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Abstract

We build a search model of mergers and acquisitions (M&A) with private eq-
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intermediaries search for investment opportunities, hold an inventory of firms, add
operational value through better governance, and exit by selling their entire portfo-
lio. PE funds can enhance M&A market efficiency by alleviating search frictions and
providing greater liquidity through SBOs, resulting in complementarities among PE
funds. A calibration result shows PE funds’ values are higher by 26% due to SBOs and
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1 Introduction

1.1 Overview

Mergers and acquisitions (M&A) and private equity (PE) activity contribute to economic
efficiency by reallocating assets (such as firms or corporate subdivisions) from low to high
productivity corporations (or entrepreneurs) and PE funds. PE buyout funds have become
pivotal players in M&A markets. In 2017, their investment represents $538 billion out of the
$2.1 trillion US M&A market (or 4,053 out of 10,769 deals) with a compounded annual growth
rate of 7.5% since 2011.E] A typical PE fund (i) acquires a small number of portfolio firms,
(ii) holds the firms as inventory and adds operational value through better management, and
(iii) exits by selling their portfolio firms to provide liquidity to fund investors.ﬂ PE funds
divest the acquired firms primarily to corporate buyers through primary buyouts (PBOs),
or to other PE funds through secondary buyouts (SBOs), each of which accounted for 52%
and 42% of PE exits in 2017. Notably, the share of SBOs in total PE exits has increased
significantly from just 13% in the 1980s[]

We build a search-theoretic M&A market where PE funds intermediate between corporate
sellers and buyers. Our model incorporates unique characteristics of PE funds to a framework
similar to Duffie, Garleanu, and Pedersen (2005). The model allows us to quantify welfare
improvement due to M&A and PE funds and assess the impact of market characteristics,
such as search frictions and the number of PE funds, on fund valuations, trading volumes,
and transaction prices.

The M&A market lends itself naturally to a search framework — corporate sellers take
about a year to find an appropriate buyer and close a transaction (Boone and Mulherin),
2007). The US M&A and PE middle marketﬂ which we study in a calibration analysis, is

!The data on PE activities in the M&A market is from PitchBook Data, Inc., and can be found at
https://pitchbook.com/news/reports/2q-2018-ma-report

“We distinguish buyout funds from other PE funds such as venture capital funds, which usually invest in
fractional equity stakes of start-ups and early-stage firms.

3Initial public offerings (IPOs) are an alternative route for PE funds to divest portfolio firms. However,
the share of exit through IPOs is relatively small (6% of the exits in 2017) and declining (277 per year in
1987-2007 to 98 per year in 2008-2017). Therefore, we omit IPOs from our study.

4We define the middle market as corporations with annual revenues between $20 million and $1 billion,
and transactions values between $25 million and $1 billion, in line with Pitchbook data. See for


https://pitchbook.com/news/reports/2q-2018-ma-report

particularly unintegrated with approximately 100,000 corporations and 2,000 PE funds.

Our model comprises a continuum of corporations and PE funds who hold either one
or zero assets, representing firms or corporate divisions, over time. The agents trade assets
in one of three markets — (i) corporate- M&As, (ii) corporate-PE primary buyouts (PBOs),
and (iii) inter-PE secondary buyouts (SBOs). In corporate-M&As, assets are traded from
low-type corporations to high-type corporations. High-type corporations can generate higher
flow payoffs, due to synergies related to cost reduction or revenue enhancement. Each cor-
poration’s type changes over time by an exogenous shock that arrives according to a Poisson
process/]

On the other hand, PE funds buy assets from low-type corporations and sell assets to
high-type corporations through PBOs. PE funds generate a higher flow payoff than low-type
corporations due to their better management skill and corporate governance, but a lower
flow payoff than high-type corporations because they cannot generate large scale synergies.
After purchasing an asset, PE fund investors receive liquidity shocks that arrive according
to a Poisson process. Upon receiving a liquidity shock, a PE fund incurs a holding cost from
owning assets. The fund then tries to sell the asset either to another PE fund through an
SBO or to a high-type corporation in the PBO market.

We study a steady-state equilibrium in which all three markets are active. We set up a
dynamic system of population measures and agents’ payoffs, and then prove that a unique
steady-state solution exists. We find that PE funds enhance market efficiency by alleviating
search frictions and providing greater liquidity to the M&A market. The first channel,
whereby intermediaries facilitate asset transfers and improve efficiency, is well-known. The
second channel — the liquidity channel — is unique to our model and is related explicitly to
PE funds’ demand for liquidity due to their exit requirements.

Our first results focus on the SBO market. SBOs provide greater exit opportunities
to PE funds and enhance PE fund value (Proposition 4) and also improve overall welfare
. SBOs offer a channel through which PE funds can complement each other:

funds sourcing deals provide liquidity to funds at the exit phase, and conversely funds at

more details.

SFor example, General Electric became a conglomerate through a spate of acquisitions but has recently
announced it will divest its healthcare and oil-service divisions, as it is no longer perceived to be generating
the most value with these assets.



the exit phase allow fund buyers to acquire assets more quickly. The complementarity
effect among PE funds could potentially dominate the competition effect. Thus, counter-
intuitively, PE fund’s value can increase in the number of funds, when the number of PE
funds is relatively small . This mechanism can explain why PE funds continue
to perform well in spite of the consistently increasing number of PE funds chasing M&A
deals (Gompers and Lerner, [2000). SBOs are sometimes criticized as opportunistic behavior
among fund managers passing sub-par firms to their counterparts while both parties collect
management fees (Arcot, Fluck, Gaspar, and Hege, 2015; |Wang;, 2012)ﬁ However, our
model highlights that it is because of (and not in spite of) SBOs that PE funds generate
high returns.

We next consider a fast-search market and obtain a closed-form expression of the equi-
librium welfare . The fast-search equilibrium may not approximate the Wal-
rasian equilibrium and the welfare is subject to search externalities: more search friction in
the corporate-M&A market may increase the welfare. If corporations can transact among
themselves quickly, fewer corporate buyers remain in the market. Then, PE funds find it
difficult to divest assets, and the exit-phase PE funds suffer the adverse impact of a liquidity
shock for a longer time.

A calibration of our model fits well the transaction and price data on the US M&A
and PE middle market and delivers several empirical predictions. The estimated number
of tradable assets is larger than the number of high-type corporations or PE funds - which
implies that some low-type corporations hold assets and generate only low payoff flows. As
expected, the matching rate between PE funds (leading to SBOs) is estimated higher than
that between PE funds and corporations, which in turn is higher than the match intensity
between corporations. The value of a PE fund at the investment phase is estimated to be
26% higher than the value without SBOs. Moreover, as [Proposition 6| predicts, this value
indeed increases in the number of PE funds due to the complementarity effect dominating
the competition effect. The calibrated model predicts that the share of SBOs over the total
PE fund exits increases with the number of PE funds, which is consistent with historical
evidence.

An increase of PE funds’ payoff flow by 1% increases fund value by 4.2%. If PE funds

6See also an article in The Economist at https://www.economist.com/node/15580148.
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cannot enhance operating cash flows of acquired firms, then intermediation would not be
profitable in spite of their search advantages. The equilibrium welfare is 13.6% higher than
the welfare in the counterfactual situation without M&A transactions and PE intermediation.
Thus, PE funds contribute to the welfare both by lowering search frictions and adding

operational value.

1.2 Related Literature

To the best of our knowledge, this paper is the first to study PE intermediation in a search-
theoretic M&A market. In this regard, the current paper is related to several strands of
literature: OTC market, M&A, and the secondary intermediation market.

We build our model based on Duffie, Garleanu, and Pedersen| (2005)’s OTC market, by
adding intermediaries that are customized to capture PE funds’ characteristics. We discuss
only closely related papers on OTC markets with intermediation and refer others to Nosal
and Rocheteaul (2011)) and references therein[] While PE funds differ from commonly-studied
financial intermediaries, some of their features appear in existing papers. Weill (2007)) is
one of the earliest papers considering intermediaries that hold an inventory. In his model,
intermediaries act as buffers of market-wide liquidity shocks, purchasing assets when the
market receives a liquidity shock and holding them until the market recovers. In our model,
PE funds hold assets in a steady state, rather than just as an impulse response to a shock.

Hugonnier, Lester, and Weill (2018) study an inter-dealer market, which shares some
similarities with our PBO and SBO markets. First, dealers in their model have fixed payoft
flows over time. Our model is tailored for PE intermediation as PE funds’ flow payoffs may
change due to liquidity shocks, which yield our new results on SBOs (Propositions , and
@. Second, their inter-dealer market is singled out by an assumption that investors can trade
only through dealers, which would preclude corporate M&As in our setting. Our model, with
concurrent operation of M&As, PBOs, and SBOs, allows us to study the influence of the
PBOs and SBOs on corporate M&As and vice versa. This interaction has been empirically

documented in a related context by Phillips and Zhdanov| (2017), who show that corporate

"This paper is also related to an extensive literature on the inter-bank network; see a survey by |Allen
and Babus| (2009). We only point out that our model differs from interbank models where the focus is on
lending and borrowing.



M& As incentivize venture capital activities by providing more exit opportunities.

PE funds in our model choose to intermediate between corporate sellers and buyers due to
their moderate flow payoff. This self-selection of becoming intermediaries, albeit in different
contexts, has also been posited in Neklyudov| (2012), |Uslul (2016)), Nosal, Wong, and Wright
(2016)), and Farboodi, Jarosch, and Shimer| (2017)). In these models, it is often the case
that mid-type investors, which are similar to our PE funds, choose to intermediate with
comparative advantages in search skills [

In the M&A literature, |Jovanovic and Rousseau (2002)’s “q-theory of mergers” suggests
that high-type corporations (i.e., high market-to-book ratio, ¢) often acquire low-type corpo-
rations to create value. On the contrary, |Rhodes-Kropf, Robinson, and Viswanathan| (2005))
and Rhodes-Kropt and Robinson| (2008)) find evidence of like-buys-like and explain such as-
sortative matching with buyer-seller complementarities under low search frictions.ﬂ It is
worth noting that we are agnostic to the explanations of M&As. We take M&A activities as
given and instead focus on PE intermediation.

The welfare implications of secondary transactions among intermediaries has been studied
in other contexts. (Gofman (2014) shows that better-connected intermediaries in financial
markets can shorten intermediation chains and improve welfare. [Pagano and Volpin (2012)
study the bank-loan market where banks lend to consumers (i.e. primary issuance) while
other banks provide liquidity by investing in the securitized loans (i.e. secondary market
liquidity). They show that high securitization activities in the secondary market yield high
loan issuance in the primary market, driven by greater transparency in the secondary market.

Finally, Hochberg, Ljungqvist, and Lu| (2007)) study the importance of PE funds’ net-
works in sharing information about trading assets. |Arcot, Fluck, Gaspar, and Hege| (2015)),
Degeorge, Martin, and Phalippou (2016), and |Wang] (2012) argue that fund managers under
buying pressure initiate SBOs when they are near the end of their investment phase with

excess capital, or close to the end of the fund’s life. In our paper, SBOs offer a channel

8Atkeson, Eisfeldt, and Weill (2015) is another study of an OTC market with endogenous intermediation.
In an OTC market for derivative swap contracts, investors with risky endowments may be unable to share
the risk fully, because of a size limit on bilateral trades. Buy and sell prices do not reflect the aggregate risk,
and the price dispersion incentivizes some banks to act as intermediaries.

90ther papers relying on q-theory include [Eisfeldt and Rampini (2006)) and [Eisfeldt and Rampini| (2008)
which study capital reallocations. Also,|David|(2017) develops a search and matching M&A model to evaluate
the implications of merger activity for aggregate economic outcomes.



through which PE funds can provide liquidity to each other. We add to the literature on
the benefits of secondary transactions by uniquely considering the role of liquidity provision
and its interaction with the primary market.

The remainder of the paper is organized as follows. introduces the formal
model. provides equilibrium properties. discusses our main analysis of
SBOs. provides an analysis of the fast-search market, especially the welfare that
depends on the search frictions. presents a calibration of our model to the US
M&A and PE middle market. concludes. All proofs appear in the Appendix.

2 Model

Time runs continuously in ¢ € [0,00). Over time, two kinds of agents, corporations and
PE funds trade assets, which represent firms or corporate divisions. Initially, a fraction of
corporations and PE funds are endowed with tradable assets. The measures of corporations
n., PE funds ny, and tradable assets n, remain constantm All agents are risk neutral and
infinitely lived, with time preferences determined by a constant discount rate r. We assume
that each agent holds one or zero assets and that n, < n.. We normalize the total measure
of corporations as n. = 1.

Each corporation that holds an asset generates either a high payoff flow u;, or a low payoff
flow w; (< up). A corporation does not receive any payoff flow when not holding an asset.
The additional flow uj, —u; represents some corporations’ ability to create synergies via, e.g.,
cost reductions. A corporation’s ability to create payoff flow switches from low to high with
Poisson intensity p,, or from high to low with intensity py. The arrival rate of this Poisson
shock for each type of corporation is independent of other corporations. The set of corporate
types is 7. = {ho,lo, hn,In}, where the letters h and [ represent each corporation’s ability
to generate payoffs, and the letters o and n denote whether a corporation owns an asset or

not.

10Tn terms of practice, M&A transactions include asset purchases, mergers, and acquisitions. While
our model states transactions strictly in terms of asset purchases, transactions also include mergers and
acquisitions, in which owners of selling firms remain as non-owners in the market and can make further
acquisitions.



Each PE fund goes through a life cycle: an investment phase, a harvesting phase, and an
exit phase. A fund in the investment phase does not own assets and searches for a corporate
or a PE fund selling assets. After purchasing an asset, the fund enters the harvesting phase
and creates payoff flow u;. A fund in the harvesting phase may sell its assets and start a new
life cycle (i.e., goes back to the investment phase), or fund investors receive a liquidity shock
with intensity p. and the fund enters the exit phase. A fund in the exit phase generates a
lower payoff flow u. (< uy), i.e., it incurs a holding cost until selling the asset. After selling
the asset, the fund automatically starts a new life at the investment phase and goes through
the cycle as detailed before. We denote a fund in the investing phase by type fn (a fund
non-owner), in the harvesting phase by type fo (a fund owner), and in the exiting phase by
type fe (a fund that is exiting). The set of fund types is T; = {fn, fo, fe}.

We assume that PE funds in the harvesting phase generate moderate payoff flows, u; <
ur < up. PE funds add operational value through better corporate governance (reducing
agency costs). However, funds are unable to improve operational value as much as corporate
buyers, who can generate greater payoff through synergies. It will turn out later that PE
funds, with middle payoff flows, will play the role of intermediaries by purchasing assets
from low-type corporations and selling them to high-type corporations. In this sense, we
take PE intermediation as given; our objective is to study the unique features of their M&A
activities.

Let 7 = 7. U T; denote the set of types with typical elements 7, j, etc. The measure of
type ¢ € T at time ¢ € [0,00) is denoted by p;(t). Then,

Hiolt) + 1 (8) + olt) + a1 (£) = o= 1).
pga(0) + pigolt) + ppe(t) = ny.
o) + 1io(t) + pigolt) + pe() = ma

Agents meet each other over time and negotiate a trade. Two corporations meet each
other with intensity A. > 0 in the corporate-M&A market. A corporation and a PE
fund meet each other with intensity A; in the primary buyout (PBO) market. A PE
fund in the exit phase (fe) and a PE fund in the investment phase (fn) meet each other
with intensity s in the secondary buyout (SBO) market. We assume that the meeting



rate between any pair of groups is linear in each group’s population. That is, for any pair of
corporate types i, j € 7. with measures y; and 1, the total meeting rate is Acpe;p¢;. Similarly,
the total meeting rate between a corporate type i € 7, and a fund type j € Ty is App;p4, and
the total meeting rate in the SBO market is Asptfeptsn. When two agents meet each other,
they trade an asset instantaneously if and only if the gain from trade (which we explain
later) is positive. The assumption of immediate trading upon meeting follows the literature
on bargaining without asymmetric information.

We will find an equilibrium in which all submarkets denoted by M = {lo—hn,lo—fn, fo—
hn, fe — hn, fe — fn} are active. In the corporate-M&A market, a lo-type corporation sells
an asset to a hn-type corporation (lo— hn trade), and the corporations become, respectively,
the In-type and ho-type. In the PBO market, either a lo-type corporation sells an asset to
a fn-type fund (lo — fn trade), or a PE fund of type either fo or fe sells an asset to a
hn-type corporation (either fo — hn or fe — hn trade). In the SBO market, a fe-type fund
sells to a fn-type fund (fe — fn trade). After all trades, the types change from ‘0’ to ‘n’
and vice versa. Overall, assets are transferred from low-type corporations toward high-type
corporations, with a possible chain of trades among PE funds through PBOs and SBOs.

Figure 1| summarizes the model. Agent types are listed on the left column for owners and
the right column for non-owners. An owner changes her type to one on the right column upon
selling her asset; a non-owner changes her type to one on the left column upon purchasing an
asset (a fund’s type become fo upon a purchase an asset). The solid arrows represent how
assets are transferred from sellers to buyers in the corporate-M&A market, the PBO market,
and the SBO market. The vertical dashed arrows represent the exogenous type changes:
high vs. low for corporations, or a liquidity shock to fo-type funds.

We denote an M&A with PE market by a collection of exogenous variables 6§ =
(n,7r,u, p, \), where n = (n.,ng,ng), v = (ug, up, uyr, ue), and X = (A, Ar, As). When neces-
sary, we also include an initial population distribution x(0) in the model. All exogenously

given parameters are assumed to be strictly positive[]

1We say that a real number x is positive if £ > 0, and strictly positive if z > 0.
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Figure 1: A model of the M&A with PE market.
3 Equilibrium

3.1 Steady-state equilibrium

We are interested in a steady-state equilibrium with active trades in all submarkets, a prop-
erty we aim to have for the calibration exercise in [Section 6 That is, in addition to corpo-
rations trading assets amongst themselves, PE funds actively participate in M&A deals by
trading (buying and selling) assets with corporations. Moreover, some exit-phase PE funds
sell assets to other PE funds through SBOs. Later, we provide a condition on the market
under which such a steady-state equilibrium uniquely exists.

We first derive steady-state population measures for different types. To ease our exposi-
tion, we denote the steady-state populations of high- and low-type corporations by n; and

n;. Since we normalized the total measure of corporations as n. = 1, from the rates of

10



exogenous type changes,

ny = Pu and n; = Pa
pu+pd pu+pd

A hn-type corporation switches its type to ho upon purchasing an asset from either a
lo-type corporation or a fo- or fe-type PE fund. As such, hn-type corporations become ho-
type at the rate of (Acptro + Apfifo + Afpise) ihn- On the other hand, as a result of exogenous
type changes, hn-type corporations switch their types to (n at the rate of pgpip,; similarly,
In-type corporations switch their types to hn at the rate of p,u,. Thus,

,ahn (t) = _()\c,ulo (t) + )‘f:ufo (t) + )‘f:ufe (t»,uhn (t) — Pdlhn (t) + Pulbin (t) (:u'hn)

The population measures for other types change over time by similar processes:

fino(t) = (Acttio(t) + Appigo(t) + Apptge(t)) nn(t) — pattno(t) + puttiolt), (p-ho)
fuan(t) = (Acttnn () + At (8)) 1o (t) — pubun(t) + parnn(t), (p-In)
fo(t) = —(Acttnn () + Aptpn () 110() = puttio(t) + patino (1), (w-1o)
frpn(t) = Ag (nn (Otigo(t) + finn () e () — po(t)ppn(t)) (p-fn)
frro(t) = (Nptuo(t) + Nsprpe(t)) it pn(t) — Apttnn (O is0(t) — pettsolt), (u-fo)
frre(t) = —(Nppinn(t) + Nt (t)) pie(t) + pefiso(t). (u-fe)

Let P(f) denote the above system of population equations (u-hnl)-(u-fe). A real-vector
i = (1i)ie with each p; > 0 is a steady-state solution of P(#) if the right-hand sides of the
equations, with y;(t) replaced by p; for each ¢ € T, are equal to zero.

First, we make an important observation:
Lemma 1. If p is a steady-state solution of P(0), then p; > 0 for alli € T.

That is, the steady-state population measure of every type is non-vanishing. As a conse-
quence, all kinds of meetings occur with strictly positive rates, so trading can happen in all

submarkets (subject to positive gains).

12Later, a reader can confirm the values of nj, and n; by adding population equations (u-ho)) and (u-hnl),

or (u-lo) and (u-In)), and applying nj, + n; = n. = 1.

11



The intuition of the lemma is simple. Strictly positive rates A = (Ac, Af, As) and p =
(Pu, pa, pe) allow the mass of corporations and PE funds to flow across all types. Given
0 < ng < ne+ny, some fraction of agents are owners and others are non-owners. Corporate
owners may have their types changing between high and low exogenously and corporate non-
owners have similar probabilistic type changes. As transaction rates A = (A, Af, A;) are all
strictly positive, some corporations can buy or offload assets after their types are changed.
However, not all of the corporations can do so within any fixed time period. A similar idea
holds for PE funds.

We show that a unique steady-state solution of P(6) exists and it is asymptotically stable:
if the population measure p(0) is perturbed locally from the steady-state solution g, then
the measure p(t) gradually converges back to p.

Proposition 1. (Steady-state Population Measures) Take any MEA with PE market 6.

1. (Exzistence and Uniqueness) There exists a unique steady-state solution p of P(6).

2. (Asymptotic Stability) Let p(t) be a dynamic solution of P(0) with initial condition
w(0). For any e > 0, there exists 6 > 0 such that, if ||(0) —pl] < 3, then ||u(t) —pu|| <€
for allt, and pu(t) — p ast — oo.

We prove the existence and uniqueness of a steady-state solution by the Poincare-Hopf
index theorem (Simsek, Ozdaglar, and Acemoglu, 2007), which is new to the literature on
intermediated OTC markets["]

To get an intuition, we set (u;)ie7. = 0, while satisfying the population equations but
violating n, = 1. A small increase of j, (or pn,) increases the supply (resp., demand) of
assets in the corporate-M&A market, the number of M&A deals A poptnn, and in turn the
number of corporations that are rightly holding or not-holding assets (pp, and py,). This
increased populations of uyp, and py, lead to more inflow pypp, of agents back to the aggregate

supply and the inflow p,u;, to the aggregate demand in the corporate-M&A market. That

13The uniqueness of a steady-state equilibrium is not universal in the literature on OTC, or more broadly
search-and-bargain, markets with intermediation. A unique steady-state equilibrium appears in |Duffie,
Garleanu, and Pedersen (2005), but multiple equilibria appear more commonly with financial market appli-
cations: e.g., Vayanos and Weill| (2008) and Trejos and Wright| (2016).
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is, all four corporate-type populations increase. We take into account how corporate-type

populations are related to fund-type populations (which is elaborated in[Subsection A.2|) and

show that a unique supply 1, and demand gy, satisfy the constraint p, + pinn + tin + tho =
n. = 1, by the index theorem, which generalizes the Intermediate Value Theorem. The
second part of the proposition on stability is due to a classical result in dynamical systems
(Hirsch and Smale, 1973): if all eigenvalues of the linearized system at the steady-state
solution have negative real parts, then the solution is asymptotically stable.

We define a steady-state equilibrium via a recursive equation of certain values. The
sources of value to all agents in our model are two-fold: (i) flow payoffs for the duration of
assets held and (ii) gains from trade. Let vy, denote the expected value of time-discounted

future payoffs for a type-hn corporation. The value is defined implicitly by

TUpn = )\cﬂloglofhn + )\f,ufogfofhn + )\f/fbfegfefhn — pPd (vhn - Uln) s (V—hl’l)

where each gio—nn, Gfo—hn, and gre_p, denotes the corporation’s gain from trade (in fact,
an equal share of the gain, which we will define later) in each submarket. The rate of
meeting a new potential trade partner in the corporate-M&A market, taking into account
the population of sellers, is A\.u,, and the gain from a trade is g;,_p,. Two other terms are
defined similarly for the cases of trading in the PBO market with either a fo- or fe-type PE
fund. The corporation changes its type from high to low with rate py, in which case, it loses
value equivalent to vy, — vy,.

The values for other types are similarly defined implicitly as follows:

TUho = U — Pd (Vho — Vio) (v-ho
T = Pu (Vhn — Vi), (v-In
TV = U+ AefbhnGio—hn + AfltfnGio—fn + Pu (Vho — Vi)
TV = AflioGio—fn + Ashifefe—fn

TUfo = Us + ApfihnGfo—hn — Pe (Vo — Vfe) s

TVfe = Ue + AphnGfe—hn + NslbfnGfe— fn-

A term representing flow payoffs is included for each owner type (the payoff flow is zero for

13



non-owners).

We assume that buyers and sellers in each submarket have equal bargaining powerE
That is, the transaction prices (that we will characterize in the next subsection) will be set
to ensure an equal division of gain from trade between a buyer and a seller. Each trading

partner’s gain is:

Gio—hn = (1/2)(Vho + Vin — Vio — Vnn),

Go—n = (1/2)(vso + Vin — Vio — V),

Iro—tm = (1/2)(Vho + vpn — Vo — Una),

Ife—tm = (1/2)(Vno + vpn — Vpe — Unn),

Ire—sn = (1/2)(vgo + vpn = Ve = vpa) = (1/2)(vgo — vye)-

Let V' (0) denote the above system of value equations —, with p being replaced
by the unique steady-state solution of P(#). The following proposition ensures that the

values v = (v;);e7 are well-defined:
Proposition 2. There ezists a unique solution of V (0).

We have so far characterized the steady-state population measures and the values, as-
suming that all submarkets are active. We now define a steady-state equilibrium as a
pair (i, v) such that p is a steady-state solution of P(€), v solves V' (#), and the gains from

trade are positive:

Proposition 3. A steady-state equilibrium, with all submarkets being active, exists if and
only if and in|Subsection A.5 hold. Whenever a steady-state equilibrium exists, it

1S UNIqUE.

Gains from trades in certain submarkets are easily positive. For example, gfe_f, > 0 is
immediate from uy > u.: SBOs bail out PE funds under liquidity constraints. The gains in
the corporate-M&A market and the PBO market are related as gio—mn = io—fn + Gfo—hn: a
direct M&A and an indirect M&A, through PE intermediation, result in the same total gains.

1 0ur qualitative results do not depend on this assumption. In fact,|Ahern| (2012) observes that the dollar
gains of M&A deals are often equally split between buyers and sellers.
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In a similar vein, gains in the PBO and SBO markets are related as gfe—nn = Gfo—tn + Gfe—fn-
Therefore, it remains to make sure that two gains g, and gfo—p, are positive, which
corresponds, respectively, to and .

These two gains are obviously positive if differences between payoft flows uy — u; and
up, — uy are sufficiently large. We obtain a simple expression for when p = (pu, pd, pe)
is close to zero.ﬁ We consider the case of n, > n;, (else, given rare exogenous type changes,
almost all assets will be held by high-type corporations and there will be little to no trade).
Then, pn, ~ 0, as there are hardly any type changes from in to hn, and ensuring gjo— ¢, > 0
becomes equivalent to:

Uy +0=> u + /\s,ufegfe—fn'

Each side of the inequality considers a steady-state in which corporate sellers (lo) and fund
buyers (fn) either trade or do not trade. On the left-hand side (i.e., trading in steady
state), the total payoff flows after trading is likely to be uy for a long time; a liquidity shock
rarely arrives, and corporate buyers (hn) for PE funds’ assets are scarce. On the right-hand
side (i.e., no trading in steady state), an [o-type corporation receives payoff flow w; for an
extended period of time, as she does not trade with a fund buyer (fn) and the corporate
buyer (hn) are scarce. Instead, a fund buyer (fn) will purchase an asset from an exiting
fund (fe) with the gain gse_ sn.

The above condition for positive gains always holds under overall scarcity of tradable
assets (i.e., ny +ny > n,). Then, us. =~ 0 because a non-negligible number of fn-type funds
try to purchase assets, partly from fe-type funds, whereas liquidity shocks hardly arrive to
fo-type funds. If the market has a surplus of tradable assets (i.e., n, > nj, + ny), then

the condition holds if PE funds make a significant operational improvement (i.e., a large
Uf—Ue
2r

@ is equally shared between buyers and sellers. Therefore, a simple expression for

is Ur — W Z )\Snf (qu—rue>‘

us — ). Notice that pre < ny and gre_p, = , as the total gains from each SBO

15 implies , when A\; < Ay < Ag and p — 0. For a proof, we take p — 0 in (where g1 = gfo—in
and g2 = gio—fn) and show that gjo—f, > 0 implies gfo—pn > 0. The inequalities over meeting rates are
reasonable assumptions for the M&A with PE market and also turn out to be the case in our calibration in
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3.2 Transaction prices

In a steady-state equilibrium, the transaction prices in all submarkets are determined in a
manner so that buyers and sellers equally share the gains from trades (the equal bargaining

power assumption). For example, in the corporate-M&A market,

DPlo—hn = (1/2> (Uho + Vip — Upp — Uln)7

so that a buyer’s gain (Vo — Pio—hn) — Unn and a seller’s gain (vy, + Pro—nn) — V1o are the same.
The transaction prices for other submarkets are similarly determined['%]

PE funds derive profits from two sources: (i) operating cash flows of portfolio firms and
(ii) the spread on investment and divestments of portfolio firms. We establish below various

relationships among transaction prices and spreads:

Lemma 2. (Equilibrium Prices)

1. Pfo—hn = Pfe—hn = Pfe—tn: PE funds sell at a lower price, if they sell during the exit
phase rather than in the harvesting phase, and at an even lower price, if they sell
through SBOs.

2. Dfo—hn = Plo—hn = Pio—fn: When selling assets, PE funds’ prices are higher than in
the corporate-MEA market; when purchasing assets, PE funds pay less than in the
corporate-MEA market.

A PE fund that manages to sell assets before receiving liquidity shocks can generate
positive profits, from payoff flows u; and the positive spread pso—nn — pio—n- If a PE fund
suffers a liquidity shock before finding a corporate buyer, the fund may incur losses ex-post

as the spread at the exit phase pfe_pn — Pio— o can be negative.

3.3 Welfare

In the M&A with PE market, assets are reallocated from low-type corporations to high-type

corporations and PE funds. We introduce several welfare measures to quantify the economic

16To be more precise, pro—fn = (1/2)(Vfo + Vio — Vin — Vfn)s Pro—hn = (1/2)(Vho + Vo — Vfn — Uhn),
Pre—hn = (1/2)(Vho + Ve — Vn — Vpn), and pre_pn = (1/2)(v5o + vpe — 205p).
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effects of the reallocation.

Given a steady-state equilibrium (u,v), the aggregate value of all agents is given by
ZieT 1;v;. The corporate sector’s contribution is Zie% 1iv;, and the financial sector’s con-
tribution is ZieTf 1iv;. The aggregate value must be naturally related to the steady-state
(surplus) welfare, defined by

W= UhoUp + Hfollf + Hfelle + Hiol.

The relation between the aggregate values — of all agents, corporations, and PE funds — and

the welfare are as follows:

Lemma 3. Take any market 0 with a unique steady-state solution (u,v). Then, the welfare

and the aggregate values are related by

Wo=rS o, We=rY v, and Wy=r3
€T i€Te i€Ty

where the welfare of corporations and PE funds are respectively,

We = ppotn + o + :\f,uloﬂfnplo—f@_\)\f,uhn(ﬂfopfo—hn + fhfeDfe—hn), and

sales tO‘EE funds purchases fgm PE funds
Wf = Moy + Hfele + éfﬂfo,uhnpfofhn + Afﬂfeuhnpfefhri - Afﬂfn,uloploffri . (1>
sales to c?)?pomtions purchases fm‘n; corporations

The corporate-sector welfare W, combines corporations’ payoff flows and gains from
trades. The first two terms in the definition of W, represent payoff flows to ho- and lo-
type corporations. The next term represents the inflow from selling assets to PE funds.
Only lo-type corporations sell assets to PE funds with the total rate A¢popf, and at price
Dio—fn- The last term represents the hn-type corporations’ payments to PE funds: pso_pn
to fo-type funds with the aggregate rate of Afppnfifo, OF Die—nn to fe-type funds with the
aggregate rate of Aspipnfire. A similar interpretation explains the financial-sector welfare Wy.

We will compare the equilibrium welfare W in the presence of search frictions against two

extreme situations: an autarkic economy with no functioning market or PE intermediation,
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and a centralized economy with a planner moving assets across agents without search friction.
In the autarkic economy, an n, fraction among n.(= 1) corporations hold assets with no
trades. Thus, the steady-state welfare is W = n,(npup, + mu;). In the centralized economy,

a planner solves

W = max HroUp + Hfollf + Hfelle + Mo,
w

subject to  piho + pipn = np and g + fn = Ny

The maximum welfare takes into account exogenous type changes p, and p,; but ignores
search frictions. It is also independent of the liquidity shock p., because assets can be
transferred between PE funds instantaneously. The population measures 71 that achieves
the maximum welfare is such that 7z, = min{ne, na}, fiy, = min{(n, — na)*, s}, fy, =
(ng —ny — nh)Jr, and [1; = 0 for i # ho, fo,lo. In essence, assets are allocated to high-
type corporations up to their steady-state population ny; any remaining assets are given to
PE funds up to ny; and the still-remaining assets are given to low-type corporations. The
maximum welfare is W = 1, uy, + Hpotf + ,l_LlOul

In , we will quantify the differences between W < W < W using the calibrated
model for the US M&A with PE middle market.

4 Secondary Buyouts

In this section, we focus on SBOs which have become a common deal source and an exit

channel for PE funds. We characterize their influences to the equilibrium.

SBOs Provide Liquidity and Improve Welfare. We first make simple observations:
SBOs meet PE funds’ demand for liquidity, so a more liquid SBO market can attenuate the

1"We can characterize the maximum welfare W alternatively with a planner who is under the search
friction, like agents, but can choose not to execute some transactions. The planner’s problem is W,(\) =
SUPg<x, <A HhoWh +Lfollf =4[ felle + Mot subject to p being a solution of P(n,r,u, p, Ap). A large search rate
allows the planner to achieve the maximum welfare approximately: i.e., W = limy_, 00 Wy(A). An intuition
will become clear after the planner can slow down the corporate-M&A market and increase
the welfare to the maximum by eliminating search externalities.
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effects of fund liquidity shocks.

Proposition 4. While liquidity shocks reduce PE funds’ values (vfe < vy,), their influence
1s mitigated by more liqguid SBO market (W%D—;)f‘e) < 0) and vanishes when the SBO market

becomes completely liquid (limy, o0 (vfo — vfe) = 0).

More liquid SBO market improves the welfare as each SBO transaction bails a PE fund
out of liquidity constraint and offers fund buyers more transaction opportunities, at no cost

to any other types of agents.
Proposition 5. The welfare increases in the SBO market liquidity:

ow _ aufo
ONs  OXg

(uf —ue) > 0.

Intuitively, a faster SBO market allows fe-type PE funds to exit and re-enter as fn-type
quickly, resulting in more PE funds in the investment phase (fn) moving to the harvesting
phase (fo). The welfare increases by us — u. for each unit measure of population shifted
from pife to fiso.

While each SBO transaction benefits funds, it depletes potential trades between corpora-
tions and PE funds and may have a negative externality on corporations. For instance, the
value of fo-type funds is higher than the value of fe-type funds (vs, > vy.), so corporate
buyers pay a higher price to fo-type PE funds than to fe-type PE funds: pfo—nn > Dfe—in-
An increase of SBOs shifts some measure of jis. to pi5,, without affecting other types’ popu-
lations. Thus, corporate buyers may pay more on purchases from PE funds (see ), which

can reduce the corporate-sector welfare[|

Through SBOs, PE Funds Complement Each Other. Although PE funds compete
for intermediation opportunities, self-interested PE funds help each other out through SBOs.
When there is a greater number of PE funds in the market, exiting funds under pressure can
sell more quickly. At the same time, PE funds looking to buy assets benefit from immediately
available opportunities from exiting funds. The mutual benefits of SBOs among PE funds

can be so large as to dominate the reduction in value from narrower buy-sell spreads due

18 A formal proof would be complicated as transaction prices depend on \.
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to the increased competition. Increases in SBO liquidity, i.e., higher Ay, raises the marginal

benefit 24z

0
ony

of having additional funds in the market:

Proposition 6. There exists A, > 0 and a function 7ig(\,) such that, if the SBO market is
liquid enough (\s > \s) and there are not too many PE funds (n; < nis()s)), then

vy

1. PE funds’ value increases in the number of PE funds (anf

> 0), and;

2. There is a complementarity between the SBO-market liquidity and the number of PE

920,
funds (a,\:gnf > 0).

The proof of [Proposition 6| in [Subsection B.3| obtains the closed-form expression of the

82Ufn
OAsOny

of assets relative to the number of corporate buyers; for otherwise, exiting funds could
easily sell assets through the PBO market, and the benefits of SBOs would be insignificant.

Moreover, the complementarity is stronger if the liquidity shocks are more severe (in intensity,

complementarity ( ) at ny ~ 0. The complementarity is strong if there is an oversupply

us — ue or frequency, pe).

When the number of PE funds increases, competition amongst PE funds in chasing
intermediation opportunities becomes stiffer. The value reduction due to competition may
ultimately cancel out the benefit from complementarities. shows how the value of
fn-type fund (i.e., a direct competitor of a new entrant) responds to ny and Ay, with other
parameters being fixed at the value calibrated in . The vertical line at ny = n} and
the curve for Ay = A\ correspond to the observed number of PE funds and the calibrated
search rate for SBOSH The figure confirms : At the calibrated level of market
parameters, the benefit from complementarity among PE funds due to SBOs supersedes
competitive pressures. However, for large ny, lower spreads due to increased competition for
intermediation opportunities turn out to be the dominant force impacting fund valuation.

Our calibration analysis in also shows that SBO exits play an increasingly
important role in the growth in private equity. As we increase the number of PE funds,
holding other parameters at calibrated values, we find that an increasing fraction of funds
exit through SBOs rather than PBOs (Figure 3|). While it is obvious that the number of

9The calibrated search rates A = (A., Af, As) tend to be very large due to our normalization of n. = 1;
see for the discussions. This large A motivates us to study a fast-search market.
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Figure 2: The y-axis shows vy, for various values of ny at calibrated values of all other
market parameters (see . The topmost curve is for the calibrated value of A, while
the bottom two curves are based on the counter-factual parameter values. The observed
number of funds is n} = 0.02 (normalized by the number of corporations). The increase in
fund valuation Awvy, represents the contribution by SBOs, i.e., an increase of A; from 0 to
the calibrated value A} = 699.

SBOs increase with the growth in PE funds, our model explains a tandem increase in the
share of exits through SBOs. This prediction of the model is consistent with a conspicuous
change in the private equity market that has been extensively documented (see for
details).

5 Fast-search Markets

We consider a steady-state equilibrium with high search rates (i.e., a large A = (A, Ap, As))
and find a closed-form expression for the equilibrium. This characterization highlights several
important equilibrium properties, such as asymptotic inefficiency and search externalities.
Our calibration exercise in also motivates us to study a fast-search market. As
we normalize the number of corporations to n. = 1, we proportionally re-scale the number
of PE funds n; and the number of transactions in each market. Let N, be the total number

of corporations, with N; for ¢ € 7. being the number corporations of each type i. If each pair
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Figure 3: The y-axis shows the fraction of SBOs among all exits by PE funds

SBO  _ Aspfellfn : : ~
<SBO TPBO = Nrijemmm i o for various values of ny at calibrated values of all other mar

ket parameters (see [Section 6]).

of corporations meet at a Poisson rate A., the total number of corporate-M&A deals (say,

per year), with normalization, would be
AchoNhn/Nc = (ACNC)(NlO/NC)(Nhn/NC) - (Ach>/1'lo,uhn'

The calibrated search rate A\, = A.N, tends to be much higher than other parameters.

We set up a formal fast-search market as follows. Given any exogenous parameters
0 = (n,r,u, p,\), we increase meeting rates (A, As, As), while preserving the relative ratios.
That is, we consider a sequence of markets 0° = (n,r,u, p, k), where KA = (KA., KAf, KAs).
We analyze the steady-state solution (u”,v*) in the limit as x increases to infinity. To ease
expositions, we assume a regular environment: n, & {n,,n, +n f}.

The fast-search market is well-defined as the steady-state population measures u" con-
verge (the convergence of v*, as a linear function of u”, follows immediately (see ((14])).
The speed of convergence is O(1/k) which gives a precise sense of how closely a fast-search
equilibrium would approximate an equilibrium of the calibrated market (in our calibration,
x ~ 103, 000):

Proposition 7. (Convergence and Convergence Speed) Take any regular environment 6.
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Ang<n, B.ong<ng<n,+ng C.ony+np<n,

Hho = Na N N

Hpo = 0 Ng — Np, ny

Ty = 0 0 Ng — Mg — Ny,
Hye = 0 0 0

Pho = Ng np np

,u}o = 0 Ng — N, < mny

My, = 0 0 Ng — Np — Ny,
Wre = 0 0 >0

Table 1: The population under fast search (p*) and the efficient allocation (f).

For any i € T, the population limit p = lim,_,oo 1 and the convergence speed p;* =

limy o0 k(1 — pf) exist.

The appendix has the closed-form expressions for the limit populations and the conver-

gence speed.

5.1 Inefficiency and Search Externality

We study welfare in the fast-search market. The closed-form expression of the unique steady-
state population allows us to compare the welfare in this market with the maximum con-
ceivable welfare W, which is induced by the population measure i (see the upper part of
that we obtained in [Subsection 3.3l We compare the efficient allocation @ with the
fast-search population p* (the lower part of m

The welfare of the fast-search market is defined by W* = W (u*), where p* = lim,_, /ﬁﬂ
We find that with a sufficiently large number of assets (n, > np+mny), which is indeed the case
of our calibration in [Section 6], the fast-search equilibrium does not allocate assets efficiently:

Proposition 8. (Fast-search Market: Welfare) As k — oo,

A. Ifn, < ny, then W* =W, which is independent of Uf, Ue, Ns, and ..

20The fast-search market population u* is constructed from [Lemma 4] and [Lemma 5|in [Subsection C.1} In
n

Case C’ M,};e = 1+/Juufn A;ufoJrAsnf and /”L,))k”o =ny - Iu’jce'
LW (u*) converges at the same speed O(1/k) as u”, because the welfare W (u") is a linear aggregation of

the population measures (uf);c7.
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B. If n, <ng <np+nyg, then W* = W, which is strictly increasing in uy and independent
of Ue, N, and A.

C. If ny +ny < ng, then W* is strictly less than W, strictly increasing in Ug, Ue, and A,

and strictly decreasing in A..

The characterization of the fast-search equilibrium welfare depends on the number of
assets (n,) relative to the number of potential buyers (ng, ny).

Suppose that the fast-search market has sufficiently many potential buyers (n, < n,+ny)
as in Cases A and B (the first two columns in . Fast search allows corporations and
funds to quickly transfer assets from low-type corporations (lo) and exiting funds (fe) to
high-type corporations (hn) and, in Case B, also to funds at the investment phase (fn).
Accordingly, the steady-state population p* equals the efficient allocation @ and achieves
the maximum welfare (W* = W). The comparative static of the welfare becomes trivial:
the maximum welfare is dependent on payoff flows (e.g., uy) only if the corresponding type’s
population (resp., fif,) is non-zero. In either case, the impact of a liquidity shock is zero. PE
funds transfer assets without holding any inventory (Case A) just like, e.g., in Rubinstein and
Wolinsky| (1987)); or, they hold assets, but funds under liquidity constraints transfer assets
to others through speedy SBOs (Case B), as is the case in [Duffie, Garleanu, and Pedersen
(2005)).

The more interesting case is when there is a surplus of tradable assets relative to potential
buyers (nj 4+ ny < ng), as in Case C (the third column in [Table 1J). Since corporate or PE
buyers can quickly find sellers and purchase assets, there is negligible left-over supply. Hence,
a significant fraction of exiting funds (fe) will find it difficult to offload their assets. The
welfare loss is W — W* = Wre(uf—ue) > 0. We could slow down the corporate M&A market,
maintain more corporate buyers in steady-state and improve welfare (%—T < 0). Then, PE
funds under liquidity constraints sell assets more quickly. In this sense, each corporate-M&A

deal creates search externalities to PE funds.

24



5.2 M&A Deal Volumes

Corporations, PE funds and M&A practitioners are keenly focused on the current and future
levels of activity in M&A markets. In this section, we study how the transaction volumes
are determined by exogenous parameters, such as search frictions and transition rates.

As before, we consider 0® = (n,r,u, p, k\) with K — oo. For each submarket m € M,

with a seller’s type s and the buyer’s type b, the trade volume is

N = (KX 115 11y, -

We characterize the limit trade volumes:

Proposition 9. (Fast-search Market: Trade Volumes) For each submarket m € M, trade

volume in the limit 0}, = lim,_, N is given by:

A-ng <np B.onp<ng<mnp+nyg C.np+ny<n,

Mo—hn = Ackip Mhn 0 Aclioohn,
Mo—fn = Nl Wpn Ao Wen AfBiolsn
Nio—tm = AfHFolhn Af ol Af ol
Nie—hn = 0 0 A fWsekm
Nie—fn = 0 Astrelpn Astyellin

where (1) p* = lim,_ o p" is the population limit, and (ii) for type i with uf = 0, p* =
lim,_, o Ky is the convergence speedﬂ

With a large number of high-type corporations (Case A), SBOs are unnecessary for PE
funds; if the deficit of high-type corporations is supplemented by PE funds (Case B), corporate
sellers resort to the PBO market and there are no corporate-ME A deals; with an excess supply

of tradable assets (Case C), there are transactions in all submarkets.

The trade volumes under fast search follow from the convergence and the convergence

speed of population measures (Proposition 7). For each submarket m € M, because of fast
search, the measure of either buyers or sellers vanishes: i.e., uj = 0 or puf = 0. If ui =0,

then n7, = (KAm) g 1s = Ambty (K1G) = Amptppiy™ as K — 00,

22Gee [Lemma 5| in [Subsection C.1|and Section S.1 in Supplemental Appendix for the closed-form expres-
sions.
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suggests that all submarkets are active under fast search only if the market
has an excess supply of tradable assets (n, > nj, + ng). In a calibration of our model
(Section 6)), we observe non-negligible transaction volumes in all submarkets, which suggests
Case C of the fast-search market best approximates the US M&A with PE middle market.

The trade volumes also identify the main drivers of the convergences of certain population
measures. For example, uj, = 0 in Case A could be due to the fact that (i) funds do not
purchase assets due to a vanishingly small number of corporate sellers (lo), or (ii) funds do
acquire assets, but quickly re-sell to corporate buyers (hn). According to [Proposition 9 PE
funds buy and sell a significant number of assets even in fast-search markets, like middlemen
in Rubinstein and Wolinsky| (1987)), and there are no SBO transactions. A large number of
SBO transactions observed in the data thus seems to rule out this case as an empirically
plausible one. Similarly, the vanishing corporate sellers (lo) and buyers (hn) in Case B is
the result of an efficient PBO market rather than the corporate-M&A market — the number
of corporate-M&As (n},_,,,) is indeed vanishingly small.

We conclude this section with a comparative static analysis for trade volumes relative to
search frictions and transition rates, as summarized in ﬁ

>\c /\f /\s (pu: Pd) (with a fixed ratio) Pe
Mo—tn + — 0 + 0
nl*offn - + 0 + 0
n;‘o—hn - + + + -
n}efhn - + - + +
Moot — — F + +

Table 2: Comparative statics of trade volumes. Each + (or, —) indicates that the corre-
sponding volume are non-decreasing (resp., non-increasing) in the parameter, and 0 indicates
that the volume is independent of the parameter.

Most results are intuitive. If corporations’ types are more volatile (i.e., larger p, and pqy

with a fixed ratio), assets will be transferred across agents frequently, ultimately from low-

23The proofs are tedious and follow directly from p* and p** in|Table 1| and Section S.1 of Supplemental
Appendix, so we omit. As an example, take n/,_, and A.. Note that n;,_, = Acpj, iy In Cases A and B,

* * fa kk Pultin _ Pubtly *

uy, = 0,s0n; _,. is independent of A,. In Case C, uj* = TS VI (T aeaT b W vy Note that pf, and
" . " .. . . 9 Ao o

u, are independent of A.. Thus, the volume 7;,_,,.. is increasing in A. because s (W) = Afng > 0.
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type corporations to high-type corporations, with possible PE intermediations. Fast search
among corporations (i.e., higher X.) allows them to transact directly (i.e., higher n}_,.),
resulting in fewer intermediation opportunities for PE funds. The parameters for the SBO
market (As and p.) only shift the population measures between fo and fe. Therefore, these
parameters do not affect the trade volume in the corporate-M&A market (n;,_,,,) and only
shift volumes between two kinds of trades in the PBO market: n},_,,, and n},_,.

The positive response of 7%, to Ay is somewhat surprising. Fast search in the PBO
market (i.e., higher kK\;) orchestrates more transactions between exiting funds (fe) and cor-
porate buyers (hn). However, as funds are able to sell assets before receiving liquidity shocks,
fewer funds enter the exit phase, which could potentially reduce the trade volume between
exiting funds and corporate buyers. It turns out that the former effect of Ay dominates the

latter.

6 Calibration

We perform a calibration exercise to determine how well our model can fit the vital statistics
of the M&A with PE market. We ask various quantitative questions such as: (i) Is there an
over or undersupply of tradable assets relative to the number of corporate buyers and PE
funds? (ii) How are fund valuations affected by liquidity provision through SBOs and fund
managers’ operational improvement? (iii) What is the impact of PE entry on fund valuation
and transaction prices? (iv) What are the welfare losses associated with search frictions?
Our model has 14 exogenous parameters: n = (ngng,ng), v = (U, up, Uf, Ue), p =
(Pus Pds Pe)s A = (Ae; Af, Ag) and r. Seven parameters (n,u) are either directly observed
or obtained from other empirical studies, and the remaining seven parameters (p, A, r) are
estimated to fit the model statistics in to the data. The calibrated parameters are

reported in [Table 4]

Data and Methodology We focus on the U.S. M&A with PE middle market. For corpo-
rations, we consider companies with annual revenues between $20 million and $1,000 million.
We exclude small companies, for which there is no reliable data on M&A and PE activities,

and large companies, which are often listed on stock exchanges and transact at different price
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multiples. The focus on the mid-size companies is to maintain an overall homogeneity in
our sample set. According to the latest available U.S. Economic Census Data (2012), there
are approximately 102,626 mid-size companies. We normalize n. = 1 and apply the same
rescaling to the number of PE funds, assets, trading volumes, etc.

The primary data is from the 2018 US PE middle market report and the M&A report by
Pitchbook Data Inc. The data includes deals with transaction values between $25 million
and $1,000 million. From this dataset we estimate that there are 1,893 PE funds targeting
the middle market (ny ~ 0.02 with normalization)ﬁ The data set also provides the number
of transactions for each submarket, as summarized in along with the model statistics.
The total number of M&A middle market deals was an average of 9,626 per year from 2007
to 2017. In the same period, PE funds acquired an average of 1,799 mid-size firms per year,
of which 359 (= 20%) are through SBOs and 1,440 are through PBOs. The steady state
of our model implies that the number of buyouts must be equal to the number of exits
(i.e, Nfe—hn + Nfo—hn = Mo—fn). The total number of M&A deals is then equal to the sum
Mo—hn + 2Mio— fn + Nfe— fn, Which gives us an estimate of 6,387 corporate M&A deals per year.
The transaction volumes such as Mj,—pn = Acflioftnn allow us to identify the search intensities
AP

For the average time to sell for corporations and PE funds, we resort to various reports
available online (see Table S.1 in Supplemental Appendix) and take their averageﬁ For
the average time to sell, we include both time taken in the preparation process and the

listing-to-sale process.m We estimate, mainly from reports prepared by selling agents such

24Pitchbook reports the number of PE funds raised in each year targeting the middle market. We cumulate
these numbers for 2007-2018, as the average lifespan of PE funds is 12 years (Metrick and Yasuda| (2010)).

25As explained in due to our normalization n. = 1, the calibrated search rate A. (and similarly
for Ay and A;) should be interpreted carefully. Let N, be the total number of companies in our data, and N,
and Np, be the numbers for the corresponding types. If the search rate in the corporate-M&A market is A,
then the volume of corporate-M&As, after normalization, is AcNjoNpn/Ne = (AeNe)(Nio/Ne)(Npn/Ne) =
(AeNo)pottnn- The calibrated rate represents A.Ne.

26We are unaware of any research paper that estimates the average selling time in the M&A market. For
public markets, |Boone and Mulherin| (2007)) use the SEC filings and estimate corporate sellers’ average selling
time from the private initiation to the deal completion.

2T A seller of a firm needs to prepare a Confidential Information Memorandum (CIM) in conjunction with
the seller’s agent: an investment banker, a M&A broker, or a business broker. The seller also prepares req-
uisite documents for subsequent steps, including due diligence. Once the firm is ready, the seller approaches
prospective buyers. Upon finding buyers with serious interest, the firm enters a negotiation process followed
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Model Statistic

Description Data (for normalized values)
Corporate M&As 6387 NMo—hn = Aclbiofhn
Primary Buyouts (PBOs) 1440 Mo—fn = Affioflfn
Secondary Buyouts (SBOs) 359 Nin—fe = Nslhfnllfe
Avg time to sell for corporations 1.25 years Elrs] (eq. (2))
Avg time to sell for PE funds 0.91years E[rss] (eq. (3)
Fund performance (PME) 1.01 PME (eq. (4)
Price multiple (EV/EBITDA) 9.0 Pronn/w

Table 3: Key Statistics on M&A and Private Equity

as business brokers or investment bankers, that the preparation process for PE funds takes
only an average of 2 months — much shorter than an average of 6 months for the corporate
sector. Portfolio firms of PE funds are usually in a better state of readiness to approach the
market due to high-quality governance, accounting, and information systems. The listing-to-
sale process takes an average of 9 months for selling agents. In total, selling a firm takes an
average of 11 months (0.91 years) for PE funds and 15 months (1.25 years) for corporations.

The statistics above corresponds to the model statistics E[7,.] and E|[rsf]: the average
time to sell for corporations and PE funds. Each seller-buyer meeting arrives according
to a Poisson process, so the time until the first meeting by a corporate seller follows an

exponential distribution with parameter A.ftn, + Afptsn. Thus, the expected time to sell is

1
)\cﬂhn + )\fufn

E[Tsc] = (2)

A similar, but more involved, calculation (see Supplemental Appendix) gives the expected
time to sell for PE funds:

Bl = —— () )

+
>\f,U/hn+pe >\f,U/hn+pe /\f,uhn—i_)\s,ulfn

A commonly used performance measure of PE funds is the Public Market Equivalent
(PME) introduced by Kaplan and Schoar| (2005)) (see also|Sorensen and Jagannathan| (2015)).

by a due-diligence process.
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Formally, PME is defined as

PME — Present value of distributions to fund investors (4)

Present value of capital calls made by fund investors

PME is the ratio of cash outflows to investors and cash contributions by investors, both
discounted at the public market total return (e.g., S&P 500 index) after subtracting man-
agement fees paid to the fund managers — see Supplemental Appendix for a derivation of the
closed-form expression” A PME of one is indicative of a fund’s performance in line with
the public market, and a lower PME indicates underperformance.

We take the average PME of 1.01 from various estimates. Kaplan and Schoar| (2005)
estimate an average PME of 0.93 for PE funds in the period 1980-1994, while |Phalippou and
Gottschalg (2008), using similar dataset but different methodology, report an average PME
of 0.88. Harris, Jenkinson, and Kaplan| (2014)), on the other hand, report significantly better
performance with an average PME of 1.22 for the period 1984-2008. The estimates of PME
by PitchBook Data, Inc. yields an average of 1.00 for the period 2006-15.

The most widely used metric for the relative prices of M&A deals is the EV/EBITDA mul-
tiple. The transaction multiple for corporate-M&A deals, which is matched to our model’s
Pio—pn/uy, is on average 9.0 from 2005 to 2017.@

We now turn to the payoff parameters. We normalize the low-type corporations’ flow
payoff u; = 1. For the flow payoff u s, we use Muscarella and Vetsuypens| (1990), |Opler| (1992)
and |Andrade and Kaplan (1998)). Each of these papers estimate the increase in operating
profits (or cash flows) for firms after fund buyouts as 23.5%, 16.5%, and 52.9%, respectively.
This increase is mainly due to improved incentive schemes for firm managers and better
governance. We take the average and set uy = 1.3 (i.e., 30% increase from w;), which is
also close to the average 28.5% of the takeover premium paid by PE acquirers (Bargeron,
Schlingemann, Stulz, and Zutter, 2008]). For the flow payoff net of liquidity cost u., [Nadauld,
Sensoy, Vorkink, and Weisbach| (2016) find that investors under liquidity shocks sell their

ownership in PE funds to other investors at a 13.8% discount. This observation motivates

28 According to Metrick and Yasuda) (2010)), the management fees are usually 2% of the committed capital
and paid from the inception of the fund until its liquidation.

298ee a recent report on EV/EBITDA by FactSet Research Systems Inc. at https://www.factset.com/
hubfs/mergerstat_em/monthly/US-Flashwire-Monthly.pdfl
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Parameters Variable Value (normalized/data)

No. of Corporations Ne 1.0 (102,626)
No. of PE funds ng 0.02 (1,893)
No. of Assets Ng 0.5
(Observed)  Flow Payoff low type w 1
Flow Payoff high type up, 1.4
Flow Payoff PE (harvesting) us 1.3
Flow Payoff PE (exiting) Ue 1.1
Low valuation shock Pd 0.23
High valuation shock Pu 0.16
Liquidity shock Pe 0.38
(Estimated) Match intensity (corporations) Ae 46.1
Match intensity (PE to corp) Ay 61.7
Match intensity (PE to PE) s 699
Discount rate r 11.8%

Table 4: Fitted Parameters of Calibration

our choice of u, = (1 —0.138) x up ~ 1.1.

It is difficult to observe the payoff improvement from acquisitions, u;, — u;, because the
target’s and acquirer’s operations often blend together seamlessly. As such, we seek indirect
evidence from the premium paid by corporate buyers. Betton, Eckbo, and Thorburn/ (2008))
reports an average 43% takeover premium over 4,880 acquisitions during 1980-2002, and
Bargeron, Schlingemann, Stulz, and Zutter| (2008)) find that the takeover premium paid by
a private acquirer is 40.9%. From these estimates, we choose u;, = 1.4.

We do not directly observe the number of tradable assets. In our benchmark analysis, we
set the number of tradable assets at half of the overall mass of corporations, i.e. n, = 0.5.
We also estimated the parameter values in with n, = 0.25 and n, = 0.75, and
found insignificant changes to the estimates, except for p; and p,. Finally, our choice for the
bargaining power of 0.5 is consistent with an equal split of the dollar gain between acquirers
and target found in |Ahern| (2012).

We estimate the remaining seven parameters § = (p, A, r) that best explain the key
statistics in [Table 3] Each choice of the remaining parameters’ values, together with the
directly observed parameters (n,u), defines an M&A with PE market 0 = (n,r,u, p, A). We
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compute the statistics Y;(5;n,u) for eachrowi =1,...,7in and compare them with
the observed data Y;***. We estimate the remaining parameters 3 by minimizing the sum of
squared residuals (SSR), subject to positive trade gains in the unique steady-state solution
of the market (3, n,u):

7
Yobs
mln SSR(B;n,u) Z ( ﬁ,nytbs )
=1

subject to  gm(8;m,u) >0, for each m € M.

The estimated parameter values are summarized in the lower section of [Table 4] Despite
its stylized nature, our model fits the observed data with a high degree of accuracy: the
minimum SSR is approximately 2.9 x 107°.

The estimated parameters are of reasonable magnitudes. The estimated corporate tran-
sition rates p, and p, suggest that the type transitions (from high to low, and vice versa)
happen within 6. 3 to 4.3 years on average. The meeting rates A = (A, Af, ;) are of a much
higher order, due to normalization, as discussed in The meeting rate between
corporations and PE funds is higher than between corporations (A > A.). The calibrated
inter-PE meeting rate A\, is much higher than the other two, reflecting the high volume
of SBOs relative to the small fraction of PE funds. Lastly, the estimated discount rate
r = 11.8%, although high, seems reasonable given that the assets traded are mostly mid-size

private companies.@

Results The calibration results in|Table 5lanswer the quantitative questions (i)-(iv) at the
beginning of this section.
First, there is an oversupply of tradable assets. The calibrated p, and pg suggest n;, =

pupT"pd = 0.40, implying an overall shortage of corporate buyers and fund buyers relative to

30A large literature reports that the expected rate of return is often higher for illiquid assets such as
mid-size private firms (Amihud, Mendelson, and Pedersen, 2006). Another example is restricted shares
issued by publicly traded companies in private placements, which are identical to the public stocks, except
for restrictions in trading; they are priced about 20% to 45% lower than the public stock prices (Silber,
1991). Regarding transaction multiples, Koeplin, Sarin, and Shapiro| (2000)) report that private companies
are acquired at 20-30% discount, relative to similar public companies. Regarding risk-return studies for
PE/VC funds, |Cochrane (2005) estimates the rate of return in a CAPM-based approach at 15%.
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Description Symbol Value

(i) Oversupply of assets ne — (np +ny)  0.08
Impact of SBOs on fund valuation Avgn 96.2%
(ii) (changing of A\ from 0 to 699) alvfn ’
Sensitivity of fund value to operations % 4.22
Sensitivity of fund value to liquidity shocks %1;)5ng: 0.52
Impact of PE entry on fund valuation Avg, 0.7%
(ili)  (changing the number of funds from n; to 2ny) Vfn '
Impact of PE entry on transaction prices APy i L0.9%
(changing the number of funds from n; to 2ny) Plo—hn ’
Welfare gain by M&As and PEs w-w 13.6%
(iv) (relative to the welfare with no M&A or PE) w ’
Welfare gain by M&As and PEs w-w 92.1%
(relative to the maximum welfare gain) wW-w ’
Corporate sector’s share of the welfare gain VVI;C__ME/ 73.3%

Table 5: Calibration Results

the number of assets: n, > n,+ny ﬂ The result, together with large meeting rates, suggests
that the M&A middle market is close to Case C of the fast-search market .

Second, SBOs significantly improve fund valuations, as explained with [Figure 2l PE
fund values with SBOs are 26.2% higher than without SBOs, highlighting the importance
of complementarities among PE funds. While we acknowledge the criticism against SBOs,
overall it is because of (and not in spite of) SBOs that PE funds generate high returns. An
improvement in firms’ operation us by 1% leads to a significant 4.22% increase in fund value
Vg, However, a similar improvement of u, is attenuated by a vibrant SBO market and has
a negligible influence on fund value: sensitivity is 0.52. We find that, if PE funds cannot
improve operations of acquired firms (e.g., ; = uy > u.), then their intermediation would
not be profitable, in spite of their search advantages (Af > A.).

Third, when the number of PE funds increases, the percentage of SBOs relative to the

total fund exits increases (Figure 3|), which is a pattern observed in the market@ Doubling

31The calibration result on the oversupply of assets is not sensitive to our choice of n,. For example, with
ng equal to 0.25 or 0.75, the oversupply n, — (n, + ny) is also approximately 0.08.
32The share of firms sold by PE funds through SBOs has increased from 13% in the 1980s, 19% in 2009,
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the number of PE funds would actually increase the average fund value by 0.7%, suggesting
a stronger role played by the complementarities among funds than the competitive effect.
Doubling the number of funds leads to only a 0.9% decrease in transaction prices in the
corporate M&A market. This is because more purchases by funds empower corporate sellers
and more assets sold by funds increases corporate buyers’ bargaining position.

Finally, the welfare gain by the M&A with PE market is 13.6%, relative to the autarkic
situation welfare W with no M&A or PE intermediation (see page [18]). This welfare gains
by M&A and PE intermediation attains 92.1% of the best possible welfare gains (W — W).
The fraction is lower than the gain in OTC markets for municipal bonds as described in
Hugonnier, Lester, and Weill (2018)), likely due to higher search frictions in the M&A market
compared to the municipal bond markets. The corporations’ percentage share of this welfare
gain is 73.3%, which leaves 26.7% of the gain to PE funds. This share for PE funds is large

relative to the small number of PE funds.

7 Conclusion

We provide a search-based model of the M&A market with PE intermediation. PE funds
in our model intermediate between corporate buyers and sellers due to their ability to add
operational value to portfolio firms. While SBOs are sometimes criticized as detrimental to
fund investors, our model shows that PE funds generate high returns because of SBOs. This
result offers a novel mechanism to explain persistent PE funds’ returns in the M&A market
despite increased competition. Our paper suggests that a well-lubricated private market can
partly explain the recent shift in firm ownership from public to private, predicated by Jensen
(1991). Lower liquidity costs in a market for buying and selling private firms help make PE

ownership a form of governance that may indeed eclipse public companies.

to 42% in 2017. IPOs, an alternative route to sell a portfolio firm, have declined from 277 /year in 1987-2007
to 98/year in 2008-2017.
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A Proofs for [Section 3
A.1 Proof of Lemma 1k

Take any M&A with PE market 6 = (n, 7, u, p, \) with ny > 0. Let u € R7 be a steady-state
solution of P(#).

First, we show that up, > 0 and g, > 0. It is clear that up, = 0 if and only if
o = 0. If pp, = 0, then py, = 0, as only ho-type corporations flow in type lo; conversely,
if 1, = 0, then pp, = 0 as the inflow to the type lo must be zero. Suppose, toward
contradiction, that pp, = e = 0. That is, all corporations are non-owners. The in-flow
from hn-type corporations to type ho must be zero, so it must be that i, = 15 = 0. Then,
Mho + Mo + o + pi5e = 0, a contradiction to n, > 0.

Second, we show that g, > 0 and pp, > 0. As before, it is clear that p;, = 0 if and
only if pp, = 0. If yy, = 0, then up, = 0 as only In-type corporations can flow in type hn;
conversely, if ppn, = 0, then p;, = 0 as the inflow to the type hn must be zero. Suppose,
toward contradiction, that u;, = pn, = 0. That is, all corporations are owners, which implies
that some PE funds are non-owners: ps, = n. +ny —n, > 0. Since A¢pyofir, > 0, some
lo-type corporations change their types and flow into type In by trading with PE funds, a
contradiction to py, = 0.

Lastly, we consider PE funds. Suppose that jis, = 0. As the inflow to type fo becomes
zero, it must be that p, = 0, which in turn leads to no inflow by liquidity shocks to type
fe: ie., piye = 0. Such case contradicts to ny > 0. When g, > 0, given strictly positive
population py,, the inflow of type-fn funds to type fo is strictly positive: Appyopis, > 0. As
such, pg, > 0, which in turn creates a strictly positive inflow by liquidity shocks to type fe:

Hfe > 0.

A.2 Proof for Part 1 of [Proposition 1|

We reduce the number of variables and population equations in P(6) by imposing some
necessary conditions for a steady-state solution. Note that any steady-state solution p must

satisty fino + fihn = nn = p?%d and g, + iy, =ng = Z%d (which we can obtain by adding

(1-ho)) and (p-hn)), or (u-lo) and (u-Inf), and apply n. = 1). If we substitute pp, = nn — pipn
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and py, = n; — py into (p-ho))-(u-fef), then we are left with the following three linearly
independent equations:ﬁ

(Actthn + Apfipn)bio + Pubiio — Pattno = 0, (from (u-1o)))
(Acttio + Affifo + Appise) ihn + Patthn — Publin = 0, (from (ju-hnl))
_()‘f:uhn + )\s,ufn),ufe + Pelbfo = 0. (fI‘OIIl ‘)

We re-write the first two equations with respect to py, and pp,. Since

Pfo + tfe = Mg — flho — Hio = Tq — (Nh — fhn) — Mo and (5)
an:nf—(ufo+ﬂfe):nf—na+nh—uhn+M107 (6)

we have
(Actthn + Ap(nf — na + Np — fhn + Hio)) o + Puttio — Pa(Mh — tan) = 0, (7)
()\c,ulo + /\f (na —np+ Hhn — Nlo))ﬂhn + Pdlbhn — pu(nl - ,ulo) =0 (8)

The idea is to focus on the supply (u;,) and demand (pp,) of assets in the corporate-M&A
market. An increase of supply p, (or demand pp,) of assets in the corporate M&A market
increases the outflow of agents from both supply and demand (A.pyoptnn), which in turn
increases the number of agents that are rightly holding or not-holding assets (iup, and fi,).
This increased population of py, and gy, increases the in-flow to supply (papin.) and to
demand (pypu,) and result in larger aggregate supply py, and demand py, of assets in the
corporate-M&A market. As such, when the population of PE funds are restricted to satisfy
the constraints and @, a unique supply g, (or demand py,,) would satisfy the constraint
Lo + fhn + Min + fho = Ne = 1, by Intermediate Value Theorem.

We show below that there exists a unique solution (o, ftnn) of (7)-(8) such that (i)

33 Any other equation in P(f) is redundant, as it depends linearly on , , and . Each sum
of the right-hand sides of (u-ho]) and (ju-hnl), or (u-Io]) and (u-In) equals zero, which allow us to delete (p-ho)
and without changing the solution set. The sum of the right-hand sides of (u-fnl), (u-fo), and (u-fe
equals zero, so we can delete Last, the sum of the right-hand sides of (u-ho)), iu—lo ), }u—fo ), and (ju-fe

[-Fo)

equals zero, so we can delete |

36



0 < o <y, (ii) 0 < iy, < mpy, and (iid) ng—nyp—nn < flio—pnn < ng—mnp (for 0 < prp, <ny).
Then, we can uniquely determine other population measures by tn, = np—finn, tin = 11— o,

and

Hfn =Ny — Ng + Np — Uhn + Lio- (9)

We find the last two populations (fife, ftf,) by solving

Hfo = _Nfe+(nf_ufn)7 (fl"OIIl qu”—i_l”bfo—i_'ufe:nf)
)\ Mhn _’_)\sﬂ n
Hfo = ! P ! Hfe- (fI'OHl "

The unique solution is

pe(nf — fipn)

_ (Apttnn + Aspipn) (g — fign)
)‘fﬂhn + /\s/lfn + Pe

, and o= . 10
& )‘f/ihn + /\slvbfn + Pe ( )

Kfe

Therefore, it remains to prove the following claim:

Claim 1. Let
X(0) ={(z1,22) € R?2:0<z;<m, 0<z5<my, 0< gn(z) < my}.
where gp,(T) = ng — np + 12 — 1. Also, define F = (Fj,, Fpy) : R? = R? by

Fio(7) = (Ao + )‘f(nf - gfn(x)))J:l + put1 — pa(nn — x2),
Fun(x) = (A1 + Apgpn(x)) 2 + paze — pu(ng — x1).

Then, there ezists a unique solution of F(x) =0 in X(6).

We apply the Poincare-Hopf index theorem, a version in Simsek, Ozdaglar, and Acemoglu

(2007, p.194); see also Hirsch| (2012).
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First, X (f) is non-empty, compact, and convexY] The boundary of X () is
0X(0) ={(x1,22) € X(0) : 21 = 0,21 = ny, 20 = 0,29 = 0y, gpn () =0, or gp,(z) =g}

Second, the function F(z) is continuously differentiable at every z € R2.
Third, we show that the determinant of the Jacobian matrix of I is strictly positive for

every interior point of X (6). For each = € R?

[ 0F, 0F,
VF(z)= (%i 8‘%};
L Oz Oxo
[ QAema + Ap(np — gpal®))) + Ap21 + pu (Ae = Ap)x1 + pa
N i (Ae = Ap)z2 + pu (A1 + Apgpn(2)) + Apza + pa

For any interior point x € X (0)\0X (),

det(VF(x)) > (A2 + Apz1) (A1 + Ap22) 4+ pule®1 + parcta
— (Ae = Ap)’mrmy — (Ao — Ap) (paa + pur)
:)\c)\f(x% +x3) + 2A A 129 + Ap(paze + pur)
>0. (11)

Last, we show that, for every boundary point x € X (6), the vector F(x) € R? points
strictly outward of X (0). We partition the boundary 0.X () into six faces (i.e., flat surfaces)
of X(6). For each face, we find an outward normal vector n € R? and show that the angle

between n and F(z) is acute (i.e., < 90) at any point z in the face:

1. (ry =0and 0 < x93 < np) n = (—1,0) is an outward normal vector, and n - F(z) =

pa(ny — x9) > 0.

2. (1 =0and 0 < 2y <m) n=(0,—1) is an outward normal vector, and n - F(z) =
pu(ny —x1) > 0.

34The Poincare-Hopf index theorem also requires X (0) to be a 2-dimensional smooth manifold, which a
reader can easily verify by applying the identify function to the definition of a smooth manifold in |Simsek,
Ozdaglar, and Acemoglul (2007}, p.193).
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3. (zr1 =m and 0 < zy < my) n=(1,0) is an outward normal vector, and

n- F((Ii) = (>\ch -+ )\f(nf — gfn(x)))nl + Pull — PaNp, + PdT2
> (Aexa + Ap(ng — gra(@)))u (a8 puny = pann)
> min{A.xon, Af(ny — gpn(z))ni}

As either x5 > 0 or x5 = 0, we have ny — g, (z) = n.+ny —n, >0, and n- F(x) > 0.
4. (xg =np and 0 < 27 < my) n = (0, 1) is an outward normal vector, and
n- F(x) = (A1 + Apgpa(®))nn + pann — putu + puty
> min{ Acz1np, Arg ()N}
As either zy > 0 or z; = 0, we have gs,(r) =n, >0, and n- F'(z) > 0.

5. (gn(x) = 0 and x; > 0) n = (1,—1) is an outward normal vector, and n - F(z) =
EO(SL’) — th<$€) = /\f?”bf&?l > 0.

6. (gfn(x) = ny and xo > 0) n = (—1,1) is an outward normal vector, and n - F\(z) =
Fyn(z) — Fio(x) = Apngae > 0.

We are ready to apply the Poincare-Hopf index theorem in [Simsek, Ozdaglar, and Ace-
moglu| (2007, p.194). The Euler characteristic of X () is 1; see their definition on p.193 for
the case of non-empty and convex sets. follows immediately from the index theorem,

which completes the proof for Part 1 of

A.3 Proof for Part 2 of |[Proposition 1|

We want to show asymptotic stability of an equilibrium of continuous dynamic system. We

first reduce the system P(f). For any market 6 and an initial condition x(0), any dynamic
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solution g : [0,00) — R7 of the system P(f) satisfies, for every ¢ € [0, c0),

fho(t) + pnn(t) + tio(t) + pin(t) = ne(= 1),
fopn(t) + ppo(t) + pige(t) = ny,  and
fino(t) + thio(t) + p1po(t) + pige(t) = 1

As such, without changing the set of dynamic solutions, we can reduce the system P(0)
for 2(t) = (kno(t), i (t); to(t), 150(t)) by

&= F(x) = (Fho (z), Fin (7), Fio (), Fo (7)) , (12)
where
Fho (l’) = <)\c,ulo + /\f,ufo + )\f,ufe(x)),uhn — PdMho + Pullio,
th (l’) = _<)‘c,U/lo + )‘flflfo + /\f,ufe(I»,uhn — PdMhn + pu,ulln<x)a
Fio () = = (At + Aptipn (X)) o — Pubtio + Paltho
Fro(x) = (Ao + Asprpe(®)) pipn(®) — Apfhnbifo = Pelbfos
and

ﬂln(m) =1- Hho — Hhn — Hio,
fre(T) = Mg — fho — o — Hfos
fpn(T) =g — o — pife(T) = np — Mg + fino + Hio- (13)

The above reduction of the system P(6) does not change the set of dynamic solutionsm
If p is a dynamic (either steady-state or not) solution of P(6), then x = (tho, fthn fio, f o)
solves F'(z;0) = 0; conversely, for any dynamic solution x of F(x;0) = 0, we can find

a dynamic solution p of P(#), from z and the induced py,, pfe, and pg,. Therefore, a

35In the proof of Part 1 of [Proposition 1} we reduced F(x;6) = 0 further as a system of only two equations

in The reduction requires pp, + ftho = np = pup_;pd and fo + fin =1 = pup_fpd, which hold in a

steady-state but may not hold on a path of u(t) after a perturbation.
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dynamic solution p of P(f) is asymptotically stable if and only if z = (o, ftan, o, ffo) 1S
asymptotically stable.

A steady-state solution = of F'(x;60) = 0 is asymptotically stable if all eigenvalues of the
Jacobian matrix of F'(x;0) at the steady-state solution x have strictly negative real parts
(Hirsch), 2012)). The Jacobian matrix is

_ [0Fi(z)
VF(z) = | 21
oxr; |..
J i,j€{ho,hn,lo,fo}
—XfHhn — Pd Aetio T Aflfo T Aflife (Ae = Af)bhn + Pu 0
— AfBhn = Pu —(XeHio T Afhfo + Aflfe) — Pd — Pu Af = Ae)Bhn — Pu 0
—AfHio + Pa —Achio —Ap(gn + Bio0) = Aelhn — Pu 0
Afhio + As(fe — Hn) —Afbfo Ap(Bpn + 1io) T As(Bpe — Hin) ‘ —XfHhn — Aslfn — Pe

where we omit the dependency of fif, and 1. on x to simplify the expression.

Due to the block structure, one eigenvalue is —Afpip, — Aspifn — pe < 0. The other
eigenvalues are the eigenvalue of the 3 x 3 sub-matrix with the first three rows and columns.
A direct calculation shows that the other three eigenvalues are also strictly negative, which

completes the proof.

A.4 Proof of |Proposition 2|

First, we simplify expositions:

91 = Gfo—hn = (1/2)(Uho + Vfn — Ufo — Uhn)a
92 = Glo—fn = (1/2)('01”0 + Vi — Vi — Ufn)a
93 = Gfe—pn = (1/2)(Vgo + vn — vge = vfn) = (1/2)(vf0 = vfe),

so that

Gio—hn = (1/2)(Vno + Vi, — Vi — Upp) = g2 + g1 and
Gfe—hn = (1/2)(Vno + vpn — Vye — Unn) = g1 + g3-
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The matrix representations of the value equations (v-hnl)-(v-fe|) are:

- - - 71 -
Vho| _ [T+ Pa —pd Up,
Vo | | —pu THPu] [+ Aepnn(91 4 92) + Appinga]
- - - 71 -
Uhn | _ "+ Pa —Pd Actio(g1 + g2) + Aptifogr + Appige(gr + g3) and
Uln_ L —Pu T+ pu_ L 0 ,
Ufn- 1 >‘f,ulogQ + )\sﬂfegii
Vio| = Up + Apflhng1 — 2Peg3 : (14)
Ufe | Ue + )‘f/‘hn(gl + g3) + Astfnds

where the inverse matrix is well-defined: i.e., (r + pq)(r + pu) — papu > 0. As in the case of
ny = 0, we compute the gains g1, g2, and g3. Then, the solution v will be uniquely determined
by the above matrix equations.

First,

2rgs = 1(Vgo — Vge) = (Up — Ue) — 20eg3 — ApfthnG3 — AslbfnG3,

which results in

. Up — Ue
2r + Qpe + >‘f;uhn + )\slufn

g3 > 0. (15)
Next,

2(g1 + 92) = Vo + Vin — Vio — Upn = (1, —=1) - (Uho — Vhn, Vio — Upn)

1
- [1 —1] rtpa —ha Un = Aefito(91 + 92) = Aptigogr — Ayise(g1 + g3)
“Pu T+ Pu u; + /\cﬂhn(gl + 92) + /\f,ufn92
Since |
+pa - 1
—Pu T FPu T+ put pa
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we have

(2(r 4 pu + pa) + Ae(ftio + frn)) (91 + g2) + Ap(phgo + tpe) g1 + Apptpngo
= (Uh - Ul) - )\fufeg:a- (16)

On the other hand, by (v-1o]), (v-In)), (v-fn)), and (v-fo]),

2rge =r(vo — Vi) — 7(Vie — Vin)
= (ug + AplnngL — 2peg3 — Aftiog2 — Asfhyeds)
- (ul + Ac“hn(gl + 92) + )‘fﬁbfng2) + pu(vho — Vo + Ui, — vhn)-

AS Vo — Vi + Vi, — Unn = 2(g1 + G2),

(204 + Actinn) (g1 + 92) = Apttnngr + (21 + Afpiio + Apfipn) g2
= (uf —u) — (2pe + Asfige)gs- (17)

The linear system of equations and is summarized as follows:

1+ Ap(pgo + ppe) 1+ Aphn
Co — )\f,uhn co+2r + Af(:ulo + :ufn)

(51 _ Up — U — )\foe93 (18)
g2 Uf —u — 2peg3 - >\sluf693

where ¢; = 2(r + pu + pa) + Ae(fio + pinn) > 0 and co = 2p,, + Aefinn > 0.
The determinant of the coefficient matrix is bounded below by

2rcy + Appipn (e —c2) > 472 4 At (20 + 2pg 4+ Acpuo) > 0.

Thus, the above linear system has a unique solution (g1, g2). This solution, together with

g3, determined the unique solution v of V(0). [ |
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A.5 Proof of |Proposition 3|

A unique steady-state equilibrium exists if and only if the above solution (g1,¢g2) is non-

negative:

91 = Gfo—hn = 0 = (c2+2r + Ap(puo + ppn))((un — w) — Appigegs)

= (er+ Appipn) ((up — w) = (20 + Asprpe)gs) = 0. (19)
92 = Gio—n > 0 <= — (c2 — Appinn) ((un — wg) — Apfigegs)

+ (er + Ap(pgo + ppe) (g — w) = (2pe + Asprge)gs) = 0, (20)

Note that both expressions depends on the steady-state population measure p.

A.6 Proof of Lemma 2

For Part 1:

2(pfo—hn _pfe—hn) = Vfo — VUfe = 2gfe—fn > 0,
2(Pfe—hn — Pfe—fn) = (Vho — Unn) — (Vo — Vn) = 2Gf0—hn > 0.

For Part 2:

2(pfo—hn - plo—hn) = (Uho — Upn + Vfo — Ufn) - (Ulo — Uip, + Vfo — Ufn)
- (Uho - Uhn) - (Ulo - Uln) = 2glo—hn Z Oa

2(plo—hn - plo—fn) = (Uho - Uhn) - (Ufo - Ufn) = 2gfo—hn > 0.

A.7 Proof of Lemma 3

Take any market 6 with a unique steady-state equilibrium (u, v). Define

V.(0) = Z,uivi, Vi(0) = Z v, and V(0) = Zuivi.

1€ €Ty €T
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First, we prove rV.(0) = W,(0). From (v-hn)-(v-In)),

T‘/;<0) E7/.<,ulzof0ho + HhnUhn + HioVio + Hlnvln)
=tno(tn + Pa(Vio — Vio)) + fhn(ActlioGio—hn + Afifodfo—hn + Aflhfedfe—hn + Pd (Vin — Unn))
+ Mlo(ul + Acﬂ/hnglo—hn + Afﬂfnglo—fn + Pu (Uho - Ulo)) + HinPu (Uhn — Uln) .

We rewrite the above expression in terms of the corporations’ expected values and their

payments to or received from PE funds. That is, we substitute g¢o—nn = Vho — Vnn — Pfo—ins

9fe—hn = Vho —VUhn —Pfe—hn, Jlo—fn = Plo—fn — Vlo — Uln, and Glo—hn = (1/2)(Uho+vln —Vio +Uhn)

and obtain

T‘/c(e) - Wc(e) :(pu,ulo - pdﬂho)(vho - Ula) + (puﬂln - pu:uhn)(vhn - Uln)
+ :uhn()\c,ulo + /\f,UJfo + )‘f;ufe)(vho - Uhn) + ,ulo()\c,uhn + )\fﬂfn)(vln - Ulo)'

The combined coefficient of vy, on the right-hand side of the above equation is —pgun, +
Putbio + tan(Acttio + Afptro + Afpige), which equals the right-hand side of the population
equation , so it is zero. We can similarly verify that the combined coefficient of v; for
i = hn,lo,ln are all equal to zero. Therefore, rV.(0) = W.(0).

Second, we obtain from all population equations (u-hnl)-(u-fe)) that

TV (0) = W(0) =(puttic — Pattho) (Vho = Vio) + (Publin — Patttn)(Vhn — Vin) + Pefifo(Vie — Vgo)
+ hn(Actiio + Apfigo + Agtige) (Vho — Vnn) + fhio(Acttim + Aphpn) (Vin — Vio)
+ ((Aptio + Astrpe)bgn = Afttnnbigo) Vo
+ Ap(Hnntiso + fnntise = Hiottn)VUpn — (Aghthn + Aspipn) igeVre-

As before, we can verify that the combined coefficients of v; for each i € T equals the
right-hand side of the type’s population equation, so it is zero. As such, rV(0) = W (9).
Lastly, rV;(0) = r(V(6) — V(0)) = W(0) — W(0) = Wy(0).
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B Proofs for [Section 4

B.1 Proof of [Proposition 4|

Let (u(6),v(0)) be the unique steady-state solution of population and value for each market
0. We compute the comparative static derivatives with respect to A,. It is intuitive that
the unique steady-state measure of each corporate type (p;)ic7. and the measure pug, are
independent of A;. Through a SBO, one PE fund changes its type from fe to fn, replacing
another fund of type changed from fn to fo.

To confirm the intuition, from the proof of [Proposition I} take the unique steady-state
solution z(0) = (0(0), prn(0)) of F(z) = (Flo(x), Frn(z)) = 0, where

Fio() = (Ao + Ap(ng — gra())) 21 + pus — pa(nn — x2),
Frn(7) = (A1 + Apgpn(®)) 2 + paza — pulng — 1),

By Implicit function theorem, x(0) is differentiable in Ay, and

9(6)

_1 OF(z(0);0)
O ‘

O

= —[VoF(2(0);0)]

We denoted the domain of F'(z) by X (6) in the proof of The unique solution z(6)
of F(x;0) =0 is an interior point of X (6), as shown in for the case of ny > 0 and
in the proof for Part 1 of for the case of ny = 0. Thus, we have shown in the
proof of [Claim 1] the Jacobian matrix VF(x) at the unique solution z(6) is invertible.

It follows from

OF ((0); 6) H

OAs 0
that
ox(0)  [omo0)/00] o o
a)\s 8%”(9)/8)\3 0 .
For other types, it follows from pin,(6) + ppn(0) = np and w,(0) + s (6) = ny that 6“5—f\£9) —

8;?_;\,8(«9) = 0, and from ppo(0) + o + (nf — piyn(0)) = ny that a,g_;s(e) = 0. Lastly, from (10))
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and Hfo + Hfe + fhfn = Nf,

Opse®) _  —pelnny — ppn(0)psa(0) —_ Opyo(0) (22)
OAs (Pe + Apttnn(0) + Aspifn(0))? ONs
From the definition of g3 on p. and [Equation 15|
2(ug — ue)

Vio — Ve = 2Qte—tn = 203 = .
d d Gpet g8 2T+2pe+)‘fﬂhn+)\sﬂfn

The comparative static derivatives show that pp, and py, are independent of A;. Thus,

2] o e :
(vfaT:f) < 0 and limy, 00(vfo — vfe) = 0.

B.2 Proof of |[Proposition 5|

The above comparative static derivatives with respect to A; show that 8“5—;59) > 0, 8’g—;:9) <0,

and 240 — 0, for all © # fo, fe. Thus,

Os
32‘/)\(9) _ 3/311;(9)% N 3%;;(9)% N auaf;w) us + 3%]0;(9)%
_ 8u8f;(9) (g — ) + Opso ;‘)\Mfe>(9>ue
— a:ufo<0) B B a:ufn(e)
= Ton, T Ty
o 8:ufo<0)
= o (up —ue) > 0.

B.3 Proof of [Proposition 6|

Recall from that the steady-state population is determined by a solution of F'(x;ny)
(Flo(x;ng), Fpn(z;ng)) = 0 where

Fio(zsny) = (A2 + Ap(ny — gpa(2)))21 + pus — pa(nn — x2),
Fun(minyp) = (A1 + Apgpn(T)) T2 + pata — pu(m — 1),
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and g, () = ng —np + 22 — 1. We extend the system F'(z;ny) = 0 such that ny can be any
real number and x can be any real vector of length 2. Each solution x = (x1, z5) defines a
vector jt = (ft;)ieT aS (Hio, Mhns Hins Pho) = (1, T2, M — L1,y — ) and (fifn, fifo, ffe) DY @
and . According to , if ny > 0, a solution exists in certain domain (denoted by
X(0) in the claim) such that the resulting vector u is a steady-state population. In general,
without any restrictions on ny, the vector u may not even be positive.

The proof consists of three steps. First, for ny = 0, we find a population measure [
such that & = (fuo, flnn) solves F(xz;ny) = 0. Second, by Implicit Function Theorem, we
differentiate a solution function z(ns) defined in the neighborhood of ny = 0 and z = %, and

I — Opi

obtain the comparative static derivative pu, =

= ongl, for each i € T. Last, we prove the

following claim:
Claim 2. There exist 1 > 0 and [y, each being independent of \s, such that

ov fn

= Bis + [a.

ny=0

on f
Then, follows immediately.

B.3.1 A benchmark model (n; =0)

We set ji; = 0 for every fund type ¢ € T;, and impose

Hho = Nh — Mhns Mo = Na — [fho = Na — Nh + [hn, and

,&ln =n; — ﬂlo =MNe — Ng — /lhn-
By substituting the above expressions of i, and fi, in
)\c/llo,ahn + pd/lhn - ,Ou/lln = 07 "

we obtain

Hhn =

<\/(R+na—nh)2+4R~nh(1—na)—(R—l—na—nh)), (23)

N —
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where R = ””)\—tpd. It is clear that & = (fu,, ftnn) solves the system F'(x;nyg) = 0.

B.3.2 Comparative static derivatives of ;1 with respect to ny

We apply Implicit Function Theorem. F(x;ny) is an infinitely differentiable function of
r € R? and ny € R, and the Jacobian matrix V,F(#;0) is invertible (see .
As such, there is a differentiable function z(ns) defined in a neighborhood of ny = 0 and
x = & such that F(xz(ns);ns) = 0. It is important to note that the derivative of z(ny) at any
ng > 0 is independent of the choice of the function x(ny); [Claim 1| ensures that any choice
of function x(ny) gives the same value of z for each ny > 0.

As explained above, the function z(ny), together with (9) and (10), defines p(ny) =

I — Op for each 7 € T. Then,
0

(pi(ng))ier, which is also differentiable. Let ) = oy

a?lf

!
Po| = [V, F(:0)]
:uhn
_ Aefbhn + Apfuio + pu - (Ae — Af)fuo + pa
()\c — )\f)[j’hn + Pu Ac/llo + )\fﬂhn + pd

s
bl

Also, /’L/ho = _/’ngn and lugn = _lugo‘

From @,

:U’}n =1- :u;m + M;o
—1_ 1 [1 _1] /\cﬂlo + )‘fﬂhn +pd * )\f/llo
4et(V, F(30) e A —pu %] | 0

i Afﬂlo (Acﬂlo + Acﬂhn + Pd + pu)
det(V,F(#;0)) ’

=1
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where

det(Vo F'(2;0)) = (Acftnn + Apfiio + pu) (Aefiio + Agfinn + pa)
= ((Ae = Ap)tnn + pu) (A = Ap)fluo + pa)
= (Acftnn + pu) N pfinn + Afflio) + (A pfinn + Agflio) (Aeflio + pa)
= (Apfinn + Afflio) (Aeflio + Acfthn + pa + pu) -
It follows that .
Hhn

_ Mo, (25)
Hhn + Hio

Wen =

Next, from ([10J),
(Aptinn + Aspign)(ng — pign)

/1/ o = .
d )‘fﬂhn + /\sﬂfn + Pe
Thus,
;o (=) A plnn) A f [ flio
Hro = - = T
Pe + )\f:uhn (pe + )‘fluhn)(ﬂhn + Mlo)

peﬂlo
Pe + Afﬂhnxﬂhn + /jLIO)

fee =1 —plly, — py, = ( > 0. (26)

B.3.3 Proof of [Claim 2|

From ,

TV = Aflliog2 + Asfhfeds,

where g, and g3 are determined by and , respectively.

1 — Oupn / — Ogm _
Let v}, = o, and g, = s |0 for m = 2,3. Then

T’U}n - >\f (QQNQO + I&’logé) + )\S (g?)y’/fe + :afegé) .

We find the value of each variable on the right-hand side of the above equation. For certain
variables that we will use later, we remark whether the values are strictly positive and/or
independent of A;.

We have observed the following properties:
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1. (from (23)) the population ji = (;);er is strictly positive for corporate types, zero for

fund types, and independent of Aj,

2. (from (24)), (27)), and (206))) the derivative y' is independent of \,,

o Uf—Ue A Uf—Ue /
3. (from (|15)) As g3 = Ty e wra L have g3 = CTan s Wi 0 and g4
(AfHG, HAsi,,) 3 . .
—m, which are lndependent of )\3.

It remains to find the values of g, and gj.

To state how ¢y is determined by , let ¢; = 2(r + pu + pa) + Ao + pirn), C2

2pu + )\c,uhna and

D= |t Arliro+ ge) 1+ Affipn
C2 — Afllhn ca +2r + N (tho + fifn)
Also, let a; = %(le) and ap = %(“D). Then,

g2 = o (up —uy — )\f,ufegi’)) + Qg (Uf — U — 2peg3 — Asufegzs) .
Note that, when ny = 0,

61 = 2(T + Pu + ,Od) + )\c(,&lo + /lhn) > O:
é2 = 2pu + /\cﬂhn > O,

A

~ ¢1 &

D= o R (with a strictly positive determinant),
Co — Apfipn  Co + 21 + Apfy,
—Co + A fflpn .
oy = M (the exact value is unnecessary for our proof), and
det(D)
A 2! 1

Qg = — = — — > 0,
T det(D)  2r + Ap(fuo + finn)

which are all independent of \,. It follows that

Go = G (up — w) + Go(uy —w — 2pegs)
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is independent of ;.

/ — 801

/ / / / : : ) : : .
Last, let ¢, ¢, o, and as, be the corresponding variables’ derivatives: e.g., ¢} = ans |,

=0
The derivatives are all independent of A, because i and i are independent of \,. Therefore,

9y =) (un — w — Apfigeds) — QA f (1. g3 + flgegs)
+ alg (Uf —u; — 2p6§3 - )\sﬂfeQS) - &2 (2,069:/), + )\sﬂ/feg3 + AsﬂfeQé)
= (up — w) — Qi Appyeds + o (ug — up — 2peds) — da (2pegs + Asptpeds) - (as fige = 0)

Only the last term —as (2pegh + Asptf.gs) is (affinely) dependent on A,, through —dosy,gsAs

r (Afﬂ;mJF)\sM/fn)QB ;o P 2p5“,lfn ,
and g3 = 2r+2pe+Affinn As such, gy = 1A + 72, for 71 = Aags 2 2ot Arinn  Pfe

and some 7, which aggregates all remaining terms. Both +; and 7, are independent of A;.

Finally,

Tv}n - )\f (.@2/’1’20 + ﬂlogé) + >\S (g3lu’/fe + /:Lfegé)
= Af (Gatio + flio(11As +72)) + AsGapty.  (as fige = 0)
= ()\fﬂlO/yl + g3/u}e))‘8 + ()\ngMEO + )‘fﬂlo’YQ)a

where the coefficient of \; and the last term are both independent of ;.

It remains to show that the coefficient of \, is strictly positive:

20y,
2r + 2pe + )\f:&hn

Apfiom + Galye = ApflioG2ga ( - M/fe) + Gtz
> = ApfioGagspls, + G3plye (S flio, G2, §3, (U, finn are strictly positive)

= Wy Gs (1 — Apafuo)

R Ayl >
— 1— fllo from (27
Mf€g3 ( 27, + )\f<,ulo +Mhn> ( )

> 0. (as y}, and gs are strictly positive)
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C Proofs for Section 5

For any regular environment 6 = (n,r,u, p, A), we consider a sequence 6% = (n,r,u, p, K\)
with kK — o0o. Let p” be the unique steady-state solution of P(6*) and v" be the unique
solution of V' (0%) with w(t) being replaced by u".

C.1 Proof of [Proposition 7|

We prove Part 1 and relegate the proof for Part 2 to the Supplemental Appendix.

In solving P(#*), it is more convenient to take z = 1/k and define another market
Vv* = (n,r,u,zp,\). (i.e., low type-change rates, instead of high search rates) and solve
P(1)%). Tt is easy to verify that the unique steady-state solution " of P(6*) also uniquely
solves P(1%). Last, define ¥° = (n,r,u,0,\).

Lemma 4. ° € R7 is a steady-state solution of P(y°) if and only if

1. (when ng +np > ng) py, = min{ng, np}, ph, = nn — e, il = 0, pp, =, ph, =

max{0,n, — nn}, . =0, and p§, =ng — p$, — g,

2. (when ny +np < na) :u?m = N, ,U?m = Of :u?o = Ng — Np, — Ny, II’L?TL =n — ILLlO07 H’?‘n =0,

and , + %, = ny.

Note that the problem P(°) has multiple steady-state solutions in Case 2 (ny+ny, < n,),
where many possible combinations of (ff,, fre) satisfy pro + fire = ny.
(Proof) The problem P(¢°) consists of

(Aettio + Appigo + Apipe) finn = 0, (from (j-ho)))
(Acttnn + Appopn) o = 0, (from (-In))
)‘f (Nlo,ufn - /vbhn,ufo) + Asﬂfnufe = 07 (from "

and the following four conditions that replace (u-hnl), (u-lof), (u-fe]), and (u-fnl):

Hho + [hn = Ty o + fin = M0y Hho + Hio + fifo + fhfe = Mg, and iy + figo + flfe = M.
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It follows from A., A¢, A; > 0 that

Riolbhn = Hfolbhn = Hfellhn = Hioftfn = Hfnlbfe = 0.

Suppose that ny +n, > ng. If , > 0 or pge > 0, then pp,, = 0 and py, = 0, which
results in a contradiction: fipe+ (fifo+fife) = np+ny > ng. AS o = pie = 0, either pp, =0
Or fipn, = 0. AS pUno + o + fifo + fife = ng > 0, if 5o = 0, then pp, = ng; for otherwise
thn = 0 implies that up, = np, and pf, = ng — np. On the other hand, if ny + ny < ng,
then 4, > 0, which implies that up, = ps, = 0. Thus, pre = np, pgo + fife = ny, and
Hio = Ng — N — Ny [ |

The following lemma implies that lim, ., ¢ exists in RI;
Lemma 5. There exists a solution p* of P(¥°) such that p* = lim, o pu*.

(Proof) For each z = 1/k, let F'(u,1*) denote the right-hand sides of the population
equations (ju-hn))-(u-fe) for a market ¢* = (n,r, u, zp, \). Define

fu,2) = =[[F(p, 7|,

where ||-|| denotes the Euclidean norm. It is clear that p* with x = 1/z is the unique
maximizer of f with the maximum value equals zero. Let M(z) = {u'/?}.

We similarly define F(u,°) as the right-hand sides of the population equations for
the market 1% and f(u,0). Let M(0) be the solution set of max, f(u,0). According to
[Lemma 4] the solution set M(0) is singleton if ny + ny < ng; for otherwise, M(0) contains
multiple solutions, each being different from others only in (yif,, ftfe) under the constraint
Hfo+ ffe =T

The function f is continuous in p and z because the equations F' are continuous. Thus,

by Berge’s Maximum Theorem, the correspondence M (-) is upper hemicontinuous at z = 0:
1. (when ny +ny < n,) p" converges to the unique solution of P(¢/?).

2. (when nj, +ny > n,) for each type i # fo, fe, the population uf converges to p given

in [Lemma 4 and pf, + pf, converges to ny.
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It remains to show that, when n,+ny > n,, the sequence uj, converges. (The convergence
of u%, follows immediately from lim, o (15, + i) = ny.)

For every x> 0, k(Appuf, + Aspts, ) 5. = pe(ng — p, — p's.) (from (u-fe)), or equivalently
that

K pe(nf o Mﬁn)
:ufe = A K f)\ P (28)
pe + K(AsH7, + Ak,
We find limy 0 £(Appf, + Asitf,, from
Rt (Actity + Ao + Aphfe) = = Pabtin + Pubtin; (from (jp-hn)
K(Ackipn + A i) o = —Publip + Pakiho- (from (p-1o))
By the convergence of p; for i # fo, fe, and the convergence of pf, + uf, to ny,
. . Pultiy
lim & =——" — and
oo THn Ay, + A g
) * N *O Ny — Pu *O " *n
lim kot + App,) = Do Luble _ PO = Publo  Puln,
Koo Hio Hio Hio
It follows that
. Aspull], < AcAs ) Pull],
lim ~(Appg, + Aspty,) = L Y &
g, KOsk Hin) AfHio TN ) Aty + Ay
u * A * )\S
:p{’:ln fuio+ nf>0
Hio )\Clulo + )\fnf
Therefore,
Hre = o tie = 1 pur dgpigtaeng > A0C Hpo = 1 fger
Pebtiy AchijytAsny
[ |

C.2 Proof of [Proposition §|

By |[Lemma 4{and [Lemma 5| if n, < nj, +ny, then py, = min{n,, nn}, p}, = max{0,n, —ns},

pie = 0, and pj, = 0. Since p* coincides with the efficient asset allocation 7z, we have
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W* = W. The independence of W* on u; and u, is trivial as Wio = #ye = 0. The
independent of W* on )\, also follows from WW’s independence of any search friction. When
np < ng < ny +ng, we have g, >0, so W* = W is strictly increasing in ug.

If ng > ny +ny, then W* =W — Wre(up — ue). We have W* < W because
ny

1 4 Pubin i Ay
Peltiy AekigtAsny

Wre = >0,
The welfare W* is increasing in uy and u. as pf, and p, are strictly positive. Moreover,

W is decreasing in As and increasing in A.. Thus, the welfare IW* is increasing in As and

decreasing in A..
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