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Abstract

This paper argues that accounting for firms’ endogenous productivity growth plays an
important role in understanding the link between financial and economic development.
First, using a simple analytically tractable model, it shows that incorporating endogenous
investment in firm productivity into the model amplifies the negative impact of borrowing
constraints on economic development. This occurs even if the models with and without
such productivity investments generate the same value of firms’ sizes and profits in the
absence of borrowing constraints.

Second, the paper embeds productivity investment into an otherwise standard variation
of the Bewley-Aiyagary-Hugget model used in the existing literature to evaluate the impact
of borrowing constraints on economic development. It compares the effects of borrowing
borrowing constraints in the two models, with endogenous and exogenous firm productivity
growth, calibrated in such a way that they are observationally equivalent in the benchmark
unconstrained environment. While measured TFP and GDP fall by 5% and 28% in the
model with exogenous productivity growth, they fall by 13% and 37%, respectively, in the
model in which firm productivity grows endogenously.
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1 Introduction

The question “’to what extent limited access to external financing distorts the allocation of re-
sources in the economy’ has been asked in many studies.! The channel that has been thoroughly
researched is the impact of credit constraints on the allocation of physical capital across firms:
Because limited access to external financing leads to misallocation of resources between the
poor and the rich firm owners, it adversely affects GDP and measured TFP. This paper draws
attention to the fact that, in addition to distorting the allocation of physical capital across the
firms, borrowing constraints also distort innovative investment. Firm owners need financial
resources to invest in growth and development of their ideas. Typical examples of such invest-
ment are the resources spent on market research, product promotion, adopting best management
practices, investment in own and managerial human capital, expenses incurred to access interna-
tional markets, etc. Naturally, limited excess to external financing may not only slow down the
process of physical capital accumulation but also restrain the firm productivity growth. Indeed,
recent empirical studies?> document the evidence of such adverse effects. The main objective of
this paper is to study to what extent endogenizing the link between financial constraints and firm
productivity growth may magnify the effect of financial constraints on economic development.

For this purpose, the paper develops two models, with exogenous (XG) and endogenous
(NG) firm productivity growth, and compares the effects of imposing the borrowing constraints
in these two environments. In the benchmark scenario, in which firms have unlimited access to
external financing, the two models are parameterized in such a way that they produce identical
predictions regarding the firm dynamics, income and wealth distribution, as well as the aggre-
gate quantities and prices. Then I introduce the borrowing constraints in the two models, and
compare the effects on GDP, measured TFP, and other aggregate variables.

I start by developing a simple analytically tractable example which demonstrates that ac-
counting for innovative investment is not simply a matter of recalibrating the firm technology
by accounting for all the production costs, including investment in intangible capital. 1 show

that when the (XG) and (NG) models are calibrated to match the same data on the evolution

ISee, for example, Buera, Kaboski and Shin (2011), Greenwood, Sanchez and Wang (2013), Moll (2014), and
Midrigan and Xu (2014), just to name a few.

2See, for example, Ferrando and Ruggieri (2015) Gorodnichenko and Schnitzer (2013), Levine and Warusaw-
itharana (2016) and Manaresi and Pierri (2017).



of firm sizes and profits, the borrowing constraints lead to a bigger losses in the (NG) model
in which innovative investment is modeled explicitly. The reason for this amplification is that
the benefits from productivity investment are persistent in nature: such investments increase
not only the current, but also future firm productivity. Thus, having limited access to financing
early in life has adverse effects on future productivity in the (NG), but not in the (XG), model.
Then I develop full dynamic versions of the (XG) and (NG) models, calibrate them to match
the U.S. data in the unconstrained scenario, and quantitatively evaluate the steady state effects
of imposing the borrowing constraints in the two models. The benchmark (XG) model is a stan-
dard Bewley-Aiyagari-Hugget model with production risk, different variations of which have
been used in existing studies to analyze the impact of borrowing constraints on economic devel-
opment. In this model, some agents draw productive ideas, and the quality of these ideas evolves
over time according to an exogenously given random process. In contrast, in the (NG) model,
the evolution of firm productivity is impacted by innovative investment made by the firm own-
ers. In all other respects the two models are identical and, by design, the calibration procedure
ensures that they generate the same firm dynamics, earnings dynamics, and the wealth distribu-
tion in the unconstrained benchmark scenario. In all counterfactual experiments, limited access
to external financing reduces GDP and TFP in both models, but these effects are significantly
bigger in the (NG) model in which innovative investment is modeled explicitly. For example, if
the model is calibrated to generate the average share of innovative investment to GDP of 7.7%
in the benchmark (NG) scenario, imposing the extreme borrowing constraint (self-financing)
reduces the GDP by 28% in the (XG) model, and by 37% in the (NG) model. The differences in
the measured TFP effects are even more pronounced: it falls by 5% in the (XG) model, and by
13% in the (NG) model. These findings suggest that accounting for innovative investment plays
an important role for understanding the link between financial and economic development.
This paper is closely related to two strands in the literature. First, as mentioned in the open-
ing paragraph, it complements to numerous papers studying the effects of borrowing constraints
on economic development; Buera, Kaboski and Shin (2015) provide an excellent overview of
this literature. Perhaps, the most closely related to this paper is Midrigan and Xu (2014), who
convincingly argue that the intensive margin alone (namely, the misallocation of capital across

existing firms) generates a very modest impact of borrowing constraints on measured TFP (typ-



ically about 5%). The (XG) model studied in the paper generates the predictions consistent
with the findings of Midrigan and Xu (2014). However, as the computations in the (NG) model
show, the intensive margin becomes a lot more important in the model in which the firm pro-
ductivity grows endogenously. While the extent of misallocation of capital across firms is still
quite modest, borrowing constraints impede firm productivity growth, and the TFP falls by 2.6
times as much as in the (XG) model.

Second, this paper contributes to the literature which emphasizes the role of endogenous
productivity-enhancing investment for understanding the effects of various distortions. Much of
this work (e.g., Bhattacharyaa, Guner and Ventura (2013) using the occupational choice model
or Bento and Restuccia (2017) using the firm dynamics model) has focused on the impacts
of tax distortions, arguing that relatively high marginal tax rates imposed on the high income
owners or large firms reduce the incentives to invest in productivity growth, thereby magnifying
the distortionary impact of taxation. This paper studies a different form of distortion, the one
that affects relatively poor firm owners, and outlines a different, and, to me knowledge, novel
channel through which the distortionary effects are magnified.

The paper is organized as follows. Section 2 develops a simple analytical example to demon-
strate the key mechanism. Section 3 sets up the full quantitative (XG) and (NG) model. Section
4 describes the calibration procedure and the results of the main counterfactual experiments.
Finally, Section 5 considers a two-sector extension of the main model, in which innovative
investments have a bigger quantitative impact and, in addition, which generates interesting pre-

dictions regarding the variations of firm sizes across rich and poor countries.

2 An example

The purpose of this example is to illustrate why accounting for endogenous firm growth is im-
portant for quantifying the effects of borrowing constraints. One may suspect that accounting
for endogenous innovative investment simply amounts to recalibrating the model so that ex-
penses on such investment are included in the production costs. The simple example below
shows that while this indeed would be true in a static environment with homothetic production

technology, this intuition fails in a dynamic setting where innovative investment have persistent



effects on future productivity.

Formally, I demonstrate that if the two models, with exogenous and endogenous firm pro-
ductivity, are calibrated to match the same data on firm size (measured by the capital input) and
the earnings of the firm owners (measured by firm profit),> borrowing constraints have a bigger
impact in the model with endogenous productivity growth, but only if innovative investments
have persistent effects on productivity. Obviously, matching the aforementioned calibration
targets in both models implies that the production technology differs across the two models, be-
cause in the model with endogenous productivity growth firm owners incur additional expenses
on innovative investment. If, in contrast, one were to use the same production technology map-
ping capital input into the final good in the two models, the model in which firm owners make
innovative investment would be characterized by lower profits. Naturally, this would magnify
the adverse effects of the borrowing constraints because the additional expenses on innovative
investment would slow down the process of capital accumulation by firm owners. Such a naive
magnification channel, however, is absent if the production technology is calibrated so that the
firms of the same size generate identical profits in the two models. This imposes the discipline

in the argument developed below, as well as in the calibration of the full model in Section 4.1.

2.1 Static model

Consider the two environments, with exogenous and endogenous firm productivity, (XG) and
(NG). In the (XG) model, a firm produces output Ak” by using capital input £.* In the (NG)
model, a firm produces output z¥k” by using capital input £ and productivity z. As a starting
point, suppose that the firm exists for one period only. For simplicity, assume that the cost
of capital input is Rk, and the cost of aquiring the productivity level z is just z. Then the

unconstrained firms in the (XG) environment solves

X6 = max Ak" — Rk (1)

3The firm size and the earnings of firm owners / managers are the typical calibration targets in this literature —
see, for example, Buera, Kaboski and Shin (2015) or Bhattacharyaa, Guner and Ventura (2013).

“4For brevity, labor input is omitted from this model. All the results naturally extend to the environment with
production technology using a composite input k%n'~%, as long as there are no separate restrictions imposed on
the use of labor input n.



implying that the optimal capital and the ratio of profit to capital cost are, respectively:

A\ T nXG 1
X6 — (7—) and —— — - _1. )
R REXG ~ 5

In the (NG) environment, the unconstrained firm solves

NG = rréax z2¥k" — Rk — z, 3)

implying that the optimal capital and the ratio of profit to capital cost are, respectively:

NG

v\l-¢ l-e-v ™ 11—
NG = {(E> gp“’} and = —~ — 1 (4)

Suppose that the two models are calibrated to match the same levels of capital cost and profit.
This necessitates that

vzﬁ and A= (1-g)p™r (5)

Now assume that the firm faces a borrowing constraint £ < k < kX% = EN¢. Then,

trivially, the firm’s profit in the (XG) model is given by
7X6 = Ak” — Rk.

In the (NG) model, the constrained firm chooses the optimal investment in productivity ZV¢

given the amount of available capital k:

which implies that

v ~

NG = (1 — p)pT vk % — RE. (6)

XG N

Obviously, the calibration strategy (5) results in 7X¢ = 7V¢ implying that if the two models
are calibrated to match the same observations on firm size (measured by the amount of capital

used) and the earnings of firm owners (measure by the firm profit), they would also make similar



predictions regarding the effects of borrowing constraints on owners’ earnings. This finding is
not surprising; it simply reinforces the idea that, under homothetic production technology, the

variety of inputs can be compressed into one common input.

2.2 A simple dynamic model

Next, let us extend the simple static model above to a two-period settings. Naturally, if the
second period were a mere repetition of the first period, all the above conclusions would apply.
Imposing the borrowing constraint would mean that in both models the firms start the second
period with the same available resources, and generate the same profits in the second period.
However, the argument below demonstrates that this prediction is not valid if innovative invest-
ment in the (NG) model have persistent effects.

Suppose that in the (XG) model the firm has technology A;k]" and Ask,* in periods 1 and

2, respectively. In the absence of borrowing constraints, the firm solves

I1X¢ = max A1k]Y — Rk + B - (A2ky® — Rks), @)

k1,k2

where [ is the discount factor. Note that if 3 = 0, the model collapses to a static setting
analyzed above. The fact that the production technology in period 2 is different from production
technology in period 1 is not important, it simply accounts for the fact that profit in period 2, in a
reduced form, may represent the stream of profits generated from period 2 onwards. Obviously,
(7) 1s just a sequence of two static problems, the unconstrained solution for each is given by (2).

In the (NG) model, the firm’s innovative investment z; affects the productivity in both pe-
riods. For simplicity, assume that, having invested z; in period 1, the firm has access to tech-
nology 2f' k"t and z] ~"2k"? in periods 1 and 2, respectively.’ Then the firm’s decision problem
is

V6 = max 2"k — Rk — 21 + B+ (21 k> — Rk») . ®)

k1,21,k2

>The Cobb-Douglas technology in period 2 allows for analytical tractability, but the results can be easily gen-
eralized beyond this assumption. What’s important for the argument is that the profit in period 2 increases with the
productivity investment made in period 1.



The choice of k5 in the second period is static, yielding
HNG = IglaX Ziplklul — Rkl — 21+ 5921, (9)
1,21

1

where () = =2 (”—5) =»2 . R. The solution to (9) is

v2

1

1
v\ 1 P = T—¢1
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and the share of firm’s profit to its capital cost in period 1 is

W{VG :1—901—69
RENY (1= pQ)

(1)

Notice that if 5 = 0, (10) and (11) collapse to (4).
Thus, if the (XG) and (NG) models are calibrated to match the same data on firm size

dynamics and firm owners’ profits, it must be that

(1= nAN\TTE [y [ e \P]TET
n=1 g —pa M (T) _[<E) '(1_59)] ()

Obviously, setting Ay = (2]¥9)1=*2 and v, = 15 ensures that in period 2 the firms operate the

same amount of capital and generate the same profit. Note that such a calibration strategy also
results in I[I*¢ = IIVY, since firms’ profit in both models is equalized in each period.

Now suppose that the capital input in the first period is limited by k; < ky < kNG = kXC.
First, observe that, in the (NG) model, this would induce the firm to make smaller innovative
investment z; in period 1 and, hence, result in less capital input and profit in period 2. In
contrast, imposing a limit on k; in period 1 in the (XG) model has no impact on the second
period’s outcomes. This simple observation underscores an obvious mechanism through which
persistent effects of innovative investment may alter the link between the financial constraints
and economic activity. Second, one can argue that limiting the capital input has a bigger impact

on the total life-time profit in the (NG) model than in the (XG) model.® To see this, denote by

®In other words, reduced innovative investment in the (NG) model does not simply shift the profit from period
2 to period 1, but leads to a loss in life-time profit.



I G(kAl) and ITV G(kAl) the constrained profit functions computed as (7) and (8), respectively,
but with the additional constraint &, < k;Al The calibration strategy described above ensures
that

Y€ (kC) = IVO (k). (13)

Both profits decline as &; falls below kX¢ = kNG, However, because reducing k; also lowers
2 in the (NG) model, life-time profit IIVC (k) is affected by more than IIXC(k, ). At the limit,
as k; converges to 0, I1V G(/{;Al) also approaches 0 while II¥C(k;) remains positive because the
firm’s second period profit in the (XG) model is not affected by the constraint on capital input

imposed in the first period. Formally, one can verify that, for the calibrated parameters (12),

OTIXC(ky)  ATING(ky X
A( ) < A( 1), aslongas ki < k¢ = kN, (14)

Ok, Ok

which, in conjunction with (13), implies that IIX¢ (k) > TINC (k).

To verify (14), use the relationship between z; and k; in (10) to obtain

3ﬁNG ]g i NV1— - P ) i |
% = VlZl(’Dl]{?l ! —R= 141 <L) & kl =1 _ R. (15)
1

Next, using calibration conditions (12),

aﬁXG<k//‘\1) ~v1—1 121 1—p1 ©1 #1 % ~~1—1
S k™ - R=R|(B) T (25 B R (6
o, Y1A1R1 [ R (1—ﬁ9) ] 1 (16)
Plugging ~; from (12) and using (10), it is straightforward to verify that the expression in (15)
exceeds the expression in (16) for all k?l < kN aslong as 8 > 0.7

The following Proposition summarizes these results:

Proposition 1 Suppose that the unconstrained two-period (XG) and (NG) models are cali-
brated to match the same values of capital input and the profits in both periods. Then, imposing

the constraint on capital input in period 1 results in

"Mechanically, the equivalence argument used in the static version of the model fails here because the life-time
profit in the (XG) model has a ‘constant’ term — the second period profit — which is not affected by the change in
capital. Had the second-period profit been proportional to either k1 or k], and the model been calibrated to match
the total profit and k1, the two-period model would be isomorphic to the one-period example studied earlier.



(i) a reduction in period 2’s productivity and profit in the (NG) model, but not in the (XG)

model;
(ii) a bigger decline in the life-time profit in the (NG) model than in the (XG) model.

The purpose of this stylized example has been to demonstrate that accounting for the cost
of innovative investment is not purely a matter of recalibrating the model to account for all the
costs in the production technology, and that due to a dynamic nature of innovative investment
the effect of borrowing constraints on firm owners’ earnings is amplified when endogenous
innovative investment is explicitly included into the model. At the same time, this example
leaves out a lot of features that can affect the magnitude of this amplification mechanism, such
as endogeneity of resources available to the firms (represented by the capital constraint k:Al in the
above example) and the general equilibrium effects. These features are incorporated into the

full dynamic model in the next section, and their impact is quantitatively investigated.

3 The Full Model

3.1 Brief description of the environment

The modeling environment is a variation of the Bewley-Aiyagari-Hugget® model with produc-
tion risk. The economy is populated by a continuum of agents of mass one who receive stochas-
tic labor productivity shocks, supply labor to the competitive labor market, and can save, subject
to a borrowing constraint, in a risk-free asset traded on a competitive market. In addition, with
some probability, agents receive productive ideas and can operate them, thereby becoming firm
owners.

Productive ideas generate output using labor and capital inputs, and their productivity evolves
over time. I consider two settings, with endogenous and exogenous modern firm growth, labeled
(NG) and (XG), respectively. In the (NG) model, the firm owners can invest in building up in-
tangible capital to raise firm productivity. In contrast, in the (XG) model, the productivity of

a firm grows stochastically over time, as it is commonly assumed in existing models studying

$Hugget (1993)

10



the effects of financial frictions on economic development.’ In the benchmark scenario, firms
have unlimited access to external financing and rent as much capital as they need at the risk-free
interest rate. In the counterfactual experiments, the firm owners face borrowing constraints and
thus may use inefficiently little capital.

The objective of the analysis is to build and calibrate (NG) and (XG) models in such a way
that they are observationally equivalent in the benchmark scenario without financial frictions,
and compare the effects of firms’ limited excess to external financing across the two environ-
ments. This allows to identify the relative importance of endogenous firm productivity growth

for understanding the link between financial and economic development.

3.2 Formal setup

There is a continuum of consumers of mass one, with preferences given by
oo
EZBtu(ct), 0<p<l1.
t=0

In period ¢, a consumer has total assets a;, and may have a productive idea of quality z; which
generates proprietary income 7(ay, 2;) specified below. Additionally, in every period, each
consumer receives labor productivity shock &, € Fy/ (&), i.i.d. across agents and over time, and
earns income w¢; by supplying labor to the competitive labor market.' After the income in the
current period is realized, a consumer chooses how much to consume and how much to save in a
risk-free asset which generates the rate of return r, subject to the borrowing constraint a; 1 > a.

A consumer operating an idea z; has access to production technology
y(zt, kty nt) = Ztli'y (kz?ntl_a)’y ) v, S (07 1) (17)

where k; and n, are capital and labor inputs, respectively. The capital used in the firm may be
subject to a borrowing constraint, k; < E(at, 2;). At the most extreme scenario, all firm owners

have to finance the operations of their firms from own assets, i.e. k; < a; — a is imposed. Thus,

9See, for example, Buera, Kaboski and Shin (2011), Greenwood, Sanchez and Wang (2013) or Moll (2014).
'0The analysis focuses on a stationary equilibrium, so prices do not depend on ¢.

11



the proprietary income generated by a firm of type z; is

(2, a) = rkr:a;)t(zf'y (kfny )" —wny — (r + 0)k s
S.t. kt S E(at, Zt)

The productivity of an idea evolves over time. In the (XG) model, the firm productivity
changes according to the exogenous transition process I1(z;.1|2;). In contrast, in the (NG)
model, the productivity in the next period depends on the productivity z; in the current period,

and on how much z; the firm owner invests in intangible capital:

Zt

1-6
zip1 = (1 —0.)z + Bla} ™0 = (1 —6.+B <ﬁ) ) - 2. (19)

The functional form of this law of motion is borrowed from Bhattacharyaa, Guner and Ventura
(2013). If no investment in intangible capital is made, the quality of the idea depreciates at
rate 9,. As seen from the second term in parenthesis, the rate of growth of firm productivity
increases with x; at a decreasing rate, but is smaller for higher z; because more productive firms
are harder to grow. Solving (19) for z, yields the cost of achieving productivity 2,4, in period

t + 1 given that the previous period’s productivity was z;:

Zie1 — (1= 0,)z =
:c(zt,zm):(t“ éze )t) : (20)
t

which will be used in the decision problems below.
The total disposable income of a firm owner who operates the idea of quality z;, invests x;

in intangible assets, and experiences a labor productivity shock &; is
(2, ar) — T + wé;. (21

Note that the consumer does not need to forego wages in order to manage a productive idea,
which distinguishes this modeling environment from the span-of-control model in Lucas (1978),
as well as from many occupational choice models studying the link between the financial and

economic development. In this case, all the productive ideas are implemented regardless of the

12



extent of financial development, and the presence of financial constraint impacts TFP only via
two intensive margins: misallocation of labor and capital across firms, and reduced firm produc-
tivity due to lower innovative investment. Previous studies have found that misallocation alone
(the former margin) plays little role in the link between financial and economic development
because productive firms accumulate assets quickly and borrowing constraints have relatively
small effect on them.!" This paper focuses on the effect of financial constraints on innovative
investment, which is only present in the (NG) model and can magnify the impact of financial
frictions on TFP via the intensive margin. Thus, to isolate this effect, I consider an environment
in which, by design, all the effects of financial constraints manifest only through the intensive
margin.'?

The transition function I1(2;,1|2;) and the law of motion (19) guide the evolution of pro-
ductivity for surviving incumbent firms. The arrival and survival of productive ideas follows
an exogenously given process. If an agent starts the period without any idea, he draws oe with
probability 7, and chooses whether or not to pursue it. If the idea is pursued, its initial quality
2y ~ Fy(2) is realized, i.i.d. across agents. '* Productive ideas disappear in the end of the
period with exogenous probability x ;. The agent operating an idea learns if the idea survives
in the next period before all the investment decisions, including investment in intangible capital,
are made.'

Now let us set up the agents’ decision problems recursively. The analysis focuses on a
stationary equilibrium, so the prices (w, r) are omitted from the set of the state variables. Denote
by Viy (a) the expected value of the agent pursuing no productive ideas in the current period and

by Vi (a, z) the expected value of the agent pursuing an idea of quality z, with a being the

1See, for example, Midrigan and Xu (2014).

12 Adding extensive margin creates an additional channel via which endogenous innovative investment multiply
the impact of borrowing constraints on economic activity. Thus, focusing on intensive margin only, does not
only allow to keep analysis simple and transparent, but also provides a lower bound on the quantitative effects of
endogenous innovative investment.

3The fact that the quality of the idea is realized after the decision about pursuing is standard in the literature,
e.g. Hopenhayn (1992). When A = 1, it plays no particular role because idea owners do not need to forego wages
to receive profit from the idea, and thus all the ideas are pursued. When A = 0, learning the idea quality upon entry
helps to generate large exit rates among young firms.

14This assumption helps to generate higher growth rates among smaller firms, consistently with the data. Had
the intangible investment decision been made before the realization of survival shock x s, smaller firms, operated
by owners with less assets, and thus more risk averse, would choose to invest less in intangible capital because the
possibility of idea death poses a lot of risk.

13



asset level in the beginning of the period. It is also convenient to introduce an auxiliary value
functions, Vj(a) , denoting the value of the agent who has no idea in the beginning of the period

but still has a chance to draw one. Such value is determined as

Vo(a) = (1 — ) Viw (@) + nar max {Vw(a), / Vi (a, z)dFM(z)} . (22)

The expected value of the worker Vjy (a) is then given by

a/

147

Vi(a) = [ max{u(wé +a - ) + BVo(a)} dFyw (). (23)

The value of operating an idea of quality 2 depends on whether the firm productivity grows

exogenously or endogenously. In an exogenous firm growth model (XG), Vi,(a, z) is given by

/

Virla2) = [ mac futue +n(0,2) = 15) 4 8Va(a) f dFuE)

a
147
a/

(=) [ maxfutug +n(a,2) - 1) 24)

1+7r
w5 max{va’,z'>,%<a'>}dn<z’\z>} AF, (6).

In contrast, in an endogenous model (NG), the value of operating an idea of quality z is

/

Virlood) = xar- [ s futue +at0,2) = 20 + 876() b (o

14r

a/

1+7r

(1—xum) - / max {u(w§ +m(a,z) —x(z,2') — ) (25)

a'>a,2'>(1-62)z

+ﬁmax{va',z'),%(a’>}}dﬂu<g>,

where z(z, 2’) is defined in (20). In both settings, if the firm owner learns that the firm does
not survive in the next period, the continuation value is Vj(a'), but if the firm does not die
exogenously, there is a choice of whether to abandon it. The difference between (24) and (25)
is that in the latter case, in addition to choosing how much to save in a risk-free asset a/, the
firm owner also chooses how much z(z, z) to invest in intangible capital.

The optimal policies in (23)-(25), together with the evolution of idea and labor productivity

14



shocks, induce a stationary distribution over agents’ asset levels, idea ownership and idea qual-
ity. Denote by py(a) and py(a, ) the stationary distributions across assets for the workers,
and stationary distribution across asset and idea productivitites the firm owners. Then, in a sta-

tionary competitive equilibrium, prices w and r clear the labor and capital market, respectively:

/n(a, 2)dpp(a,z) =1 (26)

/ k(a, 2) dun(a, 2) = / a dpy (a) + / adpun(a, 2), 27)

where n(a, z) and k(a, z) represent the labor and capital demand of the modern firm of quality
z whose owner has asset level a. In the benchmark unconstrained economy, these quantities
depend only on firm productivity z, but in the constrained economy they vary with the assets of
the firm owner.

At this stage, a few remarks would help to clarify the role of some of the modeling features.
In general, one could omit the labor productivity shocks &;; the uninsured risk associated with
arrival and death of production ideas is sufficient to produce a non-degenerate asset distribution
as long as (1 + r) < 1. However, such a specification of the model leads to too much concen-
tration at the bottom of the wealth distribution. The presence of uninsured labor risk helps to
create more wealth dispersion among relatively poor agents, and generating the realistic wealth
distribution is obviously important for evaluating the effects of financial frictions. The model
makes a simplistic assumption about the evolution of &;; this is because the focus of the model
is not to reproduce the dynamics of earnings and assets of workers but to focus on the dynam-
ics of firms. Adding persistence in the labor productivity shocks would add an additional state
variable into the decision problem of the firm owner (25), which would make computations a
lot harder because even under the current formulation the problem already has two continuous

state and two continuous choice variables.

4 Numerical Analysis

The model is parameterized to match the relevant features of the U.S. firm dynamics and the

wealth distribution in the unconstrained economy. Sections 4.1 and 4.2 describe the key steps

15



Table 1: Parameters set outside of the model or calibrated individually

Parameter Value | Target and/or Source

o , risk aversion 2 standard value

& , high labor prod. shock 1.209 | var. of log earnings = 0.045,
Hugget (1996)

p , prob. of high labor prod. shock | 0.5 | arbitrary, plays no role
0, capital depreciation rate 0.06 | Hugget (1996)

XM, ideas’ death rate 0.0738 | firm exit rate,
BDS data, 1998-2006

«, capital vs. labor returns 17 0.3264 | share of capital to labor cost

of the calibration in the (NG) and (XG) models, while sections 7.1 and 7.2 in the Appendix
briefly describe the numerical algorithm solving the model and offer some technical details. The

main numerical results are presented in section 4.3, which compares the effects of a borrowing

constraint in (NG) and (XG) models.

4.1 Calibrating the (NG) model

The model’s parameters are chosen in such a way that the labor and capital markets clear at the
normalized wage w = 1 and the interest rate » = 0.03. There are fours sets of parameters to be
calibrated — the parameters affecting preferences, production technology, endogenous modern
firm growth in (NG) model and exogenous evolution of firm productivity in (XG) model, as
well as the death / arrival of productive ideas. Tables 1 and 2 list all the parameters, their values
in the benchmark specification, as well as the calibration targets.

Table 1 summarizes the parameter values that are set outside the model. It is assumed that

o1

the consumers have CRRA utility function, u(c) = with the risk aversion parameter

1—0

o = 2, as is common in macroeconomic literature. The labor productivity shock is assumed to
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be binary,'> taking values £y with probability p and &;, with probability 1 — p, normalized such
that p€y + (1 — p)&, = 1. Following Hugget (1996), the variance of log earnings is assumed
to be 0.045. This pins down the values of 5 and &, for a given value of p.'® Quantitatively,
a change in p has little impact on the wealth distribution, so I set p = 0.5, which necessitates
&g = 1.209 and &, = 0.791 to match the aforementioned variance of log earnings.

Turning to the firm evolution and technology, the capital depreciation rate is set at § = 0.06
following Hugget (1996). The exit rate of the modern firms x s, together with other relevant
moments of firm dynamics, are directly computed from the Business Dynamics Statistics (BDS)
data, see section 7.2.1 in the Appendix for details.!” Finally, the parameter « in the production
technology (17) is set to match the share of capital to labor cost ratio.

The remaining parameters (157, Fir(2), v, B, 0., 0, § and a) are calibrated jointly to match
the following moments: the size distribution of entering firms, the average firm size, the earn-
ings share of the top earners, the equilibrium wage, the share of total revenues spent on in-
tangible investment, the average growth of firms over the first 15 years of life, the equilibrium
interest rate and the percentage of population with negative asset holdings. Table 2 summarizes

these parameters, along with the targeted moments.

1
M /XM

In the stationary equilibrium, when A = 1, the average firm size is since every agent
supplies labor to the labor market, and the steady state mass of productive ideas is 157/ x as. The
average firm size in the BDS is 22.7, implying that 1, = 0.0034.

The returns to scale parameter «y affects the profit to output ratio of the firms, and thus
controls the earnings share of the firm owners who, given the aforementioned entry and exit
rates constitute 4.4% of the population. Castaeda, Daz-Gimnez and Ros-Rull (2003) report that
top 5% of earners account for 30% of all earnings, so I calibrate +y so that the top 4.4% of earners
in the model account for 26% of all earnings. As described below, the model is calibrated to

match the ratio of innovative investment to output equal to 7.7%. This implies that the total

earnings of firm owners add up to a share 1 — v — 0.077 + (1 — oz)v% of the aggregate output,

15Since the sole purpose of the uncertainty in labor productivity is to generate less concentrated wealth distribu-
tion, a more dense grid for labor productivity offers little advantage, but makes the already intense computational
procedure more time consuming.

16See section 7.2.2 in the Appendix for details.

7BDS is publicly available at https://www.census.gov/ces/dataproducts/bds/data.html. I use the averages across
1998-2006 to construct all the relevant statistics.
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Table 2: Parameters calibrated jointly, (NG) model

Parameter Value || Target/ Source Data | Model
1 , arrival of ideas 0.0034 || average firm size, BDS data 227 | 22.8
~, returns to scale in (17) | 0.77 || top 4% earnings share 0.26 | 0.26
Fy(2), new ideas distr. BDS data, see Table 6

B, productivity in (19) 1.4 normalized equilibrium wage 1 1

J,, depreciation in (19) 0.05 || share of intangible investment in output 0.07 | 0.077
McGrattan and Prescott (2010), -
Corrado et al. (2018) 0.15

0, returns to scale in (19) | 0.10 average size of 10-15 y.o. firms, BDS 159 | 15.3
5, time discount factor 0.9425 || equilibrium interest rate 0.03 | 0.03
a, borrowing limit -1 fract. of pop. with negative assets 0.10 | 0.14

Daz-Gimnez, Glover and Ros-Rull (2011)

where the last term represents the labor income earnings, and the rest are the business earnings.
The total earnings in the economy are a share 1 — v — 0.077 + (1 — «)~y of the aggregate output.
With the calibrated values of 7, xas and «, v = 0.77 necessitates that the earnings share of
top 4% of the population account for 26% of total earnings.!® Once the technology parameters
« and +y are calibrated, the distribution of the productivity shocks for the entering firms Fj;(2)
is pinned down to match the distribution of age 1 firms in the BDS data (reported in Table 6 in
the Appendix), assuming that the equilibrium wage is w = 1 and the interest rate is 7 = 0.03.
The rest of the parameters are tightly linked together. Intuitively, increasing B increases the

modern firm growth and, via it, the average firm size.!® Increasing J, implies that the modern

18 An alternative approach to calibrating v would be to match the capital-output ratio. In the model, in the
absence of the borrowing constraints, such a ratio is % When v = 0.77, this ratio is 2.8, consistent with the
values used in the macro literature. Thus, targeting the capital-output ratio or top earnings share results in the
similar calibrated values for the span-of-control parameter .

9Formally, changes in B impact the labor demand. The choice of 775, described above guarantees that the labor
market would clear at w = 1 if the modern firm, on average hire 22.7 workers. Thus, adjusting B to match the
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firms’ ideas depreciate faster and more innovative investment is required in order to match the
targeted average firm size. Parameter 6 controls how much harder it is to grow high- versus low-
productivity firms, and thereby affects how much of the firm’s life-time growth is achieved over
the first 15 years of life. Finally, 3 affects consumers’ incentives to save and its choice ensures
that the asset market clears at » = (.03, while borrowing limit a affects the fraction of agents
with negative assets.

As can be seen from Table 2, the model matches the data pretty well. The only moment that
warrants additional discussion is the share of intangible investment in output. Since this variable
is hard to measure, existing literature provides a wide range of estimates for it, anywhere from
7% to 15%.2° In the benchmark calibrated version of the model, the intangible investment share
is a rather conservative 7.7%. In section ??, I also analyze how the results change if the share

of intangible investment is higher.

4.2 Calibrating the (XG) model

Since the purpose of the analysis is to study to what extent accounting for endogenous modern
firm growth impacts the link between financial and economic development, the (XG) model
is calibrated in such a way that in all the relevant dimensions its benchmark unconstrained
allocation is identical to that of the (NG) model. In particular, to be comparable, the two models
must generate identical industry dynamics, wealth distribution, and aggregate variables in the
unconstrained environment.

To ensure that this is the case, the parameters reported in Table 1 remain unchanged, imply-
ing that the workers’ earnings, as well as the ideas’ ownership, exhibit the same dynamics in
both models. To guarantee that the earnings of the firm owners are also comparable across the
two models, the parameters guiding the production technology must be recalibrated because in
the (XG) model there are no expenses associated with innovative investment, and the share of
firms’ profit relative to their output is just 1 — . In contrast, in the (NG) model, the firm owners
spend additional XNV¢/YNC¢ = (.077 of revenue on innovative investment, where X~ and

YNC are the aggregate amounts of innovative investment and output in the (NG) model. Thus,

average firm size also ensures that the labor market is in equilibrium at w = 1.
20See, for example, McGrattan and Prescott (2010) or Corrado et al. (2018).

19



using the same value of 7 in both settings would result in neglecting an additional expense
the firm owners incur, which would obviously magnify the effect of financial frictions in the
model with innovative investment because these additional expenses would slow down the asset
accumulation by firm owners.?! Thus, to avoid such a short-sided approach, and demonstrate
that accounting for innovative investment amounts to more than just properly calibrating the
production technology to account for all the costs, I choose the span-of-control parameter yX¢
in the (XG) model in such a way that the firm owner’s profits constitute the same share of the
value-added as in the (NG) model,?? namely:

xG _ 1— ’VNG o XNG/yNG
o 1 _XNG/YNG

L—x

Plugging vV¢ = 0.77 and XV¢/YNC = 0.077, implies that vX¢ = (0.837 results in the same
earnings for firm owners in the (NG) and (XG) models.

To ensure that the firms in both models use the same amounts of labor and capital inputs at
the same prices, the exogenous productivity shocks in the (XG) model are then rescaled relative
to their values in the (NG) model. After that, the process of evolution of productivity shocks
I1(Z’|z) is directly constructed using the simulations of the calibrated (NG) model to ensure that
the evolution of the firm sizes across the two models is similar.?® Finally, the grid for entrant’s
productivity levels is recalibrated to match the same size distribution of entrants as in the (NG)
model. This procedure ensures that the evolution of the firms (in terms of employment and
physical capital dynamics), as well as the earnings of their owners (measured by firm profits
net of all the expenses, including innovative investment in the (NG) model), is indeed nearly
identical in the two environments. As a result, the values of the time discount factor 5 and the
borrowing limit @ remain remain the same as in the (NG) model because the income profiles in

the two models are similar by construction.

2l Additionally, using the same + in both settings would imply that the firm owners accumulate less assets in the
(NG) model than in the (XG) model. As a result, the time discount factor 8 would have to be adjusted to clear the
credit market at the same interest rate, implying that the wealth distributions in the two models would be different.

221f one views total investment XN in intangible capital that occur in the (NG) model as additional costs, the
value added is YV¢ — X NG,

23Even though the law of motion for firm productivity in (19) is deterministic, different firms with the same
current productivity z may have different productivity levels 2z’ in the next period because their owners differ in
how much assets they have and may decide to invest different amounts in firm productivity growth. Thus the
calibrated II(z’|z) is non-degenerate.
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Figure 1: Firms size-age profile (left) and wealth distribution (right) in the calibrated (NG) and
(XG) models.

Figure 1 illustrates the firm size / age profile and the asset distributions in the two models. As
can be seen, the benchmark allocations in the two models are very similar. The slight differences
appear because in the (NG) model the rate of investment in intangible assets actually varies
across the firms (it is higher for smaller and younger firms), while the calibration procedure
only accounts for the average rate of innovative investment. Notably, while the (NG) model
was calibrated to match only the average sizes of the entrants, the firms that are 11-15 years old,
and all the firms, it reproduces very well the overall evolution of firm size over age in the BDS

data.

4.3 The effects of financial frictions in (NG) and (XG) models

This section compares the steady state effects of borrowing constraints in the two models, with
endogenous and exogenous firm productivity growth. I consider the most extreme case, when
the firm owners have no access to external financing, and must finance firm operations from
own assets. For consistency, since consumers are allowed to borrow up to —a, I also allow firm

owners borrow up to —a, implying that



To understand the role of the borrowing constraints, it is convenient to distinguish between
the partial and general equilibrium effects. In the (NG) model, for given prices w and r, impos-
ing the borrowing limits discourages innovative investment in two ways. First, the constrained
firm owners operate at an inefficient scale, receive less income, and thus are willing to invest
less in the firm productivity growth. Second, the marginal product of investment in firm future
productivity also decreases because the firm is limited in how much the capital can be adjusted
in response to higher future productivity z’. This, in turn, reduces firm’s productivity in the
following periods because innovative investments have persistent effects.?* Thus, financial fric-
tions have an adverse effect on firm productivity growth in the (NG) model, but not in the (XG)
model, where firm productivity evolves exogenously. Therefore, holding prices and a distribu-
tion across assets fixed, borrowing constraints lead to a larger GDP and TFP declines in the
(NG) model than in the (XG) model. Firm owners’ lower income, in turn, induces a more pro-
nounced leftward shift in the wealth distribution, further exacerbating the impact of borrowing
constraints in the (NG) model.> As a result, for given w and r, the firm productivity, output and
the labor demand decrease by more in the (NG) model than in the (XG) model. In the calibrated
(NG) model, for w = 1 and r = 0.03, the steady-state labor demand, TFP and output fall by
90%, 34% and 90%, respectively, while in the (XG) model the same variables decline by only
65%, 3.5% and 65%, respectively.

To clear the labor market, equilibrium wages must fall. This decline mitigates the large
partial equilibrium effects reported above, because it allows firm owners to generate more profit
and accumulate assets at a faster speed to start operating and investing in productivity at the
efficient scale. The second and third columns in Table 3 report the steady state equilibrium
effects for an open economy, in which the interest rate is fixed at » = 0.03. Because firms
are more affected by the borrowing constraints in the (NG) model, the equilibrium wage in it
must fall further to clear the labor market, from 1 to 0.697, as opposed to 0.770 in the (XG)

model. Because wages fall so much, the constrained firms are able to hire more labor, and

24Note that the former effect was muted in the simple example considered in Section 2 because the firm owner
in that example was risk neutral. The second effect is isomorphic to a reduction in productivity investment in the
simple static example studied in Section 2 and would be quantitatively insignificant if the (NG) and (XG) given
the calibration strategy. The latter effect was emphasized in the two-period example in Section 2.

2 Note that this effect was absent in the simple example considered in Section 2 because the borrowing limit in
that example was exogenous, while in the main model borrowing limits are endogenous, in the sense that they are
determined by the endogenous wealth distribution.
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Table 3: The effects of borrowing constraints in (NG) and (XG) models

Self-financing
Benchmark | open economy | closed economy
(NG) (XG) | NG) (XG)
interest rate, r 0.03 0.03 0.03 | -0.083 -0.085
wage, w 1 0.697 0.770 | 0.629 0.722
measured TFP 1 0.893 0.969 | 0.868  0.949
mean 277 1 0.914 1 0.898 1
capital input 1 0.359 0.432 | 0.277 0.364
Output 1 0.681 0.755 | 0.626  0.717
Output minus inn. inv. 1 0.682 0.755 | 0.628 0.717
access capital supply 0 384% 393% 0 0
mean firm size 22.8 22.8 228 22.8 22.8

accumulate assets (and grow productivity in the (NG) model) at a faster speed; as a result, the
adverse effects of the borrowing constraints are considerably mitigated compared to the partial
equilibrium outcomes, but are still significant.

In the steady state equilibrium of the open economy, the measured TFP?S falls by 11% in
the (NG) model, and by only 3% in the (XG) model. The small effect in the (XG) model is con-
sistent with the findings in preceding literature (e.g. Midrigan and Xu (2014)) that borrowing
constraints lead to small losses in TFP due to the misallocation margin alone — and, by design,
this is the only margin present in the (XG) model. In the (NG) model, the decline in measured
TFP occurs for two reasons, due to misallocation of resources across firms with different pro-

ductivity levels, and due to lower investment in productivity. Had the resources been allocated

26The TFP is measured as W, where Y, NV and K are the aggregate quantities of output, labor and
capital, and parameters « and -y are calibrated separately in each model as described in sections 4.1 and 4.2.
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efficiently across firms, the measured TFP would be equal to the average of z!~7, which falls
by 8.6%. Thus, more than three quarters of a decline in TFP in the (NG) model is due to a
reduction in innovative investment.?’

The firm owners in (NG) model have lower productivity, receive smaller profits, and thus
accumulate capital at a slower pace than in the (XG) model. As a result, self-financed firms in
the (NG) model use less capital than the self-financed firms in the (XG) model. Together with
the bigger TFP loss in the (NG) model, this leads to a bigger drop in steady state output, 32%
in the (NG) model compared to 24% in the (XG) model. Recall that the models are calibrated
to generate identical levels of output net of innovative investment in the benchmark scenario,
thus one would also want to compare how this variable is affected by borrowing constraints.
Consistently with Proposition 1, output net of innovative investment falls by more in the (NG)
model than in the (XG) model, 32% vs. 24%.%

In columns 2 and 3 of Table 3 (open economy), the interest rate does not adjust after the
borrowing constraints are introduced, and thus the allocation is characterized by a large excess
supply of capital. In a closed economy, the interest rate would have to fall to clear the credit
market. The constrained firm owners accumulate wealth, become relatively rich and, once the
productive idea disappears, hold a lot of assets. Since, due to self-financing constraints, other
firm owners cannot borrow from these agents to finance their firm operations, all this excess
wealth is lent to the consumers who borrow to finance personal consumption (as in a standard
Bewley model). Thus, the interest rates must fall substantially for the asset market to clear. The
last two columns in Table 3 report the stationary equilibrium effects of the borrowing constraints
when the asset market clears (closed economy).

The equilibrium interest rate falls by slightly less in the (NG) model than in the (XG) model
because, for a given interest rate, the firm owners in the (NG) model are less profitable and
accumulate less assets. Because the firm owners receiving new ideas hold less assets, the labor

demand decreases and, therefore, the equilibrium wages must fall further than in the open econ-

?IThe losses due to misallocation alone are slightly smaller in the (NG) model than in the (XG) model, 2% vs.
3%, because firms with more assets can afford to make more innovative investment and become more productive.
This increases the correlation between the amount of inputs used by the firms and their productivity levels, thereby
reducing the extent of misallocation.

28The percentage change in the (NG) model is almost identical to that of the percentage change of the out-
put because the share of innovative investment in output is almost not affected after the borrowing constraint is
introduced.
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omy. The wage is still considerably lower in the (NG) model than in the (XG) model, for the
reasons discussed above. Likewise, the measured TFP, capital, and output decline compared to
their open economy counterparts. Quantitatively, the effects are still much bigger in the model
with endogenous productivity growth: measured TFP falls by 13% in the (NG) model compared
to the 5% in the (XG) model, and output falls by 37% in the (NG) model compared to 28% in
the (XG) model.

The quantitative results summarized above suggest that accounting for firms’ endogenous
productivity growth significantly magnifies the adverse effects of borrowing constraints on eco-
nomic activity. One of the predictions of this quantitative analysis, however, may appear ques-
tionable. Despite the large drop in equilibrium wages, the equilibrium employment remains
unchanged. This is because the labor supply in the model is inelastic (every agent supplies one
unit of labor). Had the labor supply been elastic and upward sloping, the equilibrium wages
would not decrease as much, and the effects of borrowing constraints on TFP and GDP would
be more pronounced. Additionally, due to inelastic labor supply and the fact that all agents
receiving productive ideas choose to operate them, the average firm size is pinned down by the
exogenous parameters guiding the arrival and death of productive ideas, and thus is not affected
by the borrowing constraints. It is well known, however, that the average firm size is negatively
correlated with GDP and excess to external financing.” To address these shortcomings, the
next Section extends the model by introducing a traditional sector that offers the workers an

alternative production opportunity which becomes valuable when the wage rate falls.

5 An Extension: a Two-Sector Model

Suppose that, in addition to receiving productive ideas described in the previous Section — for
brevity, let us call them modern ideas — the agents may also get traditional ideas which they
can operate if they forego employment in the modern sector. In contrast to modern ideas, such

traditional ideas do not require any input in production except for the labor services of their

2Notice also that including extensive margin in the model by requiring the agents to forego wage earnings in
order to operate productive ideas would further exacerbate this model’s shortcoming. Imposing the borrowing con-
straints would discourage some idea owners from operating their ideas, thereby increasing the number of workers
and raising the average firm size.
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owners, and their productivity does not grow over time. Intuitively, these ideas stand for routine
labor-intensive activities like house cleaning, hair styling, grocery delivery, low-tech farming,
etc. Agents choose to undertake these activities because their wages in the modern productive
sector are low.

Formally, assume that if the agent does not operate a modern idea (either because he aban-
doned or lost one, and has not drawn any in the beginning of the period), he draws a traditional
idea of quality h; ~ Fr(h), i.i.d. across agents, with probability nr. If a traditional idea is

drawn, the agent chooses whether to pursue it or not.*

If no ideas are pursued, the agent works
in a modern firm. The labor productivity shock &; is realized after all the decisions regarding
idea operations are made.>' Traditional ideas disappear with probability y in the end of the
period. If an existing traditional idea does not disappear, its quality remains the same in the
next period. As mentioned earlier, an agent must abandon a modern idea in order to draw a
traditional idea, but does not have to abandon an existing traditional idea in order to have a
chance to draw a modern one; only one idea at a time can be operated though.

The possibility of operating traditional ideas leads to some modifications in the recursive
setup of the agents’ decision problems. As in the previous Section, denote by Vjy (a) the ex-
pected value of the agent pursuing no productive ideas in the current period and by Vj;(a, 2) the
expected value of the agent pursuing a modern idea of quality z, with a being the asset level in
the beginning of the period. Additionally, let V(a, h) be the expected value of the agent pursu-
ing a traditional idea of quality h. Denote also by Vj(a) and Vi (a) the auxiliary value functions
corresponding to the value of the agent who has no ideas in the beginning of the period and the
value of the agent who starts without ideas and draws no modern ideas (but still has a chance
to draw a traditional idea). Then the expected value of the worker Vjy (a) is defined as in (23)

in the previous Section. Likewise, the expected value of operating a modern firm V), (a, 2) is

391t is important that the quality of the traditional idea becomes known before the choice of whether to pursue it
is made. It implies that if wage decreases, more traditional ideas would be taken, resulting in elastic labor supply
in the modern sector (which the the sole purpose for including traditional ideas in the model).

3I'This assumption plays no role, but slightly simplifies the calibration process because the total labor supply in
the modern sector is equal to the mass of agents not pursuing traditional firms scaled by E [ & dFy (€).

3The requirement that modern ideas must be abandoned before traditional ideas can be drawn is imposed in
order to make the problem more computationally manageable; otherwise the owners of the modern ideas would
have three state variables, a, z and h, which would have made the already demanding computation even more
time-consuming. Assuming that modern ideas can be drawn by the owners of traditional ideas ensures that some
traditional ideas are operated for more than one period, and their resulting age distribution is non-degenerate.
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still given by (24) and (25), depending on whether firm productivity growth is exogenous or

endogenous. The auxiliary value functions satisfy

Vo(a) = (1 — nar)Voo(a) + nay max {Voo(a), / Vi (a, z)dFM(z)} (28)
and
Voo(a) = (1 — np)Viy(a) + nT/maX{VW(a), Vr(a,h)}dFr(h). (29)

The value of operating a traditional firm of quality 5 is determined as

/!

Vr(a, h) = max {u(h +a— : ¢ )+ 6 xrVo(d)

a’'>a T

+ 8- (1 =xr) - (1 =) max{Vr(h,a), Vo(a')} (30)

+ B8+ (1 = xr) - nar max {VT(ala h), / Vu(d, Z)dFM(Z)} }

In a stationary equilibrium, the optimal policies induce the distributions over agents’ asset
levels, idea ownership and idea quality. Denote by uw(a), pa(a, z), pr(a, h) the stationary
distributions across assets and idea productivities for the workers, the modern firm owners and
the traditional firm owners, respectively. Then in a competitive equilibrium prices w and r clear

the labor and capital market:
[ nta.2)dusstaz) =1~ [ durtan) (1)

/k(a, 2) dpp(a, 2) :/ad,uw(a)—l—/aduM(a,z)—i-/ad,uT(a, h), (32)

where n(a, z) and k(a, z) represent the labor and capital demand of the modern firm of quality
z whose owner has asset level a.

The calibration of this specification of the model involves choosing the parameters guiding
the evolution of traditional firms nr, Fr(h) and xr, as well as adjusting some of the previously
calibrated parameters so the model matches the same targeted moments as in the one-sector
specification. All the parameters fixed outside the model and reported in Table 1 remain un-

changed. The parameters in Table 2 are re-calibrated to account for the presence of the tradi-
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Table 4: Parameters calibrated jointly, two-sector (NG) model

Parameter Value | Target Data | Model
e, in Fr(h) 0.5 elasticity of labor supply 0.5 0.5
1, arrival of modern ideas | 0.003 || average firm size, BDS data 22.7 22.9
nr, arrival of trad. ideas 0.041 || share of necessity entrepreneurs 0.1 0.1
X1, exit rate of trad. firms | 0.0738 || same as y

7, returns to scale in (17) 0.77 | top 4% earnings share 0.26 | 0.25
Fy(2), new ideas distr. BDS data, net of 10% trad

B, productivity in (19) 1.41 || normalized equilibrium wage 1 1
d., depreciation in (19) 0.051 || share of int. inv. in output 0.077 | 0.077
0, returns to scale in (19) 0.10 || average size of 10-15 y.o. firms 15.9 15.3
[, time discount factor 0.9425 | equilibrium interest rate 0.03 0.03
a, borrowing limit -1 fract. of pop. with negative assets | 0.10 | 0.18

tional firms. Many of them change very little, or remain unaffacted, compared to the one-sector

model because in the benchmark unconstrained version of the model the traditional firms con-

tribute very little to the economy’s aggregate activity. Table 4 reports the parameters (those that

are added due to model extension, and the old ones that are recalibrated), their values, as well

as the targeted moments and their counterparts generated by the benchmark model.

The functional form of the distribution of traditional ideas is chosen in such a way that its

parameters directly impact the elasticity of the labor supply in the modern sector. In particular,

I assume that

Ahe, AR <1

Fr(h) = Prob(h, < h) =

1 otherwise.
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Notice that if there were no shocks to labor productivity, and no possibility of arrival of modern
ideas, the agents would take productive ideas if and only if they draw h; higher than the wage
rate w, resulting in the labor supply function N*(w) = Aw*®, in which case the labor supply
elasticity would be exactly e. In the full model, the uncertainty in labor productivity shocks
slightly encourages the uptaking of traditional ideas, but the parameter € still determines how
much the amount of workers undertaking production ideas changes in response to a change in
wages. [ set A = 1 and ¢ = 0.5, which falls within the range of estimated levels of macro
elasticity of labor supply.??-3*

The empirical counterpart of traditional firms in the model are the so-called ‘necessity
entrepreneurs’ who, in contrast to ‘opportunity entrepreneurs’ become business owners not
because they have good ideas, but because they do not have good labor market opportuni-
ties.¥ According to various estimates,*® about 10-15% of entrepreneurs in the U.S. can be
classified as such necessity entrepreneurs. In the model, I target the ratio of 0.1. T also set
xr = xXu = 0.0738, though differences in the exit rates can potentially be incorporated into the
model in a straightforward way.?” Once the exit rates x,; and Y are set, the arrival probability
1y of modern ideas is uniquely pinned down to match the average firm size and the share of
necessity entrepreneurs among all firms, for a given 77.3® The arrival 77 of traditional ideas is,
in turn, calibrated jointly with the rest of the model’s parameters to ensure that the traditional
firms account for 10 percent of all firms in the economy.

The rest of the parameters are disciplined as in Section 4. The only modification is that

traditional firms should be accounted for while calibrating the distribution of modern entrant’s

3BFor review of the literature see, for example, Chetty (2012).

34The value of A plays little role in the analysis. It controls how many traditional firms are present in the
economy in the benchmark scenario and, via it, slightly effects the values of the calibrated parameters. However,
it has little impact on the results from the main experiment. Under A = 1, traditional firms account for about ten
percent of the firms in the economy, and only for 0.2 percent of the total output in the benchmark unconstrained
economy.

33 Another term used in the literature is ‘push’ entrepreneurs, as opposed to ‘pull’ entrepreneurs. Such ‘push’
or ‘necessity’ entrepreneurial firms experience very little growth, consistently with the assumptions made in the
model about the evolution of the traditional firms.

36See, for example, Caliendo and Kritikos (2009) Fairlie and Fossen (2018)

37The one-sector model assumes that, contrary to the empirical evidence, the exit rates do not vary with firm size
or age. This shortcut that is often taken in the literature to simplify exposition and computations. Since a common
exit rates was assumed in the one-sector model, it also makes sense to make the same simplifying assumption in
the two-sector model. At this stage, it is hard to speculate how adopting more realistic exit rates would effect the
quantitative results.

38Section 7.2.3 in the Appendix provides the details of these calculations.
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productivity shocks. Namely, it is assumed that 10% of the BDS entrants are traditional firms
of size 1. Then F);(z) is calibrated to match the entrants’ size distribution net of these firms.
As mentioned earlier, the rest of the parameters are barely adjusted relative to their one-sector
counterparts because in the unconstrained model traditional firms contribute little to economic
activity.

To calibrate the two-sector (XG) model, I use exactly the same approach as in Section 4.2.
The parameters guiding the evolution of traditional firms remain the same as in the (NG) model
because, by design, the evolution of firm sizes and workers’ wages is the same in the two
models.

Table 5 summarizes how the steady state allocations in the two-sector (NG) and (XG) mod-
els adjust after the self-financing constraint is imposed. Overall, the negative effects on output
and TFP are slightly bigger than in a one-sector model because, due to elastic labor supply,
wages do not fall as much. Additionally, the gap between the effects in the (NG) and (XG)
models is also a bit bigger than in a one-sector environment. For example, the difference in
measured TFP losses in the (NG) and (XG) models is 9.3% in the two-sector model, compared
to 8.1% in the one-sector model; while the corresponding differences in GDP effects are 9.9%
and 9.1%, respectively.

The large contrast with the one-sector model arises in the effects of borrowing constraints
on the average firm size. Because the labor supply is inelastic in the one-sector model, the
average firm size is not impacted by the presence of the borrowing constraint. In contrast, in
the two-sector model the labor supply reduces as wages drop because some of the potential
workers choose to operate traditional firms. As a result, borrowing constraints reduce the total
employment in modern firms, while simultaneously increasing the number of traditional firms.
In fact, the share of traditional firm rises dramatically from 10% to 63 — 72%, depending on the
model’s specification. Since all these traditional firms have only one employee (the owner), the
average firm size across all the firms falls dramatically (from 22.8 to 7-10 employees). These
quantitative results, of course, depend on the particular distribution function of traditional ideas,
and the somewhat ad-hoc assumption that traditional firms have only one employee and do not
grow over time. At the same time, they underscore an economic mechanism that can contribute

to explaining the well-documented fact that the average firm size is smaller in developing coun-
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Table 5: The effects of borrowing constraints in (NG) and (XG) models

Self-financing
Benchmark | open economy | closed economy
(NG) (XG) | (NG) (XG)

interest rate, r 0.03 0.03 0.03 |-0.075 -0.075
wage, w 1 0.698 0.775 | 0.640 0.734
measured TFP, modern 1 0.886 0.962 | 0.857 0.95
mean 277 1 0.908 1 0.887 1
capital input 1 0.340 0412 | 0.262  0.35
Output, all 1 0.688 0.764 | 0.625 0.724
Output, modern 1 0.651 0.732 | 0.582 0.688
Output minus inn. inv. 1 0.689 0.764 | 0.627 0.724
access capital supply 0 385% 395% 0 0
mean firm size, all 22.8 8.1 9.5 7.1 8.7
mean firm size, modern 25.2 23.5 23.8 22.9 23.6
std. firm size, modern 75.5 66.1 57.0 78.1 64.3
share of T-firms 0.1 0.68 0.63 0.72 0.66

tries,> and the quantitative analysis above suggests that accounting for endogenous innovative

investments is important for quantifying the implications of this mechanism.

¥See, for example, Hsieh and Klenow (2014).
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6 Final remarks

This paper has demonstrated that accounting for endogenous innovative investment is important
for quantifying the impact of borrowing constraints on economic development. In particular, en-
dogenous firm productivity growth magnifies the importance of the intensive margin via which
borrowing constraints reduce economic activity: in the benchmark formulation of the model
measured TFP falls by additional 8% and GDP falls by additional 9% (or, respectively, by 2.6
and 1.3 times more) when firms’ productivity growth is endogenous. While existing studies
have argued that, via the intensive margin alone, borrowing constraints have little effect on
measured TFP and output, this paper demonstrates that accounting for endogeneity of firm pro-
ductivity growth considerably amplifies this impact, and intensive margin becomes a lot more
significant. The key driving force behind the effect on TFP is that, in addition to misallocation
emphasized in previous papers, borrowing constraints also reduce the average firm productivity.

The model, by design, focuses on the role of intensive margin only. As a result, the calcula-
tions in this paper provide a lower bound on the additional effects arising due to the endogeneity
of firm productivity growth. The extensive margin present in the two-sector extension of the
model (the endogenous number of workers employed in the modern sector) indeed amplifies
the additional effects arising due to endogenous innovative investment. These effects would be
even bigger had another commonly emphasized extensive margin were present: if the modern
firm owners had to forego wage earnings to operate own firms, borrowing constraints would
discourage more agents from starting their firms if the firm productivity growth is impeded by
financial constraints.

The two-sector extension of the model also underlines a potentially important mechanism
which can contribute to explaining why firm size is positively correlated with economic devel-
opment. Notice also that because traditional firms exhibit no productivity growth, a dramatic
increase in the number of traditional firms due to financial constraints also flattens the firm
size vs. age profile. Thus, a two-sector version of the model can also contribute to explaining
the firm life-cycle observations documented in Hsieh and Klenow (2014) (that the firms grow
considerably slower in the less developed economies). Note that the one-sector version of the

model actually runs counter with these observations because borrowing constraints reduce firm
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Table 6: Size distribution of age 1 firms, own calculations on BDS data

N. of workers 1-4 5-9 10-19 | 20-49 | 50-99 | 100-249 | 250-499 | 500-999
fract. of firms | 0.7269 | 0.1506 | 0.0711 | 0.0365 | 0.0094 | 0.0042 | 0.0010 | 0.0003

> 1000
0.0001

size in the beginning of life, but become irrelevant as the firms age because firm owners are able

to accumulate sufficient amount of assets over time.

7 Appendix

7.1 Computing the equilibrium

The decision problem of the firm owner in the (NG) model (25) has two continuous state vari-
ables and two continuous control variables. This makes the problem demanding from the com-
putational point of view, particularly at the calibration stage, where seven parameters are iterated
on to match the targeted moments. Thus, V), (a, z) is computed on the sparse grid for asset and
productivity levels (with more dense grid points at lower values). At every step of iterations,
this value os interpolated on a dense grid, and the next period’s (@', z’) are chosen from this
dense grid. Once the policy functions are computed, the steady state of the economy is found
by simulating three million individuals. Since there are very few firm owners, their individual
characteristics (e.g., the average size of entrants) are computed by averaging over 30 periods of

the simulated economy in the steady state.

7.2 Calibration details
7.2.1 BDS data

To compute all the facts related to the dynamics of modern firms, I use publicly available BDS
data, available at https://www.census.gov/ces/dataproducts/bds/data.html. I use the averages
across 1998-2006 to construct all the relevant statistics. To parameterize the distribution F;(z2)
from which new modern ideas are drawn, I use the distribution of age 1 firms reported in Table
6; to derive these numbers one needs to use the BDS data by Age and Initial Size (as opposed to

just Size which averages the firms’ sizes across two consecutive years).
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7.2.2 Labor productivity process

Given the model’s specification, the variance of log earnings is

of = (1—p)- (log&r — (plog &y + (1 —p)log&r))”

+p-(logé&y — (plog&m + (1 — p)log&r))?
2
=p(1 —p)log (E—H) :

L

This, together with p{y + (1 — p)&;, implies that

=(1- cexp | ——mf R
&—(1 p+p p( p(1—p)>>
— eX —0-5 *CL
§u = P( p(l—p)) 3

Plugging p = 0.5 and ¢ = +/0.045 implies that g = 1.209 and £, = 0.791.

7.2.3 Calibrating 7,, and 7y

Denote by p and 7 the mass of modern and traditional firm owners, respectively. Then the

average firm size (employment) is
1—7
p+T

(34)

n =

Given that the exit rate of modern firms is s, the mass of modern firms y is related to the mass

of modern entrants M, through

= . (35)
XM

L

Assuming that all the traditional firm owners undertake modern productive ideas whenever they

arrive,*” the mass of traditional firms 7 can be linked to the mass of traditional entrants T}, via

— TO
1= =xp)(A—nm)

40This indeed occurs in the model, because the upper bound on the range of traditional ideas is sufficiently low,
ensuring that pursuing modern ideas is always beneficial.

(36)

T
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In the stationary allocation, the number of modern entrants M, must satisfy

Moy = (1 — pw)nm + Monr, (37)
implying that
My
- 38
L (38)
From (34),

l—p=n(p+71)+71—p

Plugging it, along with (35)-(37) into (38) implies that

1 To/ Mo _ )‘1
S 1 1 ) 3
M (XMnJr 1 —(1—=xr)(1—nun) 1)+ 5%

Thus, 75, can be pinned down in order to match the average firm size 7 = 22.72 and the ratio
of traditional to modern entrants 7Ty /My = 0.25 once x s and x7 are set. Choosing x 3, = 0.06

and yr = 0.21 implies that 1y, = 0.0025.
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