1) (n + 1) (τ + δ)︸ ︷︷ ︸
From n+1 ton products

− ωt (n) n (τ + x + δ)︸ ︷︷ ︸
From n to n−1 or n+1 products

.

For n = 1 we have
ω̇t (1) = zt + ωt (2) 2 (τ + δ)−ωt (1) (τ + x + δ) .
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Along the BGP the mass of firms grows at rate η. Intuitively: the distribution of firms across products
is stationary and the number of products Nt is increasing at rate η. Hence, the mass of firms is
increasing at rate η. Hence, along the BGP we have

ω̇t (n) = ηωt (n) .

This implies

ηωt (n) = ωt (n− 1) (n− 1) x + ωt (n + 1) (n + 1) (τ + δ)−ωt (n) n (τ + x + δ)

ηωt (1) = zt + ωt (2) 2 (τ + δ)−ωt (1) (τ + x + δ) .

Rewriting yields

0 = ωt (n− 1) (n− 1) x + ωt (n + 1) (n + 1) (τ + δ)−ωt (n) n (τ + x + δ)−ωt (n) η (22)

0 = zt + ωt (2) 2 (τ + δ)−ωt (1) (τ + x + δ)−ωt (1) η (23)

Then
ωt (2) =

ωt (1) (τ + x + δ + η)− zt

2 (τ + δ)

and
ωt (n + 1) =

ωt (n) n (τ + x + δ) + ωt (n) η −ωt (n− 1) (n− 1) x
(n + 1) (τ + δ)

These are all homogeneous in Nt, the number of products. Let ν (n) = ωt(n)
Nt

and z = zt
Nt

. Then

ν (2) =
ν (1) (τ + x + δ + η)− z

2 (τ + δ)
(24)

and
ν (n + 1) =

ν (n) n (τ + x + δ) + ν (n) η − ν (n− 1) (n− 1) x
(n + 1) (τ + δ)

for n ≥ 2 (25)

Recall that z, τ and x are determined in closed form in the equilibrium. Given ν (1), these equations
fully determine [ν (n)]n≥2. We can then pin down ν (1) from the requirement that

∞

∑
n=1

ν (n) n =
∞

∑
n=1

ωt (n)
Nt

n =
∑∞

n=1 ωt (n) n
Nt

= 1. (26)

Hence, equations (24), (25) and (26) fully determine the firm-size distribution [ν (n)]n≥1.
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B.6 The Allocation of Labor

Solving for the allocation of production workers From the free entry condition in (19) we get that

1
ϑz

=
1

ρ + τ + δ

[
ζ − 1

ϑx
xζ +

λ−1
λ (ρ + τ + δ + I)

ρ + τ + δ +
(

λ−1
λ

)
I

LPt/Nt

Λ

]
.

This implies that
LPt

Nt
= Λ

ρ + τ + δ +
(

λ−1
λ

)
I

λ−1
λ (ρ + τ + δ + I)

(
ρ + τ + δ

ϑz
− ζ − 1

ϑx
xζ

)
.

Using that τ = α
1−α (η + δ), we get that

LPt

Nt
= Λ

λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))

(
(1− α) ρ + αη + δ

(1− α) ϑz
− ζ − 1

ϑx
xζ

)

Also, using that x =
(

1
ζ

ϑx
ϑz

) 1
ζ−1

(see (18) we get that

ζ − 1
ϑx

xζ =
1
ϑz

(ζ − 1)
ϑz

ϑx

(
1
ζ

ϑx

ϑz

) ζ
ζ−1

=
1
ϑz

(ζ − 1)
(

1
ζ

) ζ
ζ−1
(

ϑx

ϑz

) 1
ζ−1

=
1
ϑz

(
ζ − 1

ζ

)(
1
ζ

ϑx

ϑz

) 1
ζ−1

.

Hence,

LPt

Nt
= Λ

λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))
1
ϑz

(
(1− α) ρ + αη + δ

(1− α)
−
(

ζ − 1
ζ

)
x
)

Note that

∂

∂η

[
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))

]
=

α (αη + δ + (1− α) (ρ + I))−
(
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
))

α

(αη + δ + (1− α) (ρ + I))2

=
α (1− α) 1

λ I

(αη + δ + (1− α) (ρ + I))2 > 0.

Hence,
∂LP,t/Nt

∂η
> 0,

because ∂Λ
∂η > 0 and

∂
(1−α)ρ+αη+δ

(1−α)

∂η > 0.

Total firm employment Total employment by firms is given by

LFirm
t = LP

t + LX
t = LP

t + Nt
1
ϑx

xζ .
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Hence,

LFirm
t
Nt

= Λ
λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))
1
ϑz

(
(1− α) ρ + αη + δ

(1− α)
−
(

ζ − 1
ζ

)
x
)
+

1
ϑx

xζ

=
1
ϑz

[
Λ

λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))

(
(1− α) ρ + αη + δ

(1− α)
−
(

ζ − 1
ζ

)
x
)
+

ϑz

ϑx
xζ

]

=
1
ϑz

[
Λ

λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))

(
(1− α) ρ + αη + δ

(1− α)
−
(

ζ − 1
ζ

)
x
)
+

1
ζ

x

]
.(27)

B.7 Population Growth and Dynamism (Proposition 4)

The number of firms is given by

Ft = ∑
n

ωt (n) = Nt ∑
n

ν (n) .

Hence, the entry rate is given by

ER =
zNt

Ft
=

z
∑n ν (n)

Average firm size given by

AvSize =
LFirm

t
Ft

=
LFirm

t
Nt ∑n ν (n)

=
1

∑n ν (n)
1
ϑz

[
Λ

λ

λ− 1
αη + δ + (1− α)

(
ρ +

(
λ−1

λ

)
I
)

(αη + δ + (1− α) (ρ + I))

(
(1− α) ρ + αη + δ

(1− α)
−
(

ζ − 1
ζ

)
x
)
+

1
ζ

x

]
,

where the second equality follows from (27). Note that LFirm
t /Nt is increasing in η.1 Note also that

(see (31))

∑
n

ν (n) =
z− ν (1) (τ + δ)

η
.

We conjecture that ∑n ν (n) is increasing in η.

1Recall that LFirm
t /Nt = LP,t/Nt +

1
ϑx

xζ and LP,t/Nt is increasing in η (see Section B.6).
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B.8 Solving for ∑∞
n=1 ν (n)

Note that many objects of interest only depend on ∑∞
n=1 ν (n). The distribution [ν (n)]n≥1 is fully

determined by (24), (25) and (26), which we replicate here for convenience

ν (2) =
ν (1) (τ + x + δ + η)− z

2 (τ + δ)
(28)

ν (n + 1) =
ν (n) n (τ + x + δ) + ν (n) η − ν (n− 1) (n− 1) x

(n + 1) (τ + δ)
for n ≥ 2 (29)

∞

∑
n=1

ν (n) n = 1. (30)

From (29) we get that

(n + 1) (τ + δ) ν (n + 1) = ν (n) n (τ + x + δ) + ν (n) η − ν (n− 1) (n− 1) x

Hence, we sum both sides starting at n = 2, i.e.

∞

∑
n=2

(n + 1) (τ + δ) ν (n + 1) =
∞

∑
n=2

ν (n) n (τ + x + δ) +
∞

∑
n=2

ν (n) η −
∞

∑
n=2

ν (n− 1) (n− 1) x

(τ + δ)
∞

∑
n=2

(n + 1) ν (n + 1) = (τ + x + δ)
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=2

ν (n− 1) (n− 1)

(τ + δ)
∞

∑
n=3

nν (n) = (τ + x + δ)
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=1

ν (n) n.

(τ + δ)
∞

∑
n=3

nν (n) = (τ + δ)
∞

∑
n=2

ν (n) n + x
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=1

ν (n) n

0 = (τ + δ) ν (2) 2 + η
∞

∑
n=2

ν (n)− xν (1) .

Hence,

(τ + δ) ν (2) 2 = (x + η) ν (1)− η
∞

∑
n=1

ν (n) .

Using (28), we get that
ν (2) 2 (τ + δ) = ν (1) (τ + x + δ + η)− z.

This implies that

(x + η) ν (1)− η
∞

∑
n=1

ν (n) = ν (1) (τ + x + δ + η)− z.

so that
∞

∑
n=1

ν (n) =
z− ν (1) (τ + δ)

η
. (31)
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This is an equation for ∑∞
n=1 ν (n) as a function of ν (1).

To solve for ν (1) and hence, ∑∞
n=1 ν (n), explicitly, we still need to exploit the requirement ∑ νnn = 1

in (30). Note that (31) does not use (30) yet. To do so, define

mn ≡ vnn,

so that (30) requires that ∑∞
n=1 mn = 1. Again we start from (29), which we can write as

mn+1 = mn
(τ + x + δ)

τ + δ
+ νn

η

τ + δ
−mn−1

x
(τ + δ)

for n ≥ 2.

Rearranging terms yields

mn = mn+1
τ + δ

τ + x + δ
+ mn−1

x
τ + δ + x

− νn
η

τ + x + δ
for n ≥ 2.

Letting

α =
τ + δ

τ + δ + x
< 1

γ =
x

τ + δ + x
< 1

β =
η

τ + δ + x

we can write this equation as

mn = mn+1α + mn−1γ− νnβ for n ≥ 2.

Expanding this equation backwards yields

mn = αmn+1 + α
n

∑
j=2

γn−j+1mj − αγn−1m2 − β
n−1

∑
j=1

γn−j−1vj+1 + γn−1m1 for n ≥ 2. (32)

Now let us sum this formula starting from n = 2. This yields

∞

∑
n=2

mn = α
∞

∑
n=2

mn+1 + α
∞

∑
n=2

n

∑
j=2

γn−j+1mj − αm2

∞

∑
j=1

γj − β
∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 + m1

∞

∑
n=1

γn (33)

= α
∞

∑
n=2

mn+1 + α
∞

∑
n=2

n

∑
j=2

γn−j+1mj − β
∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 + m1
γ

1− γ
− αm2

γ

1− γ

29



Now note that

∞

∑
n=2

n

∑
j=2

γn−j+1mj = γm2 + (m2γ2 + m3γ) + (m2γ3 + γ2m3 + γm4) + ...

= m2

∞

∑
j=1

γj + m3

∞

∑
j=1

γj + m4

∞

∑
j=1

γj + ...

=
γ

1− γ

∞

∑
n=2

mn.

Similarly, we get that

∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 = v2 + (γv2 + v3) +
(
γ2v2 + γv3 + v4

)
+ ...

= v2

∞

∑
j=0

γj + v3

∞

∑
j=0

γj + ...

=
1

1− γ

∞

∑
n=2

vn

Substituting these results in (33) yields

∞

∑
n=2

mn = α
∞

∑
n=2

mn+1 +
αγ

1− γ

∞

∑
n=2

mn − β
1

1− γ

∞

∑
n=2

vn + m1
γ

1− γ
− αγ

1− γ
m2

Add m1 to both sides to get

∞

∑
n=1

mn = α
∞

∑
n=2

mn+1 +
αγ

1− γ

∞

∑
n=2

mn − β
1

1− γ

∞

∑
n=2

vn + m1

(
γ

1− γ
+ 1
)
− αγ

1− γ
m2

Add and subtract aγ
1−γ m1 on the right hand side to get

∞

∑
n=1

mn = α
∞

∑
n=2

mn+1 +
αγ

1− γ

∞

∑
n=1

mn − β
1

1− γ

∞

∑
n=2

vn + m1

(
γ

1− γ
+ 1− aγ

1− γ

)
− αγ

1− γ
m2

Add and subtract αm1 + αm2 to the right hand side, which gives

∞

∑
n=1

mn = α
∞

∑
n=1

mn +
αγ

1− γ

∞

∑
n=1

mn− β
1

1− γ

∞

∑
n=2

vn +m1

(
γ

1− γ
+ 1− aγ

1− γ
− α

)
− α

(
γ

1− γ
+ 1
)

m2.

Now note that ∑∞
n=1 mn = 1 to write this equation as

1 = α +
αγ

1− γ
− β

1− γ

∞

∑
n=2

vn + m1

(
1

1− γ
− aγ

1− γ
− α

)
− α

(
1

1− γ

)
m2.
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Now note that v1 = m1. Hence, add and subtract β
1−γ v1 to get

1 = α +
αγ

1− γ
− β

1− γ

∞

∑
n=1

vn + m1

(
1

1− γ
− aγ

1− γ
− α +

β

1− γ

)
− α

(
1

1− γ

)
m2

= α +
αγ

1− γ
− β

1− γ

∞

∑
n=1

vn + m1

(
1

1− γ
− α

1− γ
+

β

1− γ

)
− α

(
1

1− γ

)
m2

Now note that
α =

τ + δ

τ + δ + x
= 1− x

τ + δ + x
= 1− γ.

This yields

1 = α + γ− β

1− γ

∞

∑
n=1

vn + m1

(
1

1− γ
− 1 +

β

1− γ

)
−m2

1− γ = α− β

1− γ

∞

∑
n=1

vn + m1

(
γ

1− γ
+

β

1− γ

)
−m2

0 = − β

1− γ

∞

∑
n=1

vn + m1

(
γ + β

1− γ

)
−m2.

Rearranging terms yields

β

1− γ

∞

∑
n=1

vn = m1

(
γ + β

1− γ

)
−m2

∞

∑
n=1

vn = m1

(
γ + β

β

)
− 1− γ

β
m2

From equation (28) we have that

m2 =
m1 (τ + x + δ + η)− z

(τ + δ)
.

Using the definition of γ and β we get that

1− γ

β
=

τ + δ

η
.

Hence,
1− γ

β
m2 =

m1 (τ + x + δ + η)− z
η

This implies that
∞

∑
n=1

vn = m1

(
γ + β

β
− τ + x + δ + η

η

)
+

1
η

z

Now recall that
γ + β

β
=

x
τ+δ+x + η

τ+δ+x
η

τ+δ+x
=

x + η

η
.
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Hence,

∞

∑
n=1

vn = m1

(
x + η

η
− τ + x + δ + η

η

)
+

1
η

z

= −m1

(
τ + δ

η

)
+

1
η

z.

Remembering that m1 = ν1, we have

∞

∑
n=1

vn = −ν1

(
τ + δ

η

)
+

1
η

z.

This is the same equation as (31) ....

B.9 The Life-cycle of Sales

Note that sales is given by py f t =
Yt
Nt

n f t, i.e. sales are proportional to the number of products. Let
pn (a) be the prob that a firm has n products at age a. This evolves according to

ṗn (a) = (n− 1) xpn−1 (a) + (n + 1) (τ + δ) pn+1 (a)− n (x + τ + δ) pn (a) .

Also, exit is an absorbing state, i.e.
ṗ0 (a) = (τ + δ) p1 (a)

This is the same equation as in Klette and Kortum (2004) but where the effective rate of creative
destruction is τ + δ. In particular, the solution is as follows. Let

γ (a) =
x
(

1− e−(τ+δ−x)a
)

τ + δ− x× e−(τ+δ−x)a .

Then

p0 (a) =
τ + δ

x
γ (a)

p1 (a) = (1− p0 (a)) (1− γ (a))

pn (a) = pn−1 (a) γ (a)

Now note the term τ + δ− x. We know that τ = α (x + z) . We also note that (along the BGP) 1−α
α τ =

δ + η. Hence,

τ + δ− x = τ +
1− α

α
τ − η − x =

1
α

τ − η − x = z− η. (34)

Equation (34) implies a restriction on parameters. To make the firm-size distribution stationary, we
need that τ + δ− x < 0. Hence, along the BGP with a stationary solution, we require z > η. If η = 0
this is always satisfied. With η > 0, the entry flow has to be large enough. Intuitively: if there is too
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little entry, incumbents are “grabbing” all the additional products, which are available because of the
larger population size. This makes older firms larger and larger (conditional on survival). Note that
this terms also shows in the flow equations for the stationary distribution.

The conditional distribution of n given age a of surviving firms is given by fn (a) ≡ pn(a)
1−p0(a) . Hence,

fn (a) = (1− γ (a)) γ (a)n−1 .

Hence, the expected log sales of a firm at time t who if of age a are given by

E [ln St (n) |a] = ln
Yt

Nt
+ E [ln n|a] = ln

Yt

Nt
+

∞

∑
n=1

ln n fn (a)

= ln
Yt

Nt
+

(
1− γ (a)

γ (a)

) ∞

∑
n=1

ln nγ (a)n .

Note that this expression only depends on δ, τ and x.

B.10 The Life-cycle of Markups

Consider the life-cycle of markups. Let p∆ (a) denote the probability of the product of a given firm having
a quality gap ∆ at age a. If the firm lost the product, we denote it by a quality gap of 0. Hence, 0 is an absorbing
state.

ṗ0 (a) = (1− p0 (a)) (τ + δ)

Also: firms always enter at 1. Hence, you can only leave state 1 so that

ṗ1 (a) = −p1 (a) (I + τ + δ) .

Finally, for all ∆ ≥ 2 we have
ṗ∆ (a) = p∆−1 (a) I − p∆ (a) (I + τ + δ)

The solution to this set of differential equations is given by

p0 (a) = 1− e−(τ+δ)×a

pi+1 (a) =

(
1
i!

)
Iiai

(
e−(I+τ+δ)a

)
for i ≥ 0.

The distribution of quality gaps conditional on survival is then

pS
i+1 (a) ≡ pi+1 (a)

1− p0 (a)
=

(
1
i!

)
Iiai

(
e−Ia

)
.

As expected: this does not depend on τ nor δ. This is a Poisson distribution with parameter Ia, so that E [∆|a] =
Ia. Now note that µ = λ∆. Hence, the expected log markup by age is given by

E [ln µ|a] = ln λ× E [∆|a] . (35)
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Following the steps in Peters (2018) it can be shows that

E [∆|a] = 1 + I × E
[
aP|a f

]
,

where

E
[
aP|a f

]
=

1
τ+δ

(
1− e−(τ+δ)a

)
− 1

x e−(τ+δ)a (1− e−xa)

1− e−(x+τ+δ)a +a−
1

τ+δ

(
1− e−(τ+δ)a

)
− 1

x e−(τ+δ)a (1− e−xa)

1− e−(x+τ+δ)a

( (τ + δ) e−xa − xe−(τ+δ)a

x
(
1− e−(τ+δ−x)a

) )
ln

(
τ + δ− x× e−(τ+δ−x)a

τ + δ− x

)
.

Note that lima→∞ E [aP|a] = 1
τ+δ , which is intuitive because product-firm pairs exit at rate τ + δ which

makes 1
τ+δ the expected age. This implies that

lim
a→∞

E [ln µ|a] = ln λ

(
1 +

I
τ + δ

)
= ln λ

(
1 +

(1− α) I
αη + δ

)
,

which shows that the expected markup for very old firms is declining in η and increasing in I.

B.11 The Life-cycle of Markups

Consider the life-cycle of markups. Let p∆ (a) denote the probability of the product of a given firm having
a quality gap ∆ at age a. If the firm lost the product, we denote it by a quality gap of 0. Hence, 0 is an absorbing
state.

ṗ0 (a) = (1− p0 (a)) (τ + δ)

Also: firms always enter at 1. Hence, you can only leave state 1 so that

ṗ1 (a) = −p1 (a) (I + τ + δ) .

Finally, for all ∆ ≥ 2 we have
ṗ∆ (a) = p∆−1 (a) I − p∆ (a) (I + τ + δ)

The solution to this set of differential equations is given by

p0 (a) = 1− e−(τ+δ)×a

pi+1 (a) =

(
1
i!

)
Iiai

(
e−(I+τ+δ)a

)
for i ≥ 0.

The distribution of quality gaps conditional on survival is then

pS
i+1 (a) ≡ pi+1 (a)

1− p0 (a)
=

(
1
i!

)
Iiai

(
e−Ia

)
.
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As expected: this does not depend on τ nor δ. This is a Poisson distribution with parameter Ia, so that E [∆|a] =
Ia. Now note that µ = λ∆. Hence, the expected log markup by age is given by

E [ln µ|a] = ln λ× E [∆|a] . (36)

Proposition ?? is shown in Peters (2018). Note that

lim
a→∞

E [aP|a] =
1

τ + δ
.

This makes sense because products are “dying” at rate τ + δ and hence 1
τ+δ is the expected age. This

implies that

lim
a→∞

E [ln µ|a] = ln λ

(
1 +

I
τ + δ

)
Also

τ + δ =
α

1− α
(η + δ) + δ =

α

1− α
η +

1
1− α

δ

so that
lim
a→∞

E [ln µ|a] = ln λ

(
1 +

(1− α) I
αη + δ

)
.

Again: the expected markup for old firms is declining in η.

C The General Case

C.1 The Value function

The state of the firm is given by [∆i, qi]
n
i=1. Conjecture that the value function is additive, i.e.

Vt
(
[∆i, qi]

n
i=1

)
=

n

∑
i=1

Ut ([∆i, qi]) + nφt

which consists of the rents from all the products, plus an expansion value of breaking into new
markets. Then

Vt

([
∆j, qj

]
j 6=i

)
−Vt

(
[∆i, qi]

n
i=1

)
= −Ut ([∆i, qi])− φt

and
Vt

([
∆j, qj

]
j 6=i [∆i + 1, λqi]

)
−Vt

(
[∆i, qi]

n
i=1

)
= Ut ([∆ + 1i, λqi])−Ut ([∆i, qi])

and∫
q

Vt
(
[∆i, qi]

n
i=1 , 1, λq

)
dFt (q)−Vt

(
[∆i, qi]

n
i=1

)
=
∫

q
Ut (1, λq) dFt (q) + φt = Et [Ut (1, λq)] + φt
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Hence we can write this as,

r
n

∑
i=1

Ut ([∆i, qi])−
n

∑
i=1

(U̇t ([∆i, qi]) + (r + τ + δ)nφt − nφ̇t

=
n

∑
i=1

πt ([∆i, qi])−
n

∑
i=1

(τ + δ)Ut ([∆i, qi])−

+
n

∑
i=1

I [Ut ([∆ + 1i, λqi])−Ut ([∆i, qi])]

+max
x

{
nx [δeEt [Ut (1, λq)] + (1− δe)EωUt (δ, ωq̄t) + φt]− ncX

(
x
φe

, 1
)

wt

}
,

where x = X/n. Hence, we can write the RHS as

n

∑
i=1

[πt ([∆i, qi])− τU ([∆i, qi]) + I [U ([∆ + 1i, λqi])−U ([∆i, qi])]]

+n max
x

{
x [δeEt [Ut (1, λq)] + (1− δe)EωUt (δ, ωq̄t) + φt]− cX

(
x
φe

, 1
)

wt

}
Hence, the value function is additive and we can for focus on a single product, which is described by

rUt ([∆i, qi])− U̇t ([∆i, qi]) = πt ([∆i, qi])− (τ + δ)U ([∆i, qi]) + I [U ([∆ + 1i, λqi])−U ([∆i, qi])](37)

and separately solve for the expansion term

(r + τ + δ)nφt − nφ̇t = n max
x

{
x [δeEt [Ut (1, λq)] + (1− δe)EωUt (δ, ωq̄t) + φt]− cX

(
x
φe

, 1
)

wt

}

Solving for Ut ([∆i, qi]) Conjecture that the value function of a particular product takes the follow-
ing form

Ut ([∆, q]) =
u (∆)

g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t

. (38)

We need to determine the function u (.) . Note that Yt is growing at rate g + η and Qσ−1
t is growing

at rate g(σ− 1). As such, along the BGP we have

U̇t ([∆, q]) = g(2− σ)Ut ([∆, q]) (39)

So for a fixed q, whether profits are shrinking or rising with growth depends on whether σ ≶ 2. Now,
using log preferences we have

r = g + ρ

and combining this with (39) and (37) gives:
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(g(σ− 1) + ρ + τ + δ)Ut ([∆, q]) = πt ([∆, q]) + I [U ([∆ + 1, λq])−U ([∆, q])]

Using our guess, we have

Ut ([∆ + 1, λq])−Ut ([∆, q]) =

(
u (∆ + 1)

g(σ− 1) + ρ + τ + δ
(λq)σ−1

)
Yt

E[µ1−σ]NtQσ−1
t
−
(

u (∆)
g(σ− 1) + ρ + τ + δ

qσ−1
)

Yt

E[µ1−σ]NtQσ−1
t

=
u (∆ + 1) (λ)σ−1 − u (∆)

g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t

.

Recall that

Yt =

E
[
µ1−σ

i

]
E
[
µ−σ

i

]
wtLP

t

Define Λ ≡ E
[
µ−σ

i

]−1. So then
Yt

wt
= E

[
µ1−σ

i

]
Λ

LP
t

Nt
Nt (40)

or

wt =
Yt

E
[
µ1−σ

i

]
Nt

(
Λ

LP
t

Nt

)−1

where LP
t

Nt
is a key endogenous ratio that we need to solve for on the BGP.

Then

(g(σ− 1) + ρ + τ + δ)Ut ([∆, q]) = πt ([∆, q]) + I
u (∆ + 1) (λ)σ−1 − u (∆)

g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t

.(41)

Substituting for πt ([∆, q]) and Ut ([∆, q]) we get that

(g(σ− 1) + ρ + τ + δ)Ut ([∆, q]) = πt ([∆, q]) + I
u (∆ + 1) (λ)σ−1 − u (∆)

g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t

.(42)

The optimality condition for I is given by

u (∆ + 1) (λ)σ−1 − u (∆)
g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t

= ζ$I
qσ−1

Qσ−1
t

Iζ−1wt

This yields

I (∆) =

(
u (∆ + 1) (λ)σ−1 − u (∆)

g(σ− 1) + ρ + τ + δ

Yt

E[µ1−σ]Ntwt

1
$Iζ

) 1
ζ−1

=

(
u (∆ + 1) (λ)σ−1 − u (∆)

g(σ− 1) + ρ + τ + δ

1
$Iζ

Λ
LP

t
Nt

) 1
ζ−1

.

(43)
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where the second equality uses (40). Hence,

max
I

{
I

u (∆ + 1) (λ)σ−1 − u (∆)
g(σ− 1) + ρ + τ + δ

qσ−1Yt

E[µ1−σ]NtQσ−1
t
− $I

qσ−1

Qσ−1
t

Iζwt

}
= (ζ − 1) $I I (∆)ζ wt

qσ−1

Qσ−1
t

.

Substituting this and our guess into (41) yields

u (∆)
qσ−1Yt

E[µ1−σ]NtQσ−1
t

= h (∆) qσ−1 1
Et [µ1−σ]

Yt

Qσ−1
t

1
Nt

+ (ζ − 1) $I I (∆)ζ wt
qσ−1

Qσ−1
t

,

where h (∆) is given in (??). Rearranging terms and using (40) this yields

u (∆) = h (∆) + (ζ − 1) $I I (∆)ζ
(

Λ
LP

t
Nt

)−1

.

Substituting the optimal solution for I in (43) yields

u (∆) = h (∆) +
(ζ − 1) $I

((g(σ− 1) + ρ + τ + δ) $Iζ)
ζ

ζ−1

(
u (∆ + 1) (λ)σ−1 − u (∆)

) ζ
ζ−1
(

Λ
LP

t
Nt

) 1
ζ−1

.(44)

This is a difference equation in u (∆) given parameters and the general equilibrium statistic Λ LP
t

Nt
.

Given {u (∆)}∆, firms’ optimal innovation rate is given by

I (∆) =
(

u (∆)− h (∆)
(ζ − 1) $I

Λ
LP

t
Nt

)1/ζ

. (45)

C.2 Proof of Proposition 2: The Stationary distribution of markups

The markup in product i is given by

µi = µ(∆i) = min
{

λ∆i ,
σ

σ− 1

}
=

λ∆i if ∆ <
ln( σ

σ−1 )
ln λ ≡ ∆

σ
σ−1 if ∆ ≥ ln( σ

σ−1 )
ln λ ≡ ∆

To determine the distribution of markups we hence only need to characterize the share of products
with quality gap ∆, Wt (∆).

Consider first Wt (1). The law of motion for the mass of products with a quality gap of one is given
by

dWt (1)
dt

= − (δ + I + τ)Wt (1) + τ ∑
∆≥1

Wt (∆) = − (δ + I + τ)Wt (1) + τNt

where Nt is the total number of products. Now consider the mass of products with 2 ≤ ∆ < ∆. The
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evolution of this mass satisfies the law of motion:

dWt (∆)
dt

= IWt (∆− 1)− (τ + I + δ)Wt (∆)

Finally, consider the states ∆ ≥ ∆. Because markups are the same in all products with ∆ ≥ ∆, let
Ωt = ∑∆≥∆ Wt (∆) be the mass of products with a gap of at least ∆. In the interval [t, t + h] this mass
evolves according to

Ωt+h = Ωt − h (τ + δ)Ωt + hIWt
(
∆− 1

)
+ Flow of new Products

as all new products start with the unconstrained markups. Because products are created at rate
(z + x∗) (1− δe), the total mass of new products is given by

Flow of new Products = Nth (z + x∗) (1− δe) = Ntτh
(

1− δe

δe

)
.

Hence,
dΩt

dt
= − (τ + δ)Ωt + IWt

(
∆− 1

)
+ Ntτ

(
1− δe

δe

)
.

Along the BGP Wt (∆) and Ωt grow at rate η. Hence, the above three equations reduce

ηWt (1) = − (δ + I + τ)Wt (1) + τNt

ηWt (∆) = IWt (∆− 1)− (τ + I + δ)Wt (∆)

ηΩt = − (τ + δ)Ωt + IWt
(
∆− 1

)
+ Ntτ

(
1− δe

δe

)
.

Define νt(∆) ≡Wt (∆) /Nt = ν(∆) as the share of products with quality gap ∆ and ω ≡ Ωt/Nt. Then

ην (1) = − (δ + I + τ) ν (1) + τ

ην (∆) = Iν (∆− 1)− (τ + I + δ) ν (∆)

ηω = − (τ + δ)ω + Iν
(
∆− 1

)
+ τ

(
1− δe

δe

)
.

Hence,

ν (1) =
τ

δ + I + τ + η

ν (∆) =
I

δ + I + τ + η
ν (∆− 1)

ω =
I

δ + τ + η
ν
(
∆− 1

)
+

τ

δ + τ + η

(
1− δe

δe

)
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It is easy to verify that

ν (∆) =
τ

I

(
I

δ + I + τ + η

)∆

.

Now note that
τ =

δe

1− δe
(η + δ) .

Then

ν (∆) =
τ

I

(
I

δ + I + τ + η

)∆

=
δe

1−δe
(η + δ)

I

(
I

δ + I + δe
1−δe

(η + δ) + η

)∆

=
δe

1− δe

η + δ

I

 I

I +
(

η+δ
1−δe

)
∆

= δe

η+δ
1−δe

I

 I

I +
(

η+δ
1−δe

)
∆

= δeθ

(
1

1 + θ

)∆

where
θ =

η + δ

(1− δe) I
.

Similarly,

ω =
I

δ + τ + η

[
τ

I

(
I

δ + I + τ + η

)∆−1
]
+

τ

δ + τ + η

(
1− δe

δe

)

=
τ

δ + τ + η

((
I

δ + I + τ + η

)∆−1

+

(
1− δe

δe

))

=
δe

1−δe
(η + δ)

δ + δe
1−δe

(η + δ) + η

( I
δ + I + δe

1−δe
(η + δ) + η

)∆−1

+

(
1− δe

δe

)
=

δe
1−δe

(η + δ)
1

1−δe
(η + δ)

( I
I + 1

1−δe
(η + δ)

)∆−1

+

(
1− δe

δe

)
= δe

((
1

1 + θ

)∆−1

+

(
1− δe

δe

))

= δe

(
1

1 + θ

)∆−1

+ (1− δe)
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Finally, note that

∑
∆<∆

ν (∆) + ω = ∑
∆<∆

δeθ

(
1

1 + θ

)∆

+ δe

(
1

1 + θ

)∆−1

+ (1− δe)

= δeθ ∑
∆<∆

(
1

1 + θ

)∆

+ δe

(
1

1 + θ

)∆−1

+ (1− δe) .

Now

∑
∆<∆

(
1

1 + θ

)∆

=
∆−1

∑
∆=1

(
1

1 + θ

)∆

=

(
1

1 + θ

) 1−
( 1

1+θ

)∆−1

1−
( 1

1+θ

) =
1
θ

(
1−

(
1

1 + θ

)∆−1
)

.

Hence, ∑∆<∆ ν (∆) + ω = 1 as required.
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D Solving for ∑∞
n=1 ν (n)

Note that many objects of interest only depend on ∑∞
n=1 ν (n).

Consider n ≥ 2. For this branch we have

(n + 1) (τ + δ) ν (n + 1) = ν (n) n (τ + x + δ) + ν (n) η − ν (n− 1) (n− 1) x

Hence, we sum both sides starting at n = 2, i.e.

∞

∑
n=2

(n + 1) (τ + δ) ν (n + 1) =
∞

∑
n=2

ν (n) n (τ + x + δ) +
∞

∑
n=2

ν (n) η −
∞

∑
n=2

ν (n− 1) (n− 1) x

(τ + δ)
∞

∑
n=2

(n + 1) ν (n + 1) = (τ + x + δ)
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=2

ν (n− 1) (n− 1)

(τ + δ)
∞

∑
n=3

nν (n) = (τ + x + δ)
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=1

ν (n) n.

(τ + δ)
∞

∑
n=3

nν (n) = (τ + δ)
∞

∑
n=2

ν (n) n + x
∞

∑
n=2

ν (n) n + η
∞

∑
n=2

ν (n)− x
∞

∑
n=1

ν (n) n

0 = (τ + δ) ν (2) 2 + η
∞

∑
n=2

ν (n)− xν (1) .

Hence,

(τ + δ) ν (2) 2 = xν (1)− η
∞

∑
n=2

ν (n) .

Note that we also have
ν (2) =

ν (1) (τ + x + δ + η)− z̃
2 (τ + δ)

. (46)

Hence,
ν (2) 2 (τ + δ) = ν (1) (τ + x + δ + η)− z̃

This implies that

xν (1)− η
∞

∑
n=2

ν (n) = ν (1) (τ + x + δ + η)− z̃

−η
∞

∑
n=1

ν (n) = ν (1) (τ + δ)− z̃.

so that
∞

∑
n=1

ν (n) =
z− ν (1) (τ + δ)

η
.
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This is an equation for ∑∞
n=1 ν (n) as a function of ν (1). Note that this implies that

∞

∑
n=1

ν (n) =
z− ν (1) (τ + δ)

η
=

η+δ
1−α − x− ν (1)

(
α

1−α (η + δ) + δ
)

η

=

η
1−α (1− αν (1)) + δ

1−α (1− ν (1))− x
η

=
1

1− α
(1− αν (1)) +

1
η

(
δ

1− α
(1− ν (1))− x

)
.

If ν (1) is increasing in η (as it should), this implies that

∂ ∑∞
n=1 ν (n)

∂η
< 0.

τ =
α

1− α
(η + δ) (47)

x =

(
1
ζ

ϑx

ϑE

) 1
ζ−1

(48)

z =
η + δ

1− α
− x. (49)

Define mn = vnn as above.

Start from
mn = αmn+1 + γmn−1 − vnβ

where
α =

τ + δ

τ + δ + x
< 1

γ =
x

τ + δ + x
< 1

β =
η

τ + δ + x

Note this is not what we have above.

Let’s expand backwards instead of forwards, to get

mn = αmn+1 + γ(αmn + γmn−2 − βvn−1)− vnβ

mn = αmn+1 + γ(αmn + γ(αmn−1 + γmn−3 − βvn−2)− βvn−1)− vnβ
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We can expand backwards until n = 2, so we get

mn = αmn+1 + α
n

∑
j=2

γn−j+1mj − αγn−1m2 − β
n−1

∑
j=1

γn−j−1vj+1 + γn−1m1. (50)

If we sum the above formula from n = 2 , we get

∞

∑
n=2

mn = α
∞

∑
n=2

mn+1 + α
∞

∑
n=2

n

∑
j=2

γn−j+1mj − αm2

∞

∑
j=1

γj − β
∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 +
∞

∑
n=2

γn−1m1 (51)

= α
∞

∑
n=2

mn+1 + α
∞

∑
n=2

n

∑
j=2

γn−j+1mj − β
∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 + m1
γ

1− γ
− αm2

γ

1− γ
(52)

Now

∞

∑
n=2

n

∑
j=2

γn−j+1mj = γm2 + (m2γ2 + m3γ) + (m2γ3 + γ2m3 + γm4) + ...

= m2

∞

∑
j=1

γj + m3

∞

∑
j=1

γj + m4

∞

∑
j=1

γj + ...

=
γ

1− γ

∞

∑
n=2

mn.

and similarly

∞

∑
n=2

n−1

∑
j=1

γn−j−1vj+1 = v2 + (γv2 + v3) +
(
γ2v2 + γv3 + v4

)
+ ...

= v2

∞

∑
j=0

γj + v3

∞

∑
j=0

γj + ...

=
1

1− γ

∞

∑
n=2

vn

Now substitute this in (51) to get

∞

∑
n=2

mn = α
∞

∑
n=2

mn+1 + α
γ

1− γ

∞

∑
n=2

mn − β
1

1− γ

∞

∑
n=2

vn + m1
γ

1− γ
− αγ

1− γ
m2

Add m1 to both sides to get

∞

∑
n=1

mn = α
∞

∑
n=2

mn+1 + α
1

1− γ

∞

∑
n=2

mn − β
1

1− γ

∞

∑
n=2

vn + m1(
γ

1− γ
+ 1)− αγ

1− γ
m2
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Add and subtract a
1−γ m1 on the right hand side to get

∞

∑
n=1

mn = α
∞

∑
n=2

mn+1 +
α

1− γ

∞

∑
n=1

mn − β
1

1− γ

∞

∑
n=2

vn + m1(
γ− α

1− γ
+ 1)− αγ

1− γ
m2

Another step is to add and subtract αm1 + αm2 to the right hand side, which gives

∞

∑
n=1

mn = α
∞

∑
n=1

mn +
α

1− γ

∞

∑
n=1

mn − β
1

1− γ

∞

∑
n=2

vn + m1

(
γ− α

1− γ
+ 1− α

)
−
(

αγ

1− γ
+ α

)
m2.

Now impose that ∑∞
n=1 mn = 1 to get

1 = α +
α

1− γ
− β

1
1− γ

∞

∑
n=2

vn + m1

(
γ− α

1− γ
+ 1− α

)
− α

(
γ

1− γ
+ 1
)

m2

= α +
α

1− γ
− β

1
1− γ

∞

∑
n=2

vn + m1

(
γ− α

1− γ
+ 1− α

)
− α

1
1− γ

m2.

Now add and subtract β 1
1−γ v1 on the right hand side

1 = α +
α

1− γ
− β

1
1− γ

∞

∑
n=1

vn + m1

(
γ− α

1− γ
+ 1− α

)
− α

1
1− γ

m2 + β
1

1− γ
v1.

Now remember that
m1 = v11 = v1

Then

1 = α +
α

1− γ
− β

1
1− γ

∞

∑
n=1

vn + v1

(
γ− α

1− γ
+ 1− α +

β

1− γ

)
− α

1
1− γ

m2.

Now note that
α =

τ + δ

τ + δ + x
= 1− x

τ + δ + x
= 1− γ.

Substituting this above yields

1 = α + 1− β
1

1− γ

∞

∑
n=1

vn + v1

(
γ

1− γ
− α

1− γ
+ 1− α +

β

1− γ

)
−m2

0 = α− β
1

1− γ

∞

∑
n=1

vn + v1

(
γ

1− γ
− α +

β

1− γ

)
−m2.

Note that from (46) we have that

v2 =
ν1 (τ + x + δ + η)− z̃

2 (τ + δ)

2v2 (τ + δ) = ν1 (τ + x + δ + η)− z̃

(τ + δ)m2 = ν1 (τ + x + δ + η)− z̃.
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Hence,

m2 = ν1

(
τ + x + δ + η

τ + δ

)
− 1

τ + δ
z̃.

Substituting above

0 = α− β
1

1− γ

∞

∑
n=1

vn + v1

(
γ

1− γ
− α +

β

1− γ

)
− ν1

(
τ + x + δ + η

τ + δ

)
+

1
τ + δ

z̃

Note that
τ + x + δ + η

τ + δ
=

τ+x+δ+η
τ+δ+x

τ+δ
τ+δ+x

=
1 + η

τ+δ+x
τ+δ

τ+δ+x

=
1 + β

α
.

Hence, remembering again that α = 1− γ

0 = α− β
1

1− γ

∞

∑
n=1

vn + v1

(
γ

1− γ
− α +

β

1− γ

)
− ν1

1 + β

α
+

1
τ + δ

z̃

= α− β

α

∞

∑
n=1

vn + v1

(
1− α

α
− α +

β

α

)
− ν1

1 + β

α
+

1
τ + δ

z̃

Also
1

τ + δ
=

η

τ + δ

1
η
=

η
τ+δ+x

τ+δ
τ+δ+x

1
η
=

β

α

1
η

.

Hence,

0 = α− β

α

∞

∑
n=1

vn + v1

(
1− α

α
− α +

β

α
− 1 + β

α

)
+

β

α

1
η

z̃

= α− β

α

∞

∑
n=1

vn + v1

(
1− α− α2

α
+

β− 1− β

α

)
+

β

α

1
η

z̃

= α− β

α

∞

∑
n=1

vn + v1

(
1− α− α2

α
− 1

α

)
+

β

α

1
η

z̃

= α− β

α

∞

∑
n=1

vn + v1

(−α− α2

α

)
+

β

α

1
η

z̃

= α− β

α

∞

∑
n=1

vn − v1 (1 + α) +
β

α

1
η

z̃

so that

β

α

∞

∑
n=1

vn = α− v1 (1 + α) +
β

α

1
η

z̃

∞

∑
n=1

vn =
α2

β
− v1

α (1 + α)

β
+

1
η

z̃

the other equation is
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∞

∑
n=1

νn =
z̃− ν1 (τ + δ)

η
=

z̃
η
− (τ + δ)

η
ν1

This implies that

z̃
η
− (τ + δ)

η
ν1 =

α2

β
− v1

α (1 + α)

β
+

1
η

z̃

− (τ + δ)

η
ν1 + v1

α (1 + α)

β
=

α2

β

v1

(
α (1 + α)

β
− (τ + δ)

η

)
=

α2

β
.

Now recall that
(τ + δ)

η
=

(τ+δ)
τ+δ+x

η
τ+δ+x

=
α

β
.

This implies that

v1

(
α (1 + α)

β
− (τ + δ)

η

)
= v1

(
α (1 + α)

β
− α

β

)
= v1

(
α (1 + α)− α

β

)

E Computational Appendix

E.1 Product Size Distribution

To solve the difference equation for the product distribution we truncate the product space from
above an solve a system of linear equations.

From equation (25) we have

ν (n + 1) (n + 1) (τ + δ)− ν (n) (n (τ + x + δ) + η) + ν (n− 1) (n− 1) x = 0

ν (1) (τ + x + δ + η)− 2 (τ + δ) ν (2) = z

and the requirement that
∞

∑
n=1

ν (n) n = 1

We solve this by truncating the system of equations at n = n̄. We use n̄ = 20 and set ν(n̄) = 0.

47



Write this in matrix form as

1 2 3 4 · · · n̄
(τ + x + δ + η) −2 (τ + δ) 0 0 · · · 0

0 2x −(3 (τ + x + δ) + η) 4 (τ + δ) · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1





ν(1)
ν(2)
ν(3)

...
ν(n̄)


=



1
z
0
...
0


and then solve this.

Finally we have the entry rate from

Entry rate =
z

∑n̄
n=1 ν (n)
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