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Abstract

We develop a trade model in which productivity—the result of a country’s ability to
adopt global technologies—presents an arbitrary pattern of spatial correlation. The
model generates the full class of import demand systems consistent with Ricardian
theory, and, hence, captures its full macroeconomic implications. In particular, our
framework formalizes Ricardo’s insight—absent from the canonical Ricardian model—
that countries gain more from trade partners with relatively dissimilar technology.
Incorporating this insight into the calculations of macro counterfactuals entails a sim-
ple correction to self-trade shares. We also present aggregation results that tie micro
optimization to macro demand systems and guide counterfactual analysis based on
micro estimates. Our quantitative application using a multi-sector trade model sug-
gests that countries specialized in low correlation sectors have 40 percent higher gains
from trade relative to countries specialized in high correlation sectors.

JEL Codes: F1. Key Words: international trade; generalized extreme value; Fréchet

distribution; gains from trade; gravity.
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1 Introduction

Two hundred years ago, David Ricardo (1818) put forward the idea that cross-country dif-
ferences in production technologies can lead to gains from trade. Ricardo’s work, which
extended Adam Smith (1776)’s idea on comparative advantage to international trade, had
two basic insights. First, if two countries have production possibility frontiers with differ-
ent slopes (i.e., the ratio of productivity across sectors), then there is scope for engaging in
mutually profitable trade. Second, the gains are higher when trade occurs between more

dissimilar partners.

Eaton and Kortum (2002, henceforth, EK) capture the first insight of Ricardo’s idea by
treating technologies as random variables, giving rise to a rich theoretical and quantita-
tive literature. Their results are based on a key property of Fréchet distributions known
as max stability: The maximum of Fréchet-distributed random variables is also Fréchet.

In particular, they assume independence and a common shape to get

N
Pmax{A;,...,Ax} <a] =exp < — ZTOCL*@).
o=1

The scale of the maximum across origin countries equals the sum of the underlying scale
parameters, T,,. The max-stability property gives tractability to the EK model of trade, but
independence imposes symmetry and implies that all trading partners are indistinguish-
able in generating gains from trade. As a result, the EK model of trade does not capture
the second aspect of the old Ricardian idea—which may be important to understand why

countries choose certain trading partners and not others.!

In this paper, we develop a theory of trade that allows for arbitrary patterns of correlation
in technology between countries. Relaxing the independence assumption implies that the

distribution of the maximum of Fréchet random variables is
Plmax{A;,..., Ay} < a] =exp ( - G(Ty,. .. ,TN)a*G),

for some correlation function G. Countries can now have different weight on the scale

of the maximum due to the correlation structure of technology across countries. In this

! Costinot et al. (2015) analyze the relation between the patterns of comparative advantage and optimal
trade taxes schemes. They perform the analysis using the canonical Ricardian model of trade, but notice
that their analysis carries to more general environments with non-CES utility and arbitrary neoclassical
production functions.



way, our framework generalizes EK—while maintaining its tractability—and allows us
to extend the results of Arkolakis et al. (2012) (henceforth, ACR) to capture the second

aspect of the Ricardian idea.

We start by relating the technology structure of countries to a multivariate Fréchet distri-
bution for productivity with an unrestricted correlation structure. Our main theoretical
result, stated in Theorem 1, derives from what we call the global innovation representation
of productivity. For each good, there is an (unbounded) collection of production tech-
nologies available. Each technology has a global productivity component and a bilateral-
specific applicability component. The former component is common to all countries and
captures the fundamental efficiency of the technology. The later component is unique to
each country pair and captures idiosyncratic factors—such as trade frictions, domestic
inefficiencies, and country endowments—that lead to differences in productivity. While
for each good the global component follows a Poisson process, the applicability compo-
nent is correlated across countries and i.i.d. across goods and technologies. We apply the
spectral representation theorem for max-stable processes (De Haan, 1984; Penrose, 1992;
Schlather, 2002) and establish that this global innovation representation of technology
is necessary and sufficient for productivity to follow a multivariate Fréchet distribution.?
The effective productivity that a given origin presents to a given destination country is
distributed Fréchet across the continuum of goods, while dependence across countries is

unrestricted.

Our global innovation representation of productivity, equivalent to assuming a multi-
variate Fréchet distribution, implies expenditure shares that match choice probabilities
in generalized extreme value (GEV) discrete choice models (McFadden, 1978). In other
words, there is an equivalence between the class of GEV import demand systems and the
Ricardian model when productivity has a global innovation representation. The result is
even stronger: The GEV class approximates any Ricardian model—without the need to
restrict to Fréchet productivity distributions. The key implication is that any import de-
mand system generated by the Ricardian trade model can be approximated using a global
innovation representation for productivity. Put simply, our framework captures the full

macroeconomic implications of Ricardian trade theory.

The generalization represented by GEV import demand systems allows us to calculate

the gains from trade as a simple adjustment to the case of a CES demand system. We

2 The spectral representation theorem for max-stable processes has previously been used in the decision
theory context by Dagsvik (1994) to propose behavioral assumptions that justify max-stable random utility
processes.



show that the results of ACR generalize, after a simple correction, to the class of models
whose demand systems fit into the GEV form. In the Ricardian context, this correction
adjusts a country’s self-trade share to account for correlation in technology with the rest of
the world, formalizing Ricardo’s insight that more dissimilar countries have higher gains
from trade.’ Even in this more general framework, for any given pattern of correlation
across countries, the adjusted self-trade share is calculated using only data on expenditure

shares across countries, preserving the simplicity of ACR.

Perhaps not surprisingly, our general correlation structure also entails a different esti-
mate of the trade elasticity. In fact, our model provides guidance on how to relate the
macro substitution patterns implied by the observable trade flows to a given underly-
ing micro-structure. In this way, we get guidance on how to use the micro data to dis-
cipline the estimates of macro parameters that capture the aggregate correlation struc-
ture. This is possible because our GEV structure is able to accommodate models based
on EK that have a richer layer of interactions across countries, such as sectoral mod-
els (Costinot et al., 2012; Costinot and Rodriguez-Clare, 2014; Caliendo and Parro, 2015;
Ossa, 2015; Levchenko and Zhang, 2016), multinational production models (Ramondo
and Rodriguez-Clare, 2013; Tintelnot, 2017), global value chains models (Antras et al.,
2017), and models of trade with domestic geography (Fajgelbaum and Redding, 2014;
Ramondo et al., 2016; Redding, 2016).*

To quantitatively evaluate the relevance of the correlation adjustment for the gains from
trade, we use a multi-sector model of trade and assume that the macro correlation func-
tion takes a cross-nested CES form. We show that, in this case, key elasticities can be
estimated by a simple two-step Ordinary Least Square (OLS) procedure using gravity

and data on sectoral bilateral trade and bilateral tariffs.

Accounting for correlation in productivity can have substantial effects on estimates of

the gains from trade, with gains almost doubling for some small countries. Crucially,

3 Our framework is able to give an answer to the question posed by ACR (page 109): "A natural question
at this point is whether there are many other Ricardian models, beyond Eaton and Kortum (2002), that
satisfy R3 [the import demand system is CES]? The short answer is: "Probably not." [...] it is hard to imagine
R3 holding in a Ricardian economy in the absence of very specific functional forms on the distribution
of unit labor requirements.” With our generalization to GEV demand systems, our answer is: "Yes, it is
possible, once we adjust trade shares for correlation". Moreover, it is worth noting that correlation-adjusted
trade shares constitute a gravity system.

4Tt is worth noting that multi-sector extensions of the EK model of trade (e.g., Caliendo and Parro, 2015)
assume that the shape parameter 6 is sector specific. The combination of independence with heteroge-
nous shape parameters implies that the distribution of productivity across traded goods is not Fréchet. As
a result, these sectoral models do not aggregate to an equivalent macro model with Fréchet distributed
productivity and do not deliver a gravity system for aggregate bilateral trade flows.



the correlation correction delivers gains from trade that are much more heterogenous
across countries with the same self trade share—and within countries across time. We
calculate that countries specialized in low correlations sectors have around 40 percent
higher gains from trade relative to countries specialized in high correlation sectors. This
result captures the second aspect of Ricardo’s idea and is a reflection of the ever-evolving

pattern of comparative advantage of countries, documented by Hanson et al. (2015).

Our benchmark model is based on technology determining the patterns of trade across
countries. From this supply-side point of view, substitution patterns come from the de-
gree of technological (dis)similarity—i.e., correlation—between countries. More broadly,
comparative advantage may come from demand-side factors as in the Armington model
of trade (Anderson, 1979), and from entry of heterogenous firms (Krugman, 1980; Melitz,
2003). In the Appendix, we examine extensions of our framework that encompass these
trade models. Similarly to ACR, these results make clear which assumptions on economic

fundamentals lead to equivalence within a large and useful class of models.

Our work relates to several strands of the literature. First, we naturally make contact
with the large trade literature using the Ricardian-EK framework in its various forms (see
Eaton and Kortum, 2012, for a survey). More generally, our approach can be applied
to any environment that requires Fréchet tools, with the potential of changing some of
their quantitative conclusions. In particular, it can be applied to selection models used in
the growth literature (such as Hsieh et al., 2013), and the macro development literature
(such as Lagakos and Waugh, 2013), as well as to recent trade models used in the urban
literature (such as Ahlfeldt et al., 2015; Monte et al., 2015; Caliendo et al., 2017), reviewed
in Redding and Rossi-Hansberg (2017).

Second, we relate to papers in the international trade literature that use non-CES demand
systems.” In particular, a recent paper by Adao et al. (2017) shows how to calculate macro
counterfactual exercises in neoclassical trade models with invertible factor demand sys-
tems. In our paper, we provide necessary and sufficient conditions for a model’s funda-
mentals to be distributed Fréchet, and, therefore, to fit into the GEV class—a subclass of
models with the invertibility property. Our aggregation results allow us to relate various

microstructures to the kind of macro counterfactuals they study.

Papers such as Caron et al. (2014), Brooks and Pujolas (2017), Lashkari and Mestieri (2016),
Feenstra et al. (2017), and Bas et al. (2017), among others, also depart from CES demand

> A related trade literature departs from CES with the goal of analyzing endogenous mark-ups and their
effects on the gains from trade. See DeLoecker et al. (2016), Feenstra and Weinstein (2017), Bertoletti et al.
(2017), and Arkolakis et al. (2017), among others.



systems. They aim, as we do, at showing the consequences of abandoning the assump-
tions that lead to linear gravity systems, and at incorporating more detailed micro data
(i.e., sectoral trade) to estimate key model’s elasticities. They all notice the failure of ag-
gregate theories to incorporate the richness of the micro data (e.g., heterogeneous price
and income elasticities across trade goods), and "fix it" by assuming non-CES demand
systems.® By linking various micro structures to common primitives of technology, our
general framework provides guidance—given by our aggregation results—on how to in-

corporate the micro estimates in this literature into macro counterfactual exercises.”

2 Ricardian Model

Consider a global economy consisting of N countries. Countries produce and trade in
a continuum of product varieties v € [0,1]. Consumers in all countries have identical

constant elasticity of substitution (CES) preferences with (expenditure) elasticity of sub-
o+l

stitution o > —1: Cy = < fol (Jd(v)o%ldv> ” . Given total expenditure of X, by destination
country d, their expenditure on variety v is X;(v) = Py(v)Cy(v) = (Pa(v)/Pys)~? X4 where
P,(v) is the cost of the variety in terms of numeraire and P; = ( fol Pd(v)“’dv> 7 is the

price level in country d.

We assume that the production function for varieties presents constant returns to scale in
labor and depends on both the origin country o where the good gets produced and the

destination market d where it gets delivered. For each v € [0, 1], output Y,4(v) satisfies
Yoi(v) = Aoa(v)Loa(v)- (1)

Log(v) is the amount of labor used to produce variety v at origin o for delivery to d and

A,q(v) is the marginal product of labor—and referred as productivity.

6 Caron et al. (2014) use a constant-relative-elasticity-of-income utility functions to link characteristics of
goods in production to their characteristics in preferences, and in this way explain some "puzzles" observed
in the data on trade patterns. Lashkari and Mestieri (2016) uses constant-relative-elasticity-of-income-and-
substitution (CREIS) utility functions that allows for general patterns of correlations between income and
price elasticity. Brooks and Pujolas (2017) analyze the expression for gains from trade arising from models
with unrestricted utility functions (typically non-homothetic) that generate a non-constant trade elasticity.
Feenstra et al. (2017) use a nested CES utility function to estimate micro and macro elasticities of substitution
in a multi-sector model. Finally, Bas et al. (2017) break the Pareto assumption in the Melitz model of trade
to get country-pair specific aggregate elasticities, which they estimate using sectoral-level trade data.

7 In this regard, our paper shares a common theme with Redding and Weinstein (2017) as they develop
a framework for aggregating from micro trade transactions to macro trade and prices using the whole class
of invertible demand system.



As in EK, we capture heterogeneity in production possibilities by modeling productivity
as a random draw. We focus on multivariate random variables which satisfy a property
known as max stability. The EK model—built on independent Fréchet random variables—
gets its tractability from this property. The next section provides an introduction to multi-
variate extreme value type 2 (Fréchet) random variables with arbitrary dependence struc-

ture and shows how the max stability property leads to flexible, yet tractable, models.

2.1 Productivity as a Multivariate Fréchet Distribution

Definition 1 (Multivariate Fréchet). A random vector, (A1, ..., Ak), has a multivariate 0-
Fréchet distribution if for any o, > 0 with k = 1,. .., K the random variable maxy—y _x oAy
has a Fréchet distribution with shape parameter 6. In this case, the marginal distributions are

Fréchet with (common) shape parameter 6 and, for each k =1, ..., K, satisfy
P[4 < a] = exp [~Tra ], (2)
for some scale parameter T},

This definition implies that a multivariate 0-Fréchet distribution is max stable—the maxi-
mum has the same marginal distribution up to scaling. This property holds for the dis-
tribution of productivity in the EK model and gives the model its tractability. Our setup
includes as special cases EK, where productivity is independent across countries, and
the symmetric multivariate Fréchet distribution used in Ramondo and Rodriguez-Clare
(2013).

By working with the class of multivariate 0-Fréchet random variables, we can put mini-
mal restrictions on dependence and maintain the key property of max-stability.® To make
headway without the independence assumption, we characterize the joint distribution of
a multivariate Fréchet random variable by first defining a function that summarizes the

correlation structure.

Definition 2 (Correlation Function). A function G : RY — R is a correlation function if it

satisfies four restrictions:

1 (Normalization). G(0,...,0,1,0,...,0) =1,

8 It is worth noting that the restriction to a common shape is necessary for max stability. General mul-
tivariate Fréchet distributions may have marginal distributions with different shape parameters, in which
case the maximum—even with independence—is not distributed Fréchet.

6



2 (Homogeneity). G is homogeneous of degree one, for any A > 0 G(Azy,..., \xg) =
AG((‘Tlv s axK)/

3 (Unboundedness). G(xy,...,xx) - ocoasx, — oo forany k = 1,... . K; and

4 (Differentiability). The mixed partial derivatives of G exist and are continuous up to order
K. The k'th partial derivative of G with respect to k distinct arguments is non-negative if k

is odd and non-positive if k is even.

This definition adds a normalization restriction to the definition of a social surplus func-
tion in GEV discrete choice models (McFadden, 1978).° This normalization restriction
provides us with notation to distinguish between absolute advantage—captured by scale
parameters—and comparative advantage—captured by a correlation function. Correla-
tion functions reflect comparative advantage because they measure relative productivity

levels across varieties and across origin countries within the same destination market.

Next, we characterize the joint distribution of any multivariate f-Fréchet random variable

in terms of the location parameters of its marginal distributions and a correlation function.

Lemma 1 (Correlation Function Representation). The random vector (As, ..., Ax) is multi-
variate O-Fréchet if and only if there exists scale parameters T, for k = 1, ..., K and a correlation

function G such that its joint distribution satisfies
PlA, <ag, k=1,..., K] =exp [—G (Tlafg, . ,TKa[}e)} : 3)
Proof. The result follows closely Theorem 3.1 of Smith (1984). See Appendix B. O

This standard result from probability theory allows us to parameterize joint distributions
using scale parameters and correlation functions. The restrictions defining a correlation
function ensure that (3) characterizes a valid multivariate extreme value type 2 (Fréchet)

distribution.

Importantly, using the characterization in Lemma 1 and the homogeneity property of
the correlation function, the max stability property entails that the maximum of a mul-
tivariate f-Fréchet random variable is 6-Fréchet with scale parameter determined by the

correlation function,

P LmaXK A < a] = exp [—G (Ty,...,Tk) a_e} : 4)

[ARR)

? Correlation functions are often referred to as tail dependence functions or a extremal index functions in
probability and statistics.



When evaluated at the scale parameters of the marginal distributions, the correlation

function acts as an aggregator that returns the scale parameter of the maximum.

Moreover, max-stability, as in EK, entails that the conditional distribution of the maxi-

mum is identical to the unconditional distribution of the maximum,

P| max Ay <al A= ‘max Ak/] =P Linax A < a] ) (5)

K=1,..K k'=1,.,N

=1,...,

Lemma A.1 and Lemma A.2 in the Appendix formally show properties of Fréchet random

variables that we use throughout the paper.

To fix ideas, suppose that the vector of productivity across origins for delivering to des-
tination d is independent across origins with Fréchet marginals—as in the EK model.

Independence implies that

PlAa(v) < aq,...,Awu(v) < an] = H P[Asi(v) < a,] = exp <— ZTodaO_9> ,

o=1,...,.N

implying that the correlation function is additive. The max-stability property also holds

since

-----

N
P _max Apa(v) < a} = exp [— (Zl Tod> a9] )

An additive correlation function imposes a strong assumption, namely, that comparative
advantages across countries are symmetric. Our framework relaxes the independence as-
sumption of EK while maintaining the key max-stability property. By breaking this sym-
metry and allowing for heterogeneity in correlation, our model captures heterogeneity in
comparative advantage, and, as we show in Section 4.1, allows us to formalize Ricardo’s

second insight that the degree of technological similarity matters for the gains from trade.

2.2 Global Innovation Representation of Productivity

We next present a structure for technology that is necessary and sufficient for productivity
to be distributed multivariate Fréchet. This structure can be interpreted as resulting from
adopting technologies, which are a product of global innovations, based on a country’s
ability to apply each innovation. We abstract from micro details on how this adoption
occurs. However—in light of our aggregation results in Section 5—we can interpret this

macro model as an aggregated version of some underlying micro model.



Our main result in Theorem 1 characterizes multivariate Fréchet distributions as precisely
those productivity distributions arising from global innovation. To present this result, we

consider a technology structure that satisfies three assumptions.

Assumption 1 (Innovation Decomposition). For each v, there exists a countable set of global
innovations { Z;(v) }i=1 ».... and an applicability process {{ Ajoa(v)}2_, }iz1.2... such that

Aoa(v) = max Z;(v)Aiea(v). (6)

Assumption 2 (Independence). {{A;.q(v)})  }ic10, . is independent of {Z;(v)}iz1... and

i.i.d. over (i,v).

Assumption 3 (Poisson Innovations). There exists 0 > 0 such that the collection { Z;(v)? }i=1 ...

consists of the points of a Poisson process with intensity measure z~*dz, and is i.i.d. over v.

Assumption 1 defines a structure for technology that can be interpreted as arising from
global innovation and technology adoption. For each good v, there is a countable collec-
tion of technological innovations ¢ = 1,2, ... influencing the marginal product of labor.
These innovations represent physical techniques (i.e. blueprints) for producing a good.
Each innovation i has global productivity Z;(v) and an origin-destination specific appli-
cability component A;,q(v). Its global productivity measures the fundamental efficiency
of the production technique and is identical across all origins and destinations. In turn,
applicability captures origin-destination specific factors that determine the efficiency of

the technique when adopted at origin o to deliver goods to destination d.

The key aspect of Assumption 2 is that it does not impose independence of applicability

across origin countries; instead, it allows for arbitrary patterns of spatial correlation.

Assumption 3 implies that for any interval (a, b], the number of innovations whose global
productivity satisfies a < Z;(v) < b is a Poisson random variable. It also implies that
the distribution of Z;(v) is Pareto with shape parameter #:.'° One can interpret this as-
sumption as arising from a random discovery process as in Eaton and Kortum (1999,
2010). Over time, innovations arrive at a Poisson rate and each innovation represents a
new production technique. The fundamental efficiency of each new technique—its global
productivity—is distributed Pareto. The key distinction here is that rather than assuming

innovations are country specific, we capture the idea that innovations represent physical

10 We have P[Z;(v) > 2] = P[Z;(v)™% < t] for t = =% Then, since {Z;(v)?}i=1.2.... are the points of
a Poisson process with intensity measure 272dz, {Zi(v)b_e}i:m?‘_. are the points of a homogenous poisson
process with intensity of 1, and P[Z;(v) =0 < ] = 3257, Le=t = L = =" Therefore, P[Z;(v) < 2] = 1— "

j=i j! o Tl I

9



methods to produce a good and are globally applicable. Origin countries differentially
load on global productivity via their individual draw of applicability, A;,4(v), and adopt

whichever innovation is most efficient for them.

Theorem 1 (Global Innovation Representation). Productivity, { A,q(v)}Y ., is multivariate

O-Fréchet if and only if it satisfies Assumptions 1, 2, and 3. In this case, we say that productivity

has a global innovation representation.

Let { Ajoq(v) }Y | denote an underlying applicability process. Then the joint productivity distribu-

tion satisfies
P[A1g(v) < aq,..., Ana(v) < an] =exp [—Gd (Tldafe, . ,TNdafVe)} , (7)

where Tyqg = EA;q(v)? for o = 1,..., N are the scale parameters of the marginal distributions
and the correlation function is
Aiod<v)9

d — - 7
G (x1,...,2N) _Eogl?i(zv T To. (8)

Proof. See Appendix C. O

This characterization of productivity establishes primitive assumptions on global tech-
nology that are necessary and sufficient for Fréchet-distributed productivity across origin
countries. The equivalence is a consequence of the spectral representation theorem for
max-stable processes—see De Haan (1984), Penrose (1992), and Schlather (2002).

The result establishes that Fréchet-distributed productivity can always be interpreted as
arising from the applicability of global technologies. Intuitively, both absolute advantage
(the scale parameters) and comparative advantage (the correlation functions) arise from
the adoption of technology and patterns of adoption depend on the ability of exporters to
apply innovations." The result also provides a method to compute scale parameters and
correlation functions of multivariate Fréchet random variables: They are simply moments

of the applicability process.

Concretely, assume that the applicability of individual technologies follows a multivariate

Fréchet distribution across origin countries with symmetric correlation, as in Ramondo

! This global innovation representation connects our static framework to dynamic models of innovation
and knowledge diffusion, such as Buera and Oberfield (2016).

10



and Rodriguez-Clare (2013). Then, the joint distribution of applicability is

N 1-p
]P)[Aild(U) <a,... ,AiLd(U) < aN] =exp |— (Z(Todagé')l/(l—ﬂ)) ’

o=1

where each T, is an origin-destination specific scale parameter and 0 < p < 1 param-
eterizes correlation in applicability across origin countries. We can compute the corre-
lation function for this example using the max-stability property of multivariate Fréchet
distributions in (4). Specifically, for any given vector (ai, ...,an), the random variable
max,—, .y Aioa(v)/a, must be f-Fréchet with scale [S7 | (T,4a;%)"/0=P)]'~*. Since the -

moment of a #-Fréchet random variable is given by its scale parameter, the correlation

N 1 ql-p N 1-p
To \ 1P =
Gd(xla"wa) = [Z (Tode) ] = (Zxo > .

o=1 o=1

function is

This correlation function takes the form of a CES aggregator with the correlation param-
eter p determining the elasticity of substitution. Notice that, in this particular example,
the joint distribution of productivity is identical to the joint distribution of applicability.
Also, when p = 0, we get an additive correlation function, which corresponds to the case
of independence as in EK; and, as p — 1, productivity draws become identical across

countries.

This example, which nests the EK model as a special case, is a useful building block for
generating correlation functions associated with richer Fréchet distributions. We can do

so by simply using the max-stability property and Theorem 1.

Consider a latent (within country) technology adoption decision. In particular, suppose
that applicability of technology i comes from a choice of how to apply innovation i. Let
this choice amount to selecting an application m across M alternatives so that A;,4(v) =
maX,—1,. M Aimod(v). Assume that each application is independent and, under the m’th
application, applicability follows a symmetric multi-variate Fréchet distribution across

origins,

N 1=pm
PlAima(v) < ar,. .., Apva(v) < an) =exp | - (Z(Tmodage)l/(l_p’")> :

o=1

where the parameter 0 < p,, < 1 captures the similarity in applicability across coun-

tries under application m. To calculate the correlation function, we need two interme-

11



diate results. First, due to independence across m, the marginal distributions of A;,(v)

are 0-Fréchet with scale T,; = ZM T,0a- Second, for a fixed m, the random variable

m=1

mod

l_p'm
max,—1. N Aimoa(v) is 0-Fréchet with scale (Zivzl 7Y/ =p ’")> . Independence across m

then implies that the correlation function is

M N 1=pm
d _ . o Lo _ 1/(1=pm)
G (x1,...,xN) = EmE}?f%M ogl?i(N Aimoa(v) 7. Z <Z(Wmod$o) p ) . (9)

m=1 o=1

where wiod = Trnod/Toda = Tinod/ Zn]\f,zl Trn0a- The first equality follows from interchang-
ing the max over o and m in the definition of the correlation function, while the second
equality uses the max-stability property in (4). This example shows how to build tractable
correlation functions from specific assumptions on the structure of technological applica-
bility. In this specific case, we get a cross-nested CES form by incorporating a latent choice
over the application of innovation .2 In Section 5, we present our general aggregation

results.

Summing up, Theorem 1 allows us to relate alternative parametric specifications for the
correlation function to underlying primitive assumptions on the nature of technologi-
cal applicability. When building models based on Fréchet-distributed productivity, one
can either use a particular process for applicability—possibly arising from a model of
innovation—and derive the implied G? using Theorem 1, or, alternatively, directly spec-

ify a correlation function satisfying the restrictions in Definition 2.

2.3 Prices and Trade Shares

We now proceed to characterize import price distributions and expenditure shares under

the assumption that productivity has a global innovation representation.

The minimum marginal cost to deliver a particular variety v to destination d from origin

o1is
W
Aod(U) ’

where W, is the nominal wage in country o. To map our setup into standard variables

Cod(V) = (10)

in the trade literature, we further set notation to separate out different components of

12 In a recent paper, Lashkaripour and Lugovskyy (2017) use a nested Fréchet, with latent factors rep-
resenting firm-specific quality, to generalize EK. Their example fits into the productivity representation in
our Theorem 1.

12



productivity. Define origin country o’s productivity index as

A, =TY? (11)

o0

and the iceberg trade cost from country o to d as

T o\
= 00 ] 1
. (Tod) 12)

The index A, measure a country’s ability to produce goods in their domestic market,

while 7,4, measures efficiency losses associated with delivering goods to market d.

With perfect competition, potential import prices for variety v produced in o and deliv-
ered to d equal its marginal cost, P,4(v) = coq(v). It is notationally convenient to work

with an import price index defined as

T odWo

P, =
d A

: (13)

Then the joint distribution of potential import prices follows from Theorem 1.

Proposition 1 (Potential Import Price Distribution). Suppose productivity has a global inno-
vation representation, and markets are perfectly competitive. Then the joint distribution of prices

presented to destination market d is a multivariate Weibull distribution satisfying"
P[Pig(v) > p1,- .., Pna(v) > pn| = exp [—Gd (Pfd@p(f, . P&gpﬁ,)] )
Proof. See Appendix D. O

The joint distribution of productivity determines the joint distribution of potential im-
port prices. For each origin o, the marginal distribution of prices, P[P,4(v) < p] = 1 —
exp [—P,;’p], is a Weibull distribution with scale parameter equal to the import price in-
dex, P,, and shape parameter of . The dependence structure of prices is summarized

by the correlation function Ge.

Given the distribution of potential import prices, a country imports each variety from the
cheapest source. The previous characterization of the potential import price distribution

leads to the following closed-form results, which generalize Eaton and Kortum (2002).

13 A multivariate Weibull random variable is a random vector (B, ..., Bx) whose marginal distributions

are Weibull: P[B;, < b =1 — e~k for some scale Sj, > 0 and shape ), > 0 across k = 1,..., K. Note that
if (Ay,..., Ay) is 0-Fréchet, then the vector (B;',..., Bx') is multivariate Weibull and its marginals have
common shape ¢, = 0 foreachk =1,..., K.
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Proposition 2 (Generalized EK). Suppose productivity has a global innovation representation

with § > o, and markets are perfectly competitive. Then:

1. The share of varieties that destination d imports from o is

PG,
Mog = ———ot "0 (14)
GU Py - Pyg)
where ; , ,
oG (P, ... Py
Gog = G‘; (Pl_dg, o ,Pjgfl) = ( 1d Nd) : (15)

2. The distribution of prices among goods imported into country d from o is

P[Pog(v) > p | Poa(v) < Pya(v) Yo' #o]=exp [-G* (P7,....Py5)1°];  (16)

3. Total expenditure by country d on goods from country o is

Xod = 7Tocl)(d; and (17)

4. The price index in country d is

Py=~G"(P,....Py5) ", (18)
where y =T (G*T")% and T(+) is the gamma function.
Proof. See Appendix E. O

First, the formula for the expenditure share, 7,4, takes the same form as choice probabili-
ties in GEV discrete choice models (McFadden, 1978), with the import price index taking
the place of choice-specific utility. As a result, this model is equivalent at the aggregate
level to any trade model whose implied import demand system belongs to the GEV class.

We define this class of models and formalize this equivalence in Section 3.

Second, using (14), correlation-adjusted expenditure shares, defined as 7}, = mo4/God,

constitute a gravity system (as defined by ACR),
Innl, =S, — Dg— 0In,, (19)

where S, = 0ln A,/W,and Dy = InGY(P;/,..., Py5).
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Third, as in EK, the distribution of prices among goods actually imported into market
d is identical to the distribution of potential import prices. As a result, we get that ex-
penditures shares are equal to the share of varieties imported into d from o. This result
follows from the properties of multivariate Fréchet distributions shown in Lemma A.2 in

the Appendix.

Finally, the price level in each destination market is determined by the correlation func-
tion, G?. In the trade context, this function can be interpreted as an aggregator that de-
tines the welfare-relevant price index. In analogy to the discrete choice literature, welfare

calculations depend crucially on the specification of this function.!*

3 GEV Import Demand Systems

Which macro substitution patterns can be rationalized by this theory? To answer this
question, we first establish, in Corollary 1, that the Ricardian model with multivariate
Fréchet productivity implies expenditure shares that match choice probabilities in GEV
discrete choice models (McFadden, 1978). Dagsvik (1995) shows that GEV random util-
ity models are dense in the space of all random utility models. We adapt this result to
our context—which differs because variety-level demand is CES—and establish that the
demand systems generated by the Ricardian model with Fréchet distributed productivity
can approximate any demand system generated by heterogenous (i.e. stochastic) produc-
tivity. That is, our framework allows us to describe all import demand systems consistent
with Ricardian trade, under the assumptions of constant returns to scale in production,

competitive markets, and a single productive factor in each country.

First, we define an import demand system for destination d as a collection of expenditure
share functions {m,}2_, such that for eacho = 1,..., N the function 74 : RY xRy — [0, 1]
is homogenous of degree zero and for any vector of import prices Py = (Pig, ..., Pya) €
RY and level of expenditure X,; > 0, S Toa(Pa, Xg) = 1.

Next, we define the class of GEV import demand systems.

Definition 3 (GEV Import Demand System). A generalized extreme value (GEV) import de-

mand system for destination d is an import demand system such that there exists a shape parameter

14 Note that, unlike the discrete choice literature, the central distributional restriction captured in As-
sumption 3 is on a cardinal rather than an ordinal quantity. Unlike latent utility, productivity is, in principle,
a measurable quantity.
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6 > 0, and a correlation function G* satisfying

PIGYPY, ... Py

TP Xa) = = Caip= ooy
1d >+ >+ Nd

: (20)
forallo=1,... N.

As mentioned above, this specification for expenditure shares is closely related to the
functional form for choice probabilities in GEV discrete choice models. It differs slightly
in that our correlation function is a restricted version of the social surplus function in GEV
models due to our normalization restriction in Definition 2. Note that the GEV class of
import demand systems is homothetic since expenditure shares do not depend on overall

expenditure.

An important class of models within the GEV class are CES import demand systems, as

in EK and ACR. These models come from specifying an additive correlation function,

GHay, ..., on) = Z(])V:l z,, and have import demand shares of the form
P—9
71'od(Pd,Xal) = ;d_~
Zi\le Po’z?

These models lead to a gravity system at the macro level and include workhorse models
of trade, such as Armington, Melitz, and EK (see Arkolakis et al., 2012).

The GEV class, however, is much larger than the CES class. For example, consider the

cross-nested CES specification for the correlation function that we derived in Section 2.2:

M N L=pm
G, an) =Y (Z(wmodxo>l/<1-w> | (21)

m=1 \o=1

The parameter 0 < p,, < 1 measures correlation across origin countries in technological
applicability under application m, while w,,,; measures the comparative advantage of

each application. The import demand system implied by this correlation function is

M __0 —0
Pmod) 1=pm P d
ot = _ md 2
‘ Z<Pmd St Pt )

m=1
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_1
where P,,,q = w,,’,Poq, and (with a slight abuse of notation)

N ) — [
> (Panod)” ”m] : (23)

The first fraction on the right-hand side represents the probability of importing from
country o given that it chose application m. Due to correlation in applicability across
countries under m, this conditional probability has an elasticity of substitution of —6/(1 —
pm) in origin o’s price for m-application goods relative to the destination market price
index P,,4."° The second fraction on the right-hand side represents the probability of im-
porting m-goods from any country. Due to independence in applicability across m’s, the
elasticity of substitution between them is simply —6. This example further shows that we
can build macro-level import demand systems from underlying micro-foundations for

technological applicability, a result that we formalize in Section 5.

Returning to the general GEV formulation in (20), if we take import price indices as be-
ing P,y = 7,aW,/A,, the import demand system implies expenditure shares as in (14) in
Proposition 2; that is, they match the Ricardian model in which the productivity has a

global innovation representation. Together with Theorem 1, we get the following result.

Corollary 1 (GEV Equivalence). The class of GEV import demand systems is identical to the
set of import demand systems generated by assuming that productivity has a global innovation

representation.

The GEV class is generated by correlation functions, and correlation functions can always
be constructed using the global innovation representation in Theorem 1. In other words,
the GEV class is equivalent to the Ricardian model with a global innovation representa-

tion of productivity.

Importantly, a direct implication is that the Ricardian model can rationalize many exist-
ing trade models that fall into the GEV class of import demand systems. For example,
sectoral models (Costinot et al., 2012; Costinot and Rodriguez-Clare, 2014; Caliendo and
Parro, 2015; Ossa, 2015; Levchenko and Zhang, 2016), multinational production mod-
els (Ramondo and Rodriguez-Clare, 2013; Tintelnot, 2017), global value chains models
(Antras et al., 2017), and models of trade with domestic geography (Fajgelbaum and Red-
ding, 2014; Ramondo et al., 2016; Redding, 2016) are all cases of a cross-nested CES import

15 As correlation in applicability under m becomes perfect (p,, — 1), countries become perfectly substi-
tutable at delivering goods produced under m.
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demand system.'® In our empirical application in Section 6 we also use a cross-nested CES

specification and interpret the latent factor m as a sector.

In fact, we can push the result in Corollary 1 one step further by adapting results from the
discrete choice literature. We know that GEV random utility models are dense in the space
of all random utility models (Dagsvik, 1995). This result for choice probabilities does not
directly apply since our model features CES demand at the variety level. However, an
analogous result holds. The set of import demand systems generated by any Ricardian
model—without restricting to Fréchet productivity distributions—can be approximated

arbitrarily well by the class of GEV import demand systems.

Proposition 3 (GEV Approximation). Let {A,q4(v)}2., be a multivariate random variable for
productivity whose marginals have finite moment of order . Then for price indices defined by

Poq = E[(W,/Aoa(v)) 0], the import demand system generated by the Ricardian model is

E [(Poa/Uod(v)) ™71 { Poa/Uoa(v) = ming—i, . n Pya/Uya(v)}]

wd(Pa, Xq) = -
T d( d d> E [(mino/zly'“’N Po/d/Uo/d(U)> U]

for Uyg(v) = Apq(v)/E[Amq(v)7]V7.
Also, for any compact K C RY and any e > 0, there exists a shape parameter § > o, and

correlation function G* such that

pPrlqipt, ... Py
sup 7Tod<Pda Xd) _ T od ; 0(_9103 _gNd)
P,eK G(Pld""7PNd)

< €.

Proof. See Appendix F. O

The key implication is that any import demand system generated by the Ricardian trade

16 Consider the model of multinational production in Ramondo and Rodriguez-Clare (2013). Relabel the
latent factor dimension m of the cross-nested CES in (21) to correspond to the home country ¢ of the multi-
national producing a given good. Define productivity and multinational production inefficiency indices 7;
and h;, such that w;,q = 1 P (hiyAs) Y. Then,

N

1—ps
(.. =27 (Z hig o)~/ (=p) /0= fh) .
o=1

—(1—pi)/0
Define the cost index for multinationals from home country i as ¢;q = (Ziv: 1 (hio WOTod)_‘)/ (1_“)) .

The expenditure share on goods produces in o for d is

Tc*G o Woteq) 0/ (1=p0)
Tod = Zﬂ'zod = Z e ( 2) T
i=1 im1 2uir=1LirCirg Qo= 1(hzo WorTora)™ pi

This import demand system matches the one of Ramondo and Rodriguez-Clare (2013) for p; = p, for all 4.
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model can be approximated by a Ricardian trade model where productivity follows a
global innovation process. In fact, the class of cross-nested CES models—which we use in
our empirical application—can approximate any GEV model (Fosgerau et al., 2013) and
by extension any Ricardian model."” Put simply, our framework encompasses the full

macroeconomic implications of Ricardian trade theory.

4 Macro Counterfactuals

We show that heterogeneity in correlation leads to heterogeneity in the gains from trade
and how it affects the calculation of any (counterfactual) departure from the current equi-
librium. It turns out that calculations for a GEV demand system are virtually identical,
after a correction for correlation, to the calculations in ACR for trade models with CES
import demand systems. The correlation correction only requires data on expenditure
shares across countries, preserving the simplicity of the ACR gains from trade calcula-

tion.

Using the expression for the price index in (18), we can write the real wage in each country

as
Wy

I
From (14), the self-trade share is

VIW,GHPL .. PO (24)

(Wd/Ad)_eGdd

Tad = - NS (25)
GUP, ..., Pyl
from which we can write the real wage in country d as
Wa -1 Tdd 0
— =7 A = . 26
o= () 26)

Let # = 2'/x denote the change from z to 2’ in an equilibrium outcome due to some
change in fundamentals. Using (26), it is straightforward to show that the change in real

wages between two equilibria is given by

Wa _ Wy/P;
P, Wa/Py
7 In that regard, the cross-nested CES specification can arbitrarily approximate the mixed-CES import

demand system used in Adao et al. (2017). Their empirical application can be interpreted as arising from
some underlying Ricardian model.

D=

= (aa) 7 (27)
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where 7}, = m44/Gaa is the correlation-adjusted trade share. That is, for any trade model
that implies a GEV import demand system, a (log) change in equilibrium real wages—
triggered by some shock to the model’s parameters—is proportional to the (log) change
in the correlation-adjusted self-trade share, with the factor of proportionally given by the

trade elasticity.

4.1 Gains From Trade: Autarky

What are the consequences of correlation in technology for the gains from trade relative
to autarky? Intuitively, if two countries have identical idiosyncratic productivity draws
across varieties, with their average productivity determining the cost of labor, they will
offer each other identical prices across varieties, and there is no scope for trade between
them. This intuition captures the second part of Ricardo’s insight —-countries with simi-

lar production possibilities gain less from trading with each other.

In autarky, country d purchases only their own goods and so 744 = 1. Moreover, as
Tod — 00O, PJdQ — 0 for o # d. As aresult, G4 = l—intuitively, correlation with other

countries is irrelevant in autarky. Therefore, real wages in autarky are

Wd Autarky .
— =7 Ag. 2
(%) = 28)
Comparing the real wage in (26) to this counterfactual autarky real wage gives the fol-

lowing result for the gains from trade.

Proposition 4 (Gains From Trade). Consider a trade model that implies a GEV import demand

system with import price indices satisfying P,q = 1,aW,/A,. Then the gains from trade relative

(Wa/Fy) dd

to autarky are

=

Proof. See Appendix G. O

This proposition generalizes the results of ACR to the class of models with GEV demand
systems. Yet, the simplicity of ACR is preserved after adjusting self-trade shares for cor-

relation in technology.

This correlation correction is related to the elasticity of country d’s price index to their

own wages and related to their real marginal cost of production. Using (14), the self-trade
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share is just the elasticity of a country’s price index to their own wages,

OmGUP,....,Py5)  0mP’ 9P
Oln P,/ C 0ln(Wy/Ay)~0  OlnW,

Tdd =

which is not surprising given that the correlation function acts as a price aggregator and
determines a country’s price level, as specified in (18). As a result, this elasticity is linked

to the real marginal cost of production and the correlation-correction term via self trade:

oW, TGPl POy

P, P0G B (7 W, /Ad) -

With a CES demand system, such as in the EK model with zero correlation in technol-
ogy, Gqa = 1, and the gains from trade in (29) simplify to the ones in ACR: Two coun-
tries with the same self trade share have the same gains from trade relative to autarky.
The restriction to uncorrelated technology imposes that a country’s real marginal cost of
(Wa/Aa)/ Py is log-proportional to the elasticity of prices to wages 0 In P,;/0 In W;. It is this
restriction—summarized by Gy = 1—which leads to the ACR result for the gains from
trade. Allowing for correlation in technology breaks this tight link, and G4 is precisely
the quantity needed to calculate the gains from trade without imposing this structural
relationship between the elasticity of prices to wages and a country’s real marginal cost
of production.

The expression in (29) suggests that if a country has very similar technology to all other
countries—i.e., high correlation—the gains from trade will be small—and smaller than
the ones implied by only considering its self trade share. In contrast, if its technology
is very dissimilar to other countries—i.e., low correlation—the gains from trade will be
large—and larger than the gains implied by only considering self trade shares. With a
simple correlation correction to self trade shares, our general framework captures Ri-

cardo’s second insight on the heterogeneity of gains from trade across countries.

To gain intuition on how heterogenous correlation in technology implies heterogeneity in

the gains from trade, consider a three-country world with correlation function given by
d Y(i-p) 4 1/0-p)) "
G(x1, 2, 23) = <a:1 + 2, ) + x3,
which implies that the joint distribution of productivity across countries is
1 1 1-p
P[Ald(v) S as, Agd(v) S &Q,Agd(v) S ag] = exXp {— ((Tld&l_e)ﬁ + (ngage)ﬂ> + ngage} .
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We think of countries 1 and 2 as technological peers, with the parameter p measuring the
degree of correlation in their technology. Country 3’s productivity is uncorrelated with

productivity in countries 1 and 2. Then,
-P
Goa = (P 4+ PP TR for 0=1,2 and G =1,

Given that 7,4 = P(;fGod/Gd(P;f, P{f, ng), we can take the ratio G14/G2qg = (m1a/m24)",
which implies that

o
Goqg = (&> for o=1,2.

T1d + T2d

As a result, the gains from trade are

GT; = [ﬂcll;p (714 + ng)p} 7 for d=1,2 and GT3= 7T3_3é.

The gains from trade for countries 1 and 2 depend on the degree of correlation in tech-
nology, while the gains from trade for country 3 are pinned down by their self-trade
share. The corrected self-trade shares for country 1 and 2 end up being a Cobb-Douglas
combination—with weight given by p—between each country’s expenditure share on
their own goods and on the combination of their own goods with their peer’s goods.
The later can be interpreted as the self-trade share if countries 1 and 2 were combined
into a single country. When correlation in technology is zero (p = 0), a correlation correc-
tion is unnecessary; for positive correlation, the correction increases effective self-trade
and implies lower gains from trade; and for perfect correlation (p = 1), the two coun-
tries are effectively a single country and it is their combined self trade that is relevant for

calculating the gains from trade.

4.2 Calculating the Correlation Correction

To make the necessary adjustment for correlated technology, we need to know the corre-
lation structure across countries — which requires estimation of G?. Given the correlation
function, we can then calculate the gains from trade directly from expenditure data. The
procedure requires solving a system of equations in the correlation-adjusted expenditures

shares, 7}, given expenditure share data, 7.

For each destination d, we can write the definition of the partial derivative of the cor-

relation function in its o’'th argument evaluated at the competitiveness of all origins in
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destination d as
Goa = GUPL, ..., Py8) for o=1,...,N.

This is a system of N equations, and each equation in this system is the definition of the
correlation correction G,4. From (14) in Proposition 2, Pojia x 77, across o for each d. Since
G%(x1,...,zn) is homogenous of degree zero, we can use this proportionality to re-write

the system in terms of the correlation-adjusted expenditure shares as
Tod = TigGh (Thyy - Thg) for o=1,... N. (30)

This expression is an identity: When we evaluate the derivative of the correlation function
at the correlation-adjusted expenditure shares, we get the correlation correction. Writing
the system in this way is useful because, for observed expenditure share data, it gives
us a system of N equations in the N unknown correlation-adjusted expenditure shares.

Performing the adjustment for correlation amounts to solving this system.'®

Given the correlation function G¢, this result establishes that calculating the gains from
trade only requires expenditure share data.”” We can relax the assumption of indepen-
dence, depart from CES demand systems, and calculate the gains from trade using the
same data as ACR. For the gains from trade relative to autarky, we can directly apply
Proposition 4. To calculate the gains from moving from any given equilibrium to any
counterfactual equilibrium, we can solve the system in (30) and then apply hat-algebra

methods—as explained in Section 4.3.

18 Note that the correlation adjustment is well defined. The mapping from RY to RY, defined by the
right-hand side of the system in (30), satisfies strict gross substitutability and is homogenous of degree one.
As a result, it is injective (see, for instance, Berry et al., 2013) and there is a unique solution for {7,}2 ,,

- N
given {moq}o1-

YFor an example that delivers closed-form solutions for correlation-adjusted trade shares, consider an
iso-elastic import demand system. Following Hanoch (1975) and Sato (1977), let G%(z1, . .., xx) be specified

as an implicit function satisfying
N 1
T, 1—po
1= S — :
> ()
The gains from trade, after some algebra, are given by
1—py

1— -
GTy = < pd?Tdd) ,
1 — pa

where pg = 2521 PnTnd is d's expenditure-weighted exposure to the correlation of its trading partners. This
expression for the gains from trade incorporates an elasticity adjustment and a level adjustment relative to
ACR. Together, they imply that more correlation in technology reduces the gains from trade—formalizing,
again, Ricardo’s second insight. The gains from trade, relative to autarky, can now be different for countries
with the same self-trade share.
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4.3 Exact Hat-Algebra

We now show how to apply exact hat-algebra methods to solve for a change from the
current (observed) equilibrium to any counterfactual equilibrium. First, we describe the
model’s equilibrium and establish existence and uniqueness. Then, we show that exact

hat-algebra methods can be used, as in ACR, to solve for the equilibrium.

Definition 4 (Competitive Equilibrium). Given endowments { L, })__,, productivities { A, }Y_,,

trade costs {7oq}} 4y, trade imbalances {T By} ,_,, and correlation functions {G}),, a competi-

N
o=1s

tive equilibrium consists of wages {W,}_,, and expenditure shares {moq}},_, such that

1. Expenditure shares satisfy

PAGYP L, ..., Py
GUP, ..., Py

for P, =

Tod =

2. The labor market in o clears

N
WOLO = Zﬂ-odXd; and
d=1

3. The resource constraint in each destination d holds

Wde = Yd = Xd + TBd

The import demand system implies an excess demand system for labor that satisfies strict
gross substitutability. Since this system is homogenous of degree one and satisfies Walras’
law, the existence and uniqueness of equilibrium follows from standard results in general

equilibrium theory.

Proposition 5 (Existence and Uniqueness). Assume that expenditure in each country is al-
ways strictly positive, productivity follows a global innovation process, and markets are perfectly
competitive. Then, there exists an competitive equilibrium. The equilibrium is unique up to a

normalization—i.e., the choice of numeraire—and can be found using a tatonnement process.
Proof. See Appendix H. O

Next, we solve for the equilibrium using exact hat-algebra methods (see Costinot and

Rodriguez-Clare, 2014). First, we use the results of the previous section to solve for
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correlation-adjusted trade shares, given the structure of G* and data on bilateral expen-

diture,

% d( __* *
Tod = ToqGo(Tias - - - Tha)-

Then, for a given counterfactual shock—e.g., {7,a}}/;_;,—we solve for {Wo}f)vzl from

TodTod Wde—TBd) foreach o=1,...,N,

|M2

where Eo =1, @d =1,

A—G D=0 __x
~ Py, (Pld T PnaTha)
od’tod Gd D—6__x D—0__x
(Prg Tigs - - NdTrNd)

and ﬁod = ?Od/T/IZ, / Eo. Proposition 5 ensures that the equilibrium is unique up to a choice of
numeraire, and we can use a tatonnement process to solve for the equilibrium, following
Alvarez and Lucas (2007).

5 Aggregation

This section provides a set of aggregation results that let us link the macro trade model
we have studied so far to underlying micro trade models. Our aggregation results fol-
low directly from Definition 1: max-linear combinations of multivariate Fréchet random
variables give multivariate Fréchet random variables. This property implies that we can
aggregate micro models built on optimizing behavior and multivariate Fréchet produc-
tivity to get equivalent macro models where productivity is also multivariate Fréchet. Put
differently, the macro-level scale parameters and macro-level correlation functions char-
acterizing the multivariate Fréchet are a result of the underlying micro structure. Our
example in Section 2 in which we used a correlation function with a cross-nested CES
structure illustrated this aggregation result. As also mentioned in Section 3, many exist-
ing trade models have this cross-nested CES structure in which the latent factors take the

form of sectors, regions, or the home country of firm.

We formalize our aggregation result in the following proposition.

Proposition 6 (Aggregation of Productivity Process). Consider a model with M, micro fac-
tors within each origin o = 1,..., N. Let micro productivity, {{An.q(v)}}° YN |, have a global

innovation representation with 0 > o and underlying applicability process {{ Aimoa(v) e 1N
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Denote the associated micro scale parameters by {{T},oa Y2, YN | and micro correlation function
by F1.RY o x RYY 5 R,

Then the implied macro productivity defined by A,q(v) = max,,—1,. m, Amoea(v) for each o =

-----

1,..., N also has a global innovation representation. It's underlying applicability, {Aipa(v)}Y,,
satisfies Ajpq(v) = max,,—1._m, Aimoda(v). The macro scale parameters are, foreacho =1,..., N,

Toq = Fd (017 s 700717T0d700+17 SRR ON) = FOd<Tod)

where 0, is the zero vector of length M, and Toq = (Tied, - - - Tar,oa). The function F°¢ is o's

within-country micro correlation function. The macro correlation function is

Gd(l’l, e ,$N) = Fd<91dl’1, ceey QNde)

where, for each o = 1,...,N, Qoq = (Wiods - - - ;Wi 0a) IS an aggregation weight vector with
elements wWyoa = Tnoa/Tod for eachm =1,..., M,.
Proof. See Appendix L. O

This aggregation result is a direct implication of the global innovation representation in
Theorem 1 and the max-stability property. It states that we can relate a given macro
model with a global innovation representation to an underlying micro model in which
productivity also has a global innovation representation. The link between the micro
and macro levels comes from maximization of productivity across within-country micro

factors.

Two important consequences of the aggregation result are that it gives a model-consistent
way to incorporating micro level trade cost data into macro models, and that it produces

aggregate expenditure shares belonging to the GEV class, as we show next.

Corollary 2 (Aggregation of Productivity and Trade Cost Indices). Suppose the hypotheses
and notation of Proposition 6 hold. Foreacho =1,...,Nandm = 1,..., M,, we can calculate

the scale parameter T,,,,q from observed absolute advantage T,,., and trade costs T4,
Trnod = TrnooTemod-
We can then aggqregate the scale parameters using the within-country micro correlation functions
Toa = F*' (Tog) with Tog = (Tiods- - -, Thtoa)-
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Finally, the implied macro productivity and macro trade cost indices are, respectively,

1/60
Ao = Tl/o and Tod = Too : .
00 T

A similar aggregation result can be obtained for micro-level expenditure shares.

Corollary 3 (Aggregation of Expenditure Shares). Suppose that the hypotheses and notation
of Proposition 6 hold. Suppose that markets are perfectly competitive. For a macro productivity A,
and trade cost indices 1,4 from Corollary 2, define an import price index P,q = 1,4W,/A,. Micro

expenditure shares are

. Wimod Py Fiby (1P, .. QnaPyy)
mod — _ _
Fa QP ... QP

for m=1,...,M, and o=1,...,N

where F2 (Xy,...,Xy) = :2-F4Xy, ..., Xy). The implied macro expenditure shares are

— O0Tmeo

M, -0 vd( p—0 -9
PGP ,..., P

WodEE Tmod = Odd (791‘1 79Nd) for o=1,... N.
— GUP ..., Pyy)

This result states that the implications of an aggregated micro model are identical to the
implications of a macro model. That is, we can pass seamlessly between the micro and
macro levels. As a result, we can use micro level estimation to measure the micro cor-
relation function, micro productivity, and micro trade cost indices. Then, we can use
these aggregation results to derive the macro correlation function, macro productivity,
and macro trade cost indices. From there, we can perform macro counterfactual analysis
using the results in Section 4.1. These results also enables us to consider which Ricardian
micro-foundations might generate macro substitution patterns associated with particular

GEV import demand systems—as in Section 3.

Appendix ] presents a series of extensions that incorporate micro-foundations underlying
widely-used trade models. In particular, we consider demand side factors as in Arming-
ton (Anderson, 1979); global value chains (Antras et al., 2017); and heterogenous firms
(Melitz, 2003; Chaney, 2008). These extensions help to clarify what restrictions are neces-

sary to have micro and macro import demand systems in the GEV class.
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6 Application: Multi-Sector Model of Trade

We now present—and estimate—an application of our framework with a flexible correla-
tion structure. We work with a cross-nested CES correlation structure in which the micro
factors are given by sectors. This application is appealing for several reasons: First, it rep-
resents a common extension of the EK model of trade; second, it clearly illustrates how
a micro structure aggregates into the Ricardian macro structure of Section 2; and finally,
since gravity holds at the sector level, we can estimate the macro correlation function—

that rationalizes the aggregated sector-level data—using gravity equations.

Assume that the correlation function takes a a cross-nested CES form,

s=1 o=1

s N L=ps
Gd(xI, e )':UN) — Z <Z<w50dxo)1/(1_p3)> .

The outer sum captures the factors—i.e., sectors in this case—that induce correlation
across origins. The parameter p, measures the degree of correlation across origin coun-
tries in each sector s, while w,,; measures the extent to which sector s matters for trade
flows from o to d—i.e., it reflects sectoral trade costs and comparative advantage. To sat-

isfied the normalization property for correlation functions in Definition 2, we impose that
D ost Weod = 1.

6.1 Sectoral Gravity

We implement a two-step procedure to estimate the correlation function and the pa-
rameter ¢. This amounts to first estimating a within-sector demand system, and then

a between-sector demand system.

Using the results in Section 3, define o, = 0/(1 — ps), Psoa = (wsodP;de)‘l/ % and P, =

(N, P{;gs)ffrfls. Expenditure shares at the sector level are

Psod o Psd ?
sod — y 1
oo (Psd) (’ypd) (3)

with P; the aggregate price index in country d. Summing over origins o’s, we get that

P\’
;wsod - < Pj) : (32)
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so that

SO PSO o
Msod :( d> . (33)

Tsod =
Zo Tsod Psd

Taking logs in (33), and using that Ps,; = W,Tsa/Aso, We get a sectoral gravity equation,

W,
Inz,y = —0sln 1 os,In Py — o,In7y04. (34)

We assume that trade costs take the following log-linear form,

InTyoq = In 7y + In(1 + t50q) + 0.Ge€00q + uiod + ugd, (35)

1

where u,,,

is orthogonal to u?,—i.e. mean zero across origins, o, conditional on a sector
destination pair, sd. t,,q are bilateral sectoral measures of trade costs, such as freight costs

and tariffs, and Geo,q are other (bilateral) geography covariates.

In a first step, substituting (35) into (34), we use variation in observed trade costs over

origins to estimate the sectoral elasticity of substitution, o, from

In Lsod = Qso T /Bsd — Og 1Il<1 + tsod) + 6;0d7 (36)
where ay, = —0sIn W, /Ay, Bsa = —0s(In Pyy — 74 — u?;) are, respectively, a sector-origin
and a sector-destination fixed effect, and €} , = —ou! ;. The identification assumption in

this regression is that In(1+t,,4) is orthogonal to the residual u} , in the origin dimension,

conditional on sector-origin effects, sector-destination effects, and geography.

In a second step, we estimate # using (32), our assumption on trade costs, and our first-

step estimates. First, using (33), we can write relative prices as

Ps Ps Pso 1 o
¢ =% 1 d:—lnxsod—lnw

1 -
" Pd Psod Pd Os Aso

—In Tsod + In Pd. (37)

Replacing (35) in (37) and further substituting in (32), we can identify ¢ from

0
INYeg = —— N Fyoq + Aso + by + 00.Geopq + 0 In(1 4 tq) + €2, (38)

s

where ysg = Y, Tsoay M Zsoq = In 2500 — 051t (.. the predicted value coming from the
first stage gravity regression), a5, = 0 In W, /A, by = 0(In 7y — In Py), and €2, = Ou?2,. This
specification is a gravity regression with sector-origin and destination effects and the ad-

ditional first-stage control In z,,4. The estimate of 6 is consistent as long as this control
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Figure 1: Estimates of Sectoral Elasticities, o, OLS.
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Notes: Results from estimating (39) by OLS. Point estimates and 95% confidence intervals shown.

is included; the identification assumption is that In(1 + ¢5,4) is orthogonal to u?2,, condi-
tional on sector-origin effects, destination-specific effects, geography, and the predicted
tirst-stage left-hand side variable. Notice that the control z,,; depends on the structural
residual u?, so that its coefficient would give a biased estimate of 6. That is why we use

variation in observed trade costs across sectors to estimate the trade elasticity.

We use data on trade flows and freight costs from Adao et al. (2017). The data contain 36
countries plus the rest of the world, and 16 sectors. Data for freight costs are available for
two importers only, Australia and the United States. We restrict the period to 1995-2006.

Gravity covariates are from CEPIL

Pooling the data over years, we first estimate, by OLS, the following sectoral gravity

equation
Acl In Lgodt = Adﬁsdt - UsAd hl(l + tsodt) - Us(sfgtAdGeood + Adﬁiodt? (39)

where A, denotes the difference between d = AUS and d = USA. Figure 1 summarizes

the estimates for the sectoral elasticity of substitution, o.

We can also use (39) to estimate the CES model. Under the assumption of zero correla-

tion (G4g = 1 and p, = 0)—i.e. the ACR case—we have o, = 0. Pooling the data over
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Table 1: Estimates of the Trade Elasticity ¢, OLS.

No correlation (G4g = 1) || Correlation (Ggg # 1)
Dep variable Aln x g Aln ygq
(1) ) B | @ ) (6)
0 2194 2.101 2.328 .055 .150 313
(872)**  (.929)* (1.063)** (030)*  (046)***  (.040)***
AlnZgpq /05 .005 104 272
(002)*  (031)***  (.029)***
Share border 2209 3.311 3.027 -002 -123 -365
(599)=**  (640)***  (.976)%** (002)  (051)**  (.042)***
Log Distance -.355 524 505 -002 -011 -117
(.190)* (.343) (422) (001)* (010)  (.022)***
Year & Sector Effects e v v v v
Year-Sector Effects v
Year & Sector-Covariate Interactions v v
Year-Sector-Covariate Interactions v v
Obs. 5,880 5,880 5,880 5920 5,920 5,920
R? .39 44 46 .93 .93 .97

Notes: Results from estimating (40) by OLS. Standard errors in parenthesis, clustered by exporter country in
(1)-(3) and by sector in (4)-(6), with levels of significance denoted by *** p < 0.01, and ** p < 0.05 and * p<0.1.

sectors, we estimate §°>—the CES trade elasticity. Columns 1-3 in Table 1 present these
estimates. In the following section, we use the estimate in column 3 of §°** = 2.328 for our

counterfactual exercises using the CES model.

To get an estimate of  for the cross-nested model with heterogenous correlation across
sectors, we estimate through OLS the following gravity equation, pooling again the data

over years,

0
AgInyeq = _J_Ad I Zgoar + OAGI(1 + tooar) + AgBar + 64 MaGe00q + Ayl g, (40)

for differences between d = AUS and d = USA. The final three columns of Table 1
show the results. Our preferred estimate is in column 6, § = 0.313. Sectoral correlations
are simply calculated using the definition of o,, and the restriction that p, > 0, p, =

max(0,1 — U%), for all 5.2

20 The sectoral models in Arkolakis et al. (2012), Costinot and Rodriguez-Clare (2014), and Caliendo and
Parro (2015) have Cobb-Douglas expenditure shares across sectors within each destination country. As a
result, they are limiting cases of the cross-nested CES model as § — 0.
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6.2 Macro Counterfactuals and the Role of Correlation

Armed with estimates for # and p,, we use the bilateral sectoral data for the 36 countries

in the sample, for each year, and construct estimates of the gains from trade,

1

—9
GTC[ — <Zs 71-sdd> 7 (41)

Gaa
and the correlation-correction term,
s
G = 1_% YRS (42)
Zs 7Tscld (Zo 7T50d)

Figure 2 shows the results, by country, for 2006. Panel (2a) compares the gains from
trade calculated under our cross-nested CES specification against the gains from trade
calculated using CES. That is, we compare GTSY = (744/Gaa)~V/? and GTES = W;dl/ o

with 8 = 0.313 and 6°¢° = 2.328.

Correcting the gains from trade for correlation implies gains that do not have a one-to-one
mapping to self trade shares; two countries with the same level of openness can now have
very different gains from trade. Panel (2b) makes this point even clearer: For instance,
while under CES, Korea (KOR) and Mexico (MEX) would have the same gains from trade,
correcting those gains for correlation entails gains that are 40 percent higher for Korea.
Additionally our calculations suggest that, for individual countries, the corrected gains
from trade can be substantially different from the ones without the correction. In the case
of Lithuania (LTU), gains from trade under CES are less than 20 percent, but they are
above 30 percent when the correlation correction is considered. By contrast, Ireland (IRL)
would have gains of around 12 percent with the correlation correction, around eight-
percentage points lower than the gains dictated by its self-trade share. Appendix Figures
K.1 and K.2 show the results by year, for all years.

The heterogeneity observed in the gains from trade, and that is not captured by self trade,
relates precisely to Ricardo’s insight: Countries with higher gains should be countries that
are specialized in sectors that present low correlation with —i.e., more dissimilar to—the
ones of their trading partners. We explore the source of heterogeneity in the gains from
trade by linking it the to specialization patterns of countries. To such end, we use Balassa

revealed-comparative-advantage (RCA) indices, constructed at the sector-country-year
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Figure 2: Gains from Trade, 2006.
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level,

Xso ’ Xs/o

RCA,,, = Zd dt/ Zs dt dt : (43)
Zo’d Xsoldt/ Zs’o’d Xsoat

and use them as weights to aggregate, by country and year, our sectoral estimates of the

correlation parameters, ps,

RCA
RCA __ § sdt
Pt psz RCA /dt (44)

We call the expression in (44) the RCA-weighted correlation index. The interpretation is
very intuitive: High RC A,,, indices in high correlation sectors (i.e., high p,) implies a high

RCA
Pat -

Figure 3 shows our RCA-weighted correlation index against self trade, by country, for
1996 and 2006. First, consider again the case of Ireland (IRL) and Lithuania (LTU), for
2006. These two countries have very similar self trade shares, which under a CES de-
mand system would imply very similar gains. However, their sectoral trade patterns are
very different: While Ireland specializes in sectors which are correlated with those of its
trading partners (pfi5/% s = 0.91), Lithuania specializes in sectors with a lower correla-
tion (pf900s = 0.73). The lower correlation index for Lithuania materializes in gains
from trade that are 120 percent higher than the gains observed for Ireland. Appendix

Figure K.3 shows the results by year, for all years.

Differences in specialization patterns imply not only differences in the gains from trade—
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Figure 3: RCA-Weighted Correlation Index, selected years.
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that go beyond differences captured by self trade—in the cross section of countries, but
also differences in the gains from trade across time, for each country. The presence of
correlation represents a key channel through which the gains from trade change with
a country’s comparative advantage patterns. As documented by Hanson et al. (2015),
the churning in comparative advantage for individual countries across time is extremely
dynamic. In the same vein, Figure 4 links the evolution of specialization patterns, for
selected countries, to our RCA-weighted correlation index. Reflecting the ever-evolving
pattern of comparative advantage, a country’s correlation structure with trading partners
can drastically change year by year, and with it, the gains from trade. Appendix Figure

K.4 shows the results by country, for all countries.

While Figure 3 shows the link between the RCA-weighted correlation index and self trade
for the cross of countries in our sample, Figure 5 shows that relation across time, for se-
lected countries. While for a country like the United States, the changes in the gains
from trade are captured fairly well by the changes in self trade shares, for the Baltic Re-
publics, for instance, changes in their sectoral specialization patterns, which is reflected in
changes in the correlation index, can have large impacts in the calculations of their gains
from trade in the time series. Heterogeneity in the gains from trade across time, coming
from the correlation channel, seems to be important. Appendix Figure K.5 presents the

results for each country in our sample.

The negative correlation between the RCA-weighted correlation index and the gains from
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Figure 4: Evolution of RCA-Weighted Correlation Index, selected countries.
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trade is confirmed by running an OLS regression of the gains from trade, GT;; and the cor-
relation correlation, G 44, alternately, on the RCA-weighted correlation index, p5¢4 and
self trade shares, m44;. Results in Table 2 confirm that the correlation index is significantly
and negatively related to the correlation-correction term and to the gains from trade, re-
spectively, across countries within a year (columns 2 and 6, respectively). However, the
relation is not significant after including country fixed effects, indicating that, once we
control by self trade, the RCA-weighted correlation index does not explain variation over

time within a given country in either the correlation correction or the gains from trade.

7 Conclusions

This paper is motivated by the old Ricardian idea that a country gains the most from
trading with those countries that are technologically less similar. We argue that Ricardo’s
insight is absent from the canonical Ricardian model of trade and develop a theory of

trade that allows for arbitrary patterns of correlation in technology between countries.
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Figure 5: RCA-Weighted Correlation Index and Self Trade Shares, selected countries.
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We start from technology primitives that generate a multivariate Fréchet Ricardian model
with a general correlation structure and yet preserve all the tractability of EK-type tools.
Importantly, our representation of productivity is equivalent to the entire class of GEV
import demand systems and, as such, approximates any Ricardian model—not only the

ones with Fréchet-distributed productivity.

We show that the gains from trade coming from a GEV import demand system can be
written as a simple correction to self trade shares—i.e. the CES case. Moreover, the the-
ory, by relating macro substitutability patterns to underlying micro structures, provides

guidance on incorporating standard micro estimates into macro counterfactual exercises.

Our empirical application to a multi-sector model of trade reveals that the adjustment
implied by our correlation structure matters: Gains are much more heterogeneous across
countries, and within countries across time, than without the correlation adjustment. By
capturing Ricardo’s insight, our approach has the potential of changing other quantitative

results in literatures that apply Fréchet tools.
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Table 2: Comparative Advantage and the Gains from Trade, OLS.

Dep variable In Gaa I In GTy
(1) (2) ) @ | o (6) ) (8)

pﬁCA -.094 -.095 .025 .022 -.302 -.303 .081 .070

(008)***  (.008)*** (.018) (.018) (026)**  (.026)*** (.056) (.057)
In 744 .857 .858 .862 .869 -.455 -.454 -441 -417

(004)***  (004)***  (007)*  (010)*** || (013)**  (013)***  (024)***  (.032)***
Year Effects v v v v
Country Effects v v v v
Obs. 444 444 444 444 444 444 444 444
R? 991 991 998 998 749 752 949 952
Notes: Revealed-Comparative-Advantage (RCA)-weighted correlation index: pf¢4 = Y ps%.

Standard errors in parenthesis with levels of significance denoted by ** p < 0.01, and * p < 0.05.
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A Properties of Fréchet Processes

Lemma A.1. Let X be distributed as an Fréchet random variable with location T' > 0 and shape
« > 0 so that it has cumulative distribution function of P[X < x] = ¢~ 7" °, and mean E[X] =
(1 —1/a)TY* when o > 1. Moreover, for any S > 0 and 3 > 0, (S¥/*X)? is also Fréchet with
location ST and shape o/ 3, P[(SY*X)P < z] = e=5T=*"7,

Proof.
> 0 >0 —a
— . < — . —Tz
E[X] /0 zaZIP’[X < zldz /0 25¢ dz
= / ze T T2y = / t~Yee tdtTV* =T(1 — 1/a)TV*.
0 0
and

P[(SY*X)? < 2] = P[X < S~Ve,1/8) = o~ T(sTHezl/B)y=e _ _STse/f
L]

.....

PX; <z;i=1,...,N] =exp[-G(x%, ..., 23]

Then, max;—; . n T;X; is a Fréchet random variable with location G(Ty,...,Tx) and shape c.

.....

Moreover, let {T;}}~, be any partition of {1, ..., N'} and define the process {Y1,..., Yy} as

Y; = maxT; X;.

1€

Let j:{1,...,N} — {1,..., M} be the unique mapping such that j = j(i) if and only if i € Z,.
Then:

1. {Yi,..., Y} is an a-Fréchet process with correlation function H : RY — R satisfying

H(z1, .. 2m) = G(TV 21y, -, Tvzin)-

Zielj TéaGi(Tla’ s 7T]%f)
G(Tlaa s 7TJ%7)

P1Y;, = maxT; X;| =
where Gi(l’l, NN ,ZL‘N) = 8G((L’1, NN 717]\[)/61%.
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77777

777777777

P ._I?aXN ;X < Y | Y; = m.aXTiXi = G_G(Tft ..... T = P |: nllaXN T;X; < y:| .
Proof. We first prove part (1). Let {Z;}}7, be a partition of {1,..., N} and define Y; =
max;ez, 1;X;. Let the function j : {1,...,N} — {1,..., M} satisfy i € Z;q for all i =
1,...,N. Note that there is a unique function satisfying this condition since {Z;}}’, is a
partition of {1,..., N}. Then,

PlY; <y, Vi=1,...M]=P[X, <T/'y;,VieL;Vj=1,...,M]

_ Oy

Therefore {Y;,...,Y)} is an a-Fréchet process with correlation function (2, ..., zy) —
G(TYzjq), - - ., Txzjv))- Note that if we take M = 1so that Z; = {1,..., N} we get

P[,E?aXNEXiSy] =PYi <y|=P[Y; <y, Vj=1,...,M]

— o GIPy = TRy ™) _ —G(IF . TRy~

That is, max;—; . n 7;X; is a Fréchet random variable with location G(T7,...,T5) and

1111

shape a.
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Next we prove part (2). We have

P [max T, < yand ¥; = maxT,Xi| =P [V; < yand ¥; = max T,

—P[Y;<yand T,X; <Y;,Vi=1,...,N]=P[Y; <yand T,X; < Y;,Vi ¢ T,

Yy
:/ PITX;, <tVi¢ I |Y; =1 %P[Yj < #]dt
0

Y0
= / & P[T;XZ < Z,\VIZ ¢ Ij, and T’ZXZ < t,VZ S Ij”z:t dt
0

Yy
:/ a efG(Tlaylia """ Tﬁ’y&a) dt
0 iez, (91/1' yi=t,Vi=1,...,.N
Yy a o —a
= [ e ARG (e T Ty
0 ; yi=t,Vi=1,..,N
’LEIj
Yy
= / eI TSN " TOGy(TY, . T)at ™ dt
0 i€T;
Z'GZrﬂaGi(Tféa"'aTg) Y _
= = e CUT T QT Tt~ dt
G(Te, ... T2) /0 (T3 n)

. Zite ,I%aGi(Tlav s 7T’I’?) .
B G(Te, ..., T®) ’

n

where G;(z1,...,2n) = 0G(x1,...,xy)/0x;. Let y — oo to get

Zite ,-Z—'iaGi(T1a7 B 7T7?)
G(Te,.... Ty

n

P[Y; = maxT.X;| =

Finally, we can prove part (3) using the previous results:

P [max; T;X; < yand Y; = max; T;X}]

p[ T.X; <y|Y;= TiXZ}Z
max <ylY; max P[Y; = max; T; X;]

jo) . jo3 (o7
Zielj Ti Gl(Tl 7777 Tn ) e_G(Tfl .... T,?)Z_a

Il
o

]

Corollary 4 (Multivariate Max-Stability). Let the random vector (A, ..., Ax) be multivari-

ate O-Fréchet with scale parameters Ty, for k = 1,..., K and correlation function F. Define an-
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other random vector (B, ..., By) formed by max-linear combinations: B; = maxy—; .k @jrAx

.....

or for weights cv;p, > 0 foreach j = 1,...,Jand k =1,..., K. Then (By, ..., By) is multivari-
o j

ate O-Fréchet with scale parameters
S;=F(apTh,...,TkojxTk) for j=1,...,J
and correlation function
G(ry,...,x) =F( - X, ..., Q- X) with X=(xq,...,27),

for weight vectors Qy, = (T11/S1, ..., Ty/Sy) for k = 1,..., K and Q - X denoting the inner

product of vectors.

B Proof of Lemmal

Proof. First, we show that if productivity to follows a §-Fréchet process, then there must
exist a correlation function G : RY — R such that (3) is the joint distribution of produc-

tivity across origins.
Consider any (z1,...,zy) € RY. Then z!” > 0 for each o. From the definition of a

N zl/ ngd(v) must be distributed as a 6-

.....

0-Fréchet process, the random variable max,—;

Fréchet random variable. That is, there exists some 7' > 0 such that

Let 7% : RY — R, be the map (z1,...,2y) — T. We then have that for any (z1,...,2y) €
RY
P [ maXle/erd(v) < a] =exp [-T%(21,...,an)a”’].

Note that the joint distribution of productivity can be written as

]P’[Ald(v) S A,y ... ,ANd(’U) S CLN] = P[Ald(v)/al S 1, Ce ,ANd(’U)/CLN S 1]

=P L:n;laxN Apa(v)/a, < 1] .

44



Choosing =, = a,” and a = 1 we can use the properties of our function 7% and get

P maXNAOd( v)/a, < 1| =exp [-T%a;’,...,ay)].

o=1,...,

PlAa(v) < aq,...,Ana(v) < an] = e~ G (Traar’ o Tnaay’)

for the function G* : RY — R, defined by (z1,...,2x) — T%21/T14, - - -, 25 /TNa)-

We now show that this G? is a correlation function. First we show that is must be ho-

mogenous. Fix (z1,...,zy) € RY and let A > 0. We have

exp [—Gd()\xl, ey )\{L’N)} = ]P[TldAldO})ie > )\xl, . ,TNdANd(U)ie > )\JﬁN]
P[(21/T1a)"? Ara(v) < X000 (on/Tva) ™ Anav) < A7V
P maXN(xO/TOd) V0 Aq(v) < A7Y9

.....

= exXp [—Td<x1/T1d, . ,QZN/TNd)/\}
= exp [—)\Gd(xl, )],

so that GY(\xy,..., A\ry) = AGU(zy, ..., 7y) as desired.

Now consider the normalization restriction. Fix o. The distribution of A,,(v) is
exp (—Toda_e) =PlAu(v) <a] =P max xl/eAnd(v) <al,

for the choice of z,, = 0 for n # o and z, = 1. But then,

exp (—Tpga™’) = exp [Tz, ..., z5)a"’]
=exp [-T77(0,...,0,1,0,...,0)a™’]
=exp [-GY(0,...,0,T,4,0,...,0)a”’]
=exp [-G*(0,...,0,1,0,...,0)T,a "],
where the last line comes from homogeneity. We therefore must have G%(0,...,0,1,0,...,0) =

1 as desired.

The unboundedness restriction follows from the limiting properties of a joint distribution.
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Fix o.

lim e C'@2n) — iy P[Ty4Aq(v) ™% > 21, ..., Ana(v) > zp]
To—+00 To—+00
= wliinoo[P[del/eAld(v) <ay,... Ty’ Anaw) < ay] = 0.
Therefore lim,, ... G%(x1,...,7x) = oo as desired.

Finally, the differentiability restrictions are necessary because the productivity distribu-
tion is continuous and therefore has a joint density function. Smith (1984) shows that the

differentiability condition is necessary for this joint density to exist.

Therefore, the function G¢ must be a correlation function, and we have proven that pro-
ductivity to following a -Fréchet process implies the existence of a correlation function
G*:RY — R, such that (3) holds.

We now prove the converse. Let 7,; > 0 foreacho=1,...,N,and let G : RY — R bea

correlation function. Suppose that { 4,4(v)}2’, is a stochastic process and
PlA(v) < ay,...,Ana(v) < ay] =exp [—Gd(TodaIG, e ,TNda]_Ve)} )

We want to show that {4,,(v)})", is a §-Fréchet process. Let (z1,...,zy) € RY and con-

sider the distribution of max,—1 _ny 2,A404(v). Itis

.....

P max ToAod(v) < a] =Plx1A14(v) < a,...,enAna(v) < d
= P[Ald(’l)) S a/xl, e ,ANd(U) S a/[L’N]
= exp [-GTpzla™, ..., Tyazla™?)]

= exp [-G(Togz!, ..., Tyazl)a™’],

.....

random variable with location parameter G*(T, 420, ..., Tnqaz%). As a result, we can con-
1 ) N

clude that the stochastic process {A.4(v)}2 is a 6-Fréchet process. O
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C Proof of Theorem 1

Proof. Normalize by EA;,q4(v)? and transform by a power of 6 to define

~ Aod(v)e

Aoa(v) o AwalV)' A

_froarr) ) — ()0 A.
B (0P A3 A B = B, 40 Aealv),

for giod(v) = %. By theorem 2 of De Haan (1984), theorem 3 of Penrose (1992), or,
most directly, theorem 2 of Schlather (2002), we get that ﬁod(v) is a unit-Fréchet process
with standard unit-Fréchet marginals if and only if we can take {Zi(v)o}i:1727... as a Poisson

point process on [0, co) with intensity measure g~2dg and EA;pq(v) = 1. O

D Proof of Proposition 1

Proof. Perfect competition implies that potential import prices are

Then

P[Pia(v) > p1, ..., Pna(v) > pn] = P[Pia(v) /Wi > p1 /Wi, ..., Pna(v) /W > pn /Wi
P[1/A14(v) > pi/Wh, ..., 1/ANnq(v) > pn/WN]
= P[A14(v) < Wi/p1,. .., Ana(v) < Wi /DN

By Theorem 1,

[ 9
P[A1(v) < Wi/p1,. .., Ana(v) < Wy /py] = exp |—E max (Aiod(v))

=exp |—E max

0
=exp |[—E maXNAwd(v)e (L>

=1,...,

=exp |—E max Aioa(0)? (10aW,/A,)~° pZ} .

.....
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Since
GUxy,...,X,) =E max Ajq(v)’z,,

o=1,....N
then
P[A1d<v) S Wl/ph L 7ANd(U) S WN/pN] = exp [_Gd(Pl—depi ceey Pjggpr)] 3
for
Po_‘9 = (TOdWO/AO)fg.
Then,

P[Pia(v) = p1,. .., Pna(v) = pn] = PlAa(v) < Wi/p1,. .., Ana(v) < Wi /pw]
= exp [—Gd(Pl_dep?, e P&Spfl)} )

E Proof of Proposition 2

Proof. The proof of Proposition 2 follows directly from the properties of Fréchet random
variables and processes. The probability that variety v is imported by destination d from

origin o is

PAGYP, ..., Py

Tod = P[P,q(v) > Pyg(v) Vo' # o] = — — ,
GUPL, ..., PyY)

using Proposition 1 and Lemma A.2. The distribution of prices among those goods im-

ported by destination d from country o satisfies

P {Pod(v) >p| Pu(v) = minNPO/d(v)] = l HllinNPa'd(U) > p} = e_G(Pl_de """ Pﬁg)pg,

[ARRS] e

S
I
L —|
=
=
a~
=
=
4
Q.
S
—_ 1
I
q]
I
| —— |
=
<~
HE.
=
N~
ISH
=
q
N———
_
I
Ql
I
2
Q
IS
o~
=1
\.Qb
~
=z
QU
SN—
S

.....

1
o

where v =T (£2)~

fact that min,—;  n P,q(v)™7 = (max,—

, I'(+) is the gamma function, and the last equality follows from the

~N 1/P,(v))? is a Fréchet random variable with

.....
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location G (P, ..., Py9) and shape 6/c > 1 due to the assumption that § > ¢ and due
to Lemma A.1. O

F Proof of Proposition 3

Proof. First, the set of varieties from o imported to dis {v € [0, 1] | Poa/Usa(v) = miny Pyy/Uya(v)}

and for any variety in this set, expenditure is

X, (0) = (%:d(“)) X, = (M) X,

Any v not in this set must get imported from a difference origin, so we have X,;(v) = 0.

Note that the price index is

P = { /O 1 (n}}n W, /Ao/d(v))*" olv}i — [ /O 1 (mOm Pofd/UO/d(v)>7o dv}

so we can write the expenditure share as

Q=

O1 X)d(_(:)l {Pod/Uod(v) = HBH Poxd/ond(v)} dv

o (Poa/Uoa(0)) 71 {Poa/Usa(v) = miny Pya/Uya(v)} dv
fol (ming Pyg/Uya(v))” 7 do

_ E [(Poa/Uod(v)) 71 {Poa/Usa(v) = ming Pya/Uya(v)}]
E [(minox Po/d/UO/d(U))_U} .

Tod(Pa, X4) =

It remains to show that there exists a correlation function which approximates this de-
mand system. The proof is similar to the proof of (Dagsvik, 1995, Theorem 1), differing
in the functional form of the demand system to be approximated. We will construct an
approximating GEV demand system using the following correlation function for some

6 > o:

o

Gd(l‘l, . ,IN) = [E <Z<Uod(v>9g}0)> ] .

This choice will give the result because it implies a price level which approximates the

true price level. Recall that the price level associated with a correlation function is P; =
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6— 00

—

P _T (0 ; a)
[E (mgxx Una(v) /Pod> U] T [E (moin Pod/Uod(v)>_U] - .

That is, the price level implied by this correlation function approximates the true price

level associated with the true productivity process.

The implied GEV import demand system is

PAGYP, ..., Py
GUP, ... Py

7TOGdEV(Pd, Xd; 9) =

R [B( Wl BB (S W) Pi) T U]
GUP, ..., Py

B[, W) ) Uaa0) P

R E (Y (Usa(v)'Py))

100 B [(Poa/Uod(v)) =71 {Pou/Uoa(v) = ming Poa/Uxa(v)}] TP, X).

E [(minof Po/d/Uo'd(U))ia}

That is, the implied GEV import demand system converges point wise to the true demand
system. To establish uniform convergence across P; € K for K compact, note that if
the sequence {7V (P4, X4;0;)}32, is convergent, there exists a positive sequence {6y},
that diverges such that {rSFV (Py, X4;0;)}5, is monotone and converges. Then since
Tod(Pa, X4) is continuous we can apply Theorem 7.13 in Rudin et al. (1964) to establish

uniform convergence. O

G Proof of Proposition 4

Proof. Simply divide (26) by (28). O
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H Proof of Proposition 5

Proof. Define the excess demand function E : RY — R as satisfying

N
Eo(W) = ~W,Lo+ Y moa(WaLqg—TB,) foreach o=1,...,N.
d=1

Since productivity is a global innovation process, by Theorem 1, it is a Fréchet process.
Thus, by Lemma 1, G? is a correlation function. As a result, we must have 7,4 > 0 for any

finite competitiveness indices.

The implication is that the excess demand system satisfies strict gross substitutability. For

eacho=1,..., N and each n # o we have

W, W, G
N p-o dyd -0 -0
P G°G oP PG

— o Gd Yo n W.L,—TB Nd on DLn
Z@d(‘m Gd)u,_d)/aWnJr G
d=1 N 26 v =X ;>0 \?6_/
P—G n -

> ogdGo Ln = 7TonLn > 0.

The first inequality in the second line follows from the differentiability restriction on the
correlation function. The final strict inequality follows from 7, > 0. Given that the ex-
cess demand function is homogenous of degree one and satisfies strict gross substitutabil-
ity, we can apply Proposition 17.E.3 of Mas-Collell et al. (1995) to establish existence and
uniqueness. Moreover, a tatonnement process, as in Alvarez and Lucas (2007), can be used

to solve for the equilibrium after a choice a numeraire. O

I Proof of Proposition 6

Proof. Since micro productivity has a global innovation representation, by Theorem 1 ex-
tended to account for the micro dimension m, its distribution is multivariate 6-Fréchet

with location parameters of 7},,,¢ = E Ajmoa(v)? and micro correlation function

FUXy,... Xy)= B2 2 g
( 1, ) N) Tmod
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Define implied macro applicability of

Aipa(v) = max  Ajnoa(v).

m=1,....M,

Then, since A,,,4(v) = max;—1 2. Z;(v) Aimoa(v) we have macro productivity of

Aoa(v) = max Anog(v) = max = max Zi(v)Aimea(v) = max Zi(v)Aiea(v).
As a result, A,q(v) satisfies Assumption 1. Since micro applicability is i.i.d. over (i,v),
so is macro applicability, and Assumption 2 is satisfied. Finally, Assumption 3 holds for
Z;(v) since it is global productivity from the global innovation representation of micro

productivity. Therefore, macro productivity has a global innovation representation.

Then, by Theorem 1, macro productivity is multivariate 0-Fréchet. Its location parameters

are
Aimora(v)”
Tot =Bl =B oy o e 0= Ve
and so
Toq = Fd (017 s 700717T0d>00+17 R ON) = FOd (Tod) )
for Toy = (Thods - - - » Thas,oa)- Its correlation function is
A; d(U)0
G zy,...,an) = EofllﬁiiN o max, mTOTwmod% = FY(Qqz1, ..., Qnazn),
fOI' Wmod = Tmod/Tod and Qod = (wlod, e ,wMood).

J Extensions

J.1 Armington

This section introduces an extension of the framework that accommodates models of mo-
nopolistic competition. It also provides an alternative micro foundation based on random
utility at the individual consumer level which aggregates to imply that price-adjusted

utility of individual consumers is multivariate 6-Fréchet.

Variety v € V is produced by a single firm in origin country o(v) and their product has
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characteristic m(v) € {1,..., M,}. The product characteristic can index any countable set
of micro factors relevant for the production of the firm’s good—e.g., the classification of
a product into a specific sector, the production method used to produce the good, the
home country of a multinational operating the firm, a sub-region of the country where
the variety is produced, or the sequence of locations (value chain) along which the good

is produced.

The set of destinations where v is delivered is D(v). The set of products with characteristic
m produced in origin o and available in destination d is V,,,,s = {v € V | m(v) = m,o(v) =
o,d € D(v)}. We denote the set of varieties available in d and produced in o by V,; =

uMo 17 and the set of all varieties available in d by Vi = UN Vg

m=1
Consumers in each country have random utility over varieties and are endowed with
a unit of time that they supply inelastically in a competitive labor market. The set of
consumers in destination d is I;. Let IW; denote the wage in d and 7'(¢) any lump sump

transfers to the household (e.g., from firm profits). Household i € I, solves

max / Uq(v,1)Cq(v,i)dv
Va

Cd(ﬂ)ZO

s.t. / Py(v)Cy(v,i)dvdv < W, + T(i),
|7

where P,(v) is the price that firm v € Vj; charges for their product in destination d. We can
interpret the random quantity Uy(v, 7) as consumer i’s perception of the quality of variety
v and allows us to incorporate heterogeneity in preferences for products as a source of
comparative advantage—in the spirit of Armington models of trade (such as Anderson,
1979).

Since varieties are perfect substitutes, individual consumers will purchase whichever va-
riety they perceive to have the lowest quality-adjust price. We can break this decision into

tirst choosing a variety within V54

' . Pa(v)
s = inf
Cd(U,Z) > 0 Ud(”[)72) ’UEI%/]'.mod Uvd(fu7i)7

and then an origin and product characteristic,

P P
Cy(v,i) >0 = inf d(v), = min min inf dw)_ )
7JE‘/m,od Ud(U, Z) o=1,..., N m=1,..., MO 7JEV‘WLod l‘]d(v7 7/)

Additive random utility at the individual consumer level ensures that the pattern of de-
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mand across origins and product characteristics is determined by cost-minimization.

We assume that {U,(v, ) },ev is a 6-Fréchet process with scale parameters {Q4(v)’},cy and

correlation functional F¢: {z : V — R,} — R, of the form

1=pmod
Fd(l'()) = Fd<X1d, R 7XNd) where Xod = (xloch c. ,JIMOOd), Tmod — (/ I(U) 1”1m0d> s
V,

mod

Ug(v,2)

where F' is a micro correlation function. This nested-CES structure implies that sup,cy, B

1_p'm,od

is multivariate 6-Fréchet with scale parameters of [ Jv. (Pa(v)/ Qd(v))*fpﬁ,wd} and

correlation function F°.

Define the (expenditure) elasticity of substitution within V04, Gmod = 0/(1 — pmed), and a

ol

mod

price index as
1

9mod

<Pd<v>/@d<v>>“md}

Then the density of consumers in d that purchase variety v is

BN ™ 0.1

7Tmod<v) = ( P p

with the share of expenditure of consumers in d on type-m goods from country o equal to

—0 1d —0 —0
_ PmodFmo(Pld )ttt ’PNd)
Tmod = —0

FAPY ... P

9

where P,y = (Piod; - - -, Pu,oa).- Total expenditure is X, = WyL, + T, where L, is the
measure of the set [;and T, = [ 1, T'(¢)di total transfers to d from profits. Demand across
tirms with the same characteristic m and origin o is CES and depends on quality-adjusted
prices relative to the price index FP,,,q4. The pattern of demand across product characteris-
tics takes a GEV form.

J.2 Monopolistic Competition

The specification for preferences in the previous section enables us to incorporate monop-

olistic competition. Faced with a CES demand curve, monopolistic firm v sets the price

t.21

in destination d as a constant markup over marginal cost.”" Denote the marginal cost of

21 The CES demand curve at the variety level in (J.1) comes from our assumption on the process for house-
hold utility. A different distribution will generate non-CES demand and variable markups. See Footnote 5
for references.

54



firm v € V,,,¢ when delivering to d by MCy(v) and quality-adjusted marginal cost by
MCd(v) = MC’d(v)/Qd(v).

The quality-adjusted price of variety v € V,,,,q in d is then

Pd(’l)> _ Omod +1 _
O MCy(v) Yv € Viod; (J.2)

revenue shares from Variety v are

MCd(U)_UmOd

mo == mods 3
Tinod(0) fvmod Mcd(vl)_gm"ddvlﬂ ‘ 03)
profits are
1
Hmod("U) = mﬂ—mod(v)Xd; (J.4)

and the price index is

mo 1 “mo
Pmod_a i |:/ MCd UmOd:| d-

Omod

mod

We can now consider how different specifications for production determine marginal

costs and therefore import prices.

J.3 Global Value Chains / Shipping

We allow for production to use labor inputs from multiple countries. This setup can
accommodate models of global value chains (see Antras et al., 2017)—where the index m
specifies a specific value chain—as well as models incorporating a production structure
for shipping goods—in which case m would specify the route along which goods get

shipped.
Let W = (W4, ..., Wy) denote the vector of wages, and Ly(v) = (L14(v), ..., Lna(v)) the

vector of labor used for producing goods for delivery in destination d. We assume that
tirms have constant returns to scale production and face competitive labor markets. The

marginal cost for firm v € V,,,, when delivering to d is

Cmod(W) . /
——= =min W'Lyv
Ad(?]) Lg(v) d( )

sit. 1< Ay(v)Froa(La(v)),

MCd(U) ==
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where A,(v) is quality-adjusted productivity of firm v when producing for market d. The
production function F},.q(L4) is common across varieties with the same product char-
acteristics, origin, and destination. It is homogenous of degree one and so ¢;,,q(W) is
also homogenous of degree one in W. To get a demand system in terms of wages, we
now must incorporate these cost functions into the demand system. The price indices are

related to the cost functions as

Cmod (W)

1
o Omod 9mod
Pmod = A— where Amod = g——|—1 </ Ad(U)UMOd) .
mod mod Vinod

Define a productivity index A,,, = A,,., and iceberg indices as 7,04 = Amoo/Amod- Then

mo W
Pmod:TmodC /Cll( )»

Our model of production has pinned down import prices as a function of trade costs, pro-
ductivities, and normalized marginal costs. Note that if we assume that the production
function is common across destination markets—imposing that inputs used in produc-
tion do not depend on the destination where a good gets sold—then the cost function
does not depend on d. In this case, we have

Cmo( W
Pmod = Tmod%7

so that the underlying structure of production is fully absorbed into a micro-factor-origin
tixed effect. Note that it is this fixed effect that captures comparative advantage. The
implication is that, as long as such a fixed effect is included in the estimation, we can use

exogenous variation in trade costs to get exogenous variation in import prices.

J.4 Selection

The model accommodates standard models of trade based on monopolistic competition

and heterogenous firms, such as Melitz (2003) and Chaney (2008), as we show next.

We take the set of global varieties V' as fixed. Each variety v is associated with an origin
o(v). They then choose which destinations they will deliver their product to. Let f,,,qa(W)
denote the fixed cost of introducing a variety with characteristics m produced in o into

destination market d. The threshold level of quality-adjusted productivity at which vari-
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eties enter d is A}, , satisfying

1 A:nodamod WmodXd- (]5)
Omod fvmod Ag(v)Tmoadu

fmod(w) =

As a result, the set of varieties with characteristics m offered in d from o satisfies V},,,q =
{ve Vi | Afi < Aa(v)}, where AY . is given by (J.5).

mod

Assume that A4(v) is distributed Pareto among varieties in v € V,,, and independent
across d. The shape parameter is k04, With K0q > 0104, and the lower bound of the
distribution is 4,, ;. Define 1,104 = (Kmod — Omod)/Kmod, With Meq € (0,1). The measure of

varieties from o in d with characteristics m is
* 4 —Rmod
M poq = - M, mos 6
! <Amod) (] )

where M,,, is the measure of V,,,. Assuming that not all v € V,,, enter each destination
market, and using (J.5) and (J.6), the quality-adjusted productivity threshold is

1
Umodfmod(w) ) Fmod
A = ————— M, A, ods 7
mod < Nimod Xmod d (] )

The implied productivity index A,,,,4 is then

Amod =

Nmod
Omod |:<77m0d 71-mod)(vd ) e Mmo

1
Tmod
A = Smod(TmodXds W)A,,oq-
Omod + 1 Omod fmod(W>Mmo :| —med d< o )_ d

Thmod
Productivity depends endogenously on expenditure and wages. Selection effects, cap-
tured by the homogenous of degree zero function s,,.q, imply that expenditure influences

productivity. The implied import prices are now

Cmod (W) /Amo
Smod (ﬂ-modXdu W)

P, mod — Tmod

for Ao = Amoo and Trioa = Apoo/ Amod- Combined with our previous import demand sys-
tem, we now have an implicit relationship between expenditure shares and trade costs
(the exogenous component of import prices). Viewed from the perspective of how expen-
diture depends on import prices, we are still in the same class of import demand systems.
Viewed from the perspective of how expenditure depends on trade costs, this implicit
demand system may not necessarily remain in the GEV class. The GEV class implies

substitutability and the strategic complementarity associated with firms selecting into ex-
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porting may induce this implicit relation between trade flows and trade costs to exhibit

complementarity.
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K Additional figures
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Figure K.1: Gains from Trade, levels, by year.
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Figure K.2: Gains from Trade, percentage changes, by year.
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Figure K.3: RCA-Weighted Correlation Index, by year.
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Figure K.4: Evolution of RCA-Weighted Correlation Index, by country.
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Notes: Revealed-Comparative-Advantage (RCA)-weighted correlation index: pfc4 = >~ ps%. Baltic Re-
publics are Estonia, Latvia, and Lithuania; Benelux is Belgium, Luxembourg, and Netherlands.
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Figure K.5: RCA-Weighted Correlation Index and Self Trade Shares, by country.
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Notes: Revealed-Comparative-Advantage (RCA)-weighted correlation index: pfc4 = >~ ps%. Baltic Re-

publics are Estonia, Latvia, and Lithuania; Benelux is Belgium, Luxembourg, and Netherlands.
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