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Abstract

We construct a monetary economy in which agents face aggregate demand shocks and hetero-
geneous idiosyncratic preference shocks. We show that, in this environment, not all agents are
satiated at the zero lower bound even when the Friedman rule is the best interest rate policy
the central bank can implement. Therefore, there is scope for central bank policies of liquidity
provision even at the zero lower bound. This is because such policies temporarily relax the lig-
uidity constraint of impatient agents without harming the patient ones, thus improving welfare.
Due to a pricing externality, this may also have beneficial general equilibrium effects for the

patient agents even if they are unconstrained in their holdings of real balances.
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1 Introduction

In the aftermath of the financial crisis, central banks around the world have pursued a range of
unconventional policies to stabilize their economies. The first of these has been driving the policy
rate to the zero lower bound (denoted ZLB). Another has been to inject large amounts of liquidity
into the economy via large scale asset purchases, also known as quantitative easing (denoted QE).
These two policy actions have generated a substantial debate in the economics profession about
the role of monetary policy at the ZLB and the efficacy of QE. First, is hitting the ZLB a problem
for a central bank? Second, what are the theoretical channels causing QE to have real effects at
the ZLB?

Regarding the first question, in several monetary models driving the nominal interest rate to
zero, also known as the Friedman rule, is not a constraint.! It is instead the optimal policy, and
as such it should be implemented all of the time and not just during severe economic downturns.?
In New Keynesian models, instead, a demand shock of some sort drives the "natural" real interest
sufficiently negative. The central bank would like to have a negative nominal interest rate but
because of sticky prices and the ZLB the equilibrium real interest rate is too high and economic
activity is inefficiently low. In all these models, once the nominal interest rate is zero there is
no further role for monetary policy. The Friedman rule is associated with a "liquidity trap" and
varying the quantity of money in the economy has no real or nominal effects — households will
simply hold onto the excess cash since it is costless to do so.

Regarding the second question, conventional QE policy involves printing money to buy govern-
ment bonds and/or private assets. Consequently, QE alters the size and composition of a central
bank’s balance sheet. However, why should the size or the composition of the central bank balance
sheet matter for the real economy? In short, does Modigliani-Miller apply to a central bank’s bal-
ance sheet or not? Wallace (1981) showed that it does and thus QE-type policies will be ineffective.
Eggertsson and Woodford (2003) and Curdia and Woodford (2011) show a similar result in a New
Keynesian model once the ZLB is reached. Moreover, at the ZLB, money and bonds are perfect
substitutes. Exchanging one for the other has no real or nominal effects.?> In a New Monetarist

model, Williamson (2014) shows QE can flatten the yield curve, but it also leads to an increase

'This is true, for example, in MIU, CIA and New Monetarist models.

2This is true unless factors such as income shocks, as in Akyol (2004), redistributive issues, as in Bhattacharya,
Haslag and Martin (2005) or Ireland (2005), distortionary taxes, as in Phelps (1973) or trading externalities, as in
Shi (1997) are taken into account.

3This argument has been advanced by John Cochrane in the blogosphere.



in real rates and a decrease in inflation at the ZLB, much unlike central bankers’ thinking.* In
summary, showing theoretically that QE can have beneficial real effects has proven difficult.’

Yet, there is substantial empirical evidence showing that quantitative easing can alter long-term
interest rates.® This is why QE is perceived to have had beneficial real effects on the economy even
at the ZLB. Consequently, there is a tension between theory and empirical evidence in terms of the
effects of QE on the real economy. This is best captured by Ben Bernanke’s famous quote "The
problem with QE is it works in practice but it doesn’t work in theory." In the end, we are still
confronted with the question of how QE can be beneficial at the zero lower bound.

Another conundrum with recent experience is that if the ZLB corresponds to the Friedman rule,
then this should be associated with deflation. Japan is often cited as an example of this. However,
in several of the major economies where the ZLB has been in place for many years, inflation and
expected inflation are positive and lie between 1% and 2%.7 So, why is deflation not occurring in
these economies? This puzzle gives rise to yet another one — with nominal interest rates at zero
and expected inflation anchored between 1% and 2%, some agents in the economy are willing to
accept a negative ex-ante real rate of return on their assets several years out into the future. Why
are they willing to do so?

Our objective is to build a New Monetarist model that can be used to address the questions
and observations discussed above. Specifically, we amend the New Monetarist model of Berentsen
and Waller (2011) by incorporating heterogeneous preferences across agents as in Eggertsson and
Krugman (2012). We then study the optimal stabilization response of the central bank to demand
shocks that hit the economy. Heterogeneity takes the form of agents receiving iid shocks to their
current discount factor. Specifically, in each period, some agents receive shocks such that their
discount factor is higher than for the others. We refer to the former agents as patient and the latter

ones as impatient. In this setup, patient agents are savers and they are the marginal investors

*In other New Monetarist models, Williamson (2012), Berentsen and Waller (2011) and Herrenbrueck (2014) find
QE is not welfare improving at the ZLB.

"Woodford (2012) and Bhattarai, Eggertsson and Gafarov (2013) have argued QE may have real effects by
reinforcing forward guidance — by increasing the size of the central bank balance sheet and exposing it to capital
losses if interest rates rise, the central bank commits to keeping interest rates lower than is ‘optimal’. Auerbach and
Obstfeld (2005) show that open market operations at the ZLB can be welfare improving provided that long-term
interest rates are positive and short-term interest rates are expected to be positive at some point in the future.

8See Krishnamurthy and Vissing-Jorgensen (2011), Hamilton and Wu (2012), Gagnon and others (2010) and
Williams (2014) for example.

"E.g., this was true during the global financial crisis and ensuing recession in the United States, Canada, England
and the European Monetary Union among other countries. Sources: Board of Governors of the Federal Reserve
System, table H.15, “Selected Interest Rates;” Bureau of Economic Analysis data; Consensus Economics, “Consensus
Forecasts;” foreign central bank data.



who price assets. We show that the ZLB may be the best interest rate policy the central bank
can implement, although that is not always the case due to a price externality. Nevertheless, even
when the Friedman rule is the best policy, it is always second best since only the patient agents are
unconstrained in their holdings of real balances. The impatient agents, instead, are still constrained
and carry fewer real balances across time. Why? The nominal interest rate is too high at zero for
them as the effective nominal rate they face is still positive. The policymaker would like to drive
down the nominal interest rate into negative territory to lower the opportunity cost for impatient
agents to carry cash, but is constrained in its ability to do so.

We then consider a particular form of QE whereby the central bank purchases private debt via
repo arrangements. Since the repos are undone at a later date, QE is a temporary policy, not a
permanent increase in the size of the central bank balance sheet. We show that, under this form
of QE in response to demand shocks, the central bank is able to temporarily relax the liquidity
constraint on impatient agents. This improves their welfare without harming the patient agents.
Interestingly, our model also suggests that it can be beneficial for the central bank to buy private
debt claims. In this sense, the purchases of mortgage backed securities conducted by the Fed
are consistent with our model. Furthermore, we demonstrate that due to the pricing externality
mentioned before, QE may also have beneficial general equilibrium effects for the patient agents
even if they are unconstrained in their holdings of real balances.® Consequently, QE at the ZLB is
welfare improving for some if not all agents.

As is common in the New Keynesian literature [e.g., Eggertsson and Woodford (2003) and
Bhattarai, Eggertsson and Gafarov (2013)], we then consider a temporary, unanticipated shock to
the discount factor. We focus on a shock such that patient agents have a discount factor greater
than one. This in turn implies that patient agents are willing to take negative real rates of interest
over a short period of time. We show that in this case maintaining the ZLB will generate positive
expected inflation in the short run. As before, QE continues to be effective in improving welfare.

The structure of the paper is as follows. Section 2 presents the model. Section 3 discusses
the efficient allocation. Section 4 studies stationary monetary equilibrium. Section 5 discusses the
optimal inflation rate in an economy without aggregate demand shocks. Section 6 studies optimal
stabilization policy at the ZLB in response to aggregate demand shocks. Section 7 concludes.

Proofs are in the Appendix.

®Rojas Breu (2013) and Berentsen, Huber and Marchesiani (2014) get similar pricing externalities when agents
have differing abilities to pay for goods. However, at the ZLB the pricing externality disappears in their models
whereas that is not the case in our environment.



2 The model

The model builds on Lagos and Wright (2005), Boel and Camera (2006) and Berentsen and Waller
(2011). Time is discrete, the horizon is infinite and there is a large population of infinitely-lived
agents who consume perishable goods and discount only across periods. In each period agents may
visit two sequential rounds of trade - we refer to the first as DM and the second as CM.

Rounds of trade differ in terms of economic activities and preferences. In the DM, agents
face an idiosyncratic trading risk such that they either consume, produce, or are idle. An agent
consumes with probability 3, produces with probability as and is idle with probability 1 — ap — as.
We refer to consumers as buyers and producers as sellers. Buyers get utility cu(q) from ¢ > 0
consumption, where ¢ is a preference parameter, u'(¢) > 0, u”(¢) < 0, u/(0) = 400 and u/(c0) = 0.
Furthermore, we impose that the elasticity of utility e(q) = qu'(q)/u(q) is bounded. Producers
incur a utility cost ¢(y) from supplying y > 0 labor to produce y goods, with ¢/(y) > 0, ¢’(y) > 0
and ¢/(0) = 0. Everyone can consume and produce in the CM. As in Lagos and Wright (2005),
agents have quasilinear preferences U(x) — n, where the first term is utility from = consumption,
and the second is disutility from n labor to produce n goods. We assume U'(z) > 0, U"(z) < 0,
U'(0) = 400 and U'(00) = 0. Also, let ¢* be the solution to eu/(q) = ¢/[(aw/s)q] and z* be the

solution to U'(x) = 1.

2.1 Shocks

The economy is subject to both aggregate and idiosyncratic demand shocks, but agents are hetero-
geneous only with respect to the latter. At the beginning of each CM, agents draw an idiosyncratic
time-preference shock 3, € {8}, 5y} determining their interperiod discount factor. At the begin-
ning of each period an agent can be either patient (type H) with probability p or impatient (type L)
with probability 1 —p. We consider the case 0 < 8, < 8 < Sy < 1 with no serial correlation in the
draws and ( being the average discount factor. Note that time-preference shocks introduce ex-post
heterogeneity across households, but the long-run distribution of time preferences is invariant.

We also assume ¢ is stochastic like in Berentsen and Waller (2011), which allows us to study
the optimal response of a central bank to aggregate demand shocks. The random variable € has
support Q = [g,&], with 0 < £ < € < oco. Shocks are serially uncorrelated and f(g) denotes the
density function of €. As shown below, output in the CM is constant so any volatility in total

output per period is driven by € shocks in the DM.



2.2 Information frictions, money and credit

The preference structure we selected generates a single-coincidence problem in the DM since buyers
do not have a good desired by sellers. Moreover, two additional frictions characterize the DM. First,
agents are anonymous as in Kocherlakota (1998), since trading histories of agents in the goods
markets are private information. This in turn rules out trade credit between individual buyers and
sellers. Second, there is no public communication of individual trading outcomes, which in turn
eliminates the use of social punishments to support gift-giving equilibria. The combination of these
two frictions together with the single coincidence problem implies that sellers require immediate
compensation from buyers. So, buyers must use money to acquire goods in the DM.

Money is not essential for trade in the CM instead, and indeed agents can finance their con-
sumption by getting credit, working or using money balances acquired earlier. To model credit, we
assume agents are allowed to borrow and lend through selling and buying nominal bonds, subject
to an exogenous credit constraint A. Specifically, agents lend —pgiai11 (or borrow pgiait1), where
Dqt 18 the price of a bond that delivers one unit of money in ¢ 4 1, and receive back a;. We assume
that any funds borrowed or lent in the CM are repaid in the following CM. One can show that,
even with quasi-linearity of preferences in the CM, there are gains from multi-period contracts due
to time-preference shocks. Of course, default is a serious issue in all models with credit. However,
to focus on optimal stabilization, we simplify the analysis by assuming a mechanism exists that

ensures repayment of loans in the CM.

2.3 Policy tools

We assume a government exists that is in charge of monetary policy and is the only supplier of
fiat money, of which an initial stock My > 0 exists. Monetary policy has both a long-run and a
short-run component. The long-run policy focuses on the trend inflation rate, whereas the short-
run one is concerned with the output stabilization response to aggregate shocks. We denote the
gross growth rate of money supply by m = M;/M;_1, where M; denotes the money stock in the CM
in period ¢t. The central bank implements its long-term inflation goal by providing deterministic
lump-sum injections of money 7 = (7 — 1) M;_1, which are given to private agents at the beginning
of the CM. If m > 1, agents receive lump-sum transfers of money, whereas for 7 < 1 the central
bank must be able to extract money via lump-sum taxes from the economy.

The central bank implements its short-term stabilization policy through state-contingent changes



in the stock of money. We let 71(¢) = T1(e)M;—1 and 72(¢) = T2(e)M;_1 denote state-contingent
cash injections received by private agents in the DM and CM respectively. We assume injections in
the DM are undone in the CM, so that 71(g) + 72(¢) = 0. Changes in 71(g) thus affect the money
stock in the DM without affecting the long-term inflation rate in the CM. This means that the
long-term inflation rate is still deterministic since 7 = (m — 1)M;_1 is not state dependent. Note
that the state-contingent injections of cash can be viewed as a type of repurchase agreement - the

central bank sells money in the DM under the agreement that it is being repurchased in the CM.

3 Efficient allocation

We start by discussing the allocation selected by a benevolent planner subject to the same physical
and informational constraints faced by the agents. We will refer to this allocation as constrained-
efficient. As is the case with any model with heterogeneous agents, defining the planner problem
is not a trivial issue. The environment’s frictions imply the planner can observe neither types nor
identities in the DM and therefore has no ability to transfer resources across agents over time in
that market. Furthermore, at the start of the DM, all agents are identical ex ante since the previous
period S shock is no longer relevant and the DM shocks have not been realized. Thus, if we look
at welfare from this point in time, we effectively have a representative agent problem.

Therefore, the planning problem in the DM corresponds to a sequence of static maximization

problems subject to the technological constraints. This implies in the DM the planner must solve:

Maz /{abEU[fJ(é)]—asC[y(E)]}f(E)d€ (1)
Q

9,y

s.t. abq(E) = asy(g)

In the CM, once the § shocks are realized, the agents are heterogeneous with regards to intertem-
poral choices. We also do not have the informational frictions in this market that exist in the DM.
Consequently, the planner can transfer resources across agents over time and therefore chooses con-

sumption and labor sequences {z o, z;1,..} and {njo,n;j1,..} for j = H, L that maximize a weighted



sum of individual utility functions subject to feasibility and non-negativity constraints:

Maz > o; |U(zjo) — njo+ > BB (Ulxji) — njy)

j=H,L t=1
st. pzge + (1 —p)ere = pnge + (1 — p)npe for t =0,1,2, ... (2)

st. nj; >0 forj=H,Landt=0,1,2,..
Here o and o, are positive utility weights. A solution to this problem is characterized by:

Ul(zjo) = l—u{/aj for j=H,Land t =0 (3)

Ulzj) = 1- u{/ajﬁjﬂtfl for j=H,Landt>1 (4)

where uz denotes the Kuhn-Tucker multiplier associated with the non-negativity constraint on 7.
Note that the difference between equation (3) and (4) implies a different allocation when ¢t = 0
than when ¢t > 1. In short, once ¢t = 1 is reached, the planner would prefer to reoptimize and give
each agent the allocation solving (3) rather than (4) evaluated at ¢ = 1. In short, the social planner
problem is not time consistent. Consequently, satisfying (3) and (4) requires that the planner be
able to commit to future promises of consumption and labor in CM exchange. If the planner cannot
commit to fulfill future promises, then the only consistent solution to this problem is u{ =0 in
all periods. This implies that a discretionary planner allocation has U’(zj;) = 1 and nj; > 0 for
j=H,L and t > 0. The discretionary planner wants both types to work and consume a constant
and equal amount in every period.

Since our focus will be on monetary policy stabilization, we adopt the allocation corresponding
to the discretionary planner as our benchmark for welfare. We do so for several reasons. First,
monetary policy will only be able to offset shocks that hit the DM since the absence of frictions in
the CM eliminates any role for stabilization policy there. Second, at the beginning of the DM all
agents are ex ante the same. So viewing welfare from this point in time is equivalent to having a
representative agent problem. Finally, there are no ex post welfare gains from transferring labor
across agents based on the [ shocks because of quasi-linear utility — shifting labor from one agent
to fulfill earlier promises is zero-sum ex post.

In sum, in the constrained-efficient allocation we focus on marginal consumption utility equals
marginal production disutility in each market and in every period. Such allocation is therefore

stationary and defined by eu’[q(g)] = /[(ap/as)g(e)] for all € in the DM and U’(z) = 1 in the



CM. The constrained-efficient consumption is therefore defined uniquely by qg = g = ¢* and

xg = xr = ¥, thus implying equal consumption for type H and type L agents.

4 Stationary monetary allocations

In what follows, we want to determine if the constrained-efficient allocation can be decentralized in
a monetary economy with competitive markets.” Thus, we focus on stationary monetary outcomes
such that end-of-period real money and bonds balances are time invariant.

We simplify notation omitting ¢ subscripts and use a prime superscript and a —1 subscript
to denote variables corresponding to the next and previous period respectively. We let p; and ps
denote the nominal price of goods in the DM and the CM respectively of an arbitrary period t. We
also let 8; and §, denote the discount factors drawn in period ¢ —1 and ¢ respectively. In addition,
we normalize all nominal variables by pa, so that DM trades occur at the real price p = p1/p2. In
this manner, the timing of events in any period ¢t can be described as follows.

An arbitrary agent of type j = H, L enters the DM in period ¢ with a portfolio w; = (m;, a;)
listing m; = m(}3,) real money holdings and a; = a(f3;) loans (or savings) from the preceding period
after experiencing a time-preference shock ;. Trading shocks k and aggregate demand shocks € are
then realized and agents receive a lump-sum transfer 71(¢) = T1(e)M_1. After the DM closes, the
k k

aj), where m? = m7(53;,€) denotes money holdings

agent enters the CM with portfolio wé‘? = (mk ] ;

¥l )
carried over from the DM and k = s,b, 0 denotes the trading shock experienced in the DM. Here,
o identifies an idle agent, while b and s identify a buyer and a seller respectively. Thus, if we let
qj = q(B;,¢) denote consumption and y; = y(83,,¢) production in the DM, individual real money

holdings for an agent j evolve as follows:

m; o= my + 71 — pg;
mj = m;j+ 71+ DpYy; (5)
m; = mj+T1

That is, buyers deplete balances by pg; while sellers increase them by py;. Idiosyncratic time-
preference shocks 3, are realized at the beginning of the CM. Left-over cash is then used to trade

and settle bonds positions and = and n are respectively consumption bought and production sold

9Competitive markets in the Lagos and Wright (2005) framework have been studied by Rocheteau and Wright
(2005) and Berentsen, Camera and Waller (2007) among others.



in the CM. Note that bonds positions a; at the beginning of the CM are not affected by trading
shocks in the DM, since they can only be used in the CM. Agents also receive lump-sum transfers
T 4 72(¢), adjust their money balances m,, = m/(8,,¢) and decide whether they want to borrow or
lend a, = a/(B,,¢), where m’, and o/, denote real values of money holdings and loans (or savings
if a, < 0) at the start of tomorrow’s DM. Figure 1 displays the timeline of shocks and decisions

within each period:

consumption
production
money savings
bonds settled
borrowing/lendin
¢ transfers T Bdrawn 8 & t+1
l | | | | | | | I
I T 1 T I T T T 1
Kk, e consumption/ transfers t+
drawn production

Figure 1: Timing of events within a period

Since we focus on stationary equilibria where end-of-period real money balances are time and
state invariant so that M/ps = M'/pl,, we have that

py _ M

B_Sr=m 0

which implies the inflation rate equals the growth rate of money supply. The government budget
constraint therefore is:

7= (r = V)[pmu + (1 — p)my) (7)

Note that the long-run inflation rate is deterministic since the per capita lump-sum transfers 7 in

the CM are not state dependent.

4.1 The CM problem

Given the recursive nature of the problem, we use dynamic programming to analyze the problem

of an agent j at any date, with j = H, L. We let V(w;) denote the expected lifetime utility for an



agent entering the DM with portfolio w; before shocks are realized. We also let W, (wf) denote the

k

expected lifetime utility from entering the CM with portfolio wj

and receiving a discount factor
shock 3, at the beginning of the CM.

The agent’s problem at the start of the CM then is:

Wowh) =  Maz  Uh) —nb, + 8.V ()

J J
?Zvn;?zva'lwmlz
st al, +mml, =nl, +ml + peral, —a;+ 7+
.L. jZ 7Tmz — njz mJ paﬂ'az a] T T9
’
st a, <A (8)

s.t. ml, >0

where A > 0 is a constant denoting an exogenous borrowing constraint. The resources available to
the agent in the CM depend on the realization of the DM trading shock k, as well as the aggregate

and idiosyncratic shocks €, 8; and .. Specifically, an agent has mf real balances carried over

from the DM and is able to borrow ma’, (or lend if o/, < 0) at a price p,. Other resources are n?z
receipts from current sales of goods and lump-sum transfers 7+ 79. These resources can be used to
finance current consumption z;, to pay back loans a; and to carry mm/, real money balances into
next period. The factor 7 = p,/ps multiplies a’, and m/, because the budget constraint is expressed
in real terms.

Rewriting the constraint in terms of n;“z and substituting into (8) yields:

W.(wh) = Max U(af) — 2%, —mml + mpaal, —a; + mé“ +7+ 72+ B V(W)

z al, ,m’ Iz J
jz 2z

st.a, <A

s.t. ml >0

Note that here we are focusing on a stationary equilibrium in which all agents provide a positive
labor effort. Conditions for n?z > ( are in the Appendix, but the intuition is that agents will always
choose to work in the CM if the borrowing limit A is tight enough. It follows that in a stationary

monetary economy we must have:

- BWz(wé?) _ _BWz(wé?) )
(977?,? 8aj

This result depends on the quasi linearity of the CM preferences and the use of competitive pricing.

10



It implies that the marginal valuation of real balances and bonds in the CM are identical and do
not depend on the agent’s current type z or past type j, wealth wf or trade shock. This allows us

to disentangle the agents’ portfolio choices from their trading histories since

i.e. the agent’s expected value from having a portfolio w? at the start of a CM is the expected value
from having no wealth, W,(0), letting w; = (0,0) = 0, plus the current real value of net wealth
k

m; — a;. Note also that everyone consumes identically in the CM since:

U'z) =1 (10)

which also implies x = x*. That is, everyone consumes the same amount z* independent of current
type and past shocks, the reason being that agents in the CM can produce any amount at constant

marginal cost. Thus, goods market clearing in the CM requires:
¥ = apN® + a,N°* + (1 — op — a5)N° (11)

where N¥ = p2nk . 4+ p(1—p)(nk ,,+nk )+ (1—p)2nk | is labor effort for all agents who experienced
a trading shock in the DM, with & = b,s,0. Let pJ' > 0 denote the Kuhn-Tucker multipliers
associated with the non-negativity constraint for money. Also, let A\? denote the multiplier on the

borrowing constraint. The first order conditions for the optimal portfolio choice then are:

_ B OV(w))
T oml

_ B V(W)
T 1 8d

z

1 il fw (12)

— A\ m (13)

The left hand sides of the expressions above define the marginal cost of the assets. The right hand
sides define the expected marginal benefit from holding the asset, either money or bonds, discounted
according to time preferences and inflation. From (12) and (13) we know that money holdings m/,
and bonds o), are independent of trading histories and past demand shocks, but instead depend
on the current type z and the expected marginal benefit of holding money and bonds in the DM,

which may differ across types. We will study this next.

11



4.2 The DM problem

An agent with a portfolio w; at the opening of the DM before aggregate demand and trading shocks

are realized has expected lifetime utility:

Vi) = [ {anV () + oV () + (1= ap = a)V°lw) } fe)de (14)

First, we determine y;. The seller’s problem depends on the current disutility of production

and the expected continuation value. Specifically, the seller’s problem can be written as:
Vi(w;) = Maz —c(y;) + pWr (wj) + (1 = p)WL(wj), (15)
J
for which the first order conditions, together with (5) and (9), give:

d(y;) =p (16)

Note that (16) implies production is not type dependent, i.e. y; =y for j = H, L.

Now, we determine g;. A buyer’s problem is:
Vi(w;) = Maz cul(gy) + pWa (W) + (1 = p)Wr () (17)
J
s.t. pg; < mj+ 71

The budget constraint reflects that consumption can be financed with both money holdings and
DM transfers. Let /\2’- denote the multiplier on the buyer’s budget constraint. Using (5) and (9),

the first order conditions for the buyer’s problem imply:

co!(g) = p(1+ X)) (18)

From (16) and (18) we know that if the buyer is constrained and )\? > 0, then eu'[g;(e)] > [y(e)].
If instead the buyer is unconstrained and therefore /\2’- =0, then eu/(g;(¢)) = ¢ (y(¢)).

Last, an idle agent’s problem is simply:

Vo(wj) = pWr(wj) + (1 = p)Wr(wf)

12



Goods market clearing therefore requires:

asy(e) = awlpqr(e) + (1 — p)qr(e)]  fore € Q (19)

4.3 Monetary equilibrium

To find optimal savings for an agent j use (8), (14), (15), (16) and (17) to obtain:

Viw)) = /Q {m; — a; + 71+ apleu(qy) — pa,] — ale(w) — pyl + EW(0)} f(e)de

The expected lifetime utility V' (w;) therefore depends on the agent’s net wealth and income m; —
aj+ 71 and two other elements: the expected continuation payoft EW (0) = pW,(0)+ (1 —p)W(0)
and the expected surplus from trade in the DM. With probability a; the agent spends pg; on
consumption deriving utility eu(g;) and with probability o, instead, gets disutility c(y) from
production and earns py from his sales. Note that, unlike in the representative-agent case, the
expected earnings p(y — ¢;) from DM trades might be different from zero since amounts produced
and consumed by an agent 7 = H, L may be mismatched. Hence, we have:

OV (wj) _ /Q {1 +ap [w/;qi) _ 1] } f(e)de (20)

8mj

and
OV (w;)
8aj

=1, (21)

which imply money is valued dissimilarly by agents, whereas bonds are valued identically in the
economy. Combining (12) with (20) and (13) with (21) one gets that in a monetary equilibrium

the following Euler equations must hold:

T = [, + A (23)

and

The expression in (22) tells us that the choice of real balances depends on three components. The
first two are standard: the discount factor §; at the beginning of the period and the real yield on

cash 1/7. The third component is eu/(g;)/¢/(y). This can be interpreted as the expected liquidity
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premium from having cash available in the DM and it arises because money is needed to trade
in that market. This premium grows with the severity of the cash constraint and the likelihood
of a consumption shock «p. The expression in (23), instead, refers to the choice of bonds, which
depends on the discount factor 5, drawn at the beginning of the CM and the real yield 1/7p,.
Note that (23) implies that bonds have no liquidity premium. That is because they are always held
until maturity and cannot be used to buy consumption in the DM.

We can now define the equilibrium as the set of values of m; and a, for j,z = H, L that solve
(22) and (23). The reason is that once the equilibrium stocks of money and bonds are determined,

all other endogenous variables can be derived.

Definition 1 A symmetric stationary monetary equilibrium consists of a m; satisfying (22) and

a, satisfying (23) for j,z = H, L.

We now want to investigate whether a CM to CM bond a, for z = H, L would indeed circulate

in this economy. We find that the following result holds:

Lemma 1 A stationary monetary equilibrium exists with impatient agents borrowing and patient

agents lending at a price p, = By /. Specifically, ar, = A and ag = —(1 — p)A/p.

Why are agents interested in trading such a bond in equilibrium? This is somewhat puzzling
since we know from (10) they always consume the efficient quantity x* in the CM. This in turn
implies that there is no reason for using bonds for consumption smoothing here due to the quasi
linearity of preferences. Bonds, however, allow agents to smooth the labor effort across periods -
H agents prefer to work more today and less in the future, whereas L agents would rather do the
opposite.?

Once we know the price at which these bonds circulate in equilibrium, we can pin down their
net nominal yield, which is:

m

1
t=——-1 = 1=——-1 24
Pa ﬁH ( )

We will refer to ¢ as the nominal interest rate in this economy - note it is the nominal interest rate
on an illiquid asset and it is affected directly by long-term monetary policy through =. We now

want to determine the returns on money and bonds that are consistent with equilibrium.

Lemma 2 Any stationary monetary equilibrium must be such that m > By, i.e. © > 0.

1%See Boel and Finocchiaro (2015) for an economy with borrowing and lending, where such a bond is traded even
with permanent heterogeneity in discounting.
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This result derives from a simple no-arbitrage condition - in a monetary equilibrium, the value
of money cannot grow too fast with 7 < [ or else type H agents will not spend it.!! This,
together with (24), implies that to run the Friedman rule the monetary authority must let 7 — 5

and cannot target 8 instead.

5 Optimal inflation rate

At this point, we know that given the result in Lemma 2 the monetary authority is constrained
in its ability to give a rate of return on money that is attractive for everyone. Given this result,
one should expect inefficiencies will arise at i = 0' and therefore the Friedman rule might not be
the optimal policy here. We investigate this next, and in this section we will focus on the optimal
inflation rate in an economy without aggregate demand shocks, which we will then reintroduce in

Section 6. We find that the following result holds:

Proposition 1 Let i =0. If '(y) =0, then qg = q* and q;, < ¢*. If ¢'(y) > 0, then qg > q¢* and

qr. < q*.

Proposition 1 implies that, since agents value future consumption differently, the Friedman rule
fails to sustain the constrained-efficient allocation in a monetary equilibrium. Indeed, even if the
Friedman rule eliminates the opportunity cost of holding money for type H agents, it still fails to
provide incentives for everyone to save enough since m > ;. That is because impatient agents
are facing an effective nominal interest rate equal to Sy /8 — 1, which is positive. We know from
Lemma 2 that 7 > By and therefore the central bank is limited in its ability to reduce interest
rates even further. Thus, type L agents remain constrained even at the ZLB.

Proposition 1 also implies that the nature of preferences has important consequences for the
optimality of the Friedman rule. Specifically, a convex disutility from labor generates a price
externality induced by type L agents. This happens because impatient agents consume too little
even at m = [, thus driving down total output, marginal cost of production and relative price. The
low price in turn induces type H agents to consume too much compared to the efficient allocation.
This price externality disappears with linear costs, since in that case the marginal cost of production

(and hence the relative price in the DM) is constant at any level of output. Note also that this

" Other models with heterogeneous time preferences have analogous results, in that the rate of return on the asset
cannot exceed the lowest rate of time preference. See for example Becker (1980) and Boel and Camera (2006). In
those models, however, types are fixed.

2 We know from (24) that it is equivalent to fix i or 7.
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externality hinges on the use of competitive pricing in the DM, which implies all sellers produce
the same amounts. The externality would disappear with bargaining however, as individual sellers
would be able to produce different amounts according to the type of buyer they would meet. A
sketch of a model with Nash bargaining is in the Appendix.

In light of the results described in Proposition 1, one must wonder if setting ¢ = 0 is still the

optimal monetary policy in this economy. The following result clarifies when this is the case.

Proposition 2 If ¢’(y) =0, i = 0 is always the optimal policy. If ¢'(y) > 0, i > 0 is the optimal
policy if ¢ (y) < 1 and Bru'(qr) > Byu' (qr). Otherwise, i = 0 is optimal.

The Friedman rule is always the optimal policy with linear costs. In that case, even if i = 0
fails to sustain the constrained-efficient allocation, such policy delivers a second best allocation
that cannot be Pareto improved. With convex costs, however, the Friedman rule is not necessarily
optimal. Why not? Because the policy maker needs to take into account the price externality
induced by the underconsumption of impatient agents. In this case, qgy > ¢" and ¢qr < ¢* at
1 = 0. Increasing ¢ will lower q;, further from ¢* which worsens welfare but it moves gp closer to
q¢* which improves welfare. Thus the optimality of the Friedman hinges on whether the welfare
loss from moving g7, further from ¢* outweighs the welfare gain from moving qp closer to ¢*.
Proposition 2 implies that 7 > 0 is optimal if two conditions hold. First, p = ¢/(y) < 1, so that
the relative price is too low which leads to substantial overconsumption of type H agents. Second,
uw'(qr)/v' (qu) < Bpg/BL, meaning the disparity in consumption between impatient and patient

agents is sufficiently large and thus the dispersion of consumption from the first best.

Example 1 - optimal inflation with convex costs. In order to derive intuition for the results

in Proposition 2, we consider an example with the following functional forms:

u(g)=1—exp ? and c(y) =exp’—1
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In this case, the optimal inflation problem to be solved in a monetary equilibrium becomes:

Mﬁax ay [(1 = p)eu(qr) + peulqn)] — asc(y)

_ —qm
st B =« {5exp — 1] (25)
B exp¥
_ —qr
st TTOL_ e
AL exp¥
s.b. asy = aplpgr + (1 = p)az]
If we differentiate the objective function in (25), we find that the optimal 7 must satisfy:
d d d d
oy |(L = p)ev(au) 7= + peu(an) 2| — s (y) [p= 2+ (1=p)=E <0 (26)
dm dm dr dm

In the Appendix, we derive expressions for dqr,/dr and dqg/dn from the constraint in (26) and let
€ = exp so that In(e) = 1. We find that in order for m = S to be optimal in this case it must be

that:
Bu — BL < A
B~ p(l—ayp)

Intuitively, the condition above imposes an upper bound on time-preference heterogeneity. This

will limit the price externality highlighted in Propositions 1 and 2, and the Friedman rule will
be optimal with convex costs. Of course, if the condition above is not satisfied, then ¢ > 0 must
be optimal. That would be the case, for example, with p = 0.90, 55 = 0.99, 5; = 0.70 and

o5 = ap = 0.10. In this case the central bank would choose 7 = 1.46%.

6 Optimal stabilization policy at the ZLB

We now reintroduce aggregate demand shocks €. We will first investigate which inefficiencies arise
when the central bank does not engage in stabilization policy, i.e. when 71(¢) = T2(¢) = 0. We will
call this passive policy and then compare it to active stabilization policy, i.e. the policy implemented
by a central bank whose objective is to maximize the weighted welfare of the agents in the economy.

We will do so for ¢ = 0. We find the following result holds with passive policy.

Proposition 3 Let i = 0 and 71(¢) = 72(e) = 0. A unique monetary equilibrium exists for
d"(y) > 0 such that: with '(y) = 0, then q1,(¢) = qu(e) = q*(¢) for e < & and qr(e) < qu(e) =

q*(g) for e > &, where & € [0,&]; with '(y) > 0, then qr(¢) = qu(e) = q*(e) for e < & and
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qr(e) < q*(e) < qu(e) for e > &, where & € [0, E].

Proposition 3 implies that, with passive policy, impatient agents are unconstrained in low de-
mand states and consume g;, = ¢*. They are instead constrained in high demand states, when they
consume qr, < ¢*. Why don’t type L ever consume q, > ¢*7 Because the price externality outlined
in Proposition 1 cannot arise when all agents are unconstrained, and therefore q;, = ¢ = ¢* with
’(y) > 0 in the low demand states. Agents will use the extra cash to work less in the CM. Type H
agents, instead, are never constrained, and overconsume only in high demand states if ¢’(y) > 0.

We will now move to studying the problem of a central bank engaged in stabilization policy and
thus maximizing welfare by choosing the quantities consumed and produced by each type j = H, L
in each state subject to the constraint that the chosen quantities satisfy the conditions characterizing
a competitive equilibrium. The policy is then implemented by choosing state-contingent injections

71(¢) and T2(¢) accordingly. The primal Ramsey problem faced by the central bank is:!?

ooz /{abé‘ pulqr(e)) + (1 = p)u(qr(e))] — ascy(e))} f(e)de

)+ (1
T [ o[

5 oD

st asy(e) = aplpgr(e) + (1 — p)ar(e))]

Note that we are focusing on a monetary equilibrium such that m; > 0 for j = H, L. That is why
the first two constraints in the Ramsey problem must hold with equality. Moreover, since i = 0,
then (22) implies that eu’(qr(g)) = ¢(y(€)) in every state, and the Ramsey planner simply solves

the following problem:

Mazx /Q {awe [pulqr(e)) + (1 — p)u(qr(e))] — ascy(e)} f(e)de

qr.(e),y(e)

st T ;LBL _ /Q {ab [W _ 1] } F(e)de (27)

st asy(e) = aplpar(e) + (1 — p)ar(e)]

"3The objective function of the Ramsey problem faced by the central bank is:

p(1 = B)V(wn) + (1= p)(1 - B)V(wr)

where V(w;) is defined in (14). We know that trades are efficient in the CM. Moreover, 7i(g) +
72(e) = 0 and m = pmug + (1 — p)mr. Therefore, the central bank has to worry only about maximizing

Jo{avelpulgn(e)) + (1—p)ulqr(e))] — ascly(e))} f(e)de
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We find the following result holds:

Proposition 4 If i = 0, in a monetary equilibrium with m; > 0 for j = H,L and ¢'(y) > 0
the optimal policy is qr(€) < ¢*(¢) for all states. This implies qu(e) = ¢*(¢) if "(y) = 0 and
qu(e) > q*(e) if "(y) > 0 instead.

Proposition 4 also implies that the central bank is able to temporarily relax liquidity constraints
on impatient agents at the ZLB. It can do so simply engaging in repo arrangements that are undone
at a later date, i.e. 71(¢) + 72(¢) = 0. But why does the Ramsey planner choose ¢;, < ¢* in all
states? Because we know from Proposition 3 that without policy intervention agents L would have
enough cash to buy ¢* in low demand states, but in high demand states their cash holdings would
constrain their spending to qr, < ¢*. This would create an inefficiency of consumption across states
that can be overcome by stabilization policy. Note also that the central bank is not actively trying
to stabilize consumption of patient agents. However, the short-term monetary policy aimed at
stabilizing qj, generates an externality on qp. Since qr, < ¢* in all states with convex costs, type H
agents always consume more than ¢* in light of Proposition 1. Moreover, we know from Proposition
3 that without policy intervention agents H would buy ¢* in some states and qy > ¢* in others.
Stabilization policy addresses this discontinuity indirectly and consumption is smoothed so that
qm > q* in all states.

It is worth emphasizing that our aim here is to determine how stabilization policy can improve
welfare compared to the allocation that would be achieved with a passive policy in which agents
would only be able to rely on their money balances to finance consumption in the DM. That is why
Proposition 4 focuses on an equilibrium where m; > 0 for j = H, L in all states. Of course, the
central bank could also provide L agents with enough liquidity to finance ¢* in every state, but in
that case we would have my, = 0 in all states since L agents would have no incentive to bring any

money. Example 2 illustrates.

Example 2 - stabilization policy with convex costs. We now want to get some intuition
about optimal stabilization policy at the zero lower bound. We focus on convex costs and consider

the following functional forms:
u(g) =1—exp™® and c(y) =exp¥—1

Derivations are in the Appendix. Figure 2 illustrates active and passive policies for type L with

the specified linear cost function and assuming the following parameter values: a; = ap = 0.3,
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By =099, Bg = 095, p = 0.5. The values for 8 and [ are consistent with the evidence in
Lawrence (1991), Carroll and Samwick (1997) and Samwick (1998) who provide empirical estimates
of distributions of discount factors.

The curve labeled “efficient gr,(¢)” represents the constrained-efficient allocation at which ¢*(¢) =
q;;(e) = qj (). The curve “passive qr,(¢)” represents equilibrium consumption for type L under a
passive policy, whereas the curve “active qr,(¢)” denotes consumption for the same agents when the
central bank behaves optimally. The curve “monetary injections” denotes the lump-sum injection
71(¢) implemented by the central bank to conduct stabilization policy. Note that the higher the
demand for good, the higher the injection needed to finance the increase in consumption.

The important thing to notice here is that the central bank’s optimal choice is strictly increasing
in € - the central bank chooses to reduce consumption from the first best in low demand states in

order to increase it in higher demand states.

ale)
efficientq(e) _
-_——
_—
p— -
—— T -
e
P e
- -
RS passive q,(g)
active q,(g) ‘
e —
e I
: — monetary injections
R
s —— -
£ € €

Figure 2: Stabilization versus passive policy for type L agents - convex costs

Figure 3 illustrates the indirect effects of stabilization policy on qp.
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Figure 3: Stabilization versus passive policy for type H agents - convex costs

Now consider the following scenario. We are at the steady state and the spread between [y
and (; is large enough that ¢ > 0 is optimal. Suppose that right before the opening of the CM,
there is an unexpected shock to the § distribution that increases both 5y and 87 and narrows the
spread for only one period. Specifically, we consider the case 0 < 3 < B <1< B g for one period,
but 0 < B < B4s < By < 1 from then on. This is intended to capture the same type of 5 shock
used in the New Keynesian literature to justify the natural real rate of interest being negative.

Note that, given Lemma 2, a discount factor Sz > 1 implies a positive inflation rate at the
zero lower bound, and therefore a negative real interest rate. Note also that, with this particular
structure, transversality conditions still hold for H agents in the CM in period ¢ since their expected
discount factor is lower than one after that, i.e. 8 < 1.14 The analytical results derived in the
previous sections still hold even if the spread between the discount factors narrows. The quantitative

implications of the model, however, do change since from (22) we have:

dgj [ (y)]?
dB; Biape[u” (g5)c (y) — v/ (q;)c" (y)dy/dg;]

and therefore dg; /d,Bj > 0. Thus, as the spread between B and [; narrows, the impatient
agents are less constrained by the ZLB and the central bank finds it optimal to go to the ZLB
to maximize welfare. However, consumption for both agents is inefficient at the ZLB with convex
costs. Consequently, there is still a role for stabilization policy via quantitative easing as we describe

it here.

1 See Kocherlakota (1990) for a related discussion in the context of growth economies.
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7 Conclusion

There is substantial empirical evidence showing that QE can have beneficial real effects on the
economy even at the ZLB. Yet, at the same time, showing theoretically that QE can be welfare
improving has been difficult to achieve. Our study is motivated by the desire to reconcile these
observations. For this reason, we construct a New Monetarist model characterized by aggregate and
idiosyncratic demand shocks. Agents are heterogeneous with respect to the idiosyncratic shock,
so that in every period some agents are more patient than others. This heterogeneity generates a
distribution in asset holdings. We then study the optimal stabilization response of the central bank
to demand shocks that hit the economy.

Several results hold in this environment. First, the ZLB can be the best interest rate policy
the central bank can implement although that is not necessarily the case due to a price externality.
However, even when the ZLB is the best policy, not all agents are satiated at the Friedman rule
and therefore there is scope for central bank policies of liquidity provision. Second, we study a
particular form of QE whereby the central bank purchases private debt via repo arrangements in
response to demand shocks. We find such a policy is welfare improving even at the ZLB since it can
relax the liquidity constraint of impatient agents without harming the patient ones. This is true
regardless of whether we have inflation or deflation at the ZLB. Third, due to a pricing externality,

QE can be welfare improving for patient agents even if they are unconstrained at the ZLB.
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Appendix 1: Proofs

k

;. > 0. We now want to provide conditions that guarantee n¥_ > 0 in the

Conditions for n .

constrained-efficient equilibrium with 7 = 0. Note that if n7;; > 0, then nfz > 0 in all other cases.

We know that x?z = z* for all j, z. This, together with the budget constraint in (8), implies:
Ny =" — My + 7ML — TPear + ag — T — T2
From (5), Lemma 1 and (7) the expression above becomes:
nyp =" —mpg —711—py+Bgmr — Ay + (1 —p)/pl = (Bg — D(pmu + (1 — p)mr) — 72
Since 71 + 72 = 0 and py = p(mpy + 71) + (1 — p)(mr + 71), rearranging we get:

nyr =" —ABy + 1 —p)/pl —mu — 11— pBylpmu + (1 — p)my]

Note that for 7 = 8 we have that my—71 = ¢*. Let K = pBy[pmu+(1—p)mp]|+A[Bx+(1—p)/p]-

Then, in order to have nf;; > 0 it must be that:
zr—q" > K (28)

Since K > 0, then z* must be sufficiently bigger than ¢* in order to have nj;; > 0. Note that
the necessary difference between ¢* and z* will depend on A - a tighter borrowing constraint will

generate an incentive to work.

Proof of Lemma 1 From the Euler equation in (23) we have that the following must hold:

B+ AL =By + Am

Since Sgx > Br, it must be that A\, > Ag > 0. If A, > Ag > 0, then there is no borrowing or

lending. If instead A\p, > Ay = 0, then a; = A and given the bonds market clearing condition
pag + (1 = plar =0 (29)
we have that ag = —A(1 — p)/p. Since mp, = Sy from (23), then p, = 7/Fy.M
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Proof of Lemma 2 We know from (16) and (18) that eu/(g;) > ¢/(y) for j = H, L. This, together
with (22), implies that 7 > ;.1

Proof of Proposition 1 From (22) and (18) we know that if 7 = S then eu/(qr) > ¢/(y), thus
implying type L agents are constrained and ¢;, < ¢* for ¢’(y) > 0. From (22) and (18) we also
know that if 7 = 8y then eu/(qy) = ¢/(y), thus implying type H agents cannot be constrained and
g > ¢*. Assume gy = ¢*. Since g1, < ¢*, then we have that y < y* where y* = (ap/as)g*. With
"(y) = 0 this would imply eu/(¢*) = ¢(y) = ¢ (y*) since ¢/(y) is constant and therefore ¢y = ¢*.
With ¢’(y) > 0, instead, y < y* implies eu'(¢*) = /(y) < /(y*). Therefore, it cannot be that

gy = ¢* and it must be qg > ¢*.l

Bargaining Suppose buyers and sellers are pairwise matched in the decentralized market. Suppose
also that buyer and seller bargain on the price and quantity of goods to be delivered using a Nash
bargaining protocol with threat points given by the continuation values. Let # and 1 — 8 denote
the buyer’s and the seller’s bargaining powers respectively. The terms of trade (g;,d;) between a

buyer of type j with real money holdings m; and a seller of any type is

max [u(gj) d;)’ [—cly) +d;)"° (30)

subject to d; < m;. Note the terms of trade do not depend on the seller’s type but only on the
buyer’s real balances. This is due to the linearity of the payoffs, as shown in Aruoba, Rocheteau and
Waller (2007). Moreover, as in Lagos and Wright (2005), it can be shown that in any equilibrium
it must be the case that d; = m;. Thus, in order to find g¢;, we take the partial derivative of the

expression in (30) with respect to ¢; and set it equal to zero. This implies g; is the solution to:

_ 0u/(g5)e(y) + (1 - 0)c (y)ulg;)

b= T )+ (-0

Implicit differentiation implies

o 10w (g)) +(1-0)¢' ()]
45(6) = T T @) T I8 ala)) @ @)@~ @)@ (31)
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One can prove that equilibrium consumption in the DM satisfies the Euler equation:

7r;jﬁj = /Q {aw [5“,(%’(5))(1;(5) — 1]} f(e)de, (32)

If the buyer has all the bargaining power and # = 1 the expression in (31) reduces to ¢/(y) so that
(32) is analogous to the one we derived for competitive pricing. In each match, however, yr, = qr,

and YH = 4H- |

Proof of Proposition 2 The optimal 7 maximizes

Maz ay[(1 = peu(qr) + peulqn)] — asc(y) (33)

subject to the constraints

st S5t = [T -
st o gf L — o [EZ:((Z? - 1] (34)

and the DM market clearing condition (19). By differentiating the objective function in (33), we

know that in order for m = S to be the optimal policy, the following condition must hold:

dqr,
dm

dar
dm

=L

+p [ev/(qu) — ¢ ()] <0 (35)

=By

(1= p) [ew(ar) = ¢ (y)]

From the Euler equations we know that eu/(qy) — ¢/ (y) = 0 and eu/(q) — ¢ (y) > 0 at the Friedman

rule. Therefore, (35) becomes

dqr

<0
dm

= b
=By

(1—p) [ev/(qz) — ¢ (y)]

dar,

L < 0. Now, if we totally differen-

=By
tiate the constraints in (34), we find the following system of equations has to hold:

which implies the Friedman rule will only be optimal if

[ eu’(q e (g )" (y) n eu (g )" (y) n 1 1
i /(H)—n (,H)Q()fp . (/H)2<)—(1—p) dqu 1
(y) (y) s (y) $ dr Bu
eu'(qr)c"(y) n eu’(qr)  eu'(qr)c’(y)n dqr, 1
% T St A b AN _ _ 1_ - R
I BT o) T e sS4 I L dr AL
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where the determinant D is

a2 a2
D = C/(yb)g [WH(QH) - KJH] [ﬁuﬂ(QL) - KJL] - ﬁﬁlu‘m

with kg = (ap/as)pev! (g )’ (y) /¢ (y) and k1 = (ap/as) (1 — p)en’(qr)” (y) /¢ (y). Using Cramer’s

rule we have:

o (g S Om) 1 ae,] 1)

dr d(y)D c(y) as' | Br (y) as' | By
and
dqr, (677 1 { " {ul(QL) BL :| 1" p }
L = —qeu + — —1fc —
A7 lrep, WD BL ) ) B W
Since

Dlamgy = grogllenan) = rm)(en(ar) = k1) = odis 22 pc" ()¢ W) (36)

s

then at m = S it must be that

dar, eu(qm) + {3'((32))5% — 1} g—ipc"(y)

B { [ewlam) — @ )3ke] e lan) - U8 - )| = [ ][220 - )] )2

: d
Note that if ¢’(y) = 0 then &

5 < 0, which implies the Friedman rule is always the optimal
T=PH

< 0 is indeterminate and
T=Bg
therefore the Friedman rule is not necessarily optimal. Note that (36) can be simplified as

. ) . . . . d
policy with linear costs. If instead if ¢”(y) > 0, then the sign of T

2
«
Dlrcp, = —W(by)g,ﬁ(w(qma%"(y)%(l —p) [1 = ()] — a2u"(am) (y)*u" (ar)e)
2
«
—O@T&/)g%ﬂ(y)%cl(y)g [/ (qr)u" (qm) (1 — p) + ' (qr)u” (qz.)p]
Therefore, if ¢(y) > 0 then D[, _5 > 0if and only if ¢'(y) > 1. If ¢(y) > 1, then CZJ—# <0if
T=PH
u'(qr)/v'(qu) < B /B
Proof of Proposition 3 From (22) we have:
m™— By /E{ [Eu'(qL(é‘)) ]}
—= = ap |———==—1| ¢ f(e)de (37)
AL e c(y(e))
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Let gr(e) denote real aggregate spending of type L agents when their trades are efficient, i.e.

gr.(e) = ap(1 — p)p(e)g*(e). Now we want to understand how changes in ¢ affect gz, (¢):

dgr(e) = ap(1 = p) [g*(e)dp + p(e)dq"]

The first term denotes the change in the relative price p(¢) and the second one changes in the

efficient quantity ¢*(¢). We can rewrite it as follows:

L d
dgu(e) = (1 = oo |+
From (16) we derive that:
X _0

p

The term dgq*/q*, instead, can be derived from eu'(¢*) = [(aw/s)q*):

dg* eu'(q") de
g eu(q*) — [(an/as)g] (aw/as) €
so that:
dgr(e) _ ap(l —p)c[(aw/as)q*]q™u'(q")

> 0 for ¢’ (y) >0

de eu’(q*) — (ow/os) ] (an/cxs)
Let’s first consider the case ¢’(y) = 0. If g (¢) > my, then agents are constrained in all states. If
gr(€) < my, then agents are never constrained. If gr(2) > mr > gr(e), for a given value of mp,
there exists a critical value & such that gr(€) = my. This implies that qz(¢) = ¢*(¢) = qu(e) for
e <&andqr(e) < q*(e) = qule) for e > &.
The RHS of (22) is a function of mp,. Note that mliLn_l)ORHS = oo and, for mp = g(€), RHS|;,, =
0 < (m—p1)/B. Since RHS is continuous in my, then an equilibrium exists.

The RHS of (22) is monotonically decreasing in my. To see this use Leibnitz’s rule and note

that by construction qr,(¢) = ¢*(€) to get

ORHS € e —u'd(ap/as)(1 — p)] Oqr
_ de <0
omy, / {O‘b [ ()? omy | | 1)
Since the right-hand side is strictly decreasing in mp, we have a unique mj that solves (34).
Consequently, we have qr,(¢) = ¢*(¢) if ¢ <€ and qr.(¢) < ¢*(¢) otherwise.
The argument is analogous for the case ¢’ (y) > 0 and there exists a unique critical value & such

that gr(¢) = my. However, we know from Proposition 1 that when type L agents are constrained
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type H ones consume more than ¢*. This implies that qr(¢) = ¢*(¢) = qu(e) for ¢ < & and

qr(e) < q*(e) < qu(e) for e > .1

Proof of Proposition 4 The Lagrangian for (27) is:

L= Mazx /{ab(l — peu(qr(e)) + avpeu = (g (e)) — asc(y(e))} f(e)de
ar(e)y(e)  Ja

x| [ o |2 1]} pente = T2EE] ) |ote) ~ 2 (pante) + (1 - plaulo)

Note that p is a function of € because the resource constraint varies state by state. The first order
condition with respect to ¢r(g) and y(e) are respectively as in (42) and (43). Note that, since

eu' (qu(e)) = (y(e)) at i = 0, from the implicit function theorem we know that

dqr(e) ' (y(e)) (38)

dy(e) — eu’(qn(e))

Therefore, combining (42), (43) and (38) we find that the following expression holds for ¢’(y) > 0 :

' _ _ AR apeu’ (g1 (€))c” (y(€)) — avasu” (gL (€))
(@) =W = T TR ae = and (@) e (qn (@) (39)

At this point we need to consider two cases. In the first one, my, > 0 and therefore (27) holds with
equality so that Ag > 0. Therefore, eu’(qr(¢)) > ¢ (y(¢)) in (39), which implies ¢r(¢) < ¢*(¢). In
the second one, my = 0 and therefore A\g = 0. This in turn implies eu/(qz(g)) = ¢ (y(€)) in (39),
so that qz(e) = qu(e) = ¢"(e).

Since qr,(¢) < ¢*(¢) when my > 0, then we know from Propositions 1 and 3 that in all states

qu(e) = ¢*(e) if ¢ (y) = 0 and qg(e) > ¢*(e) if ¢’ (y) > 0 instead. W
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Appendix 2: Examples derivations

Derivations for Example 1. We consider the following functional forms:
u(g)=1—exp ? and c(y) =exp’—1

In this case, the constraints in the optimal inflation problem become:

W—,BH:a {sexp_qH _1]
Bu exp?
m—Bp _ [Hp‘q _ 1]
Br exp¥

asy = aplpgr + (1 — p)qr]

(40)

The derivative of the objective function with respect to 7 yields:

dq dq dq dq
ape | (1 — p)u'(qL)d—ﬂL + pu'(qH)d:] —asd (y) [pd;: +(1- p)d—ﬂL <0 (41)

We now need to find expressions for dqr,/dn and dqg/dr. If we simplify the expressions in the

constraints in (40) and take logs, we find that:

as Ly —I—ab(l — p) (ZH — ZL)

qH = s + g
. OéSZL—abp(ZH—ZL)
L. =
as + ap

where Zy = In(e) + In[apBy /(7 — By + apBy)] and Z, = In(e) + In oS /(7 — B, + apBr)]. We
let € = exp so that In(¢) = 1. Then:

dar _ %P _ Qs + app
dr (as+ap) (7 — By +apBy)  (as + ) (T — B+ awf)

and
dgr _ ap(1 = p) B as + ap(l —p)
dr (s +ap) (m— B+ afr)  (as+ap) (7 — By + awBy)

By plugging the expressions for dqr, /dn and dqg /dm into (41), we find that in order for 7 = B to
be optimal it must be that (1—p) [ (o + app) (wBy) + avp (B — Br + awBr)] [exp’ ™22 —1] < 0.
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Therefore, the following condition must hold:

Bu — BL < Qs
B~ p(1—ayp)

Derivations for Example 2. Consider the following functional forms:
u(g) =1—exp™? and c(y) =exp¥—1

The central bank’s problem is as in (27). The first-order condition for ¢r(g) implies:

(1= p)u'(qr(e)) + Aru” [qr(e)] /¢ (y(€))
L—p

p(e) = eas

The first order condition with respect to y(e) instead yields:

s dy(e)

ot oS (0 g BBV [0 0] (g

Combining (42) with (43) and the fact that with convex costs dqg(¢)/dy(e) = " [y(e)] /eu” [qu ()]

and solving for Agr, we find:

(e (o) - B} [1 - 2o S

g eu” [QH(E)]

- {abeuf[qmn "y _eulau(e)] [1 i WH

(44)

asc[y(e)]? (1= p)cy(e)]

oy eu [qu (2)]

We now consider a uniform distribution with € = exp and we proceed as follows. First, we use the
first constraint in the Ramsey problem in (27) to solve for y(e):

appln(e) — (o + ap)y(e)

W;LﬂL_/: oy |2 exp ay(1— p) 1| b fe)de

Second, since Ar does not depend on any state e, the following condition must hold for all € such

that ¢ < e < € given an arbitrary state e:

()
~41(8) _ gupp@)] |1 — @b, SPTT
[e exp exp } [1 P expH (@)
{abs exp~1L(8) exp¥(©) —cexpL(®) [ oy exp¥) ] }

asexpy(©)]2 (1 - p)expy© ;sp—e expH (€)

Ar = Ag|, with A =
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We use this to solve for y(e) in terms of y(¢) for all e. Then, we use the resource constraint (19) to

solve for ¢r,(g) as a function of y(e):

y(e)(as + app) — appln(e)
ap(1 = p)

qr(e) =

Last, from eu’ [qr(g)] = [y(e)] we find an expression for gy (e) as a function of y(g). With the

functional forms we chose, the condition is gg(¢) = In(e) — y(e).
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