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1 Introduction

A growing literature in Macroeconomics and Finance emphacizes the role of microeconomic uncertainty.
From input-output linkages explaining how idiosyncratic shocks might propagate throughout the econ-
omy, to the consequences of state-varying idiosyncratic uncertainty on aggregate investment, and the
roles of higher moment shocks along the business cycle, these contributions have reshaped our under-
standing of aggregate fluctuations. We show that, in the presence of uninsurable firm-level risk, equi-
librium investment and risk-taking decisions are inefficient. We derive new lessons for macro-prudential
policy in which the cross-sectional distribution of risk plays a central role.

We study the allocation of investment across portfolios of projects and firms that is limited by
financial constraints. Our main contributions are to theoretically identify and provide a first empirical
quantification of a novel pecuniary externality associated with firms risk-taking decisions, which we call
risk externalitiesE] We find that the economy is subject to under-investment and there is inefficient
risk-taking. We show that firms are, at the same time, over-exposed to aggregate risk and underexposed
to idiosyncratic risk. This is in contrast to standard collateral or fire-sales externalities, where the
economy is subject to over—investmentE] Hence, the inefficiencies in our economy do not come from
excessive leverage and ex ante overinvestment, but from investing in the wrong portfolio of projects ex
ante and reallocating resources too little ex post.

In order to isolate the new externality, we consider an environment that abstracts from the standard
fire-sale externality. Even though firms are subject to collateral constraints, prices do not directly enter
into the constraint. As a consequence, there is no room for a plain intervention that attempts to relax
borrowing constraints by manipulating asset prices. In contrast, our result relies on the assumption that
there is return risk ex-ante and firm heterogeneity ex-post. The externality comes from the fact that
agents do not internalize the impact on their actions on the distribution of risk borne by other agents.

The economic environment can be described as follows. The economy lasts for three dates and
it is populated by a continuum of risk-averse entrepreneurs, workers, financial intermediaries, and a
government. In the first period, entrepreneurs are identical and must allocate an initial endowment
between consumption and the purchase of contingent securities that pay off based on both the aggregate
state of the economy and the idiosyncratic state of the firm. These allocation decisions can be distorted
by portfolio taxes. The assumption of complete markets allows us to show that the inefficiency in risk
taking is not simply a result of market incompleteness and is later relaxed. In the interim period,
entrepreneurs learn their productivity and combine capital and labor to produce final goods, which are
consumed in the final period. The amount of capital a entrepreneur can operate is a multiple of her net
worth, a standard form of borrowing constraint that is typically motivated with some form of limited
commitment to debt repayment. Importantly, prices do not enter directly the constraint.

Ex-post heterogeneity creates the scope for a market for funds in this economy. Relatively inefficient
entrepreneurs become inactive and lend their capital in the market. Relatively productive firms lever
up and use the funds they raise to finance their use of physical capital. Due to the collateral constraint,

returns are not equalized across firms, as the more productive firms have positive profits (a Ricardian

'For a recent discussion and taxonomy of pecuniary externalities, see [Davila and Korinek! (2017).
2See, for instance, [Lorenzoni (2008).



rent) and are capable of generating a positive excess return. Capital is misallocated in this economy
and aggregate total factor productivity (TFP) depends on the distribution of net worth. Importantly,
this implies that ex-ante return risk is endogenous and depends on the initial portfolio decisions.

Absent interventions, the equilibrium in this economy is constrained inefficient. In order to see this
result, consider first an economy subject only to idiosyncratic shocks for example. For high levels of
risk aversion, entrepreneurs attempt to hedge their productivity risk by shifting resources to (ex-post)
less productive firms. In doing so, they reduce aggregate productivity and wages. This wage reduction
increases proportionally more the profits of bigger and more productive firms, increasing (ex-ante) the
rate of return risk )| Since agents do not internalize the effect of their portfolio decisions on the risk borne
by other agents, we call this effect a risk externality. This is an example of a fallacy of composition,
as an attempt of firms to reduce their individual risk will make the economy riskier for everyone else.
While the magnitude of the externality depends on preferences, its presence and direction does not.
A policy that internalizes this effect can improve welfare by inducing firms to shift resources to more
productive units and achieve significant increases in total output.

This externality has also implications for the level and riskiness of initial investment decisions. The
economy is subject to under-investment. Entrepreneurs do not internalize that, by saving more ex-ante,
wages are increased ex-post, reducing proportionally more the return of very productive firms and the
amount of return risk in the economy.

Last, consider now an economy with aggregate shocks, where average productivity of the degree of
idiosyncratic uncertainty can vary with the state of the world. We show that the risk externality is more
severe in downturns, characterized by low average productivity and high uncertainty, as the dispersion
of returns tends to increase in bad times. Hence, from the perspective of the planner, the economy is
overexposed to aggregate risk, as not enough resources are directed to bad states of the world.

In order to correct for this externality, the planner needs to subsidize savings, stimulate capital
reallocation, but tax aggregate risk-taking. The treatment of idiosyncratic risk depends on the actual
market structure. If markets for idiosyncratic risk exist, the planner should distort idiosyncratic port-
folio decisions. The planner will want to subsidize the allocation of resources to more productive firms.
Moreover, the optimal portfolio subsidy is discontinuous with a jump at the point entrepreneurs become
active. These two features are meant to correct the intensive and extensive margin effects of the exter-
nality. If markets are initially incomplete and entrepreneurs can trade aggregate risk, then the optimal
policy can be implemented by a combination of ex-ante macro-prudential policies regarding savings and
aggregate risk and ex-post interventions targeting reallocation across firms. Ex-post intervention can
be implemented by a combination of a borrowing subsidy to firms and a non-linear corporate income
tax schedule.

We explore quantitatively the gains from interventions. Using an empirical distribution firm-level
productivity from the World Bank Enterprise Survey, gains from policy interventions that stimulate
risk-taking and capital reallocation are shown to be large. Output is increased by approximately 12%,
while welfare is raised by approximately 3% in terms of certainty equivalent consumption. We also

study how optimal policies depend on the business cycle. In particular, we study how they respond to

3 A similar externality operates through the extensive margin: shifting resources to inactive firms depress interest rates,
increasing the difference in returns between inactive and active (levered) entrepreneurs.



three shocks that are associated with economic downturns: a negative mean shock affecting all firms,
an uncertainty shock that raises dispersion in profitability, and a skewness contraction that makes
extremely positive results less likely. The general lesson is that policy responses should be anti-cyclical
and facilitate reallocation further in downturns.

Literature. A recent literature has emphasized how pecuniary externalities may lead to under-
investment in economies with financial frictions. |Asriyan| (2015) shows how under-investment can emerge
in an economy with fire-sales and information and trading frictions. Kurlat| (2018) shows a similar result
for an economy with private information. Davila and Korinek| (2017) provides a general taxonomy of
pecuniary externalities and show that distributive externalities may lead to over- or under—investmentﬁ
We provide a more explicit characterization of how individual risk-taking decisions can affect endogenous
aggregate risk in the economy and provide an empirical quantification of the externality.

There has been also the growth of a parallel literature that aims to understand how the rich behavior
of firm-level shocks might ultimately influence aggregate ﬂuctuationsE] In particular, focus has been
given to the importance of a heavy tail of large firms (Gabaix, 2011)), the varying level of uncertainty
and productivity dispersion (7), and more recently, to the cyclical properties of skewness (Salgado et al.,
2016)). Despite these recent advances on the positive implications of firm-level heterogeneity, much less
is known about its normative consequences. We study how the combination of firm-level uncertainty
with frictions that hinder the allocation of labor and capital causes distortions in investment and risk

taking, and the nature of the best partial remedies.

2 Model

1
LRI
t = 1. The interim period t = % corresponds to the moment in which uncertainty is realized, financial

We study a finite horizon economy with three dates, t = 0, 5, 1. Consumption occurs at dates ¢ = 0 and

contracts are settled, and factors of production for date ¢ = 1 are hired. This economy is populated
1

by two groups of agents: workers and entrepreneurs. Workers only have a relevant role at dates t = 3
when they supply their labor and at date t=1 when they consume.

The population of entrepreneurs consists of a unit-mass continuum of ex-ante identical agents, who
live for three periods. At date t = 0, these agents make consumption and saving decisions. Uncertainty
has both an aggregate and an idiosyncratic component. In particular, at t:% the aggregate state s € S =
{1, ..., S} isrevealed, with ps > 0 representing the probability of each state occurring. Entrepreneurs also
learn their productivity parameter # € R, drawn from at state s € S from the cumulative distribution
Fy(0), with density fs(6). Both states become public information.

Entrepreneurs also have access to production functions with their individual-specific productivity.
As a consequence, each agent owns a potential firm, which he or she can choose to operate or leave
inactive. When this firm is operational, it rents capital from savers at a rental rate rs; and hires workers

in a spot market at wages ws.

4Our risk externality is similar to their distributive externalities, but notice they do not formally consider the case of
idiosyncratic risk, so our environment does not fit exactly into their formulation.

®See, for instance, |Acemoglu et al| (2012), Baqaee| (2016), Baqaee and Farhi| (2017), |Carvalho and Gabaix (2013),
Carvalho and Grassi| (2015), |Di Giovanni and Levchenko| (2012)), |Gabaix| (2011)), [Stellal (2015), and [Yeh/ (2017).



All potential firms solve the following problem, which determines its decision of whether to operate

and its factor demands.

Firms’ problem

A firm with known TFP of # and a net worth of as (6) rents capital (k) and hires workers (1) to solve

(a, () ,0,s) = %alx(ek)azl—a —wsl — (rs + 7F + 0)k (1)
subject to
0 <k < Asas (6), (2)

where 7%

o 1s a per-unit tax on capital ﬁ

Equation [2] includes a non-negativity constraint on capital plus a collateral constraint, which requires
a fraction /\% of the capital stock to be financed by the owner’s own resources , as (). This form of
constraint, (;ommon in the literature on misallocation and credit frictions, is typically motivated through
a limited commitment problem ]

The first-order conditions for the firm’s problem leads to a simple labor demand function,

(1-a)

Ws

1
b 0) = |2 k), 3)
showing that effective (productivity-adjusted) capital-labor ratios are equalized across firms.
As a consequence of constant returns to scale, the profit function becomes linear in net worth and
can be written as

II(as(0),0,s) =75 (0)as(0) (4)

where

1—a

WS(Q):ASmaX{a<1a>a0—(rs+7'f—|—5), o}. (5)

Ws

It naturally follows that if we define a marginal firm és that has zero profits, implicitly in 7 (és) =0, all

infra-marginal firms (6 < és) refrain from operating and all supra-marginal firms (6 > és) earn positive

profits (Ricardian rents) and operate with the fullest possible leverage.

Aggregate Production

Using the equalization of effective capital-labor ratios implied by the labor demand in equation [3| we

get
0ks ()  O,K,

L) L ©)

5We assume that the tax on capital rental incides per unit of k and not over the rental cost rsk. This simplifies the
algebra of optimal taxes in Section [4] without any additional consequence, as alternative rental rates and taxes can be
obtained from the current formulation after a change of variables. We do not allow an output tax, as output expropriation
circumvents the collateral constraints and allows the costless implementation of the first-best. We discuss its role in more
detail in a later section.

"See [Buera et al.| (2011)), for instance.



where

K, = / ko (0)dFy (9), L= / 1L(0)dF, (6), (7)
0, = / 9%@@(9), (8)
0 S

represent respectively the aggregate capital demand, aggregate labor demand, and aggregate TFP in
state s € S. Notice that aggregate TFP is then a weighted average of the individual TFPs, in which the
weights are given by the share of the total capital supply that is operated by each type of entrepreneur.

We can then compute aggregate output as
Vo= [ 0K0)1.0) *dR(0) = (©.K.) L Q
0

Entrepreneur’s consumption at t =1

Entrepreneurs, unlike workers, have no labor endowment at date ¢ = lﬁ They do have assets as (6),
which are consequence of their previous saving and hedging decisions, to be soon described.

Given the optimal firm decision, consumption in state s € S for an agent of type 6 and assets as (0)
can simply be written as

cs (as (0),0) = Ry (0) as (0), (10)

where
Rs(0)=1+rs+ms(0),

is the return that type 6 obtains on own savings in state s. Notice that because of credit constraints,
some entrepreneurs earn rents, 7 (#) > 0, giving rise to dispersion in perceived returns on savings and

ultimately to consumption risk.

Workers —at t =1

We impose an inelastic labor supply of a single unit for simplicity. Worker consumption in state s at
date t =1 is given by

w __ w
¢y =ws + T,

where T a net transfer received from the government.

The entrepreneur’s problem at ¢t =0

At the original date, agents decide on their savings and might also engage in hedging contracts. Specif-
ically, they solve
maxu (co) + BE [u (a R)] (11)

cp,a

s.t.

8This is assumed for tractability, to ensure the linearity of consumption on asset holdings.



co+ E[mal <ap+Tp

where m : § x R — R4 is a stochastic discount factor and a : § x R — R is the agent’s net worth
allocation function across states. In analogy with the as (6), the realization of the stochastic discount
factor is denoted by mg (#), that depends potentially on both sources of uncertainty and represents the

relative cost of acquiring one unit of wealth in aggregate state s and idiosyncratic state 6.

Financial Intermediation

In the saver’s problem above, contingent contracts written over ag () have a cost density ms (#). These
contracts are offered by competitive financial intermediaries subject to a state-contingent tax 7¢(9).
Intermediaries use the funds from these contracts to finance possibly risky projects, described by a set

of linear investment technologies I = {1,...,I}. An investment of 1 unit of the consumption good in
1
29
allocated to production. Two particular cases will be of interest. First, the case of a single riskless

date t = 0 in technology i € I delivers ¢! units of a capital good at date ¢t = 1, which can then be
technology, I = 1 and ¢! = 1, Vs € S. That corresponds to a standard assumption in which one unit
of investment (foregone consumption) becomes one unit of productive capital in the next date. Second,
the case of multiple risky technologies that pay in a single state, I = S and ¢’ = B, for s = i and zero
otherwise. This case will allow us to study the efficiency of risk-taking decisions in the economy.
Intermediaries maximize the present value of possible dividend payouts and finance investment in

the different technologies by issuing state contingent claims. They solve

+ D psM; [Z pht — / as () dfs (9)]

seS el

max |E[(1—7%) ma] —Zazi

a,r
el

subject to ' > 0. The two terms inside brackets are the cash-flows net of financing activities, which
can be used for financing possible dividends. Here, the tax schedule 7% : § x R — R, where each entry
Ts () can be used by the planner to distort the capital accumulation and allocation in the economy.

A competitive solution requires the discount factor of intermediaries satisfyﬂ
ms (0) [1 — 74 (0)] = M. (12)
Additionally, optimal investment requires, for each i € I,

> pMygl <1, (13)

with equality if positive investment occurs in that technology.
Since part of the uncertainty is idiosyncratic, absent any policy intervention, we would see that
ms () = Ms, i.e., idiosyncratic uncertainty is not priced. Moreover, the price of aggregate risk would

be pinned down by the return of the investment technologies. For instance, if ¢! = ®, for i = s and

9In the appendix, we show that this is the appropriate stochastic discount factor if they were owned by the entrepreneurs.



zero otherwise, then psMy = @, !. We will show that the planner has incentives to distort the price of

idiosyncratic and aggregate uncertainty in this economy.

The government

The government sets tax rates and lump-sum rebates, effectively controlling the prices of financial claims

and affecting equilibrium allocations. The budget constraints that need to be respected are
>p. [ 7O 0)iF©) =T, (14)
S

for date ¢t = 0 and
TEKS = Tswa (15)

for each s = {1,...,5} at date t = 1.

Equilibrium

To help with notation, we first revisit the objects involved in the definition of a competitive equilibrium
with taxes. First, an allocation consists of a list {co,x,a,c,l,k, L, K,c"}, where ¢y € R} is a scalar
describing ¢ = 0 consumption, = € ]RfL denotes the vector of investments in period ¢ = 0, a,c, [,k :
S x R — R4 respectively describe state-contingent savings, consumption, labor, and capital rental
demand, L, K € R, denote aggregate quantities of labor and capital, and ¢ : § — R. Second, prices
consist of the elements in {m,r,w}, where m : § x R — Ry is a stochastic discount factor, that
depends potentially on both idiosyncratic and aggregate uncertainty, and r,w : S — R are aggregate-
state-contingent rental rates and wages (that is, they show only dependence on aggregate states). Last,
a tax system {Ta,Tk,To,Tw} lists 7* : § x R — R, that describes a schedule of taxes or subsidies
on contingent savings, 7% : § — R an ex-post per-unit tax on capital (which does not depend on the
identity or type of the user), and lump-sum rebates Ty € R (at date ¢ = 0 for savers) and 7% : § — R
(at date t = 1 for workers).

A competitive equilibrium with taxes is defined as an allocation, prices, and a tax system such that:
1. Asset purchases, a, and consumption, {cg, ¢1 } solve Problem (11| given prices and taxes.
2. Worker consumption in each state s € S is given by ¢y = wy + T3".

3. Factor demands {l, k} solve Problem

4. Capital rental and labor markets clear at each s € S, i.e.,

Ly = / L(0)dF(0]s) = 1 (16)

and

Ko = [ h(@)dr@ls) =Y ia’ (17)

el



5. Consumption goods markets clear, i.e.,

co + Z = ap
icl
and at each s € S -
o + / as(0) Ry (0)dfs (0) = 7K + (1 — §) K.,
0

6. Financial markets clear, i.e.,
[a-@dr.0) =3 el
el
while financial assets are priced competitively in the presence of taxes, ensuring equations [12| and

3l

7. The government budget is balanced at both dates, satisfying equations [14] and

3 Constrained inefficiency and risk externalities

In this section, we provide a characterization of the laissez-faire equilibrium and show that it is possible
to find perturbations of the portfolio decisions of entrepreneurs that achieve a Pareto improvement. We
defer the analysis of implementation of these perturbed allocations as equilibria and the characterization

of optimal policy for Section

3.1 Laissez-faire equilibrium

For simplicity, we assume in the remainder of the paper that the utility of entrepreneurs is identical

across dates and states and also isoelastic,

s ifoeR\{l
wley =4 1 e
loges ,ifo=1

where o represents a constant coefficient of relative risk aversion.
The equilibrium in laissez-faire is determined by the following set of conditions.
Factor prices, capital allocation, and productivity. Equilibrium in labor and capital rental

markets requires that, for each aggregate state s € .5,
ws = (1 — ) (O:K4)” (18)

and
re = 0 (O,K) 1 — 6. (19)

where O, represents aggregate TFP.
Here, 0, is the productivity of the marginal firm. All firms which are more efficient than this level

have positive profits, but are prevented from scaling up by the presence of leverage constraints. All firms



with 6 < 6, do not operate, with their owners renting out any units of capital they own. Therefore,

capital allocation is given by@

b (6) Asas (0) ,if 0 >0, (20)

0 , otherwise

and the capital stock in state s satisfies

K, - / as (6) f. (6) d6 (21)

Aggregate TFP is given by
0, = )\, / O, (6) db), (22)
0s

where w4(0) is the wealth density in state s € S

We (9) . Qs ('9) s (0)

T Jas(0) f5(0)dé 29)

The productivity of the marginal firm is determined by the condition that the supply of funds by

inactive entrepreneurs must equal the demand of funds by active firm-owners

0s 1
/0 s (6)d8 =1~ (24)

S

where 1 — )\% is the fraction of the capital stock financed by external funds.

Equations and illustrate how the portfolio decision of entrepreneurs plays a key role in de-
termining TFP, and therefore factor prices, both through the intensive and extensive margin. A shift
in relative wealth from low-productivity active firms to high-productivity active firms increases aggre-
gate TFP. Similarly, a shift in mass from inactive firms to active ones increases the productivity of the
marginal firm and aggregate TFP.

Asset and contingent capital prices. In the absence of any interventions, the stochastic discount

factor does not depend on the idiosyncratic, so
ms (0) = M, V0 € R. (25)

It also follows that total asset expenditures by agents equal total capital investment in the economy,
Le, Elmal =3, 2"
Savings and portfolio decisions. Owners of the most efficient firms will earn rents and obtain a

return on their own savings which is higher than the marginal agent. In particular,

1—a

Ro(0) =1+ 14+ 7m0 (0) and 7y (8) = As(0 — 0,)F (1 - a>a . (26)

Ws

105 resolve an inconsequential indeterminacy, we assume the marginal firm uses full leverage.

10



The second equation in [26] characterizes the nature of Ricardian rents. Returns for an active firm
increases with the leverage parameter Ag, with the productivity differential relative to the marginal
firm, and it is decreasing in wages.

The solution to the savers’ portfolio problem (in in the absence of interventions implies

=5 (2 Tr =5 () [ [0 R 0] (27)

€0 —Dier !

One of the general implications of the equation above is that asset holdings will all be the same for
types that are inactive in production at state s € 9, i.e., as (9/) = ag (9//) Vo', 0" < b

We have now enough to combine equations and obtain the full characterization of the equilibrium.
Manipulation and integration of equation [27|over the set of agents allows us to obtain the relative wealth
density, represented by
_ RO £0)

J R (0)%" £, (0) do

Equation [28] above makes clear the role of the hedging demand, and how the wealth distribution gets

ws (0)

(28)

distorted towards low or high productivity idiosyncratic states. In particular, whenever o > 1 (resp. o <
1), low productivity entrepreneurs become relatively richer (poorer). With logarithmic preferences (o =
1), the wealth and the substitution effects exactly cancel out, making the hedging demand disappear.

By using using explicit substitutions of Ry () = 1+ a (8, + (0 —0,)1) (05K)* " —§ and the pricing
kernel equation we can summarize the equilibrium with the following system involving four types of
equation: equation [22] determines the TFP for each state, equation [28] determines the state-contingent
wealth distribution, equation [24] determines the marginal firm, and 13| determines capital accumulation
at date t = 0.

3.2 Risk externalities

An important aspect of the laissez-faire equilibrium is that the distribution of risk faced by an en-
trepreneur is endogenous, as it is a function of the factor prices (ws,rs). These prices are, in their turn,
directly determined by the equilibrium quantities (K, O, és) Whenever making their privately optimal
decisions, entrepreneurs fail to take into account their equilibrium consequences on the distribution of
risk born by other agents. In this section, we illustrate the nature of the risk externalities and show
that their risk-taking and investment decisions under laissez-faire are inefficient.

Welfare. Let us compute the welfare of entrepreneurs for an alternative portfolio allocation as(6)
instead of the laissez-faire allocation aéf (). We proceed by directly choosing portfolio perturbations,
while leaving a more careful discussion of implementation and the presentation of the details that support
this approach for Section We focus on alternatives that keep the consumption of workers constant
by adjusting the tax on capital, when necessary, so any improvements in the welfare of entrepreneurs

are sure to represent a Pareto improvement. In particular, the tax on capital satisfies

(1 - ) (O K ) — (1 - a)(8,K)°
K ’

Tj(GSaKS) =

11



where (O, K;) and (@lsf, Kéf) denote TFP and the capital stock at state s € S under the alternative
allocation as(f) and laissez-faire af (0), respectively.

Take any feasible vector of state-contingent capital supply K SE By feasibility, there exists a vector
q € R such that the required initial investment can be written as 2t =3, qsKs. We can then write

the welfare of an entrepreneur as follows

W(a) =ulao — > _q:K:)+ 8 ps / u (as(0)Rs(0)) f5(0)d0,

where (K, O, és) are given by conditions and respectively, and the return for type 6 is given
by

Ry(0) =14 a(fs + Xs(0 — 0,)7) (0,K)* 1 =6 — 7F(O,, Ky).

To measure welfare gains from perturbation in date t = 0 consumption units, let V (a) = W (a)/u’ (co).
Insufficient idiosyncratic risk-taking. Consider a perturbed allocation that increases idiosyn-
cratic risk-taking in a given state s € S. Formally, the perturbation moves an infinitesimal amount Ag
of net worth from agents from agents of type 6; to a higher type 8, > 6;. We now state and discuss the

following proposition.

Proposition 1. Consider a perturbation that sets as (0y) = a (6;) + fs?;h)’ as(6)) = d () — ﬁ,
and leaves a (0) = a (0) for all remaining types.
1. Intensive margin: If 0, > 0; > 95, then
E1% u' (cs) OR, 00
= sC s 7 y s > 0,
DA |ay 7 (5  (co) 90, > oA,
where 622 = I)‘{—i (0n, — 6)).
2. Extensive margin: If 0, = és > #;, then
ov u (cs) OR, do,
= psCovs | B— ) Qg >0,
B N < u (co)” 00, ) dA,
A . .71
where 2% = [a,(0,)f5(8,)]
Proof. In the appendix. O

Whenever 6, > 6; > és, the net worth reallocation occurs entirely along the intensive margin: resources
are reallocated across active entrepreneurs, from a least productive to a most productive one. By
construction, this perturbation increases aggregate TFP while keeping both the aggregate capital stock
and the productivity of the marginal firm constant. The impact on welfare of a small increase in Ay is

then given by

"Formally, K, = >, iz’ for some z* > 0.

12



Bu (cs) OR4(H)

u' (cp)  OA aS(G)]

risk externality

Rs(eh) - MRS(HZ) + E

u' (co)

private risk-return trade-off

ov _ . [P Les(0n)
s |a,—o s u' (co)

The first term captures the private trade-off between risk and return. By shifting resources to the
high-type 6, the entrepreneur is able to enjoy higher returns, but at states with smaller marginal utility
of consumption. From optimality in savings (condition , this term is equal to zero, as this trade-
off is fully internalized by entrepreneurs. The second term, however, captures the effect that is not
internalized by private agents and is fully mediated by (after tax) factor prices, being a consequence of

pecuniary externalities. Interestingly, it can be easily shown that

E, [aggf) asw)} —0,

so the externality amounts only to a reallocation of resources among agents with different marginal

valuations. From this fact, it becomes possible to rewrite the risk externality in a covariance form.

Hence, even though the perturbation does not affect the average (weighted) return, it affects its
riskness. This results in a form of fallacy of composition, as the attempt of each individual entrepreneur
to reduce her own exposure to risk ends up increasing the risk of all other entrepreneurs. The logic is
the following: whenever entrepreneurs try to hedge return risk, they shift resources to less productive
firms. This will reduce aggregate productivity in the economy and depress wages. However, since
more productive firms use more labor per unit of capital (see equation , the difference in profitability
between high and low productivity firms increases, amplifying the dispersion of returns and ex-ante risk
faced by entrepreneurs. While the increase in return risk is mediated by prices, it is not internalized by
individual entrepreneurs. This results in excessive hedging or insufficient idiosyncratic risk—taking@

We refer to the mechanism in which agents do not internalize the impact of their actions on the
risk faced by others as a risk externality. The second part of Proposition [I} which studies reallocation
along an extensive margin, shows another example of this externality. A reallocation of resources from
inactive entrepreneurs to any active agent tightens the capital rental market, displacing the marginal
firm. In a limit in which this reallocation is received by the marginal agent, it has no effect on aggregate
productivity (nor wages). Once again, the private part of trade-off is fully accounted for in laissez-faire
and cancels out. However, an increase in the rental rate reallocates consumption from renters, active
entrepreneurs with high returns and have lower marginal utility, toward lenders, inactive savers who
have lower returns and higher marginal utility.

One particular distinction between the two cases of the perturbation above lies in the fact that, while

a manipulation of the extensive margin acts purely through an increase in the rental rate, a change in

12Tn Section we explore the sign and magnitude of the hedging demand and discuss how strategic complementarities
amplify aggregate distortions. It is worth pointing out the direction of the inefficiency identified in Proposition [I| does not
depend on the sign of the hedging demand. In particular, it is present in the case where preferences have unit elasticities
of relative risk aversion and no hedging occurs under laissez-faire.
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the intensive margin acts through a sum of changes in wages, capital taxes, and the rental rate. The
representation of the welfare gain as a combination of each of these pieces is straightforwardE

A sufficient statistic approach. We can also use Proposition [I] for deriving approximate formulas
for the measurement of welfare gains from policy changes in terms of observables . We first define a

coefficient of variation of returns in the cross-section of agents at state s € S as

Var%(Rs)

CVs (Rs) T EO[R,)

where the variance and expectation are computed using the wealth density ws (Eq. . Then, by means

of a first-order approximation, we provide the following.

Corollary 1. The welfare gains from the interventions studied in Proposition[] can be approzimated as

1. Intensive margin (0 > 0; > 0,):

4 int 2 alog @s
~ m C‘/s Rs —_—
Oh, |y S OV B A
where 7" = (1 — a)ps M K.
2. Extensive margin (0, = 05 > 0;):
ov ~ e:I:tELSU[RS] — E;J[RS| 0 < és] 87‘5
7 N E2[R,]2 A’

where 76t = (A — 1) ps M K.

s =

Corollary [1]illustrates how the magnitude of the externality depends on the level of idiosyncratic return
risk faced by entrepreneurs. The externality along the intensive margin is increasing in the coeflicient
of variation of returns. Along the extensive margin, the externality depends on the difference of returns
between active and inactive firms. In both cases, the externality would disappear in the absence of
idiosyncratic return risk, as it would be the case without financial frictions or firm heterogeneity.
Underinvestment and excessive aggregate risk-taking. Consider now the optimality of the

level and composition of investment in the economy.

Proposition 2. Suppose that the following technologies are available and used in the laissez-faire equi-
librium: 1) a riskless technology that pays the same amount in all states s € S; i) technologies that

payoff ws on state s and zero otherwise, for s € {l,h}.

1. Underinvestment: Consider a perturbation that sets as (6) = aX’ () (1 + I(Alf> for all s € S and

all types 6.
oV / 8Rs 2
A s = ﬁzs:psCovs <u (cs), 3K3as> ~(1l—-a)F [MSC'VS(RS) ] > 0.
BNotice that 22 = Bp,Covs (u/ (cs),s (1 — )\192@1) as), g—x‘i = —BpsE;s [u/ (c1(0)) )\sﬂlgzésa] o and % =

Ts
—BpsEs [ul (c1(9)) a] and the price consequences of perturbations in allocations are easy to compute.
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2. Excessive aggregate risk-taking: Consider a perturbation that sets a; () = aéf(Q) <1 + KAzfQOl>,
l
ap (0) = ailf(G) <1 — KAlfgoh>, and as(0) = alsf(G) for the remaining states. If ©; < 0, , K; < K,
h

Vary ((9 — §5)+) > Vary ((9 — é8)+> , with at least one strict inequality, then

ov
0A

_ u'(a) ORp '\ u'(ch) ORy
o pipiCouy <5u, (co)’ 8Kla> prenCouy, <5ul (co)’iﬁKhah

~ (1—a) [CVI(R)® — CVi(Rp)*] >0

Proof. In the appendix. O

Proposition [2| shows that there is underinvestment in the economy. This is in sharp contrast with the
literature on fire-sales externality that emphasizes overinvestment. The reason for the different result
is that there is an interaction between the level of capital and the amount of return risk when we allow
for firm heterogeneity. A larger investment leads to higher wages next period, reducing the difference in
profitability between high productivity and low productivity firms as well as ex-ante return risk. Since
entrepreneurs do not internalize the impact of additional investment in the return risk faced by others,
investment is inefficiently depressed from an aggregate perspective.

The proposition also shows that there is excessive aggregate risk-taking, meaning that a share larger
than it is socially desirable is being invested in projects that payoff more in good than bad states. In
order to understand this result, consider the effect of increasing by one unit investment in a technology
that pays off in state s. The increase in capital stock reduces idiosyncratic return risk, and it increases
welfare by kCVs(Rs)2. Hence, shifting resources to states where the variance of returns is already
high or the average is low is welfare improving. The theory predicts that the coefficient of variation is
decreasing in capital and aggregate productivity and it is increasing in the dispersion of TFP of active
firms, so it will tend to be higher in bad times. We can also test this prediction directly by looking at

firm-level data, which we now turn to.

3.3 Testing the efficiency of aggregate risk-taking

We analyze standardized firm-level data from the World Bank Enterprise Survey. As far as we know,
this is the most comprehensive publicly available dataset including standardized measures of input and
output for the manufacturing and service sectors. We discard low income countries according to the
World Bank classification and focus on firms in the manufacturing sector for comparability.

We are interested in comparing the distribution of productivity and returns during periods of eco-
nomic expansion and economic contraction. The survey provides firm-level TFP measures obtained
from estimation of production functions at the two-digit ISIC code sector level. We remove country
fixed effects and split firm-years in two events: 2008-9, which are the years of the Great Recession, and
remaining years. For brevity, we call the first set the contraction years and the remainder the expansion
years.

Table [1 below, reports some key statistics of the data. At an aggregate level, all occurrences of
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Table 1: Summary Statistics

Country-years Country-years with .

Years Surveyed GDP /capita contraction Firms
Expansion  2006-7, 2010-16 27 2 13230
Contraction 2008, 2009 ) 5 2840

Firm-level log-TFP measures

Mean Variance Skewness Kurtosis
Expansion 1.6005 0.5121 0.1883 2.1549
Contraction 1.5134 0.5528 0.1555 2.2809

Expansion Contraction

density

0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25 3.0
logTFP logTFP

Figure 1: The distribution of log-TFP

negative GDP growth (3 cases) in the data occur in the contraction years. The maximum GDP growth
rate registered in one of these years (1.2% for Kazakhstan, 2009) is still below the minimal growth
rate recorded in the expansion years (2.6% for Sweden, 2014). Also, all country-year pairs classified as
contraction years have negative per-capita GDP growth. In contrast, among those classified as expansion
years, only two countries ever register negative per-capita GDP growthE

To be conservative with regards to measurement error, we discard the top and bottom five percent
of the TFP distribution for each country-year pair, and pool observations within each of the two events.
The bottom panel of Table [l displays key statistics of the pooled cross-sectional distributions. Figure
displays the density estimates for the distribution of firm-level TFP (in logarithms) across the expansion
and contraction events from the data.

As can be seen from table [1] there are substantial differences in the distribution of firm-level TFP
between expansion and contraction periods. Contractions are associated with a decline in average

TFP and an increase in dispersion. This is consistent with the evidence on countercyclical (micro)

4 These two outliers are Jordan and Lebanon in 2013, which despite growth rates above 2%, display per-capita contrac-
tions due to the population inflow from the Syrian refugee crisis.
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Table 2: Welfare gains of perturbations

Contraction Expansion Difference

Welfare gains 0.66 0.48 0.17

uncertainty in Bloom| (2014)); (Campbell et al. (2001)). Our results in proposition [2| shows how one can
use these variations in uncertainty to evaluate the efficiency of aggregate risk-taking. Recently, changes
in higher moments of the firm size distribution have attracted attention, as in the work of [Salgado
et al.| (2016). By taking a higher-order approximation, we can express the welfare impact of reducing

aggregate risk-taking in terms of higher moments of the return distribution.

Corollary 2. Suppose technologies that payoff ©s on state s and zero otherwise is available and used

in the laissez-faire equilibrium. Consider a perturbation that sets as (0) = af (9) (1 + ﬁ[} ¢5)~ Then,

ov
0A

~(1-a) [cv; (Rs)? — Skews(Rs) + ;Kurs(Rs)] ,
As=0

w 3 w 4
where Skews(Rs) = E¥ [(W) } and Kury(R,) = E¥ [(RSH;JE[;%[S%]) }

Corollary [2] shows the welfare gains of investing one extra unit on a project that pays off on state
s. Hence, the difference g—Xl — % captures the gain of reallocating one unit of investment from the
technology that pays off in the good state h to the bad state [. These derivatives are measured in terms
of utils, but if we divide by the marginal utility of consumption in zero, they can be expressed in terms
of permanent consumption changes. Table 2] shows the gains of increasing by one unit investiment in
a technology that pays off in a contraction or an expansion as well as the difference between the two
using the expression in corollary 2] The difference measures the welfare gains of reducing aggregate risk-
taking, i.e., shifting resources from expansions to contractions. First, notice this difference is positive,
an indication of excessive aggregate risk-taking. The magnitude of the welfare gains of this perturbation
can interpreted as following: a reduction in aggregate risk-taking of one percent of total wealth leads to
a welfare gain equivalent to an increase in permanent consumption of 0.17%. Similarly, an average of
the welfare gains of increasing capital in contractions and expansions give the welfare gains of increasing
the aggregate capital stock.

The results on table 2] indicates that there are potentially large welfare gains of regulating the aggre-
gate risk-taking in the economy as well as the overall level of investment. However, these perturbations
can only provide an estimate of small perturbations around the laissez-faire. In the next section, we
derive the optimal regulation in this economy and compute the welfare gains obtained by the optimal

policy.
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4 Optimal investment and risk-taking policy

4.1 Implementation

When we consider the set of taxes described, the characterization of the equilibrium follows through

with minor changes relative to laissez-faire. First, worker compensation and consumption satisfy
A =ws+TFK = (1 — ) (0,K,)* + 77K, (29)

and rental rates are given by
Ts = és (GsKs)ail —d— Tf- (30)

Capital demand as a function of wealth, profits and Ricardian rents are unchanged, and still follow
equation [20] and The characterization of TFP as a function of the wealth distribution still follows
[22] The key equilibrium condition for the rental market, still satisfies 20

The main change lie in the Euler equations, that take into account the presence of contingent taxes.

The saving Euler equation is now given by

es(9)

€0

-0
M= - w015 (20) ), (31)
where Ry(0) = 14 a(0s + As(0 — 05)1) (O,K)* ' — 6 — 75 and ¢, (0) = ws () KRy (0) / fs (6), when
written as a function of the wealth density.

After taking into account market-clearing conditions for contingent assets and the zero-profit condi-
tion for the sellers of these securities, we obtain the set of equations that are analogous to the equation
that determines of the shape of the wealth distribution (Eq. and capital accumulation in laissez-faire.

When taxes are present, these equations become, respectively:

Q=

Ws (9) _ []' — Tg (9)] [Rs (9)]T fs (0) (32)

[ =72 (0)]7 [Rs (0)] = dfs (0)

for each § € R and s € S, and the investment equation (Eq. .

An allocation is implementable if there exists an associated tax system and set of prices which jointly

form a competitive equilibrium with taxes.
Proposition 3. An allocation is implementable, if and only if, the following conditions are verified:
1. 2;>0,Viel,ap=co+ Y x; and Ks =Y, piat.

2. dM € R:qr+ such that, for each i € I,

> psMpl = Lif 2 > 0 (33)
S

ZpsMngi < 1,otherwise.

s
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3. For each s € S, ws (o) : R — R defined in equation constitutes a density, that is, it satisfies
/ws (0)do = 1.

4. Consumption satisfies
 ws (0) K

cs (0) = T@Rs 9),
where

Ry (0) := 14 a(f, + As(0 — é8)+) CF KS)Q_I —0—[cf = (1—a)(0:K)] K5_17

S
with ©g given by equation and 0, implicitly defined in equation .

Proof. Verifying that a competitive equilibrium with taxes satisfies these equations is easy and has its
main steps done in the text of Section We will prove the converse through construction. First, we
set

=¥ —a(OK) KL

s

Take any M € RJSF ., that satisfies condition 33| above. Then, optimality in savings implies

cs(0)
co

) Re(0) — 79(0) =7 Cs(ﬁ;;j%fféj <£>48%_U

M= 1172 015
All additional conditions for a competitive equilibrium with taxes can then be easily verified. O

4.2 Characterization of optimality

Using the implementation result obtained in Proposition [3] it is possible to write the constrained Pareto
problem as

max u <a0 — le) + pE

{K,w,é,Tk}

u(; R Zsow] (34)
subject to
> psu ((1 — a)(O, Z ') +7F Z wifci) > Uy, (35)

for each s € S,

=X [ ws(0)do (36)
0s

and

1:/@4mw, (37)

where the two definitions Ry (0) = 1+a(f,+s(0—0,)) CY goxi)a_l—é—Tskand Os = Ag féto bws (9) db
can be used explicitly.

Equation [35] indicates the worker utility needs to achieve a minimum level. The level itself, u,,, is
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a free parameter than can be varied to trace out the Pareto Frontier. One particular case of interest is
when this utility level is set to the same value that workers would achieve under laissez-faire. Equation
[36] can be seen as a constraint that implicitly determines the marginal firm, originating from the rental
market clearing requirement. Equation originates from market clearing in contingent claims, but
can be more simply interpreted as a constraint imposing that the relative wealth distribution has a
well-defined density.

The first-order conditions and some additional analysis are provided in the appendix. The key
conclusions are summarized in the next proposition. Let E,, [z] = [z ws (0)df denote a mean using
the relative wealth distribution as the weighting measure and, analogously, Couv,, (z,y) = E, [z y] —

E., [z] E,, [y] describe a covariance against that measure.

Proposition 4. A constrained optimal allocation needs to satisfy the following set of intertemporal

conditions:

1. Among all inactive entrepreneurs in each state s € S, that is V0 < és, the marginal rate of
substitution (MRS) is equalized
Bu (cs (0)) Rs (6)

u' (co)

= Us, (38)

implying also the equalization of consumption and asset holdings, since Rg (0) is constant in that

set.

2. Active entrepreneurs, that is 6 > és, face an affine schedule of additional intertemporal wedges,
with their MRS satisfying

Bu' (¢s (6)) Ry (0) !

. = g — 09 (0-4,), 39
u' (o) a Ws (93) ( ) (39)
where
0 ﬂul(c) OR o Bul (¢) OR
Ul = Cov,, (u/ (00)77898 Ks and Y7 :=Couv,, ey (co)’ 90, K. (40)

3. The capital investment Euler equation for technology i is given by

w(e) (R+7") a

1> BE —¢"
_5 U/(CO) K(p

+E [\If’“w} , (41)

with equality whenever x; > 0, where ¥* has realizations \Ilfj = Cov,, <i;‘(c(§)), g}?) K.

Proof. In Appendix O

The defining feature of the constrained optimal allocation is the emergence of an affine schedule of
wedges in the saving Euler equations, as indicated by equations |38 and An extensive margin wedge

appears in the intercept \Il(s; Jws (és) It is evident in the comparison between the marginal rates of

substitution of the marginal (9 = és) and the inactive entrepreneurs (6 < és) An additional, intensive
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margin wedge, is linear in productivity and emerges between any two active entrepreneurs. Let us focus
first on the intuition behind the extensive margin wedge.

First, the rates of return earned by both the marginal and inactive entrepreneurs are the same, as
neither obtains any Ricardian rents. In the absence of interventions, they would save the same and
have the same net worth at ¢ = 1/2. There is however an external effect from the determination of the
marginal firm that would not be taken into account in private decisions. When additional resources
are allocated to active agents, the capital rental market tightens and the marginal agent is displaced: a
slightly more productive entrepreneur takes his or her place and rental rates increase. This increase, in
its turn compresses Ricardian rents, reducing the rate of return risk in the economy. With a positive
value for \Iff, rents accrue to agents with lower marginal rates of substitution and there is an insurance
gain from resource allocation toward active firms. At the optimal allocation, the marginal gains from
manipulating this margin are exactly offset by the marginal losses from saving distortions.

The optimal wedge schedule also features a slope term, which is originates from an analogous effect
working through the labor market. When net worth is reallocated among active firms, from the less to
the more productive, aggregate productivity is increased and the labor market tightens. Therefore, the
aggregate wage bill increases and, as high productivity firms hire more labor, they bear relatively more
of the increase. Consequently, an increase in aggregate productivity also compresses exceptional profits
and reduces rate of return dispersion in the economy. This linear piece of the wedge is increasing in
marginal productivity, because resources allocated to higher productivity firms have bigger impacts on
aggregate TFP.

Additionally, Equation shows that the planner implements two forms of wedges on aggregate
savings. First, as indicated by the presence of 7%, the planner internalizes the value of the revenue
raised from capital taxes. Optimal ex ante interventions take into account how the presence of t = 1
would distort incentives to save and offset that effect. Second, with a positive value for W¥, the planer
attempts to increase capital accumulation through an additional saving wedge. Again, increased savings
serve to reduce the marginal product of capital and, ultimately, compress exceptional returns. Again,

agents with higher productivity bear relatively more of the reduction of returns on capital.

4.3 Optimal Policy — An illustration

We now illustrate the key features of the optimal policy. We use a set-up featuring logarithmic pref-
erences (o = 1), a single capital investment technology (I = {1}), and two states of the world. The
distribution of firm-level TFP is a (truncated) generalized Pareto distribution, which allows for simple
shocks to key momentSE We first focus on features of the allocations that are shared across all states
of world, while using the high output state for the purpose of illustration. In all three panels of Figure
, dashed lines represent the laissez-faire benchmark, while solid lines represent the outcomes after
optimal interventions.

On the left-most panel, we have optimal asset holdings. They can be easily compared to the dashed
horizontal line in gray, which denotes the constant asset holdings that occur in laissez-faire. Notice that,

under the optimal policy, all inactive savers have asset holdings that lie below the laissez-faire level. At

15See Appendix for the analysis of equilibrium allocations in the absence of intervention.

21



Figure 2: Portfolio, returns, and consumption

Portfolio allocation Returns Consumption
0.62
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Note: OP stands for optimal policy and LF stands for laissez-faire.

the marginal agent, there is a large discrete upward jump in asset holdings, while a continuous increase
follows for higher productivity agents. The gray dot denotes the marginal agent under laissez-faire and,
by inspecting the point at which the upward jump in assets occurs under the optimal policy, it is easy
to verify an increase in the marginal type. The vertical lines describe aggregate TFP, which shows a
significant increase as we compare its value under laissez-faire (the vertical dashed line in blue) with its
value under the optimal policy (the solid vertical line in blue).

The rationale for the intervention is made explicit in the intermediate panel. By distorting risk-
taking and wealth accumulation, the planner can change the profile of risky returns savers face. When
we compare the optimal policy (the solid line) with returns under laissez-faire (the dashed line), we see
that, after optimal interventions, returns obtained by inactive agents are higher and also that returns
obtained by active producers increase less steeply with individual productivity. The key consequence
of optimal interventions is that a risk externality, working through factor prices and Ricardian rents, is
corrected.

The right-most panel plots consumption. More dispersed asset holdings under the optimal policy
interact with less dispersed returns. Interestingly, in the final outcome, consumption is riskier, but the
gains from the correction of the externality and increased level are sufficient to ensure all agents are
made better off from an ex-ante perspective.

Appendix [B] studies the cyclical properties of optimal policies, by focusing on differences across
states of the world under different scenarios. There are three of these scenarios: a situation in which
the two states of the world differ by the mean of of the TFP distribution, its dispersion, or its skewness.
The main conclusion is that the policy response is stronger for: lower mean, higher variance, and
more left-skewed productivity distributions. Each of these three features is typically associated with
macroeconomic contractions, as we have revisited in the literature review. While the comparisons of
responses to moment shocks are done in isolation in that extension, for analytical clarity, the results
indicate a complementarity: policies should be strongly anti-cyclical because optimal responses to the

cyclical behavior of the first three moments point in the same direction.
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Table 3: Laissez-faire and optimal policy comparison

Expansion Contraction

Laissez-faire Optimal Policy Ratio Laissez-faire Optimal Policy Ratio
K 0.431 0.439 1.018 0.431 0.439 1.018
O, 1.0 1.381 1.381 0.935 1.39 1.486
0, 0.205 0.402 1.955 0.169 0.392 2.31
Y, 0.755 0.846 1.12 0.739 0.848 1.148
Ryrass (05) 1.02 1.087 1.066 | 1.004 1.087 1.083
* 0.0 -0.139 - 0.0 -0.148 -
as (65) 0.431 1.482 3.437 0.431 2.456 5.696
as (é5> 0.431 0.445 1.033 0.431 0.449 1.041
as (0,) 0.431 0.363 0.842 0.431 0.356 0.825

5 Extensions and additional analysis

5.1 The optimal policy in the data

In Table [3] we display a comparison of the defining characteristics of the laissez-faire and the optimal
policies. We see different margins of intervention being used. First, there is a small increase in the
total level of savings, of about 2%. A rationale is offered in the previous analysis of optimal policies: an
increase in capital stocks tightens the labor market, compressing exceptional returns and Ricardian rents.
It is noteworthy that in light of the other forms of interventions, the savings increase is quantitatively
modest, and has a small role in explaining an output increase of mode than 12% across the the two
states world.

This output increase is brought about by a large aggregate TFP gain (the capital augmenting value ©
increases by 38.1% in the expansion event and by 48.6% in the contraction event). There are noticeable
displacements of the marginal firm and optimal reallocation of net worth toward the most productive
firms. Notice also the policy is more active in the contraction event, meaning that it more aggressively
induces capital reallocation. As there are relevant increases in total output, the pre-tax wage is largely
increased (by the same magnitude, 12% in the expansion event and 14.8% in a contraction). This
potentially large wage increase would mean a large redistribution from entrepreneurs to workers, which
is offset by a labor tax and substantial Tsk < 0 rebate to entrepreneurs. In terms of certainty equivalent

consumption, the optimal policy raises welfare by 3.2%.

5.2 Portfolio choice and risk aversion

The case of log preferences is particularly tractable but it is also rather special. From the optimality
condition for as(#), one obtains the marginal benefit of having one extra unit of goods in period 1,
(as(0)Rs(0)) "7 Rs(0) ,is equalized across states. This implies that the portfolio choice satisfies

-1
log as(6) = logas(6,) — g

[log Rs(0) — log Rs(0,)]

for any idiosyncratic states 6 and 6,.

23



Figure 3: Portfolio, returns, and consumption: different risk aversion
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Hence, the entrepreneur will shift resources to the high-return states if, and only, if 0 < 1. Whenever
o > 1, then entrepreneurs tilt their portfolio toward low-return states. The different behavior is the
result of opposing income and substitution effects. The substitution effect induces the entrepreneur
to shift resources to the high return state, while the income effect induces the entrepreneur to shift
resources to the low consumption states. In the case of log utility, ¢ = 1, income and substitution
effects exactly cancel out and the portfolio choice is independent of returns.

In equilibrium, the hedging behavior of entrepreneurs will have implications for the determination of
returns and aggregate productivity. Figure[5.2|shows the portfolio choice in a case where the substitution
effects dominates (0 = 0.25) and one where the income effect dominates (o = 2.5).

Consider, as an illustration, the in which case o > 1. Assets as(f) and consumption are equalized
across inactive firms, 6 < 6. For 6 > é, the amount of assets falls with productivity € due to the dominant
income effect. Entrepreneurs decide to hedge their productivity risk by shifting resources from good to
bad states, so the perceived variability in their consumption is reduced. However, the more intense is
the reallocation of resources toward less productive firms, the lower is aggregate productivity. A lower
TFP, in its turn, tends to increase the variability of returns and induces the entrepreneurs to shift even
more resources to less productive firms. We see, therefore, a strategic complementarity at work. This
strategic complementarity amplifies misallocation and the dispersion in asset returns. It is stronger the
higher is the coefficient of relative risk aversion, but it is present in all economies.

Despite of the potential impact of hedging behavior on aggregate productivity, entrepreneurs in-
ternalize the fact that they will produce less by sending resources to low-return states. The desire to
reduce consumption volatility though is strong enough to compensate for the reduction in production
when the income effect in portfolio choice dominates. However, entrepreneurs do not take into account
the implications of their actions on equilibrium prices and how prices can act as natural hedges, by
affecting differently firms with different productivity levels. We will see that there will be a role for

policy interventions even when entrepreneurs have access to a rich menu of assets.
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6 Conclusion

We have studied the interactions of firm-level uncertainty and risk taking and identified a pecuniary
externality that affects the distribution of risk in the economy. Credit constraints create exceptional
profits (Ricardian rents), depress output, and create dispersion in asset returns. Optimal taxes stimulate
risk taking and resource reallocation, mitigating the externalities, and increasing total output. In a
quantitative exploration, the gains from interventions are shown to be potentially large: about 12% in
terms of output and 3.2% in terms of certainty equivalent consumption.

The environment features endogenous savings and wealth distributions, despite its static essence.
Some paths for further research include the exploration of consequences for firm dynamics, entry, exit,

and the shaping of the economy’s sectoral composition.
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A Proofs

A.1 Proofs of results from Section [3]
Proof of proposition

Proof. Consider the following perturbation of the laissez-faire allocation a'/:

ad (0,) + L for =10,

fS(eh)
as(0) = < af (6;) — i for =10,
s (6) otherwise

Intensive margin: suppose 6, > 0; > ééf . Notice that K, and 6, are the same as in the laissez-faire
allocation, but ©4 will be different under the perturbed allocation. The derivative of V' with respect to

A; is given by:

ov
OAs | A,—0

= 00 [ o0 "R — 00" R0+ [ (o) D T8 0) (0000

private risk-return trade-off - v -
risk externality

where

GRS(H) . 93 + A5(9 - és)Jr a—1

865 = —a(l — Oé) @S -1 (@sKs) )
005 _ | Oh— 0
oA, 7 K,

Using the optimality condition for the entrepreneur’s portfolio problem, we obtain

SO oy ar = ey — (BEs(O) OC'
5660 s(0) s = cs(0) <Ms>0

The condition above implies the private risk-return trade-off is equal to zero. Notice that in the absence

of differences in marginal utility, the second term is equal to zero

05 + N\s(0 — 0,
O

aza%g(j) giz as(0)£+(0)d0 = —a(1 — @) A (B — 01) (O, )L /

)" ]
— 1| ws(0)df = 0.

This allow us to rewrite the expression above for the welfare as a covariance

ov
OAs | Ao

>0

0A; ’

= BpsCovg <u’(cs), gg:as> 09,

since u'(cs(#)) and ggz are decreasing in 6.
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Extensive margin. Suppose now 6 > és > 6;. In this case, és will also be affected

90, 1
A GS(éS)fS(éS)'
The effect on productivity is given by

If 6, — és, then the perturbation has no effect on TFP, only on és. Focusing on this case, we obtain

oV B _, OR(6) 96,
oa|, = e [ 07 TR S a0 s 0,
where OR.(6)
s _ _ R a—1
ity (1= Asg, ) (OE)

As before, the expression can be written as a covariance, since the following term is equal to zero

/ (1 - )\5192(55> as(0) f,(0)d6 = 0.

This allow us to write the derivative of V as follows

OR a0
_ / S S
= BpsCovy <u (cs), —aés as> IAL =

ov
0Ag

As=0

Proof of corollary

Proof. Intensive margin.
Using the optimality condition for the entrepreneur to eliminate the marginal utility of consumption,

we obtain

ov

O, — 0,
OAs | A, =0 '

O,

= —psMscy? (1 — a)Cov? (R;l, RS) As
Using a first-order expansion, we obtain

o Rs — Eg) [RS]

R ~ EY[R,] ™!
S S [ ] Er[SU[RS]Q

Plugging the approximation in the expression for the derivative of V:
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ov
0A

~ Hintc‘/s (Rs)2,
As=0

where £ = c;7psMs(1 — a)/\SGhT—fz_

Extensive margin. The derivative of V' with respect to Ag can be written as follows

oV _ a—1 1 as(0) f5(0)
=c;ps Moo (O K, 1—)Xs1,.5 - ——dbf
A As=0 0P ( ) R(0) ( 6265) as(0s) fs(0s)
o PsMya (0,K,)* ! [ w [ 1 } [ 1 5 ”
= - EY | = | —EY | —=1|0>06s]],
0 ws(es) Rs 3 Rs

where we used the fact that Agws(€) corresponds to the density of 6 conditional on 6 > és.

Using the approximation for R; !, we obtain

L peMya (O, VB | Rl > 6] ~ BV (R
~c < |
As=0 0 ws(es) E;, [Rs]2

ov
0A

The unconditional average return can be written as follows

E [R,] = (1 - ;) E® [st < és} + %Eﬁ; [Rsya > és] .

Rearranging
i (5 [Rio=0] ~Brird) = (1- 1) (B2 1] - B[R0 <4]).

S

This allow us to obtain the expression

ov A1 EY [R.) — B¢ [Ri|6 <0,
~ ca”psMssiAa ((951(3)0“_1 5
0 Ao ws(6s) EY [Rs]
B2 [R,] - B2 | R 0 < 0]
— Ke:ct ’
’ EY [R;)?
_l-a
where k& = caapsMS%aYs o

Proof of proposition

Proof. Under-investment: Suppose that a riskless technology is available and it is used in the laissez-
) . This imply that ws(6)

A,
7

faire equilibrium. Consider the following perturbation as(6) = a4 (9) (1 + %

is the same for all s € S, so ©, and és are the same as in the laissez-faire allocation, but Ky = Kéf + A

for all s € S.

The impact on welfare of the perturbation is given by
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ov
2 5,

where

=05 | [ e n G [aor2i o nom] -GS

ORs(0)
0K,

Oy + \s(0 — 0,)F
O

- 1] a(l — a)OYKe

The optimality condition for technology 1 can be written as

ZB/% R (O)s(0)d0 =

2

Since ), qs =

equal to zero:

when a riskless technology is available, the first term in the previous expression is

6l

ov
OA|

OR
B =4 Es psCovsg (u (cs), K. a5>

5(0)d0 = 0.

Using the optimality condltlon for the entrepreneur’s portfolio choice, we obtain

ORs (9)

using the fact that [ =

ov

A = —cy Zps (1 —-a)Cov? (Rs_l,Rs) >0

A=0

Using the approximation of R4(f)~!, we obtain

~ Y kCVi(R,)?

ov
9A A=

where ks = cj “ps Ms(1 — ).
Excessive aggregate risk-taking: Suppose that a technology paying off ¢, at state s and zero

at other states, for s =1 and s = h, exists and they are used in the laissez-faire equilibrium. Consider
the following perturbation:

all (0) (1+ K@gq) ifs=1
as(f) = ailf(Q) 1— KA},fgph> its=nh
af (0) otherwise

This perturbation will increase K; by Ag; and reduce Kp by Agp. This will keep initial savings
fixed and only change the composition of the capital stock.

The impact on welfare of the perturbation is given by
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Z‘A/ Ao = Bp {/ CI(H)URz(Q)CledQ + /61(9)"?}g%az(@)fl(e)de} N
e [/ Ch(e)_URh(Q)W%dGﬂL /Ch(ﬁ)_aaggggf)SOhah(H)fh(@)d@]

From the pricing equation for the two technologies, we can cancel out the direct effect and it remains

only the externality

ov _ 1 ORY(9) / ORp(0)
NN B [plwzC'ovl (u (a), oK, a prenCouy | U (cp), 0K, a
using pspsfBes(0)7 = }gf(c(;), we obtain
oV Y P T
aiA = —CO (1 — Oé) [CO’UI (Rl ,Rl) — C’O'l)h (Rh ,Rh)]
A=0

Finally, using the approximation for Rs(6)~!, we obtain

ov

A ~ caa(l —a) [CV[ (RI)Q - CVy (Rh)z}

A=0

Notice that the mean and variance of returns can be written as

EY[Ry) =1+ a@¢Ko ! —§

N 2
Var®(Rs) = Var?((0 — 05)7) | (O,K)* !

The coefficient of variation can then be written as

s (0K, !
1+a0eK -6
Qg
(1—16) (0K ™ + aB,

Notice that CV; is decreasing in ©4 and K, so CV; > CV},. ]

Proof of proposition x.

Consider the following approximation of R !
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The covariance can then be written as

Cov? (R;l, RS) ~— [Varf;’ (RS) — Skew? (RS) + %Kurfj (R5>]

. . - - \3 - . _ \4
where R, = gl Skew? (R,) = EY [(Rs ~EY [RS]) ] and Kur®(R,) = EV [(RS ~EY [R8]> ]
Consider the perturbation that increases capital in state s by Agps, where ¢ is the payoff of a

technology that pays off only at state s: as(0) = af (0) (1 + %). The impact on welfare of a change

in Ag is given by

ov
0A

= —cy7(1 —a)Cov? (R; ', Ry)

Using the approximation derived above, we obtain

ov
0A

s ~ K [Vars“’ (RS) — Skew? (Rs) + %Kurf;’ <R5>]

where £k = ¢;7(1 — ).
Hence, the externality is larger in periods where the variance of R, is larger, the skewness is smaller,
and the kurtosis is larger. Notice this result generalizes the previous expression of the sufficient statistic,

since
Var? (Ry) = CVi (R,)?

A.2 Necessary first order conditions of the planning problem and Proof of Propo-
sition [4]

We first take the first order conditions associated with Problem[34] associating multipliers u®, psns, —psits

respective with constraints, and
We obtain, for each ws (6) :

Bu (cs (0)) Rs (0) K, if 0 <0,

, ) ) (42)
Bu' (cs (0)) Ry (0) Ky + FIOND + A5, if 0> 0,

Ms =

w
ocl

where¥® .= F [ﬁu/ (c1) 5 g—g s] Ko+ p*u (c?) 56 -
Additionally, for each 7%

e () = 08 [ (e 21 (43)

!
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From the first-order condition for és, we obtain the value of the Lagrange multiplier

Asils = » (9) — UON 0, (44)

where¥? := SE [u/( )‘}’g(f } K and g—(i = (1= Asly gy ) (O Kt

Last, the first-order condition for ¢ is given by

() = 9B [u @) re'| + 58 W @0 Six | e [ @) SE ] @)
Using condition Wwe can rewrite \i/? =F [u (a1 % % } K,+BE [ (Cl)f] ] ¢ With some simple
algebra, it can be verified that 86 =—-F [gg%s} K, = -E,, [% s] K, illustrating that an increase

in aggregate TFP generates a pecuniary transfer from entrepreneurs to workers, with a heterogeneous

burden on entrepreneurs. It follows that

. / OR
¥ = Cou,, (ﬁu (c1), %) K.

Also, rental market clearing guarantees that

. [85] = B, [1- M1y, |0 (0,K)* 1 =0,

S

which ensures that we can rewrite
/ wc’“)R / 8R
=PF |u(c1)—=—|s| Ks = Cou,, | pu (c1), — | K.
’ [ (1)faes|} (6 () a@)

Bcl

Analogously, we can verify that =—-F [g—ﬁK | + 7F and define Uk = Cou,, (ﬂul (c1), %

ORs
o) K,

This allows us to rewrite equation 45| as
u' (co) = BE [ul(cl)(}} (R+ Tk) gol} +FE [\ilk cpl} .
Last, the statement of the proposition normalizes i, \i/?, \ilg and ‘ili? by the marginal utility at ¢ = 0.

B A simple canonical case

The laissez-faire equilibrium can be solved in a simple-closed form when o = 1 and preferences take
the logarithmic form. In this case, the most extensively used in the literature on financial friction and
misallocation due to its ease of aggregation, the wealth and the substitution effect cancel out. The
hedging demand vanishes and savings become independent of returns and, therefore, constant across

states.
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As a consequence, the equations related to optimal savings simplify to

ws (0) = fs (0) ,or equivalently, as (f) = K, (46)
for each s € S, # € R, and
B
1+8 (47)

For particular cases of the conditional distribution of productivity, closed-form solutions are obtained
for the allocation. We resort to a a Generalized Pareto distribution, with cumulative distribution
function and density, respectively, given by
s

(0 mZ)(VsH) (48)

0 — my

Fol =1 (P21 T g -

Ts

with support [ms + xs,00). Here my is a location parameter, x5 is a scale parameter, and v, is a
shape parameter that plays a key role in determining the skewness of the distributionE The main
advantage of the Generalized Pareto is that the distribution of TFP of firms that operate also belongs
to that class, with the same location and shape parameters, but a scale parameter of és — mg , where
6, is still to be determined in equilibrium. Empirically, this distribution shows a good fit to the tail
distribution of firm size (Gabaix, 2009, and 2016, for instance).

Equilibrium in the rental market, in its turn, requires
. 1
Al = fs(0)] =1 = 0, = my + z AL, (49)

pinning down the scale parameter of the distribution of productivity for active firms.
Additionally, aggregate TFP is given by

1
TsAg®

05 = E[05]0 > ;) = my + —"~ (50)
1—vs
1

Vs

—E[9]s] + ”1(_;11) (51)

the last line calls attention to the role of capital reallocation which is induced by leverage and rental of
external capital, that is, A¢ > 0. The last term in that equation is an interaction term: high leverage
(high As) and heavier tails (low vy) are complements in their effect on aggregate TFP. In other words,
the presence of a higher mass of extremely productive firms increases TFP and output the higher are
leverage and reallocation possibilities. The scale term x5 which increases variance without affecting the
skewness of the distribution also complements leverage and reallocation possibilities.

Figure [4] plots the consequences of three moment shocks that have been documented to play key

roles along the business cycle. In particular, we consider three movements that are typically associated

2, —2
The mean is given by E[0|s] = m, + e, for vs > 1, the variance is given by V[b|s] = Mﬁjﬁ’

while the skewness is S[f]] = 2% V1-— 21/5_1, for vs > 3. When these restrictions on v, are not satisfied, these moments
are not finite. )

for vs > 2,
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Figure 4: Productivity distribution and equilibrium outcomes
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with economic downturns: a negative shock to the first moment, associated with worse prospects for
all firms, a positive shock to the second moment, associated to increased productivity dispersion and
uncertainty, and a negative shock the skewness, associated with less frequent extremely positive results.

The left-most panel displays an additive productivity decrease, a negative first-moment shock affect-
ing all potential producers uniformly. The leverage parameter is set to A; = 2 and market clearing in
the rental market ensures that the most productive half of the distribution of firms is active and operate
the totality of the capital stock. In the panel, rental market equilibrium is represented by the intersec-
tion of the horizontal dashed line at the quantile 0.5 and the cumulative distribution function, which
determines the marginal firm 0. As expected, this first-moment contraction decreases the marginal
firm and TFP by the same magnitude of the change in each firm’s TFP .

The panel in the middle of Figure [ displays a mean-preserving spread of the distribution of potential
firm productivity, which can be interpreted as an uncertainty shock. TFP always increases as long as
As > 1 allowing some capital reallocation, as indicated by equation and so will wages. We can
see that these dispersion shocks, when combined with capital reallocation, have consequences that help
mitigate the loss of TFP that a concurrent first moment shock typically brings. The consequences over
the marginal firm are theoretically ambiguous, nonetheless. If leverage is sufficiently low, as in the
numerical example illustrated, the marginal firm actually drops, since a mean preserving spread reduces
TFP of the median firm. Higher leverage economies (for instance, A; = 5) have their marginal firms
at higher percentiles of the productivity distribution (in this example, at the eightieth percentile), and
these are percentiles that increase with a mean preserving spread. In other words, if the marginal firm
is relatively in the left-tail of the productivity distribution, a mean preserving spread lowers it even
further.

Last, the right-most panel brings in a change in skewness, conditional on an unchanged mean.
Recent work has emphasized the extent of the skewness of the firm size distribution vary over the cycle
(see Salgado et al., [2016]). Skewness has been shown to be procyclical, so it tends to fall in bad times.

An increase in the parameter v; generates a negative skewness shock, that moves mass from right to
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Figure 5: Portfolio, returns, and consumption: mean shock
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Note: OP stands for optimal policy and LF stands for laissez-faire. The two colored dots denote marginal firms in
laissez-faire: the dot in blue, for the high mean case, while the one in orange, for the low mean case.

left in the distribution of firm productivity. TFP and wage unambiguously fall, and the more so, the
higher is leverage. The effects on the marginal firm again are theoretically ambiguous: the marginal

firm increases for low leverage economies and decreases for high leverage ones.

B.1 Optimal Policies and the business cycle

Figure [2] also serves as an illustration of how policies should react to the business cycle by illustrating
aggregate states that have different realizations of a first-moment shock. In orange, we have an aggregate
downturn that can be compared to a (higher mean) benchmark state, in blue.

The main lesson is that policies are stronger in downturns. The reallocation of net worth across firms
is more pronounced both in the extensive margin, as the larger jump in asset holdings at the marginal
firm indicates, and in the intensive margin, with a higher slope of optimal asset holdings with respect to
realized productivity. The outcomes of these intensified policies are a stronger change in marginal firm
and larger aggregate TFP gain from the policy intervention. The main reason is that a lower aggregate
TFP implies higher return volatility, which invites a larger policy response.

This intuition follows through when we evaluate uncertainty and skewness shocks. In Figure [0 we
study the consequences of a mean-preserving spread that makes productivity more dispersed. Although
the aggregate TFP increases with an uncertainty shock, the productivity of firms is itself more dispersed,
giving rise to large dispersion of returns on wealth. Again, this invites a larger policy response in both
the extensive and intensive margins, as indicated by the panel in the left-hand. This stronger policy
response leads to higher displacement of firms, larger capital reallocation, and a larger relative gain of
TFP. Last, Figure [7] studies skewness shock and shows that the conclusions are very similar["]

Therefore, all three key forms moment shocks understood to be associated with downturns generate
similar policy conclusions. The intensity of the use of the policy instruments that target reallocation of

resources is pro-cyclical.

7 An intriguing feature for future study is the fact that a skewness shock seems to generate a policy response concentrated
on the extensive margin.
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Figure 6: Portfolio, returns, and consumption: uncertainty shock
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Note: OP stands for optimal policy and LF stands for laissez-faire.

Figure 7: Portfolio, returns, and consumption: skewness shock
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Note: OP stands for optimal policy and LF stands for laissez-faire.

37




Figure 8: Optimal portfolio taxes

Optimal tax
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Figure [8] in its turn, displays portfolio taxes that implement the optimal allocation. The implica-
tions are consistent across the three moment shocks: there is constant tax on the savings of inactive
entrepreneurs, there is a subsidy that targets active firms and is increasing in the firm’s productivity,
and last, the magnitude of these instruments is counter-cyclical. Additionally, as Proposition [4] optimal

taxes are such that on average they stimulate aggregate savings and capital accumulation.

38



	Introduction
	Model
	Constrained inefficiency and risk externalities
	Laissez-faire equilibrium
	Risk externalities
	Testing the efficiency of aggregate risk-taking

	Optimal investment and risk-taking policy
	Implementation
	Characterization of optimality
	Optimal Policy – An illustration

	Extensions and additional analysis
	The optimal policy in the data
	Portfolio choice and risk aversion

	Conclusion
	Proofs
	Proofs of results from Section 3 
	Necessary first order conditions of the planning problem and Proof of Proposition 4

	A simple canonical case
	Optimal Policies and the business cycle


