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Abstract

This paper presents a continuous time model of sovereign debt. In it, a relatively
impatient sovereign government’s hidden type switches back and forth between a be-
havioral type which cannot default and follows a set rule governing its borrowing as a
function of its current debt and the price at which it can issue additional bonds, and an
optimizing type which can default on the country’s debt at any time. We show that in
any Markov perfect equilibrium, the optimizing type mimics the behavioral type when
borrowing, revealing its type only by defaulting on its debt at random times. Further,
in such Markov perfect equilibria (the solution to a simple pair of ordinary differential
equations) display positive gross issuances at all dates, constant net imports as long as
there is a positive equilibrium probability the government is the optimizing type, and
net debt repayment only by the behavioral type. For countries which have recently
defaulted, the interest rate the country pays on its debt is a decreasing function of
the amount of time since its last default, its total debt is an increasing function of
the amount of time since its last default, and the yield curve on its debt is downward
sloping. For countries which have not recently defaulted, interest rates are constant

and yield curves are flat.

1 Introduction

This paper presents a continuous time model of sovereign debt where a sovereign govern-
ment’s reputation evolves over time. In the model, a relatively impatient sovereign govern-
ment’s hidden type exogenously switches back and forth between a behavioral type which
cannot default and follows a set rule governing its borrowing as a function of its current

debt and the price at which it can issue additional bonds, and an optimizing type which
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can default on the country’s debt at any time. We consider the government’s reputation
at any time to be the international lending markets’ Bayesian posterior that the country’s
government is the behavioral (or trustworthy) type.

We show that in any Markov perfect equilibrium (the solution to a simple pair of ordinary
differential equations), the optimizing type mimics the behavioral type when borrowing,
revealing its type only by defaulting on its debt at random times. We first assume that
the game between the country’s government and outside lenders starts with no debt and
with outside lenders certain the government is currently the optimizing type since this is the
continuation game following a default. That is, defaulting, by definition, sets the country’s
debt to zero, and Bayesian updating by lenders sets the government’s reputation to zero since
only the optimizing type can default. (We later characterize the Markov perfect equilibrium
for all starting values of the country’s debt and reputation.) We show for an endogenous finite
period of time T" after a default (or since the start of the game), an optimizing government
sets a positive but finite arrival rate of defaulting which depends only on how much time
has occured since the last default. Further, as this amount of time since the last default
approaches T, the arrival rate of default approaches infinity (certain immediate default).
This implies that if the amount of time since the last default is positive but less than T
the country has an interior reputation which increases over time but after 7" is certainly the
behavioral type.

This characterization allows us to separate between episodes where a country has recently
defaulted (defined by the amount of time since the last default being less than T") and episodes
where a country has not recently defaulted. For countries which have recently defaulted, we
show that net imports are positive and constant over time, or that the borrower country’s
consumption is constant and strictly greater than the country’s endowment. After 7" units of
time since the last default, the country’s consumption decreases over time and net imports
become negative (the country repays its debt as opposed to rolling it over), which only occurs
if the country is at that point the behavioral type.

Such a Markov perfect equilibrium displays several characteristics broadly consistent
with real world sovereign debt facts. First, the interest rate the country pays is a strictly
decreasing function of the amount of time since the last default. This is a consequence of
default being, in equilibrium, less likely the more time since the last default. This happens
because although an optimizing government is more likely to default the longer it has been
since the last default, whether the country’s government actually is the optimizing type is
less likely the longer it has been since a default and this latter effect dominates. Second, the
amount of debt the country holds is a strictly increasing function of the amount of time since

the last default. Finally, as in the data, the yield curve for countries which have recently



defaulted is downward sloping since the probability of default (conditional on not having
already defaulted) decreases over time, while the yield curve for countries which have not
recently defaulted is flat since the probability of default is the constant probability of the
behavioral type becoming the optimizing type.

2 The environment

Time is continuous and infinite.

There is a small open economy whose government is endowed with a unit y of a con-
sumption good.

There is countable list of potential governments of the small open economy, with alter-
nating types. With probability pg, the first government on the list is the behavioral type and
with probability (1 — pg), the first government on the list is the optimizing type. The list
then alternates between types. At any date t > 0, only one of the potential governments
is in charge. With Poisson arrival rate €, an optimizing type government is replaced by
the next government on the list (a behavioral type). With arrival rate d, a behavioral type
government is replaced by an optimizing type. Such switches are private to the government.
Initially, we examine the game where py = 0 (or the government is certainly the optimizing
type at the beginning of the game), and later allow py > 0.

The economy has, an any time ¢, an amount b(t) of outstanding debt held in international
financial markets. The bonds are long duration and have a coupon that decays exponentially
at rate A, an exogenous parameter controlling the maturity of the bonds. We denote by f
the first coupon of a newly issued bond. The coupon ¢ periods after issuance is then given
by e~ f. We will later pay particular attention to the case where A =0, in which case bonds
are consoles paying f at all future dates. In this case, along with several other assumptions,
we solve the model analytically in closed form. We assume international financial markets
are populated by a continuum of risk neutral investors, which discount the future at rate
1 > 0. Further, we normalize the coupon of the bond, f = X + 7, so that the bond price is
one if default cannot occur.

We assume that the behavioral type never defaults; that is, it always sets an arrival rate
equal to zero. We also assume that, as long as it is in control, the behavioral type follows a

pre-specified expenditure rule. That is, the stock of debt evolves according

for some exogenous function H. Note that it follows from the sequential budget constraint,



c(t) =y — (i + Nb(t) + q(t)(t'(t) + Ab(t)), that consumption, for the behavioral type, is

determined and given by

c(t) =y — (1 + Mb(t) + q(t)(H (b(t), q(t)) + Ab(t)) = C(b(1), q(1))-

Further note that assuming consumption (or new net borrowing) is a function only of the
current amount of debt and the current bond price assumes a kind of myopia on the behav-
ioral type in that neither consumption nor borrowing depend on any calculation of future
bond prices.

We impose the following further conditions on the function H (b, ¢) (and thus, implicitly,
C(b,q)):

Assumption 1. H(b,q) : [0, 5] x [0, 1] = R is continuous, differentiable, weakly decreasing
in b, weakly increasing in q, and strictly increasing in q for all (b,q) € (0, 75) x (0,1) such
that H(b,q) > 0.

Assumption 2. (bounded debt). H(0,0) >0 and H(;5,1) <0.

Assumption 3. (impatience relative to outside lenders). H (0, ﬁ) > 0.

Assumptions (1) and (2) together imply that if b(0) = 0, b(t) < ;5 for all ¢ > 0. This
then ensures the behavioral type’s required coupon payment, (i + A)b(t), never exceeds y
and thus it is feasible for the behavioral type to never default regardless of the evolution
of bond prices. A sufficient method for constructing such a function H(b,q) is to let it be
the solution to the deterministic maximization problem associated with a government which
has any standard utility function over consumption, discounts the future at a rate strictly
higher than i+ § + ¢, has constant endowment y, starts with debt b (which it must pay back),
assumes that it will live forever and always face the bond price ¢, and must keep its debt
between 0 and .

Unlike the behavioral type, an optimizing type can default. In particular, we assume an
optimizing government chooses an arrival rate of default 7(t), where 7(t) € Ry U {4+00}. A
value of m(t) < oo implies a zero probability of defaulting at exactly date ¢, but implies a
probability of not defaulting between dates ¢ and t + A of e~ T ms)ds i 7(s) < oo for all
s € (t,t + A). A value of m(t) = oo implies instant default at date ¢ with probability one.
Thus we assume the probability of default at ezactly date t is either zero or one (when 7 () is
finite or infinite, respectively). In a later section, we generalize this to allow the optimizing
type to choose an interior probability of defaulting at a particular date t. We assume that

7 is right-continuous over time.



If the government does not default, it can issue additional bonds, b'(t) + Ab(t), at an
endogenous price ¢(t) conditional on it having not defaulted. Again, the sequential budget
constraint implies its consumption ¢(t) =y — (i + \)b(t) + q(t)(b'(t) + Ab(2)).

If the government defaults, then b(t) is set to zero. There are no direct costs of choosing
to default and no restrictions on government borrowing from then on. In particular, it can
issue additional bonds at an endogenous price ¢(t) conditional on it having defaulted and
thus c(t) = y + q(t)b'(t) (where b(t) = 0 and '(t) is interpreted as the right derivative of
b(t)).

The optimizing type receives a flow payoff equal to u(c(t)) as long as it is continuously in
power, and discounts future payoffs at rate » > 0. We assume that u : R, — [u, @] for some
finite values v and w, and that w is strictly increasing. We make no other assumptions on
the preferences of the optimizing type. (A preview of our results is that our Markov perfect
equilibrium is essentially independent of u and r. Other than more is preferred to less, and
now is preferred to later, the preferences of the optimizing type will not matter at all.)

We impose for now the following restriction on the strategies used by optimizing govern-
ments: we assume that they always choose a consumption level that is identical to that which
would have been chosen by a behavioral government facing the same debt and price. The only
decision left under the control of the optimizing government then is whether to default or
not. We will later show that this restriction is without loss of generality: an optimizing
government will have no incentive to reveal itself by choosing a consumption level different
from the behavioral government, without simultaneously defaulting on its debt.

We let p(t) represent the international market’s beliefs that the government at time ¢
is the behavioral type. We assume that at time ¢ = 0 there is no debt, b(0) = 0, and
the government is known to be the optimizing type, that is, p(0) = 0. (Again, we will later
consider the case where initial debt and initial reputation are not set to zero.) Market beliefs
are updated according to Bayes’ rule. In case of default, p(t) immediately jumps to zero, as
the government has revealed itself to be an optimizing one, and p'(t) = €. Conditional on

no default, beliefs evolve according to standard Bayesian updating or:

p(t) = (1= p(t)e+ p)((1 = p(t))m(t) = 6); if w(t) < oo,

where p/(t) is defined to the be the right derivative of p(t). Finally, again conditional on no
default, p(t) jumps to one if 7(t) = 4+00. Note from the assumed right continuity of 7(¢)
that if w(t) < oo, p(t) is continuous at t (since p'(t) is defined) and that if 7(t) = oo, p(t) is

right continuous at ¢.!

"When p(t) = 0 and 7(t) = oo, then Bayes’ rule does not apply if no default occurs. Here, we assume p



The assumptions above ensure the price of a bond is given by

q(t) = p(t)gs(t) + (1 = p(t))qr(?)

where ¢p(t) and gg(t) represent the expected valuation of the bond if the government is be-
havioral or optimizing (rational), respectively. These expected valuations solve the following

pricing equations (where ¢5(t) and ¢j(t) are right derivatives):

iqp(t) = (i+A) = Ags(t) +0(qr(t) — as(t) + ¢p(t) (1)
iqr(t) = (i+XA) = (A+7(t)qgr(t) + elgs(t) — qr(t)) + dr(t) (2)

with qr(t),qp(t) € [0,1] where gg(t) = 0 if 7w(t) = co. As before, the right continuity of
7(t) implies the continuity of g (t) and ggr(t) (and thus ¢(t)) at t if 7(¢) < oo, and the right
continuity of gp(t) and ggr(t) (and thus ¢(t)) everywhere. Since c(t) = y — (i + A\)b(t) +
q(t)(V'(t) + Ab(t)), b'(t) = H(b(t),q(t)), and H is continuous in both arguments, that ¢(t) is

right continuous implies ¢(t) is right continuous as well.

3 Markov Equilibria

We will focus attention to Markov equilibria. The payoff relevant state variables are b(t) and
p(t). However, note that once an optimizing government defaults, the state (b(t), p(t)) moves
back to (0,0) — its original starting point. As a result, we can index Markov equilibria as
functions from the time since the last default, which we denote as 7.

The definition of equilibrium is as follows:

Definition 1. A Markov perfect equilibrium is a set of functions, {m(7),q(7),p(7),b(7)},
describing the optimizing government’s intensity of default choice, the price of the bonds, the
market belief, and the amount of bonds outstanding, all as functions of the amount of time

since a previous default, such that:

1. Foreign investors break even in equilibrium:

q(1) = p(1)g5(7) + (1 = p(7))ar(7)

can jump to any value between zero and one inclusive.




where qp(T), qr(7) € [0, 1] and solve

(i+A+0)gp(r) = (i + A) + 5qr(T) + q5(7)
(i+AX+e+7(7)qr(T) = (i + X) + eqp(T) + ¢r(T)
2. Market beliefs are rational:

e p(0) =0 (or after a default, beliefs revert to certainty of the optimizing type) and

e conditional on no default, beliefs evolve according to Bayes’ rule:

p(r) = (1= p(r))e+ p(T)((1 = p(r))m(7) = &) if m(7) < 00
and p jumps to one if w(T) = 0o and p(t) > 0.

3. The amount of debt, conditional on no default, evolves according to the behavioral’s

government pre-specified expenditure rule:

with b(0) = 0.

4. For all times since last default T > 0, the default intensity of the optimizing type, 7(7),
mazimizes the optimizing type’s payoff. That is, the following collection of optimal

control problems (indexed by T)

Vir) = sup /0 h < /0 e I C(b(s). a(s))ds + e<r+f>tv<0)> dF(8),

fr:R+—>R+U{+OO}

where F(t) =1 — e Jo 79 qchieves a mazimum with the control #(s) = x(r + s) for
all ™> 0.

4 Characterizing Equilibria

In this section, we establish the main characteristics of our Markov perfect equilibrium,
again assuming p(0) = 0 and b(0) = 0. For a given MPE (7 (7),q(7), p(7),b(7)), let V(1)
and ¢(7) denote the associated value to the optimizing government and consumption level as
a function of time since last default, 7. We first establish that for all 7 > 0, V(1) is constant,

and importantly, strictly greater than the value associated with the optimizing government



consuming its endowment at all periods. We then derive the implications of this constant

value on the paths of consumption ¢(7), reputation p(7), default intensity 7(7), and debt
b(T).

Lemma 1. If (7(7),q(7), p(7),b(T)) is a Markov perfect equilibrium with associated value

V(r), V(0) > 4.

Proof. A possible strategy for the optimizing type is to set m(0) = +o0. Under this strategy,
his consumption always equals C'(0,¢(0)), which, since debt cannot be negative (Assump-

tion 2), weakly exceeds y for all ¢(0). O

Lemma 2. If (7(7),q(7),p(7),b(7)) is a Markov perfect equilibrium with associated value
V(r), V(1) > V(0) for all T > 0.

Proof. If V(1) < V(0) for some 7 > 0, (1) < co. A deviation setting m(7) = oo then sets
the deviation value equal to V(0). O

Lemma 3. If (7(7),q(7),p(7),b(7T)) is a Markov perfect equilibrium, then for all T > 0,
there exists t > T such that 7(t) > 0.

Proof. Suppose not. Then there exists 7 > 0 such that m(¢) = 0 for all ¢ > 7. This implies

for all t > 7 that ¢(t) = 1. Suppose c¢(t) > y for all t > 7. If b(7) > 0, then this ensures

b(t) eventually exceeds its upper bound, a contradiction of Assumption (2). If b(7) = 0, b(t)

again eventually exceeds its upper bound since ¥'(7) = H(0,1) > 0 from Assumption (3).

Thus there must exist s > 7 such that ¢(s) < y. Assumptions (1) and (2) (and ¢(t) = 1 for

all ¢ > 7) ensure that b(t) is weakly increasing on [7,00) and thus ¢(t) is weakly decreasing
()

on [r,00). Thus c(t) < y for all £ > s, ensuring V(s) < =%, a contradiction of Lemma

2). O

Lemma 4. If (n(7),q(7), p(7),b(7)) is a Markov perfect equilibrium, its associated value

V(7) is continuous.

Proof. First note that V(7) satisfies:

T+T
V(T) = sup/ e*(l’+€)(5*t)u(c(5>>d$ + ef(ere)TV(O)

T>0

T+T(7)
_ / e~y (¢(5))ds + e~ PHOTOV(0),



for some T(7) € Ry U {+00}.? We have then that, for A > 0,
T+A+T(T)

V(ir+A)=V(r) > / e~ (PHIE=T+ 0y (¢(s5))ds + e~ PHITOV (0) — V(1)
T+A

TH+A+T(T) T+T(7)
_ / e~ (=) () )ds — / ==y ¢(5))ds
T+A T

where the inequality uses the optimality of sub-optimality 7'(7) for 7 + A. Eliminating the

common terms across both integrals yields:

T+A+T(T)
V(ir+A)=V(r) = {T(T)<OO}/ e~ (PHI=T+ )y (¢(s5))ds

T4+max{A,T ()}
T+min{A,T(7)}
_/ e‘(p+e)(8_T)u(c(s))ds

T+A+T(7)
> (7(r) <00} / e (P A)gs |

+max{A,T(7)}
T4+min{A,T(7)}
_ / e~ g5 | 7.

where the inequality follows from the boundedness of u. Solving out the integrals, we obtain

o(PHO(A-max{AT()}) _ o~ (p+e)T(7)
V(T +A) = VI(T) = (r(r)<o0} ( )

Uu
p+e “
1 — 67(p+e) min{A,T(r)}
— u

()

e(p+e)(A—max{A,T}) — e—(p+6)T ]_ — 6_(p+5) min{AvT} _

> —sup |u| — sup ul

>0 p+e T>0 p+e

A similar argument provides the same lower bound for V(1) — V(7 + A), and thus

1 — e~ (ptreaA

Vir+ &)~ V()| < \ (fal + ).

p+e

Given that the right hand side is continuous and goes to zero as A — 0, this guarantees the

continuity of V(7). O

Lemma 5. If (7(7),q(7), p(7),b(7)) is a Markov perfect equilibrium, its associated value,
V(r) =V(0) for all 7 > 0 such that w(7) > 0.

In particular, T'(7) = inf{t > 7|n(t) > 0}.




Proof. Suppose V(1) > V(0) for some 7 > 0 such that 7(7) > 0. That V(7) is continuous
allows us to choose A > 0 sufficiently small such that V(7 4+ s) > V(0) for all s < A. Next,

note
° A
V(T> = [/ ef(rJre)su(c(S))ds + e*(rJre)AV(T + A)] e Jo m(s)ds
0 A . |
+/ </ e*(TJre)Su(C(S))dS + ei(r+6)tv<0)>ﬂ'(t>€7 Jo TI'(S)det’
0 0

where the first term on the right hand side accounts for realizations where no default occurs
before time 7 + A and the second term accounts for realizations for which a default occurs
before time 7+ A. Next, since 7(7) > 0 (and thus from the right continuity of 7 there exists
t € (0,A] such that 7(7+s) > 0 for all s < t), and V(7 +1¢) > V(0) for all £ < A if one
replaces V(0) with V(7 +¢) in the second term (for all ¢ < A), this term increases. Thus
a strategy of not defaulting before 7 + t yields a higher value than defaulting with arrival
probability 7(7 + s) for s < t. H

Lemma 6. If (7(7),q(7), p(7),b(T)) is a Markov perfect equilibrium with associated value
V(1). Then V(1) =V(0), for all T > 0.

Proof. Suppose there exists 7 such that V(7) > V(0). Continuity of V' and Lemmas (3) and
(5) imply that we can find a closed interval [t, ¢+ A] that contains 7 such that V' (s) > V/(0)
for s € (t,t + A) and V(t) = V(7 + A) = V(0). Further, from Lemma (5), 7(s) = 0 for
all s € (t,t + A). If w(s) =0 for all s € (t,t+ A), g is strictly decreasing in s € (t,t + A)
(since the date at which default occurs again with positive probability is getting closer).
That ¢ is decreasing over time implies that if &'(s) < 0 for some s € [t,t + A], then ¥'(5) <0
for all § € [s,t + A). Otherwise, that b(s) is continuous ensures that if b'(s) goes from
negative to positive in the interval, there must exists dates m and n in (s,t + A) such
that H(b(m),q(m)) < 0 and H(b(n),q(n)) > 0 where b(m) = b(n) and g(m) > ¢q(n), a
contradiction.

Suppose V'(s) < 0 for some s € [t,t + A) and thus ¢/(§) < 0 for all § € (s,t+ A). Then
c(s) < y (and from right continuity of ¢(s), ¢ < y for some positive amount of time after
date s) and ¢(3) < y for all 5 € (s,t +A). That V(t +A) = V(0) > “2 then implies
V(s) < V(0), a contradiction. Thus &'(s) > 0 for all s € (t,t+ A).

10



Next suppose by < by, qo > q1, and H (bg, qo) > 0.

C(bo, q0) — C(b1, 1) = — (i + A)(bo — b1) + qo(H (bo, go) + Abo) — q1(H (b1, q1) + Ab1)
> —(i+ A)(bo — br) + @1 (H (bo, go) + Abo) — qu(H (b1, q1) + Aby)
—(i+ A)(bo — b1) + qu [H (bo, q0) — H (b1, q1) + A(bo — b1)]
= —i(bo — b1) — A(bo — b1)(1 — q1) + q1 [H (bo, qo) — H (b1, q1)]
>0

where the first inequality follows from H(by,qp) > 0 and by > 0; and the last inequality
follows because by < by, so —i(bg — b1) > 0, =A(1 — q1)(bp — b1) > 0 as ¢ < 1, and
H(bo, qo) > H(b1,q1) by Assumption (1).

Thus ¢(s) is weakly decreasing for s € [t,t + A]. Since V(t + A) = V(0) and 7(s) = 0
for s € (t,t + A), this implies V(s) is decreasing on (¢,t + A). But since V (t) = V(0) and
V(r) > V(0), this contradicts the continuity of V. O

Proposition 1. If (7w(7),q(7),p(7),b(7)) is a Markov perfect equilibrium with associated

u(y)

constant value V', V- > 2.

u(y)
r+e’

7 > 0 and thus b(7) = 0 for all 7 > 0. To see this, ﬁrst note that since b(7) cannot be

negative (from Assumption 2), ¢(7) cannot be less than y unless it is first greater than y.

u(y)

Proof. Lemma (1) ensures V' > So suppose V' = 2%, This implies ¢(7) = y for all

Next note if ¢(0) > y, then V' > (y€) immediately (since m(0) can always be set to infinity).
So let 7" > 0 be such that ¢(7*) > y and ¢(7) >y for all 7 < 7*. Since c is right continuous,
there exists A > 0 such that c¢(t) > y for all ¢t € [7*, 7" + A). A strategy of n(t) = 0 for
t€[0,7*+A) and 7*(t) = oo for t > 7* 4+ A then delivers V' > “(y) (Thus to recap, V = if(—fg)
implies ¢(7) = y and thus b(7) = 0 for all 7 > 0.)

Next note gp(7) > Z.f/(ié for all 7 > 0. (The right hand side is the price of a bond
conditional on the behavioral type and the optimizing type defaulting immediately upon a

type switch.) As a result, q(7) > p(7)-22 for all 7 > 0. Thus if p(7) = 1 for any 7 > 0, we

i+A+0
have a contradiction of ¢(7) = y for all 7, since from Assumption (3), the behavioral type
borrows when b = 0 and ¢ > i-‘r;\i)e\-‘:-(;' This implies 7(7) < oo for all 7 > 0 (since 7(7) = 00

causes p(7) to equal one immediately upon no default.)

Next, from Assumption (3), in order for ¥'(7) = 0 for all 7 > 0, the bond price ¢(7) must
i)
FAtetd”

always be weakly less than ¢* = Assume ¢(7) = ¢* for all 7 > 0. Since

q(T) _ /oo e_(i_t,-)\)t—f:(l—p(s))ﬂ'(s)ds(Z' + )x)dt,
0
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q(7) can be constant o

nly if the probability of default, x(7) = (1 — p(7))m(7), is constant in which case

(r) = i+ A
Ry
Thus if ¢(7) = ¢* = i+§ﬁ+6 for all 7 > 0, then z(7) = ¢ + 9§ for all 7 > 0. Further,

since p'(1) = (1 — p(7))e + p(7)(z — J) is linearly increasing in x, and the bond price, ¢,
is monotonically decreasing in z, the maximum bond price consistent with no borrowing,
q*, corresponds to the minimal amount of learning conditional on no default. Substituting
x=¢e+6into p'(1) = (1 — p(7))e+ p(7)(x — §) delivers p'(1) = e. That is, if the probability
of default is set sufficiently high to cause no borrowing on the part of the behavioral type,
the posterior p(7) becomes an increasing linear function of time, implying that eventually
p(1) =1, a contradiction. (If p(7) = 1, z(7) = (1 — p(7))7(7) cannot equal € + ¢ as assumed
for finite m(7).)

The only remaining possibility is that ¢(7) < ¢* for all 7, but ¢(7) # ¢* for some 7 > 0,
and thus x(7) is not constant. Proving that this too causes p(7) to eventually equal one is

surprisingly involved, and we leave this to the appendix. O
Lemma 7. 7(0) < oo.

Proof. Suppose m(0) = co. Then ¢(0) = 0, which implies ¢(0) = y and V* = Z(—fe) which

contradicts Proposition (1). O
Lemma 8. ¢(7) < ¢ =u ' ((r +€)V*), for all T > 0.

Proof. Suppose there exists 7 such that ¢(7) > ¢*. Right continuity of ¢ implies there exists
A > 0 such that ¢(t) > ¢* for all t € [r, A). Next, set a deviation 7 such that 7(t) = 0 for all
t € [r,A) and 7(7 + A) = oo. This deviation strategy delivers payoff greater than V*. [

Lemma 9. ¢(7) = c¢* = u™((r + €)V*), for all 7 > 0 such that 7(1) < co.

Proof. Suppose there exists 7 such that ¢(7) < ¢* and 7(7) < co. Right continuity of 7
and c¢ implies there exists A > 0 such that ¢(t) < ¢* for all ¢ € [r,A). This contradicts

V(r)=V*= i(—frg) for all 7 and ¢(7) < ¢* for all 7. H

Lemma 10. Let T' = sup{t|c(s) = c¢*for all s <t}. Then 0 <T < oo and n(T') = occ.

Proof. That m(0) < oo and right continuity of 7 ensures 7' > 0. That ¢* > y and that debt
remains bounded (Assumption (2)) implies eventually ¢(7) < ¢* and thus 7(7) = oco. Right

continuity of 7 then implies 7(7") = oc. O
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Lemma 11. lim, ,p- p(7) = 1.

Proof. First note q(7) = p(7)qs(7) + (1 — p(7))qr(7) and that gp(7) and ggr(7) both are
continuous at 7 = T (with ¢r(T) = 0 and lim, .7~ qr(T) = 0 from 7(7T) = oc.) Thus
given p(T') = 1, if lim, ,7- p(7) < 1, this implies ¢(7) jumps up at 7 = 7. Debt conditional
on no default, b(7), on the other hand, is continuous at 7 = T'. Since H (b, q) is assumed
strictly increasing in ¢ for all (b, q) such that H(b,q) > 0 (which it is since ¢* > y), b/'(1) =
H(b(7), q(7)) must jump up at 7 = 7', which implies ¢(7) jumps up at 7 = T". Since ¢(7) = ¢*

for all 7, this contradicts Lemma (8).
Lemma 12. For all T > T, w(1) = 0.

Proof. Suppose there exists 7 > T such that 7(7) < oo and let 7% = min{7|7 > T and 7 (1) <
oo}. That 7 is right continuous ensures this minimum exists and there exists A > 0 such that
m(t) < oo forall t € [7*, 7" + A). Lemma (9) then implies ¢(t) = ¢* for all t € [7*, 7% + A).
Further, since p(7*) = 1 (from 7(7* — s) = oo for a neighborhood s > 0), p/(7*) = —4.
Right continuity of 7 then ensures there is a neighborhood to the right of 7* such that
p(7) is decreasing. Thus in this neighborhood debt, b(7) is increasing (since consumption is
constant and greater than y). This implies that in this neighborhood, the bond price ¢(7)
must be increasing (or else consumption cannot be constant from Assumption (1)).

Note ¢'(7) = p(7)qp(7) + p'(T)qs(7) + (1 = p(7)) ¢ () — p/(T)qr(7). Next, since p(7*) = 1
and /(1) = (1= p(r))e + p(r)(1 — p(r))m(r) — 8), p(7) = —6. Thus, ¢(r) = gyl(r*) —
6(qp(0) — qr(0)). From (1), ¢x(7") = (i + A)(gs(7") — 1) + 6(gs(0) — qr(0)) and thus
(%) = (i + N\)(gp(7*) — 1) < 0, a contradiction. O

Lemma 13. 7(0) > 0.

Proof. At 7 = 0, consumption is constant at ¢* > y and debt is increasing (again since
¢ >y). Suppose 7(0) = 0. Note ¢'(7) = p(7)qp(7)+p'(7) 45 (1) +(1=p(7)) 4 (7) = (7)gr(7)-
Next, since p(0) = 0 and p'(7) = (1—p(7))e+p(7)((1—p(T))7(T)—=6), p'(0) = €. Thus, ¢’(0) =
qr(0) + €(g5(0) = gr(0)). From (2), ¢r(0) = (i + A +m(0))gr(0) — (i + A) — e(g5(0) — ¢r(0)).
Substituting for ¢,(0) and imposing 7(0) = 0 implies ¢'(0) = (i + A)(gr(0) — 1) since
qr(0) < 1 (from T finite). Consumption constant when debt is increasing and the bond

price is decreasing contradicts Assumption (1). (]

Together, these results give a tight characterization of all Markov Perfect equilibria.
For 7 < T, consumption is constant and strictly larger than y, and from there decreases.
Further, the arrival rate of default (1 — p(7))7(7) is smoothly increasing from an amount

strictly greater than zero to ¢, the arrival rate of default after date 7. Thus the bond price
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q(7) smoothly increases over time since the last default as well. Since consumption is greater
than the endowment while it is constant, debt is smoothly increasing as well. At date T,
the bond price g becomes constant, but since ¢(7) is continuous, net borrowing '(7) remains
positive for some time as well. Further, since &'(7) is continous, debt cannot go from growing
to shrinking without first hitting &'(7) = 0. Thus, debt b(7) must be weakly increasing.

To actually solve for an equilibrium, one simply solves the following set of two ordinary

differential equations in 7 for a guessed starting value of ¢(0) (or ¢(0)):

and, from the fact that consumption is constant between 7 = 0 and 7 = T, and thus
0= Cy(b(7), q(7))V (1) + Cq(b(7), q(7))q'(7), we have

Given b(0) = 0 and a guessed ¢(0), these equations map out a path for (b(7),q(7)). Next,
from ¢'(7) = (i + A+ (1 — p(7))7(7))q(7) — (i + X), we know that

SN« (/o (2 ) P
(1= p(r))r) = i+ N1 = a() = G S LB )
which implies
o L G e
§1) = (1= ple+ o) s (4 ML= al) = G LT Hb) () = )

Thus from p(0) = 0, the path of (b(7),q(7)) implies a path for p(r). The equilibrium

construction problem then is to find (¢(0),7") such that p(7') = 1 and ¢(T") = % (where

the latter is the long run bond price and thus ¢(7) is continuous as is necessary.) For
there to be multiple Markov equilibria, there would have to multiple (¢(0),7") where these
ending conditions are satisfied. We have not seen this in practice when computing examples.
Further, in practice, if ¢(0) is chosen too low, then at the point 7" such that p(T) = 1,
q(T) < 7525, and if ¢(0) is chosen too high, ¢(T') > 525, with exactly one ¢(0) such that
when p(T) =1, ¢(T) = zﬂia

Note that nowhere in these differential equations are any parameters associated with the

preferences of the optimizing type. The preferences of the optimizing type — its rate of time
preference, and its utility function (and thus risk aversion) — are not relevant. The reason

is that, in equilibrium, it faces no consumption variation either across states of nature (the
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realizations of arrivals of its Poisson default events ) or across time.

4.1 FEarly game play:

To this point, we have assumed our game starts with p(0) = 0 and b(0) = 0. This is the
relevant subgame after the first and any subsequent defaults. We now turn to characterizing
Markov perfect equilibria for starting values of (b, p) other than (0,0), and use these results
to establish that mimicing the borrowing behavior of the behavioral type is indeed optimal
for the optimizing type (or that the optimizing type chooses to reveal its type only by
defaulting).

First, since b(7) in the (0,0) subgame is increasing over time, for all (b, pp) such that
by < sup. b(7), there exists 7* such that by = b(7*). Next, suppose 0 < pg < p(7*), or that
the optimizing type starts out with a reputation strictly lower than it will have, for debt
level by, anytime in the subgame following a default. Here, we propose the optimizing type

immediately defaults with probability v such that

p(T") = " :
po+ (1= po)(1—7)
Since 0 < pg < p(7), then v € (0, 1], and this default behavior ensures that (b, p) jumps either
to (0,0) (in the case of immediate default) or (b(7*), p(7*)) (in the case of no immediate
default). The optimizing type then follows the default strategy from either 7 =0 or 7 = 7*.
He is willing to set v between zero and one because his continuation value is the same in
either case.

If pg = 0, we propose the optimizing type immediately defaults probability one. Here,
Bayes’ rule doesn’t apply for calculating beliefs conditional on not defaulting thus we are free
to set the belief. Setting p conditional on no default to p(7*) again ensures the optimizing
type’s payoff is the same regardless of whether he defaults or not and is thus willing to set
v to one. Note that the py = 0 case confirms mimicking as a best response as well: That
is, if an optimizing type chooses to set net borrowing, for a given bond price, not equal to
H(b, q), it reveals itself to be the optimizing type, which implies immediate default.

Finally, assume pg > p(7*), or that the optimizing type starts out with a reputation
strictly higher than it will have, for debt level by, anytime in the subgame following a default.
Here, we propose the optimizing type sets the default intensity 7 to zero for 7 periods. His

reputation p at date t is then
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which converges continuously to —. Since in the (0,0) subgame, p(7) moves continuously
from zero to one, this ensures there exists date 7 such that p(7) = p(7). From date 7 on
then, the optimizing type follows the (0,0) equilibrium. Since from time zero to time 7, the
bond price ¢ is strictly less than the bond price for that level of debt in the (0, 0) equilibrium,
consumption along this path is strictly greater, ensuring the optimizing type is willing to set

7 = 0 before date 7.

5 An Example

This section presents a computed example to illustrate the nature of Markov equilibria in our
model. The parameters of our model are the endowment level y, the switching probabilities e
and 0, the outside world discount rate i, the coupon debt maturity parameter A, and the net
borrowing function of the behavioral type H(b,q) (which together imply the consumption
function of the behavioral type C'(b,q) =y — (i + A\)b+ q(H(b,q) + Ab).)

Here, we normalize y = 1, and choose our other parameters relative to a unit of time
being one year. Thus if we set ¢ = .01 and § = .03, this implies a 1% chance that an
optimizing government dies in the next year to be replaced by a behavioral government,
and a 3% chance a behavioral government dies to be replaced by an optimizing government.
(And thus the country has a behavioral government 25% of the time.) We set the outside
world discount rate i = .004 and A = .2, corresponding to a yearly principle payoff of 20% or
roughly 5 year debt. These imply that in the long run (after date T is reached and thus the
government is certainly the behavioral type), the probability of default is 3% per year (from
d = .03) and thus the long run interest rate is 3.4% (from i + § = .034) and the long run
A
the behavioral type’s borrowing function H (b, ¢) and its corresponding consumption function
C(b,q), we chose

bond price is .872 = (as opposed to a bond price of one if lending were riskless). For

H(b,q) = (.15 — =

This is exactly what falls out of a deterministic optimization problem of a country with
log utility and a discount rate of .15 who believes it can sell debt at the constant bond
price ¢ with the exception that we set net borrowing proportional to (2 — b) while in that
deterministic problem, net borrowing is proportional to (¥ —b).

Figure 1 displays some relevant time paths for these parameters (again, where all paths
start over given a default). Here, it takes about 31 years for the market belief that the
government is a behavioral type to go from p = 0 to p = 1. In this time, debt goes from

b =0 to about 3.5 times the country’s endowment to, eventually, five times its endowment,
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Figure 1:

while the bond price goes from .6 to its long run value of .87. Consumption stays steady
at about 1% above endowment for these 31 years, and then smoothly decreases over the
next 30 years to about 85% of the country’s endowment. The country’s default rate starts
at about 14% per year, decreasing to, eventually, 3% per year. Finally, the country’s yield
curve (which we calculate as the 10 year zero coupon bond yield less the 2 year zero coupon
bond yield) is negative, or downward sloping, for the first 31 years after a default, and zero
(or flat) after that.
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