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Abstract

This paper provides a theoretically founded empirical model to simultaneously investigate
firm competition and estimate markups. The model nests the standard oligopoly model, but
also allows for firm collusion. Different from conduct parameter models, our model is consistent
with a series of theoretical models. We show that a nonparametric marginal cost function can
be identified, which gives an estimate of markups. Through Monte Carlo simulations, we show
that our approach works better in estimating markups than a standard oligopoly model or a

conduct parameter model.

Key words: markup, firm competition, collusion

1 Introduction

A central question of the empirical Industrial Organization literature is to understand the nature
of firm competition in a market and to measure firm markups. They have important implications
for consumer welfare, firm profits, and market efficiency.

One strand of the literature estimates markups based on a standard oligopoly model. The
key idea is that once demand is estimated from the data, markups can be inferred based on an
oligopoly model of supply. This approach dates backed to Rosse (1967), and is widely used in the
Industrial Organization literature. However, this approach relies on an oligopoly model assumed
by researchers, typically, a classic oligopoly model with Nash equilibrium. In other words, this
approach makes an assumption on the nature of firm competition and estimates firm markups.

Another strand of the literature proposes a model deviating from a standard oligopoly model
by including so-called conduct parameters and estimates these conduct parameters together with

markups. Examples date back to Bresnahan (1982), Lau (1982) and Porter (1983), and include
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papers as recent as Ciliberto and Williams (2014) and Miller and Weinberg (2017). In such a
model, when the conduct parameters take a certain specific value, the model becomes a specific
standard form of firm competition (e.g., a classic differentiated Bertrand model or perfect collusion).
By nesting the standard oligopoly models, it is therefore more flexible than the above approach.
However, unfortunately, when the conduct parameters are not of these specific values, it is unclear
what kind of firm competition such a model describes.! It is, therefore, also unclear whether the
estimated markups reflect the true underlying markups. This is mainly because such an approach
lacks a theoretical foundation.

An alternative is, therefore, to write down an infinitely repeated game, so that collusion is
possible, and estimate the model directly. This approach faces several challenges, too. First,
it requires that researchers make assumptions on firm behavior and the nature of the market
environment’s evolution. For example, we need to assume the strategies taken by firms. Are
they using the grim trigger strategies or carrot-and-stick strategies? If the latter, how long is the
punishment period? We also need to make an assumption on how the state variables evolve. A
Markov process of one order or higher orders? Second, estimating such a dynamic game is typically
challenging computationally and imposes a high requirement on data.?

In this paper, we propose a theoretically founded empirical model that is easy to estimate
and can be used to simultaneously investigate firm competition and estimate markups. We have
three goals. First, we derive a model that nests the classic oligopoly models and also allows for
the possibility of collusion. Second, we show the identification of nonparametric cost functions.
Third, we compare the performance of our approach to that of the two aforementioned strands of
literature.

To achieve these goals, we set up an infinitely repeated game, impose a Pareto optimal equi-
librium selection criterion, and derive its optimality conditions. We show that these optimality
conditions are the same as those of a static model where a firm’s objective function depends on not
only its own profit, but also its competitors’ profits and its competitors’ deviating profits, which is
the highest profit that a firm can get holding this firm’s opponents’ decisions fixed. Considering
rivals’ deviating profit, which is the difference between our model and a conduct parameter model,
is important because a firm needs to take into account how its action affects its opponents’ incentive
compatibility. We also try to reconcile the difference between our model and the conduct parameter
model. We provide an example in which the two models are equivalent. However, this is the only
example we can find. It requires homogeneous products, symmetric firms and a linear demand. We

show that when any of these assumptions is violated, the two models are not equivalent.

'See Corts (1999) and Reiss and Wolak (2007) for discussions on this point.

2See Fershtman and Pakes (2000) for a discussion on how to compute such models. Igami and Sugaya (2017)
examine the vitamin cartels in the 90s through the lens of an infinitely repeated game with a grim trigger strategy.
This industry is characterized by homogenous goods and relatively good measures of marginal costs. Igami and
Sugaya (2017) directly rely on marginal cost data, and avoid the computational challenge by focusing on a Cournot
model.



Furthermore, we demonstrate that our model is consistent with a series of supergames, implying
that it is robust to a set of model specifications. The key parameters to be estimated include those
on each opponent’s profit and deviating profit, as well as a marginal cost function. It is immediately
obvious from our derivation of the model that the weights vary over time with changes in the market
environment. Intuitively, these weights are closely related to the degree of collusion. To what extend
firms can collude depends on market environment. Therefore, these parameters vary by firm pairs
and time. However, we show that under the assumption that firms pool incentives across markets
and interact as in Bernheim and Whinston (1990)’s seminal paper on multi-market contact, these
weight parameters are invariant across markets. Cross-sectional variation, therefore, can be used
for identifying these parameters together with the marginal cost function. Based on this intuition,
we formally show that the weight parameters and a nonparametric marginal cost function can be
identified.

We plan to conduct Monte Carlo simulations to evaluate the performance of our model. Specif-
ically, we set up a supergame and simulate data by solving its Pareto optimal equilibrium. Using
these simulated data, we estimate the marginal cost parameters based on our model, the standard
oligopoly model and the conduct parameter model. We compare the performance of these models
by comparing the estimated marginal cost parameters based on each model to the true marginal
cost parameters. We also compare markups and welfare measures.

This paper is related to the literature of estimating markups, documenting their changes and
their relationship with market environment. As mentioned, a large amount of papers estimate the
demand and infer markups based on an oligopoly model of supply. An incomplete list of examples
include Berry et al. (1995), Goldberg (1995), Nevo (2001), Villas-Boas (2007), Berry and Jia (2010),
Fan (2013) and Eizenberg (2014).3 Compared to this group of papers, our model is more flexible in
firm conduct. Another group of papers infer markups based on the production function estimation
(instead of the demand function estimation) and the assumption of cost minimization (instead of
equilibrium conditions implied by a specific competition model). Examples include De Loecker
and Warzynski (2012), De Loecker et al. (2016) and Loecker and Eeckhoutz (2017).# The latter
approach does not impose a specific form of firm conduct. It, however, requires that researchers
have a precise measure of inputs for estimating the production function and data on the expenditure
share of one variable input. When such data are not available, our paper provides an alternative
approach that is also flexible with respect to the assumption of firm conduct, though it does rule
out certain supply models such as Green and Porter (1984).

By allowing the possibility of collusion in our model, this paper is also related to a literature
studying collusion. Examples include Porter (1983), Slade (1987), Sudhir (2001), Ciliberto and
Williams (2014), Miller and Weinberg (2017) and Khwaja and Shim (2017). Many of these papers

3See also Berry and Haile (2014) for the identification of nonparametric cost functions using this approach when
demand is described by the widely used discrete-choice model.
4See also Loecker and Scott (2016) for a comparison of the demand approach and the production approach.



are based on a conduct parameter model, which lacks a theoretical foundation. Other papers
estimate a set of models assuming different forms of firm conduct and use non-nested hypotheses
test to select among the competing models, for example, Bresnahan (1987), Gasmi et al. (1992)
and Nevo (1998). Different from these papers, we estimate one model that nests different forms of
firm conduct. Moreover, our framework allows us to go beyond testing firm conduct to estimate
markups and welfare.

We proceed with the rest of the paper as follows. We briefly discuss the standard oligopoly
model and the conduct parameter model in Section 2. In Section 3, we set up an infinitely repeat
game and derive its static representation. We also compare and highlight the similarity and the
difference between our model and the conduct parameter model. We discuss the identification in

Section 4 and present the simulation results in Section 5. Finally, we conclude in Section 6.

2 The Standard Oligopoly Model and the Conduct Parameter
Model

For expositional simplicity, consider a market with only two firms. Each firm i (i = 1,2) chooses
its action Zj,¢ in market m in period t. The profit functions are given by 71 (Z1m¢, Tame, 2mt) and
79 (T1mt, T2amt, Zmt), where zp,; are profit shiftors, for example, demand shiftors that shift or rotate

demand. In a standard static oligopoly model, the first-order conditions are

on; (l“lmt, T2mit, th)
amimt

= 0. (1)

The conduct parameter models “extend” the standard oligopoly model by allowing the first-

order condition to deviate from (1) as follows:

37?]' (fﬂlmt, L2mit s th)
al'imt

O (Timt, T2mt, Zmt)
a51;@'71’115

+ Aij

=0, (2)

where \;; is the conduct parameter. When );; = 0, the model becomes a standard oligopoly
model. When A;; = 1, the model implies perfect collusion. In general, these conduct parameters
are interpreted as how much one firm internalizes the effect of its action on its competitors. In other
words, the model is equivalent to a non-cooperative oligopoly model where the objective function

of firm 7 is

i (T1mt, Tamt, 2mt) = Ti (T1mes Tames Zme) + NijTj (T1mt, 2mi, Zmt) 5 (3)

where );; is the weight that firm ¢ assigns to firm j’s profit. These parameters are typically
assumed to be constant over time and across markets, and are identified exploiting cross-sectional
or temporal variations in the profit shiftors z,;.

While these profit weight parameters are intuitively related to firm conduct, such models do not



have a theoretical foundation. Note that firms in the model are still assumed to be independent
rather than formally integrated. It is unclear why they include their competitors’ profits into their
own objective functions. Because the conduct parameters are the profit weight parameters, we refer
to this type of conduct parameter models as profit-weight conduct parameter models.

Another type of conduct parameter models are motivated by the troubled conjecture variations
literature. Since the problems with such models are well recognized, we render the discussion of
such models and the comparison of them to the profit-weight conduct parameter model in (3) to
Supplemental Appendix SA.

Because there is no theoretical foundation, for a value of \;; between 0 and 1, it is unclear
how to interpret these parameters.> For the same reason, when Aij € (0,1), it is unclear whether
the profit-weight conduct parameter model is consistent with any form of firm competition. Such
models, therefore, cannot be used to estimate the underlying marginal costs. In the next section,
we provide a model that can be used to simultaneously test whether firms collude and estimate

marginal cost functions.

3 Owur Model

Our proposed model, in a two-firm economy, is

i (T1mits Tamt, 2mt) = Ti (Timt, Tamit, Zme) + NijeTj (Times Tamt, Zmt) — ,Ojt)\ijtﬂ'? (Zimt, 2mt) s (4)

where 77? is firm j’s profit evaluated at its best-response to its opponent’s action x;,:, which is
known as the deviating profit in infinitely repeated game models. This model differs from the
profit-weight conduct parameter models in the last term. The necessity of including this term
will be clear as we derive the model below. Intuitively, firm ¢ needs to take into account how
its action affects its opponent j’s incentive compatibility, which depends on the comparison of j’s
on equilibrium payoff and its deviating payoff. That’s the theoretical justification for the second
term, which is already in the profit-weight conduct parameter models. That also explains why it

is important to include the third term, the additional term in out model.
A supergame consistent with the model

We first present a supergame that is consisten with the model in (4). We later discuss what

other supergames are consistent with the model. Consider an infinitely repeated game with two

®Focusing on the conjecture variation type of conduct models, Corts (1999) points out that the conduct parameter
is not a good measure for the degree of collusion. In a simulation, Corts (1999) sets up a supergame and allow
the discount factor to vary from 0 to 1 (i.e., the outcome varies from Nash equilibrium with no collusion to perfect
collusion). He finds that estimated conduct parameter do not move monotonically, making it difficult to interpret
the conduct parameter as a measure for the degree of collusion. A similar point is also mentioned in Reiss and Wolak
(2007): “Currently there is no satisfactory economic interpretation of this parameter as a measure of firm behavior.”



firms and grim trigger strategies. Let i, (Z1me, Tame, 2mt) be the stage profit for firm ¢ in market
m, and d be the discount factor. Suppose z,,; follows a stationary first-order Markov process.
Consider a Pareto optimal supergame equilibrium where any deviation in any market is punished
by reversing to one-shot Nash equilibrium strategies forever in all markets, which is the harshest
punishment. A supergame equilibrium is Pareto optimal if the payoff of one firm cannot be increased
without decreasing the payoff of the other firm. Therefore, a Pareto optimal supergame equilibrium

(1 (Zmt) , 5, (2me)) satisfies

(@1 (2mt) 23 (2mt)) ()

= arg max E (w11 (T1mt, T2mt, 2mt) + W22 (T1mt, T2mts Zmt)]
{(xlmtymet)ymzl,...,M} m

s.t. Zm [ﬂ'i (xlmta T2mit, th) + Z?—il 0"E {7Ti (l'T (th+‘r) ,IL‘; (thJr‘r) )th+7‘) ‘th}]
> Zm [ﬂ'fj (x—imh th) + Ziozl ) {71’1‘ (x{VE (th-‘rT) 7xéVE (th+7) 7zmt+7') ’th}]

fori=1,2,

where w1 is normalized to be 1, wy > 0, and ng (z_it, 2¢) and va E (244+) represent, respectively, the
highest deviating profit and the Nash equilibrium strategy. The constraints in (5) are the incentive
compatibility constraints for each firm. They define the set of outcomes that can be sustained
as a collusive outcome. In this supergame, firms pool incentives across markets. These incentive
compatibility constraints are the same as those in Bernheim and Whinston (1990)’s multi-market
contact paper. Denote these incentive compatibility constraints as IC; (x14, T2, 2¢) > 0.

The optimality conditions of (5) are

O 1imt OTomt O 1mt <8ﬂ'2mt aﬂ'g t)

w1 + wo + + — m = 0 6
8xlmt 8xlmt Tt 8xlmt 2 8xlmt aJ:lmt ( )
on on on or? on

w1 Imt + wo 2mt + ’ < Imt . 1mt> + ot 2mt O,
O0T2mt O0T2mt O0T2mt O0Toms O0Tomt

where 7, and vy, are the Karush-Kuhn-Tucker multipliers (KKT multipliers, henceforth) corre-
sponding to the two incentive compatibility constraints in (5). They satisfy v;, > 0 and v, IC; (x1¢, T2, 2¢) =
0 for i = 1,2. These KKT multipliers are indexed by ¢ because the constraints IC; (x1¢, T2, 2¢)
vary over time. Since the incentives are pooled across markets (similar to Bernheim and Whinston

(1990)), they do not, however, vary across markets. Rearranging (6) yields

Omimt | w2 + Yor Oome T 87Tgmt - 0 (7)
Oxime w1+ 71 OTime w1+ Y1 01
Omome . w1+ Y1 OT1ime T Ot -0

OTomt W2 + Yor OTamt w2 + Yor OTame



Let \ijt = -2 it and pjt = Yit _ Then, (7) can be further simplified to

WitV Wi+
d
OTimt a7ijt 87ijt .
TV P W ®
OTimt OTimt OTimt

The optimality condition in (8) is equivalent to that of a static non-cooperative model where
firm 4’s objective function is given in (4). In other words, our model in (4) can be considered
the static representation of the supergame. Since the optimality conditions (8) will be used for
estimation, with a slight abuse of terminology, we also refer to the optimality conditions in (8),
instead of model (4), as our model.

As an internal consistency check, we check whether the model (8) becomes g”””t =0 (ie, a
= 0 (i.e., the perfect
collusion condition) when § — 1. Note that when § — 0, the KKT multipliers 7;; — 00.5 Therefore,
pjt = wﬁ;jt — 1. At the same time, g;z:tt — ?)Z}j:z — 0. Therefore, % = 0. When § — 1,
however, the incentive compatibility constraints become non-binding, implying that v,, — 0. As a

87T'Jmt
OTimt

one-shot Nash equilibrium condition) when ¢ — 0, and w; gg::z + wj

wj Omjme _ ().

.. ﬂ aﬂ'imt
result, Aije — 2, pjy — 0, and (8) becomes ot + e

The model can be easily extended to N firms. The corresponding optimality condition is
OTtimt 87ijt 87T]mt
+ Aijt=——— — piarijt—=—— | =0, 9
Oimt #ge:jm I 0ime 7 O )

where J,,: 1s the set of firms in market m at time ¢.
Other supergames consistent with the model

The model (8) is also consistent with a supergame where the Nash reversion punishment of a
finite T" periods is used (instead of infinite periods as in the grim trigger strategy). In this case,

the incentive compatibility constraints become

T
Z [Wz‘ (T1mt Tomts Zmt) + Z o' E {TFz‘ (x{\;? (2mt+r) 7379775 (2mit+r) 7zmt+7') ’zmt}] (10)

m T=1

T
< Z [ (T —imt, Zmt) +Z5TE {7Tz (levrf (Zmt+r) 5 xé\frf (Zmttr) s th+7) ’th}]

T=1

The optimality conditions remain the same as (8).7

Moreover, the process of z,,; can be different in different markets and can be a higher-order

. a - .
SWhen § = 0, ‘Z’;J:tt - a;r]mt' Therefore, (6) implies that v,, = — (wlg;im: +w 32?1’22) /gg:: Given that
% = 0 at Nash equilibrium, 7,, = co. Similarly, v,, = oo, too.

This is not to say that even the parameters such as A;j; remain the same. In fact, as the incentive compatibility
constrains change, these parameters most likely change too.



Markov process. In such a case, the expectation operator E {:|z;,:} in (5) becomes a market/time
specific operator Ey, {-|zmt, Zmt—1, ...}. But the optimality conditions again remain the same.

The model does not impose w; = 1 for all 7. It is thus silent about whether there are transfers
among firms. When transfers are allowed, the outcome should be such that the joint profit is
maximized and thus w; = 1 for all 7. The model allows this possibility, but does not impose it.

The fact that the model is consistent with a series of supergames is an advantage: researchers
do not need to specify certain details of the underlying supergame. In a similar vein, one does not
need to impose or estimate the discount factor ¢ either. As a result, the model is more robust to
possible model mis-specifications.

This model, however, does rule out some supergames. Or, put it differently, some underlying
supergames are inconsistent with this static representation. For example, the process of z,,; cannot
be influenced by firms’ actions x;,:. Otherwise, the optimality condition would have to include how
Time affects the continuation value. Similarly, the model requires perfect monitoring. Otherwise,
the optimality condition would have to include how x;,,; affects the probability of regime shifting,
from cooperation to punishment and vice versa (see, for example, Green and Porter (1984)). It also
requires that the process z,,; is stationary. Otherwise, we cannot define a Pareto optimal supergame
equilibrium as a fixed point to (5). Finally, it requires the equilibrium strategies to be such that
firms revert to the one-shot Nash equilibrium during the punishment phase. This ensures that
firms will not deviate from punishment, allowing us to drop the incentive compatibility constraints
during the punishment period from (5).

Just as being consistent with a set of supergames is an advantage of the model, being inconsistent
with another set is a disadvantage. However, by nesting a standard oligopoly model, our model is
more flexible than the latter. It allows us to estimate markups in industries and during time periods
where we are not sure if a standard oligopoly model captures firm competition well. One can also
say that our model is more flexible than a conduct parameter model because it nests the latter
by setting p; to be zero. More importantly, our model is derived from a well-specified theoretical

model.
Comparison to the profit-weight conduct parameter model

Our model differs from the profit-weight conduct parameter model in the last term: in our

model, firm ¢ considers not only the effect of its action on its competitor’s profit (i.e., g%m:)

o d
but also how its action affects its opponent’s deviating profit (i.e., ax]mt) Intuitively, both effects
impact the constraint set and thus the outcome.

One could further rewrite our model (8) as % + <)‘th pitA Tt 87rjmt> Omimt _ () g0

th aant awi*m.t 8zimt

. . omd it e e
that it resembles the profit-weight conduct parameter model (2). However, BZZZE ggz:: is,7,m,t-

specific, which means the term (x\ijt p]t)\m azz;”: ggz::> varies at the level of the data variation,



and thus cannot be considered a parameter. Therefore, the two equations (2) and (8) are equivalent

. e O Ot : : D .
if and only if axj_”f/ 87;7’"; is invariant in m. This is in general not true. In Appendix A, we show
m m

that when the two firms produce homogenous products, face a linear market demand and have

. . oomd iy - . . ..
the same marginal cost, the ratio 813_'”; / 87;3_’”: is indeed invariant across markets. This is the only
example we can find. In a Bertrand setting, when demand is not linear, or when the two firms are

asymmetric, the ratio becomes market specific.

Interpretation of the parameters \;;; and p

In a profit-weight conduct parameter model gg;;’;: + Aijt ZZZ:Z = 0, the conduct parameter A;;;

is interpreted as how much firm ¢ cares about firm j when making a decision, with a larger value
N . . . O - or?

of \;j¢ indicating a higher degree of collusion. Our model is % + Aijt% — pjt)\ijt% = 0.

As we will argue below, the parameter \;;; actually does not capture the degree of collusion.

_ @it

Note that A\;;; =

y +1Z:’ implying that A;jy = 1/Ajir. Therefore, A;j; and Aj; do not move in
the same direction. They cannot both capture the degree of collusion. But it is also conceptually
impossible that \;;; captures the degree of collusion while Aj;; is negatively correlated with it.
What they really capture is some asymmetry between the two firms. These parameters depend on
(wi,wj) and (v44,7;¢). One could consider the profit weights w; and w; in the objective function of
(5) to be determined by the bargaining power between the two firms. Therefore, \;;; captures the
asymmetry in the bargaining power. Similarly, since the KKT multipliers v;, and v,, are related to
the slackness of each firm’s incentive compatibility constraint, A;j; also captures the asymmetry in
the slackness. In sum, A;;; =1 / Ajit captures the asymmetry between the two firms in terms of the
slackness of their incentive compatibility constraints and their bargaining power. It has nothing to
do with the degree of collusion, or firm conduct.

What is closely related to the degree of collusion is p;;. As explained, p;; — 1 when § — 0. At

the other extreme, when the discount factor 6 = 1, the constraints in (5) are non-binding, implying
Vit

w;+7¢

without collusion (when ¢ = 0) and p;; = 0 when the outcome is perfect collusion (when § = 1).

What about ¢ € (0,1)? Is p;, decreasing in 67 Appendix shows that this is the case. Note that as

vie = 0 and p; = = 0. In sum, p;; = 1 when the outcome approaches a Nash equilibrium

J increases, the solution to (5) yields a higher joint profit for the firms (wim; + wame), indicating
a higher degree of collusion. Therefore, a monotonic relationship between p;, and 0 implies a
monotonic relationship between pj, and the degree of collusion increases, at least as the discount
factor varies.

That said, we do not think one should label p;; as a measure of firm conduct, or use the
comparison of its the value across industries to suggest one industry is more competitive than the
other. This is because the parameter pj; is intrinsically industry-specific, depending on the market
environment in an industry, such as demand, the number of firms, firms’ efficiency levels, etc. A

comparison of this parameter across industries does not necessarily inform us about the underlying



form of firm competition. As mentioned, instead of providing a measure of the degree of collusion,
the focus of this paper is to provide a model for estimating marginal costs and hence markups
allowing the possibility of collusion. Given that focus, we now turn to the identification and the

estimation.

4 Identification and Estimation

The objective is to estimate marginal costs. We now make marginal costs explicit in the profit
function. Specifically, let ¢ = f (Wimt) +wime be the marginal cost function. With a slight abuse
of notation, let the profit function m; (€, 2me) in the previous section be 7; (Tme, Yppss Cimt) =
Ti (Tots Ypnp, [ (Wimt) + Wime), where @,,; is the vector of all firms’ actions, y,,; is the demand
shiftor, w;;,; is the observable cost shiftor and w;,,; is the unobservable cost shiftor . We assume
that the function m; is known based on the demand estimation. In the demand estimation, there
might be unobservable demand shocks. These shocks become known after the demand estimation.
We therefore consider them part of the demand shiftors y,,,;. For example, in a Cournot setting,
the profit function is m; (®mt, Yps, Cimt) = [P (O_; Timt> Ymi) — Cimt) Time- In a Bertrand setting,
Ti (Tt Ypng Cimt) = (Timt — Cimt) MmtSi (T, Yyny), where My, is the market size and s; is the
market share function.

With these notations, our model is therefore

al" t(wmtaymt7cimt) (11)
m
d
om; oS
Jjm jm
+ Z (AZ]tax (:Dmta Ymit» ijt) - p]t)\ljt O (5Bmt\xjmt7 Ymit» ijt) = 0.
i€ Tmt imt ot
L Wit _ e . L Tit Qs .
where \;j; = P and Pjt = e Let 71 = wj + Vjt- Then, A\;j; = P Since w; > 0 and

Vit = 0, 75 > 0 and 0 < p;; < 1. Moreover, since w; is normalized to be 1, 71 = 1—7101' Therefore,
what we need to identify is 7o, ..., TN¢t, P1gy s Py and the marginal cost function f(-), where
Ti¢ >0and 0 < p; < 1.

In a Cournot setting with homogenous products, the action x;,; is the quantity produced by a

firm, and (11) becomes

(pmt - Cimt) +p;n (th, ymt) Timt (12)

T4t 1
+ Z Tijtpm (tha ymt) Limt
J#LIETmt
T4t 1
- Z Pjt%tpm (X—j,mt + PR (X—j,mt’ Cimt, ymt)) o PR (X—jﬂntv Cimit, Ymt) =0
j#ivjEJnLt !

where Xy = ) ¢ 7., Timt 1s the total quantity, X_j ¢ is firm j’s opponents’ total quantity and

10



xBR (X_jmt, Cjmt, Ypme) is firm j’s best-response. The identification question is, therefore, whether
we can identify the parameters 7o, ..., TN, P14, -5 Pe, and the function f () with data (x, p, y, w).
In a Bertrand setting with differentiated products and single-product firms, the action x;,; is

the price charged by a firm, and (11) becomes

0s;
(ximt - Cimt) ail (wmta ymt) + Simt
imt
Tt 0s;
+ Z Tijt (Tjmt — Cjme) W]t (Tmts Yt
J#0j€Tmt " i
Tt 88‘
- Z p]ti (ijR (:B—j,mh Ymis ijt) - cjmt) — (a:—j,mh ijR (a:—j,mh Ymi> ijt) 7ymt) = 07
Tit 0T imt

JFLI€Tme

where _jmi = Tme\Tjme is the vector of all firms’ prices except firm j, :L’;BR (T—jmts Ymts Cimt)

is firm j’s best response. The identification question in this setting is whether the parameters
Tty -ees TNLy P1es - PNg, a0d the function f (+) with data (x, s, y, w).

First, we show that for any given 794, ..., Tn¢, P14y -+ P¢ Such that 75 > 0 and 0 < p,;; <1, and
for any given dataset, there is a unique vector of marginal costs (cyy, ..., cn¢) that satisfies (12) or
(13). Different from a standard Cournot or a Bertrand model, where we only have the first line in
(12) or (13), marginal costs enters the effect of firm i’s action on firm j’s deviating profit nonlinearly
in the third line in (12) or (13). Therefore, the invertibility is not immediately obvious. Appendix
B gives the proof of the invertibility for any Cournot model and a Logit Bertrand model.

The invertibility result gives us the following estimation equation

Cimt (xmb Umt, Ymit> Tt pt) = f (wzmt) + Wimt,

where the variable v,,,; is the market price p,,; in the Cournot setting and the vector of market shares
Smt in the Bertrand setting. Both @,,; (the actions) and v,,; (some outcomes) are endogenous,
while the demand shiftors y,,,; and the cost shiftors w;,,; are assumed to be exogenous.

Since the parameters 7, and p, vary over time, we cannot rely on cross-time variations to identify
them. However, they are stable across markets. This is because when firms pool incentives across
markets as in Bernheim and Whinston (1990), there is only one incentive compatibility constraint

per firm per period. As a result, cross-market variations can be used to identify these parameters.

5 Simulations

[[To be added]]
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6 Conclusion

[[To be added]]
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Appendices

A When Our Model and the Profit-weight Conduct Parameter
Model are Equivalent

In this appendix section, we provide one example where our model and the profit-weight conduct
parameter are equivalent. We show, however, that this equivalence result does not hold with any
deviation from this example. For expositional simplicity, we suppress the subscript ¢ in this section.

Consider a Cournot model with two firms, linear demand py, = @ — by, (T1m + Ta2m), and zero

marginal cost. Our model in the Cournot setting (12) becomes

Am — b
am — bm ($1m + l‘Qm) — by T1m — b A12Tom + p2)\12bmmelm - 0 (Al)
m
Am — b
am = b (T1m + Tam) — bmTam — bmA21T1m + pl)‘Zlbmme = 0,
m

which can be simplified to be

am

— Tim

a
- — (T1m + Tam) — Tim — A2T2m + /)2)\12%7 =0 (A.2)
bm 2
Am % — T2m
A (T1m + Tom) — Tom — A21T2m + pﬂm% = 0.
m
It turns out that the solution is of the following format
am
Tim = rgi (A12, A21, P15 p2) (A.3)
m

where g; (+) is a function independent of a,, and b,,. In other words, the solution z;,, is proportional

a
to ﬁ.
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Therefore, the ratio of interest

d m—bm im
Ot O jmt _ —by Tt _ 1—gi (M2, X01, 1, p9) (A.4)
OTimt " OTimt —bmTjm 295 (M2, A21, P15 P2)
which is independent of (@m,bm,) and thus invariant across markets. In this case, we can define
3 Jmt 0T jm - Omjm o]
Nijt = Nijt — pjt)\l]taxz t/ s, tt and rewrite our model (8) 3 a“”’” + Nijt 87; 2 p]tAZ]taz =0 as
gg;’zz + )\mgzmt =0, whlch is the profit-weight conduct parameter model.

wd
jmt 87ijt
8$27nt axi"Lt

However, the result that is invariant across markets is specific to the assumptions
listed above. For example, the result does not hold when the demand function is nonlinear or when
firms are asymmetric in marginal costs. It does not hold when we switch to a Bertrand setting with
differentiated products either. In sum, our model and the profit-weight conduct parameter model

are not equivalent in general.

B Proof of Invertibility

B.1 Cournot Setting

Throughout this section, we suppress the subscripts m and ¢ and the demand shiftor y,,;. In

the Cournot setting, 7; (z,¢;) = [p (>, i) — ¢;] ;. Our model becomes

’ Tj 1
(=) +0 (X)ai+ 3 2y (X, (B5)
j#i
T4 71
_ij?].P (X—j + 2P (X, ¢5)) 2P (X, ¢5) = 0.
g# !

For any given data (x,p) and parameters (T, p), define a function F : [0,p]Y — RY as

Fle)y = —(p—c)—p (X)ai— Y gp’ (X) 2, (B.6)
g#i !
—I-ij%p, (X_j +2PR(X_j,¢5)) PR (X5, ¢5).

J#i !

We want to show that F' (c) = 0 has a unique solution. By the Gale-Nikaido-Inada Theorem, it is

sufficient to show that the Jacobian matrix of F' is a p-matrix.

. . - oxBR
Let J (c) denote the Jacobian matrix of F', where J (c);; = 1 and J (c);; = —pj% 52— Note
that the best-response a:fR satisfies the following first-order condition
p (X + P (X ) @ (X i) +p (X + 2P (X)) — ¢ = 0. (B.7)
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Taking the total differentiation with respect to xz; gives

BR BR BR
plaPR 1+ Or +p =L e +p 1+ 9r 7\ _ 0. (B.8)
61:1 ox; ox;
Therefore,
OrBE ! BR 4
A e B (B.9)
ox; p ij R4 2p/

The second-order condition implies that p” xf R 49/ <0, which in turn implies that p’ ’fo +2p <
BR

[—%70). From (B.9), we can see that 8;3

0. Under the assumption that p” > 0, is

independent of 3. This is because x; affects l‘jBR

therefore denote p] 8 by h;. Since 0 < p; < 1,h; € [0 ]

only through shifting X_; = >, x;. We can

Therefore, a k‘thorder principal submatrix of J (¢) is of the following format:

Ts T4
1 ﬂ-f PR Ti’f i
Tiy i 1 Tig, i
" m : (B.10)
T Ty
7 e b
where (i1, ...,7x) is a subset of (1,..., V). Its determinant equals
1 hiy - hy hil 1 - 1
hiy, 1 hi, 1 hl 1
. = (hiyhiz -+~ hig) | . e (hiyhiz---hg,)det A, (B.11)
hi1 hig 1 1 1 hl-

‘k
Since h; > 0, we only need to show that det A is non-negative. In what follows, we show that A is

a positive definite.

Let a = (aq, ..., ak)T # 0 be any nonzero vector. Then,

2
aTAa = Z % + 22 Zalal/ (B.12)

1Al

2 Zal + 22 Zalal/ because 0 < h; < 1/2
1AV

> Zal + 22 Zalal/

(5

v
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B.2 Bertrand Setting

We start with showing the invertibility of a Logit model. In a Bertrand setting, m; (x,¢;) =
(x; — ¢;) M s; (x). Our model becomes

0s; T; 0s;
(zi — i) e (x) +si + Z Tf (zj —¢j) 87]1 (z) (B.13)
J#i
T 08
- Z TZ m_]v C]) cj) aile (m—ja ijR (w_j77 Cj)) =0.

For any given data (x,s) and parameters (7, p), define a function F: [0,&] x ---[0,én] — RY as

0s; 83
F(e);, = (z;— )8 +SZ+Z xj —¢j) amj (x) (B.14)
i
TJ 631 BR
_ZPJT ] w—J, ¢j) — CJ) O (w—w% (w—jncj))v
j# !

where ¢; is the marginal cost of firm ¢ such that at its best-response to @_; in the data, its market
share equals to the market share in data. In other words, ¢; is the solution to s; (a:_i, fo (x_i, cz)) =
s;, where s; on the right-hand side is the market share in data. In Supplemental Appendix, we that
at the solution of the supergame (5) in a Bertrand setting, x BR < z;. In other words, when one
firm deviates unilaterally, it must decrease its price. This is quite intuitive as we expect firms in
a collusion to raise prices to the extent that each firm has an incentive to undercut. This implies

that SZBR > s;. Note that sz is strictly decreasing in ¢;. Therefore, ¢; must be smaller than ¢;.

We again denote the Jacobian matrix by J (c), where the diagonal element J (c),; = —g;: (x).
In a Logit model, it is as; (1 — s;), where a is the absolute value of the price coefficient. The

off-diagonal element is

J(c),, = T 0s; N T; &S’BR _ Tig . Ti [ fsBRi BRi _ (B (1 B BRj> 8333'
R T; 04 iz, Ti axl PR Pi Ti v J ox; |’
(B.15)

where we use the subscript BR; to indicate that a function is evaluated at firm j’s best response.

R; . BR;
’ BRi are different. The best-response x y J

-« (xBRj cj> sz <1 — szj> + szj =0, (B.16)

For example, s? and s; satisfies the following first-order

condition

which implies —« <x§3R — cj) (1 - SBR> + 1 = 0. Taking the total differentiation with respect to

x; yields

axBRj
j BR; BR; BR; BR; BR;
5?7%(1—% J) —i—oa(:vj ! —cj> s; [(1—8]- j) Bjxi — s, J] = 0. (B.17)




BRJ- BR]- BR]-

Combing (B.16) and (B.17), we have 8%@ = Sil_:%R . Moreover, since siBRj/sZ- = (1 - szj) /(1 —s;),
we have
Ti Ti 1 BR: BR. 2
J(e);; = —;Zasm + apj;z L 7 (1 — s J) : (B.18)

A E** order principal submatrix of J (¢) is of the following format

Jiviv Jiiy 0 Ty
Jiniv  Jinis Jigis,
. . Y
_Jikh Jikiz T Jikik_

where (i1, ...,7x) is a subset of (1,...,N). Since the diagonal elements are all positive, the sign of

its determinant is the same as the sign of the determinant of the following matrix

1 Jigip  Jigiy
Jiyiy Jiyiy
Jigiq 1 Jigiy
Ay = Jigia Jigiy
[ i Jigix i
Note that
2
_Tiqg g Ti_1 . BRj(+  DBR;
Jj TS5 + ap; 71 T=s; 5i8j 1 S; (B.19)
Jii as; (1 — Si) '
2
T 5§ T Pi1s;5; 1 —s;
- Ti 1-— S;
s Tihy
Ti Gi
Therefore,
1 M 0 Ry T |
gi1 9iq hiy
g L hy | 1B 1
det Ay, = iz Gz | — e, ig
- : =1,....k iy
hiy  hiy 1 11 9y
iy, Giy, hiy,
BR; BR;
Define f; = o = Tos + 17 Since s; > s, — 1L < f; < 1. We can rewrite
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det A, as

1
1 1
1 A 1
detAy = [[ fur| . ™ (B.20)
I=1,....k : T :
1
1 1 7
1
i1 1 1
1
1 1 1
= H fir : : :
I=1,....k 1
1 1 T 1
1 1
0 0 -7 71
_ . -
o1 1 1
1 J} 1 1
1 2 1 det Ay
< I () () 4
I=1,..k Firs 1 fis I
L Taa | =1, k1
i 1 1 - 1 1 |
1 1 1 det Ay
- Ial-(ein) I G-+
1=1,..k =1/ =1, k-2 U tk H i
I=1,...k—1

= (1 - fu) T (1 - fik—l) f'Lk + (1 - fik)detAkfl'

We now use induction to show that det Ay > 0. First of all, det Ay = 1 — f;, fi,. When f;,

and f;, are of different signs, det Ao > 0. When both are positive, since both are smaller than 1,

Si

det A3 > 0. When both are negative, det A is increasing in both f;, and f;,. Given that f; > — TS0
det Ag > 1— (1—51'5;1)?127%) = (1,1;j2)1(1i1212) > 0 because 0 < s;,, 85, < 1 and s;, +5;, < 1. Therefore,
det A > 0.

Then, we show that det Ax_; > 0 for any (k — 1)-element subset of (1,..., N) implies det A > 0
for any k-element subset. Since det A = (1 — f;,)--- (1 — fik_1) fio+(1— fi,)det Ax_y and f;, < 1,
det Ay > 0 if f;, > 0. Note that (f;,,---, fi,) are exchangeable. Therefore, if there is any f; > 0,

det Ay > 0. We now show that when all (f;,, -, fi,) are negative, det A is also positive. This
proof is carried out in three steps.

In Step 1, we again use induction to show that det Ay, < (1 — fi,)--- (1 — f;,) when (fi,, -+, fi,.)
are all negative. When k =2, det Ay =1 — f;, fi, <1 < (1 — fi,) (1 — fi,). Suppose det Ap_; <
(1= fi)--- (1= fir_,). Then, det Ax < (1— fi,)det Ap_y < (1= fi,) -~ (1= fir_,) (1 = fi,)-

In Step 2, we show that det Ay is increasing in f;, when (f;,,--- , fi, ) are all negative. Note that
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Odet Ay (1= fiy)-- (1 — fik—l) —det Ax_1 > 0 based on the result in Step 1. By exchangeability,

ofi,
this means that 8%6;_‘4’“
1]

det Ay = (1— fi,) - (1= fi,) fi, + (1 — fi,) det Ap—1 (fiy, ..., fi,,) where det A;_; is now a function
of (fiys--vs fir,)- The result in Step 1 still holds, i.e., det Ag_1 (fiy, .-, fir,) < (L — fiy) -+ (1 — fi)-
Therefore, 8%6;1,?’“ > 0. From Step 2, we know that when (f;,,---, fi,) are all negative, the lower

bound of det Ay, is when f;, = —

> 0 for any | = 1,...,k. For example, when [ = 1, by exchangeability,

Sil

1—s;, °
Y
. . . . 1— k_ i
In Step 3, we use induction to show that this lower bound of det A, is % We have

=1

: i i 1—si) —s;
shown in Step 1 that when f;, = —1:1,1 and f;, = —%, det Ay = ﬁ Suppose when
. . 1-Y kol
(fl-l, ""fik—l) are all at their respective lower bound, det Ax_; = # Then, the lower
II_ (=)
k—1 i _ k-1 p _\k .
bound of det A, = — (H — 1 ) 1ilk- 1_1v 1 kEzzl Sip 1 kZl:1 S Since 0 < sy < 1
=1 Sig_q Sig Sig,
lel(l_siz) lel(l_sil)

and Zle 55, < 1, det A, > 0.
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Supplemental Appendix

SA Two Types of Conduct Parameter Models

The main body of the paper focuses on the comparison of our model to the profit-weight conduct
parameter models (as well as the classic oligopoly models). As mentioned, there is another type
of conduct parameter models, i.e., the conjecture variation models. In this appendix section, we
present both types of conduct parameter models and explain how they are related. For expositional
simplicity, we suppress the subscript m in this appendix.

In a standard static oligopoly model, the first-order conditions are

on; (xlta$2t7 Zt)

o = 0. (SA.1)

Typically, a firm’s action has a direct effect and an indirect effect on its profit. For example,
consider a Cournot model where x; represents the quantity of firm ¢, the inverse market de-
mand is p (x1; + o, 2¢) and the marginal cost is constant ¢;;. In such a model, m; (14, zor, 2¢) =
p(z1¢ + o, 2¢) Tyt — cigwir. The marginal profit of z; is %ﬂf%m = [p(x1e + x2t, 2¢) — cit] +
P (1t + x2t, 2¢) x4, where the first term is the direct effect of producing more quantity and the
second term the indirect effect on profit through driving down the market price. Similarly, in
a Bertrand model where x;; represents the price of firm ¢ and the demand for the firm is given
by qi (x1¢, ot z¢). The profit function is m; (x1¢, Tar, 2¢) = (wit — ¢it) ¢i (14, T2t, 2¢); and the cor-

omi(x1e,x2¢,2t) Oqit . . .
TR = gy + (it — cit) o, which is again the sum of the

responding marginal profit is
direct effect of increasing the price on profit (i.e., ¢;) and the indirect effect on profit by decreasing
the quantity (i.e., (z; — ¢;) gq? ). Let (%ﬁ)f} and (%&’m))u) represent the direct and the

T

indirect effects, respectively. Therefore, in a standard oligopoly model, the first-order condition

(SA.1) can be rewritten as

omi (x1g, Tot, 24t) _ omi (x4, ot 24) N omi (x4, Tot, 2¢) _o (SA.2)
Ozt 0xit D Ozt ID

A typical conduct parameter model assumes that

om; (1, Tog, 2 om; (x1e, Tot, 2 om; (x1¢, Tot, 2
< i (e, T2 t)> +/\ii< i (T1e, T2 t)> e i (@16, Tat, 21)
axit D 8xit D 85%

=0, (SA.3)

where A\;; and \;; are the conduct parameters.
For example, consider a market with homogeneous products where firms choose quantities.

Setting A;; = 0, equation (SA.3) becomes
Tit = Cit — Nl (@10 + Tor, 2t) Tit, (SA.4)

the same as in Bresnahan (1982). In a market with heterogeneous products where single-product
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firms choose prices, equation (SA.3) becomes

-1
T\ _ ) A1 32111 )\21% qut (SA.5)
Z T\ . \po2d2t  \,_ Odzt ’ '
2t 2t 1252,, 22 P q2t

the same as the framework in Nevo (1998).

The first set of conduct parameters \;; are motivated by the troubled conjecture variations
literature. For example, in the Cournot setting, \;; — 1 is interpreted as a firm’s expectations about
how its rivals react to an increase in its quantity. Such a model with conduct parameters \; is a
conjecture variations conduct parameter model. However, Daughety (1985) and Lindh (1992) show
that the Cournot conjectures where \;; = 1 are the only consistent equilibrium conjectures.

Papers in the recent literature (e.g., Sudhir (2001), Black et al. (2004), Ciliberto and Williams
(2014), Miller and Weinberg (2017) and Khwaja and Shim (2017)) do not rely on the concept of
conjecture variations, and set \; = 1 as it should be, and focus instead on A;;. The model is

therefore
omi (T1t, Tat, 2t) '.87"]' (211, w21, 2t)

+ Aij Dy
(2

= A.

where \;; are the conduct parameters to be estimated. This is the profit-weight conduct parameter
model where these conduct parameters );; capture how much firm ¢ internalizes the effect of its
action on its competitor j in its decision making. However, as mentioned in Section 2, both the
conjecture variations type of conduct parameter models in (SA.4) and the profit-weight type of

conduct parameter models in (SA.6) lack of theoretical foundation.
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