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Abstract

The federal funds market changed drastically during the last decade, as new policy tools
were implemented while large-scale asset purchases programs increased reserve balances to
unprecedented levels. We develop a model of the federal funds market that incorporates
most of its salient features and recent changes. The model includes heterogeneous types of
banks and we estimate the parameters governing this heterogeneity using bank-level transac-
tion data. Consistent with the data, a small set of very active banks in the model participate
in the majority of loan transactions. We use the model to analyze the consequences of a
balance sheet normalization. We argue that the increase in interest rates will be larger if
reserves decrease disproportionately more for the set of active banks.
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1 Introduction

The federal funds market is an interbank over-the-counter market where financial institutions
lend and borrow reserve balances at the Federal Reserve Banks in order to meet requirements
and earn interest. The Federal Reserve implements its monetary policy targets by affecting
lending conditions in this market. However, the federal funds market experienced substantial
changes during the last decade. On one hand, the Federal Reserve introduced new policy
instruments, such as interest payments on reserves. On the other hand, the amount of reserve
balances held by banks increased substantially as a result of the large-scale asset purchase
program. However, going forward, the Federal Reserve is considering to shrink or “normalize”
its balance sheet from the current exceptional level. In light of all these changes, a natural
question arises: what will happen with interbank lending in the federal funds market as the
Federal Reserve normalizes its balance sheet, and how will this affect the implementation of
monetary policy targets?

This is the question we tackle in this paper. We develop a model of the federal funds
market that incorporates most of its salient features and recent changes. Two particularly
important features are present in the model. First, we incorporate all of the currently available
policy instruments for the Federal Reserve (Fed), including the interest rates on reserves (IOR),
the discount window, and the overnight reverse repurchase (ONRRP) facility. Second, we
include heterogeneous type of banks in the model and estimate the parameters governing this
heterogeneity to match cross-sectional moments. Adding heterogeneous banks helps us include
special type of institutions, such as Government Sponsored Enterprises (GSEs), but it also
allows to consider the role of a small set of banks that play a crucial role in the federal funds
market.

We then use the model to analyze the effects the Fed’s balance sheet normalization. We
argue that the normalization will increase interest rates in the federal funds market, but its
effect will crucially depend on the how the distribution of reserves across banks changes. In
particular, the largest increase in rates will occur if reserves decrease more for most active banks
in the federal funds market, even if these are very few banks. We argue that is likely to be the
more plausible case.

We model the over-the-counter nature of the federal funds market using a random-search

model. We assume that banks are heterogeneous on the probability in which they are matched



with other banks. We use bank-level transaction data (Fedwire) to estimate the heterogeneity
of matching probabilities. The estimation results in a small set of banks that account for the
vast majority of lending transactions. As in the data, the top 1% of most actives banks in the
model are counter-parties for 97% of total lending in the federal funds market. We show that
this set of very active banks constitutes a core in a network of lending, and most reallocation
of reserves across banks goes through these active banks. In turn, the trading behavior of the
most active banks has large effects on the interest rates in the market.

Consequently, if the balance sheet normalization decreases reserves mostly for active banks,
they hoard on to reserves and reduce their reallocation behavior. The interbank market quickly
“dries up”, and interest rate sharply increase. If the normalization decreases reserves for less
active banks, rates increase by less.

The rest of the paper is organized as follows. Section [2] lays out the model and discusses
how it incorporates key features of the federal funds market. Section [3| characterizes the equi-
librium. Sections {4f and [5| analyze versions of the model in which analytical solutions are
available. Section [6] derives positive implications of the model, and Section [7] uses this impli-
cations to estimate the model. Section [§| contains the quantitative analysis of the model, and

Section [J] performs the policy analysis. Section [I0] concludes.

2 Model

There is a unit measure of banks and a unit measure of identical brokers. Banks are ex ante
heterogeneous along several dimensions. To represent this heterogeneity, we define a set N =
{1,2..., N} of bank types and let n; € [0,1] represent the proportion of banks of type i € N,
with » ..y = 1. Banks can hold an asset we interpret as (claims to) reserve balances that
can be traded with other banks, directly or through brokers, during a trading session set in
continuous time. The trading session starts at time 0 and ends at time T', so trade takes place
during the time interval T = [0,7]. The aggregate supply of reserve balances, A, is given
at t = 0. Brokers do not hold reserves. The reserve balance that a bank holds (e.g., at its
Federal Reserve account) at a given time is represented by a real number, e.g., a € R. The
cumulative distribution function of reserve balances across all banks at time ¢ € T is denoted
Fy(a) = Y ,ennik} (a), where F} (a) : R x T — [0,1] is the cumulative distribution of reserve
balances across banks of type 7 at time ¢. The initial distribution, {Fg (a)} is given, and
A= [adF;(a) for all t € T.

1€N?



Banks can trade reserves in two ways: multilaterally through brokers, or bilaterally with
other banks. The brokered segment of the market is modeled as follows. Brokers have continu-
ous access to a competitive market that allows them to intermediate trades among banksE Each
bank periodically comes in contact with a broker who can trade in this market on the bank’s
behalf. A bank of type ¢ € N can execute trades through some broker at random times induced
by a Poisson process with arrival rate «; (this process is independent across banks). We model
trades as loans of reserve balances intermediated by brokers. Specifically, once a bank and a
broker have made contact, they bargain over the broker’s intermediation fee and the terms of
the loan, i.e., the size of the loan the bank is issuing or receiving at the interest rate quoted
by the broker. The bargaining outcome is determined by Nash bargaining. We use 6; € [0, 1]
to denote the bargaining strength of a bank of type i € N. After the terms of the transaction
have been agreed upon, the bank and the broker part ways.

The bilateral segment of the fed funds market is modeled as a conventional over-the-counter
market where bank of type ¢ € N can trade with another bank at random times induced by a
Poisson process with arrival rate 5, (this process is independent across banks and independent
of the process that drives trading opportunities with brokers). Conditional on meeting, the
counterparty is a random (uniform) draw from the population of all banks. Once two banks
have made contact, they bargain over the size of the loan and the quantity of reserve balances
to be repaid by the borrower. The bargaining outcome is determined by Nash bargaining. We
assume that when a bank of type ¢ € N negotiates with a bank of type j € N, the bargaining
power of the former is 6;; = I, 2530/ (0; +6;) +1;—; (1/2). After the terms of the transaction
have been agreed upon, the banks part ways. We assume all loans, bilateral and brokered, are
settled at time 7 > T.

We assume that all reserve loans and broker fees are settled at time 7' > T (i.e., some time
in the following, unmodelled, trading day) and that banks value reserve balances linearly at
that time. Specifically, if ¢ € R is a bank’s net credit position (including loans and broker fees)
to be settled at T that has resulted from a certain history of trades, then e (T ¢ is the bank’s
payoff from this credit balance at time ¢ € [0, 7], where r € R} is the discount rate common to
all banks and brokers.

Throughout the session, banks receive payment shocks that induce reallocations of reserve

!The interbroker competitive is a convenient approximation to a market structure where trade between brokers
is decentralized, but brokers can contact each other at very high rates.



balances among pairs of banks. Specifically, with Poisson rate \;, a bank of type ¢ € N is forced
to make an immediate transfer of reserves to a counterparty drawn randomly (uniformly) from
the population of banks. This process for payment shocks is independent across banks and
independent of the processes that drive bilateral trading opportunities between banks and
trading opportunities with brokers. Once a bank of type ¢ and a bank of type j are connected
by a payment shock initiated by the bank of type i (i.e., according to the Poisson process
with rate \;), the amount of reserves that the bank of type i sends the bank of type j is
modeled as a random variable with cumulative distribution function G¥ : Z — [0,1], where
Z C R. To capture the notion that these payments are transfers between pairs of banks, we
assume [ 2dG% (z) = 0, and dG¥Y (2) = dG7* (—z) for i # j.

For each i € N, define the function U : R — R, where U’ (a) represents the payoff to a bank
of type i from holding reserve balance a € R at the end of the trading session. Similarly, for each
i € N, define the function u’ : R — R, where u’ (a) represents the flow payoff to a bank of type
1 from holding reserve balance a € R during the trading session. The type of a bank is defined
JeN ,ul, U, in the

sense that each of the n; banks of type ¢ has trading frequency «; for trades with brokers, trading

by a vector of primitives, i.e., type i € N is defined by (n;, a;, 5;, 0, Ai, {Gij}

frequency §; for direct, non-brokered bilateral trades with other banks, bargaining power 6;,
payment frequency A;, probability distribution {Gij }j N of payment shock sizes, intraday payoff

function u’, and end-of-day payoff function U*.

2.1 Discussion

XXX

3 Equilibrium

Let J} (a,c) : Nx T x R? — R be the maximum attainable payoff to a bank of type i that
at time ¢ € T has reserve balance a € R and net credit position ¢ € R. It can be shown
that Ji (a,¢) = Vji(a) + e "¢, where Vi (a) : Nx T x R — R is the maximum expected
discounted payoff a bank of type ¢ € N can obtain when holding a € R reserve balances at time
teTH

Whenever a bank and a broker make contact during the trading session, they bargain over

the broker’s intermediation fee and the terms of the loan. Specifically, consider a meeting at time

2See Lemma [3]in the appendix.



t between a broker and a bank whose reserve balance is a. Let a’ denote the bank’s post-trade
balance, ¢ the intermediation fee earned by the broker, and p, the gross interest rate on loans
prevailing at time ¢ in the competitive market where brokers interact with each other on behalf of
their clients. We take (a’, ¢) to be the outcome corresponding to the Nash solution to a bargain-
ing problem where the bank has bargaining power 6; € [0, 1]. The bank’s continuation payoff is
Vi (a')—e T [p,(a/ — a) + @] if an agreement (a’, @) is reached, and V;'(a) in case of disagree-
ment. Thus, the bank’s gain from trade is V} (a/) =V} (a)—e "I~ [p,(a’ — a) + ¢]. The dealer’s
gain from this trade is equal to the present value of the intermediation fee, e*r(T*t)qﬁ. The

bargaining outcome is

@', 61" (@)] = arg o, V(&) = Vi(a) - e [pyla’ —a) + qﬂ]ei [ -
This solution can be written as
a;’ = arg max [Vi(d') — pra] (1)
e T (a) = (1= 0) [V} (a) = Vii(a) — pulaf’ — a)] (2)
where p; = e*’"(T*t)pt-

Whenever two banks meet during the trading session, they bargain over the size of the loan
and the size of the repayment. Consider a bank of type ¢ € N with reserve balance a that
contacts a bank of type j € N with reserve balance @; the pair (b (a,a), R} (@,a)) denotes the
bilateral terms of trade negotiated by these banks at time ¢t. That is, bij (a,a) is the quantity
of reserves that the bank of type ¢ with balance a lends to the bank of type j with balance a,
and R{i (@, a) is the quantity of balances that the latter commits to repay at time 7. Then for
any (a,d,t) € R2 x T, [b (a,a), R} (@,a)] is the solution to

o Vita—)+ IR Vi @] Vi @+b) - TR -V @)
with R = [—l_), E], where b € Ry U {oc} represents a limit on bilateral credit exposures (there is
no borrowing limit if b = 0o0). The first-order conditions for this problem imply
b (a,d) € argmax S (a, @, b) (3)
beR
e TORY (@,0) = 05 Vi (@+ 0] (0.0) = Vi @)] + 05 [Vi (@) = Via =¥ (@a))] . ()

where

59 (a,a,b) = Vi(a—b) + Vi (a+b) — V{ (a) — V{ (a).



The gross interest rate on this loan of size ‘bij (a, d)‘ >0 is

R]' (a,a)

1+pl (a,0) = L2
O )

The value function V; (a) satisfies

T
Vi (a) = Et{H{T—tﬁmin[T(ai),T(ﬁi)ﬂ'()\i)]} [/t 0y (a) ds 4+ e " TIU (a)

t+7(Ap) oo
+ Lz () <minfr(as),m(8;),7—1]} /t e "y (a) ds

TSy [ Vs (0 - 2) G )

jEN

t+7(cw) Ny
+ Lt (o) <min[r(8;),r (M), T—4]} /t e (a) ds
+ 6_7’7'(041') {‘/tZ-I—T(ai) (a:—Z&—T(ai))
_ e—T{T—[t—i-T(ai)]} [pt-FT(ai)(a;‘i‘r(a ) + ¢t+7. az)( )] }]

(B —r(s—t), i
+ L7 (8,) <minfr(ai),r(\), T—1]} /t e u' (a)ds

03 f [V b 030 + R @) a7, @) 6

where
Ajn; Ay

= S g

€N

is the probability the counterparty in a random bilateral payment shock is a bank of type j,

_ By
Y B

keN

is the probability the counterparty in a random bilateral trade is a bank of type j, R{iT( 8.) (a,a) =
e_r{T_[t'”(ﬁi)]}RZiT(ﬂ) (a,a), and 7 (¢) denotes the exponentially distributed random time un-

til the first passage time of the Poisson process with rate (.



Lemma 1 The Bellman equation @ can be written as

i — |1 _ R +B XN )(T—t) u' (a) —(rRi+B4 N ) (T—t) i
Vi (a) {1 e }T+/‘ii+ﬁi+)\z‘+e U'(a)

JEN

+)\i/ —(r+ri+Bi+A) (T—1) {Zﬂj/vz G”( )] dr
t

T
+ /ﬁ/ e (rrit Bt AT max [Vi(a') — pr(a’ — a)] dr
t

a’eR
T
+ 8, / BN VE @)+ Y038y [ max s (a2 b)dF @) dr (7)
t JEN
(with k; = a;0;), or equivalently, as
rVi (a) = V{ (a) + o’ (a)
+ rimax [Vi(a') = pi(d = a) = V/ (a)]
+ N\ Zw]/ Vi (a—z) — Vi (a)] dGY (z)
JEN
+ B, Zaj Z]/maij (a,a,b) dF} (a) (8)
JEN
with boundary condition Vi (a) = U (a).
Lemma 2 The value function V;i (a) : T x R — R that satisfies @ takes the form
Vi (a) = vi (a) + gja, (9)
where gi € R satisfies
T
q = / e rHRitBAA T [gp .+ (B, + Ni) ¢t dr (10)
t
for every t, and v} (a) : T x R — R solves
i — |1 = e (rmitBit M) (T—) u' (a) —(rritB+N) (T—t) 77
vy (a) [ e }T+/€i+ﬁi+>\i+e U'(a)

T
+/ e(r+ﬁi+/gi+>\i)(7t){ |: )+ E 0; ”/maxs a,a,b) dF? (a)
¢

jeN

+ X\ Zw]/ (a— z) G’J()}dr+K§' (11)

JeEN



with

and
. T . .
iz [ OB ot () = (5, ) ] ar
t CLIE
T .
Y |:/ 6(r+m+6i+)\i)(7—t)q§_d7{| % (12)
t
where

zZ = Zﬂj/szU (2). (13)

JEN
For every i € N, let u* and U’ be continuous and bounded functions, and assume b < oo, and
0 < pt—q for allt € T. Then there exists a unique function Vi (a) : Nx T x R — R that
satisfies @ If in addition, u' and U' are increasing and concave functions of a, then for
every (i,t) € Nx [0,T), vi is an increasing and concave function of a. Moreover, v} is strictly
increasing if either u' or U’ is strictly increasing, and strictly concave if either u' or U’ is

strictly concave.

Consider a bank with preference type ¢ € N and reserve balance ¢ € R who trades with a
broker at time t € T. Given and Lemma |2 this bank’s post-trade reserve balance is
' = argmax [vf(@) — (i — gf) '] (14)
Since each bank of type ¢ contacts a broker at the same rate, «;, the measure of banks of type i
that can trade reserves in any instant is a;n;. Thus the total quantity of reserves held by banks
of type i that is available for trade in the interbroker market in any instant is «; A%, and the
total quantity of reserves demanded by those type i banks who contact brokers is A" = n;a;}".
Hence the clearing condition in the interbroker market is
D ai (A7 — A}) =0. (15)
€N
With the notation in Lemma [2| we can write and as

b7 (a,a) € argmax s¥ (a,d, b) (16)
beR

TR @) = 0, [vl @+ (a,0) — o] (@)]
+ 051 [vf (@) ~ vi(a ~ b7 (0,0))]
+ (0i5q + 05i0))bf (a, ). (17)



Let f} (a) = dF} () denote the probability density function of reserve holdings among banks

of type ¢ at time t. This density follows the law of motion

Fia) + (i + B+ A) fi (@) = aall gy + A S5 / / Ly ooy dF} (2) dGY (2)

jEN

+8) o / / Ly 43 i)y 4F7 (2) dFY (@). (18)

JEN
Let A% denote the consolidated reserve balance of all banks of type i at time t, i.e.,
Al = ni/adFti (a). (19)
Then,

Al = oy (A7 = AD) — \ing Zﬂ'j /szij (2)
jeN
s>y [ [0 (@a)aF @) dF ). (20)
jeN
Hereafter, let q, = {qé}ieN, v (4) = {v% (-)}ieN, a; = {CLZ"'}EN, b (-,:) = {bij (+,-) }ijen,
R, ('> ) = {Rij ('7 ')}i,jENa F, () = {Ftl (')}iEN’ and A; = {Azlf}leN
Definition 1 An equilibrium is a time-path {q;,v; (*) ,a},ps, by (-,-) , Ry () , Fy () , Ag}yeq that

satisfies (@), , , , (@, , (@, and @), given an initial condition F.

4 Quadratic end-of-day payoffs

Suppose {ui, U ’} are given by

1€EN
i L o
u' (a) = cija — §bia (21)
, 1
U'(a) = Cia — §Bia2, (22)

with b, ¢;, B;,C; € Ry for all i € N. Then function v} (a) that solves (11)) is

. . 1 . .
vy (a) = nja — §u;a2 + <3, (23)

10



where ¢} satisfies

¥ ; Pr— G — " iy, il _
$p =16 = —mu + A | (0} + ¢f) 7+ i (0F + 2)
2;4 2
o o } . . 1 L
—Bi Z Ll [ (0} + i = = a)(m +al =0 — af = 2} —A]) + (u}) 3]
]EN Wi+ ,u J
(24)
with boundary condition d;p = 0, where %; is given by (13|), A% is given by ,
o? = Z T / 22dGY (z) — 7}
jEN
¥ = /anFti (a),
and 7} and p! satisfy
i — (r + w4 By my = —ci — NiZinyy
— B 77t+ZUJ ij i <77t‘|‘Qt 7] —qt AJ) (25)
jEN My /’Lt j
_ _ A (ui)®
i = (r = mi + By) pp = —bi = By |+ ) 00— (26)
jeN 2(pe + 1)
with boundary conditions niT = (C; and /ﬁT = B;.
The maximization on the right side of implies
i i
at* = = (= ai). (27)

i
Condition then implies

pe=) win+ > wigi — Y ajA;, (28)

ieN ieN ieN
where
i Ny
V= —
T
Ky
~d o 7
at p—
ZjeN Vi
i
) v
(- t
wp =



With , condition implies

Gf = (r+ri)gf —wi | Y wing+ ) wigp — Y & A (29)
i€N ieN i€N
with boundary condition qé} =0 for all 1 € N.
Consider a bilateral trade at time ¢ between a bank of type ¢ with balance a and a bank of
type j with balance a; the loan from the former to the latter is
» I a4l — (0t — uia+ ¢
b? ((I, EL) _ Nfr — pr QT. (77; Hr qf)7 (30)
pr + pr

and their respective post trade balances are

(@)= Trad-m-d

a—b7 (a,a - —— (a+a)
i + 17 i + 1]
. J Jo_ i i i
i+ H pi + p
Remark 1 Need to write down the laws of motion for
Ay = (31)
and
%= (32)

with initial conditions AB and 26 given for all i € N.

”Let q; = {qg}ieN’ n = {U%}ZGN, MKy = {'U“%}iGN’ St = {gi}igl\w a‘;k = {a:i}z‘eNa by ()) =
{b? ('7 ')}i,jENa At = {A%}iEN’ and Et = {E%}zEN

Definition 2 An equilibrium is characterized by a time-path {S¢, ny, py, af, pe, Gy, e (+,-) , A, Bt byep

that satisfies (Z4). (Z8). (@9). (2. @), ). 9. ). and {53,
5 Pure Brokered Market

Assume §; =0 for all 1 € N.

12



Proposition 1 Assume that for all i € N, u' and U® are nondecreasing (at least one in-
creasing), concave (at least one strictly concave), and smooth functions of a. Let hi(x) =
arg maxqcg |[vj(a) — zal, and suppose limy_,o hj (¥) < 0 for each t € T and all i € N. Then
an equilibrium is summarized by a path {q;, As},cr that satisfies the following system of 2N

first-order differential equations

Gt = (r+ ki) 4 — i} (@, Av) (33)
A} = a; [nihi (0} (g4, Ar) — ¢7) — Aj] — Ainaz; (34)
with N initial conditions Ay, and N terminal conditions qp = 0, where for each t € T,

p; (gy, Ay) is the unique price of reserves, p;, that satisfies

> i [nih (b} — q}) — Aj] =0.

ieN
5.1 Piecewise linear end-of-day payoff

Consider the following special case. Assume no payment shocks, i.e., A\; = 0 for all ¢ € N. Also

for all @ € R and i € N, assume u‘ (a) = 0 and

U'(a) = To<a—ayiir, + Lia—a<opitrr] (a — @), (35)

where a, jiy, iy € Ry, with py < puy. Define R' = n;a, and let R = Y ieN R'. In this case, the
function v} that solves is

vi (a) = pi (a) (a — a) + <},

where
gy (a) = e CTRITD Lo vy, + o acoy i)
and
. T .
St = K;Z-/ e~ ()= max [v(a) — psa’] ds.
t a

The maximizer on the right of can be written as

ai' (P}) = argmax { [[o<o -~y iz, + Lo —a<0jinr] (@' = a) = Pa'}

13



or equivalently, .
oo if P} < g
s tmen
af (P})=9 a ifpu, <P/ <py (36)
w_ it Pl =puy

where s, € [a, 0], and »_ € [—00,al, and
P} = et (p, — gl .

Condition then implies
Z Q; [niafi (Pti) — Aﬂ =0. (37)
€N
Let NY = {iEN:uL<Pti<uH}, N/ = {iEN:Pti:uL}, and N, = {iEN:Pti:uH}.
Notice cannot hold if there exist some i € N;\ (N;F UNYUN; ) With this notation, |D
and imply that, taking {q@}l cn as given, the market-clearing price, p;, satisfies

Zai [n, <]I{ieNf}%+ + H{iEN?}Q+ H{ieN{}%—> — Ai:| =0. (38)
1€N
Generically (given k; # &; for all 4, j € N), the equilibrium can take one of three configurations:
(i) N # @ and N = N\N;, (i) N = N, (4ii) NJ # @ and N) = N\N;". In case (i),
becomes ZieNt‘ anix_ + ZieN\N; Qi = Y oy a; AL, with 2 € [~o0,a], and p; =
e rtrs)T=0 1 + ¢f* = fy, where s; € N;. In case (iii), becomes ZieNj ainixy +
ey @inia = ey @iAf, with sy € [a,00], and py = e HITT0 ) 4git = p o where
I; € Nf. In case (ii), becomes ) ;o @inia = Y oy a; AL and p; € [Qt,ﬁt]. Therefore, the
market-clearing price at time ¢ is
pr if0<R— A
pp fR—A =0 (39)
p, ifR—A <O,

bt

where

Ay = Z Al

€N

R = ZaiRi,

€N

14



pr = e rtra)T=0) 4 @, p, = e*(T+l-@lt)(T*t)uL + qit’ and p; € [Bt’ﬁt]' With and 7
condition becomes Al = [nia;" (P}) — Aj]. If we assume N; = {s;} and N = {l;}, then
we can write
N Q; (RZ — A%) ]I{i;ést} — ]I{i:st} ZjeN\{st} aj(Rj — Ai) ifO<R~— .At
Aj =14 a; (R — A} O fR-A=0 (40)
(o7} (]%z - A%) ]I{i;élt} - H{izlt} ZjGN\{lf,} Otj(Rj - Ag) iftR—A <O0.

In order to find an equilibrium, we need to find a path {qi, Dt A;}Z ENET that satisfies ,
(E9). and (@)

The following proposition characterizes the equilibrium set for a leading example.

Proposition 2 Assume N = 2, with a1 < oo, and all other parameters the same across types.
(i) Suppose 0 < R— A and 0 < R — Ag. The equilibrium price is p; = e " T—Ypuy for allt € T,
and no bank provides liquidity for other banks.
(i) Suppose R— A < 0 and R — Ay < 0. The equilibrium price is py = e " Ty, for allt € T,
and no bank provides liquidity for other banks.
(11i) Suppose 0 < R— A and R — Ay <0. (a) If

efalT

R-AS = o (R— Ao), (41)

the equilibrium is as in part (ii). (b) If
e—alT

e (R A) < R4, (42)

the equilibrium price s

by — e~ (" —t) [e—r(T—t*)luH — e (rtrN)(T—t*) (g — NL)] fort €[0,t%) (43)
! e "=t forte [t*,T]
with
1 1 R— A

f=—In(l-— 44
t a1 . ( an R—A > ’ ( )

and for any t € [0,t*), the distribution of balances, {Aé}ieN’ s given by
AN =AY — (1 —e ") (R' — A7) (45)
Ap =R'—e " (R' — A}), (46)

so banks of type N provide liquidity to banks of type 1 during [0,t*).

15



(iv) Suppose R— A <0 and 0 <R — Ay. (a) If @ holds (with “<”), equilibrium is as in part
(i). (b) If holds with “<”, the equilibrium price is

b= { e [emr Ty 4 e R T) (uy — pup)] - for t € [0,1%)

e Ty, forte [t*,T) (47)

with t* given by , the distribution of balances, {Ai}z‘eN’ is given by and , so banks
of type N provide liquidity to banks of type 1 during [0,t*).
(v) Suppose R— A =R — Ay = 0. The equilibrium price is indeterminate, i.e., any p; such that

e T=tp, € (g, pr] s an equilibrium price, and no bank provides liquidity for other banks.

Figure [77] shows the regions of parameter space where each type of equilibrium described
in Proposition [2| exists. The figure has R? — Ag on the vertical axis (i.e., the time-0 pre-
trade “excess demand” by all banks of type 2), and R! — A(l) on the horizontal axis (i.e.,
the time-0 pre-trade “excess demand” by all banks of type 1). There are three boundaries:
RN — AN = — (R1 — A(l)), RN — AN = —g—; (Rl — A(l)), and RN — AY = —% (Rl —A(l)), where
a =e *Tay+ (1—e ) ay. Combinations of R' — Af and R? — A2 that lie above (below)
the first boundary correspond to situations in which the market as a whole has insufficient
(excessive) balances relative to the aggregate reserve requirement, i.e., 0 < R— A (R— A < 0).
Combinations of R! — A} and R? — A% that lie above (below) the second boundary correspond
to situations in which the consolidated reserves of the banks participating in the interbroker
market at ¢ = 0 are lower (larger) than their aggregate reserve requirements, i.e., 0 < R — Ay.
The proposition shows that faster banks play a role in liquidity provision when their initial
net position (reserves minus requirement) has the opposite sign to the marketwide net position
and is large enough in magnitude. Consider region (i) (b), for example, where the marketwide
net reserve position is negative, i.e., A < R, but the pre-trade reserve position of the banks
of type 2 that participate of the interbroker market at ¢ = 0 is positive but moderate in
magnitude, i.e., 0 < % (Rl — A(l)) < Aév - RN < S—le (R1 — A[l)). In this case, type 2 banks
accommodate the trading needs of type 1 banks by lending them their excess reserves early
in the day, i.e., during [0,¢*]. Conversely, consider region (iv)(b), where the marketwide net
reserve position is positive, i.e., R < A, but the pre-trade position of the banks of type 2 that
participate of the interbroker market at ¢ = 0 is negative and moderate in magnitude, i.e.,
% (R' — A}) < A — RN < oy (R' — Aj) < 0. In this case, type 2 banks accommodate the
trading needs of type 1 banks by purchasing their excess reserves early in the day, i.e., during

[0, ¢*].
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The following proposition shows the role that heterogeneity in « plays in generating liquidity

provision.

Proposition 3 Assume a; = « for all i € N. The equilibrium price for allt € T is

Ty Q€ lpppy] fFR—A=0

The path for the distribution of balances is indeterminate, and there is no liquidity provision in

equilibrium.

Notice we still have 0; # 0; for all 4, j € N, and therefore r; # x; for all 4,5 € N, yet there

is no liquidity provision by banks.

6 Positive Implications

The performance of the fed funds market is typically assessed with measures of volume traded,
reserves reallocation across banks, and the distribution of interest rates resulting from these
trades. In this section, we derive theoretical counterparts of these measures. In Section [7| we
compute the empirical counterpart of the measures derived in this section, and use them to

estimate the key model parameters.

6.1 Trade volume

Daily trade volume in the brokered market is 0P™ = fOT P dt, where

1 , 4

bm __ ) % 4

vt =g g o ‘nlat —At‘
1€N

is the volume traded at time ¢. Similarly, the daily volume in bilateral trades is given as

obt :f(;f vPtdt, where
1 Iy B . ;
obt = izmﬂi / Zoj / b (a,a)dF} (@) | dF}(a)
€N jeN

is the volume of bilateral trades at time t. The total volume traded in a day is v = fOT vdt

where v; = vP™ + VPt
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6.2 Effective fed funds rate

The (gross) interest rate on loans extended at time ¢t € T in the brokered market is p,. So
the average volume-weighted daily rate in the brokered market is p = fOT wpdt, where w; =
vP™ /oP™ | This is the rate on intermediated transactions that would be reported by brokers, so it
is the model equivalent of the rate used to compute effective fed funds rate. Additionaly, brokers
charge a fee, which introduces a spread between the borrowing and lending rates. Specifically,
the (gross) cum-fee interest rate that a broker offers a bank of type i with pre-trade balance a

who trades a loan of size a’ — a # 0 at time ¢, is

*7
i d,a) = t (a)‘
Pt ( ) Pt + a/ —a
The interest rate on bilateral trades is given by pij (a,a). The volume-weighted interest rate
on bilateral transactions is given as
T . i,
Pt = / Z (/ / pi (a,a)w (a, d)d&da) dt
0 Z,]ENZ aJa
where @/ (a, @) is the volume transacted bilaterally between bank ¢ with holdings a and bank

j with holdings a at time ¢, relative to the volume of all bilateral transactions

o b, (Syenes i o @) | aF @) dFia)
Wy (aa a) = 5 bt

The Effective Fed Funds Rate (EFFR) is then given as EFFR = “b%mﬁbt + %btf).

v

6.3 Intermediation, Reallocation and Network of Trades

6.3.1 Intermediation

A key measure of intermediation is the fraction of total volume of trade transacted by a par-

ticular bank type. Let m? be the total dollar-volume of loans either received or extended by

b T
m; = / 1B, /
0 a

The fraction of total volume intermediated by bank type i then is

banks type @

S o / b?(a,a)‘ng(a) dF} (a)dt

JEN

b
Bi= i (48)

=1 b
b] ZjeN m;
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Thus, B; is the fraction of total bilateral loans that had banks’ type 7 as a counterpart. For
instance, if B; = 1, banks type ¢ participated in every bilateral transaction. Measures B; will

be very useful in identifying meeting meeting probabilities {3;, o };cn-
6.3.2 Reallocation

Banks trade partially because they profit from reallocating reserves from those who are long to
those who are short. We measure this reallocation by computing the net amount of reserves
that banks trade, subtracting purchases from sales. Let O be the amount of reserves that
banks type i lent to others (sold reserves), and OF be the amount that it borrowed from others

(purchased reserves). Formally

/n’ﬁ/ Z"J/ 0,550y 0F7 (@) | dt
/ nlﬁ/a ZU]/ (a,a {b”aa)<o}dF() dt

JEN
Notice that O}, (’)f > (0. We measure reallocation as
O; -0
Os +0OF
Notice that R; € [-1,1]. If R; = 1, banks type i only lent to other banks and did not borrow

Ri =

at all. On the contrary, if R; = —1, banks type ¢ only borrowed. If R; = 0, then banks type i
only intermediated reserves by lending every dollar that they borrowed. We can think of banks

with R; = 0 as being market makers, connecting banks in need of reserves to those in excess.

6.3.3 Network of Trades

Reallocation occurs through a network of trades. We compute the network of flows from on

set of banks to another as

Mij = / n;B; / ZJJ / DLy =034 Fl(a) | dF}(a)dt

Thus, 7;; measures the amount of reserves that banks  lent to banks j. Notice that 7;; > 0. We
normalize to 7;; to fractions as
Mij
Y Y ene T
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7 Micro Data and Model Estimation

In this section, we compute the empirical counterpart of the theoretical measures derive in
Section [0 We use these measures to estimate the model parameters. We start by describing

the data we have, and then move to the model estimation.

7.1 Transaction Level Data

We use two databases for estimating the model. The first database includes all transactions
done using Fedwire Funds system. This is an electronic system that banks use to settle payments
among them, and is also the system used to lend/borrow federal funds loans. We use a version
of the Furfine algorithm to identify fed funds loans, and label the remaining transactions as
payment shpcks. The second database we use is maintained by Monetary Affairs Division at
the Federal Reserve Board, and it includes reserves balances as well as required balances for
each bank on a daily basis. We use this secon database to compute the distribution of reserves
across banks.

A more detailed explanation of each database can be found in Appendix [C]

7.2 Model Estimation

The model has N type of banks, and each type is characterized by parameters
@i = (nia Qi 57j7 9i> )‘i7 Fé? {G”}JEN 7uia UZ) .

We start by discussing how we identify the N types of banks, and then move to estimate ©;. We

will use hats “%” to denote the empirical counterpart of of any variable/moment x in the model.

7.2.1 Identifying Banks’ Types

We allocate banks into types by measuring their participation on the fed funds market. For

each bank i, we compute their intermediation volume as

N

~b
m
B; 1

:17/\1)
3 2,570

where m? is the total dollar volume of loans either received or extended by bank i. The measure

(49)

l”;’i is the empirical counterpart to B; in equation 48| for an individual bank.
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A small set of banks account for a large amount of intermediation. Figure [I] shows this
by plotting B; for each bank in our sample during 2005. In this year, the four banks with
the largest B; were counterparties for about 97% of total trades We think of these four top
banks as very active/fast group of traders, while the other banks are less active and largely
homogeneous on their trading intensities.

In light of this, we separate banks into three groups: N = 3. The first group is composed
by the top four banks, which we label F' for fast. As a second group, we put together all
Government Sponsored Enterprises (GSE), which we label as G. Having a separate group for
GSE is important because of the different legal structure they face, as well as the special role
they play in the fed funds market. The third group is the remaining of banks, which we label
S for slow. As before, we denote N = {F, S, G} to the group of banks’ types.

7.2.2 Banks Parameters ©;

We use year 2005 as baseline to estimate most parameters. We take n; to be the fraction of
each bank type. We calibrate {f3;},c so that intermediation volume B; matches its empirical
counterpart BZ Because ), B; = 2, we need an additional condition to identify {3;},c. We
chose the average of 8s to match the ratio of total bilateral trades to total excess reserves in
the economy. We assume that all banks have the same contact probability in the brokered
market a; = a Vi = F, S, G, and calibrate o to match the ratio of brokered trades relative to
the total. We assume 0; =1 Vi = F, S, G so that all banks have the same bargaining power.
We take the end-of-day pay-off U(a) to be to be return a bank receive on its reserves at

the Fed. Let a; be the required reserves for bank i. Then,

a+ija; +ij(a— a;) if a > g

Ui(a) =

a+ila; —i(a; — a) if a < g,
where 4] is the interest paid on required reserves, ¢ is the return paid on excess reserves, and ;"
is the discount window rate. We allow for interest rates to depend on bank’s type ¢ to account
for the different returns received by GSE. We assume there are no intra-day payoffs u‘(a) = 0.

We set reserves requirement to a; = 0 Vi, and consider a as the excess reserves of each

3Very similar can be found for other years, see Appendix

4We compute B; as the intermediation made by all banks in that group. This is B; = ZZ‘G’ZM
3

. See Appendix
X for more details.
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bankﬂ We compute compute Fi(a) as the distribution of excess reserves at 9:00 AM across
banks within each type, which we obtain using reserves data as explained in Section Ap-
pendix |C| contains more details on the estimation of the distribution of F¢(a).

We test the model predictions for several years. The only parameter we change across years
is the initial distribution F{(a). Figure [2| shows the excess reserves distribution for each type
of bank in years 2005 and 2018. There are two things worth noticing. First, during 2005,
excess reserves were positive on average but largely concentrated around zero. The exception
is for bank type F', whose reserves distribution is more disperse. Second, during 2018, most
banks started their day in excess of reserves and only a few were short in reserves. This is the
counterpart of the quantitative easing program implemented by the Fed. Importantly, banks
type F' are the ones whose reserves increased the most. This accumulation of reserves for F

banks will be key in the policy discussions of Section [9]

8 Quantitative Analysis

In this section, we analyze the quantitative properties of the model and compare them with the
empirical counterparts. We focus on two dimension. First, we analyze how banks intermediate
to reallocate reserves among them. Second, we compute the distribution of interest rates that
result from this intermediation. Finally, we put these two part pieces together to analyze the
network of trades across banks. We evaluate the model in 2005 and 2018, and compute identical
measures in the data.

Banks efficiently reallocate reserves from those who are in excess to those who are in
need. Figure|3|shows the distribution of excess reserves for each bank type at different points in
the day. The distributions are more disperse at the beginning of the day, and they concentrate
around zero as they trading sessions go by. Interestingly, this reallocation pattern is also true
for the 2018 calibration, even if most banks are long in reserves. Thus, banks trade among
them and efficiently reallocate reserves.

Banks type F' are largely responsible for the reallocation just discussed, despite of being a
small fraction of total banks. For both 2005 and 2018, the measure of banks type F' is less
than 1% but they intermediated about 97% of all dollars traded, as Figure 4] shows. Rel-
ative to 2005, GSEs doubled their intermediation share in 2018, which the model captures

In Appendix [Al we show that normalizing @; = 0 is without loss of generality.
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accurately. However, the model misses the decline in intermediation for S banks.

Banks may trade because they are short/long in reserves, or because they profit from real-
locating reserves. Our reallocation measure R; measures the trading motive: if R; ~ 0, banks
are only reallocating reserves by selling roughly every dollar they buy; while R; ~ 1 implies
a banks is a net lender/borrower. Figure |5 shows the reallocation measure R; for each bank
type and year, in the data and the model

Banks type F' are clear market-makers since they participate in most dollars transacted
(Br = 1) but largely reallocate reserves across banks (Rr = 0). On the contrary, GSEs are
largely lenders (Rg = 1) and they participate in fewer transactions (small Bg). The S banks
are the bulk of traders, their measure is 96% of total banks, but they trade less frequently and
mostly to borrow (negative Rg). Our model captures this trade dynamics in the Fed Funds
market, and is thus suitable for policy analysis.

There is a rich distribution of interest rates transacted as a result of the heterogeneity of
banks in the fed funds market. Figure[6] shows the cumulative density function of interest rate
for years 2005 and 2018, for both model and data. We normalize the data (and the model) by
subtracting the lowest rate paid by the Federal Reserve on that day—which was always zero in
2005, and the ONRRP in 2018.

For year 2018, the model generates about 50% of trades with rates between the IOR and
the ONRRP. The model generates this because GSEs are willing to lend at any rate above
the ONRRP and, as in the data, their share in the volume of intermediation increases. Trades
with interest rates below IOR have been pervasive since the Great Recession, and the focus of
recent policy debates. In particular, there is still uncertainty on when the IOR will be a floor
on interest rates instead of a ceiling. We use the model to discuss this topic on Section [9

Figure [7] puts together the pieces discussed so far in this Section by plotting the network of
loans implied by the model. As can be seen, banks type F' are at the core of the network loans

and virtually all reallocation of reserves involves them.

9 Policy Analysis

Reserve balances held by banks at the Fed increased substantially during 2008-2014 as a result
of the large-scale asset purchases program that the Fed implemented. Recently, the Fed has
started to reduce its assets holdings with the consequent decrease in reserves balances. In this

scenario, a natural question arises: what will happen with the Effective Fed Funds Rate (EFFR)
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during the normalization period? We tackle this question in this section.

We analyze the effect of a $15 billions decrease in reserves, which was about 10% of the
excess reserves by the end of 2018. We consider two possible scenarios for the reduction in
reserves. First, an scenario in which all bank loose the same amount of reserves. We refer to
this as Scenario All. We consider a second scenario in which only F' banks experience a decline
in reserves. We refer to this as Scenario F. Interest rates are kept constant.

Our model predicts that the dispersion of interest rates will increase substantially more
under Scenario F, although the EFFR will increases more under Scenario All. Figure |8 shows
the box plot of interest rate in each scenario—as well as the model prediction during 2018 for
comparisons. The intuition for these results are as follows. The model predicts a high inter-
mediation level of banks type S (Figure , which is the bank type shorter in reserves (Figure
. Consequently, Scenario All implies a larger decline in the “effective” supply of reserves—in
line with the rationale discussed in Section [f}—and thus a higher increase in interest rates. In
Scenario F, reserves decline for banks type F', who are less active. Thus, the “effective” decline
in the supply of reserves is smaller in Scenario F and the EFFR increases by lessﬁ However,
banks type F' are now more likely to end with negative excess reserves, and thus decide to hoard
reserves more and exploit less the potential profits of reallocating reserves. Since banks type

F' are the market-makers, their decline in trading induces a higher dispersion of interest rates.

10 Conclusions

We developed a model of the federal funds market which contains its salient institutional feat-
ues. The model generates patterns of trade across banks that resembles those of the data. We
used the model to analyze the effects of a balance sheet normalization. We argue that the re-
sulting increase in interest rates will depend on how the normalization changes the distribution

of reserves across banks.

5We understand this results may revert if we were to match the data counterpart of Figure for 2018 better.
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Figure 1: Intermediation B; — Empirical CDF
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Figure 2: Excess Reserves Distribution
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Intermediation B;

Reallocation R;

Figure 4: Intermediation B; by bank type
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Figure 6: Interest rate distribution — data and model
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Intermediation B;

Intermediation B;
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Figure 7: Network of Loans
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Figure 8: Interest rate for each Scenario

Interest Rate for Scenarios
T T T

1.82 ]

1.81

T
|
|
I
|
|
1.79 i
1.78F
177+

1.76

1.751

o [
H

1.74

F[-|Fe}------

1.73

2018 2019 SCN All 2019 SCN F

A Proofs
A.1 Value function

Let J¢ (a,¢) : N x T x R? = R denote the maximum attainable payoff to a bank of type i that

at time ¢ € T has reserve balance a € R and net credit position ¢ € R. Then, J} (a, ¢) satisfies

Ji (a,c)
T .
= Bt 4 Lir—t<minfr(aq),7(8,),7 ()]} /t e "Dl (a) ds

+ e—r(T—t) [Uz (a) + e—r(T—T)C:|]
t4+7(Ag) (smt). i
+ Lz () <minfr(as),m(8;), 7~} /t e "5y (a) ds

e Zﬂ'J / fr(x — 2,¢)dGY ()

JjeN

t+7(a) oo
+ L (@) <min[r(8;),r (M), T—t]} /t e "Dyl (a) ds

—r7(a;) Tt 30 *1
DT ) [GHT = Prar(on) @ r (o) — @) — ¢t+7’(ai):|]

t+7(8 ]
+ H{T(ﬂ )<min[7(a;),7 (X)), T—t]} [/t r(57t)ul (a) ds

e 8 Z gj / t+7(8 CL - bi]JrT(ﬁ ) (a,a), ¢+ Rt+7’(5 ) (@, )] dFt]jLT(Bz) (&)] }’ (50)
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where

(ai', ¢7") = arg max [ Ji (dc = pu(a' —a) = ) = Ji (a, &))" e TVt (51)

and

(7 (a,0) R} @,0) = arg max  { [ (a=b.c+ R) = J (a,0)] ™

(b,R)eR?
] @+b,c—R) = Jf @) }. (52)
Lemma 3 The function
Ji(a,€) = Vi (a) + T 0c (53)

satisfies (@) if and only if Vi (a) satisfies (@ with (l) (@ (@ and (/) (l)

Proof. With , becomes equivalent to and , and becomes equivalent to

and . Substitute into to get

‘/ti (a) + 6—T(T—t)c
T .
= Et{H{T—tSminwan,T(m),Tw)]} /t e "yl (a) ds
+ e—r(T—t) [Uz (a) + G_T(T_T)C}]
t+7(Ni) (st i
+ L7 () <minfr(ai),r(8;), T 1]} /t e " (a) ds

+e7 Z i / t+'r()\ yla—2z)+ e Tl } dGY (2)

jeN

t+7 (o) oo
+ L (@) <min[r(8;),m (M), T—t]} /t e "Dyl (a) ds
+ e*T{T*[tJrT(ai)]} [C - Pt+7(ai)(aﬁ_T(a a) — ¢t+’r (a) ] }]
t+7(8;) o (s—t), i
+ L7 (8,) <minfr(aq),r (M), T—1]} / e " (a) ds
t

_r’r Z gj / t+'r Z-T(,B ) (a, (NI)) + e_T{T—[t-l-T(Bi)}}[C + RgiT( 8) ( )] dF,5]+T(5 : (~)] }7
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which after cancelling the terms in ¢, becomes identical to @ ]

Proof of Lemma With the bargaining outcomes and , and and , @ can be

rewritten as

T
Vi (a) = Et{H{T—tsmnh(ai),Twi)mm} [ /t ¢! (a)ds + ¢TIV (a)
t+7(\) Ny
+ Lz () <minfr(a:),r(8,),T—t]} /t e (a) ds

e ZT‘-J / trr(n) (@ = 2) dGY (z)

JEN

t+7 (o) Crlep)

+ L (ai) <minfr(8,),r(\), T~ 1]} /t e "yt (a) ds

e {92' [‘/yik‘l'(ai)(aﬁrr(ai)) — Prir(an) (O r(an) — a)] + (1= 0) Viy (o) (@ )}]
P8 —r(s—t), i

+ L7(8,) <minfr(a:),r (7)., T—t]} /t e u' (a)ds

TT(/B ZJ]/|: t+‘l' +0Z]rgl%§{sti (5)(a,d,b):| dFt]+T(ﬁ)( )]}7

jJEN

where
Sy (a,a,b) = Vi(a —b) + V7 (@a+b) — Vi (a) — V{ ().

The first term on the right side of V¥ (a) can be written as

T
Et{H{T—tgmin[T(oci),T(ﬂi),T()\i)}} [/t 60yt (a) ds + e TOYT (G)H
o (@it BAN) (T 1) { [1 B e—r(T—t):| u' (a) =0 ( a)}‘
T

The second term on the right side of V! (a) can be written as

t+7(Ns) -
E; {H{T()\l)<min[’r(a,),T(ﬂl),Tt]} {/t e "yt (a) ds + e~ TT()\)ZTFJ/ e (@ = 2) dGY (2)

JEN

|

i r [1 _ e—(ai“rﬁi—")\i)(T—t)] — (i + B; + N) e (ei+Bi+A:)(T—1) [1 _ e—r(T—t)] U (a)
a; + B+ N r+ao;+ B+ N r

T—t
_|_/O )\ie_(T+ai+Bi+>\i)y |: T /V;H-y a— Z) dGz]( )] dy.
jeN

J
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The third term on the right side of V} (a) can be written as

t"r’T(Oéi) _ ( _t) .
Et < Lir(a) <min[r(8;),m (M), T—t]} /t e u' (a)ds

O 0 Vi 0 @) = Prrr(an (@ oy = @)] + (L= 00) Vti+r<ai>(“)}] }

a; r[1— e @HBAATD] — (q; + B; + A;) e (@itBtA)T=t) [1 — e=r(T=0] i (g)
a; + B, + N 4o + B + A T

T—t ) ]
+ / g HTBANT (g, TV (aE ) — prra(afl, — a)] + (1= 6,) Vi, 4(a)} da.

The fourth term on the right side of V{ (a) can be written as

) t+7(8;) )
Vi (a) = Et{H{T<6z—><r<ai>}ﬂwm)<T<Ai)}ﬂ{v(m)<Tt} [ /t e "l (a) ds

}

ZUJ/[ er(8,) (@ —|—9wmaXSt+ (6)(a,d,b)] dFY (a)

jEN
3, r[1— e (@HBAANT=0] _ (q; + 8; + ;) e~ (@Bt A T=0) [1 _ e=r(T=D] i (g)

it BN r+oit Bt '
T—t

+ Be —(rtaitBi+X) Zm/ [Vt+z a) + 0;; maXSt+Z( ) b)} dFt]+z (@) | dz.
0 jeN

Thus we can write
i(q) = [1 = e=(rraitBi+x)(T-1) u' (a) —(rteitfi+2)(T-t) i
Vi (a) [1 ¢ }r+ai~l—5i+)\i+e v

T—t

+)\i/ TRy {Z mj /Vt+y a—s5)dGY (s )] dy

0
JEN

T—t ‘
+ 042'/ e~ (rtaitBitri)z {9,; max (Via(d) = prya(a —a)] + (1 —6;) Vtﬁrx(a)} dx
0 a’e

T—t .
+5z/ —(rta;+8;+Xi) |:Z O']/ [V;H-z a) + 6;; Il?aXSt-i-z( ) ,b)} ng+Z (&):| dz.
0
JEN
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With a change of variables in the integrals with respect to time,
u' (a)

T-I-Oéi‘l-ﬁi—f—)\i

Vi (a) = [1 — e%rmﬁﬁﬁ&)(T—t)] 4 e (et B T (o)

T
+ N / e (rtet BTt N "o / Vi (a—2)dGY (2)| dr
t

JGN

T
+ ai/ 6_(T‘+Oéi+/8~;+>\i)(7'—t) 9 maﬁf [V ( /) _ pT(a/ o a)] + (1 _ 91) VTi(a) dr
t a €

T
—|—,6’Z/ e~ (ratBitd)(r=1) g 0i0;; | maxSY (a,a,b)dF! (a)| dr. (54)
t jeN beR

As in Lagos and Rocheteau (2009), the value function that satisfies is the same value
function that would correspond to the expected discounted payoff in an alternative environment
where a bank of type i meets brokers according to a Poisson process with arrival rate ay,
but instead of bargaining, he readjusts his asset position and extracts the whole surplus with
probability 8;, whereas with probability 1 — 6;, the bank cannot change its reserve balance and
therefore enjoys no gain from trade. Thus, from the standpoint of the individual bank, keeping
the paths of the aggregate variables unchanged, the environment in which the bank has contact
rate «; and Nash bargaining parameter 6; is payoff-equivalent to an alternative environment in
which the bank meets brokers according to a Poisson process with arrival rate «;0; and has all
the bargaining power in bilateral negotiations with brokers. This observation leads to . To
obtain , simply differentiate with respect to t. m

Proof Lemma Substitute @D into to obtain

i i |1 _ (R BN ) (T—t) u’ (a) —(rri+B, 4N ) (T—t) T7i
v (a) + qa [1 e :|T+Hi+ﬁi+)\i+e U* (a)

T
e {/32 o 0)+ 0,8 [ max s (0., dF) @
t

JEN beR
+)\Z7T]/ (a—=z dG”()}

jJeN
T
+ [/ e~ PRt BT [ 4+ (B, + Ai) -] dT:| a+ K} (55)
t

where with K} defined as in . Thus, implies @ satisfies (7)) if and only if ¢} satisfies

, and v} (a) satisfies .
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Let B denote the space of continuous and bounded real-valued functions defined on N x T x R.
For any w,w’ € B, define the metric D : 8 x 8 — R by

D (w, w’) = sup % ‘w (i,t,a) —w' (i,t, a)|
(3,t,a) ENXTxR

with
0 = max (0,43 — r) , (56)

where 8 = max;cy B;. For the case with 6 = 0, D reduces to the standard sup metric, do.
The metric space (B, d) is complete, and since (B, dy,) and (B, D) are strongly equivalent, it
follows that (B, D) is also a complete metric space (see Ok (2007, pp. 136 and 167). The right
side of defines a mapping M on B. That is, for any w € B, and all (i,¢t,a) € Nx T x R,
u’ (a)

T+ K+ B+ N
T
+)\,-/t e~ (rHritBitA)(r—t) ij/w(iﬂ',a—z) dGY (2)| dr
jeN

T
o >\Z |:/ e—(’r’-l—fii'f‘ﬁri‘)\i)(‘r—t)qid,r] 7
t

(Mw) (i, t, a) = [1 _ 6—(T+Hi+ﬂi+>\i)(T—t):| + e_(T+”i+Bi+)‘i)(T—t)Ui (a)

T
+ /ﬁ/ e~ (rritBi+A)(T—1) o [w(i,7,d") — (pr — ¢) '] dr
t GIGR

T
_|_ BZ / 67(r+ni+6i+)‘i)(‘r*t)w (7/’ T, a) dT
t

T
+ /31,/ e~ (rtritBi+Ai)(T—t) Zajeij /ma_xSij (a,a,b;w)dF? (a)| dr
t jeN beR

where
Sij (a,a,b;w) Ew(i,T,afb)+w(j,7,d+b)+(q£fqi)b7w(i,7,a)fw(j,T,d).

Given v, U" € B, w € B and 0 < p; — ¢ for all t € T (a condition that will hold in any
equilibrium) imply maxger [w (i,7,d) — (pr — ¢%) @] < oo for all (i,7) € N x T. Also, since
w € B,

Zajﬁij/ma_xéﬁj (a,a,b;w) dF? (a)

jeN beR

is a continuous and bounded function of a. Hence, M : 98 — ‘B.
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For any w,w’ € B,

|(Mw) (i,t,a) — (Mw') (i, 1, a)

T
/ e (rt+ri+8;+X:)(T—t) Zﬂ_]/ ZTCL—z)dGU() dr
t

JEN

i

S,

T
>\7,/ e (rt+ri+B8;+X:) (T—t) § 71-]/ ZT(I—Z)dGU() dr
t

jeN

/ e~ (rritBi+A)(T—1) o [w (i,7,2) — (pT - qfr) x] dr
¢ z€R

S

T

/ e~ (rHRitBitA)(T—t) pax (W' (i,7,2) — (pr — ¢) ] dr
: zeR

/ —(rtri+Bi+Ai) (T=1)y (i,7,a)dr

_ Bz/ ~rtRiA BTy (57 a) dr
t

T
B [0S o0 [ (a,abw) dF (@) | dr
‘ jeN beR

T
_8, / et BN N g, [ max SY (a,a,byw') dFY (a)
t

N beR
Let
A
al = max [w (i, 7,2) = (pr — q7) @]

and

v (0,d) = a — b (a,d)

i (f,0) =+ b9 (a,),
where

bzl[:7 (a7 d) = a‘rg ma‘_)( S;L'] (a7 d’ b’ w) ’
beR
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Then,

edt ‘(Mw) (i,t,a) — (Muw') (i,t,a)‘

T
< )\i/ Z j /667 lw (i, 7,0 —2) —w' (i,7,a — 2)| dGY (z) e” U hRtBitAA0) (T =t) g
t
jEN

T
- Ki/ e |w (i, 7,al) —w' (i,7,al)| o (P HRi+BANA8) (T—t) g0
;

T
4B [ ra) — (i) e RSN 0 g
t

T

+ Bz/ { /Zajezj |:€67 ‘w(i77—7y}rj ((I,EL)) - wl(i)Tyy;L—J (a7 d))‘

¢ 5
jeN

+ & w(j,m,a + yl (a,a) — w'(j, 7+ vl (@,a))]

+ &7 ‘w/ (i,7,a) —w(i,T, a)‘

+ 667— ‘w/ (]’ T El) —w (]7 T d)|:| ng (d) }6—(7"+m+ﬂi+)\i+§)(7—t)d7_

ki + Ai +50; /
*—D
S ey v LA UL
which implies
edt |(Muw) (i, t,a) — (Mw') (i,t,a)| < mD (w,w’) (57)
with
. ki + Xi + 505,
m = max

€N 4R+ B+ N+
Since holds for all (¢,a,t) € N x T x R, and w and w' are arbitrary, we have

D (Mw, Mw’) <mD (w,w’) for all w,w' € B.

Finally, notice implies % < 1 for all i € N, and therefore m € (0,1), so M
is a contraction mapping on the complete metric space (8, D). By the Contraction Mapping
Theorem (Theorem 3.2 in Stokey and Lucas (1989)), for any given path {F}, ., there exists a
unique w* € B that satisfies Mw* = w*. In the body of the paper, this fixed point is denoted
{vi(a)hier e The remaining properties listed in the statement of the lemma follow from an

application of Corollary 1 in Stokey and Lucas (1989, p. 52). m
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Lemma 4 Condition (@) s equivalent to

i = (r+ K qf — Kipe (58)

with boundary condition ql;p =0, and also to

T
q; = Fi /t pse” THR( g (59)

Proof. Differentiate with respect to t to obtain . Then integrate and use the
boundary condition q% = 0 to obtain . [

A.2 Pure brokered market

Proof of Proposition [1} Under the conditions in the statement of the proposition, by Lemma
there exists a unique v} (a) that satisfies , and it is continuous, bounded, strictly increasing,

and strictly concave. Hence the maximization on the right of has a unique solution, namely
a;' = hi (pr —qt) (60)

where for every (i,t) € N x T, the decision rule hi : R — R is strictly decreasing and smooth.
Condition then becomes

Z QG [nzhi (Pt - qz) - Aﬂ = 0. (61)
ieN

Taking g, = (qtl, ce qtN) and A; = (A}, e Aiv) for each t € T as given, we have

i % ai [nihi (pe = i) = Ai] <0 < lim ZEZN a; [nik (pe — af) — Af]

and since h! is strictly decreasing and continuous for all i € N, implies there exists a unique
P = P (qy, Ar) (62)

that satisfies for each t € T. Condition is equivalent to ¢ = (r + ki) ¢¢ — kip: with
¢4 = 0 for all i € N (see Lemma4)), so using we obtain , with g = 0. Given pj (q;, At)
and A" = niaf" = n;hi (pf (g, A¢) — q}), the law of motion can be written as , with

Ay given. m
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Lemma 5 Consider a time interval [to,t1] C T, with {A%O,qél}ieN given.

(i) Suppose 0 < R — Ay and N; = {N} for allt € [to,t1]. Then, for allt € [to,t1],

P = e D) [qi\f 4 e (rtaN)(T—t1) MH}
and
gi = e {Qi]\f | (RN (T—t1) [1 _ e—ni(tl—t)} lg 4 e i) (¢} — qi\lf)}
for all i € N, and the distribution of balances is

A — Ag — 2ieM\(N} [1 - e_'ai(t_tO)} (R'—A}) ifi=N (63)
! Rl — eailt=t) (RT — A1) ifi € N for all t € [to,t1] .

(i3) Suppose R — Ay < 0 and N7 = {N} for all t € [to,t1]. Then, for all t € [to, t1],

o= er 10 [g 4 T, ]

and
g = e 0 L T [ o]y om0 (gl — gl )

for all v € N, and the distribution of balances is given by @
(iii) Suppose R — Ay = 0. Then, for all t € [to,t1], pr and ¢ are indeterminate, and the

distribution of balances is given by
Al = R — emilt=lo) (R — A7 ) (64)
for all i € N.

Proof. (i) Condition implies p; = p; for all ¢ € [to,11], or equivalently, p; =
e~ rHan)(T=t) 0 4 ¢, where N € N; . Then implies

qgv — or(ti—t) {qﬁ 1 e r(T—t) [e%N(T*tl) _ ean(Tft)] MH}

(ron)(T=) ),

=pt—e
for type N. Given ¢, the equilibrium price for ¢ € [tg,#1] is

= 6D [ e, ]
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Then for all types i ¢ N, implies
gi = e rHRt—tgi 4 [1 _ efni(tlft)} o—T(t1—) [qi\ll +67(T+NN)(T41)MH]
_ e—(r+m,-)(t1—t)qz'1 + [1 _ e—ni(tl—t)} Pe.
For any i such that i € NY for all ¢t € [to, 1], implies
Al = e_ai(t_tO)AiO + [1 — e_o‘i(t_t())} R,

and for i = N, implies

AV = Ay - 3 [ioe ) (R Ay ).
1eEN\{N}

(i) Condition implies py = p, for all ¢ € [to, t1], or equivalently, p; = e~ (" TAN)(T=t) ) 4
¢, where N € N;". Then implies

gy = o—T(t1—1) {qixlr 1 e r(T—t) [e—nN(T—tl) _ e—nN(T—t)} ML}

— pp— e rERNT0)

for type N. Given ¢¥, the equilibrium price for t € [to, 1] is
py = e Tt [qﬁ + e—(r—l—f-cN)(T—tl)luL} '
Then for all types i ¢ N;7, implies
¢ = 6—(r+ni)(t1—t)q;'1 i [1 _ e—mi(tl—t)} o—r(ti—t) [qg + 6—(T+HN)(T—t1)ML}

— e_(’f‘"rﬁi)(tl—t)q’til [1 o e—liz‘(tl—t):| Dr.

Condition implies just as in part (7).
(iii) The fact that p; is indeterminate is immediate from (39). Given p; is indeterminate on
[to, t1], implies that so is ¢;. The path for the distribution of balances is immediate from

(0). m

Corollary 1 Consider a time interval [to,t1] C T, with {A%O,qgl}ieN given. Suppose that
either 0 < Y ,cn i (RY — A}) and Ny = {N} for all t € [to, t1], or Y ey i (R — A}) <0 and

40



Nf = {N} for allt € [to,t1]. Then, for allt € [to, 1],

A= Sty ~ X (o - ) [1 ] (1 )

1€EN €N
R— A = % {emestla; + 1 emet=)| an b (R - 43),

and

Ar==> ai(ay —a;) e 70 (BT — A} ).

ieN
Proof. Immediate from . []

Proof of Proposition In this case,

R — 4= oy (B — A1) +ay (R - A7)
=any(R—A)— (ay — 1) (Rl — A%) (65)
so 0 < R — Ay if and only if —ay (Rl — A(l)) < any (RN — Aév). We divide the analysis into
the following cases. (A1) 0 < R—Aand 0 < R — Ay, (A2) 0 < R—Aand R — Ay <0, (B1)
R-A<0andR—Ay<0,(B2) R—A<0and 0<R—Ag, (C1) R—A=0and R — Ay <0,
(C2) R—A=0and 0 <R — A,.
Case (A1l). Conditions 0 < R — A and 0 < R — Ap imply

max {0, (an — o) (Rl—A(l))} <an(R—A). (66)

Guess that, for all ¢t € T, the equilibrium has p; = p; (or equivalently, 0 < R —A;), and 2 € N; .
From Corollary

R—A=any(R—A) —e " (ay —a1) (R1 —A[l)) (67)

for all ¢ € T. Clearly, and @ imply 0 < R — A; for all t € T, which confirms the

conjecture that p; = p; for all t € T. Part (i) of Lemmathen implies {pt, qg}Z cngeT are given
by
pr=e"T"py (68)
¢ =|1- e*”i(T*t)] e*T(T*t)uH. (69)
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Notice that and imply P! = PN = py for all t € T, which confirms the conjecture
that 2 € N, for all ¢ € T. However, in this case it turns out we also have 1 € N, i.e., N, =N.
This means the path for the distribution of balances { Ai}
e € [0, 1], the path

ieNteT 18 indeterminate, i.e., for any

AN = eAN + (1 - AY (70)
Al = €Al + (1 —€) A} (71)
with
A =4y~ (L) (R A
A} = R' — em™" (R' — Ap)
AY = RN — e (RN — AY)
A= A (1 et (1Y - A))
is consistent with equilibrium. Hence, — constitute an equilibrium.
Case (A2). Conditions 0 < R — A and R — Ap < 0 imply
0<an(R—A) < (an —a1) (R' — 4}). (72)

Guess that the equilibrium is as follows. There exists t; € [0,T], such that (i) for all ¢ € [0,¢1),
pt = p, (or equivalently, R —A; < 0), and N = {2}; and (i) for all t € (t1,T), py = p; (or
equivalently, 0 < R — A;), and N; = N. We solve for the equilibrium backwards. From time t;

onwards, we know from part (i) of Lemma [5| that the equilibrium prices, {pt, q;} are

1ENe(t,T)’

given by and , and the distribution of balances, {Ai}z eN e[t T]? is given by and
but with

AN = ) - (1) (R - aL) (73)
Al =R'—e " (R' - A}) (74)
AY = RN — emont (RN — AY) (75)
Al = Al — (1 —e ) (RN - AY). (76)
For the time interval [0,%1), {p¢, g} },y are as in part (ii) of Lemmal B, but with {gf, }, given

by ., ie.,

P = et [efr(Tftl)uH _ e (rHrN)(T—t1) (

M~ uL)]

¢ = e 7@ { [1 _ e—ni(T—t):| fyy — e RN(T=t) [1 _ e—ni(tl—t)] (e lgieny — NL)} '
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For any t € [0,t1), the distribution of balances, {Aé}ieN’ is given by , ie.,

AY =AY — (1 —e ) (R - Ap) (77)
Ap =R'—e " (R — A)). (78)
For any t € [t1,T], the distribution of balances, {A%}Z cne 18 given by and ; and to

construct this equilibrium, we select € = 1 (this ensures a continuous path for R — A4;). Then
implies that for all t € T,

R—Ar=ay(R—A)—e " (an —a) (R' — 4}). (79)

The last step in the construction of this equilibrium is to verify that, as conjectured, R — A; < 0
fort €[0,t1), R — Ay, =0,and 0 < R — Ay for t € [t1,T]. First, notice that given , R—A
is strictly increasing in ¢. Hence if there exists a t; € [0,7] such that R — A;, = 0, then it is
unique. Second, notice that, by ,

R—Ag=ay(R—A)— (ay —aj) (R' — 4)) <0
(with “<” unless the weak inequality in holds with equality). Third, we have
R—Ar=ay (R—A) —e 7T (ay —ay) (R' — A7), (80)
so 0 < R — Arp if and only if
e (ay —a1) (R' — A}) < an (R - A). (81)

Hence this equilibrium exists provided conditions and hold (with strict inequality in
(72). If condition does not hold, the equilibrium looks like in Case B1.
Case (B1). Conditions R — A < 0 and R — Ap < 0 imply

ay (R—A) <min {0, (ay —aq) (R — Aj) }. (82)

Guess that, for all ¢ € T, the equilibrium has p; = p, (or equivalently, R — A; < 0), and 2 € N
From Corollary We get that holds for all ¢t € T. Clearly, (67) and imply R — A; < 0
for all ¢ € T, which confirms the conjecture that p; = p, for all ¢t € T. Part (it) of Lemma

then implies {pt, q@} are given by

ieENteT

pe=e "Dy, (83)

g = [1 e 0 e, (84)
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Notice that and imply P! = PN = p, for all t € T, which confirms the conjecture
that 2 € N;f for all t € T. However, in this case it turns out we also have 1 € N}, i.e., N7 = N.
This means the path for the distribution of balances {Ai}l EN4ET
given by and for any e € [0,1]. In summary, (83) and together with and
(71) constitute an equilibrium.

Case (B2). Conditions R — A < 0 and 0 <R — Ap imply

is indeterminate, i.e., it is

(OéN—Oél) (Rl—A[l)) < ay (R—A) < 0. (85)

Guess that the equilibrium is as follows. There exists ¢; € [0, 7], such that (i) for all ¢ € [0,¢1),
pt = pi (or equivalently, 0 < R — A;), and N, = {2}; and (i) for all t € (41,71, pr = p, (or
equivalently, R — A; < 0), and NZF = N. We solve for the equilibrium backwards. From time

t; onwards, we know from part (i7) of Lemmathat the equilibrium prices, {pt, q@} e

ieNteT? &

given by and , and the distribution of balances, {Ai}l N[t T]? is given by and

71), with Zv‘,fv‘}
Wi t t ieNte[t1,T)

given by 1){' For the time interval [0,¢1), {p, qf}ieN are as
in part (i) of Lemma but with {qf@l}ieN given by , ie.,

py = (61— {efrmm pp 4 e Tt () :U*L)}
q;’ _ (Tt { [1 _ e—m(T—t)} 1y + e~ N (T—t) [1 _ e—m(h—t)] (:LLH — H{i;ﬁN}NL)} .

For any ¢t € [0,t1), the distribution of balances, {A%}z‘eN’ is given by , i.e., by and
1} For any ¢ € [0,¢1), the distribution of balances, {Aé}z’eN’ is given by , ie., by
and . For any t € [t;,T], the distribution of balances, {A;}Z oy 18 given by and 1'
and to construct this equilibrium, we select € = 1 (this ensures a continuous path for R — A;).
Then implies R — A; is given by for all ¢t € T. The last step in the construction of
this equilibrium is to verify that, as conjectured, 0 < R — A; for t € [0,¢1), R — A, = 0, and
R— Ay < 0for ¢t € [t1,T]. First, notice that given (85), R — A; is strictly decreasing in ¢.
Hence if there exists a ¢; € [0, 7] such that R — A, = 0, then it is unique. Second, notice that,
by (33)),
0<R—Ay=ayn(R-A) —(ay —a1) (R — A))

(with “<” unless the weak inequality in holds with equality). Third, R — Ay is given by
, so R — Ap < 0 if and only if

ay (R—A) <e T (ay —ar) (R — A4}). (86)
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Hence this equilibrium exists provided conditions and hold (with strict inequality in

(85))-
Case (C1). Conditions R — A =0 and R — Ay < 0 imply

0< (any —aq) (Rl - A(l)) . (87)

Guess for all t € T, the equilibrium has p; = P, (or equivalently, R — A; < 0), and 2 € Nj .
From part (ii) of Lemma , Al = Rt —emout (R1 — A(l)) forallt € T, so implies

R— A =—e " (an —aq) (R' — 4)) (88)

for all t € T. Together, and imply R — A; < 0 for all ¢ € T, which confirms the

conjecture that p; = p, for all t € T. Part (i) of Lemma |5| then implies {p;, ¢! are
Yy t

ieNteT
given by and . Notice that and imply P! = PN = py for all t EGT,GWhich
confirms the conjecture that 2 € Nt+ for all ¢ € T. However, in this case it turns out we also
have 1 € N, i.e., Nj” = N. This means the path for the distribution of balances {Aj}}
indeterminate, i.e., it is given by and for any € € [0, 1].

Case (C2). Conditions R— A=0and 0 <R — Ay imply

ieNteT 18

(ay —aq) (RY = A4)) <. (89)

Guess that, for all ¢ € T, the equilibrium has p; = p; (or equivalently, 0 < R — A;), and
2 € N; . From Corollary |1}, R — A is again given by . Clearly, if R — A} = 0, then
implies R — A; = 0 for all £ € T. In this case, the distribution of balances is given by ,
and {pt, qg}Z EN4ET is indeterminate. So suppose holds with strict inequality. In this case,
(88) implies 0 < R — A; for all t € T, which confirms the conjecture that p, = p; for all ¢ € T.
Part (i) of Lemma [5| then implies {pt, q,%}Z enger BT€ given by and 1@} Notice that
and (69) imply P} = PN = uy for all t € T, which confirms the conjecture that 2 € N, for all
t € T. However, in this case it turns out we also have 1 € N, , i.e.,, N, = N. This means the
path for the distribution of balances {Ai}Z EN.teT is indeterminate, and given by and ,
for any € € [0,1].

Part () in the statement of the proposition follows from combining cases (Al) and (C2).
Part (4i) follows from combining cases (B1) and (C1). Part (i) corresponds to case (A2). Part

(iv) corresponds to case (B2). m
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Proof of Proposition |3, In this case, and simplify to

pr fO<R—A
pp HR—A=0 (90)
p, fR-A<O0

Dbt

and

AR = A Ty + Ty (R = A7) = (R— A)]} if0O<R-A

A=< a(R - 4 ifR—A=0

o (B — A7) ey + Lo (R — A — (R— 4]} ifR—A <0,

In this special case, and can be solved for {qg,pt}i ENteT" We consider three cases
in turn, depending on whether parameters are such that (i) 0 < R — A, (ii) R— A < 0, or
(i) R— A = 0. (i) Suppose 0 < R — A. Guess that N € N; for all ¢. Then p; = p; =
e Ty g and (10) imply

gi = [1— T pforalli € N, (91)

with p; = e*T(T*t)uH. Notice that P} = uy for all i € N, so N; = N for all ¢£. This implies the
path for the distribution of balances {Aft}Z
path

cner 18 indeterminate, ie., for any € € [0, 1], the

AN = eAN + (1 —¢) AY
Al = €Al + (1 —¢) A}

with AN = AN~ (1 — e=o1t) (R! — A}), AL = R—¢~o1t (R — A}), AN = RN —c—ont (RN — AN,
and fltl = A} - (1 - e*aNt) (RN — Aév), is consistent with equilibrium. (i) Suppose R— A < 0.
Guess that N € N;r for all t. Then p; = p, = e*(”"‘N)(T*t),uL + ¢V and imply , with
pe = e 7Ty, . Notice that P} = yuy, for all i € N, so N7 = N for all . This implies the
equilibrium distribution of balances is indeterminate, as in part (i). (i) Suppose R — A = 0.

In this case, the prices {qg, pt}i EN €T and the distribution of balances are indeterminate. m
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B Supplementary material
Claim 1 Y,y Al =0.

Proof. With (15), [ 2dG" (z) = 0, and dG¥ (z) = dG’* (—z) for i # j,

S A=Y ai (A7 - ) = S Ay [ G (2)

ieN ieN ieN jeN

==Y Ay [ 26 (2)

€N jeN
1 -

= ieN jeN

1 9 . i
= - ()\an) 2dG" (Z) + )\ini)\jnj zdGY (Z)
> Akng LEZI:\I / Z /

1,JE{N2:iz£ ]}

keN

_ _Zin S A < / 2dGY (2) + / 2dG (z)>
keN k ki,jG{N2zi>j}

= _Zi\n Z )\mi)\jnj </ 2dGY (Z) + /ZdG”J (—Z))
EeN K ki,je{N2:i>j}

= _Zi\n Z AiniAjn; </ 2dGY (z) — /xdGij (a:)) = 0.
peN k ki,jG{N2ci>j}

B.1 Pure brokered market with quadratic end-of-day payoff

Assume (; = 0 for all i € N, and suppose {ui, Ui}ieN are given by and . Then the
function v} that solves with 3; = 0 takes the form , where ¢! satisfies

[ = (pr — )]
24

S — TSy = —Kg

S 1.
+ 0 | (0 + a) 2+ g (oF + 53)] : (92)
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with boundary condition ¢4 = 0, where Z; is given by , and o7 = D ien T [ 22dGY () — 22,

and

r+ K;

1 AiZib;
+ [1 — e—(r-i-m)(T—t)] <Ci + z> (93)
T+ R T+ R

ni = e~ (rHe)(T=1) [Ci +Aizi (T —t) (Bz- b )]

b;

. 94
T+ K; ( )

,Ui — e_(r+“i)(T—t)Bi 4 [1 _ e—(r-&—m‘)(T—t)}

The maximization on the right side of implies , and condition implies , and
with 1) condition implies with boundary condition q% =0 for all i € N.
Given and , the law of motion implies

A% = —a,-Ai — )\Z-ni Zﬂ'j /ZdGij (Z)

jEN

vy =Y wint e =) wig + ) aA (95)
JEN JEN JEN
with A given for all i € N. Notice that — is a system of 2N linear first-order differential

equations with variable coefficients.

B.1.1 A special case

Consider the following special case. Assume no payment shocks, i.e., A; = 0 for all 1 € N,
U'(a) = a—5a? and v’ (a) = (r + k;) U (a), with p; € Ry for all i € N. In this case, the
function v} that solves is

vi(@) =a—Ela? +j,

where ¢} satisfies

T 2
= / o (r ) (5—1) [Ul—mﬂi ds,
t

2

or equivalently,
2

[1 — (Pt — q%)]
24
with terminal condition giT = 0. Hence the maximization on the right of implies

St — TSy =~k

R —q
af’:(pl;%). (96)
(]
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Condition then implies

pe=1+ Zwiqi - ZdiAi,

(97)

ieN i€N
where
yio= Qi
M
~i_ Q;
ZjeN v
W= =.
ZjeN v
With , condition implies
@ = (r+r)q — ki 1+ijz—2de{ (98)
jeN JjEN
with qéﬂ =0 for all : € N. Given and , the law of motion implies
Al = — AL+ V' | g — ijqg + Z ol Al (99)

jEN jeN

with A given for all i € N. Notice that — is a system of 2N linear first-order differential
equations with constant coefficients. We can write the system as

Q=) [(r+r) Loy —mie?] @ + ) mic? A — ki

jeEN

jeN
Al=v) (= — o) d + ) (ailmy +w'ay) A
jEN jeN
or equivalently,
vy, =My, +b (100)
where 9, y, and b are N x 1 vectors,
[ (Ltl 1 I qtl 1 [ —r1 ]
v N |
. a4 q; —KN
Y= |51 | Y= , b
CS AT |0 YT | A 0
| AY ] LAY U




and M is a 2N x 2N matrix,

M= M1 | My2
Moy | Moo
where M1, Mo, Ms1, and Mas are N x N matrices given by
[+ K1 (1 — wl) —K1w? e —kwl
—Kow! r+ kg (1 —w?) - —row!
Mi =
—kywt —kyw? R N (l—wN)
I /ﬂd Kl@ IﬂdN
Hgé&l /{2(352 s HQdN
Mo =
L KNG kyaZ - /eNdN
[ 1 (1 — wl) —vlw? —vtwlV
—2w! V2 (1 — w2) 2N
My =
—vNplt —Nw? e N (lwa)
[ —ay (1 — wl) w10 cee wWiaN
wo x| — (1 — w2) cee W N
Moy =
WNOq WNQ9 oo —an (1—wN)

Remark 2 Notice that s an inhomogeneous 2N x 2N system of linear first-order ODEs
with constant coefficients. The 2N boundary conditions are qé} =0 for all i, and A} as given
for all i. To solve it, proceed as follows.

Let A = ()\Z)?ivl denote the 2N x 1 wvector of eigenvalues of M, and let &' denote the 2N x 1
eigenvector associated with eigenvalue A;. Let S be the 2N x 2N matriz with the property that
the i column of S is ' (i.c., the eigenvector associated to the eigenvalue X;), and let S~!
denote the inverse of S. Let A be the 2N x 2N diagonal matriz with the eigenvalues of M on
the diagonal (i.e., the entry in row i and column i of A is \;). Then, we know that M = SAS™!,

so we can write as
9, = (SAS™) y, +b.

Left-multiplying this equation by S™' wet get

U = Aug + c. (101)
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where

U = Sil@t
U = S_lyt
c=5""'b.

Notice can be written as
wh = Nl + ¢ fori=1,..,2N
where 1 is the it element of 1, ul is the i element of g, and ¢* is the i element of c. Hence

0
%:_%+emhﬁM:LmﬂN (102)

7

where k = (kl)fivl s a vector of unknown constants. The solution can be written as
u = AX+ 2 (103)

where A = (1/)\1)2251 is the 2N x 1 wvector of the reciprocal of the eigenvalues of M, and A is
the 2N x 2N diagonal matriz with —c' as the entry in row i and column i, and z; is the 2N x 1

vector whose i element is e itk;, i.e.,

[ —c' 0 0
0 —c 0
A= .
. 0 0 —cN
I 6)‘1”{31
zy = : = M.
i 6)‘2Ntk2N

(Notice that the 2N equations stacked in are independent of each other.) If we pre-multiply
by S, we get
y, = SAX + Sz;. (104)

Notice that gives the solution to , but it contains 2N constants still to be determined.
To determine these constants (i.e., the vector k), we use the boundary conditions (terminal

conditions for the ¢'’s and initial conditions for the A'’s) as follows. Evaluate att =0

o1



and att =T, to get the following system of 4N linear equations

Yo = SAX + Sz
yr = SAX+ Sz

that can be solved for the 4N unknowns, (qé, ey q(])V, A%p, ces AYJY, ki,... ng). We can write this
system as follows
yo—Szo | | SAX
yr—Szr | | SAX
or equivalently, i
yo — Sk | SAX
[ yr — Sk } | SAX (105)
where - - _ ;
dp 0
N
0] 0
0 Aé T A%
| AP | A7 ]
and e is the 2N x 2N matriz given by
eMT 0 0
0 el 0
AT
6 0 .. €>\2.NT

Once we have found k by solving , we can plug them into to find the final solution
to the system of ODEs, namely
y, = SAX + Sk, (107)

C Data Appendix

TO BE ADDED.
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D Quantitative analysis

D.1 Calibration

The parameters are

TN, ai>ﬁz’7 eia Ai; {Gij}jeNvui> Uiv F(% (a’)

Moments:

e Setr=0

Distribution of trading activity 3,

Distribution of payments \;

e Assume symmetry for a; and 6;, i.e., set a; = a and 6; = 1/2 for all 4.

Choose number of bank types and assign n; to the empirical share of teach type

53



References

1]

Afonso, Gara, and Ricardo Lagos. 2015. “Trade Dynamics in the Market for Federal Funds.”
Econometrica 83(1) (January): 263-313.

Lagos, Ricardo, and Guillaume Rocheteau. 2007. “Search in Asset Markets: Market Struc-
ture, Liquidity, and Welfare.” American Economic Review 97(2) (May): 198-202.

Lagos, Ricardo, and Guillaume Rocheteau. 2009. “Liquidity in Asset Markets with Search
Frictions.” Econometrica 77(2) (March): 403-426.

Lagos, Ricardo, Guillaume Rocheteau, and Pierre-Olivier Weill. 2011. “Crashes and Recov-

eries in Illiquid Markets.” Journal of Economic Theory 146(6) (November): 2169-2205.

Stokey, Nancy, and Robert E. Lucas. 1989. Recursive Methods in Economic Dynamics.
Cambridge: Harvard University Press.

Weill, Pierre-Olivier. 2007. “Leaning against the Wind.” Review of Economic Studies 74(4)
(October): 1329-1354.

54



‘Juelpenb ymoj oY) ur uorsel (en[q) JYSI[ oY) Ul g Aq ueA1d
pue ‘yueipenb puooes a1) ur uordar (pal) JYSI oY) ul @ Aq waatd ‘ydeid oY) Jo w0)joq oY) U0 UOI3al (enjq) Iep oY)
ut Trl )y, 9 ‘qdes oty jo doy oy wo uotsax (par) xrep oy ut i, ), 5 :s1eoud wmuqmbe oy, *(a) esed s UISLIO
oy L, "(7)(a1) ased 09 spuodsel10d 91 dA0qe S[3URLI) papeys (pal) Iep oy, '(q)(az) ases 01 spuodsariod jueIpenb [)moj a1y
opIsul uorgax papeys (en[q) 1S oy T, (v )(222) 9sed 03 SpuodsorIod )1 MO[a( S[8urLI} Papeys (on[q) J1ep oy, "(q)(22) osed 0}
spuodsa1100 jueIpenb puodas oY} apIsul UOIal papeys (Pal) IS oY, *(22) 9skd 0) SPUOdSalIod SIALITRPUNO] 1S9)JR]] B[} PU®
1s0d09)s 91} JO 0dO[PATD 19MO] O1[) MO[( UOL3I popeys (en[q) YIep o], ‘(%) oskd 03 SPUOdSIIIOD SOLIRPUNO( JS))R[J ST} PUe
159d993s o173 Jo adopeaus 1addn o1y da0qe UOIFAT papeys (Pal) srep o, [g] uortsodor ] ur sased a1} Jo auo 0} Spuodsariod
uorsol popeys yoe ‘g = N pue spoled Aep-Jo-puo Ieoul] osImooold M [OpPOW oY) IO SUOIFOI 90UISIXH :G OINIIq

mHJ\'Hm‘

mflmm

55



	Introduction
	Model
	Discussion
	Equilibrium


	Quadratic end-of-day payoffs
	Pure Brokered Market
	Piecewise linear end-of-day payoff

	Positive Implications
	Trade volume
	Effective fed funds rate
	Intermediation, Reallocation and Network of Trades
	Intermediation
	Reallocation
	Network of Trades


	Micro Data and Model Estimation
	Transaction Level Data
	Model Estimation
	Identifying Banks' Types
	Banks Parameters i


	Quantitative Analysis
	Policy Analysis
	Conclusions
	Figures
	Proofs
	Value function
	Pure brokered market

	Supplementary material
	Pure brokered market with quadratic end-of-day payoff
	A special case


	Data Appendix
	Quantitative analysis
	Calibration


