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The optimal stringency of policies to control greenhouse gas emissions depends on how
sensitive the climate is to greenhouse gas emissions, which is is uncertain and is likely to
remain uncertain in the future. In fact, we are not much more certain about the climate’s
sensitivity to emissions than we were forty years ago, despite massive research effort devoted
to precisely this question (Knutti et al., 2017). Many scientists even argue that uncertainty
about long-term warming has actually increased over this period as a result of new obser-
vations and new understanding of climate change in past geological epochs (e.g., Hansen
et al., 2008; Kiehl, 2011; Royer, 2016). The next fifty years are unlikely to generate an
unprecedented reduction in uncertainty, which has led some scientists to call for research
effort to be devoted elsewhere (e.g., Allen and Frame, 2007). Optimal climate policy should
be influenced by this slow rate of learning, because it becomes important to act without the
expectation of being able to effectively revise policy over the next decades.

Dynamic economic models of climate change have recognized the potential importance
of the sensitivity of the climate to emissions, the potential importance of uncertainty about
the sensitivity of the climate to emissions, and the potential importance of learning about
this sensitivity in future years.1 Modelers have carefully calibrated current beliefs about
the sensitivity of the climate to emissions to current scientific understanding. They have
also carefully calibrated the dynamics of the economy and the climate system to data and
to scientific understanding. However, modeling decision-making under uncertainty requires
tracking informational states as well as physical states. The dynamics of these informational
states are potentially as important as the dynamics of physical states, yet belief dynamics
have been left entirely uncalibrated. We show that existing climate-economy models predict
reductions in uncertainty that are dramatically inconsistent with both historical and pro-
jected scientific progress. We take up the task of calibrating learning in a dynamic economic
model of climate change.

We here demonstrate how to calibrate the dynamics of Bayesian beliefs, we develop
a computational approach to implementing realistic belief dynamics in a recursive dynamic
programming framework, and we apply our new calibrational and computational approach to
a prominent question in climate change policy. Standard economic approaches to calibration
can be roughly divided into three types: a first type of calibration matches the levels of
variables to data (e.g., matching equilibrium employment, savings, or the equity premium);
a second type matches the dynamics of variables to data (e.g., targeting a balanced growth
path or changes in the equity premium over the business cycle); and a third type matches
the distribution of variables to the distribution of data (e.g., dynamic stochastic general
equilibrium models might match moments of hours worked and trade models might target
the distribution of productivity). We instead match the endogenously generated dynamics
of beliefs to the actual record of beliefs. In fact, our learning model is nearly identical to
how climate scientists empirically estimate the climate’s sensitivity to emissions (e.g., Aldrin

1See Lemoine and Rudik (2017) for a review.
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et al., 2012; Ring et al., 2012; Schwartz, 2012; Otto et al., 2013; Lewis, 2013; Skeie et al.,
2014). We therefore integrate climate scientists into an economic model of climate change.

Our climate change setting is particularly amenable to the calibration of belief dynamics
because we have a published record of consensus beliefs over many decades as well as the
primary data (observations of carbon dioxide and temperature) that inform these beliefs.
This type of calibrational approach could be applicable in other settings with a record of
beliefs as implied by, for instance, option prices or credit default swaps.2 However, our
climate change setting poses especially thorny computational challenges when it comes to
implementing our calibration. Our learning model requires historical data on three different
climate states over several centuries, and tracking these history states expands our state
space well beyond the computational limits of previous models.

Our calibrated learning model is so computationally demanding because we had to aban-
don a standard restriction on beliefs: that the prior distribution must be conjugate to the
likelihood function. This restriction is universally imposed in dynamic policymaking en-
vironments for the sake of tractability.3 It ensures that the posterior distribution comes
from the same parametric family as the prior distribution. In that case, learning can be
implemented by extending the state vector to include the sufficient statistics for the prior
distribution, with their transition equations derived from Bayes’ rule. For example, a normal
prior and normally distributed data combine to ensure that the posterior is also normal, in
which case Bayesian learning can be tractably implemented by extending the time t state
vector to include the mean and variance of the time t prior distribution. We find that the
assumption of conjugacy overly restricts belief dynamics in our climate change application.
Conjugate models that implement a reasonable prior from 40 years ago and then update it
with subsequent climate data predict that we should now be fairly certain about the climate’s
sensitivity to emissions. In particular, these models predict that we can now rule out a highly
sensitive climate. This prediction is clearly counterfactual. We find that the learning model
can match the historical record if we use a lognormal prior, but a lognormal prior implies
a nonconjugate model of learning. We expect that nonconjugate learning models will also
better describe many other environments of economic interest. For instance, recent work

2Recent work has focused on the implications of learning for asset prices but has not calibrated the
learning process (Collin-Dufresne et al., 2016). Pastor and Veronesi (2009a) survey work in finance that
considers learning. For example, Brennan (1998) studies the allocation of investment to a risky asset under
learning about the equity premium, and Brennan and Xia (2001) study the equity premium that emerges
from equilibrium investment decisions when agents learn about the expected dividend growth rate.

3For instance, Cogley and Sargent (2008) describe how they limit attention to distributions that can be
summarized by a finite-dimensional vector of summary statistics and for which learning occurs via conjugate
priors. We here relax both standard restrictions. In fact, much work in macroeconomics has not only relied on
conjugate priors but has further eased tractability by using “anticipated utility” (see Kreps, 1998). In these
frameworks, the decision maker updates beliefs from period to period as a Bayesian would but formulates
policies as if current beliefs will never change. The decision maker learns only passively, without considering
the informational value of his potential actions. Our decision makers will always formulate policies in full
awareness of the possibility of future learning and of how their policy choices affect the rate of learning.
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in macrofinance has focused on the possibility of rare disasters (e.g., Rietz, 1988; Barro,
2006). Models of nonconjugate learning could allow for more flexible implementations of
rare disasters in an environment with anticipated learning.4

We extend frontier computational methods for dynamic economic modeling in order to
integrate Bayesian nonconjugate learning into a dynamic decision problem. The challenge
is that the posterior is not typically a named, parametric distribution under nonconjugate
learning. We therefore cannot summarize the posterior by storing parameters such as the
mean and variance and relying on a known density function to assign probability weights.
Instead, we must track a history of observations so that we do not lose information by fitting
a parametric distribution to the posterior at each timestep. But the complexity of dynamic
models grows in the dimension of the state space (a specific form of this effect is known
as the “Curse of Dimensionality”), and the dimension of the state space becomes enormous
once we begin tracking a history of observations. Further, nonconjugate learning must be
implemented by combining the data with an algorithm to approximate the posterior (such
as Markov chain Monte Carlo), which can substantially increase the computational time
required to update beliefs.5

We combine and extend two recent developments in computational economics to render
nonconjugate learning tractable.6 First, the standard practice in computational economic
modeling has been to approximate the unknown value function by using a tensor product
of nodes in the state space (e.g., Judd, 1998; Miranda and Fackler, 2002). The size of
this tensor product grows exponentially with the dimension of the state space. Recently,
several papers have used a sparse grid technique pioneered by Smolyak (1963) to approximate
value functions and policy functions (e.g. Krueger and Kubler, 2004; Gonzalez and Rojas,

4All of the work described in footnote 2 uses conjugate priors, and nearly all of it uses a normal prior in
particular. Johnson (2007) explores learning about a new technology’s returns-to-scale as a means of gener-
ating a bubble in investment, and Pástor and Veronesi (2009b) study how learning about the productivity
gain from a new technology can generate a stock price bubble. Both of these papers use a conjugate, nor-
mally distributed prior, even though Johnson (2007) explicitly notes that the conjugate prior is not a good
fit to his setting because its unbounded support allows the production function to be explosive. In many
ways, our work is closer to Veronesi (2004) and Orlik and Veldkamp (2014), where learning can generate
fluctuations in uncertainty about fundamental states.

5We require Markov chain Monte Carlo techniques instead of simply evaluating the posterior at a set
of predetermined (Gauss-Legendre) quadrature nodes because, as we will show later, we must compute an
expected posterior over a number of posteriors we recover from an interpolation procedure. Averaging over
the density values of the posteriors at the quadrature nodes will not necessarily be equivalent to averaging
the entire densities.

6To our knowledge, the only other implementations of nonconjugate Bayesian learning in a model of
dynamic decision making project each period’s posterior into a parametric distribution in the same family as
the prior by minimizing the distance between the nonconjugate posterior and the target distribution (Zhou
et al., 2010; Springborn and Sanchirico, 2013; Kling et al., 2017; MacLachlan et al., 2017). This “density
projection” method avoids the need to track the history of observations. Our approach differs in remaining
fully nonparametric: we do not rely on earlier timesteps’ approximated distributions when modeling learning
at later timesteps.
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2009; Winschel and Krätzig, 2010; Rudik, 2016).7 The size of the Smolyak grid grows only
polynomially in the dimension of the state space, which allows us to track the history of
observations at regular intervals. But even such a grid would be intractably large if it
tracked the history at the annual interval consistent with actual data. We further reduce
the computational burden by developing methods that allow for tracking the history only
at larger intervals. Specifically, we use a Brownian bridge to approximate learning over
the intervals between each tracked observation. The combination of larger intervals and a
Smolyak grid helps to keep our problem to a tractable size.

But we still must solve the problem of having to run a costly nonconjugate learning
algorithm many times. This is where we take advantage of a second recent development
in computational economics: using precomputation to reduce the time cost of the solution.
Precomputation recognizes that some costly calculations depend only on the location in the
state space rather than on policy choices. In these cases, costly calculations can be done one
time “offline” before running the optimization model, with only the results of the calculations
called over and over in the optimization routine. Precomputation has been applied to taking
expectations (Judd et al., 2017) and computing labor decisions (Maliar and Maliar, 2005).
We here extend precomputation to the computation of nonparametric beliefs. This extension
allows us to implement nonconjugate learning offline, rather than calling the costly learning
algorithm over and over throughout the optimization routine. In our application the benefits
of precomputation are immense. If we are to solve several alternative models that maintain
the same climate system (e.g. changing consumption preferences, the discount rate, or the
function that quantifies the damages from climate change), having a precomputed set of
beliefs conservatively reduces computation time by three orders of magnitude.

We find that implementing nonconjugate learning has strong implications for greenhouse
gas emission policies. Because our learning dynamics are consistent with the history of real
world beliefs, our model projects much less future learning than do other economic models.
In cases where the climate is particularly sensitive to emissions, the degree of uncertainty is
essentially unchanged until the end of the twenty first century. Today’s policymakers must
therefore act without the expectation of being able to revise policy if they happen to be in
a bad state of the world. We find that uncertainty tends to lead optimal policy to allow
more emissions than the perfect-information policy would allow. This effect arises because
near-term warming is concave in the sensitivity of the equilibrium climate to emissions, even
though long-term warming is linear in this sensitivity.8 A policymaker who discounts the fu-
ture at a sufficiently high rate will therefore find that greater uncertainty can reduce expected
temperature. Contrary to previous work in the economics of climate change (described in

7The Smolyak grid can be seen as an optimal grid in the sense that it minimizes approximation error
measured with L2 or L∞ norms given a fixed number of collocation nodes (Brumm and Scheidegger, 2016).

8We show that in the DICE-2007 climate-economy model, ocean heat sinks respond more strongly when
climate sensitivity is greater, which makes the marginal effect of today’s emissions on temperature concave
in climate sensitivity. This is effect is consistent with results in climate science (e.g., Baker and Roe, 2009).
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the next section), we find that the wedge between optimal policy and the perfect-information
policy grows over the course of the century. Even if the climate’s sensitivity to emissions is
consistent with initial expectations, end-of-century carbon dioxide (temperature) is 40 ppm
(0.2◦C) greater under the optimal policy than under the perfect-information policy. These
wedges become much larger if the climate is in fact more sensitive to emissions than currently
expected.

Economists have focused on evaluating policies to control emissions and to direct R&D
towards low-emission technologies, but the most thorough, longstanding U.S. policies around
climate change support scientific monitoring and modeling. The federal government funds
satellites that measure carbon dioxide fluxes and temperature, networks of ocean sensors that
measure the distribution of heat stored in the ocean, and large-scale modeling enterprises
that draw on vast computing power to project future changes in the earth system. Because we
generate realistic belief dynamics, we can assess the value of improved scientific monitoring
and modeling. Better scientific monitoring and modeling acts like reducing the noise in
the year-to-year temperature transition, which allows the policymaker to more confidently
back out the climate sensitivity to emissions from a sequence of temperature observations.
Because our setting predicts only slow learning, we find that scientific information about
climate change is quite valuable. Nonconjugate learning alone increases balanced growth
equivalent consumption by only 0.3% relative to never updating the initial prior belief.
However, balanced growth equivalent consumption would increase by up to 8.5% if we were
to rapidly increase scientific information and thereby resolve climate sensitivity uncertainty
very soon. This high value of scientific information argues for increased funding for climate
modeling efforts and for atmospheric and oceanic monitoring systems that could reduce the
unexplained variance in year-to-year temperature changes and hence allow for faster learning
about the climate’s sensitivity to emissions.

The next section demonstrates that the standard, conjugate approach to learning about
long-run warming is inconsistent with the observed rate of scientific progress. A nonconjugate
model of learning performs much better. Section 2 details our new computational approach
to implementing nonconjugate learning into a dynamic economic model of policymaking.
Section 3 calibrates the belief dynamics implied by our learning model. Section 4 briefly
describes the DICE-2007 climate-economy model into which we integrate our nonconjugate
model of learning. Section 5 presents results. The final section concludes. The appendix
contains additional methodological details and results.

1 The Binding Constraint of Conjugate Learning in

Climate Economics

Dynamic economic models have generally been restricted to studying learning in settings
where the prior distribution is “conjugate” to the likelihood function. In this special case, the
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posterior is known to have the same type of distribution as the prior, so that the same types
of parameters that identify the prior distribution also identify the posterior distribution.
These informational parameters become state variables in the dynamic economic model,
with transition equations from time t to t+ 1 derived from combining Bayes’ rule with time
t observations. We here demonstrate that the standard constraint of conjugacy in fact binds
in climate change applications: imposing conjugacy prevents the modeler from capturing
realistic belief dynamics.

We analyze the case of learning about the sensitivity of the climate to greenhouse gas
emissions. First, consider the real world dynamics of learning, which are the dynamics that
an economic model of climate change should match. A key metric for the strength of climate
change is “climate sensitivity,” or the equilibrium response of global mean surface tempera-
ture to doubling the concentration of carbon dioxide (CO2) from its preindustrial level.9 In a
benchmark early report, Charney et al. (1979) estimated climate sensitivity “to be near 3◦C
with a probable error of ±1.5◦C.”10 Since then, computational climate models have become
vastly more complex and realistic, satellite data have become available, paleoclimatologists
have learned more about past swings in the planet’s climate, and we have obtained sev-
eral decades of new temperature observations in a regime with a clearly changing climate.
One might therefore expect that the variance of our distribution for climate sensitivity has
shrunk. This is not the case. The Intergovernmental Panel on Climate Change (IPCC) pe-
riodically summarizes the state of scientific knowledge about anthropogenic climate change.
In their First Assessment Report, the IPCC estimated that climate sensitivity “lies between
+1.5◦C and +4.5◦C” (Mitchell et al., 1990). In their recent Fifth Assessment Report, the
IPCC judged that climate sensitivity “is likely in the range 1.5◦C to 4.5◦C”, “extremely un-
likely” to be less than 1◦C, and “very unlikely” to be greater than 6◦C (Collins et al., 2013).
Uncertainty since 1979 has endured despite climate sensitivity being the major metric of
interest in climate science, with substantial scientific effort devoted to estimating its value
(Knutti et al., 2017). This lack of scientific progress has led to theoretical arguments that the
nonlinear nature of the climate system may inherently constrain our ability to learn about
climate sensitivity (e.g., Roe and Baker, 2007) and has induced calls to redirect scientific
research effort towards tasks that are more promising than seeking constraints on climate
sensitivity (e.g., Allen and Frame, 2007).

Not only did the likely range of climate sensitivity remain constant from 1979 to 2013,
but many would argue that uncertainty about climate sensitivity actually increased over

9“Equilibrium” here refers to the steady state, so climate sensitivity measures the change from one steady
state to another. The traditional definition allows the ocean and the atmosphere to come to equilibrium
but prevents some types of processes from responding to temperature. For instance, the carbon cycle will
respond to temperature in reality and thereby change the concentration of CO2 and also temperature, but the
traditional definition of climate sensitivity abstracts from this process. For overviews of climate sensitivity,
see Andronova et al. (2007), Knutti and Hegerl (2008), and Knutti et al. (2017), among others.

10About 80 years earlier, Arrhenius (1896) estimated climate sensitivity to be in the range of 5◦C–6◦C.
Ten years later, Arrhenius (1906) honed in even closer to modern beliefs with a best estimate of 4◦C.
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this interval. First, many scientists have recently argued that paleoclimatic data and recent
observations of earth system elements such as land ice sheets suggest that values much
greater than 4.5◦C are not so unlikely after all (e.g., Hansen et al., 2008; Lunt et al., 2010;
Pagani et al., 2010; Kiehl, 2011; Royer, 2016). Second, the IPCC’s 2007 Fourth Assessment
Report actually offered a slightly different range for climate sensitivity, judging it “likely to
lie in the range 2◦C to 4.5◦C” and to be “very likely larger than 1.5◦C” (Meehl et al., 2007).
However, new empirical research since that report, much like what climate scientists in our
model perform, made the possibility of a climate sensitivity below 2◦C seem more plausible,
so that the lower bound of the “likely” interval dropped back to 1.5◦C in the 2013 Fifth
Assessment Report.

We propose that a reasonable economic model of learning about climate change should
be consistent with the history of scientific progress.11 If models of decision-making under
uncertainty cannot hindcast how beliefs responded to past information, then we may have
little confidence in their ability to forecast how beliefs will respond to new information. In
particular, a reasonable learning model should not demonstrate substantial changes from
the 1979 prior to the 2013 posterior when simulated with data from the intervening years,
and a reasonable model should allow for the possibility that new observations increase the
variance of beliefs.

Previous economic models of learning about climate change meet neither requirement.
First, previous models learn too fast when simulated over the past decades. Figure 1 plots
the consequences of simulating the learning models of Kelly and Kolstad (1999), Kelly and
Tan (2015), and Hwang et al. (2017) with annual temperature observations from 1979 to
2013. Next to each set of authors is the mean and standard deviation of the model’s pos-
terior distribution. All three models start with a prior that is similar to the type of prior
found throughout the climate science literature and often taken to be consistent with Char-
ney et al. (1979) (light blue).12 All three models suggest that we should have learned a
substantial amount about climate sensitivity by now: the standard deviation in each model
is considerably smaller than the standard deviation of the 1979 prior and thus also smaller
than the standard deviation of what today’s scientific literature takes to also be a reasonable

11Our proposal extends recent calls for the next generation of integrated assessment models to have climate
modules that can accurately hindcast the climate’s history (National Academies of Sciences, 2017). It
also extends recent work testing the ability of integrated assessment models’ economic modules to hindcast
economic growth over the past century (Millner and McDermott, 2016). We here emphasize that hindcasting
experiments should focus on belief dynamics as well as the dynamics of the physical climate and the economy.

12Kelly and Kolstad (1999) does not fit the climate science literature’s prior as well as do the others because
they constrain climate sensitivity to be normally distributed. Among published papers, we omit only Leach
(2007), which extends Kelly and Kolstad (1999) to allow for uncertain serial correlation that slows learning
a bit, and Lemoine and Rudik (2017), which learns decadally instead of annually and thus is not directly
comparable to the others. In unpublished work, Jensen and Traeger (2016) also consider learning about
climate sensitivity, and we find that their model implies learning speeds comparable to the published models
plotted in Figure 1. Lemoine and Rudik (2017) review this literature’s methods and results.
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Figure 1: A common representation of the year 1979 prior on climate sensitivity (light blue),
and the year 2013 posterior implied by combining subsequent annual observations of surface
and ocean temperature with the present paper’s learning model (dark blue) as well as the
learning models in Kelly and Kolstad (1999) (light gray), Kelly and Tan (2015) (orange),
and Hwang et al. (2017) (dark gray). Beside each set of authors is the mean and standard
deviation.

posterior. Whereas some climate scientists have called for abandoning the futile search for
constraints on climate sensitivity, these learning models instead judge that we should already
know that a climate sensitivity above 5◦C (or even 4◦C) is very unlikely.

Previous models’ bias towards overly rapid learning has dramatic consequences for their
projections of future knowledge. For instance, when the true climate sensitivity is near 3◦C
in model simulations, Kelly and Tan (2015) find that the policymaker will effectively rule
out values much above 4◦C within only 10 more years. Learning is slower in Hwang et al.
(2017), but the policymaker can still expect to effectively rule out values much above 4◦C
within 100 years and the posterior’s coefficient of variation is cut by half in 50 years. The
learning models in Kelly and Tan (2015) and Hwang et al. (2017) imply that learning will be
dramatically faster over the next 40 years than it was over the last 40 years and imply that
scientists’ fears about being inherently unable to rule out high values of climate sensitivity
are misplaced. These types of results work to limit the importance of uncertainty about
climate sensitivity for policy.

Second, all three of these models a priori eliminate the possibility that new observations
will increase the variance of beliefs. All three models use a “normal-normal” learning model,
in which both the prior and the posterior are normally distributed and the likelihood function
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arises from a normally distributed error. This is one of the most common conjugate prior
models used throughout economics, in part because normally distributed data generating
processes arise naturally when error terms are additive and normally distributed. In the
present case, the error term is an additive weather shock in the temperature transition
equation, and it is reasonable to assume that such a shock would be normally distributed. Yet
not only do these “normal-normal” models learn counterfactually fast, but they also severely
restrict even the types of learning that are feasible. In a normal-normal learning model, the
variance of the prior evolves as the fraction of the data’s subjective variance that is due to the
data rather than the prior. The variance of the posterior therefore declines monotonically,
and the monotonicity of the variance’s evolution is independent of the observed data: what
really matters for the variance of one’s posterior are the number of observations accumulated
and the variance of the error term in the data generating process. It seems reasonable that
observations that are very inconsistent with one’s current beliefs should make one less certain
about climate sensitivity, but the conjugate learning transitions a priori rule out this effect.
This restriction is one reason why all of the previous models learn so fast in Figure 1. And
this restriction is contrary to many scientists’ fears about the future. Indeed, Hannart et al.
(2013) argue that it is very possible that uncertainty about climate sensitivity could increase
in the future precisely because the distribution of climate sensitivity is non-normal.13

We have found that relaxing the restriction to conjugate learning is critical for replicating
the dynamics of scientific knowledge. Section A.1 provides additional evidence that noncon-
jugacy is the key difference between our learning dynamics and previous, conjugate learning
dynamics, and it also shows how conjugacy implies counterfactual climate sensitivity beliefs
going back to 1880 that are far outside the range of actual documented climate sensitivity
beliefs. As we will describe in Section 3, we develop a setting that learns from the post-
1880 observational record of temperature and CO2 and endogenously matches the present
state of scientific knowledge. Figure 1 shows that our learning model (in dark blue) does
not suggest that the data since 1979 should have strongly constrained beliefs about climate
sensitivity. In fact, largely consistent with scientific progress over the past few decades, the
variance of our posterior distribution actually increased over this timeframe while the mean
was effectively unchanged.

Nonconjugate learning is critical to our calibration. However, nonconjugate learning has
not been used in dynamic economic models because it is thought to be intractable. We next
describe how we make nonconjugate learning tractable and thereby allow for an assessment
of climate change policy under a realistic model of belief dynamics.

13In Kelly and Tan (2015) and Hwang et al. (2017), the prior is over a “feedback factor” that determines
climate sensitivity rather than over climate sensitivity directly, which allows them to mimic the non-normal
shape of conventional distributions for climate sensitivity (see Roe and Baker, 2007; Roe, 2009; Lemoine,
2010). Observations that shift the mean towards a higher feedback factor might increase the variance of
the distribution for climate sensitivity even as they reduce the variance of the distribution for the feedback
factor. However, the variance of the distribution for the feedback factor falls so quickly in these two models
that this potential effect is of little practical relevance.
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2 Dynamic Programming with Nonconjugate Learning

We have seen that dynamic economic models’ standard restriction to conjugate priors has
prevented economic models of climate change from reflecting the actual dynamics of sci-
entific knowledge. A model of nonconjugate learning performs much better. However, the
restriction to conjugate priors is used in large part because nonconjugate learning is thought
to be intractable when combined with a dynamic economic model of decision-making.

We here develop and implement a method for integrating nonconjugate learning with dy-
namic programming. In dynamic programming, the computational difficulty of the problem
grows (often exponentially) with the dimensionality of the state space, a problem commonly
referred to as the “Curse of Dimensionality.” When using conjugate priors, modeling learn-
ing requires expanding the state space to include informational states that define the prior
distribution (e.g., the mean and variance when the prior is a normal distribution). However,
when learning is nonconjugate, the posterior is not guaranteed to be in the same distribu-
tional family as the prior, so we do not generally have sufficient statistics for the posterior.
Modeling nonconjugate learning requires expanding the state space to keep track of the en-
tire history of observations. This dramatic expansion of the state space requires frontier
computational methods.

Consider solving the following Bellman equation:

Vt(St, Ht) = max
zt

{
ut(zt, St)

+ β

∫ ∫
Vt+1(St+1(zt, St; θ, εt+1), Ht+1(St, Ht)) p(θ|St, Ht) p(εt+1) dθ dεt+1

}
.

Here zt is a vector of controls, ut(·, ·) is the per-period payoff, and εt+1 is a shock with a
known distribution. St is a vector of payoff-relevant states, and Ht is a vector that contains
the entire history of states that provide information about the unknown parameter θ. This
history is used to develop the posterior p(θ|St, Ht), which determines the expectation of the
continuation value Vt+1(·, ·). A standard way of solving the Bellman equation (and one of the
only methods that works in the context of climate-economy integrated assessment models)
is to use value function iteration: approximate the value function Vt+1 over the state space
(St+1, Ht+1), solve the time t Bellman equation on a grid of collocation nodes in the state
space, use the results to approximate the value function Vt over (St, Ht), and iterate until the
approximant converges (in an infinite horizon setting) or until we reach time 0 (in a finite
horizon setting).14

Nonconjugate learning introduces two problems. First, the history vector Ht expands as t
grows, which increases both the dimensionality of the state space and the number of colloca-

14Benchmark climate-economy integrated assessment models lack a steady state, have more states than
controls (and so cannot be solved by Euler equation methods), and have kinked policy functions. Value
function iteration has therefore been the primary solution technique for recursive implementations of these
models. See Lemoine and Rudik (2017) for further discussion of conventional computational approaches.
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tion nodes where we must maximize the Bellman equation. To address this problem, we con-
struct our collocation grid using Smolyak’s sparse grid method (Smolyak, 1963; Judd et al.,
2014) rather than using the more conventional full tensor product grid. Smolyak’s method
uses a subset of the nodes generated from standard tensor product approaches while main-
taining favorable properties for approximation accuracy (Barthelmann et al., 2000; Brumm
and Scheidegger, 2016). The number of nodes on a Smolyak grid grows only polynomially,
rather than exponentially, in the dimensionality of the state space. However, as t becomes
very large (climate-economy models use a horizon that extends for centuries), the lengthy
histories pose problems even for a Smolyak grid. We therefore also develop a method that
requires tracking only a subset of the history vector. We use Brownian bridges to interpolate
the omitted portion of the history vector while maintaining the stochasticity of temperature
data. Our policymaker therefore learns from the full set of data even as our history vector
tracks only a subset of the data.15

The second problem posed by nonconjugate learning concerns the computation of the
posterior p(θ|St, Ht). This posterior must be computed at each maximization step, which
means that it must be computed at each of the collocation nodes. With conjugate priors,
the posterior is governed by closed-form transition equations for the parameters defining the
prior distribution. Computing the posterior looks like computing the future value of any
standard state variable, and the conventional assumption of normally distributed variables
lends itself to efficient Gauss-Hermite quadrature rules for integration over the continuation
value. In contrast, when priors are nonconjugate, the posterior is typically constructed by
sampling from its distribution through techniques like Markov chain Monte Carlo. We here
take advantage of the fact that the posterior depends only on the time t state variables, not
on the time t controls. We construct the posterior “offline” for every node combination prior
to solving the Bellman equation even once, and each maximization step then draws on the
precomputed information about the posterior generated by its node in (St, Ht) space.

We now step through the algorithm, as outlined for our climate-economy application in
Figure 2. The appendix provides further details and pseudocode.

2.1 Collocation

The solution algorithm begins by constructing a collocation grid in the model’s state space,
which we will use to approximate the policymaker’s value function (e.g., Judd, 1998; Mi-
randa and Fackler, 2002). In our climate-economy application, the state space is comprised
of the states contained in DICE-2007 (Nordhaus, 2008) as well as the histories of states that
provide information about uncertain parameters. The standard states in DICE are capital,
atmospheric CO2, upper ocean CO2, lower ocean CO2, surface temperature, and lower ocean

15Even recent advances in adaptive sparse grids, such as in Brumm and Scheidegger (2016), would be
overwhelmed by the size of the state space. A 300-year problem would result in a state space with nearly
1000 dimensions.
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Figure 2: Schematic of the method for incorporating nonconjugate learning.

temperature. In order to undertake nonconjugate learning, we also include vectors of his-
torical observations of atmospheric CO2, surface temperature, and lower ocean temperature.
We measure time in years, with the model’s start year defined as time 0. This state space
would have dimension 3t+ 6.16 However, as discussed in the “interpolation” step below, we
track the state variables only at every tenth timestep (i.e., only every decade). Our state
space will therefore actually have dimension 3(t/10)+6. We construct our grid using a more
efficient version of Smolyak’s method (Judd et al., 2014), as discussed above. Nonetheless,
our grid will still require on the order of 105 nodes for some decades of the problem.17

2.2 Interpolation

The interpolation step explains how we use annual data in our learning calculations despite
storing only 10-year timesteps in our history vectors. This step is critical, because storing
annual timesteps is not feasible when t becomes large, but using lower resolution histories to
compute the posterior would underestimate the amount of data actually available. Consider
a given collocation node in the state space (St, Ht), and define SHt as the vector of con-
temporaneous states (e.g., surface temperature, lower ocean temperature, and atmospheric
CO2) that will enter the history in future periods (SHt ⊆ St). The history vector Ht contains
state vectors SHt−10, S

H
t−20, . . . , S

H
0 .18 The learning algorithm needs to know what happened

between St−20 and St−10: if we do not give it that data, it will act is if the intra-decadal

16As discussed in Section 3, our learning model uses observational data from the past century in addition
to histories generated after model time 0. However, these observational data are fixed from the perspective
of our policymaker at all times t = 0, 1, 2, ..., so we do not need to treat them as states.

17As we go further in the future, we need to store longer histories and therefore have more states and
collocation nodes.

18Note that the combination of state values defined by the collocation node can be entirely nonphysical,
in that the combination of values generated by our collocation grid may never actually arise under the
model’s dynamics. For instance, the history vector defined by a given node may tell us that CO2 increased
monotonically while temperature decreased monotonically over some time period, even though the model’s
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values were never observed and underestimate the quantity of information actually available
at t.

We develop these intradecadal data by constructing a Brownian bridge from, for instance,
St−20 to St−10 with a drift function determined by the model’s transition equations. This
bridge defines a normal distribution for temperature at each time s ∈ {t−20, ..., t−10}, con-
ditioned on the drift function and the need to start at St−20 and end at St−10. Each Brownian
bridge produces noise which, although necessary to interpolate stochastically evolving tem-
perature between decades, we do not want propagating into our value function. As discussed
below, we marginalize out the noise from the Brownian bridge by taking N =1,000 indepen-
dent and identically distributed samples of the entire Brownian bridge. We then provide this
random sample of climate histories to the learning algorithm, compute a posterior for each
of the 1,000 unique histories, and average over the resulting posteriors. We thereby obtain
the expected posterior distribution conditional on observing the thinned history stored in
Ht.

19

In our particular climate change application, learning will depend on the history of CO2

and temperature. CO2 evolves slowly and deterministically. We therefore linearly and de-
terministically interpolate CO2 within a decade. The left panel of Figure 3 displays this
interpolation for the optimal CO2 trajectory for the deterministic DICE-2007 model. The
linear interpolation fits the trajectory well, without noticeable kinks.

Interpolating surface and lower ocean temperatures is the trickier, and more critical,
step. This is where we rely on the Brownian bridge. We define the drift of each of these
two stochastic processes by using downscaled versions of the DICE model’s physically-based
transition equations (see appendix). The Brownian bridge ensures that the simulated tem-
perature 10 years from, for instance, a given draw of St−20 matches the temperature reported
in St−10, not the temperature implied by the model’s deterministic physics. The volatility of
the Brownian bridge is directly estimated in our downscaled DICE transition equations with
data from the historical climate record, as described in Section 3. The right panel of Fig-
ure 3 displays a Brownian bridge interpolation of surface temperature along the DICE-2007
optimal trajectory. The annually interpolated points pass through the decadal end points
even as they evolve stochastically within each decade.

(deterministic) physics would not allow such a history. One could imagine further trimming the history vector
by imposing restrictions based on model dynamics. This technique would bear some relation to adaptive
grid methods (see Maliar and Maliar, 2015, 2014). We leave this to future work.

19The precise posterior obtained from a full history could differ from this calculated posterior depending on
the precise values of the missing history states. One should therefore beware of trimming the history vector
too much, because the variance of the interpolated states and thus the variance of the realized posterior
would increase in the number of states that need to be interpolated between the tracked states. Also, note
that our method is not equivalent to using expected values in the interpolation (i.e., to fixing the Brownian
bridge’s shocks to zero). That approach would overestimate the rate of learning because the policymaker
would always see the least noisy time series that could actually occur.
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Figure 3: The annually interpolated CO2 trajectory (left) and one sample of an annually
interpolated surface temperature trajectory (right) along the DICE-2007 optimal trajectory.
The decadal DICE-2007 trajectory is depicted with the black circles.

2.3 Learning

Our policymaker is a Bayesian. She formulates the posterior distribution for her unknown
parameter θ by combining her prior over θ with the current observations in St and the history
of observations in Ht using Bayes’ rule:

p(θ|St, Ht) =
p(St, Ht|θ) p(θ)∫
p(St, Ht|θ)p(θ)dθ

,

where p(θ) is her time 0 prior about θ. In our climate change application, she learns about
the sensitivity of the planet’s climate to CO2. At each collocation node (St, Ht), she updates
her beliefs by combining her prior over this sensitivity with climate data from the twentieth
century (see Section 3), with the data stored in the history vectors, and with the most recent
observations of CO2 and temperature.

2.4 Beliefs

Dynamic programming applications typically restrict attention to conjugate priors, in which
case the posterior can be derived analytically from Bayes’ rule. We consider nonconjugate
priors. As detailed in the appendix, we use Hamiltonian Monte Carlo (HMC), a method
closely related to Markov chain Monte Carlo, to obtain a sample from the N posterior
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distributions implied by the N different Brownian bridge interpolations for each decadal
history. This method is too computationally costly to be implemented within a value function
iteration routine.

Instead, we implement the HMC routine “offline,” before attempting to solve the dynamic
programming problem. We are able to “precompute” the posterior at every combination of
states because this posterior depends only on the combination of states reached, not on the
policies that will be adopted within the dynamic programming calculations. In our climate
change application, we (stochastically) interpolate the history vectors at each of the approxi-
mately 100,000 nodes on our grid 1,000 times each using the methods outlined in Section 2.2.
We then run the HMC algorithm to generate 50,000 samples for each of the 1,000 histories
at each node and we then combine the samples to approximate the nonparametric poste-
rior used for decision-making at the node.20 In total, we use 50,000 × 1,000 = 50,000,000
samples to approximate the potential posteriors at each node. We distribute this precompu-
tation across 1,400–4,800 cores at the University of Arizona’s high performance computing
facility.21

In order to utilize the posterior sample when solving our Bellman equation, we use a
kernel density estimator to nonparametrically estimate the average posterior density of the
1,000 Brownian bridges.22 The averaging of the posteriors effectively marginalizes out the
bridge’s shocks. The appendix describes our Markov chain sampling method and kernel
density estimation in more detail.

Why does precomputation matter? Computing one set of beliefs takes approximately 10
days or 300,000–1,000,000 cores-hours depending on how many cores we are able to use. If we
wish to solve different kinds of models, as long as we do not vary the structure of the model
that directly generates the learning data we only need to perform the learning component
of the algorithm once. In our setting this allows us to vary any part of the model that is not
directly related to the temperature transitions. Being able to precompute beliefs matters
because the rest of the algorithm is computationally cheap: solving the value function only
takes 300–400 core-hours. Precomputing beliefs reduces the cost of future alternative model
runs by 99.9%.

20The number of nodes declines as we step backwards in time through the value function iteration algorithm
because we will have a shorter history and thus fewer states as we get closer to the initial time.

21How many processors we are able to use depends on requested usage by other researchers.
22To average the posterior we combine the posterior samples from the 1,000 different Brownian bridges

and then we apply the kernel density estimator with a Gaussian kernel. The bandwidth we use is the one
that minimizes the mean squared error of the posterior sample mean and the posterior mean implied by
using the quadrature rule. We opt for a Gaussian kernel instead of an Epanechnikov kernel since it provides
lower mean squared error in our application.
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2.5 Dynamic programming

The previous steps result in a precomputed posterior distribution at every collocation node
in the state space. The final step is to solve the Bellman equation. We use value function
iteration (Judd, 1992, 1998; Miranda and Fackler, 2002), where we approximate the value
function via collocation on a sparse grid with the Smolyak basis (Judd et al., 2014). This step
is standard, albeit with a posterior density defined by the kernel density estimator described
above. We begin at the terminal time T and solve the Bellman equation at every node. We
fit a time T value function approximant to the results. We then step back to the previous
time period and repeat the procedure, using the time T value function approximant to define
the continuation value.23 We proceed until reaching time 0. The appendix provides the full
model equations and reports computational details. At the conclusion of this procedure, we
have a value function approximant at every date, and we can use that approximant to solve
for optimal policy and to simulate optimally controlled trajectories.

3 Calibrating the Learning Model

We now describe the calibration of our learning model, which we will integrate into the bench-
mark DICE-2007 climate-economy integrated assessment model (Nordhaus, 2008). This
climate-economy model uses a two-box climate system, in which surface temperature and
ocean temperature interact over time. Our learning model combines the transition equa-
tions for surface and ocean temperature from an annualized version of DICE-2007 with
observations of surface temperature, ocean temperature, and “forcing” (a measure of the
heat directly trapped by greenhouse gases like CO2) since 1880, as plotted in Figure 4.24

We put the temperature record on the same scale as the Brownian bridge interpolation in
Figure 3 for comparison. The appendix provides the formal description. We here note salient
details.

First, the ocean temperature series begins in 1955, not 1880. Rather than throw away
75 years of surface temperature and forcing data by truncating the observational record to
1955, we estimate the missing ocean temperature data along with climate sensitivity (see
also Aldrin et al., 2012).25 Our ability to easily estimate multiple uncertain parameters at
once is a strength of our nonconjugate approach to learning, as compared to the standard
conjugate approach to learning. These missing ocean temperature data are identified, first,
by variation in contemporary surface temperature that is not explained by variation in
contemporary forcing and, second, by the ocean temperature state’s transition equations

23Since policymaking only occurs every 10 years, each time period for the value function is a decade even
though the policymaker is still using the annual data obtained from the Brownian bridge step.

24Large dips in radative forcing are generally caused by reflective particulates being ejected by volcanic
eruptions such as Krakatoa in 1883 or Pinatubo in 1991.

25Uncertainty about ocean temperature is a key part of actual scientific uncertainty about climate change.
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Figure 4: Observations of surface temperature (gray), ocean temperature (blue, 0–700m
depth, vertically averaged), and forcing (due to greenhouse gases such as CO2) from 1880–
2005. Surface temperature is from the NOAA National Climatic Data Center, ocean tem-
perature is from the NOAA National Oceanographic Data Center, and forcing is from the
NASA Goddard Institute for Space Studies. The plotted ocean temperature for 1880–1955
(orange) is the mean estimate.

that link the missing years to the 1955 measurement. For each missing ocean temperature
data point, we use an improper (uniform) prior over the real numbers. We estimate fairly
tight confidence intervals around each data point. We will therefore fix each missing ocean
temperature data point at its estimated mean for the dynamic programming implementation.

Second, we must also estimate a scale adjustment to the post-1955 ocean temperature
series. Both ocean temperature and surface temperature are measured as anomalies with
respect to some baseline. The climate system’s transition equations depend on the two
measurements being on the same scale, but the absolute scale for the ocean temperature
series is not available and the reported anomaly is not necessarily based on the same reference
years as is the reported surface temperature anomaly. In order to integrate these data
series, we follow Aldrin et al. (2012) in estimating the adjustment factor for reported ocean
temperature from the data. This adjustment is identified from the post-1955 relationship
between reported ocean and surface temperature anomalies. We follow Aldrin et al. (2012) in
using an improper (uniform) prior over the real numbers. Uncertainty about this adjustment
is another component of actual scientific uncertainty about the state of the ocean.

Third, we also estimate the standard deviation of the disturbance term in the transition
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equation for surface temperature and the standard deviation of the disturbance term in the
transition equation for ocean temperature. The disturbance term in the surface temperature
transition equation is sometimes treated as reflecting “weather” shocks. We estimate a tight
confidence interval around each standard deviation from the historical data, even though we
use an improper (uniform) prior over the positive real numbers. We will therefore fix each
standard deviation at its estimated mean for the dynamic programming implementation.

Finally, we calibrate the 1880 prior over climate sensitivity so that the year 2005 posterior
matches the current state of scientific knowledge. The climate sensitivity parameter is iden-
tified by changes in surface temperature that are residual to changes in ocean temperature
and are correlated with changes in forcing. The standard deviation of the surface temper-
ature transition is identified by the remaining variation in the surface temperature series.
We find that a uniform prior yields posterior distributions that are on the high end of the
current state of scientific knowledge. Further, theoretical derivations of climate sensitivity
suggest that a uniform prior does not reflect the knowledge available before looking at the
data (e.g., Roe and Baker, 2007).26 In contrast, we find that a lognormal prior over climate
sensitivity generates a posterior with an acceptable fit to current scientific understanding.27

We calibrate the prior so as to minimize the Kullback-Leibler distance between our year
2005 posterior and the distribution of climate sensitivity derived in the recent review by
Knutti et al. (2017).28 We then fit a lognormal distribution to the 2005 nonparametric den-
sity that minimized the Kullback-Leibler divergence and use this lognormal posterior as our
prior for the dynamic programming implementation.29 We obtain a lognormal density in
2005 that has location parameter 1.28 and scale parameter 0.602, and our 1880 prior has
a location parameter of 1.73 and a scale parameter of 0.604. Arrhenius (1896) published
the first recorded estimate of the climate sensitivity shortly after our observational record
begins. This estimate is consistent with our calibrated 1880 prior.

Figure 5 plots the evolution of the climate sensitivity’s posterior distribution from our
learning model since 1880. We see that the last 120 years’ observations have generated

26A uniform prior is not uninformative but implies a certain type of knowledge about the climate system:
that climate sensitivity values as high as 20◦C are as likely as those around 3 − 4◦C. Actual theoretical
understanding is in fact different from this implied knowledge.

27Consistent with Aldrin et al. (2012), we truncate the distribution of climate sensitivity at 20◦C. We also
truncate the lower end of the distribution at 1.2◦C under the standard assumption that the total climate
feedback is nonnegative.

28Specifically, we target the observationally constrained distribution in their Figure 5b. We take 100,000
draws from this target distribution and drop all values of climate sensitivity that are less than 0◦C or greater
than 20◦C. We then use a kernel smoother to fit a density over the same Gauss-Legendre quadrature nodes
used in the dynamic programming distribution. We use a differential evolution algorithm to search for the
1880 prior that minimizes the Kullback-Leibler distance between the target density at these nodes and the
density of the posterior distribution at these same nodes.

29Fitting a lognormal to the year 2005 posterior avoids having to re-estimate the model on the entire
historical series at every node in the dynamic programming routine described in Section 2, which saves a
substantial amount of computational time.
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Figure 5: The evolution of the distribution for climate sensitivity as observations accrue.
The point is the mean of the distribution and the line indicates the 90% confidence interval.

nontrivial information about climate sensitivity, but we also see that the learning process
has been slow.

We implement the learning model using Hamiltonian Monte Carlo, a higher-performance
analogue of Markov chain Monte Carlo.30 Figure 6 shows our original prior in 1880, the
2005 target distribution from Knutti et al. (2017), and the lognormal distribution in 2005
that minimized the Kullback-Leibler divergence. The lognormal distribution is a reasonable
approximation to the target distribution.31

4 DICE Climate-Economy Model

We integrate our learning model into the benchmark DICE climate-economy model (Nord-
haus, 1992, 2008, 2013). As illustrated in Figure 7, DICE is a Ramsey growth model coupled

30Hamiltonian Monte Carlo is helpful in high-dimensional spaces because the majority of the volume has
very low probability density even as the area of high density (near the mode) occupies very little volume.
Markov chain Monte Carlo’s random walk algorithm tends to explore regions that are not highly relevant,
but Hamiltonian Monte Carlo restricts exploration to the relevant region of the state space. See Neal (2011)
and Betancourt (2017) for more on Hamiltonian Monte Carlo.

31We roll the uncertainty from the uncertain ocean parameters into the year 2005 prior for climate sensitiv-
ity in the dynamic programming application. Our approach is acceptable because these parameter estimates
are stable by 2005.
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Figure 6: The year 2005 target distribution (orange), the optimized lognormal 2005 posterior
(gray), and the lognormal 1880 prior that minimizes the Kullback-Leibler divergence between
the lognormal posterior and the target distribution (blue).

to a climate module where the policymaker’s objective is to maximize the present value of
the flow of expected utility. We use a 600-year horizon. In each policymaking period (here
a decade), a final good is produced from a Cobb-Douglas production function with capital
and labor inputs and with exogenously improving technology. The policymaker can use the
final good in three ways: for consumption, for abatement of industrial CO2 emissions, or for
investment that increases the future capital stock. Consuming output increases the current
period’s flow utility, where the utility function has the usual power (constant relative risk
aversion) form.

The policymaker can devote some output to abatement, which reduces the net quantity
of CO2 emissions that enters the atmosphere. Each period, CO2 can move between the
atmosphere and the land/ocean CO2 reservoir and between the land/ocean CO2 reservoir
and the deep ocean CO2 reservoir. Additional atmospheric CO2 traps more heat at the
earth’s surface and raises surface temperature. Climate sensitivity, our uncertain parameter
of interest, governs how additional atmospheric CO2 translates into surface warming in
equilibrium. Heat from the surface can also move into the ocean and from the ocean back to
the surface, depending on their relative temperatures. Increasing surface temperature causes
damage to the economy, and it is this damage that may motivate a policymaker to divert
output away from consumption and savings and towards abatement.

Each period, the policymaker makes decisions based on the current state of the world,
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Figure 7: Schematic of the extended DICE climate-economy model. States of the model are
contained in boxes.

which consists of the observable states (boxes in Figure 7) and her beliefs about the true
value of the climate sensitivity. The policymaker’s beliefs in each period are formed by
combining current and past observations of atmospheric CO2, surface temperature, and
ocean temperature with her initial prior in the standard Bayes’ formula.

5 Results

We now present the results of analyzing climate change policy under realistic learning about
climate sensitivity. First, we describe the evolution of the policymaker’s beliefs along the
optimal path for different true values of the climate sensitivity. Second, we describe how the
optimal carbon tax evolves under these different climate sensitivities.

Figure 8 shows the evolution of the policymaker’s beliefs along the optimal emission path
when the true climate sensitivity is either 2◦C, 3◦C, 4◦C, or 5◦C.32 The points give the mean
of the policymaker’s belief and the bars depict the 90% confidence interval. We will discuss
the lower left panel’s gray dots below. In the first period (year 2005), the policymaker’s
expected climate sensitivity is 4.3◦C and the standard deviation of her beliefs is 2.8◦C.33

The top left panel shows the evolution of beliefs for a true climate sensitivity of 2◦C. The
90% confidence interval declines relatively slowly over the next century, with the standard
deviation about 60% smaller by the end of the century. At that time, the policymaker’s
expected climate sensitivity is 2.5◦C, still a bit larger than the true value.

We see that the policymaker learns more slowly when the climate is actually more sensi-
tive to emissions, an effect that is consistent with climate scientists’ projections (e.g., Allen

32Note that the optimal emission path depends on the true climate sensitivity because emissions at any
future time t depend on temperature and beliefs at that time, both of which respond to changes in the true
climate sensitivity.

33Recall that this initial belief is obtained from the historical record, as described in Section 3.
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Figure 8: Evolution of the mean (points) and 90% confidence interval (bars) of climate
sensitivity beliefs along the optimal emission trajectory when the true climate sensitivity is
2 (top left), 3 (top right), 4 (bottom left), or 5 (bottom right) degrees Celsius. We sample
1000 Brownian bridges to compute the expected posterior and evaluate decadal temperature
shocks at their mean. The gray dots in the lower left panel indicate the single value of
climate sensitivity that would generate that year’s expected temperature along the emission
trajectory that is optimal when the true climate sensitivity happens to be 4◦C.
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and Frame, 2007). When the true climate sensitivity is around 3◦C, the year 2105 policy-
maker’s expectation of climate sensitivity is 3.5◦C, but the standard deviation of her beliefs
is only around 45% smaller than it was at the beginning of this century. Learning is even
slower for high values of climate sensitivity. When facing a true climate sensitivity of 4◦C, the
policymaker’s end-of-century expectation remains around 4.3◦C, but her standard deviation
has now fallen by only 33% over the century. And if the true climate sensitivity is 5◦C, then
the policymaker does not start becoming much more certain about climate sensitivity until
near the end of the first century. At 2105 she still has a modestly incorrect expectation that
the climate sensitivity is 4.9◦C and her standard deviation has fallen by only 25%, mainly
because of ruling out low climate sensitivity values but not high ones.

These results teach us two important lessons, both of which are consistent with climate
science. First, the policymaker remains quite uncertain about the true climate sensitivity
in all cases. Our nonconjugate policymaker expects to learn much less over the next 100
years than standard conjugate climate-economy models’ policymakers would learn even over
40 years (see Figure 1). The nonconjugate learning dynamics are more consistent with the
scientific literature than are the learning dynamics implied by previous economic models
of climate change. Second, learning is slower when the true climate sensitivity is higher.
This is the opposite of what occurs in standard conjugate learning models. There, a greater
true climate sensitivity actually accelerates learning because it produces higher temperatures,
which increase the climate sensitivity signal relative to the noise in the temperature transition
(and this signal-to-noise ratio is all that matters in a normal-normal conjugate learning
model). This fast learning in the face of undesirable climate sensitivity outcomes reduces
the importance of uncertainty because future policymakers can adjust policy once they learn
that they live in a bad state of the world. Our nonconjugate learning model eliminates this
unrealistic effect.

Now consider optimal emission policy. Figure 9 displays the optimal emission tax trajec-
tories for a policymaker who is a nonconjugate learner and for a counterfactual policymaker
who has perfect information. The panels correspond to climates where the true climate sen-
sitivity is either 2◦C, 3◦C, 4◦C, or 5◦C. In all cases the learning policymaker sets the same
initial carbon tax of $7/tCO2 because initial information does not vary by scenario.

If the true climate sensitivity is 2◦C, then the initial emission tax with perfect information
is only $5/tCO2, or 30% smaller than the optimal emission tax under uncertainty. Since the
climate is relatively insensitive to CO2, additional CO2 does not cause much damage and
the perfect-information tax rises slowly over time to only $31/tCO2 in 2105. The learning
policymaker ends up following a flatter tax trajectory, reaching only $26/tCO2 in 2105.
When the true climate sensitivity is 3◦C, the perfectly informed policymaker actually selects
a greater initial emission tax than does the learning policymaker. Further, the slow resolution
of uncertainty means that the learning policymaker’s emission tax ends up substantially
smaller than the perfectly informed policymaker’s emission tax at the end of the century.
Because the learning policymaker’s emission tax does not soon adjust towards the perfect-

23 of 33



RRL Calibrating Belief Dynamics (Preliminary) February 6, 2018

Figure 9: Evolution of the efficient carbon tax ($/tCO2) when the policymaker has perfect
information (dashed orange) and when the policymaker is uncertain but learns about the
climate sensitivity (solid blue). The panels correspond to a true climate sensitivity of 2◦C
(top left), 3◦C (top right), 4◦C (bottom left), and 5◦C (bottom right). We sample 1000
Brownian bridges to compute the expected posterior, and we evaluate decadal temperature
shocks at their mean.
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information values, temperature (plotted in the appendix) reaches a level that is 0.1◦C greater
in 2105 than the level that it would reach under the perfectly informed policy.

Why does uncertainty reduce the initial carbon tax relative to a world in which we know
that climate sensitivity would be less than its expected value?34 Equilibrium temperature is
linear in climate sensitivity, but climate sensitivity affects nearer-term temperatures nonlin-
early. In particular, as climate sensitivity increases in DICE-2007, oceans absorb more heat
early on, so that near-term warming is concave in climate sensitivity.35 The lower left panel
of Figure 8 illustrates this effect. Each gray dot represents the unique climate sensitivity
value that, given the the emission trajectory that is optimal when the true climate sensitivity
happens to be 4◦C, would yield the expected temperature in that year based on the year
2005 posterior. We may think of these dots as representing the certainty-equivalent climate
sensitivity when outcomes are measured in terms of temperature (i.e., before accounting
for nonlinear damages and risk aversion). With year 2005 information, the expected cli-
mate sensitivity is around 4.3◦C, but we see that the certainty-equivalent climate sensitivity
is substantially smaller over much of the next century. Uncertainty therefore reduces the
certainty-equivalent climate sensitivity because of the strong concavity of near-term temper-
ature in climate sensitivity. And for a policymaker who discounts the future, this near-term
reduction in certainty-equivalent climate sensitivity can be more important than the increase
in expected long-term warming.36

34In their review, Lemoine and Rudik (2017) describe uncertainty about climate sensitivity as having
either nearly no effect or a very small positive effect in previous settings.

35This effect is in part why it is so difficult to constrain climate sensitivity from the observational record
and is consistent with scientific modeling (e.g., Baker and Roe, 2009).

36Following Calel et al. (2015) and ignoring the deep ocean, a continuous-time version of DICE’s tempera-
ture dynamics is Ṫ (t) = [F (t)− [F2/s]T (t)] /C, where F (t) is time t forcing, F2 is forcing from doubled CO2,
s is climate sensitivity, and C is the effective heat capacity of the climate system. Solving the differential
equation, we have:

T (t) = e−
F2
sC (t−t0)T (t0) +

1

C

∫ t

t0

e−
F2
sC (t−i)F (i) di.
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Twice-differentiate with respect to s:
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(t− i)2 di

]
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The first term is negative and the second is positive. Note that dF (i)/de0 ≥ 0 declines with i because time
0 emissions’ effect on later atmospheric CO2 decays over time. Also note that DICE uses a value for F2 of
around 3.8 and, according to calculations in Calel et al. (2015), a value for C of around 1.8, so F2/sC < 2
for s > 1 and F2/sC < 1 for s > 2.1. Thus, for all relevant values of s, the first integral is multiplied by a
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The optimal tax trajectories diverge even more strongly when the true climate sensitivity
is greater than 3◦C. In these cases, the perfectly informed policymaker would set an even
greater initial emission tax and increase it even more strongly over time. The learning
policymaker does eventually raise her tax to greater levels than in the cases with a smaller
true climate sensitivity, but because she learns especially slowly when climate sensitivity is
high, the divergence between her policy and the perfectly informed policy becomes especially
severe: the learning policymaker’s year 2105 emission tax is only $33/tCO2 ($36/tCO2) when
the true climate sensitivity is 4◦C (5◦C), but the perfectly informed policymaker’s year 2105
emission tax would be $69/tCO2 ($85/tCO2). As a result, end-of-century emissions are 32%
(46%) greater for the learning policymaker and end-of-century temperature is 0.2◦C (0.3◦C)
greater.

We have seen that our nonconjugate learning model predicts that we will learn something
about climate sensitivity over the next century but that progress will be slow. We now
calculate the expected value of the information gained from learning relative to not updating
our initial beliefs. The balanced growth equivalent (BGE) gain (Mirrlees and Stern, 1972)
is the constant relative difference in consumption between two counterfactual consumption
trajectories that grow at the same constant rate and also yield the exact same welfare as two
models we are interested in (in our case, learning and not learning). We find that the BGE
gain from nonconjugate learning relative to never updating beliefs from the initial prior is
0.3%. The greatest possible gain from learning would arise if the policymaker could expect
to learn the true value of climate sensitivity right before she begins policymaking. This BGE
tells us the expected welfare gain from perfect information. We find that expecting to obtain
perfect information yields a BGE gain of 8.5% relative to a world without learning. This
gain is nearly thirty times larger than the gain from nonconjugate learning. Better scientific
monitoring and modeling could be hugely valuable if it would speed learning towards the
perfect information case. In ongoing work, we are calculating the welfare gains from reducing
the unexplained volatility of temperature observations, as would be achieved by directing
research toward improving ocean and surface monitoring systems or improving the accuracy
of climate models.

6 Conclusions

TBA

larger term, and often by a much larger term. Because the second integral becomes especially small for s
large, concavity becomes more important when more weight is placed on large values of climate sensitivity.
Alternatively, using the standard discrete-time DICE temperature transition, it is easy to show that the
marginal effect of emissions on temperature two periods ahead (climate sensitivity and emissions do not
interact only one period ahead) is strictly concave in climate sensitivity.
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(a) Conjugate Feedback Learning in Reverse (b) The Implied Climate Sensitivity

Figure A-1: Left: The mean and 90% confidence interval of conjugate feedback beliefs when
starting from the standard 2005 Roe and Baker (2007) prior and simulating the learning
rules in reverse using the observational record from 2005–1880. Right: The implied belief
about the climate sensitivity at the mean feedback factor.

A Appendix

The appendix contains additional details on how conjugate learning is a binding constraint to
matching real world informational dynamics, plots of climate variables, more details on the
Brownian bridge, the Hamiltonian Monte Carlo algorithm, how we approximate posterior
beliefs, pseudocode for the entire algorithm, the DICE model, and an error analysis of our
results.

A.1 Additional Details on the Binding Constraint of Conjugate
Learning

Previous models’ bias towards overly rapid learning has strong implications for what we
must have believed in the past. The left panel of Figure A-1 shows the trajectory of beliefs
about the feedback factor, a transformation of the climate sensitivity and the direct object
of learning in conjugate models, that arises when taking the common 2005 prior calibration
used in the literature and then simulating conjugate learning in reverse using the actual
observational record of temperature and CO2. This is the unique belief trajectory that
would generate economic models’ initialized beliefs from Bayesian learning on observational
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Figure A-2: Changing features of our learning model one by one to match that of Hwang
et al. (2017), in order to verify why learning is slower in our setting. Beside each distribution
is the mean and standard deviation. The scale of the y-axis matches Figure 1 for comparison.

data.37 To arrive at year 2005 beliefs in these conjugate learning models, scientists would
have expected the feedback to be about 0.9 in 1880. The right panel shows that at the
mean feedback, this implies a climate sensitivity of 17◦C, far above even the original guess
of Arrhenius (1896).

Is nonconjugacy driving the major differences between our posterior and previous models,
or is the main driver some other difference between the models? Figure A-2 plots the
posteriors obtained by step-by-step matching our learning model to the Hwang et al. (2017)
model, which was the most accurate out of the conjugate models. First, consider adapting
our model to match the volatility of surface and ocean temperature in Hwang et al. (2017).38

37Note that the Roe and Baker (2007) climate sensitivity-feedback relationship is given by cs = 1.2
1−fb , so

a feedback factor of 1 implies runaway climate change and values higher than 1 mathematically map into
negative climate sensitivity values. The common practice in economic modeling is to update beliefs using the
untruncated distribution and then truncate the distribution below 1 when calculating expectations about
future temperature.

38We match the volatilities as a separate step because we directly estimate them from the instrumental
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The mean and standard deviation of the posterior both become smaller, but learning is
still slower than the slowest conjugate model. Now consider also matching their model
structure, so that we have the same transition equation for temperature. Matching the model
structure and volatilities of Hwang et al. (2017) tends result in even smaller differences in the
posterior compared to the common prior and the nonconjugate posterior. The only remaining
difference between our setting and that of Hwang et al. (2017) is nonconjugate learning. Once
we replace that with conjugacy, the posterior narrows significantly. Nonconjugacy is indeed
the key change that drives slow learning in our setting.

A.2 Additional Figures

Figures A-3 through A-5 plot the trajectories of emissions, CO2 concentrations, and sur-
face temperature for a policymaker who is a nonconjugate learner and for a counterfactual
policymaker who has perfect information. For all true climate sensitivities, the learning pol-
icymaker’s emission trajectories follow a similar path that increases over the first century.
Learning does allow the policymaker to adjust emissions by the end of the century, with
emissions under a true climate sensitivity of 2◦C reaching near 14.6 GtC per year but reach-
ing only 13.3 GtC per year when the true climate sensitivity is 5◦C. But learning is too slow
for emissions to reach anything like their levels under the perfectly informed policy. With
perfect information, higher climate sensitivities lead to drastically greater emissions cuts. At
a climate sensitivity of 4◦C (5◦C), emissions peak in 2095 (2085) at 10.4 GtC per year (9.4
GtC per year).

Figure A-4 shows how CO2 concentrations correspondingly evolve. The similar emission
trajectories of the learning policymaker across the different climate sensitivities lead to sim-
ilar CO2 concentrations. At the end of the century, CO2 is between 625 ppm and 636 ppm.
When the true climate sensitivity is 2◦C, the CO2 trajectory under perfect information is
very similar and reaches 632 ppm. However under the higher climate sensitivities, the per-
fectly informed policymaker’s drastic emission reductions lead to substantially lower CO2

concentrations of 605 ppm, 585 ppm, and 570 ppm for climate sensitivities of 3◦C, 4◦C, and
5◦C. Differences in CO2 translate into temperature only slowly, but Figure A-5 shows that
temperature would already tend to be substantially lower by the end of the century under
the perfectly informed policy.

A.3 Brownian Bridge Interpolation

Our collocation grid contains sets of decadal histories of temperature and CO2, but we
want to learn using annual data. We generate annual data by stochastically interpolating
temperature between the decadal history observations using a Brownian bridge with drift.
Let t index years. A Brownian bridge, B(t) is simply a Brownian motion, W (t), but with the

record using our model, and our values imply more volatility in temperature, which would slow learning.
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Figure A-3: Evolution of emissions (GtC per year) when the policymaker has perfect infor-
mation (dashed orange) and when the policymaker is uncertain but learns about the climate
sensitivity (solid blue). The panels correspond to a true climate sensitivity of 2◦C (top left),
3◦C (top right), 4◦C (bottom left), and 5◦C (bottom right). We sample 1000 Brownian
bridges to compute the expected posterior and evaluate decadal temperature shocks at their
mean.
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Figure A-4: Evolution of CO2 concentration (parts per million) when the policymaker has
perfect information (dashed orange) and when the policymaker is uncertain but learns about
the climate sensitivity (solid blue). The panels correspond to a true climate sensitivity of
2◦C (top left), 3◦C (top right), 4◦C (bottom left), and 5◦C (bottom right). We sample
1000 Brownian bridges to compute the expected posterior and evaluate decadal temperature
shocks at their mean.
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Figure A-5: Evolution of surface temperature (◦C) when the policymaker has perfect infor-
mation (dashed orange) and when the policymaker is uncertain but learns about the climate
sensitivity (solid blue). The panels correspond to a true climate sensitivity of 2◦C (top left),
3◦C (top right), 4◦C (bottom left), and 5◦C (bottom right). We sample 1000 Brownian
bridges to compute the expected posterior and evaluate decadal temperature shocks at their
mean.
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process constrained such that W (T ) = b at some end time T , here at the end of a decade,
where b ∈ R. The drift function in the Brownian bridge is the set of DICE climate equations
but with the timestep downscaled to one year. This allows the interpolated CO2 histories and
previous year’s interpolated temperatures to influence the interpolation of surface and ocean
temperature. The volatility of the bridge is calibrated to the volatility in the historical
temperature record, which we estimate using the historical observational record and the
downscaled set of DICE climate equations.

The advantage of using the Brownian bridge is two fold. First, a stochastic simulation
allows for the inclusion of noise in our interpolation. Fluctuations in annual temperature are
consistent with the real world and are necessary to accurately capture the speed of learning.
Learning on a deterministic interpolation would be artificially fast since a policymaker would
observe a perfectly clear signal of the climate sensitivity. Second, the history observations
at a given collocation node may be inconsistent with a deterministic interpolation using the
annual version of the DICE temperature equations. The values of the nodes in the history
state dimensions are determined by the domain of the state space and where Smolyak’s
method locates the nodes conditional on a chosen domain. One example of inconsistency be-
tween a grid and reality is if historical CO2 was at extremely high levels, ocean temperature
was higher than surface temperature every decade, but surface temperature was declining
according to the history states. The CO2 history and the warm ocean relative to the sur-
face suggests that the surface should be warming, and a simple deterministic interpolation
between decades would overshoot the end-of-decade surface temperature value. To reconcile
this, the system requires volatility so that a sequence of negative surface temperature shocks
can bring temperature back down to the end-of-decade value determined by the grid.39 A
Brownian bridge allows us to introduce volatility in the system that can explain why a
deterministic DICE climate system does not fit the history data.

The Brownian bridge works as follows. We construct an annual drift function, D(Tt, Ot,Mt, t) :
R4 → R2, from downscaled equations of the DICE climate system. The DICE climate system
is given by,

Tt+10 = Tt + C1

[
F (Mt+10, t)−

f

s
Tt + C3 (Ot − Tt)

]
Ot+10 = Ot + C4 (Tt −Ot)

39For example, the stochasticity may represent a La Niña event.
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The downscaled annual transitions are then,40

D(Tt, Ot,Mt, t) ≡
[
Tt+1

Ot+1

]
=[(

1− C1f
s

)1/10
Tt +

(
1−

(
1− C1f

s

)1/10
) (

s
f

)
F (t+ 1,Mt+1)− σocean (Tt −Ot)

(1− σ4)Ot + σ4 Tt

]

where σ4 = 1 − (1 − C4)1/10, σocean = 1 − (1 − C1 · C3)1/10. Next, let W (t) be a Wiener
process from time 0 to time 10 and let B(t) be a Brownian bridge from time 0 to time 10

starting at a value of

[
T0

O0

]
and ending at

[
TT
OT

]
. B(t) is governed by the following equation,

B(t) = D(Tt, Ot,Mt, t) + σBW (t)− t

10
[W (T )− (b−D(Tt, Ot,Mt, t))] ,

where σB is the volatility of the Wiener process. As was described in the main text, the
volatility of the Wiener process was estimated from the observational climate record.

A.4 Learning

The observational record for atmospheric CO2 and surface temperature goes back to 1880,
while the record for ocean temperature only goes back to 1955. We estimate the distribution
of missing ocean temperature observations from 1880-1954 as a part of the learning proce-
dure. However, this introduces many more parameters and has a significant computational
cost. In the main text, we insert the mean of the missing observation estimates as actual
observations to reduce the computational burden and find this has nearly no effect on the
posterior distribution of climate sensitivity.

Last, we estimate the variance of the stochasticity of surface temperature and ocean
temperature using the observational records. As with the missing ocean observations, we
use the mean of the variance estimates as fixed values and find that this approximation also
has little effect on posterior estimates even as it reduces the number of parameters we must
estimate to only a single parameter (i.e., to the climate sensitivity parameter).

A.5 Hamiltonian Monte Carlo

Even if the prior p(θ) has a closed form, the proportionality constant in Bayes’ rule∫
p(St, Ht|θ)p(θ)dθ

40Note that this is not an exact mapping due to the nonstationarity of the temperature transitions (Traeger,
2014).
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may be difficult to compute so the posterior p(θ|St, Ht) will not be guaranteed to have a
closed form. We use a Hamiltonian Monte Carlo (HMC) algorithm to sample the posterior
and construct a numerical approximation to the posterior (Neal, 2011).41 Here we describe
the basic HMC algorithm and how it maps into Bayesian inference.

HMC is rooted in Hamiltonian dynamics, a formalization of the deterministic motion of
molecules. Before we demonstrate how Hamiltonian dynamics maps into Bayesian inference,
we must describe Hamiltonian dynamics. First, we define the Hamiltonian H(θ, p) of our
system as

H(θ, p) ≡ U(θ) +K(p),

where θ is a position vector, p is a momentum vector, U(θ) is potential energy, and K(p) is
kinetic energy. θ is our variable of interest in HMC, and p is an auxiliary variable we use
to facilitate proper sampling of our posterior density. When performing inference, U(θ) will
be the negative log density of the random variable θ from which we wish to sample. We
proceed with a description of a one-dimensional system since we only are sampling from a
univariate density over the climate sensitivity.

In one dimension, the two energy functions are:

U(θ) =
1

2
θ2, K(p) =

1

2m
p2,

where m is a constant. The quadratic form of the kinetic energy function implies that the
negative log probability density of p is normal with zero mean and variance m. The partial
derivatives of the Hamiltonian tell us how the position and momentum of the molecule change
over time,

∂θ

dt
=
∂H(θ, p)

∂p
,

∂p

dt
= −∂H(θ, p)

∂θ
.

We will simulate a discrete approximation to the system forward in time, which will yield us
our new proposed position (climate sensitivity) for sampling. We discretize the simulation
by using the leapfrog method.42 In leapfrog (and in other Euler approaches), we define a
stepsize ε for how far we move forward in time at each step of the simulation. Beginning at
some time t, we determine the new position and momentum at time t+ε by first determining
momentum at time t+ ε/2,

p(t+ ε/2) = p(t) + ε/2
∂U(q(t))

∂q(t)
.

Then, using this new momentum value, we determine the position a full step ahead:

θ(t+ ε) = θ(t) + ε
p(t+ ε/2)

m
.

41Specifically, we employ the No U-Turn Sampler (NUTS), a more computationally efficient version of the
standard HMC algorithm (Hoffman and Gelman, 2014).

42Leapfrog has better stability in approximation than standard Euler approaches.
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Finally, we move momentum another half step to be at time t+ ε,

p(t+ ε) = p(t+ ε/2) + ε/2
∂U(q(t+ ε))

∂q(t+ ε)
.

We will perform this simulation a total of L steps.

A.5.1 The HMC Algorithm

We can relate the target climate sensitivity posterior to the potential energy function using
the canonical distribution:

P (x) =
1

z
exp

(
−U(θ)

T

)
,

where z is a normalizing constant and T is the temperature of the system.43 In our case, the
climate sensitivity is the parameter of interest and is equivalent to the position variable in
the Hamiltonian system. The posterior of the climate sensitivity can be put in the form of
a canonical distribution if we define the potential energy function as

U(θ) = −log (p(θ) p(D|θ)) .

We set T = 1.
Using this form of the canonical distribution, we can proceed with the HMC algorithm

which has two main steps. In the first step we draw a value for the momentum variable
from its normal distribution, p ∼ N(0,m). Note that this value is independent of the
current position. In the second step we perform a Metropolis update using Hamiltonian
dynamics to propose a new state (θ, p). Starting from (θ, p), we simulate the Hamiltonian
system forward in time L steps with a stepsize of ε using the leapfrog method. Once we
have moved forward L timesteps, we negate the momentum variable to obtain our pro-
posed state (θ∗, p∗).44 We accept this as our next state (and sample θ∗) with probability
min {1, exp(−H(θ∗, p∗) +H(θ, p))}. If the proposal is accepted, then (θ∗, p∗) is taken to be
the new state. If the proposal is rejected, then the next state remains (θ, p). These two steps
are repeated until a desired number of samples are obtained.

A.6 Approximation of Beliefs

We approximate our posterior distributions at each collocation node p in some decade d using
a nonparametric kernel smoother and Gauss-Legendre quadrature. We use quadrature since
directly using the HMC samples to take expectations would result in orders of magnitude
more evaluations of the continuation value when maximizing the Bellman equation.

43T here does not relate to temperature in the actual climate but of the Hamiltonian system.
44The negation preserves symmetry in the proposal for the Metropolis update.
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Figure A-6: Left panel: Ten different expected posterior densities using the same observa-
tional record data. Right panel: The autocorrelation between our post-burn in samples. The
size of the post-burn in sample is 52,500 draws with a burn in of 2,500 draws.

To obtain the posterior approximation, we perform the interpolation and learning pro-
cedure N=1,000 times for each node p.45 One Brownian bridge introduces randomness into
the learning procedure, so we perform N interpolations and then use these stochastic inter-
polations obtain N sets of posterior samples. Each posterior sample contains 50,000 draws
after dropping the first 2,500 for burn in.46 We then combine all N samples into one large
sample to obtain an expected posterior that marginalizes out the noise from the Brownian
bridge.47 After combining the draws from all N posterior samples, we use a Gaussian kernel
smoother to generate a nonparametric density for the climate sensitivity. Next, we evaluate
the smoothed density at a set of Gauss-Legendre quadrature nodes to get the density values
for taking expectations.48 We select the bandwidth for the kernel smoother as follows. We
estimate the posterior distribution for the climate sensitivity using only the observational

45We selected N=1,000 by increasing N until additional Brownian bridges had negligible effects on beliefs
and optimal policy.

46Extending the burn in period does not meaningfully reduce autocorrelation in the samples.
47Standard conjugate updating rules also yield an expected posterior, as the policymaker forms expecta-

tions about the future values of her belief parameters.
48The Gauss-Legendre quadrature weights are predetermined for integrating some function of the climate

sensitivity s like
∫
V (s)ds =

∑N
i=1 w(i)V (i). However we are aiming to take an expectations of a function,

the continuation value, with respect to the density of the climate sensitivity f(s):
∫
V (s) dF (s). We can

approximate this expectation using the following quadrature scheme
∑N

i=1 w(i) f(i)V (i).
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record 1,000 times where each estimate consists of 10,000 samples. Then we compute the
mean climate sensitivity estimate for each of the 1000 sets of samples. Our selected band-
width h∗ for the Gaussian kernel minimizes the average absolute difference between the mean
climate sensitivity estimates given by the quadrature scheme and the actual sample from the
posterior across all 1,000 sets of samples.

The left panel of Figure A-6 displays nonparametric estimates of the climate sensitivity
posterior density for 10 different HMC chains when using the observational record. The plot
shows that the 10 nonparametric posterior densities are extremely close together, indicating
that a chain length of 52,500 can closely approximate the posterior. The right panel of
Figure A-6 displays the autocorrelation in the HMC between a given draw and a lagged draw.
The autocorrelation drops to zero rapidly, which suggests that our sample is approximately
drawn independently from the target distribution.49

Next we use value function iteration to approximate our value functions for each decade
conditional on the approximated climate sensitivity distributions for each node in that
decade. The value function algorithm is as follows,

1. At the terminal decade D, solve the Bellman equation at all collocation nodes. The
continuation value function, the value function corresponding to time D + 1, is a pre-
determined terminal value function.

2. Using the maximized values, solve a linear system of equations to recover the coefficients
for polynomial approximating the value function corresponding to decade D.

3. For each decade D − 1 to 0:

(a) Solve the Bellman equation at all nodes.

(b) Using the maximized values, solve a linear system of equations to recover the co-
efficients for the value function approximating the value function for that decade.

49Note that the autocorrelation plot starts with a lag of 0, so the first autocorrelation value is by definition
1.
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A.7 Pseudocode for the Full Algorithm

In this section we provide pseudocode for the full algorithm. The algorithm is as follows,

BELIEF PRECOMPUTATION

For each decade from terminal time to initial time

For each collocation node

1. Linearly interpolate the node’s CO2 history vector

2. Stochastically interpolate the node’s temperature history vector

1,000 times with i.i.d. Brownian bridges

3. Sample the 1,000 posteriors using a 52,500-length HMC chain, with

the first 2,500 samples used for burn-in

4. Combine the samples to generate an expected posterior across bridges

5. Estimate a nonparametric density by applying a Gaussian kernel smoother

to the combined sample

6. Evaluate the nonparametric density at the Gauss-Legendre quadrature

nodes to recover the weight vector for taking expectations

7. Save the weight vector

end

end

VALUE FUNCTION ITERATION

For each decade from terminal time to initial time

For each collocation node

1. Maximize the right hand side of the Bellman using the precomputed

nonparametric density to take expectations over the one-decade-ahead

value function approximant

end

1. Project the maximized Bellman values onto a value function basis

end
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A.8 DICE Equations

Here we describe the DICE model. The version of DICE we implement follows that of
Lemoine and Rudik (2017) except for here we have nonconjugate learning and we also have
ocean temperature evolving stochastically. DICE is a Ramsey growth model with a climate
system coupled to it. DICE has a representative policymaker who aims to maximize her
stream of expected discounted utility from consumption. Each period t, the policymaker
begins with a stock of capital Kt, an exogenous amount of labor Lt, and exogenous technology
At. She combines these in a Cobb-Douglas production function to generate gross output,
Y g
t = AtL

1−κ
t Kκ

t . In each period, the surface temperature of the Earth is given by T st , and
higher surface temperature damages the economic and reduces the amount of output from
factor production in the following way

Y n
t =

Y g
t

1 + b2 T st
b3
.

The policymaker can use her net output after damages Y n
t three different ways. The first

is for consumption to increase utility where her utility function is the standard constant
relative risk aversion form form

u(ct;Lt) =
(ct/Lt)

1−η

1− η
.

Second, she can invest it to increase her future capital stock. Last, she can use it to abate
industrial CO2 emissions. The net amount of emissions entering the atmospheric CO2 stock
Matm

t each period is
et = 10 [σt(1− αt)Y g

t +Bt] ,

where σt is the emissions intensity of production, αt is the abatement rate, and Bt captures
exogenous emissions. CO2 in the atmosphere can be exchanged with the land/upper ocean
Mup

t and the lower ocean M lo
t according to a linear three box carbon model,Matm

t+10

Mup
t+10

M lo
t+10

 =

φ11 φ21 0
φ12 φ22 φ32

0 φ23 φ33

Matm
t

Mup
t

M lo
t

+

et0
0


Radiative forcing is the amount of heat trapped by by atmospheric CO2

Ft(M
atm
t , t) = f2xlog2

(
Matm

t /Mpre

)
+ EFt,

where Mpre is the preindustrial level of atmospheric CO2, and EFt is the amount of forcing
from exogenous sources. Additional radiative forcing increases surface temperature which is
given by

T st+10 = T st + C1

[
Ft+10(Matm

t+10, t+ 10)− f2x

s
T st + C3(T ot − T st )

]
+ εst ,
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where s is the uncertain climate sensitivity, T ot is the ocean temperature, and εst is the surface
temperature volatility term. Ocean temperature is given by

T ot+10 = C4T
o
t + (1− C4)T st + εot ,

where εot is the ocean temperature volatility term.

Table 1: The model parameters.

Parameter Value Description

A2005 0.027 Initial production technology
gA,2005 0.009 Initial growth rate of production technology
δA 0.001 Change in growth rate of production technology
L2005 6514 Initial population (millions)
L∞ 8600 Asymptotic population (millions)
δL 0.35 Rate of approach to asymptotic population level
σ2005 0.13 Initial emission intensity of output (Gigatons of carbon per unit output)
gσ,2005 -0.073 Initial growth rate of decarbonization
δσ 0.003 Change in growth rate of emissions intensity
a2005 1.17 Initial cost of backstop technology ($1000 per ton of carbon)
a1 2 Ratio of initial backstop technology cost to final backstop technology cost
a2 2.8 Abatement cost function exponent
gΨ 0.05 Growth rate of backstop technology cost
B2005 1.1 Initial non-industrial CO2 emissions (Gigatons of carbon)
gB 0.9 Growth rate of non-industrial emissions
b2 0.0028 Damage coefficient
b3 2 Damage exponent

EF2005 -0.06 Year 2005 exogenous forcing (W/m2)
EF2105 0.30 Year 2105 exogenous forcing (W/m2)
κ 0.3 Capital elasticity in production
δκ 0.1 Annual capital depreciation rate
Mpre 596.4 Pre-industrial atmospheric CO2 (Gigatons of carbon)
β 1/1.01510 Discount factor
η 2 Relative risk aversion and relative inequality aversion
φ11 0.811 Carbon transfer coefficient for atmosphere to atmosphere
φ12 0.189 Carbon transfer coefficient for atmosphere to upper ocean
φ21 0.097 Carbon transfer coefficient for upper ocean to atmosphere
φ22 0.853 Carbon transfer coefficient for upper ocean to upper ocean
φ23 0.050 Carbon transfer coefficient for upper ocean to lower ocean
φ32 0.003 Carbon transfer coefficient for lower ocean to upper ocean
φ33 0.997 Carbon transfer coefficient for lower ocean to lower ocean
C1 0.22 Warming delay parameter

Continued on next page
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Table 1 – continued from previous page

Parameter Value Description

C3 0.3 Parameter governing transfer of heat from ocean to surface
C4 0.05 Parameter governing transfer of heat from surface to ocean
f2x 3.8 Forcing from doubling of CO2 (W/m2)
λ0 1.2 Reference system’s climate sensitivity (◦C/[W/m2])
σ2
T 0.22 Surface temperature shock variance
σ2
O 0.0152 Ocean temperature shock variance
K0 137 Year 2005 capital (trillions of USD)
Matm

2005 808.9 Year 2005 atmospheric CO2 (Gigatons of carbon)
Mup

2005 1255 Year 2005 biosphere and upper ocean CO2 (Gigatons of carbon)
M lo

2005 18365 Year 2005 lower ocean CO2 (Gigatons of carbon)
T atm2005 0.7307 Year 2005 atmospheric temperature (◦C)
T ocean2005 0.0068 Year 2005 ocean temperature (◦C)
µ2005 1.28 Location parameter for year 2005 lognormal climate sensitivity distribution
Σ2005 0.602 Scale parameter for year 2005 lognormal climate sensitivity distribution
µ1880 1.73 Location parameter for year 1880 lognormal climate sensitivity distribution
Σ1880 0.604 Scale parameter for year 1880 lognormal climate sensitivity distribution
s 1.2 Climate sensitivity distribution lower bound50 (◦C/[W/m2])
s̄ 20 Climate sensitivity distribution upper bound (◦C/[W/m2])

A.9 Error Analysis

Here we explore error in our model. We do this in two ways. The first is to compare
deterministic results obtained from our dynamic programming approach to results obtained
from a highly accurate optimal control approach (Cai et al., 2015). We compare trajectories
for our control variables when solving a deterministic version of DICE using the exact same
collocation grid we use for our main results against trajectories obtained when solving the
same model but with using an optimal control approach with a highly accurate non-linear
solver as in Nordhaus (2008). If our dynamic programming solution is accurate, we should
be able to closely replicate policy solutions from an alternative solution method that directly
solves for policy instead of the value function.

Figure A-7 plots abatement and consumption trajectories for deterministic model runs
with climate sensitivity values of 2, 3, 4, and 5. The black lines are the trajectories from
our dynamic programming solution and the gray lines are trajectories from the optimal
control solution using modified Nordhaus (2008) code.51 The left panel displays abatement

50This corresponds to nonnegative total feedback.
51We must modify the code to make the problem Markov. This results in only minor differences from the

original Nordhaus (2008) results.
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Figure A-7: Abatement and consumption trajectories for a deterministic DICE model with
climate sensitivity values of 2, 3, 4, and 5. Black lines are solutions when using a dynamic
programming approach with the same collocation grid as our main results. Gray lines are
solutions when using the same optimal control approach as Nordhaus (2008). We only show
one set of trajectories for consumption since consumption is insensitive to climate sensitivity
and all trajectories are very similar.
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Figure A-8: Relative equilibrium condition errors along the optimal trajectory in log10 units
when the true climate sensitivity value is 3. Larger negative numbers imply less error in the
equilibrium condition.

trajectories. In early years, there is small amounts of error in the abatement policy, but this
quickly approaches zero. The right panel displays one set of consumption trajectories for a
climate sensitivity value of 3, we omit the other climate sensitivity values for clarity since
they are all extremely similar. The solutions are nearly identical across the two solution
methods, and any differences between the dynamic programming approach and optimal
control approach are extremely small regardless of the climate sensitivity value.

Another test of the accuracy of our results is to explore error in the equilibrium conditions
of the model. If we have accurate policies then the error in our first-order conditions should
be small, conditional on our value function approximation. Similarly, if our approximation
to the true value function is accurate then error in the Bellman equation should be small,
conditional on our policies being chosen accurately.52 Figure A-8 plots the relative error in the
first-order conditions and the Bellman equation in log10 units along the optimal trajectory for
a true climate sensitivity value of 3. Results are insensitive to which true climate sensitivity

52Collocation approaches force error in the Bellman to be zero on the collocation grid. This is not guar-
anteed off the grid.
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value we select. The errors are relative in the sense that we rearrange all the equilibrium
conditions so that there is a collection of terms on the left hand side, and 1 on the right hand
side. We then subtract 1 from both sides, take the absolute value, and then take the base 10
logarithm. In the limit that error in the conditions goes to zero, the logarithm will approach
−∞. For any non-zero amount of error, it will return a finite number where numbers that
are more negative imply greater accuracy. We can see that error is small for all equilibrium
conditions and within the range reported in the existing numerical literature. GET CITES,
JMMV, OTHERS?
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