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Abstract. This paper develops a novel theory of uncertainty-driven busi-
ness cycles that accommodates the notion of non-inflationary aggregate
demand shocks out of variations in uncertainty. Instead of thinking un-
certainty as risk, we regard uncertainty as ambiguity. We demonstrate that
within the real business cycle model, ambiguity shocks, namely shock to
the variance of agents” prior belief over possible models, can generate co-
movements across real quantities without commensurate movements in la-
bor productivity under the condition that agents are ambiguity averse and
there exists a certain type of coordination friction among them. In response
to a positive ambiguity, agents behave as if they believe aggregate demand
is turning bad and becoming more volatile. The former translates into
depressed market confidence, which makes all real quantities plummets.
While the latter incentivizes agents use more of their private information
both when making economic decisions and forecasts, which heightens the
cross-sectional dispersions of beliefs. These predictions regarding agents’
belief in our theory are consistent with survey data evidence. Finally, the
quantitative potential of our theory is illustrated within a dynamic RBC
model.
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1. Introduction

Recessions are times with heightened uncertainty. Measure uncertainty by the cross-
sectional dispersion of real GDP forecasts in Survey of Professional Forecasters (SPF).
Depicted in Figure 1, over the last thirty years, all three recessions experienced by the

US economy feature a large increase in uncertainty.!
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Figure 1. Market Confidence and Uncertainty.
Note: The figure plots consumer sentiment index (red line) and cross-sectional dispersion of real GDP
forecasts by professional forecasters (dashed blue line) over the period 1987Q1-2014Q4. Correlation is
around —0.45 over the entire period. Both of the time series are bandpass-filtered at frequencies 6-32
quarters and re-scaled. Consumer sentiment index is from Michigan Survey of Consumers, and real
GDP forecast data is from Survey of Professional Forecasters provided by the Federal Reserve Bank of
Philadelphia.

Business cycles tend to be uncertainty-driven. In the theory of uncertainty shock,
Bloom [2009] and Bloom et al. [2016] demonstrate that if the economy features non-
convex adjustment cost, exogenous variations in risk, namely the volatility of un-
derlying shocks, can generate variations in the cross-sectional misallocation of re-
sources, which eventually map into co-movements across real quantities. However,
the byproduct of their transmission mechanism of uncertainty shock is the strong pro-
cyclical movements in labor productivity, which is at odds with the data where the
correlation between output and labor productivity is near zero and slightly negative
and the correlation between labor productivity and hours is significantly negative?.
The data prefers a theory of non-inflationary aggregate demand shock instead of a

1See Bloom [2009] and Bloom et al. [2016] for more measures of uncertainty and their behaviours
during crisis.

2See Angeletos et al. [2016a] for a recent empirical demonstration that business cycles are discon-
nected with labor productivity and inflation



theory of measured TFP shock or supply shock. To fill in this gap, in this paper, we
develop a novel theory of uncertainty-driven business cycle that differs with Bloom
[2009] and Bloom et al. [2016] (1) in the notion of uncertainty and uncertainty shock;
(2) in the transmission mechanism of uncertainty shock; and importantly (3) in the
empirical properties of the shock.

Instead of thinking uncertainty as risk, we regard uncertainty as ambiguity>. When
uncertainty refers to risk, uncertainty shock is defined to be exogenous variations in
the variance of underlying shocks and agents are risk averse. In our model, when
uncertainty refers to ambiguity, uncertainty (or ambiguity) shock is defined to be ex-
ogenous variations in the variance of agents’ prior beliefs over possible models and
agents are ambiguity averse. We formalize these notions of uncertainty and uncer-
tainty shock within the smooth model of ambiguity axiomatized by Klibanoff et al.
[2005, 2009]. A positive ambiguity shock that makes agents more uncertain across
possible models in their priors, creates an increased degree of pessimism over the out-
look of the economy, which we call market confidence. The particular transmission
mechanism from uncertainty to confidence is consistent with survey data evidence.
As depicted in Figure 1, when we proxy market confidence with Consumer Sentiment
Index in Michigan Survey of Consumers, we do find that periods with heightened
uncertainty are associated with depressed market confidence. Finally, when the econ-
omy features coordination frictions due to the existence of incomplete information, the
pessimism is over the others’ beliefs about the state of the economy, which, within a
general equilibrium setup, translates into a pessimistic belief over aggregate demand.
The economy responds, at the aggregate level, as if there presents a negative aggregate
demand shock.

Framework and Mechanism. We formalize an otherwise standard real business
cycle model that additionally features (a) aggregate demand externalities; (b) ambigu-
ity averse agents (households, workers or firm managers) and finally (c) incomplete

information over ambiguous aggregate fundamentals.

In the model, firms differ in productivities, which consists of an aggregate compo-
nent as well as an idiosyncratic component. The average productivities of all firms are
ambiguous in the sense that the cross-sectional mean of idiosyncratic components can
be anything on the real-line. Firms have perfect knowledge over own productivity but
incomplete information over the ambiguous average productivities of all other firms.
The key thing here is that when making output decision, firms need to make expecta-
tions over the average productivities of the other firms since it is the sufficient statistics

of own demand conditions under aggregate demand externalities. Since firms are op-

3 Ambiguity refers to subjective uncertainty over probabilities due to lack of ex-ante information to
pin down a specific model for the economy in the course of decision making.



erated for the interests of the ambiguity averse households, firms behave as if they are
ambiguity averse by themselves. Therefore, output decisions are made as if firms pos-
sess a pessimistic belief over models when making expectations over demand condi-
tions. Pessimism at the firm level means that models with a lower demand on average
are perceived to be more likely than optimistic models with a higher demand on av-
erage. In response to a positive ambiguity shock, firms become more uncertain across
different possible models of demand conditions. Such a mean-preserving spread of
belief over models amplifies the degree of pessimism of firms resulting in a depressed
expectation over own demand conditions. At the aggregate level, there would be an
increase in the economy-wide degree of pessimism, which is interpreted as depressed
market confidence.

Also, firms rely on the observation of own productivity form expectations over
demand. This is because individual firm productivity equals to the average produc-
tivities of all other firms plus an idiosyncratic shock. In this sense, the observation
of own productivity serves as a private information over average productivities of
all other firms or own demand conditions. When forming expectation over demand,
tirms face trade-offs between the use of prior and private information. To note that,
we formulate ambiguity shock as the shock to the variance of prior belief over possi-
ble models. A positive ambiguity shock results in a less informative prior information
over demand conditions from the perspective of firms. Hence it incentivizes more use
of private information in forming expectations over demand. Therefore, firm-level
output responds more to private information, which further implies that aggregate
output responds more to average productivities of all firms. From the perspective of
the professional forecasters who are required to submit a personal forecast over ag-
gregate output, this indicates that there are more to be estimated. Also, following the
same arguments as in the case of firms, professional forecasters would also use more of
their private information to make forecast over the average productivities of the econ-
omy. In combine, output forecast of professional forecasters respond more to private

information, which heightens belief divergence or measured uncertainty.

Finally, firms hire less labor and cut down output in response to depressed expec-
tation over own demand conditions, which eventually leads to a drop in aggregate
output. From this perspectives, ambiguity shock in this paper is nothing more than a

particular formulation of aggregate demand shock.

To note that, incomplete information is crucial in driving all these results in our
model. Technically, this is because if the information is complete, all agents including
tirms and households can perfectly coordinate not only their beliefs but also their ac-
tions. Common knowledge of the economy implies no heterogeneity in beliefs hence
zero belief divergence. Also, all firms will have not only perfect knowledge of own



productivity but also perfect knowledge of own demand conditions. Therefore, there
exists no room for ambiguity shock having any impact on market confidence, belief
divergence or aggregate economy. The broader insights are that incomplete infor-
mation helps us to accommodate a situation where ambiguity is mostly over others’
productivity rather than own productivity. Alternatively, ambiguity is mostly over the
short-run outlooks of the economy rather than long-run perspectives, which is crucial

in understanding the aggregate demand shock nature of ambiguity shock.

Results. The paper starts with a simple business cycle model that abstracts out cap-
ital accumulation that allows us to deliver a couple of analytical results that clarifies
the main mechanism of the paper. We demonstrate that a positive ambiguity shock
generates lower market confidence hence lower aggregate output and larger belief di-
vergence if agents inside the economy are ambiguity averse and the information is

incomplete.

At the core of these results are the interplay between incomplete information and
dual impacts of ambiguity shocks. On the one hand, a positive ambiguity shock makes
agents (firms and households) believe that the aggregate fundamental becomes more
volatile and on the other hand, aggregate fundamental is turning bad when they are
ambiguity averse. With the existence of incomplete information, the former provides
increased incentives for the use of private information both in making forecasts and
decisions resulting in heightened belief divergence and the latter translates into in-
creased pessimism over aggregate demand resulting in depressed market confidence.
Aggregate output plummets since all firms believe their demand is turning bad and

in response cut down output.

We also discuss the dual impacts of ambiguity shock within a game theoretic inter-
pretation of the market equilibrium, which resembles the idea in Angeletos and La’O
[2009] such that any business cycle models with incomplete information can be trans-
formed into a beauty contest. This game-theoretic interpretation allows us to clarify
the role of incomplete information in driving aggregate fluctuations. It turns out that
incomplete information acts as an amplification mechanism for ambiguity. In the ex-
treme case when there presents complete information, ambiguity shock has no impact
at the aggregate level. Finally, to note that our aggregate demand channel relies on
incomplete information but not on any forms of nominal rigidities. Therefore, aggre-
gate fluctuations generated by ambiguity shock are consistent with the fact that most
of the aggregate fluctuations observed in the US data are disconnected from produc-
tivity or inflation*. Our novel theory of uncertainty-driven business cycles features

4 Angeletos et al. [2016a] identifies a business cycle factor, which is a one-dimensional summary of
aggregate movements. The business cycle factor turns out to disconnect from technology or inflation.
Further see Gali [1999] and Basu et al. [2006] for the former point. And ? for a survey of the empirical



non-inflationary demand-driven aggregate fluctuations.

We further conduct a couple of quantitative evaluations of the impacts of ambi-
guity shock within the dynamic RBC framework. Ambiguity shock is shown to be
able to generate aggregate co-movements in output, consumption, hours and invest-
ment without commensurate movements in labor productivity similar to confidence
shock alias Angeletos et al. [2016b] and Huo and Takayama [2015]. This further al-
lows us to interpret ambiguity shock as aggregate demand shock quantitatively. What
drive the co-movements in quantities are fluctuations in the degree of pessimism over
the short run outlooks of the economy, i.e., fluctuations in market confidence due to
ambiguity shock. The model is capable of generating empirically plausible counter-
cyclical labor wedge. In this sense, we can alternatively interpret ambiguity shock
as the counter-cyclical tax on labor supply or pro-cyclical subsidy on labor demand.
Moreover, quantitatively the model can capture cyclical behaviors in cross-sectional
dispersions in output forecasts indicated by the SPF dataset. Finally, the estimated
market confidence closely tracks Sentiment Index in Michigan Survey of Consumer
manifesting the fact that our theory captures movements in market confidence quan-

titatively.

Contributions. The contributions of our paper are four folds. First of all, we
propose a theory of uncertainty-driven business cycles that is capable of generating
non-inflationary demand-driven aggregate fluctuations. We complement the existing
literature of uncertainty shock with an alternative formulation and transmission that
accommodates a notion of non-inflationary aggregate demand shock out of variations
in uncertainty. Our paper further extends the conventional wisdom in understanding
the co-movements across confidence, uncertainty, and aggregate economy by arguing
that these can be the endogenous outcomes of ambiguity shock not only qualitatively

but also quantitatively.

Secondly, we contribute to the confidence shock literature Angeletos and La’O
[2013], Angeletos et al. [2016b], Huo and Takayama [2015] and Benhabib et al. [2015]
with the empirical linkages between confidence and uncertainty shocks. The con-
fidence shock literature has been critized by the lack of empirical counter-parts of
the higher-order beliefs shock in the theory. Our theory reconciles such concern by
demonstrating that variations in confidence can originate from variations in uncer-

tainty where we do have a lot of empirical measures in the literature.

Thirdly, we also contribute to the ambiguity literature with a Bayesian formulation

of ambiguity shock based on the smooth model of ambiguity. Conceptually, it differs

evidence on NKPC that corresponds to the latter point, namely inflation puzzle. Also, see Beaudry and
Portier [2014] for a couple of evidence that US business cycles are mainly non-inflationary demand-
driven.



with the existing literature in the sense that it is a shock to the amount of ambiguity
rather than a shock to agents’ taste over ambiguity (Bhandari et al. [2016]) or a mix of
both (Ilut and Schneider [2014]). The unique insight for our Bayesian formulation of
ambiguity shock that cannot be shared with the others is that it induces endogenous
fluctuations in measured uncertainty, such as dispersion measures. Our paper further
contributes to the literature with a particular channel to let second-moment shock, i.e.,
ambiguity shock, have the first-moment impact. Such a channel relies on the interplay
between ambiguity aversion and incomplete information rather than the non-convex

adjustment costs as in the theory of uncertainty shock.

Finally, we make one methodological contribution by the provision of a linkage
between (a) business cycle models featuring ambiguity aversion and incomplete in-
formation and (b) games of incomplete information with ambiguity aversion. The
game theoretic interpretation of the business cycle model allows us to build the key
economic intuition behind main mechanisms of our paper and to deliver more in-
sights into the interplay between ambiguity, ambiguity aversion, and incomplete in-
formation. It turns out incomplete information acts as an amplification mechanism for

ambiguity when agents are ambiguity averse.

Layout. The rest of the paper is organized as follows. Section 2 reviews the lit-
erature. Section 3 sets up the simple model without capital. Section 4 characterizes
the equilibrium by a formal definition as well as a set of optimality conditions. Then
in Section 5, impacts of ambiguity shocks are closely studied within the simple model
without capital. Section 6 sets up a dynamic RBC model where a couple of quantitative

evaluations are conducted. Finally, Section 7 concludes.

2. Related Literature

This paper is related to the literature of expectation-driven business cycles including
(a) the news shock literature, Beaudry and Portier [2004, 2006] and Jaimovich and Re-
belo [2009]; (b) noise shock literature, Lorenzoni [2009], Barsky and Sims [2012] and
Blanchard et al. [2013]; (c) confidence shock literature, Angeletos and La’O [2013],
Angeletos et al. [2016b], Huo and Takayama [2015] and Benhabib et al. [2015]; (d)
misspecification shock literature, Bhandari et al. [2016]; (e) non-bayesian ambiguity
shock literature, Ilut and Schneider [2014] and Ilut and Saijo [2016] and finally (f) un-
certainty shock literature, Bloom [2009], Bidder and Smith [2012], Bloom et al. [2016]
and Arellano et al. [2018]. We contribute this line of literature with an alternative “ex-
otic” shock, i.e., Bayesian formulation of ambiguity shock, which generates not only
aggregate fluctuations but also endogenous co-movements across market confidence
and belief divergence within the lens of the business cycles.



Our theory of uncertainty-driven business cycles, on the one hand, directly con-
nects to the theory of confidence shock alias Angeletos and La’O [2013], Angeletos
et al. [2016b], Huo and Takayama [2015] and Benhabib et al. [2015] in generating
animal-spirit-like aggregate fluctuations, at the core of which is the interplay between
ambiguity aversion and incomplete information. In response to a positive ambiguity
shock, firms behave as if their beliefs over average productivities of the others are de-
pressed but beliefs over own productivity, on which they have perfect information,
are unaffected. The unique insights we provide in this paper is the empirical linkages

between confidence and uncertainty shocks.

On the other hand, our paper also relates to the theory of uncertainty shock alias
Bloom [2009] and Bloom et al. [2016] in generating time-varying measures of uncer-
tainty, specifically for belief divergence. Under our Bayesian formulation, the nature
of ambiguity shock is a second-moment “model uncertainty” shock, a positive real-
ization of which incentivizes more use of private information for agents when making
output forecasts hence heightened uncertainty. In the broader context, we share the
same research spirit with uncertainty shock literature in identifying a particular mech-
anism that enables second-moment shocks to have first-moment impacts. Uncertainty
shock literature relies on non-convex adjustment costs while we rely on the interplay
between ambiguity aversion and incomplete information. However, as noted by An-
geletos et al. [2016b], uncertainty shocks as in Bloom [2009] and Bloom et al. [2016]
“can only generate realistic aggregate co-movements through inducing strong pro-
cyclical movements in aggregate TFP”. From this perspective, it is an alternative for-
mulation of aggregate productivity shock. While in our paper, ambiguity shock is by
nature aggregate demand shock. Notable exceptions in the uncertainty shock litera-
ture Bidder and Smith [2012] and Arellano et al. [2018]. The former demonstrates that
interaction between robust preference and stochastic volatility generates animal spir-
its fluctuations. We differentiate with them in the underlying preference structure and
also with the transmission mechanism from animal spirit to aggregate fluctuations.
They rely on news shock channel while we rely on the confidence channel. The latter
relies on financial frictions in generating aggregate-demand like fluctuations due to
risk shocks. We differ with them in the notion of uncertainty and also in terms of the
underlying transmission mechanisms where they rely on hedging behaviours of firms
and in our paper it is the variations in as if belief channel.

There are some other works that study the implications of ambiguity aversion
in the context of business cycle models, but with the different mathematical repre-
sentation of the preferences. For example, Ilut and Schneider [2014] and Bhandari
et al. [2016]. Apart from the above-mentioned difference in the ability to capture fluc-

tuations in belief divergence or measured uncertainty in general, our paper differs



with both of the above-mentioned works in a few other aspects. Ilut and Schneider
[2014] uses multiple priors preference axiomatized by Gilboa and Schmeidler [1989]
to model ambiguity aversion, and ambiguity shock is modeled in a classical statistics
tashion. Bhandari et al. [2016] uses robust preference proposed by Hansen and Sar-
gent [2001a,b] and focus on time-varying concerns for model misspecification, which
can be understood as time-variations in the degree of ambiguity aversion. While in
our paper, ambiguity aversion is modeled by (recursive) smooth model of ambiguity
axiomatized by Klibanoff et al. [2005, 2009] and learning over models features smooth
rule updating proposed by Hanany and Klibanoff [2009] to ensure dynamic consis-
tency. Our Bayesian formulation of ambiguity shock is a pure shock to the amount of
ambiguity rather than a shock to agents’ taste over ambiguity (Bhandari et al. [2016])
or a mix of both (Ilut and Schneider [2014]). Our concept of ambiguity shock is consis-
tent with empirical studies on the recent financial crisis that demonstrate that sudden
increases in credit spreads observed during the 2007-2008 crisis are mainly due to the
increase in the amount of ambiguity rather than the increase in agents’ taste over am-
biguity®.

A notable exception in this area is Ilut and Saijo [2016]. In their paper, ambiguity
averse preference is represented by the multiple priors preference axiomatized by Ep-
stein and Schneider [2003]. Ambiguity aversion is modeled as an amplification mech-
anism of business cycles rather than devices for exogenous variations. In their paper,
recessions are periods of less learning. With an exogenous entropy constrain, reduced
learning translates into a larger range of models. Therefore, there features endogenous
counter-cyclical ambiguity. They focus on the aggregate implications of their model
and succeed in capturing aggregate fluctuation in the data. However, their model im-
plications for dispersion measures are ambiguous. Less learning in recession implies
less use of private information when making forecasts. In most of the cases, this im-
plies lower cross-sectional dispersions either in output forecasts or realized outputs.
We differ with them in generating the right co-movement pattern in cross-sectional

dispersion measures.

Ambiguity averse preferences, especially recursive multiple prior preferences, have
been intensively used in the literature to generate asymmetric responses of aggre-
gate variables to aggregate shocks in recessions and boom. For example Epstein and
Schneider [2008], Ilut [2012], Ilut et al. [2016], Baqaee [2017] and Zhang [2017]. These
papers assume the existence of ambiguity over precisions of various sources of in-
formation to provide agents with state-dependent subjective belief over precisions of
related information. Then negative realizations of shocks are associated with a sub-
jective belief of higher precisions hence increased responses to shocks in bad times.

5See Boyarchenko [2012] for more details.



In our paper, ambiguity is over the first-moment of shocks but ambiguity shock is of
second-moments, which is the unique feature of the smooth model of ambiguity. The
interplay between ambiguity aversion and incomplete information in our paper also
generates counter-cyclical responses to aggregate (productivity) shock. This is because
a positive ambiguity shock incentivizes the use of private information in making ex-
pectations hence in making output decision. Eventually, aggregate output responds
more to aggregate productivity shock. In sum, as far as we know, we are the only
paper in the literature that studies joint implications of ambiguity aversion and in-
complete information within the lens of business cycles. Also, ambiguity aversion has
been studied in the context of asset pricing extensively, see Ju and Miao [2012] and
Collard et al. [2018].

Our paper also relates to the theory of beauty contest pioneered by Morris and Shin
[2002] then extended by Angeletos and Pavan [2007]. We further extend the theory by
allowing for ambiguity averse preference. Finally, in a broader context, our paper is
also related to those studying coordination games with model uncertainty, such as
Chen et al. [2016] and Chen and Suen [2016].

3. The Simple Model without Capital

In this section, we construct a static general equilibrium model in the vein of Angeletos
and La’O [2009]. The model embeds three key features in an otherwise standard real
business cycle environment: (a) aggregate demand externalities, (b) incomplete in-
formation over the ambiguous aggregate state of the economy and finally (c) smooth
model of ambiguity together with ambiguity shock. We first describe the physical en-
vironment along with the uncertainty structure and the evolving of information sets
of all agents. We then specify the preferences and interim belief systems. Finally, we

close up this section by a couple of remarks and interpretations of the setup.
3.1. Physical Environment, Shocks and Information Structure

Geography, markets and timing. The economy consists of a continuum of islands,
indexed by j € | = [0,1] and a mainland. On each island j, there exists a continuum
of firms, indexed by (i,j) € I x ] = [0,1]* and a continuum of workers, indexed by
(m,j) € M x | = [0,1]*. Island firms and workers interact with each other in the lo-
cally competitive labor market for the production of differentiated island commodities
indexed by j. These commodities are traded in a centralized market operated on the
mainland, where a continuum of consumers, indexed by € H = [0,1] and a large
number of competitive final good producers inhabit. We assume that consumer / and
a continuum of workers {(h,]);j € J} constitute a large household indexed by h € H,
who owns a continuum of firms {(%, ) ;j € J}. By doing so, we ensure the existence of



a representative household at the mainland and a continuum of representative firms
and workers on every island. This is because, as it will become evident later, there

exist no heterogeneities, either in fundamental or in information, within an island.

We focus on the static setup in this section. There is only one period, say period ¢,
which is decomposed into three stages. At stage zero, period t shocks are realized. At
stage 1, island-specific competitive labor markets open up. The representative house-
hold sends out workers to each islands. On island j, firms make labor demand deci-
sions and symmetrically, workers make labor supply decisions on the basis of incom-
plete information over the ambiguous aggregate state of the economy. At stage 2, on
the mainland, the centralized commodities market opens up. All uncertainty, either
risk or ambiguity, is resolved. Final good producers produce. And the representative
household makes consumption decisions upon receiving all the transfers from work-

ers and firms on the basis of perfect information.

Households. The utility of the representative household is given by:

¢ -1 /N,'lfed.
1—9 X]l-l—e]

where 7 is the relative risk aversion and e is the inverse Frisch elasticity of labor sup-
ply. To note that, in our static setup, 7y also controls for the income effects of labor
supply. The corresponding budget constraint of household is such that

quﬂwwww+ﬁﬂmﬂum)

where P; denotes the price of final goods, [ ; WjtNjdj denotes the total labor income
and finally [; [;T1;;.d (i, j) denotes the total realized firm profits.

Island firms. Island j firms use labor only for the production of island j commodity.

The production function of firm (i, j) is given by

EJ:AﬂM;“ (1)

where A;; is the island-specific productivity and the realized profit is given by
ILijt = PitYije — WiiNijt

where W; ; denotes the nominal wage on island j in period  and P; ; denotes the market
price of island j commodity to be determined at stage 2 when the centralized markets
opens up. Since it is assumed that it is the representative household who owns the
firm, any realized profits are to be transferred to the consumer for the purchase of

10



tinal goods for consumption. Therefore, in the absence of any uncertainty concerns,

island j firms care about the consumer valuation over its profits given by

u' (Ct)
P

LTt

where P is the price of final goods normalized to 1.

Final-good producers. The competitive final-good sector employs a CES produc-
tion technology given by

T
)

where 0 is elasticities of substitution among island commodities that controls the strength

of aggregate demand externalties. Demand function for island j commodity is, there-

P\
Y., = L) Y,
it ( Pt t

1
where P; = ( il J P].lt_edi) "™ denotes the price of final goods that is normalized to 1.

fore, given by

Productivity and ambiguity shocks. Aggregate productivity a; = log A; follows a
Normal distribution with mean 0 and variance U'g

a; ~ N (0, ag)

Island-specific productivity, defined by 4;; = log A ;, equals to aggregate produc-
tivity plus some idiosyncratic productivity shock ¢ ;:

Ajp = A+ L

Idiosyncratic productivity shocks ¢ ; are assumed to be i.i.d normally distributed with
mean w; and variance o2. Objectively, the cross-sectional mean of idiosyncratic pro-
ductivity shock is zero, i.e. wy = 0. However, agents inside the economy cannot fully
“understand” it. They possess some ambiguity over it. Specifically, they believe that

anything on the real-line can be a potential candidate for w;. And they possess a com-

11



mon zero-mean® Normal prior belief over w; € R:
wr ~ N (0,e¥)  with

where 1y measures the amount of ambiguity perceived by the agents’. We assume that
1 is chosen by nature such that

l/Jt = ¢+ T with T ~ N (0,0’.%) (2)

where ¢ denotes the amount of ambiguity perceived by all agents at the ambiguous
steady state®. And we interpret 7; as ambiguity shock, which is Normally distributed

with mean 0 and variance 2.

Information structure. Denote 7Z;, Z;;1 and Z;, as the information sets that are
available to all agents at stage 0 of period ¢, are only available to island j agents at
stage 1 of period t and are available to all agents at stage 2 of period t, respectively. We
define these information sets by

Tio = {1} Zit:i =TipU{aj} Tip = Ui 11 U{lt} 3)

There are a couple of implicit assumptions behind this information structure. First of
all, information is symmetric within each island but is asymmetric across islands. Sec-
ondly, ambiguity shock 7; happens at the beginning of each period t. Thirdly, at stage 1
of period ¢, island j productivity 4, is only accessible for island j agents. In this sense,
aj; serves as the private information of island j agents over the average productivity
f ; 4j,d], which is ambiguous. Therefore, labor supply and demand decisions on each
island are made under incomplete information over the ambiguous aggregate state
of the economy. Fourthly, Z;, contains the complete set of local information that is
originally dispersed at stage 1. This is justifiable since commodities prices or transfers
perfectly reveal the island-specific productivity that is previously dispersed at stage
1. Fifthly, all uncertainty, either risk (state uncertainty over a;) or ambiguity (model
uncertainty over wy) is resolved at stage 2 of period t. Hence consumption decisions

are made under perfect information.’

®The objective model w; are assumed to be inside the set of possible models of all agents. By as-
suming this, we rule out any mis-specification concerns and focus on ambiguity. See Peter Hansen and
Marinacci [2016] for a detailed discussion of the differences between mis-specification and ambiguity

"Maccheroni et al. [2013] proposes to use the variance of the ex-ante expected utility of a particular
model to quantify the amount of ambiguity in general information structure, which is shown to be
consistent with a quadratic approximation akin to Arrow-Pratt approximation. Our measure of the
amount of ambiguity is consistent with theirs ordinally under Normality.

8 Ambiguous steady state refers to the state the economy converges to in the absence of any shocks
but taking into account of the existence of ambiguity.

9The assumption that all period ¢ uncertainty resolves at the second stage of period f is in some sense

12



We close the description of the physical environment, shocks and information struc-
ture by the timeline of our model in Figure 2.

Stage 0 Stage 1 Stage 2
Zio = {91} Tiea =TioU{az} Tio =U;Zj 41 U{G}
® @ @
Nature generates Island j firms and workers observe a; 4, Household observes { fj a;,¢dj, Q}
ar and {a;+; 5 € (0,1)}. and make local labor and makes consumption decisions Cj.
Ambiguity 1 realizes. supply and demand decisions. Final goods producers produce.

Figure 2. Timeline for Period t

3.2. Preferences and Interim Belief Systems

All agents inside the economy are ambiguity averse in the sense that they dislike am-
biguity more than risk. Ambiguity averse preferences can be mathematically repre-
sented by the smooth model of ambiguity first proposed by Klibanoff et al. [2005],
which features a separation between the amount of ambiguity (characteristics of sub-
jective belief) and degree of ambiguity aversion (characteristics of decision makers’
tastes). Such a separation is appealing because only with it, we can seriously study
the impacts of ambiguity shock upon controlling for decision makers’ taste over it.
It is widely acknowledged that Bayesian updating is only dynamic consistent under
expected utility preferences. To ensure dynamic consistency across stages within a
period, we employ the smooth rule of updating, which is a re-weighted Bayesian up-
dating rule proposed in Hanany and Klibanoff [2009]%°.

At stage 2, when all uncertainty is resolved, the representative household’s pref-
erences are represented by a standard utility function. In what follows, we carefully
specify the preferences and interim belief systems for the representative household at
stage 1 of period t and formulate the stage 1 workers” and firms’ problems when there

features incomplete information is over the ambiguous fundamentals.

Preference of the representative household at stage 1. At stage 1, preference of the
representative household is represented by the smooth model of ambiguity proposed

ad-hoc to ensure tractability. However, most of the key messages delivered in this paper do not rely on
this particular assumption on information structure.
19See Appendix for a discussion over dynamic consistency
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in Klibanoff et al. [2005]. The corresponding island j workers” problem is such that

clr—1 N 4

Wi t - . 1 . ‘
Iﬁ@&¢<%mll—v X11+8”>ﬂﬂﬁwwwf 4)
s.t. PCy = /]Wj,th,idj+/]/IHi,j,td (i,)) (5)

where the island j workers decide how much labor Nj; to supply into island-specific
competitive labor market given nominal wage W; ;.

Here ¢ (x) is some strictly increasing and concave function, whose curvature cap-
tures decision makers’ taste over ambiguity, i.e., degree of ambiguity aversion and
E]wtt 1 [-] denotes the mathematical expectation conditioned on Z;; under a particular
model w; for the cross-sectional mean of idiosyncratic productivity shock w;. And
f]?ft,l (wt) stands for the probability density function of interim belief of island j work-
ers over period t ambiguity w;. It is nothing more than the posterior belief over possi-

ble models w;, which follows smooth rule of updating

clr 1 NifFe
GRSl
R NLFe f(ﬂj,t\wt) ft (wtz (6)
¢’ (Ej,tt,l { = _Xf] 11’?‘4)

Weights

ch
fj,t,l (wy) o

Bayesian Kernel

7

Here f (a;|w;) is the conditional probability density function of a;, under a particular
model w;, which is the Normal density with mean w; and variance Ug + 02, and ft (wr)
stands for the period t prior belief density over w;, which is the Normal density with
mean 0 and variance e¥".

Relative to the standard Bayesian updating, the smooth rule puts more weight to

the model that provides higher marginal incentive to act ex-ante (at stage 0) when
comparing to its ex-post (at stage 2) counterparts:

Cl—’Y -1 Nlj'e Cl—’Y -1 ng'e
i per | & _ it g 1 por | & _ it g
¢<ﬂ0[1— X/] KA 2 R XA1+€W

04 j1+e
Through re-weighting in interim belief, incentives to act in ex-ante (at stage 0) and in

ex-post (at stage 2) can be aligned with each other, which leads to dynamic consistency
across stages within a period.
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Firm problem at stage 1. Firm problem can be formulated as follows:

max/ ¢ | ES!
Nij+ /R <]t1

subject to the production function of island j firms (1). The firm decides how much

ot »
5 (BiYiju = WisNije) | | fjeq (wr) deor @)

labor to hire by taking nominal wage W;; as given and by making expectation over its
terms of trade P;j; to be determined at stage 2 by

—0
]t = /Yz]tdl (L;t) Yi (8)

Interim belief systems of island j firms follows an extended smooth rule of updat-

ing given by

(E;Utto [ — v Xf] T+e }))f (aj,t!wt) fr (wy) )

fliy (@) T
¢’ (E],Zl [fa—t (Pt Yje — Wj,th,t)]

. J/

Bayesian Kernel

Weights

Unlike the standard smooth rule of updating, firms’ incentives to act are not aligned
in a pure ex-ante versus ex-post sense. Instead, the proposed extended smooth rule
of updating aligns incentives to act of the representative household in ex-ante with
that of the firms in ex-post. This ensures dynamic consistency from the perspective
of the representative household. That is if we allowed the household to make ex-
ante contingency plans of production for island firms, the contingency plans are to be
respected ex-post by firms when it is their turn to move.

To note that, we formulate the firms’ problem in a way that the firms are ambiguity
averse by themselves. We can justify the formulation of firms’ problem by arguing
that firms’ are maximizing the shareholder value. Therefore, firms behave as if they
are ambiguity averse by themselves and share the same belief with their shareholders
when evaluating the marginal benefit of labor demand. The additional concavity in-
troduced by the ¢ function manifests the former point, and the extended smooth rule
of updating takes care the latter. Therefore, we can alternatively formulate the firms’

problem by

max /R ES [SDF; (PysYijs — WiaNija)] fisn (cr) deoy (10)
z]t
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where the stochastic discount factor SDF; is given by

[ct” 1 NFe

11—y ]1+€]

c7
P
Here the stochastic discount factor takes cares not only households’ risk attitude %7

N1+e
+=d ]} ) The two formulations

SDF; = ¢/ (E;‘U,tt,o

1-y
but also ambiguity attitude ¢’ ( Efl {%_71 ~x/;
(7) and (10) are isomorphic to each other.

To close up the description of the model, we assume that ¢ (x) takes the constant
absolute ambiguity aversion (CAAA) form for simplicity and tractability:

Assumption 1. (CAAA) We assume ¢ (x) = —%e’“ where A > 0 measures degree of

ambiguity aversion of all agents.

3.3. Remarks and Interpretations

We conclude this section by some remarks and interpretations on the three key features
of our model that have been listed at the beginning of this section.

1. Ambiguity is introduced into the model in the form of the cross-sectional mean
of idiosyncratic productivity shock. But this does not mean there is any ambiguity
over local economic conditions. Instead, firms and workers on island j have the per-
fect understanding of own island productivity, but an incomplete and ambiguous un-
derstanding of average productivity of all other islands [ ; 4j,d]. This is because from
the perspective of island j agents, cross-sectional mean of idiosyncratic productivity
shock w; can be regarded as some temporary aggregate productivity shocks. There-
fore, if local economic decisions are made solely depending on expectations over local
economic conditions, output or labor will not respond to ambiguity shock at all'!. This

is the exact reason why we need aggregate demand externalities.

2. In our model, with aggregate demand externalities, incomplete and ambiguous
information over the average productivity of all other islands [ | aj:dj can be translated
into incomplete and ambiguous information over own demand conditions. We show
in later sections that under the smooth model of ambiguity and the smooth rule of
updating, fluctuations in the amount of ambiguity, i.e., ambiguity shock 7;, generate
fluctuations in island j agents’ belief over local demand conditions, which eventually
maps into aggregate fluctuations. In this sense, we can formally interpret our ambigu-

ity shock as a particular formulation of aggregate demand shocks. This differentiates

There are still some inter-temporal impact of ambiguity shock on consumption-saving trade-offs.
But this would, in general, imply no aggregate co-movements, which is the sentence to death for any
business cycle model.
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our paper with Ilut and Schneider [2014], where ambiguity shocks are designed to be
some form of news shocks about future productivity.

3. Ambiguity shock 7; in our model is, by design, a second-moment shock. This
is the primary reason we can generate fluctuations in belief divergence, i.e., cross-
sectional dispersion of ex-ante output forecast. The key question here is whether or not
such a second-moment shock can generate the first-moment impact at the aggregate
level. The answer is yes if we have the smooth model of ambiguity together with
the smooth rule of updating. From this perspective, we share the same spirit with
Bloom [2009] and Bloom et al. [2016] in identifying possible mechanisms that enable
the second-moment shocks to have first-moment impacts'?.

4. Equilibrium Characterization

In this section, we first define the equilibrium of the model and then derive a set of
optimality conditions that jointly describe the equilibrium allocations and beliefs of
all agents. Finally, we demonstrate how to characterize the conditional log-normal

equilibrium associated with these optimality conditions.
4.1. Equilibrium Definition
Definition 1 (Equilibrium). An equilibrium consists of a set of
e allocations {{Ni,j,t/ Yi/j/t}(i,j)ej’ {N?f}je]’y’f}"
e factors and commodities prices {{W/'f}je % {P~,t}].6 Iy Pt} ;
e information sets {It,(), {Zii1 }]. e L2 };
e cxogenous shocks {Tf,Ct, {l/ft}je]};
e and finally interim beliefs over the set of possible models {f;htl (wt) ,f;f i1 (wr) }jej
such that:
e Information sets {It,O, {Zii1 }].6 Iy It,Z} are defined in (30)
e At stage 1, given factors and commodities prices {{W‘,t}j e {P-,t}j . ],Pt} and the

interim beliefs over the set of possible models {;ht 1 (wt), f]f 11 (i) } p {Nj:} solves
+, t, je

the workers’ problem (4) and {Nj;, Y} (L)€l solves the firms’ problem (7)

12In Bloom [2009] and Bloom et al. [2016], the existence of non-convex adjustment costs generates
the real value of wait-and-see when “uncertainty” (risk in its nature) goes up, which has first moment
impact on firms hiring and investment decisions.
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e Interim beliefs are such that: f 1 (wt) is given by (6) andfl] 11 (wt) is given by (9).

o Market clears for island-specific labor markets

/Ni,]'/tdi — N t
I

o Market clears for island commodities

—
[ == () v an
0
o, )
Yt:(JY]"t d])

. . 1— 9 /(1_9) . .
where the price of final goods Py = ( Il P > is normalized to 1.

with

o Market clears for final good

Yy =C;

4.2. Optimality Conditions

We can characterize the equilibrium with a set of optimality conditions. Detailed

derivations can be found in Appendix.

First of all, within island j labor market, optimal labor supply is governed by the

following condition

XNj =W, /E,tl (CO)] fian (wt) det (12)

Workers on island j equate stage 1 valuation of the marginal benefit of labor (RHS)
with marginal disutility of labor. On the other side of the labor market, optimal labor

demand condition is given by

/ E]t1 "(Ch)] f]tl wy) dwy = (/ E]tl ],]f]tl(wt)dwt> <(1—zx);\/]]t

It
(13)

Firms on island j equate stage 1 valuation of the marginal cost of labor (LHS) with
the marginal benefit (RHS). Unlike standard expected utility preferences, ambiguity

aversion implies that when evaluating marginal effects at stage 1 of period ¢, firms
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and workers on island j employs a distorted posterior belief over the set of possible
models given by

r / wy Cg_v —1 jl,j_e .
g1 (i) o<’ | N T —X/] 7 +€d] f(aj,t|wt)ft (wt) (14)

N -— Bayesian Kernel
Belief Distortion

It tells that whenever a model w; generates lower ex-ante (stage 0) expected utility
for the representative household at the margin of wy, island ; firms and workers tend
to regard it as the more likely one in their posteriors. Put it differently, ambiguity
aversion implies a pessimistic posterior belief over the set of possible models. To note
that, firms on island j have the same distorted posterior belief over the set of possible
models as island j workers, which is the by-product of the extended smooth rule we
assumed in the interim belief systems of island firms.

Combing (12) and (13), equilibrium allocation of labor can be summarized by the
following key equation for labor market:

1
Yii\ | ~ Y;
€ _ wi / it ' jt
XN = /R Ejin [” (Cr) (Tt) fina (wr) de (1-a) N (15)
~~ J/ %,—/
marginal utility of island j commodity marginal productivity

The LHS of this key equation is the marginal disutility of labor, and the RHS is the
multiplication of (a) marginal utility of island j commodity and (b) marginal produc-
tivity of labor. The equation simply says, in the labor market equilibrium, stage 1
valuation of private benefit of labor equates with the private cost of labor. Similar con-
dition also appears in Angeletos and La’O [2009] and Angeletos et al. [2016c]. There
are two main differences between ours and theirs. First of all, there is another round
of integration over models due to the existence of ambiguity. Second, agents use a
distorted posterior belief due to ambiguity aversion.

4.3. Joint Approximation of Allocation and Belief

Using island production function Y;; = A, ;N!.® and the market clearing condition for
g p i, jtNit &

tinal goods Y; = C;, we can transform (15) into a fixed point condition over allocation
{ Yj,t }]6]

e -1+g = w |yvi—T| 7
XY, = (1-«) A /R Eiiq | Y fip1 (wr) deoy (16)
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where the distorted posterior belief f;,t,l (wt) is given by

. Y1*7 1 Y',t/A‘,t (1+€)/(1—a) .
fj,f,l (wy) o ‘Pl Efi’t,o tl? _ /] ( ] ]1)+ . dji| | f (a]-,t]a)t) fi (wtz

~\~

_ Bayesian Kernel

-~

Belief Distortion

(17)

To ensure complementarity in productions across islands, we make the following
parametric restriction for the simple model without capital'3:

Assumption 2. (Complementarity) It is assumed that % > 7 when there is no capital.

Increase in output of all other islands k # j € ], on the one hand, raises the demand
for island j commodities due to aggregate demand externalities, but on the other hand
generates upward pressure on the wage rate of island j due to income effect of labor
supply. Assumption 2 ensures that income effect of labor supply is so weak that the
channel of aggregate demand externalities dominates that of the income effects. Later
in Section 6, we drop this assumption when there exists capital accumulation and as-
sume 6 = 1, i.e., a Cobb-Douglas technology for the aggregation of island output
{Yi, }je ] and ¢y = 1, i.e,, log utility for consumption. Such a parameterization also en-
sures complementarity in production given the existence of consumption smoothing
incentive, which weakens income effect of labor supply.

The technical complication here is that the distorted posterior belief fj,t,l (wy) is
not orthogonal to equilibrium allocation. Allocations and beliefs have to be solved
simultaneously in equilibrium. As a result, the equilibrium of the economy is the
solution to a double fixed point conditions: one solves (16) characterizing the equilib-

rium cross-sectional allocation {Y]t}] el conditional on any stage 1 distorted posterior

belief over possible models f},t,l (wt) and the other one solves (17) characterizing equi-
librium stage 1 distorted posterior belief over the set of possible models conditional

on any cross cross-sectional allocation {Y;, }je | of the economy.

Definition 2 (Conditional Log-Normal Equilibrium). An allocation {Y;;, Y; }]. ¢ consti-
tutes a conditional Log-Normal equilibrium if both Y; |1 and Yi|y; are Log-Normally dis-
tributed.

13To see why this is the case, observe that under perfect information, (16) can be simplified into

Ide _q41 — e 1
XY I I+g _ (77 ; 1) (1-a) Ajt—ayte v

It is straight-forward to show 9Yj;/dY; > 0 if and only if % —7>0.

20



Lemma 1. Up to second order, distorted posterior belief over the set of possible
models f;,t,l (wt) can be Normally approximated if allocation {Yj, Y; }]. - constitutes a
conditional Log-Normal equilibrium.

Proof. See Appendix. n

Lemma 2. Allocation {Y; (a;, ;) }]. ¢ constitutes a conditional Log-Normal equilib-

rium if distorted posterior belief over possible models f;,t,l (w¢) is Normal.

Proof. Directly follows Angeletos and La’O [2009]. n

The complication of the joint determination (or approximation) of allocations and
beliefs can be greatly simplified once we narrow our analysis down to the focus of
conditional log normal equilibrium defined in Definition 2. On the one hand, con-
ditional Log-Normal equilibrium embeds the standard Log-Normal equilibrium or
log-linearized equilibrium as a special case when there is no ambiguity shock. While
on the other hand, it can be justified, up to an approximation sense, by Lemma 1 and
Lemma 2 in a self-fulfilling fashion. The following proposition characterizes the ap-

proximated conditional log-normal equilibrium.

Proposition 1 (Equilibrium Characterization). Under some regularity conditions, there
exists a unique approximated symmetric conditional Log-Normal equilibrium where the al-
location {Y, Yt}je | is such that

~

Yy =InY;; = y* —}-Ey (@) + Kya; (1, A) - aj;+ hi(tpt,)x) (18)
Ambig;t,ous 55 Use of Private Info. ~ Impact of Amb. Shock
and
Y = In Yt - y* + Ey (@) + Kya]- (¢t/ A) : /aj,tdj + il\y (wt/ )\) (19)
N—_——— \ ] N———
Ambiguous SS UIse ofP?zgate Info Impact of Amb. Shock

where y* + hy () denotes the ambiguous steady state output. And Kya; (Y1, A), the slope of
output w.r.t. productivity, is called the use of private information, which is a function of the

amount of ambiguity ; and degree of ambiguity aversion A. Finally, h, (11; A) denotes the
impact of ambiguity shock on output satisfying

Ey (E,A) =0
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Finally, the distorted posterior belief over the set of possible models is Normal with mean y;
and variance o2 such that

eV + ¢o (1, A) 240
He (Ug + (7[2 + et +g(7 (ll)t, )\) it 0_5 T 0_12 I oVt T % (lpt, )\) g‘u (Ebt )

and

02+ o?
0-2 - g ! elpt + /)\
: 07 + 02+ eV + o (Pr,A) ( g (¥ 1))

where the distortion in mean g, (, A) and in variance g, (Y1, A) are given by

1 AKJwe?!
_ ¥y _ Jww P
gﬂ (lpt’ A) /\K](U (1 i )\K]wwelpt> e 8o (lIJt, /\) <1 -+ AK]wwelpt) € (20)

with Ky, and Kjwe being functions of kya; such that

KJew —e(I=7)y" ((1 +(1—7) E,) Kya; — (1 + <1 i e) ) Kya; — ) >0 (21)
Kjww =e 11V [(1 +(1- ’y)ﬁy> (1—1) K;ajlt (1 + (1 T > h ) (i fZ) (KW]. — 1)2} >0

(22)

Proof. See Appendix. n

The approximation turns out to be quite accurate. In Appendix B, we conduct
a numerical check and demonstrate that our approximation is not only accurate but

also conservative in the sense it under-estimates the impact of ambiguity shock.

The allocations (18) and (19) are akin to those of the Angeletos and La’O [2009].
Log deviations from the ambiguous SS for island output y;; = y;: — (y* + Ey (@))

and aggregate output ij; = y; — <y* + Ey (@)) can be expressed into a linear function
of island a;; and average productivity f] ajdj, respectively. We name the slope of these
linear functions yq, (1, A) as the use of private information, which is a function of the
amount of ambiguity ¢;. Furthermore, the intercept term /1, (¢1; A) controls the impact
of ambiguity shock on aggregate output, given the fact that it is zero when evaluated
at the ambiguous steady state. These two terms (a) the use of private information
Kya; (Y1, A) and (b) the impact of ambiguity shock on aggregate output ﬁy (py; M) are
at the core of our analysis. Later in this Section 5, we study the impacts of ambiguity
shocks through comparative static analysis over these terms and demonstrate how
ambiguity shock can possibly generate co-movements across market confidence, belief
divergence and aggregate economy.
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5. Impacts of Ambiguity Shock

In this section, we analyze the impacts of ambiguity shock by conducting a couple
of comparative static analysis. We start by providing a game theoretic interpretation
of the equilibrium allocations of our business cycle model. Such a game theoretic
interpretation clarifies the main mechanisms of our paper, which are the dual impacts
of ambiguity shock. We then demonstrate how such dual impacts of ambiguity shock
are to be mapped into fluctuations in aggregate output, market confidence, and belief
divergence. Finally, we close up this section with some discussions about the interplay

between incomplete information and ambiguity aversion.
5.1. Game Theoretic Interpretation

To build up the economic intuition behind impacts of ambiguity shock, we present a
game theoretic interpretation of the equilibrium of our business cycle model, which re-
sembles the beauty contest in Morris and Shin [2002] and Angeletos and Pavan [2007],
but with a distorted information structure that captures the belief distortion or pes-

simism in belief due to ambiguity aversion.

Proposition 2. The approximated equilibrium allocations {Yj, Y; }]. e are identical to that of

a beauty contest such that

Yjt = Kalj +1yEj; [y¢]

where the coefficients x, and x, are such that

The information structure is distorted such that
Bie = +T T~ N (0,07)
ﬁt ~ N (g]/l (wt/)\)/ UZZ + elpt +g0’ (ll]t/ A))
where distortions {g, (Y1, A), go (Y1, A) } are given by (20) and satisfies the followings

agu (¥, A)

< 0.
oy

Su (Y1, A) <0, gu(—o0,A) =0, gu(y:,0) =0,

and

9 (e" +go (1, 1))

>0
oYy

8o (Y1,A) <0, go(—00,A) =0, go(¢1,0) =0,
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Proof. See Appendix. n

Within the beauty contest interpretation, island output y; ; is the linear combination
of island productivity 4;; and island j expectation of aggregate output because the for-
mer controls the marginal cost of production on island j and the latter manifests island
j’'s forecast over own demand conditions. However, unlike standard beauty contest,
perceived distribution of aggregate productivity is distorted both in mean and vari-
ance due to the existence of ambiguity and ambiguity aversion. Here x, corresponds
to the notion of coordination motive in the beauty contest literature. Its magnitude
xy € (0,1) is the product of Assumption 2, which ensures complementarity in action
and uniqueness in allocations once we fix a distorted information structure. Such a
game theoretic interpretation provides us a natural laboratory to study the impacts of
ambiguity shock. In what follows, we utilize this beauty contest interpretation and
discuss in more details how ambiguity generates fluctuations in market confidence,

belief divergence and aggregate economy once and for all.
5.2. Market Confidence, Belief Divergence and Aggregate Fluctuations

What are the impacts of ambiguity shocks? As evident from Proposition 1, ambiguity
shock affects the allocations of the economy by fluctuating decision makers” distorted
posterior belief over the set of possible models. Proposition 2 further decomposes
the impacts of a positive ambiguity shock into two parts: one generates an increased
pessimism over aggregate fundamental and the other one creates higher perceived
volatility of aggregate fundamentals. We call them the dual impacts of ambiguity
shock.

High Ambiguity Low Ambiguity

Agg. State

Figure 3. Impact of Ambiguity Shock: Main Mechanism

Figure 3 plots the perceived "as if" distribution of aggregate fundamental for the
low level of ambiguity, i.e., {; is small, and for the high level of ambiguity, i.e., ¥ is
large. It is named "as if" because these are the subjective beliefs over aggregate fun-

damentals that would deliver exactly the same allocation as our baseline model when
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agents have expected utility preferences. Since island j agents have perfect under-
standing over own productivity, distorted prior belief over aggregate fundamental 4;
can be translated into distorted prior belief over aggregate demand of island j. There-
fore, a positive ambiguity shock makes decision-makers believe that the aggregate de-
mand becomes worse on average and more volatile in their "as if" subjective prior. The
former maps into lower output, either island or aggregate, at the margin. While the
latter maps into an increased incentive in the use private information when making
expectation over aggregate demand hence when making factors demand and supply

decisions. We summarize these results in the following proposition

Proposition 3. A positive ambiguity shock that increases the amount of ambiguity {; gener-
ates lower aggregate output in the sense that

oYy

if agents are ambiguity averse, i.e. A > 0. Moreover, equilibrium use of private information

Kya; (1, A) is an increasing function of amount of ambiguity p;:

E)KW]. (lpt, )\)
oYy

Proof. See Appendix. n

> 0. (24)

At the core of understanding (23) is the increased degree of pessimism over the set
of possible models. In fact, there are two forces at work that deepen agents” degree
of pessimism over the set of possible models, one fundamental and one strategic. A
positive ambiguity shock, on the one hand, increases the amount of ambiguity faced
by all agents. In response, agents behave more pessimistic. This is the fundamental
or direct channel. On the other hand, a positive ambiguity shock induces all other
agents to use more of their private information when making output decisions. Under
aggregate demand externalities, this raises the amount of ambiguity in firms” demand
structure, which further increases the degree of pessimism. This is the strategic or in-
direct channel. Through the fundamental and strategic channels, a positive ambiguity
shock raises all agents” degree of pessimism over the outlooks of the economy, which
eventually drives down economic activities.

Market confidence. We define market confidence as the “economy-wide average
of agents’ first-order expectations of aggregate output of the economy”. Such a defi-
nition is consistent with the practice of most of the survey exercise. For example, in

the Michigan Survey of Consumer, consumers are asked about whether they believe
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output will go up or down in the following year. In a broader context, it is a short-cut
for agents forecasts about the outlooks of the economy.

Definition 3 (Market Confidence). Market confidence is mathematically defined to be

Conf.(p, A) = /]/R E;-U,[ a f;,t,l (wi) dewdj

To note that, market confidence is defined under the distorted belief over the set
of possible models E,t,l (w¢). By doing so, we implicitly assume that ambiguity averse
agents would use their as if belief, i.e., the pessimistic belief to make forecasts. Also,
we integrate individual agents’ first-order belief over j to be consistent with the idea
that market confidence is an economy-wide concern. Following Proposition 1, it is

directly to have that

2

Ul
07 + e + 8o (Yr,A)

Conf. (1, A) = y* + hy () + Kya; (P1,A) < ) 8 (Wi, A) + by (1, A)

Observe that economy-wide average of agents first-order belief over average produc-
tivity is given by

. 2
f o5 o] ossns = 00 s
(25)

Being hit by a positive ambiguity shock, all agents become more pessimistic over the
aggregate fundamental, i.e., g, ({1, A) decreases. On the other hand, all agents per-
ceive the aggregate fundamental become more volatile e¥* + g, ({1, A) increases. The
former increases the economy-wide pessimism. But the latter reduces economy-wide
pessimism because agents find it optimal to use more of the private information, the
economy-wide average of which is objectively zero. However, in equilibrium, the
former always dominates the latter implying that all agents are becoming more pes-
simistic over average productivity. The point is all agents understand that all the oth-
ers are more pessimistic. And they also understand that the other agents understand
this increase in economy-wide pessimism. Further, they all understand that all the
others understand that the others understand this, etc. The consequence of such an
higher-order thinking over each others eventually leads to a drop in aggregate output,
ie., Ey (11, A). This further depresses market confidence. Finally, all agents also under-
stand that the others all perceive aggregate fundamental being more volatile. Hence
they understand that all the others will use more of their private information. There-
fore, they know that aggregate output will respond more to aggregate fundamental,
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Le., Kya, (11, A) increases. This raises output forecasts’ reliance on the pessimistic belief
over average productivity, which further depresses market confidence. We summarize

this result in the Corollary 1.

Corollary 1. (Depressed Market Confidence) A positive ambiguity shock that in-
creases the amount of ambiguity perceived by agents depresses market confidence in

the sense that

aConf. (¢, A)
Py

<0

Proof. Directly following Proposition 2 and 3. n

To note that in the model, island j agents have perfect information over own pro-
ductivity. Anincrease in the amount of ambiguity depresses island j agents’ belief over
the average productivity of the other islands without changing beliefs over own pro-
ductivity. These movements in belief are isomorphic to those of a negative confidence
shock under heterogenous prior setup alias Angeletos et al. [2016b]. In this sense, our
paper provides an alternative micro-foundation for the heterogeneous prior setup by

generating endogenous movements in confidence.

Belief Divergence. To discuss the impact of ambiguity shock on belief divergence,
we need to define the expectation formation process of professional forecasters for-
mally. Equivalently, we ask the following question: what are professional forecasters’
attitudes towards ambiguity?

Figure 4 plots realized real GDP growth rates and its average year-ahead forecasts
from Survey of Professional Forecasters. There displays no significant pessimism over
time in SPF forecasts. To be consistent with this observation, we assume that profes-
sional forecasters are ambiguity neutral. If not, ambiguity aversion would imply a
systematic pessimism in average forecasts due to distorted belief over the set of possi-
ble models.

Assumption 3. Professional forecasters possess ambiguity over the cross-sectional
mean of idiosyncratic productivity shock. However, they are ambiguity neutral, i.e.,
A =0.

Furthermore, each island j is assumed to inhabit a professional forecaster indexed
by j € ] = [0,1], who submits his forecast about period t aggregate output y; at
stage 1 of period t. In this section, we assume that professional forecaster j shares the
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Figure 4. SPF Forecasts of Real GDP Growth Rate.
Note: The figure plots real GDP growth rate (red line) and year-ahead real GDP growth rate forecast by
professional forecasters (dashed black line) between 1987Q1 and 2014Q4. Forecast data is from Survey
of Professional Forecasters provided by the Federal Reserve Bank of Philadelphia and real GDP growth
data is from Saint-Louis Federal Reserve Economic Database.

same information as island j agents. Hence his forecast over aggregate output can be

expressed into

_ 0§+e¢f N
E; =v*+h, (¥ 4 A | ————— |a; h LA 26
it i =y" + y(¢)+Kya, (¢ 2 ag+e¢f—|—af aj;+ y (Y1, A) (26)
1 ~
T

Therefore, belief divergence measured by the cross-sectional dispersion of ex-ante out-

put forecast is given by

_ N2 g 2 o + e ’ 2
ED: ($1,A) = /] (Ej [ye] — Ee [y1])" dj = rya, (1,4) el o 0] (27)

Corollary 2 summarizes the impacts of ambiguity shocks on belief divergence.

Corollary 2. (Heightened Belief Divergence) Therefore, a positive ambiguity shock
that increases the amount of ambiguity ; raises belief divergence in the sense that

JoFD A
D W A) -, (28)
oYy
Proof. Straight-forward following the intuition below. n
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The intuition here is straight-forward. A positive ambiguity shock makes firms
and workers on all islands believe, in their “as if ” subjective prior, that the aggregate
fundamental is more volatile, which increases the incentive to use private information
when forming expectations over own demand conditions. This maps into increased
responsiveness of island output y;; to island productivity a;; because it is a;; that
serves as the private information over aggregate demand for island j agents. This
raises cross-sectional dispersion of island output. Upon aggregation, we also have
aggregate output y; responds more to average productivity | | ajdj.

From the perspective of professional forecaster j, increase in k,; implies that “there
are more to estimate”. Moreover, when he estimates the average productivity | 1 %],
o2 +e¥t
9 ¢
<(r§+e‘/’t +o? > 0
— > U
This is because he believes, in his “as if” subjective prior, the aggregate fundamental

he tends to rely more on his private information a;; in the sense that

is now more volatile. These two in combine increase the responsiveness of forecaster
j’s forecast to private information a;;, which eventually leads to higher cross-sectional
dispersion in output forecasts ex-ante, i.e., an increase in belief divergence. To note
that, the economy itself does not become more dispersed or more volatile. It is the
increased responsiveness to idiosyncratic shocks that drives up the cross-sectional dis-
persion. This differentiates our paper with the theory of uncertainty shock as in Bloom
[2009] and Bloom et al. [2016], who take fluctuations in dispersion as model inputs
rather than model output.

We provide a summary of impacts of ambiguity shock by combing Proposition 3,

Corollary 1 and Corollary 2:

Proposition 4 (Impacts of Ambiguity Shock). If decision makers are ambiguity averse, i.e.,
A > 0, a positive ambiguity shock that increases the amount of ambiguity 1, generates

o lower market confidence;
o larger belief divergence;

o and finally lower agqregate output on average.
Proof. Directly following Proposition 3, Corollary 1 and Corollary 2. n

5.3. Discussion: incomplete information and ambiguity aversion

In 5.2, we highlight the strategic force behind the impacts of ambiguity shocks in driv-
ing aggregate fluctuations. This is closely related to incomplete information embed-
ded in our paper. We close up the analysis of Section 5 by some additional discussions
about the interplay between incomplete information and ambiguity based on the game
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theoretic interpretation developed in Section 5.1. By varying degree of incompleteness

in information, impacts of uncertainty shocks are studied.

Incomplete information is of primary importance. When information is complete,
i.e., 02 = 0, island j agents face no uncertainty regarding decisions of agents on other
islands. Then all agents will have the perfect understanding of the whole economy.
Therefore, ambiguity shocks play no role in driving aggregate fluctuations without

incompleteness in information. Corollary 3 summarizes this result.

Corollary 3. Ambiguity shocks have no impacts on aggregate output Ey (Y, A) =0
when information is complete 2 / ag = 0.

Proof. Straight-forward following the proof of Proposition 1. ]

To note that, completeness in information only requires that there exists no private
information. It does not necessarily imply perfect information'4. Corollary 3 still holds
when there presents information friction as long it is common across agents. Unlike
our simplified case with ¢?/ Ug = 0, when this is the case, there still presents the
distorted posterior belief over the set of possible models. However, all agents have
common knowledge over Y; under complete information. Then (16) transforms into

(e S D
which leaves no room for ambiguity or ambiguity shock to have any impacts. To
interpret, it is the imperfect coordination across islands, possibly due to imperfect
communication as in Angeletos and La’O [2013], that matters rather than imperfect

information.

The question of interest naturally arises. Does more incompleteness in information
amplify or dampen the impacts of ambiguity shocks? We answer these questions by
varying not only ¢Z but also (Tg while holding the amount of ambiguity constant at the
A-SS level.

There are two forces at work. On the one hand, more incompleteness in informa-
tion, i.e., larger (712 or lower 02, reduces the incentive in the use of private information
because private information is becoming less informative not only about the aggregate
state but also about the models. This marginally changes degree of pessimism since
Su (E, /\) is a function of both x,, (ﬁyaj,ﬁy> and .0 (ﬁya/,,ﬁy> , which are functions of
Kya;- It can be proved that mean distortion g, (¢, A) marginally decreases w.r.t degree

of information incompleteness.

l4Gee Angeletos and Lian [2016] for more formal discussions.
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Lemma 3. Mean distortion at the A-SS g, (¢, A) marginally decreases in ¢7 and

increases in 05:

o (G —
gu (¥, 1) <0 9gu (¥, A) -0

d0? 907
Proof. See Appendix. n

On the other hand, fixing the belief distortion g, (y1,A) = g}, and gu (Y1, A) = g,
more incompleteness in information implies more load of belief distortion on island
and aggregate output. To see this, express island output y;; into an infinite sum over
a complete hierarchy of all higher-order beliefs of aggregate fundamentals a;:

Yjt = Ka (ﬂfut + ) Ky Ef Wt]) (29)
n=1
where higher-order beliefs of island j agents are defined recursively such that
E]l,t [ﬁt] = Ej,t [ﬁt] E}/ft ['dt] = Ej,t {/} E?,t_l [ﬁt] d]‘| Vn Z 1

It turns out that increased incompleteness in information increases the response of any
order of belief to prior information. Observe that it is the prior of aggregate fundamen-
tal being distorted. Therefore, it must be the case that all orders of belief are exposed
to more belief distortion. Therefore, incompleteness in information naturally amplify
the impact of ambiguity shock at the margin when we fix the belief distortion. The
above two forces interact with each other, which indicates that incomplete informa-
tion is actually an amplifying mechanism for the impact of ambiguity. Proposition 5
summarizes this result.

Proposition 5. At the ambiguous steady state (A-SS), a marginal increase in o7 that increases
the degree of information incompleteness, decreases the use of private information and amplifies
the impact of ambiguity:

do? do?

<0

On the contrary, a marginal increase in o7 that reduces the degree of information incomplete-
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ness, increases the use of private information and dampens the impact of ambiguity:

ARya; dh
>0 —2 >0
2 2
do do;
Proof. See Appendix. n

5.4. A summary

Taking stock, this section has shown that a positive ambiguity shock generates a reces-
sion with depressed market confidence and heightened belief divergence qualitatively.
In what follows, we study the impacts of ambiguity shocks quantitatively within an
extended dynamic RBC model. We demonstrate that ambiguity shock in our theory
can generate reasonable co-movements in quantities at the aggregate level. The avail-
ability of our theory is quantitatively evaluated by bringing the observable implica-
tions into the data.

6. The Dynamic RBC Model: Quantitative Evaluation

In this section, we illustrate the quantitative potential of our theory by studying a dy-
namic RBC model. We first set up the model. We then move to the discussion about
our quantitative methodology in the estimation of conditional Log-Normal equilib-
rium (Definition 2). Finally, observable implications of ambiguity shock, for both
the aggregate quantities, belief divergence and market confidence, are then assessed
through a calibrated version of the model.

6.1. Model Setup

Geography, markets and timing. The economy consists of a continuum of islands,
indexed by j € ] = [0,1] and a mainland. On each island j, there exist a continuum
of firms, indexed by (i,j) € I x ] = [0,1]* and a continuum of workers, indexed
by (m,j) € M x ] = [0,1]*. Firms on island j hire labor and capital from locally
competitive factor markets for the production of island-specific commodity j. These
commodities are traded in a centralized market operated on the mainland, where a
continuum of consumers, indexed by h € H = [0,1] and a large number of final
good producers inhabit. We assume that consumer h and a continuum of workers
{(h,j);j € J} constitute a large household indexed by & € H, who owns a continuum
of firms {(h,j);j € J}. As in the case of the simple model, our model admits a rep-
resentative household at the mainland and a continuum of representative firms and

workers on every island.

Time is discrete, indexed by t € {0,1,...} and each period t is decomposed into
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three stages. At stage zero, period t shocks are realized. At stage 1, island competi-
tive factor markets open up. Island j firms make labor and capital demand decisions
and symmetrically, the representative household sends out workers to each island,
who make labor supply decisions on the basis of incomplete information over the am-
biguous concurrent aggregate state of the economy. At stage 2, on the mainland, the
centralized commodities market opens up. All uncertainty, either risk or ambiguity,
over the concurrent aggregate state of the economy resolved. Final goods producers
produce. And the representative household makes consumption and saving decisions
upon receiving, capital income, labor income and all the transfers from island firms
upon perceiving ambiguity over the future aggregate state of the economy. Here we
assume that it is the representative household who owns the capital, therefore, sav-
ing takes the form of island-specific investments for all islands. Therefore, the capital
supply of island j in period t + 1 is pre-determined at stage 2 of period t by the repre-
sentative household.

Households. Period utility of the representative household is given by:

14€
_ it .
w(C) = x | T

where € is the inverse Fisher elasticity of labor supply. Therefore, the flow budget

constraint is such that
PC, + P, /] Kipp1 — (1—0) Kjpdj = /] Wi N dj + /] R Kdj + /] I1;,dj

where f] R;K;dj and f i W, :Njdj denote the total capital and labor income of all is-
lands respectively and | ; j,d] is the transfers of realized profits from all island firms.

Island firms. Island j firms use labor and capital for the production of island j

commodity. The production function is Cobb-Douglas:
1—
Yjr = AN, “Kj
where A, is the island-specific productivity and the realized profit is given by
Wi = PjXje = WieNj = RjiKj

where W;; and R;; denote the competitive factors prices on island j in period ¢ and
P;; denotes the market price of island j commodity in period tto, which is determined
at stage 2 when the centralized markets for commodities open up. Since it is the large
representative household who owns the firm, any realized profits are to be transferred
to the household for the purchase of final goods for consumption and investment.
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Therefore, in the absence of any uncertainty concerns, island j firms care about the

consumer valuation over their profits given by

Ll/ (Ct)
Py

I,

where P, is the aggregate price level to be normalized to 1.

Productivity and ambiguity shocks. Aggregate productivity a; = log A; follows
an AR(1) process

ar = pa;1 + Gt

where (; is the aggregate productivity shock in period t that follows a Normal distri-

bution with mean 0 and variance (Té.

Island-specific productivity, defined by 4;; = log A ;, equals to aggregate produc-
tivity plus an idiosyncratic productivity shock 4 ;:

Ajp = A+ Ljt

Idiosyncratic productivity shocks ¢ ; are assumed to be i.i.d normally distributed with
mean w; and variance ¢?. Objectively, the cross-sectional mean of idiosyncratic pro-
ductivity shocks are zero for all periods, i.e. w; = 0Vt > 0. However, agents in-
side the economy cannot fully understand it. Instead, they possess some ambiguity
over the complete set of cross-sectional means of idiosyncratic productivity shocks,
ie, M= {w;:Vt>0}.

At the very beginning of time, say period 0, all agents subjectively believe that
all w; € M are i.i.d Normally distributed with mean 0 and variance 72, = e¥. Here
@2, or i measures the amount of ambiguity agents possess in the A-SS. Ambiguity in
the past does not last forever. As it will become evident later, concurrent ambiguity
is resolved at stage 2 of that period. Therefore, at stage 0 of any period ¢, agents
inside the economy only possess ambiguity over concurrent and future cross-sectional
means of idiosyncratic productivity shocks, i.e., M; = {w;k : Vk > 0}. The amount of
ambiguity they possess at this point, denoted by ¢y, is time-varying and governed by

an AR(1) process

vr=(1—pp) P +opPr 1+

where T; is the ambiguity shock assumed to be Normally distributed with mean 0 and
variance c2. We close the description of the ambiguity process by explicitly specifying

the common subjective prior belief of all agents over M; = {w; : Vk > 0} at stage 0
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of period t:
Wik ~ iid N (0,e¥05) Yk >0

where the amount of ambiguity agents perceived over w; at period ¢, denoted as

Y; 11k, is an increasing affine function of

Ytk = (1 - P@) P+ Psﬂljt

This particular structure for prior beliefs ensures prior consistency over the future
ambiguity w; .k, Vk > 1. It simply tells that period t prior over future ambiguity w;. &
meets period t + k prior over w; if there are no more ambiguity shocks in between.
Put it differently,

Pk = Et [Yrax]

Ambiguity shock T7; in the process of ambiguity 1, by its nature, can be understood
a changing prior process. Also, we implicitly assume that a positive ambiguity shock

715 gver all the future

in period t, i.e., 4 > 0, makes agents become “more ambiguous
ambiguity w; . However, it is period ¢ biased in the sense that it raises concurrent am-
biguity more than future ambiguity and the increase in ambiguity is mean-reverting
such that for ambiguity w; in the very far future k — 400, the subjective belief stays

in its A-SS belief, i.e. limy_, oo Py 11k = .

Information structure. Denote 7Z;, Z;;1 and Z;, as the information sets that are
available to all agents at stage 0 of period ¢, are only available to island j agents at
stage 1 of period t and are available to all agents at stage 2 of period t, respectively.

Recursively, we can define these information sets by

Tio =Zi 12U {¢r} Zis1=TipU{aj} Tio = UiTi11 U{lt} (30)

To note that all concurrent uncertainty, either risk (state uncertainty over a;) or ambi-
guity (model uncertainty over w;) are resolved at stage 2 of period t. Hence consumption-
saving decisions by households are made upon perceiving ambiguity over the future
outlooks of the economy only. Also because idiosyncratic productivity shocks arei.i.d,
{aj,t}]. el tells no more information than f] ajdj does regarding island j productivity
in period t 4 1. Therefore, we can simplify information set at stage 2 of period t by
Zip =1ipU { f] a]-,td 7, Wi } To simplify notation, we further transform the information

15Here more ambiguous means an increase in the amount of ambiguity perceived by all agents.
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Stage 0 Stage 1 Stage 2

Tio=Ti—12U{¢} Tita =ZLioU{z .} Lo =VU;Zi 0 U{G}
@ @ @
Nature generates Island j firms and worker observe x; 4, Consumer observes {z,(;} and
ar and {a;+; 7 € (0,1)}. and make local factors makes consumption decisions C
Ambiguity shock 7 realizes, supply and demand decisions, and saves in the form of {K j,tﬂ};il.
hence ;. where capital supply K, is pre-determined. Final goods producers produce.

Figure 5. Timeline for Period t

structure into

Zio =T 12U {¢r} Zith = TioU {xj;} Tio=TioU{zt, Gt}

where x;; = {t + 1j; denotes the de-facto private information at stage 1 over aggregate
productivity shocks and z; = {; 4+ w; denotes the de-facto public information at stage
2 over aggregate productivity shocks. Figure 5 displays the timeline and information
sets for period t in our dynamic RBC model.

Preference of the representative household at stage 2. Denote s;11 = Z;11,\Z; 2 as
the arrival of new information at stage 2 between two consecutive periods t and t + 1.
We summarize belief of the representative household at stage 2 by two corresponding
Bayesian posteriors: (a) 7p (St+1|Zt2), the Bayesian posterior of sy, at stage 2 of pe-
riod t under a particular model M, and (2) u (M|Z; ), the Bayesian posterior over the
entire the set of possible models M € M.

Preference of the representative household at stage 2 of period ¢, therefore, can be
represented by the recursive smooth model of ambiguity proposed by Klibanoff et al.
[2009]:

viCT) =u @+ ([ o ([ Vi (©Tascn) dmu (seal2) ) s (MIZ,2)

Utility Equivalent of the Ambiguous Continuation Value

where ¢ (x) is some strictly increasing and concave function, whose curvature cap-

tures decision makers’ taste for ambiguity, i.e., the degree of ambiguity aversion.'®

Can learning over time resolve all ambiguity in the long run? Klibanoff et al. [2009]
proves that if ¢! is Lipschitz and the space of ambiguous model parameters is finite,
the recursive smooth model of ambiguity will converge uniformly to expected utility

16Theorem 3 in Klibanoff et al. [2009] proves that under some regularity conditions, there are unique
and monotonic V;. For most of business cycle applications, those regularity conditions can be easily
satisfied.
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preferences with true model parameters. In our model, agents are ambiguous over an
infinite parameter space w = {w; : Vt > 0}. This prevents ambiguity to vanish in the
long run through learning.

Moreover, the additional concavity in ¢ (x) is to capture the fact that ambiguous
continuation value reduces the utility of the decision maker since ambiguity aversion
implies that the representative household dislikes mean-preserving spread in expected
continuation value due to the existence of model uncertainty. Behind recursive smooth
model of ambiguity, there is the notion of consequentialism and dynamic consistency,
who is the most intuitive way when we talk about decision makings within the lens of

business cycles. And it admits a tractable Bellman equation formulation.

Denote value function as J; = J ({Kj;},at1,2:, (s, ¢r). Standard dynamic pro-
gramming argument can be applied resulting the following Bellman equation for the

representative household at stage 2:

J= max u(C)+pp! (/R‘P (E?,)zt+1 Ut+1]) ft (Wi41) dth) 31)

Co{Kjr1}

subject to
PC+ Py /] I dj = /] Wi N did] + /] R K dj + /] 1, dj (32)
and
Liy =Kjp1— (1-0)K;; (33)

Here Efzt“ [] stands for the mathematical expectation conditioned on Z; , under a par-
ticular model w;4q for cross-sectional mean of tomorrow’s idiosyncratic productiv-
ity shocks. And f (w;41) stands for the probability density function for households’
period t prior over tomorrow’s ambiguity w;1. Since period t knowledge does not
reveal any information over tomorrow’s ambiguity, prior belief over tomorrow’s am-

biguity w;; at stage 2 coincides with that at stage 0.

Preference of the representative household at stage 1. Similar to the simple model,
at stage 1, preference of the representative household is given by the smooth model of

ambiguity

/Qt (P (E]w’tt/l U ({K],t} s At—1,2¢t, gt, 1Pt)}> f]?t,l (wt) dwt
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where the interim belief follows the smooth rule of updating

o (Bt I (1K) 1,20.,99)
G F syla) £ 1)
it (E;}ttl[ ({K t}/at—lrztfgf'lpt)}); s -

Weights

Bayesian Kernel

Firm problem at stage 1. Firm problem is formulated in a similar fashion as the

simple model:

u(c -
/Qt(P (E]wttl {% (P Yt — WitNj; R]',tK]',t)] > f]{t,l (wy) dewy

where the interim belief system satisfying the extended smooth rule of updating to

ensure dynamic consistency:

Ez‘;l (wt) (E] tfo [ <{ t} ,Elt—l,Z;,Etez lljt)Df (xj,t‘wt) £ (wtz
dl )

) {m (C) —x J; 1he

Weights

Bayesian Kernel

(.

To close up the description of the model, we make the following assumptions on func-

tional forms

Assumption 4. (Log-Exponential) We assume u (C¢) = InC; and ¢ (x) = —1e ™
with A > 0.

In what follows, we leave out the optimality conditions to Appendix. And directly
move to the discussion over our quantitative methodology in the approximation of
conditional log-normal equilibrium, which is closely related to what we have done in
Section 4.3.

6.2. Quantitative Methodology

The key feature of the smooth model of ambiguity is that decision makers would in-
voke a distorted (relative to Bayesian posterior) posterior belief over the set of the
possible model when evaluating marginal effects of factors supply and demand. In

our RBC extension, the belief distortion at stage 1 is given by

M1 (wy) = e AEll] (34)

38



and the belief distortion at stage 2 is given by
Mo (wpy1) = o AEa U] 5

To quantitatively pin down the whole equilibrium, expected value functions as func-
tions of concurrent and tomorrow’s ambiguity, {E;"é U], ESt i) }, have to be ap-
proximated jointly with policy rules.

For any variable S; of interest, we use hatted-lower-case 5; to denote the log-deviation
from its ambiguous steady state (A-SS):

st =In(S;) —In(S*) —hs ()

where §* stands for the deterministic steady state (D-SS) level of S; and R (@) is a
function of ¢, which takes into account the impacts of ambiguity on S; at A-SS.

Focusing on conditional Log-Normal equilibrium (Definition 2), we propose the
following policy rules for island employment 7 ;, output y/; ;, wage rate w; ; and rental
rental rate of capital 7;; at stage 1 of period t:

it = Kyrke + xyati_1 + yx (Y1) Xj¢ + By (1)
it = Kokt + Knali—1 + Knx (1) X4 + i (Y1)
Z/‘}j,t = Kwk/k\t + Kwali—1 + Kox (Pr) Xjt+ il\w (1)
Pit = Kokt + Kray—1 + K (1) X + Tty (1)

and the following policy rules for consumption ¢;, investment ir and capital stock to-
MOITow EH at stage 2 of period t:

Gt = Kokt + Kealp—1 + Kez (Yr) 2¢ + Keg (Yr) G+ Tie (1)
i = Kkt + Kig—1 + Kiz (Y1) 2¢ + Kig (1) 8 + hi ()
ki1 = ke + a—1 + Kz () 20 + Kz (1) Ce + g ()

To elaborate a bit, first of all, the log-deviations of variables of interest are assumed
to be from the A-SS instead of the D-SS. This is because the amount of ambiguity at
A-SS ¢ has a non-negligible first-moment impact on allocations when decision mak-
ers are ambiguity averse. Secondly, stage 1 variables are measurable with respect to
stage 1 information sets. Since idiosyncratic productivity shocks are i.i.d across time

and across islands, past information can be effectively summarized into {kt, a1, P }
Therefore stage 1 variables, i.e., {¥;, 7, @; 7j;}, are functions of {kt,ﬂt—lll)t,xj,t,}

only. Similar arguments apply to stage 2 variables, i.e., { E\t,;\t,/k\t+1}. Thirdly, fixing
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the amount of ambiguity ¢, the policy rules are linear in productivity shocks either
the aggregate or the idiosyncratic. This corresponds to the standard log-linearization
when there is no ambiguity shock at all, i.e. {» = ¢ for Vt. When there presents ambi-
guity shock, we allow it to interact with productivity shocks x;, z; and {; in a possibly
non-linear way. This reflects the fact that ambiguity shock is capable of generating
time-varying response to productivity shocks, i.e. {i.x (Y¢), %sz (Y1) , sz (1) }. In ad-
dition, if decision makers are ambiguity averse, ambiguity shock has the first moment
impacts manifested by the possibly non-linear functions h. (1t). This reflects fluctu-
ations in degree of pessimism over the short-run outlooks of the economy. In sum,
the proposed policy rules can be understood as a semi-linear perturbation around the
ambiguous steady state where we allow for interactions between productivity and
ambiguity shocks as well as all higher-order terms of ambiguity shocks.

To approximate the conditional Log-Normal equilibrium with the proposed policy

rules, we first implement a quadratic approximation of the value function

Je =T* +hy+ K]k/k\t + Kjali—1 + Kjz 02t + Kjg,i Gt
+ Kppakes—1 + Kjio ikeze + K]kC,tj{\tCt + Kjaz, 1@t 12t + Kjag 10110t + K021t

1 1 1 1 ~
+ EK]kkj(\% + EKIaaa%—l + EK]ZZJZ% + iK]CC/fgg +hy (1)

Plug this back to the value function recursion (31), we can approximate expected value
functions by

1
E;‘,’é Ji] ~constant; + Ky (Pr) wi + EK]ZZ/t (1) a)tz

and

E; 3" [Blis1] = constant; + B < /R Kjzt (Ye1) dF (lPt+1W’t)) W1

1
+5 (/R Kjz¢ (Pr1) dF (¢t+1\1/f’t)> Wi

where ], ; and kj,, ; are functions of undetermined coefficients in the above proposed
policy rules. A direct implication of the quadratic forms in belief distortions M; 1 (w¢)
and M; (w;41) is Normality in posterior belief over the set of possible models both at
stage 1 and stage 2.

In the next step, we log-linearize the optimality conditions derived in Appendix
around the A-SS. While doing this, we seriously take into account that at stage 1
and 2 posterior belief over cross-sectional mean of idiosyncratic productivity shocks

are distorted in a way consistent with the estimated belief distortions M;; (w;) and
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M; s (wit1). By doing this, we share the same spirit with Ilut and Schneider [2014]
and Ilut and Saijo [2016] in dealing with log-linearization with distorted subjective be-
lief. Plugging the proposed policy rules into the log-linearized optimality conditions,
we arrive at a large system of undetermined coefficients. To note that in the practical
implementation, we discretize the AR(1) process of ambiguity to transform functions
over ¥ into a finite number of coefficients, each of which corresponds to the value
of the function at a specific value for ;. Such a huge system of undetermined coeffi-
cients can be solved quantitatively with the restriction that xi < 1 to ensure TVC is
not violated. Detailed math can be found in the Appendix.

6.3. Calibration

Table 1 summarizes the parameters used in the calibrated version of our baseline
model. Discount factor B is 0.99; Frisch elasticity of labor supply is 2; capital share
in production is 0.36, and depreciation rate of capital is 0.025. 8 is chosen to be 1 cor-
responding to Cobb-Douglas aggregation technology over island commodities, which
implies y; = [ ; Yjdj. Finally, x is chosen to be 4.47 to ensure that 1/3 of time is de-
voted to working in the deterministic steady state.

Table 1. Model Parameters

Parameters Role Value
B discount factor 0.99
€ inverse Frisch elasticity 0.5
« capital share 0.36
) depreciation rate 0.025
0 Cobb-Douglas aggregation 1
X 1/3 hours at D-SS 4.47
1Y persistence of agg. productivity shock  0.95
Py persistence of ambiguity shock 0.75
10007 std. dev. of agg. productivity shock  0.78
1000, std. dev. of island productivity shock 9.0
lo std. dev. of ambiguity shock 0.47
¥ amount of ambiguity e¥ at A-SS -5.05
A Degree of ambiguity aversion 12.5

The persistence of aggregate productivity shock p is chosen to be 0.95, a conven-
tional value in the literature. Following Angeletos et al. [2016b], the persistence of am-
biguity shock py is 0.75 indicating a 2.5 quarters half-life of ambiguity shock, which
resembles aggregate demand shock in Blanchard and Quah [1989]. It remains to spec-
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ify the standard deviations of the three exogenous shocks: the aggregate productivity
shock o7, the idiosyncratic productivity shock ¢; and the ambiguity shock o+, as well
as the amount of ambiguity at A-SS i and the degree of ambiguity aversion A.

Following Angeletos et al. [2016b], we select these 5 parameters to minimize the
distance between the model implied standard deviations of output, consumption,
hours, investment and labor productivity and their data counterparts, where the dis-
tances of each variable are weighted by the precision of model-based estimators. We
arrive at the calibration such that o; = 0.0078 and ¢; = 0.090. The process of the
ambiguity shock has a long-run mean e¥ = 0.0064 and standard deviation o = 0.47.
Finally, the degree of ambiguity aversion is 12.5.17

6.4. Business-Cycle Moments and Aggregate Co-movements

Business-cycle moments. Table 2 summarizes key moments of aggregate variables
in the US data over the period of 1971Q1-2014Q4 (column 1) and in our calibrated
baseline model (column 2). The overall empirical fit of the calibrated baseline model

is quite well.

At the core of such overall fit are the balancing roles between the two aggregate
shocks, i.e., aggregate productivity shock {; and ambiguity shock ¢;. Column 3 and 4
report the business cycle moments for aggregate variables when there are only aggre-
gate productivity shocks by setting 0 = 0 or ambiguity shocks by setting 0; = 0 re-
spectively. As in the case of standard RBC, when there are only aggregate productivity
shocks, the model fails to generate enough fluctuations in hours and predicts counter-
factually high positive correlations between output (or hours) and labor productivity.
On the contrary, when there are only ambiguity shocks, the model generates too much
volatility in hours and predicts almost perfectly negative correlations between output
or hours and labor productivity. In combination, the overall fit is achieved through a

natural balancing by our calibrated baseline model.

Aggregate co-movements. Impulse response functions of key aggregate variables
to a positive ambiguity shock are reported in . The aggregate co-movement pat-
terns are akin to those of the confidence shocks in Angeletos et al. [2016b], Huo and
Takayama [2015] and Ilut and Saijo [2016], where a positive ambiguity shock gener-
ates a drop of aggregate quantities, i.e., output, consumption, hours and investment,
while, at the same time, an increase in labor productivity in a way consistent with

7To note that, even though there are 5 parameters to match 5 moments, we cannot ensure perfect
matching. This is because we are not doing the unconstrained minimization. We are minimizing the
objective under the constraint that Ae¥ is bounded above. Such a constraint implicitly assumes there
should not be too much deviation in belief from objective one at A-SS and also ensures the uniqueness
of A-SS.
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Table 2. Bandpass-Filtered Moments of Aggregate Variables

Datagonai2oaes  Baseline Model A Only ¢ Only

Standard Deviations

stddeo(y) 1.45 1.72 128 117
stddev(c) 0.87 0.72 0.38 0.63
stddev(n) 1.76 1.93 0.60 1.83
stddev(i) 5.45 451 375 263
stddeo(y/n) 0.84 0.96 069 067
Correlations
corr(c,y) 0.88 0.92 0.92 0.98
corr(n,y) 0.88 0.87 0.99 0.99
corr(i,y) 0.95 0.99 0.99 0.99
corr(c,n) 0.85 0.93 0.90 0.97
corr(c, i) 0.80 0.84 0.88 0.95
corr(i,n) 0.85 0.80 0.99 0.99
Correlations with Productivity
corr(y,y/n) -0.11 0.05 0.99 -0.99
corr(n,y/n) -0.57 -0.45 0.97 -0.99

Note: The first column reports moments for US data from 1971Q1 to 2014Q4. The second column
reports moments in our baseline model. Column 3 and 4 report moments generated by some models
when there are only aggregate productivity shocks or ambiguity shocks respectively. All moments are
band-pass filtered at frequencies 6-32 quarters.

interpretation of aggregate demand shocks.

Output . Consumption Hours Investment s Productivity

Figure 6. Impulse responses to one standard deviation of positive ambiguity shock

What drives the co-movements pattern behind the these IRFs is the fluctuations of
in the degree of the pessimism over the short-run outlooks of the economy. By con-
struction, a positive ambiguity shock deepens the degree of the pessimism of all agents
over the cross-sectional mean of idiosyncratic productivity shocks for all periods on-
wards. From the perspective of the firms, such an increased pessimism means into a
depressed expectation over the demand of own commodities. In response, firms re-
duce demand for labor and capital, generating downward pressure on factors prices.

From the perspective of the households, this implies a modest decrease in expected
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permanent income. In response, consumption drops. At the same time, the mod-
est drop in expected permanent income, unlike the case for aggregate productivity
shocks, restricts the strength of wealth effect. Given the fact that households under-
stand the drop in factors prices only last for the near future, hours and investment
decrease in equilibrium since the relevant substitution effect dominates the opposing
wealth effect. In sum, ambiguity shocks generate aggregate co-movements patterns
depicted in Figure 6.

Labor wedges. Our calibrated baseline model does a considerably good job in cap-
turing features of data on hours. We interpret such a goodness of fit through the lens
of labor wedge analysis in line with Chari et al. [2007]. The key idea is to interpret ag-
gregate data on quantities and prices as wedges in optimality conditions of a text-book
RBC model. Then the question of interest is the following: how will the data generated
by our calibrated baseline model be translated into wedges, especially labor wedges?
It turns out that ambiguity shocks generate empirical relevant countercyclical labor
wedges. To economize space, detailed math regarding the calculation of labor wedge

are moved to the Appendix.

Table 3 compares moments of labor wedge estimated from US data over the period
of 1971Q1-2014Q4 with their model counterparts. It turns out our calibrated baseline
model does a considerable good job in capturing cyclical behaviors in labor wedge. It
is the exactly the aggregate demand shock nature embedded in ambiguity shock that
helps us in explaining labor market dynamics to a large extent. A positive ambiguity
shock makes the households more pessimistic over current economic condition hence
expecting consumption to be lower. This drives down the expected marginal rate of
intra-temporal substitution between leisure and consumption, providing more incen-
tives for households to supply labor. Therefore, a positive ambiguity shock acts as a
subsidy on labor supply. On the contrary, a positive ambiguity shock makes island j
firms believe demand conditions are turning bad and therefore generates downward
pressure on labor demand. In this sense, a positive ambiguity shock acts as a tax on la-
bor demand. In combine, firm side effect dominates household side effect. Therefore,
a positive ambiguity shock act as a total labor wedge on island j. This implies that,
on average, a positive ambiguity shock generates larger labor wedge hence decreases

hours in equilibrium.
6.5. Belief Divergence

Following Assumption 3, professional forecasters in the model are assumed to be am-
biguity neutral. Also, to capture the fact that these professional forecasters have better

information position than private agents inside the economy do, we provide with the
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Table 3. Bandpass-filtered Moments: Labor Wedges

Dataagsnoizoaey  Baseline Model

Stddev 2.17 2.20
Correlation with y -0.75 -0.66

Note: The first column reports moments of labor wedge for US data from 1971Q1 to 2014Q4. The second
column reports corresponding moments in our baseline model. All moments are band-pass filtered at
frequencies 6-32 quarters. Details can be found in Appendix.

professional forecasters in our model with one additional private information over
average productivity | [ Xjdj:

Sj,t = /]xj’tdj—'_éj't with gj,t ~ N (O, Ug)

We calibrate the standard deviation of this additional private information O'C% to match
the standard deviation of the cross-sectional dispersion in SPF data over the period of
1987Q1-2014Q4 resulting in 1000z = 0.52.

Table 4 reports the standard deviation and correlation with output y for the US
data. Over the period of 1987Q1-2014Q4, the starting point of time of which corre-
sponds to the beginning of great moderation, there displays little variation in belief
divergence such that standard deviation is only 0.05 percentage points. However, it is
significantly negative correlated with output (—0.39). Our calibrated baseline model
captures exactly this pattern. To note that none of our parameters are chosen to match
the correlation with output in Table 4. And the cyclical pattern of this moment is
solely due to ambiguity shock in a way such that a positive ambiguity is predicted to
drive up belief divergence. Therefore, we can conclude that ambiguity shocks capture
salient features of data in belief divergence pretty well.

Table 4. Bandpass-Filtered Moments of Belief Divergence

Data(1987Q1-2014Q4) Baseline Model

Stddev 0.05 0.05
Correlation with y -0.39 -0.67

Note: The first column reports moments of belief divergence for US data from 1987Q1 to 2014Q4. The
second column reports corresponding moments in our baseline model. All moments are band-pass
filtered at frequencies 6-32 quarters.

6.6. Estimated Market Confidence v.s. Sentiment Index

To further validate our theory, we address the following question: can our calibrated

baseline model replicate the movements in market confidence as proxied by Sentiment
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Index in the data?
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Figure 7. Estimated Times-Series vs Empirical Proxies
Note: The figure plots time-series for market confidence and hours estimated from our model and their
data counterparts between 1987Q1-2014Q4. In the data, market confidence is proxied by Consumer
Sentiment Index from Michigan Survey of Consumer. All moments are band-pass filtered at frequencies
6-32 quarters.

Figure 7 compares the estimated time-series for market confidence, hours, belief di-
vergence and output together with their data counterparts between 1987Q1-2014Q4.
To construct these estimated time-series, we first select the sequence of ambiguity and
aggregate TFP shocks that can perfectly back-out output and the cross-sectional dis-
persion of output forecast in SPF. When we backout these shocks we assume that the
economy initially stays at the ambiguous steady state.!® We then construct a sequence
of simulated market confidence following Definition 3. Notably, the simulated market
confidence ¢ closely tracks Sentiment Index in Michigan Survey of Consumers, espe-
cially for the periods corresponding to NBER recessions. Recall that we do not use any
information on Sentiment Index in the construction of estimated time-series for ambi-
guity and aggregate TFP shocks. Such an empirical fit provides additional validation
to our theory. Also note that, simulated time-series of hours also closely tracks its data

counterpart.

7. Conclusion

We develop a novel theory of uncertainty-driven business cycles that contributes to

accommodate the notion of non-inflationary aggregate demand shock out of varia-

8These initial conditions are consistent with data that 1985 is neither a boom or recession. Since the
first 8 observations will be dropped after band-pass filtering, our findings are actually quite robust to
the choice of initial conditions.
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tions in uncertainty and also contributes to explain the co-movements across market
confidence, belief divergence, and the aggregate economy. We work on a standard
RBC model with multiple firms and multiple commodities and further extend it with
ambiguity averse preference represented by the smooth model of ambiguity. Within
the smooth model of ambiguity, we contribute to the literature with a Bayesian for-
mulation of ambiguity shock, namely shock to the variance of agents’ prior belief over

possible models.

Within a simple model without capital, we demonstrate that a positive ambiguity
shock makes all agents, who are ambiguity averse, behave as if they believe the aggre-
gate fundamental is turning bad and becoming more volatile. Such dual impacts of
ambiguity shock generate endogenous movements across confidence and uncertainty.
When the economy features imperfect coordination due to incomplete information,
dual impacts of a positive ambiguity shock translates into depressed belief over ag-
gregate demand and the increased incentives to use private information both when
making output decisions or output forecasts. The former maps into depressed market
confidence and the latter maps into heightened belief divergence. And finally, aggre-
gate output falls due to the increase in the economy-wide pessimism over aggregate
demand. In this sense, ambiguity shock in our paper is nothing more than a particu-
lar formulation of the aggregate demand shock. In combination, a positive ambiguity
shock generates recession with depressed market confidence and heightened belief

divergence.

We further explore the quantitative potential of our theory within a dynamic RBC
model. Ambiguity shock is shown to be capable of generating co-movements across
real quantities together with counter-cyclical labor productivity and labor wedge. Our
model is also capable of capturing cyclicalities in belief divergence as measured by
the cross-sectional dispersion in output forecast in SPF dataset. Also, the estimated
time series of market confidence closely tracks Sentiment Index in Michigan Survey
of Consumer. Therefore, we conclude that fluctuations in market confidence, belief
divergence, and the aggregate economy are nothing more than the many shades of
ambiguity shock, not only qualitatively but also quantitatively.
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Appendix

A. Derivations and Proofs

Derivation of Equation (15). FOC for the island j workers” problem is such that

1—y Nlte
C -1 .
! Ewt t . ] d
/Rc,b(],m[ 1—1 X]1~|—e]

Plugging in the expression for f;'},lt,l (wt) given by (6), we arrive at (12) where distorted

) E;‘U,tt,l [Ct_ij,t - XNje,t] j?]?,lt,l (wt) dewr =0

posterior belief over the set of possible models can be shown given by (14). Similar
procedures lead to (13). Then in the last step, combining (12) and (13) together leads
to (15). [ ]

Proof of Lemma 1. Under conditional log-normal equilibrium, we have that

Yie =Y + Ry + X + By (1)
Mjt =n"+ En + Knx,tXjt "‘/ﬁn (1Pt)

o1 1\ ,
= fndi+ 5 (1 ) a) &

whered, ; = Kﬁx’taf denotes the cross-sectional dispersion in island outputs. We ignore
dy; in the approximation without loss of generality since they are of second order
impacts at the aggregates and have no impacts at all on the cyclical behaviours of
belief divergence.

Define S = ¢ /s for any variable of interest S. Quadratic approximation over
period utility of the representative household is given by

Y 7 -1 Ni©
1— _X/1 9]
Y Jjl+e

Yo 1 Nite

N I Ry Pl _ / a4l 252 ) dj
~1_7{1+(1 NGe+5(1-7) yt] T A TTe ]<1+(1+€)”J¢+2(1+€) iy ) dj

1 ey e 1 it .
:Const.—l—Y1 Vyt-i—i(l—'y) Y Wyt—/] (XNHenj,t-i-E(1+€)XN1+€”]2',t> dj

Further define ex-ante (stage 0) expected utility given a particular model w as J; (wy)
such that

1-y Nlte
_ Y -1 .
— Wt t _ Ir d
]t(wt)—EtrO 1—7 X/]l—i—e J
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It turns out J, (w¢) can be quadratically approximated by

- 1
Ji (wi) ~=Consty + Ko (P1, A) wi + 5 KJww (Pr, M) w

where coefficients of linear and quadratic terms are given by

Ko (B A) = (V)7 (14 (=) By ) sy (1, 4) = 2 (N (14 (14 €) on ) g (1, 4)
Ko (#1,4) = (Y77 (14 (=) Ty ) (1= 7) Gy (91,A)
— X (N (14 (14 €) T ) (1+€) b (1, )

To derive such an approximation, we first approximate e1=Dhy and e(1+€)hn by 1+
(1 — ) hyand 1+ (1 + €) hy, respectively. This is doable in the macro application since
we want to restrict the A-SS impact of ambiguity to avoid too much statistical sophis-
tication. Then we ignore the intersection terms between w; and Xj Or between w; and
hs () with s € {y,n}. This is doable since those terms are negligible comparing to

KjwWt.

Finally, quadratic approximation over J, (w;) implies that belief distortion in (17)
is of exponential quadratic form. Therefore, posterior belief over the set of possible
models E,t,l (wy) is Normal since the kernel would also be quadratic in w;. This leads

to a Normal density with the mean y; and variance 7 given by

e + g0 (1, ) 0} + 07
- it + ,A) (36
" (05 + 02 + eVt + g (1, A) it Ug + 02+ eVt + gr (1, A) 8u (1, 4) (36)

and
2 2
2 7 + 0]
P\ 2 g (Yn )

) (e¥ + g0 (1, 1)) (37)

where the distortions in mean g, (11, A) and in variance g, (1, A) are given by

Pt
8 (Y, A) = = Akje (Y1, A) (1 - /\K]wi (¢, A) el’“)

AKjeww (1, 1) V' oV
1+ Akjww (P, A) e¥t

8o (Y1, A) = —
In any well-defined equilibrium, it has to be the case that e¥* + g5 (¢, A) > 0. Other-

wise, there would be no well defined distroted posterior belief j};,t,l (wt) in the sense
that its kernel density would be explosive. n
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Proof of Proposition 1. Suppose that the conditional Log-Normal equilibrium takes
the following form:

yj,t =In Yj,t :y* + Ey (E) + Kya]- (l/Jt/ )L) : a]',t +7’1\y (l/)t/ )\)
nj,t =Iln Nj,t =n" + En (@) + Kna]- (lpt,)\) . llj,t —i—il\n (l/]t,)t)
yr =InYe =y + hy (§) + Ky, (1, 2) - /]aj,tdj +hy (1, A)
where we ignore dispersion adjustment of aggregate output in the approximation
without loss of generality since they are of second order impacts at the aggregates

and have no impacts at all on the cyclical behaviours of belief divergence. Then at
D-SS, we have the following

In(x)+(1+e)n" =In(1—a)+ (1 -7y

While, at A-SS, impacts of ambiguity shocks at A-SS denoted by s s € {n,y} must
satisfy the following

hy = (1—1) Ey + (% - 'Y> H, (%/\) (38)

Here Hy (§, ) denotes degree of pessimism of island j agents over aggregate output
yt at the A-SS. Under the proposed conditional Log-Normal equilibrium, it is given by

By () = () (B | ] o (w0

X =0, =1

To understand why this is the case, recall that ambiguous steady state refers to the state
the economy converges to (a) in the absence of any shocks, i.e., a;; = 0, but (b) taking
into account of the existence of ambiguity, i.e., evaluating [, E;"[ 1 [ Jyajd ]} /?j,t,l (wt) dwy
at Py = 1 # —oo. Alternatively, we can interpret H, (i) from the perspective of dis-
torted subjective beliefs of all agents. At A-SS, the amount of ambiguity ¢ plays a
non-trivial role in the sense that even at A-SS, agent’s subjective belief over average
productivity is distorted in the mean. This mean distortion has to be respected when
we evaluate the A-SS, leading to a non-zero term Hy, (¢). Similar arguments can be
found in Ilut and Schneider [2014] and Ilut and Saijo [2016] in the context of “worst
case” belief due to multiple prior preferences. Following (36), we have that

o2 _
! LA 39
0§+0?+e¢+ga(¢,/\)>gy(lp ) )

%@MZ%@M(

where xy,; ($,A) denotes the use of private information at the A-SS.
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In the next step, we log-linearize (16) around the A-SS:

1 1\ . 1 1 W tr T B
<1 fz i 5) Vit = <£) aj + (5 - 7) (/R ES%y [5] fian (wr) deor — Hy (¢,A))
(40)

Therefore, matching coefficients lead to the following two equilibrium conditions

(755) - =) s o = (155) = (5-7) (o§+o,2+ef+g(, (W)> oy (1, )

(41)

and

Kl“) _ (1—7)] Ry (i, A) = (%—v) Hy (1, A) — (%—7) Hy (9,A)  (42)

11—«

by using the fact that under the proposed policy rules, we have that

/72 E;'U,ft,l [t] E,t,l (wt) dwy =

o?
1- : (1, A) g
(‘75 + 07 + eV + go (Y1, A) )] yay (1, 4) @

+ Hy (1, A) — Hy (,A)

where

o2

ag + 02+ 64’: + 90 (gbt,)\)> 8 (Y1) (43)

Hy (lpf/)‘) = Kya; (1Pt/ )\) (

In what follows, we first present an auxiliary lemma that will be intensively used
in later on proofs. It helps us prove that there exists a unique A-SS characterized by
the use of private information Kya;, = kya, (1, A) and A-SS impacts of ambiguity shocks
hy (). After proving the existence and uniqueness. of A-SS, we move on to prove that
for any given amount of ambiguity ¢y, there exists a unique «yq; (1, A) manifesting
the use of private information. And finally, existence and uniqueness of i, would be
straight-forward given all the results we have established, which completes the whole
proof.

Lemma 4. For any realized amount of ambiguity ¢, both xj,, (1, A) and &juew (1, A)
are positive.

Proof. First of all, at the D-SS, it is straight-forward to show that x (N*)He = (1—-a) (y*)l—'r_
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Then at the A-SS, it has to be the case that

) (1 a-nh) (N1
11—~ —X 1

Otherwise, it is better-off to be inactive by choosing Y = C = N = 0. Therefore, it

must be the case that

(1+ (11_—;)@) (1-a) (111(61 +€) ) ¥ w

Directly following (41), we know that x4, > 0. This implies that
(14 €) Kna; — (1 — ) kya; <O (45)

since we know

1 of
1+€)kna, — (L—7)kya, = — | 5 — L e
a5 = (57) (oo o )

Furthermore, it can be shown that, by using x (N*)'™ = (1 — ) (Y*)'"7, we would
have that

Ko (P A) = ()7 [ (14 (=) Ty ) g, (9, A) = (1 (L) T ) (1= @) g, (92, 1)|

Then it is straight-forward to prove «j., (¢, A) > 0 given (44) and (45). Then we know
gu (¥, A) < 0, hence Hy (3, A) < 0. Following (38), we will have that

(1—7)hy > (1+¢€)hy (46)
Since we know that

Kw (B0 A) = (V)7 [ (14 (1= hy) (1= 1) G (90,4) = (14 ()T ) (1-a) (1+€)

it is straight-forward to have . (1, A) > 0 given (45) and (46). ]
Unique A-SS:
~ — v\ x = 1+ 2 _ o7
Define S = (Y*) 7/, X = [ﬁ —(1- ’y)] z 1-|—/\K — and finally B, = Trof it

Then A-SS can be characterized by the following four equatlons:

1 1

ey (1, M)



_ 1 _ _
Xhy = — (_ — 'y) Kya, BAK 2 (48)

Rjo =S [ (14 (1 =7 By ) Fya, = (14 (1+€) Trn ) (1= &) g (49)

and

R =8 [(14 1=y ) (1= 1)y — (14 (14 ) 1) (1+€) (1-a) &, | (50)

Focus on (47) first. Simple algebra leads to

— T—a — T
Kya, = = f (%ya,, hy (51)
"X+ (% — ’y) B ( : )
It can be shown that
o <o I
aKyaj ahy

For any given Ey, the LHS of (47) is increasing in EW], and the RHS is decreasing in fyaj.
Together with the boundary conditions, by intermediate value theorem, we can prove
that for any h, there exists a unique K;a], (%) that satisfy (51). Furthermore, we can
show that such a function is decreasing in the sense that

dRys, __Of /oy _
dh,  1—0f /9%y,

Next focus on (48). Things are much more complicated here. Our target here is to
show that given any identified function K;aj (%) , there exists a unique Ey that satis-
fies (48). Existence can be easily proved by boundary conditions. Uniqueness can be
ensured under some regularity conditions. Define LHS and RHS of (48) upon taking
as ﬁ;ai (%) into consideration as LHS(h,) and RHS (%). A sufficient condition for
uniqueness is that

dREJS deIS = X whenever LHS = RHS

<
dh, ~ dh,

It can be shown that

dRHS . _ 1 dya; B, 1 _ A%, 22
HS 22[_(__ )}++[_(__ >K. ]f
dn, Je 6 ")| dn, o 7)Mo T,
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By using the fact that f;a], (Ey) is a solution for (47), we will have that

{_ (1 N 7)} Tynfi _ P
6 dn, d,

Further evaluating it at LHS = RHS implies that

1 _ ~ Xhy
“lo ) Fbr AR, E?

Therefore, we have that

dkya, — dlog (¥ —dl ¥2

% - =K Ya; + ]’Zyd Og_(K]w) + h]/ Og_( )

dh, dhy dh, dh,

Xhy R dlog(Rje) g dlog ()

- 7 Y 7 Y T
(% _ ’r) %ya B Ay dh, dh,
or equivalently
o 1_ deIS _ X dea] . _1 af]w df_yaj _ _1 af_]w I /\ZZaK]ww I /\ZZaK]ww dea]
Xhy dhy <%_ )KW B, dhy  KjwKya; dhy  Kjw Ohy oh, OKya; dhy

The followings can be easily proved:

e =s [ - (e =5 (5- 7) R i
CI _ _ 1 _
T =S [0 R~ (e mm] =5 (5 ) T

and

a’i’—“"f’ =25 [(1+ (1= Ty ) (1= 1) Ry = (1+ (1 +€) T ) (1+€) Fugy | > 0
Phes _5 (1= gy, — (1+ € Ry | >0

when evaluating at A-SS, i.e., (47) and (48) are satisfied. Simple algebra would even-
tually imply

1 dRHS _ Ad%yaj

—— = — + B
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where we define the A and B are such that

A= X_ -S (% —’y) Kya, BAL?
(@ - 7) K]/[Z]',Bl

+22228 | (14 (1= 7Ty ) (1= 7) Fyay = (14 (14 €) n) (14 €) T |

B X
(% - 7) Kya]-,BL
2 h % R Foa — (£ )&
+A228 2 (14+ (1= Ty ) (1= 7)oy =2 (14 L+ €)Tin) (1+€)Kgy — (5= 7 ) KB
X _ _
= AT [2(1 = 1) TiyRyg; — 2 (14 €) gy + (1= ) Ry, — (14 €) )| > 0
(@ - 7) Kya]-,Bz

and

Kjw Ohy ohy
_ 1 af]w 5 2.9 2-2
TR am, P (=5, — (1 + )R,
APS (1= )27, — (1+€)*R2
e ( ')’) Kyuj ( +€) K”ﬂj
< —

Therefore, we have that

Ae¥S [— (1= Rl + (1+€)° Ry, (1— 1) En]
1+ /\eﬁf]ww

—hyB <
Finally, we can prove
1+ Ae¥% ) — Ae?S [— (1= ) Rty + (1+€)° %y, (1— ) En]
=1+ Ae¥S [(1 — )R — (1) (1= ) &2 +2(1— ) Rty —2(1+€)* 2, (1—a) En}
=125 {1420 - k| -1, — [1+20+) k| (1+€) 1 -a)2, } >0

where the last step can be justified by the fact that h,, is relatively small for any reason-
able macro-application in the sense that 1 +2 (1 — ) i, > 0. Therefore, we arrive at
the fact that

dRHS

which ensures uniqueness since it directly implies that
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Unique xyq, (1, A):
Use of private information xy,;, is determined by (41). Denote the gap between LHS
and RHS of (41) as f (KW].> such that

1+e 1+¢€ 1 o7
f <Kya]-) Kl _‘x) —(1 —’Y)] Kya; — <m> + (5 _7) <0§+a?+e’/’f + 8o (’abt/)\)) i
(52)

It can be shown that

o f (Kya]) < 0if Kya; < 1

. 1— 1—
o f(Run) > 0if ryo, > 1 =0

° f/ <Kyaj> >0

The last item follows the fact that g» (1, A) is decreasing in xy,; because go (Y1, A)

decreases in K, which is an increasing function of Kyaj-

Finally, in the last step of the proof, it is straight-forward to demonstrate the ex-
istence and uniqueness for Ey (1, A) from (42) given existence and uniqueness given

the existence and uniqueness for A-SS and xq;. n

Proof of Proposition 2. Directly follows the comparison between Proof of Proposi-
tion 1 and the solution for the beauty contest identified in the proposition. The com-
parative static analysis of ¢, and ¢, can be proved by demonstrating x,, is increasing

and «;.,- is decreasing in ;.

Proof of Proposition 3 . It can be shown that (52) has the following properties regard-

ing its partial derivatives evaluated at its equilibrium point f (KW]) =0:

of (s )
* a"V“j] ’f (’%‘):O =0
° af(Ky”j) <0

()

which are all straight-forward!. Then we can prove that xy,; ({1, A) is increasing in ¢;.

Then following the (27), FD¢ (¢, A) increases with ¢; can be proved easily.
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Also it can be shown that «,, is increasing in ; since it is increasing in Kya;r which

is an increasing function of ;. Also note that we can transform (43) into

of

07 + 07 + eV + o (Pr, A)

Hy (Y1, A) = —xya; (Y1, A) ( ) (¥ + go (Y1, 1)) Ak

Following (41), we know that in equilibrium it must be the case that e¥* + ¢, (1, A) is
increasing in ¢;. Then we know Hy, (1, A) must be decreasing in ;. Put this into (41),
we complete the proof.

Proof of Lemma 3 and Proposition 5. First of all, it can be shown that

1 dlogx 1 Jx 1
(gjww + ) 8w Jo (f]ww + _)

Ae¥ )  OFya,  Kjw Oy, Ae?
1 _
<25 (14 (1= Ty) (1= 1) Ty = (14 (1 +€) T ) (1 + €) Fug
O Jwew
OKya

The inequality follows the same argument as in the proof for unique A-SS. Then we
can claim that
dlog ;e - Ae? 0K jww

At A-SS, we have that

0 (B4) =~ o log (—gu (§,1)) = log (A®rwe?) —log (1+ AFje” )
Taking derivative leads to

dlog (—gu (¥, 7)) _0log®j, Ae? I “0
aﬁyaj aﬁyaj 1+ /\f]wweln" afyaj

Therefore, we have that

Igu @ /\)

— >0 53
e (53)
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At the A-SS when the amount of ambiguity is ¥, equilibrium is characterized by (47)
and (48). We can transform (48) by

Xhy = Ki + Z) _ Xfya]} g (9,4 (54)

As in the proof of unique A-SS, (47) defines a decreasing function of xx (Ey). And
an increase in 02 or a decrease in Ug increases the RHS of (47) for any given Ey. This
indicates that the function K;x <Ey) derived from (47) shifted to the left in response
to an increase in ¢ or a decrease in Ug. Furthermore, the RHS of (54) increases with
Kyq; marginally at the point where LHS equals RHS. Following the proof of unique
A-SS, the gap between RHS and LHS of (54) is marginally increasing in 1, at the point
where LHS equals RHS. Then a marginal increase in ky,; implies a marginal increase in

Y. Therefore, (54) defines an increasing function of x;x <Ey>. The decreasing function

Kyx (%) , the increasing function of x; <Ey) and the left hand side shift of x, (Ey) in
combine predict that

d;;;f <0 EEZ‘; >0 (55)
and
dhy <0 dhy >0 (56)
do? alagg
Finally, (53) and (55) together prove Lemma 3. [ ]

B. Accuracy of the Approximation

Suppose that the allocation constitutes a Log-Normal equilibrium in the sense that in
equilibrium y;; = In (Y} ) takes the following forms

Yjt =+ Kya; (Y, A) aj + Ey (¥, A)

Then we can, implement a quadratic approximation around the ambiguous steady

- (1+€)/(1-a)
7 Y71 Y, /A;
state (A-SS) over J; (w;) = E;.‘,’tflo |:t1—'y _ Xf] (Y ]tl)+€

the following quadratic functional forms with respect to w;:

dj|, which gives out

1
Ji (wy) = const + xj, (P, A) wi + 5 KJww (1, A) w?
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Directly following (17), the approximation implies a Normally distributed distorted
posterior belief over the set of possible models. This is exactly what Lemma 1 is about.
In addition, the fixed point condition (16) combined with normality in distorted belief
over the set of possible models would automatically imply a conditional Log-Normal

equilibrium such that

Ye =+ Kya; (P, A) /]ﬂj,tdj +hy (Y, A)+ R+ Ai+ Dy

uncertainty adjustment

where uncertainty adjustment consists of (a) risk adjustment Ry, (b) ambiguity adjust-
ment and finally (c) dispersion adjustment. All of these adjustments are of second
order impacts at the aggregates and have no impacts at all on the cyclical behaviours
of belief divergence. Therefore, we ignore these adjustments in the approximated con-
ditional Log-Normal equilibrium without loss of generality. Equivalently, this corre-
sponds to the usual log-linearation of (16), but around the ambiguous steady state
(A-SS) instead of deterministic steady state (D-SS). In sum, to approximate the con-
ditional Log-Normal equilibrium, we implement a second order approximation over
ex-ante expected value function of the representative household and at the same time
a log-linearization of optimality conditions, both around the A-SS.

How accurate is our approximation? We address this issue into two steps. First
of all, we highlight at what points of the analysis approximations are used. Then
we analyze in details what are the nature of the approximations and conduct some

evaluations.

During the characterization of the approximated conditional Log-Normal equi-
librium, we first conduct a quadratic approximation of the ex-ante expected utility
J+ (wy) under a particular model w; so as to express the belief distortion in (17) into
exponential-quadratic form. This implies approximated Normality for E,t,l (wy) the
distorted posterior over the set of possible models when evaluating marginal effects
of an act. Second, given the approximated normality posterior, we log-linearize the op-
timality conditions, consisting of (1) and (15), around the A-SS. By doing so, we ignore
uncertainty adjustments who are by nature a couple of second-order terms having

negligible impacts on allocations and no impacts at all on belief divergence.

For the second approximation, it is fairly standard in the literature. As a matter
of fact, the ignored uncertainty adjustments are of magnitude Ug + 0? + e¥t. However,
the first moment impacts of ambiguity shocks are of magnitude Ae¥t, which dominates
uncertainty adjustments given the calibrated degree of ambiguity aversion A. While,
for the first approximation, we deal with this issue by comparing the estimated pos-

terior density as in (17) and a semi-true posterior density numerically. To compute
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posterior density over the set of possible models
posterior density over the set of possible models

L L L L L L
-0.3 -0.2 -0.1 0 0.1 0.2 0.3 -0.5 -0.4 -0.3 -0.2 -0.1

“ “t

(a) Baseline Calibration A = 12.5 (b) Extreme Calibration A = 100

0.1

Figure 8. Accuracy of the Approximation

the semi-true posterior density, we take the estimated policy functions (18) and (19)
as given and compute (17) analytically without using quadratic approximation over
Ji (wy). Figure 8 demonstrates such comparison where parameters are chosen such
thatf =1,e = 0.5, 2 = 0.36, = —5.05, 07 = 0.0078, 0; = 0.090 and o = 0.47. These
are the same as our quantitative evaluations in Section 6. ) is chosen to be 1.895 to have
hours in D-5S being 1/3, which is the same standard when we calibrate x in Section
6. Following Angeletos and La’O [2009], -y is chosen to be 0.2 to ensure an empirically
plausible income effect of labor supply. Comparisons over estimated- and semi-true-
posteriors are conducted under two parameterizations for degree of ambiguity aver-
sion A: one baseline calibration A = 12.5 (the left-panel) and one counterfactually
extreme calibration A = 100 (the right-panel). Finally, we normalize the realization of
island productivity by setting 4;; = 0. This indicates the Bayesian posterior should be
mean zero. Therefore, the leftwards shifts of all the four posterior densities manifest
degree of pessimism due to ambiguity aversion. Finally, it turns out the approxima-
tion of the distorted posterior over the set of possible models is fairly accurate, not
only for the baseline but also for the extreme calibration. Moreover, once we move to
the extreme calibration, our approximation turns out to under-estimates both degree
of pessimism and volatility in beliefs over the set of possible models when comparing
to the semi-true counter-part. This further indicates that our approximation is quite

conservative under extreme calibrations.

C. Labor Wedges

Define the marginal rate of intra-temporal substitution between leisure and consump-
tion MRSN;; and labor productivity MPL;; on island j by

MRSN]/t = Gﬁjlt + Et
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and
MPL]"t ::/V\j,t — ﬁj,t

Then we can define island j labor wedge from the perspective of household by the
gap between real wage w;; and island j marginal rate of intra-temporal substitution
between leisure and consumption MRSN; :

T} = @j; — MRSNj,

and island j labor wedge from the perspective of firm as the gap between island j labor

productivity MPL;; and real wage W ;:

nf ~
Tj,t MPL]’t — w]‘,t

Finally, we define the total labor wedge in the economy by the cross-sectional average

over the sum of the two:
n — nh nh :
T = . <Tj’t + Ty > dj
Plugging in optimality conditions for labor, model implied wedges are such that

Tl = /R Sty (6] Fion (wr) deor = G

1. e~
o =g (e f B 90 s () e

D. Details for Quantitative Analysis

D.1. Equilibrium Conditions

Equilibrium can be characterized by the standard TVC and following conditions:

g )
b
1 Y

11~ ~ it
Rjt |, Eita [a] fit (@r) dewy = ( /R Eiis [ap j,t] fita (wt)dwt) (Oé@)
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e labor optimality condition

o (52 C2) ) 1

e optimal capital demand condition

‘:<
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e Euler equation

1 1 ~
G - B /R Efztﬂ {m (1-9)+ Rj,t+1)} fr2 (Wig1) dwpq (57)

e budget constraint
Y, =Ci+ /] I;dj (58)
e capital accumulation
Kjry1=(1—-6) K + I (59)
e production function for island commodities
Yj = Aj KN (60)
e production function for final goods
log Y = /] log Y dj 61)
e value function recursion for J; = | ({K]-,t} ,A1-1,2, Gt Pr):

Ji= max In(Cy)+p (—%) In (/R o AE ! [It+ﬂft (wWis1) dth)

Co{Kjpsn}

e distorted beliefs {f;,t,l (wi), fra (wt+1)} at stage 1 and at stage 2 respectively

fipn (we) = iy (x¢lewr) fi (wy)

and
oo (wip1) = e B2l £ (o)

Observe that in equilibrium, it will be the case that K;; = K; for all £ > 0. This is
because at stage 2 there exists no heterogeneity in belief over capital return r;; across
islands. Therefore, capital supply exhibits no heterogeneity. In what follows, we re-

place all K;; with K; for simplicity.
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D.2. Solution Method

We propose the following semi-linear policy rules of conditional log-normal equilib-
rium for island employment 7;;, output ¥;;, wage rate @;; and rental rental rate of
capital 7;; at stage 1 of period t:

Vit = Kyki(\t + Kyafr—1 + Kyx (Yr) Xj; + il\y (Y1)
nj; = Knk/lgt + Knar—1 + Knx (Pr) Xjt+ hy ()
Wiy = Kwk%t + Kwai—1 + Kwx (Pr) Xjt + R ()
i = Kpickt + Kradp—1 + Krx () xj + hy (9r)

and the for consumption ¢;, investment i; and capital stock tomorrow ki at stage 2
of period t:

-~

't = Kkt + Kiar1 + iz (¥1) 26 + Kig (Y1) Or + hi ()
i1 = ks + Kpalt—1 + Kz (01) 2t + Ky (1) Gt + By ()

G = Kkt + Kealty 1+ Kez (W) 2t + Koz (1) Tt + Tie (1)
1

D.2.1. Quadratic approximation of value function

Under the proposed policy rules, quadratic approximation of household period utility
around the A-SS is such that

1+e
In (C;) — / it g 62
n(Cy) — x Ty (62)
T+ Ec + ch/lgt + Keallp—1 + Kez t2t + ch,tgt + /}Zc (lljt) (63)
—l+e€
— XN— 1+ (1+e) Knk/lgt + Knalp—1 + KnxtXjp + ﬁn (W) (64)
1 + € j
1 5 ~ ~ 2
+§ (1+¢€) (Knkkt + Knafli—1 + Kt Xjp + My (lPt)> dj (65)
(66)
Guess that J; is given by
]t :]* + E] + K]ki{\t + Kjalr—1 + KJz,tZt + K}g,tgt (67)
+ K]ka/lgtat—l + K]kz,ti{\tzt + K]k@,ti(\tgt + KJaz,t@t 12t + Kjag 110t + K220 (68)
1 1 1 1 ~
+ EK]kk/]E% + EK]tMa%—l -+ EK]ZZ,tZ% -+ EK}ggltgtz + h] (l[)t) (69)
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Hence we have

1 @ ~
(_X) In ( / e 2" Vel f2) (wpin) dwt+1) (70)
W41
> > 1 1 2
=constant; + Kpkip1 + Kjaar + Kk par + EKIkkktH + 5Kaall (71)

Value function recursion implies that

E% ] = (]* "'“E] jLE] (lpt)) + K]k%t + Kjaft—1 + Kjzpt + K]kaﬁtatfl + K]kz,tic\twt + KJaz,tat—1Wt

(72)
+ %Kﬂdf? + %K]aaa%1 + %K]zz,twtz (73)
~econstanty + Ky pwy + %K]ZZ,twtz (74)
where the following matching coefficients leads to
Kjzt =Kezt = XN [1+ (14 €) | ot + B (75)
Kik =Kex — XN* [1 +(1+e) En} Kk + BKjkKix (76)
Kjezp = — (14 €) XN 14 (14 €) T | s + Bryuaccls (77)
Kk = — (14 €) xN* [1 + (1+¢) En} 12 + B (78)

To arrive these expression, we first approximate e(1+e)hn by 1+ (1 +€) hy and by ig-
noring a couple of higher order terms without loss of generality.

Furthermore, we can approximate by

1__
E?)zt [Ji+1] =~ constant; + Kz 1w + EKIZZIwatZ

where term with over-line denotes period t expectation over that term in period ¢ 4 1.
D.2.2. Distorted posterior beliefs

Distorted beliefs are normal with the following kernels

f;,t,l (wt) _ e—A(K]z,twt+%K]zz,twt2)f (xj,t|wt) ft (wt)

and

fia (@ra) = e MR TR £y (@)
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D.2.3. Ambiguous Steady State
A-SS can be characterized by
log (x) + (1+e)n*+ (14¢€) hy, =log (1 — &) + y* — " + hy — he + Hy, (9)
Y By = (1= a) (n"+ Ty o (K o+ T
r* +hy =log (a) +y* — k" +hy — iy + Hy ()

1=0,+0,
X; =6X,

where terms with star denote the D-SS and the auxiliary functions are such that

H t) = (—K St K ,t) L +x ,
n (1) [ grvet T )\ g2z ) TR g2 o ﬁ + gy + ARz

1 0.2 —/\K]zt
Hy (1) =51 ’ ’
() =g <g+> ( e+ Mo
g L

K _ _
S1(Pt) = (Kpx i1 — Kezt4+1) <; Hztl ) + (hr (Pr41) — he (llJt+1))

ePri+1 + /\K]ZZJ‘H
— AKXz 1 =
52 (IPt) = — (Kcz,tJrl) < 1 ];,tJr > - hc (lPt+1)
T T Kzt
01 :ﬁer*JrEVJrSl (¥)
0, =B (1—68)e2(¥)
and
X, = <ec*+ﬁc> X; = <ei*+ﬁi) X, = (ey*—i—ﬁy) X, = (ek*+ﬁk>

D.2.4. Log-linearization of optimality conditions

e labor optimality

_ 1\ o1 B
(1+e)nj; = (1 — 5) Vi + /wt Eiva [5% — Ct} fit1 (wi) dwr — Hy ()
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optimal capital demand condition

?]-,t:( )y]t+/ ]H{ kt}f]tl(wt)dwt H; ()

Euler equation

et =01 /R Ey [Fier1 — Cs) fiz (wi1) dwpsy — O2 /72 ESy [Ciga] fr (wig) dwpa

budget constraint

XcCr + Xi?t = Xy]//\t

capital accumulation
Xikip1 = (1— 8) Xike + Xiiy
e production function for island commodities
Vit =par—1+ X+ ks + (1—a);;

e production function for final goods
o [0 4
Yt /].’/],t J

D.2.5. Systems of undetermined coefficients

Combining the proposed policy rules and log-linearized optimality conditions, we

arrive at the following systems of undetermined coefficients:
e Determination of

Kjzt =Kozt — XNlJreKnx,t + B Kz ¢
Kik =Kek — XN + 5K]k7<kk
Kjzzp = — (14+€) XN Nk Kot + PRk,
Kk = — (1 +€) XN Koy + BRIk
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e Determination of ambiguous steady state
log (x) + (1+e)n* + (1 +€) hy =log (1 — &) +y* — " +hy — he + Hy (9)
vy +hy=(1—a) (n* +En> + o (k* +Ek>
r* +hy =log (a) +y* — k* + hy — hy + H, (¢)

1=014+0,
X+ X; =Xy
X; =0X;
e Determination of x,; and k.,
1 1
(I+e)ky=(1— 7 Kyk + g vk = Kok

1 1
(1 + 6) Kng = (1 — 5) Kya + [éKW — Kca}

Kye = (1 — ) e +
Kya =0 + (1 — &) Kug
Kk =Kyk — 1
Kra =Kya
—Kek = (015 — Kek) Kk
—Kea = (O1%k — Kk ) Kka + (O1Kra — Kea) P
Xeker + Xikipe =XyKyk
XeKea + XikKig =XyKya
Kk = (1= 6) + Oxye

Kka =0Kig
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e Determination of K.y ¢, Kizt and Ky t

Lo o7 . %
0 yx, b cz,t Ug_’_o_lz clt 0'24‘0’[2

1
<1K * ) A Y ik
A Ryx,t T Rezt B
6" 0’5 - 0‘2 “ Ug T 0‘2 ofia? T eit + )‘K]ZZJ

ny,t :1 + (1 — OC) Knx,t

oy (e
Krop = (L= ny,t+§7<yx,t W

1
+ <1nyt) 012 W
9 ! 0-§+0-[2 ﬁ—i_i—i_/\szz

—Kezt = (OlKrk - ch) Kkz,t

N

1

_|_

—Kegt = (O — Kek) K t + (O1Kra — Kea)
XcKezp + XiKiz t :Xyny,t
Xekeg t + Xikig p =0
Kz, t :(SKiz,t

Kig,t =0Kig t

e Determination of il\* (1)

=)

(14T () = (1 5 ) B () + [ gy () = e (90)] + B )
i

By (1) = (1 — &) hy (1)
hy (1) =y (1) + Hr (1)
= (O — Ke) l (1) + 0151 (1) + 0255 (1)

<
[n}
RA
o
—~
S
N—
_|_
<
=&
/N N /N /N /N
5
— N N N

where A, (1) = H, (¢:) — Hy (§) and B, (9) = H, (1) — H, (§).
D.2.6. The algorithm

To quantitatively solve for the equilibrium, we first discretize the ambiguity process
by a stationary Markov process with 11 states. This transforms functions over ¢; into
11 undetermined coefficients. Then we arrive at a non-linear large system of equations
regarding undetermined coefficients. We describe the algorithm to solve this system

of undermined coefficients below.
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1. Guess that the ambiguous steady state coincides with deterministic steady state
such that hs = 0 for all S € {y,c,n,i,k,r}. This leads to O; = Be" " and
O, = B (1 — 6). Further guess that S5; (¥) = S1 (¢) = 0.

2. Given {04, 02,51, Sz, X, Xy, Xi, Xk }, solve for k,j and x.,. We restricts kg < 1 to
ensure TVC being satisfied.

3. Jointly solve k., Kxxt, Ksz,t and K« ¢ given the solution for x, and x.,.
4. Solve h, (¢¢) for the given solution for K., Kix t, Kz b, Kxcw,tr Keke aNd Kyqg.
5. Solve for the A-SS and compute new levels of {O1, 02, 51, S2, X¢, Xy, X, X }-

6. Check for convergence over {Ol, Oz, 51,52, X¢, Xy, X, Xk}. If converge, stop.
Otherwise, go back to Step 2.

Convergence can be achieved when the amount of ambiguity at A-SS ¥ is not ex-
tremely high or when degree of ambiguity aversion A is not extremely high. This is
because these are the conditions to ensure unique A-SS as in the simple model without
capital. Other than this constraint, the algorithm works well in the approximation of
the semi-linear conditional log-normal equilibrium.
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