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Abstract

We analyze monetary policy in a New Keynesian model with durable and non-durable
goods, each with a separate degree of price rigidity. Durability has profound implications
for the business cycle properties of the model and its response to interest rate interven-
tions. Since utility depends on the service flow from the stock of durables, the flow
demand for new durables is inherently sensitive to temporary changes in the relevant
real interest rate. For a sufficiently long-lived “ideal” durable, we obtain an intriguing
variant of the well-known “divine coincidence —in this case, the output gap depends
only on inflation in the durable goods sector. We use numerical methods to verify the
robustness of this analytical result for a broader class of model parameterizations. We
then analyze the optimal Taylor rule for this economy. If the monetary authority places
a high weight on stabilizing aggregate inflation then it is optimal to respond to sectoral
inflation in direct proportion to the sectoral shares of economic activity. However, if the
monetary authority wants to stabilize the aggregate output gap, it puts disproportianate
weight on inflation in durable goods prices.
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1 Introduction

Monetary policy is often cast in terms of output and inflation targeting. If the Federal Reserve
targets headline inflation then it implicitly weighs different sectoral (or regional) inflation mea-
sures according to their overall share of Gross Domestic Product. While weights proportional
to sector size appear natural, it is not clear that the central bank should treat inflation in
different sectors symmetrically. We argue in this paper that optimal monetary policies should
often place greater weight on inflation in durable goods sectors. In earlier work (Barsky, House
and Kimball 2007, hereafter BHK), three of us demonstrated that the reaction of New Keyne-
sian models with durable and non-durable goods depended importantly on whether durable
goods had flexible prices or sticky prices. In the special case in which durable goods prices
were fully flexible, aggregate employment and output would not react to changes in the money
supply. Put differently, money was neutral with respect to aggregate output.

In the present paper, we extend the earlier analysis in two important dimensions. First, we
focus on the model in which both durables and non-durable goods have sticky prices whereas
the earlier paper focused primarily on the case in which durable goods have flexible prices.
Second, as in Carlstrom and Fuerst [2006] and Monacelli [2009], we consider interest rate rules
rather than money supply rules. These extensions lead to several key results. First, we obtain
two Phillips Curves — one for the durable goods sector and one for the non-durable goods
sector. Using an approximation technique, we then show that the output gap (i.e., GDP gap)
depends only on inflation in the durables sector. Hence, the central bank can ensure that
actual output equals potential output by stabilizing durable goods prices. Second, expected
inflation in the durable goods sector closely tracks the nominal interest rate. As a result,
setting the nominal interest rate is essentially equivalent to setting inflation expectations for
the durable goods sector. Third, we derive a utility-based second-order approximate welfare
function for the model. The objective includes the output gaps and inflation measures of both
sectors separately.

We then consider optimal monetary policy in the model with durable and non-durable
goods. We consider both ad hoc objectives as well as the utility-based criterion. For each
criterion, we analyze the optimal Taylor rule as in Boehm and House [2014] (the optimal
Taylor rule is characterized by the coefficients that maximize the objective function subject to
the constraint that the monetary authority follows an interest rate rule of the Taylor form).

For the ad hoc objectives, the monetary authority minimizes a weighted sum of the output gap



and total inflation. The more the monetary authority cares about output stabilization, the
more emphasis the bank will place on durable goods inflation. In contrast, if the monetary
authority cares primarily about stabilizing aggregate inflation then it is optimal to weigh
sectoral inflation in proportion to each sector’s share in GDP.

The remainder of the paper is set out as follows. Section 2 reviews the literature. Section 3
presents the basic model and performs several numerical illustrations of the basic mechanisms
at work. Section 4 presents the welfare objectives and analyzes the optimal Taylor rule.

Section 5 concludes.

2 Related Literature

Our paper relates to two bodies of work. The first is a growing literature on multisectoral
New Keynesian models. The second is the literature on inflation targeting and optimal policy.

The canonical New Keynesian model includes only a single nondurables sector and ab-
stracts from differences in price rigidity across goods.! Recently, many researchers have turned
their attention to studying multi-sector New Keynesian models. Early contributions to this
literature include Ohanian and Stockman [1994], Ohanian et al. (1995), Aoki [2001] and
Barsky et al. [2003].

Aoki [2001] considers a two sector model in which one sector has sticky prices while the
other has flexible prices. Aoki’s analysis shows that monetary policy should target inflation
in the sector with sticky prices. Aoki’s result is quite natural and anticipates the analysis in
Carvalho [2006] who shows that in models with many different degrees of price rigidity, the
sectors with the greatest price rigidity tend to have a much larger influence on the equilibrium
behavior than the sectors with more flexible prices. This effect is particularly pronounced if
there are strong strategic complementarities across firms.

Barsky et al. [2007] (BHK) show that flexibly priced durable goods have a strong tendency
to generate negative comovement in response to monetary policy shocks. Carlstrom and Fuerst
[2006] demonstrate that sectoral comovement in New Keynesian models can be substantially
strengthened by including wage rigidities, credit constraints and investment adjustment costs.
Carlstrom et al. [2006] analyze a two-sector New Keynesian model to see whether equilibrium

determinacy depends on the inflation rate the monetary authority targets. As we do in our

!See Woodford [2003] and Gali [2008] for comprehensive presentations of the standard New Keynesian
model.



model, they allow for the possibility that price rigidity can differ across the sectors. They
show that the well-known Taylor principle, which requires that the central bank reacts more
than one-for-one to aggregate inflation, can be weakened in a multi-sector model. Specifically,
if the central bank reacts more that one-for-one to any individual sectoral inflation rate then
the equilibrium will be determinate.

Bils, Klenow and Malin [2012] analyze a multi-sector DSGE model that shares many
features of our model and use it as a basis for testing what they refer to as “Keynesian Labor
Demand.” Unlike our framework, they limit the degree to which factors can move between
sectors. This implies that marginal costs will differ by sector. As in our model, sectors with
greater durability are much more sensitive to relative price shocks in their setting. The authors
show that markups in durables sectors appear substantially more cyclical than markups in
non-durable sectors.

Much of the literature on inflation targeting focuses on the difference between “headline”
inflation and “core” inflation. Because headline inflation includes energy prices while core
inflation does not, energy price shocks will cause the two series to differ.? Bodenstein et al.
[2008] use a New Keynesian DSGE model to show that policy rules that respond to headline
inflation are associated with significantly different outcomes than policies that respond to core
inflation. In a related study, Huang and Liu [2005] use a DSGE model to analyze whether
the central bank should target the Consumer Price Index or the Producer Price Index. Their
analysis suggests that the central bank should include both measures to maximize welfare.

Using a factor-augmented vector autoregression (FAVAR), Boivin et al. [2009] find that
sectoral prices are sticky with respect to aggregate shocks even though they are quite respon-
sive to sector-specific shocks. They write “(t)he picture that emerges is thus one in which
many prices fluctuate considerably in response to sector-specific shocks, but they respond
only sluggishly to aggregate macroeconomic shocks [...] (A)t the disaggregated level, indi-
vidual prices are found to adjust relatively frequently, while estimates of the degree of price
rigidity are much higher when based on aggregate data” (See Boivin et al. 2009, p. 352).
Balke and Wynne [2007] study the reaction of relative prices underlying the Producer Price
Index in response to a variety of measures of changes in monetary policy. They argue that,
empirically, monetary policy systematically alters real relative prices suggesting that differen-

tial price rigidity is an important feature of the economies reaction to monetary policy. Leith

2Bodenstein et al. [2008] note that many central banks differ as to which inflation rate they use for their
inflation target.



and Malley [2007] estimate New Keynesian Phillips curves for different industries within U.S.
manufacturing. They find evidence of substantial variation across industries in price rigidity.
Some producers reset prices once every 8 months. At the other end of the spectrum, some
producers reset prices once every 24 months. Similarly, Imbs et al. [2011] use sectoral data on
production and prices in France to estimate structural parameters of New Keynesian Phillips
Curves. Like the Leith and Malley study, Imbs et al. find substantial variation in price rigidity
across sectors.

While there is work documenting differences in price adjustment across products, there
has been less work focusing on price rigidity for durable goods. Some prominent studies have
data that indicates that prices are fairly rigid for both durable and non-durable goods. In
the Bils and Klenow [2004] study, the authors reported that durables and non-durables have
comparable frequencies of price adjustment (the monthly frequency is roughly 30 percent
per month for both durable and non-durable goods; quoted prices for services change less
frequently). In a follow-up study to the Bils and Klenow, Nakamura and Steinsson [2008]
report evidence for a limited number of durable goods suggesting that durable good prices
adjust relatively infrequently and when they do adjust, the price changes are often motivated

by sales events or coinciding with product substitutions.

3 Model

The model extends the two-sector environment in BHK to include several important features.
First, unlike the model in BHK, monetary policy is cast in terms of a Taylor rule. The Taylor
rule we consider stipulates a nominal interest rate as a function of output gaps (the difference
between actual output and the level of output that would prevail if all prices were flexible) and
inflation. Because the model has two sectors, our “Taylor” rule can respond differentially to
inflation rates in the durable and non-durable sectors. Second, in keeping with the established
New Keynesian literature, we include both shocks to the natural level of output (modelled as
shocks to sectoral productivity) and “cost-push” shocks — shocks to sectoral Phillips Curves.
Finally, as in Boehm and House [2014] we assume that the output gap is measured with error.
Measurement error shocks are not only realistic (see e.g., the references in Boehm and House
[2014]) but they also serve to naturally temper the reaction of the monetary authority to
fluctuations in economic activity. If the central bank does not completely trust its current

measures of economic performance then it will be optimal to under-react to measured changes



in inflation and output.
Below we present the key structural equations governing the model. Additional model

details as well as computer files are available from the authors by request.

3.1 Households

The representative household receives flow utility from consumption of a non-durable good Cy,
a stock of durable goods D, and real money balances M;/P;. The household receives disutility
from labor N;. Households discount future utility flows at the subjective time discount factor

(. We assume that the utility function takes the following semi-parametric form

E; Zﬁt {U (Ct+j7 Dt+j) - wn#]vtﬁj +A < RT;) } : (1)
j=0

As in BHK, we will take the flow utility function U (-) to be given by
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Here o is the intertemporal elasticity of substitution, p is the elasticity of substutition between
durable and non-durable consumption. The parameter n represents the Frisch labor supply
elasticity and the function A (-) describes the utility benefit of real money holdings. We assume
that A" > 0 and A” < 0. Since we focus on interest rate rules in our analysis, the precise
nature of the function A (-) is irrelevant. The household seeks to maximize (1) subject to the

nominal budget constraint
PiCy+ PFXy + S+ My = WiNy + Ry K + Sp—y (14 ig1) + My + 11 (2)
and the law of motion for durable goods
Dy =Dy 1 (1-96)+ X,. (3)

Each period, the household earns labor income W; N; and capital income R;K. As in Barsky et
al. [2007] we assume that the the stock of productive capital K is exogenously fixed.® Here, X

denotes date t purchases of new durables and § denotes the depreciation rate of the durable.

3This assumption is innocuous. See Barsky et al. [2007] for further discussion of this point.
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Note that durables and non-durables have different nominal prices P’ and Pf. Finally, S; is
nominal saving (which will be zero in equilibrium) and II; denotes nominal profits and other
lump-sum transfers returned to the household. i; is the nominal interest rate.

For simplicity we let Uc; and Up, denote the flow marginal utility of non-durable con-
sumption and the flow marginal utility associated with a given durable stock. Let ¢; be the
shadow value (in utility units) of an additional unit of the durable — i.e., the Lagrange mul-
tiplier associated with the constraint (3). The first order conditions for N;, Cy, X; and S;

require the following optimality conditions,

Ucr FPf
— = RrE 4
Qs Rx ( )
LW W,
]\/v17 ES —U = — 5
"an t Ptc Cit Ex Qt7 ( )
¢ = Ups+ B(1 = 0) B [qi11] (6)
and

1 . 1

UC,tFtc = ﬁ (1 + Zt) Et UC,t—‘rl PtCJrl . (7)

Condition (4) is the intratemporal optimality condition characterizing the optimal mix of
durable and non-durable goods consumption by the household. The household’s optimal labor
supply is characterized by conditions (5). Equation (6) relates the shadow value of additional
durables to the discounted flow utility of the durable Up;. Finally, (7) is a standard Euler
equation for non-durable consumption goods. Note that, by combining (7) with (4), we have

an Euler equation for durable goods purchases,

T

P,
@ = (1+1,)BE, [P’Z 1Qt+1] : (8)
i+

The Fisher equations for the durable and non-durable goods give the ex post real rate of

return for good 7 = C, X as ’
. Pl

Lrfy =1 +i) — 9)
P

3.2 Firms and Pricing

We model price rigidity using a standard Calvo mechanism for two sectors. Final goods in

both the durable and non-durable sectors are produced from intermediate goods according to



the CES production functions

1 g1 1F
X, = {/ zy(s) T ds} (10)
0
and

1 sgfl ETEt—_l
C, = U e (s) T ds} (1)
0

where e/ > 1 for j = C,X. The elasticity parameters e/ are time-varying components of
the model. Below we explicitly consider exogenous shocks to these parameters as a way of
generating exogenous fluctuations in desired markups and thus introducing cost-push shocks
to inflation. Final goods producers are perfectly competitive and take the final goods prices
Ptj and intermediate goods prices pg (s) as given. It is straightforward to show that demand

for each intermediate good has an isoelastic form

zi(s) = Xy <%Ej)>€f (12)

and

¢ (s) = C, (p%f))_sg . (13)

Competition among final goods producers ensures that the final goods nominal prices are

combinations of the nominal prices of the intermediate goods used in production,

1 ﬁ
W:Uﬁmr%ﬂ (14)
0

_1
—.C
1Et

wzuﬁmfﬂﬂ : (15)

Intermediate goods are produced by monopolistically competitive firms who take the de-
mand curves (12) and (13) as given when they set their prices. Each intermediate goods firm

in each sector has a Cobb-Douglas production function
2, (s) = Z7 [kF ()% [nf (s)]'° (16)

ce(s) = Z; [kf ()] [nf ()] (17)



Here Z* and Z¢ are sector-specific productivity shocks. The intermediate goods firms take
the nominal input prices W; and R, as given. Cost minimization implies that within either

sector firms choose the same capital-to-labor ratio,

K(s) K K a W,

nd (s) thzﬁtzl_aﬁt

where K] = [ k] (s)ds and Nf = [n] (s)ds are capital and labor used in sector j = C, X.
Because the production functions exhibit constant returns to scale, and because factors can
freely move from one sector to another, the relative marginal costs of production are given
simply by the ratio of the productivity terms. Specifically, the nominal date ¢ marginal cost

in sector j is

W1 K\ W,
- (5) -~ (19

where f (N) =

is exogenously fixed). As a result, the relative marginal cost of production is MC§{/MCF =

ﬁ (N;/K)* (keep in mind our assumption that the stock of productive capital
Z¥/Z¢. Notice that in equilibrium, the nominal marginal costs are functions of aggregate
employment N; rather than sectoral employment N and N;. Nominal marginal costs can

alternatively be expressed in terms of the underlying nominal input prices W; and R; as

l1—a pa 11—« [e%
MCIZ:Wt .Rt( L ) (l) for j =X, C.

zZ} 1 -« «

As in the standard New Keynesian model, prices for each intermediate good producer are
governed by a Calvo mechanism. Importantly we allow for different degrees of price rigidity in
each sector. Let 6’ be the probability a price is stuck for firms in sector j. Thus, each period
in sector j, the fraction 1 — 6’ of firms reset their prices. Let pj, denote the optimal reset
price for an intermediate goods firm that receives the Calvo draw in period ¢. The optimal

reset prices in each sector are

Zj‘io (Qcﬁ)j Ey |:UC,t+j (P:tc—kj)agil MCt"‘th""j]
Do (6°B) E, [UC,t+j (P[irj)sg_l Ctﬂ-]

* —_—
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* P—
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where p;, = 875% is the date t desired markup. Final goods prices evolve according to
1-e¢ 1-e] T
Pe= 107 (Pey) ™ 4 (1=0%) (1) |7 (21)
o 1-er] o7
pr= [0 (P) T (=) () ] (22)

3.3 GDP, Market Clearing and Monetary Policy

Nominal GDP for this model is naturally the total dollar value of all final goods and services
produced in a given period,

PYY, = P*X, + P°C,.

Real GDP is computed as the Bureau of Economic Analysis does for the actual data — namely
by fixing a set of constant base-year prices P* and P¢. We take the base year prices to be 1
so that real GDP is simply

Y, = P*X, + P°Cy = X; + C,.

Finally, the implicit aggregate price deflator is computed as the ratio of nominal GDP to real

GDP,

pr _ DX+ BPG
! X+ C
The aggregate rate of inflation is simply the percent change in the GDP deflator, 1+m; = %.
t—1

The labor market and the market for productive capital must be in equilibrium in each
period. This requires

K = K + K¢

and

N, = N¥ + N¢.

To close the model, we assume that the monetary authority sets the nominal interest rate

according to a generalized Taylor rule. In particular, we consider Taylor rules in the family
it =1+ ng)/tm + Qsﬂ’,xﬂ-f + gbrr,cﬂ-g (23)

Here the notation Y;™ indicates that the central bank is reacting to the measured output gap.

We assume that the measured output gap is equal to the actual output gap plus a mean zero
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i.i.d. measurement error m;, that is,
Y=Y, +my .

The reader will notice that this specification nests the standard Taylor rule for appropriate
choices of the reaction parameters ¢. It is well known that interest rate rules of the form (23)
may imply indeterminate equilibria for certain parameter values. We do not discuss the issue
of indeterminacy in this paper. Instead we appeal to the analysis in Carlstrom et al. [2006]
who show that equilibria in multisectoral models is determinate provided that the central
bank reacts sufficiently strongly to any one component of inflation. Thus, in what follows, we

assume that ¢, , >0, ¢, . > 0and ¢, , + ¢, . > 1.

3.4 Forcing Variables

There are several exogenous forcing variables in the model. We allow for separate productivity
shocks to both the durable and non-durable sectors. These shocks move the flex-price equilib-
rium or the natural level of output however they do not shift the Phillips Curves separately
from their influence on the marginal cost. We also consider shocks to the desired markups
te; and p, , in each sector (these shocks arise from shocks to the elasticity parameters e).
Because these shocks affect the desired markups for the price setters but not the natural level
of output, they are conventionally referred to as “cost-push” shocks. We denote the cost-push
shocks in each sector as u{ The sectoral productivity shocks and cost push shocks follow

simple autoregressive processes
th = (1 - pz,j) + pz,thjfl + €:7j7

and

ug = (1 - pu,j) + pu,juz + G?J

for j = X,C.* In addition, the model also includes the measurement error shock m). This

shocks induces movements in the real variables by prompting undesirable changes in monetary

policy. m} is assumed to be serially uncorrelated and mean zero.

4The cost-push shocks wu; are slightly different from the desired markups themselves. In particular one can
show that ] = it (1- Hj) (1- pudﬁﬁj) (03')7
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4 Analysis

In this section we analyze the model’s equilibrium and study the properties of optimal Taylor
rules. We begin by drawing out several key properties of the model that hold for low deprecia-
tion rates. We then turn our attention to a special case of the model in which the equilibrium
and the associated optimal Taylor Rule can be solved analytically. This limiting case reveals
several properties of optimal monetary policy which carry over to more general versions of the

model. Finally, we use numerical methods to analyze more realistic versions of the model.

4.1 Key Properties of the Model

Here we point out several important properties of the model equilibrium behavior. We derive
two New Keynesian Phillips Curves — one for each sector. We then find expressions for the
real GDP gap and the real employment gap. Finally, we solve for a second-order accurate
approximation to the utility of the household which can be expressed in terms of sectoral

inflation and the sectoral output gaps.

Sectoral Phillips Curves. Following the convention in the New Keynesian literature, we define

real marginal cost in each sector as the ratio of nominal marginal cost to the sectoral final
price. That is, mcf = MP—?, and mc; = MP—?C. Using the definitions of real marginal cost
t t

together with the log-linear versions of (19), (20), (21) and (22) straigthforward algebra shows

that the model implies two (sectoral) New Keynesian Phillips curves,

7L = Xme; + BB, (7] +uf (24)
75 = Xmc} + BE, [T5] + ug (25)
where
\e (1_9)0(61_96)’ and yz = L0 )Q(ml—@ B)

are parameters describing the frequency of price adjustment in each sector. These coefficients
are sometimes referred to as the “microeconomic” rates of price adjustment. ® We use the
standard notation of © to denote the percent change in the variable v, that is © = dv/v where

dv = v — ¥ and 7 is the non-stochastic steady state value of v.°

®See Leith and Malley [2007] for a detailed empirical analysis of sectoral Phillips Curves across U.S. man-
ufacturing.
6With some abuse of notation we also write 7, = 7, — 7 and % = iy — .
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Real GDP Gap and the Aggregate Employment Gap. For any variable v; we define the “gap”

as the log difference between the equilibrium value of the variable and the value that would
be obtained if prices were perfectly flexible. We denote the gap by ¢; = 0, — 0} ™ where v}
is the flex-price value of the variable. We show next that the real GDP gap is approximately
only a function of the gap in aggregate employment.

Recall that each intermediate goods firm chooses the same capital to labor ratio, % = %
Then according to (12) and (16), output for any single intermediate producer of new durables

is (the calculations for the non-durables are the same),

wo) =% (M) =z () o)

Integrating over durable goods intermediate firms and using NJ = fol n? (s)ds gives

thf = th (%) Nf
where & = fol (%@f))_a ds is a measure of (inefficient) price and output variation across
firms in the durable goods sector. (Similarly, for the non-durable goods sector we have price
variation given by a term ¢;.) As shown in Gali [2008], in a neighborhood of the zero inflation
steady state, £ is 1 to a first-order approximation (see e.g., Gali 2008, p. 62). This implies
that real GDP is approximately

K «
Y, ~ (F) [ZENE + ZPN?] .
t

or in log deviations,

ﬁzthL(l—a)Nt

where the aggregate productivity term is a weighted average of sectoral productivity Z;, =

Zi% + Zi5r. The GDP gap Yy = Y, — ¥, is then

A A

Vi~ (1—a)N,. (26)

Approximate Welfare Objective. For the welfare analysis of this paper we consider two alter-

native approaches. In line with the New Keynesian literature, we first derive a second order
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approximation of the representative consumer’s utility function. Among others, Rotemberg
and Woodford [1999], Woodford [2003], and Coibion, Gorodnichenko, and Wieland [2012] have
used this approach to study optimal policy. Second, we use an ad hoc welfare criterion which
places greater importance on stabilizing output than utility-based criteria suggest.

The following proposition gives the approximate welfare objective for a social planner who

tries to maximize the utility of the representative household. All proofs are in the appendix.

Proposition 1. The unconditional expectation of the household’s (scaled) per period utility

function is

n+1

U(CtaDt)_¢n 1N ! _ ~ _ UDD UDC
2 0oC s = —aclV [C’t] —0D1 UCCV [Dt] + 2 0o Cov <Dt,C’t)
N a+n~ Nx
N 1-a V[Yt} —eX° V[WCt]—N—Ce)\ V [7x4] + t.i.p. + h.o.t.
where
S /e N SR O B
7 CUcc P~ D -Upp

and t.i.p. stands for terms independent of policy and h.o.t. for higher order terms.

Since consumers are risk averse, greater variances of nondurable and durable consumption
decrease welfare. Consistent with intuition, the covariance between durables and nondurables
consumption impacts welfare with a coefficient that rises in the degree of complementarity
between the two. Next, welfare decreases in output volatility and this disutility from output
volatility falls with the labor supply elasticity 1. Finally, inflation volatility in both sectors
reduces welfare. This loss depends on the relative sector size, the elasticity of substitution &

and the microeconomic rates of price adjustments \° and A\*.

4.2 Ideal Durables

We next turn to a limiting case of “ideal durable goods” in which discount rates and depre-
ciation rates are near zero. In this low-depreciation limit, the durable good survives for an
arbitrarily long time period and the household does not discount the future relative to the
present. Following BHK, we argue that the shadow value ¢; for such long-lived durable goods
is essentially constant. This near constancy of ¢, is equivalent to saying that the intertemporal

elasticity of substitution for purchases of durables is extremely high. In this case, the output
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of the durable goods sector responds sharply to changes in intertemporal relative prices. Our
limiting approximation implies that, for sufficiently low depreciation and discount rates, the
intertemporal elasticity of substitution for purchases of durable goods is infinite. For goods
with realistic depreciation rates, the approximation will be somewhat less accurate. We check
this accuracy numerically and report the results below.

The shadow value of the durable good is the present value of marginal utilities of the
service flow of the durable, discounted at the subjective rate of time preference and the rate

of economic depreciation. That is,
@ = E Z B(L=8) Uppsy| - (27)
=0

Two features guarantee that, for long-lived durables, ¢; will be approximately invariant
to transitory shocks. First, durables with low depreciation rates have high stock-flow ratios.
In our model, the steady state stock-flow ratio is 1/6. A high stock-flow ratio implies that
even relatively large changes in durable goods production have only small effects on the total
stock in the short run. That is, for transitory shocks, we can appeal to the approximation
D, =~ D. Because the stock changes only slightly, equilibrium changes in the production of
durable goods entail only minor changes in marginal service flows Up ¢4 ;.

Second, if 6 is sufficiently low, expression (27) is dominated by the marginal service flows
in the distant future. Because the effects of the shock are temporary, and because D; ~ D,
the future terms in (27) remain close to their steady state values. Thus, even if there were
significant changes in the first few terms of the expansion, these effects would have a small
percentage effect on the present value as a whole. This implies that the model can feature
service flows that change substantially over time due to complementarities with other variables
that fluctuate in the short run and still imply a nearly invariant shadow value.

Together, these two observations suggest that it is reasonable to treat the shadow value of
sufficiently long-lived durables as roughly constant in the face of a monetary disturbance (or
indeed any short-lived shock). Thus, for a long-lived durable, and for plausible half-lives of
price rigidity we can take D, ~ D and ¢, ~ ¢.”

"The idealized durable goods setting also allows us to simplify the utility structure. In the households

objective function, the marginal utility of consumption Uc++; is in principle a function of both non-durables
Cy and durables D,. However, since the percent changes in D, are negligible, we can write Uc +1; = %&’t’%)
ou(Cy,D . . . . .

u(actt ) so the marginal utility of non-durable consumption is approximately a function of C; alone.

~
~
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Implications. There are several important consequences for the equilibrium in the low-depreciation
limit. First, regardless of price rigidity in the durable and/or non-durable sector, the labor
supply curve (5) implies that, for sufficiently transitory shocks, equilibrium employment is
governed only by changes in the real product wage in the durable goods sector. Using (5) and
q: ~ q we have

s oW

N ~ —4.

Since ¢; is approximately, constant, movements in N; are determined solely by changes in the
real product wage W;/PfF. Consider the flex-price equilibrium. In this case, the nominal price
of new durable goods will simply be the desired markup p* over the nominal marginal cost.
That is, Pf = p*MCY so that mcf = (,uw)_l. We can then use the approximate relationship
above together with the nominal marginal cost of durables (18) to get an expression for the

flexible price employment level. We then have

1
(qu)—l i MCtz,Flex N wn (NtFlex) n f (NtFlex) |
R:r,Flex q— th

or, using the form of f (-), in log deviations near the zero inflation steady state,

~ 1
Flex

Ne™ 1t+a

n

77 (28)

This is a single equation in the variables NF'** and Z#. Thus, the efficient aggregate em-
ployment level is governed solely by the productivity disturbance in the durable goods sector.
(This result is reminiscent of a similar result in Kimball [1994].)
Second, nondurable consumption (and production) moves one-for-one with changes in the
real relative price of nondurables / durables. Using condition (4) and ¢; ~ ¢ we have
PC
Uy ~ =L4.
Cit Pr q
Third, the equilibrium nominal interest rate is a direct reflection of expected inflation in

the durable goods sector. That is, for durable goods prices, there is a pure Fisher effect. To

see this, note that the Euler equation for the durable good requires

T

, P,
qr = (1 + Zt) ﬂEt |:Ptht_|_1:| .
t+1
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Again, because the shocks are assumed to be short-lived, we can use ¢; ~ ¢;4+1 ~ ¢ to imme-

1 1
-~ PR T
1+ IT+7f,

diately get

So, to a first order approximation F; [ﬁf +1] ~ (31;. This relationship shows that a monetary
policy rule for setting the nominal interest rate ¢; is tantamount to a rule that specifies a
target for durable goods inflation.

Using the expression for the nominal marginal cost of durables (18) together with the labor

supply condition (5) we can write the “real marginal cost” for the durable good mc} as

q Z

Again, using the form for f (-) together with (26) and (28) we can express the real marginal

cost in the durable goods sector as a function of the output gap Y;,
mey ~ (Y,

where ¢ = (% + a) (ﬁ) (the real rigidity derivative emphasized by Ball and Romer 1990).

Substituting this expression into the Phillips curve for the durable goods sector (24) we have
77~ XYy + BE [/ + . (29)

Notice that only the price rigidity of the durable good matters for influencing the output gap.®

In the absence of a cost-push shock in the durables sector (uf = 0), this version of the
Phillips curve implies that to stabilize the output gap (or equivalently to stabilize employ-
ment), it is necessary and sufficient to stabilize inflation in the durable goods sector 7¥. This
is a special instance of a “divine coincidence” for durable goods (see Blanchard and Gali,

2007).

SBHK (2008) analyzed a special case in which prices for long-lived durable goods were perfectly flexible.
They showed that in that case, monetary policy was approximately neutral. The model here extends this
result and shows that if durable goods have sticky prices, then it is only the price rigidity for the durable
goods that matters for the dynamics of aggregate output and employment.
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4.3 A Useful Special Case

To gain insight into the behavior of the model, we next consider an instance of the model
that permits an approximate analytical solution. The special case requires both ¢ and r near
0 as well as large price rigidity. We assume that the structural shocks are short-lived and
so present only transitory changes to the equilibrium. These assumptions imply that we are
considering a case of an “ideal durable” as discussed above and ensure that we can use the
approximations q; ~ q and D, = D in constructing the equilibrium. To further simplify the
analysis, we impose the additional assumption that p = ¢ which implies that the marginal
utility of non-durable consumption is simply Uq; = C; v

The Taylor rule we consider limits attention to inflation rates in the two sectors. That is,

we restrict monetary policy to reaction functions of the form
it =T+ Qo + G T (30)

where ¢, , and ¢, . are the monetary authorities’ reactions to changes in inflation in the two

sectors separately.

4.3.1 Equilibrium

The New Keynesian Phillips Curve for the durable sector is given by equation (29). To find
the approximate Phillips Curve for the non-durable goods sector we use (18) to write the real
marginal cost of non-durables as

R LA

MC; = Mc; —=— ~ Mmc

Zgpe Tt g

where the approximation uses the intratemporal efficiency condition (4) together with ¢, ~ gq.

We can now write the New Keynesian Phillips Curve for the durable sector as’

1 20 5 1 -
7=\ [;ct A (5 + a) Y;} +BE [7i] +uf (31)

l—«

_l xT
9Tn the Flex-Price equilibrium mc§ = mcf =1 so (Cf le") 7R q% and thus, we can equivalently express
t

the non-durables Phillips Curves in terms of only the gaps C, and Y,

1

~c c 14
7Tt=)\ |:;Ct+105

1 R
(5 + a> Yt] + BE; [7fyq] +uf
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The system is now reduced to the two approximate Phillips Curves (29) and (31), the two
Euler equations (7) and (8), and the Taylor rule (30). The log-linear versions of these last
conditions are

o = G T+ O
1
o

1 - 5 ~ ~
—;Ct =B, — —E, [Cwl} — L [W;rl]

and, again using the approximation ¢; ~ ¢
O - ﬂit - Et [ﬁtm+1:| .

This system of five equations is still complicated by the presence of the expectation terms
above. To suppress this complexity we assume that the shocks are sufficiently transitory so
that we can treat E, [75,,] = E; [7,,] = 0.° Using the last two conditions, we immediately
have C; ~ 7, ~ 0 in equilibrium. This conclusion may seem unusual but it actually has a
fairly direct interpretation in the context of traditional IS/LM models. The near constancy
of ¢ is similar to a perfectly elastic IS-curve. As a result, changes in monetary policy have
no effect on the real interest rate. If future inflation expectations are anchored by long-run
factors then the nominal interest rate will be unchanged. Since there are no changes in the

nominal interest rate in equilibrium we have

€T ¢7F,C /ﬁ_c

77 = _IMmCge
Pra

Assuming that the Taylor Rule coefficients are both positive, this condition implies perfectly

negatively correlated inflation rates across sectors regardless of sectoral price rigidity and the

¢1r,c
d)w,x

type of shocks. Additionally, only the relative response to inflation (i.e. the ratio ) matters
for the equilibrium.
Solving for the output gap and inflation in terms of the structural shocks gives the ap-

proximate equilibrium.

Proposition 2. For the model described in this section with long-lived durables (6, r —

0) sufficiently short-lived shocks, o = p, and zero measurement error (V [mﬂ = 0), the

10This assumption has two parts. First, we assume that productivity and cost-push shocks are uncorrelated
(have no persistence). Second, we ignore the relative price between the two sectors as a state variable. Since
inflation rates are quite small in equilibrium, the latter assumption is reasonable for short-lived shocks. We
discuss the accuracy of this approximation below.
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approximate equilibrium is given by the following equations
(i) .
Ty = —NSTZ{ + NSTZE + STuf — 35Sy

Ty = —ATSCZY + NS + S°up — 35

c,,C
Suy

(iii.)

L 1- . 1 1
Y, = e {—SCZf + S+ —= (1 —S5)uf — —CSCuf}
(1 +a> A A
n
where S% = _OraX nd Se=1-—- 57,

P w AT+ A

To check the accuracy of the approximations ¢; ~ q¢ and D; ~ D, Table 1 compares the
impact responses implied by the approximations in Proposition 2 to the exact (linearized)
responses for several realistic depreciation rates. The table reports the impact reaction of
employment, the output gap, and durable and non-durable inflation to the two productivity
shocks and the two cost-push shocks. While the approximation does fairly well for small
values of 6, it gradually breaks down as ¢ rises. (See Table 2 for the parameter values used to
compute this special case.)

It is straight-forward to find expressions for the approximate variances of the model vari-
ables in the special case. These calculation are fairly tedious and so we summarize the ex-

N, N,

pressions for the variance of aggregate inflation II; = Z27y + S#7¢, sectoral inflation rates and

the variance of the output gap in the following corollary.

Corollary. The unconditional variances of aggregate inflation, sectoral inflation and the
output gap are given by

(i)

% [Ht} — (%)\9”50 - %Acsmy\p (32)

(ii.)
V [7%] = (A*S°)* ¥ and V [7§] = (A\°57)° ¥

V[Yt] = @;Z) {(56)2\D+ (%)Q(Sw—SC)V[UfJ}

where ¥ =V [Zf} +V [Zf} + (/\—11)2 Vuf] + (%)2‘/ [ug].

(iii.)
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Notice that because the inflation rates are perfectly negatively correlated in equilibrium,
the variance of aggregate inflation is not simply the share-weighted average of sectoral infla-
tion variances. Table 1 includes a comparison of the standard deviation of inflation and the
output gap implied by the Corollary above with the exact standard deviations. Again, the

approximation does a fairly good job, particularly for low depreciation rates.

4.3.2 The Optimal Taylor Rule in the Special Case

We are now in a position to consider the optimal Taylor Rule for the special case above. For
expositional purposes we will assume that the objective of the monetary authority takes the

simple ad hoc form

L=V M LW,V [ﬁt] (33)

where W, gives the weight of inflation relative to output stabilization in the monetary au-
thority’s objective. As in Woodford [2003] we express the objective as a “timeless” one in
which the monetary authority does not incorporate the initial position of the economy but
rather simply chooses a policy to minimize the unconditional weighted variance in (33). The

following proposition provides an expression for the optimal Taylor Rule coefficient.

Proposition 3. For the special case with long-lived durables (6, r — 0) sufficiently short-lived

shocks, o = p, and zero measurement error, the optimal Taylor Rule requires

I X T S
O\ 2 V[ug c z c
bre X\ )T R, [Bex 1 ]
where ¢ = i;f‘a

The expression in Proposition 3 offers several insights into the optimal policy. First,
consider the special case in which the monetary authority cares only about stabilizing inflation,
that is, W, — oo. Since sectoral inflation rates are negatively correlated, aggregate inflation
variance can be completely eliminated in the model by choosing Taylor Rule coefficients in

Pro _ Ny

proportion to the size of each sector, that is, Tt = A In this case, it is easy to show that

the squared term in (32) is zero so V [ﬁt} = 0. This might be viewed as the most natural way

for a monetary authority to react to inflation in different sectors. Intuitively, larger sectors
receive greater weight than smaller sectors.

Second, suppose that W, < oo so the monetary authority values both output and inflation
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stability but that there are no cost push shocks (V [uf] = V [uf] = 0). In this case, the optimal

ratio of Taylor coefficients is

Ore _ 1 ( ¢ ) N
Gre AT\ DeWr [BeX™+ ZeX] | NG
This Taylor rule places more emphasis on durable goods inflation relative to the sectoral
weights. The deviation from sectoral weights %: depends positively on ¢ and negatively on
A? and negatively on the average price rigidity parameters %XE + %)\C.

Third, if W, = 0 so that the central bank cares only about output stabilization, then the
optimal ratio of the Taylor coefficients is

N
%fﬂ(mwﬂ 1>'

)

v
Viug]

Note first that the definition of the aggregate variance parameter ¥ implies that (X”)2 >
1. As V[u?] — 0 the central bank optimally responds infinitely strongly to durable goods
inflation. The cost push shocks in the durable goods sector are the only impediment to
achieving complete output stabilization. In the absence of these cost push shocks, the central
bank can achieve its goals simply by targeting durable goods inflation. If instead V [uf] — oo
then the optimal response places less and less weight on the durable goods sector. In the more

realistic case in which the variances of both cost-push shocks become arbitrarily large, the

¢7r,m
d)w,c

These limiting results are natural in light of the close connection between inflation stabi-

ratio approaches 2 (a result reminiscent of Aoki 2001).

lization and output stabilization. In the limiting special case considered here, the monetary
authority optimally reacts more to durable goods inflation if it cares more about stabilizing
the output gap and/or if the variance of durable goods cost-push shocks is lowered. In con-
trast, if the variance of durable goods cost push shocks is high, it is optimally to react to
sectoral inflation in accordance with their share in GDP.

Of course, these results depend critically on being in the low-depreciation (i.e., ideal
durable) limit and the other assumptions underlying Propositions 2 and 3. To check the
accuracy of the predictions, we calculate the impact responses to sectoral productivity shocks
Z¢ and Z7, and to sectoral cost-push shocks v and uj for the special case for several different
depreciation rates. Table 1 reports the variances of employment, the output gap, durable

goods inflation and non-durable goods inflation, as well as the ratio of optimal Taylor rule
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coefficients for both the approximation (the first column) and the exact numerical solutions.

According to the table, the approximation is surprisingly accurate for low depreciation rates.

4.4 Quantitative Analysis

In this section we use calibrated versions of the DSGE model to analyze the performance of
different Taylor rules. We begin by specifying a baseline calibration of the model and then
compute the optimal Taylor rule associated with various model specifications. An optimal

Taylor rule maximizes a given criterion function subject to the constraint that monetary

11

policy adhere to a specification in the family given by (23)."! In this section, motivated in

part by the results in the special case above, we impose an additional restriction on the rule.

The special case above showed that the equilibrium depended only on the ratio of the Taylor

¢7r,z
¢7r,c

such cases, leads to numerical instability of the optimal Taylor rule coefficients. We place

coefficients . This result approximately carries over to many parametric settings and, in

additional limitations on the Taylor rule by further restricting the family to
i =7+ ¢y Y™ + Opp (w,mt + (1 — wy) 75) (34)

where &7 is a fixed number which normalizes the central bank’s reaction to a measure of

inflation (below we select ¢y = 2). In terms of the earlier analysis, the ratio of the coefficients

Wg

-, If the weights w, and (1 —w,) are equal to the share of durable

is simply Z’r—z =
goods production and non-durable goods production in the economy, then this rule reacts to
standard aggregate inflation. For fixed ¢y, the optimal Taylor rule in this setup is one in

which ¢y and the weight w, maximize the objective function.

4.4.1 Baseline Calibration

We calibrate the model for ease of exposition of our results rather than for empirical plausibility
and illustrate the robustness of the conclusions. We set the annual time discount rate to imply
a subjective time discount factor of two percent. The intertemporal elasticity of substitution
(o) is 0.5. This is somewhat higher than conventional estimates (e.g., Hall 1988) but lower
than log utility. The Frisch labor supply elasticity (1) is set to 1.0. We set the elasticity

of substitution between durable and non-durable consumption (p) of 0.8 and we choose the

1See Boehm and House [2014] and the references therein for additional discussion of optimal Taylor Rules.
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weight on nondurable consumption (¢,.) to imply % = .75. The elasticity in the two sectors’
aggregators (¢) is 7. The capital share parameter («) is 0.35. We choose the Calvo parameters
0" and 0° to imply a 6-month half-life of nominal rigidity.

The persistence of the productivity and cost-push shocks is set to 0.5 annually. Measure-
ment error shocks have no persistence. Innovations of the productivity shocks are assumed
to have an annual standard deviation of 1 percent. The annual standard deviations of cost-
push shocks are 0.1. Hence, the baseline calibration places substantially greater weight on
productivity shocks than the cost-push shocks.

We consider several different depreciation rates (). The baseline depreciation rate is set
to 0.05 annually. This is somewhat lower than the standard calibration of 10 percent annually
but somewhat higher than the depreciation rate for structures. See Fraumeni [1998] for a
detailed discussion of the various depreciation rates corresponding to a wide variety of goods

in the economy. The baseline calibration is summarized in Table 2.

4.4.2 Numerical Illustrations

Table 3 shows the optimal weight on durables inflation w, and the optimal response to the
output gap ¢y for different calibrations and welfare objectives. Calibration (i) is the baseline
setting. The remaining calibrations (labeled (ii.), ... (vi.) in the table) have parameter values
equal to the baseline calibration except for a single parametric variation. Calibration (ii)
features substantially less measurement error in the output gap than in the baseline calibration.
Specifically, we set the (annual) standard deviation of measurement error to 1/0.25 rather than
1.00. Calibration (iii) has a high annual depreciation rate (6 = 0.20). Calibrations (iv) and
(v) have asymmetric price rigidity across sectors; (iv) has a half-life of price rigidity in the
non-durables sector of 1 quarter while (v) has the reverse (a half-life of durable good price
rigidity of 1 quarter). Calibration (vi) has an annual standard deviation of the cost-push
shock innovations of 0.2 rather than 0.1.

In the baseline calibration, w, always exceeds a quarter — the weight durable goods inflation
receives in overall CPI inflation. Importantly, w, exceeds a quarter regardless of the objective.
When the central bank cares equally about inflation and the output gap it is optimal to place
a weight of almost 72 percent on durable goods inflation. Under the assumption that the
central bank minimizes the utility-based loss function, w, is still about 0.50. Interestingly, it
is optimal to place substantial weight on durables inflation even if the central bank does not

value low output volatility. When the central bank only values output stability a weight of
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almost 80 percent is optimal.

The remaining columns of Table 3 illustrate other calibrations. Perhaps not surprisingly,
if measurement error is fairly small, the central bank responds stronger to the output gap
(calibration ii.). In this case w, falls somewhat but still remains well above one quarter. Some
of this difference is due to the “substitutability” between responding to the output gap and
responding to durables inflation. Reflecting on the previous discussion in Section 4.1, in the
absence of strong cost push shocks, output stabilization and stabilization of the durable goods
sector are identical. As a result, if the output gap is poorly measured, it is preferable to avoid
strong responses to the gap and to instead target durables inflation.

Calibration (iii.) shows that the results continue to hold even when the depreciation rate is
as large as 20 percent annually. While w, barely changes relative to the baseline calibration,
it falls to one quarter as the depreciation rate approaches one. Figure 1 shows the optimal
weight w, for the four different welfare objectives in Table 3. The figure shows that for low
depreciation rates, the central bank reacts more to durable goods inflation relative to its
share in GDP (the dashed line at 0.25 in the figure). Not surprisingly, as the depreciation
rate approaches 1.00, the weight on durable goods inflation approaches its share in GDP
0.25. Columns (iv.), (v.), and (vi.) show that our results continue to hold for asymmetric
sectoral price rigidity or when the cost-push shocks have a greater variance than in the baseline
calibration.

Figures 2 to 5 show impulse response functions. We contrast three Taylor rules: (a) a
Taylor rule in which the coefficients are chosen to maximize the ad-hoc objective with W, = 1,
(b) a Taylor rule which is optimal for the utility-based objective, and (c) a Taylor rule that
uses the weight w, = 0.25 as CPI inflation would suggest and an output gap response that
is optimal for the ad-hoc objective with W, = 1. Across all four figures, the Taylor rule
that is optimal for the utility-based objective (full black line) produces the smallest inflation
responses. In contrast, the Taylor rule that is optimal for the ad-hoc objective (dashed line)
leads to the smallest output gap. The Taylor rule with sub-optimal coefficient w, = 0.25
produces a substantially larger output gap — except for the cost-push shock in the durables

sector.
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5 Conclusion

Inflation targeting has become a standard operating procedure for many modern central banks.
In part this emphasis is motivated by modern New Keynesian theory which argues that there
is a direct connection between inflation stabilization and output stabilization. The “divine
coincidence” says that output stabilization and inflation stabilization are equivalent. However,
most of the analysis providing the basic rationale for inflation targeting is based on models
with a single good and thus a single rate of inflation. Compared to the volume of work focusing
on one-good models, much less attention has been devoted to the study of which inflation rate
central banks should target when there are non-trivial differences in inflation across sectors.
This study considers whether durable goods inflation should be overweighted relative to
its share in GDP. We find that often it is indeed preferable to place greater emphasis on
stabilizing durable goods inflation. Durable goods have much higher interest elasticities of
demand than non-durables and thus should be much more sensitive to interest rate changes
(and thus the specification of the Taylor rule). In alimiting case, we obtain a divine coincidence
for durable goods inflation. In the absence of cost-push shocks in the durable goods sector,
stabilizing inflation in the durable goods sector is tantamount to stabilizing aggregate output
and employment. These results suggest that greater emphasis should be placed on accurately

measuring and monitoring durable goods price changes over the monetary business cycle.
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Appendix: Proofs of the Propositions

This appendix provides abbreviated proofs of the propositions. Detailed proofs as well as computer programs

used in the paper, are available from the authors upon request.

Lemma 1. The efficient allocation must satisfy the following conditions

of _ r X

F pF _ 2t
Uc,: (Cf, Dy )ongyt Vi ozK)?t (A1)
/ F

Uo (CF,Df) = Ltc)w (42)

(1-a) NE

C,t

v (NF
%{; _ ( t )a — (A3)
(1—a)Au, (K;F(,t) (N)Ig,t)

2F = Up (CF,DF) + (1~ 8) By /] (A1)

Proof of Lemma 1: The efficient (flexible price) allocation (indexed with superscript F') solves the following
planning problem
max By Y 3 (U (Cf, Df) —v (N]))
t=0
subject to
Df =X +Df,(1-9)
NG+ Ni, =N} and KE, + K¢, = K[
« 11—« o 11—«
X =4, (KX,)" (NX,) ~ and Cf = Ay (KE,)™ (NEY)

The conditions above are the associated first order conditions for this optimization problem. (It is well-known
(e.g. Gali 2008, or Woodford 2003) that this allocation can be decentralized by subsidizing sales of monopolistic

firms in order to restore the efficient level of production. We assume that such a subsidy is in place.) O

Lemma 2. Let Z be a random variable and g (Z) a twice differentiable function, then
(i.) the variance of g (Z) approximated around constant Z is

Vig(2)] = (¢ () V(2] + o (laeull’) (A5)

(ii.) the expectation of g (Z) approximated around its mean F [Z] is

Blo(2)] = 9 ®12) + ZED vz 4o (Jag)) (A6)
(ii.) 1 .
72 = 2F 7o+ 52F (Zt) +o (||thH3) (A7)

Proof of Lemma 2: For (i) note that the second order Taylor expansion around Zj is

9(2)=9(20) + 9 (20) (2 - Z0) + =L (2~ 207 o (Jacul?).
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Then

V@] = Vo) o (Z0) (2~ 20) + T (7~ 20 o (Jlau))|

= (¢ (20 V1Z] 4o Jlasul’).

The proof of (ii.) is similar to (i.) and is therefore omitted. To prove (iii.) notice that for any variable Z;

Z, — ZF Z, Z\ 1 Z \\ 3
Ao (n(Zp)) 1= () s (n(ZF)) e (mar).

(iii.) then follows immediately.[]

Proof of Proposition 1: We denote the log difference between a generic variable X; and its flexible price
counterpart Xt as Xt InX; —In X, ' Denote differences in levels as d X; = X; — X We adopt the
following notation for dealing with the orders of magnitude in the approximation. Let €2; be the vector of all
state variables. We denote any first-order function of the difference d€2; as

Dy (@20 =o (llac’).

if Ty (d) — 0 as || d Q|| — 0. Here, ||-|| is the Euclidean norm. Similarly, a function I's is of second order,
written as T's () =0 (||d Q| ) if ”Adg—ﬂllﬁl — 0 as ||d Q|| — 0. Higher orders are defined analogously.

We construct a second order approximation to the unconditional expectation of the households’ utility
function, (1 — B)E [>-52, 'U:] in the neighborhood of the flexible price allocation. We write the households’
flow-utility as Uy = U (Ct, Dt) — v (Ny). Using Lemma 2,

1 2
U(Cy,Dy) = U +UE(Co—CF)+Up, (D —Df) + §U§c¢ (G —¢f) (A8)

1 .
+5Ubp.4 (D = DF)* + Ubp, (Ci — CF) (Dy = DF) + o (lasl)

1 .
v(Ne) =of +of, (N = N) + §UﬁN,t (N = NF)* +o (||thH3> (A9)
where Uf" = U (Cf, DY), vf = v (NF), UCt = W evaluated at (C{, Df’), etc. Next, notice that
e} oo t
Y BUL (De=D) = B'UL, Y (1-68)" (Xis = X[,) + Zﬂ Ub,(1—6)""" (D_y - DI})
=0 t=0 5=0 t=0

The first term can be written as

o] t
D BUL Y (=8 (Xems = X{,) = Uby(Xo—X§) +BUB, (X1 = X{ + (1= 6) (Xo - X7))
t=0 s=0

HPUL (X = X0+ (1=6) (X0 = XT) 4 (1= 8)" (Ko = X0) ) + -
= S8 (X - X)X B -0 U,
t=0 s=0

Next, iterate forward equation (A4) to get

i =B Z (B =8)]"Up s
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Hence, we have that

t

Bo Y BUL, Y (1=06)° (Xems— X)) =Eo > _ 8 (X: — X[ )4

=0 5=0 =0
and then - .
Eo Z B'UL, (D — Df) = Eo Zﬁt (Xe = XI) i +tip.
=0 =0

where t.i.p. stands for terms independent of policy such as Eg Z;’io ﬁtUgt (1- 6)t+1 (D_1 - Dfl).
It then follows that

o0 [ee] 1
EY Bu(Ci,Dy) = EY g [uf tuty (Co—CF) +4f (Xo = XF) + §u50,t (Cy — ctF)2
t=0 t=0
1
+5ubp (Di= D)’ +ubp, (Co— CF) (Di = Df) +tip.+0(|ld Qt||3)}

We will (somewhat imprecisely) continue to refer to the term in square brackets as u (C, Dy).
Next, use (A7) to get

U(Cy,Dy) = Uf+UECE ((Z‘t +% (1 + %) (@t>2> +AF (Xff(t + %Xf (Xt)2>
%Ugm (Dfﬁt)z +UEL, (cfét) (Dth) Ftip. 4o (Hd Qt\|3)

- __Uc
Define o¢ as o¢ = oo and note that

UbciCf UccC 1 “1 1
G +o(llagl') = =05 +o(lacl")

F F
UCC,tct

Since is multiplied only by second order terms, it can be replaced with —051. Then

F

C,t
a 1 AN\ 2 . 1 N2

U(CyDy) = U+ Ug,tcf (Ct + B (1 —061) (Ct) ) +7i (XtFXt + §Xf (Xt> )

+%U}§D,t (fo?t)Q +UED, (Cf(j“t) (Df[)t) Ftip. 4o (||d QtII?’)

Use equation (A7) together with the disutility of labor (A9) and rearrange to get
N | vl N N N\ 2 .
v(Ny) = of +vf NF (Nt +35 <1 + %) (™) ) +o(flas®)
Nyt

; v N NE
Let n = —2X— . Then 2+
vNNN UN L

=nl+o (||th||1) so that

N 1 A\ 2
o) = of + o NF (et g (0 07) (8)°) o (Jlasul?)
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Taken together, we get

u-uf = Uk,cr (C‘t +=(1—-0gh) (C) ) +AF <XtFXt + %Xf (Xt)2> (A10)
4o UDDt (pf Dt> + U, (CFC) (DF D)
) (¥

/) ) +tip. +o ().

We now construct second order approximations of NX,t; NC,t and Nt. Notice that Nx; = fol Nyt (8)ds.

—vletF (Nt 1 + 77*1

Together with the production function z; (s) = Aut (ke (8))" (e (8))' ~* and the equilibrium condition

% = Sjig = % we obtain ng 4 (s) = #(;L))a. Combining this with the demand function z; (s) =
’ t
X, (%@) we have
1 1
NX,t— oeXt (PX,t)E/ (pwt( )) “ds
At (%) :
or in logs,

In(Nx;)=—-In(Az ) +aln(Ny) —aln(K) 4+ In(X;) +eln (Px ) + ln/o (pz (8))”° ds.

while in the flex-price economy we have In (N)?t) =1In (X}) —In(As+) — aln(K) + aln (N/') . Subtracting
In (N% ;) from In (Nx ;) then yields

1
Nxi=aN,+ X, +eln(Pxy) + ln/ (Pat (s)) “ds. (A11)
0

To approximate the log of the integral, use (A6) for Z = (p,+ (s))” ° and the transformation g (Z) = In (2),
to get

1

{B [pas ()]}

1 e 1 e
i [ (e ()7 s = =B s ()] + 3 2V [ ()] o (Jlaul?)  (a12)
Similar steps lead to

2

B e (6] = el I g 0] (14 5V I s (D)) + 0 (Jasu )

and

V [(prs ()] = €2 (xp [ [ (e ()] V 10 (e (5))] + 0 (a2

We can now write

N 1o V(e ()]
l/o(pm()) ds = —¢B [1n (pr. (5))] + 5 TR

Now let Px ;= E[In(p. (s))] and Ax ¢ = V[In (ps (s))] so that

7 +o(laol®)

1 . - 1, ,
In [ (pre(s) “ds=—ePxy+ e ————— +o0 (Ild Q| )
0

-2
We now approximate the term Ax ; {1 + %A th} around Ax = 0, the steady state (and flex-price)
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level of price dispersion. Since

e? -2
Ax {1 + ?Ax,t} =Ax;i+o (Hd QtHS)

we get
! —e 5 1 2 3
I [ (o (s) " ds = —ePx + 55 Axc o0 (a)
0

Together with (A11) it follows that

- - . _ 1
Ny = aly + X+ (0 (Px) = Px) + 5% Ax + o0 (lall’) (A13)

We next turn to the price index which, in logs, is

1 i — </01 [Pxe ()] dz‘)

Applying equation (A6) with g (2) = In(Z) and Z = [Px. (i)]' ¢ gives

ln (PX,t> =

In ( / P di) = (1 - ) Bl (P, (D)) + 5 i 1(_”1_5})2%' [P ()] o (Jlacl?)
. (A14)
The terms E {[P;w (z’)]l_e} and V [[PX,t (i)]l_a} can be expressed as
B[P (0] = exp (1 — <) Bln (Pt () (1 + 5 e, <z‘>>]> +o(laoul)
and
V [(Pxe ()] = (1= ) exp (1 = ) BlIn (P () V [in (Pxe ()] + 0 (Jla )

so that (A14) yields

ay P (] i) = (L&) (Bl (P () + & —_ VPO (e

(1 + @V [In (Px ¢ (Z))])

2
Recalling that Ax ¢ = V [In (Px (¢))] and approximating Ax ¢ (1 + (17;)2 AX¢) around Ax = 0 yields

Vln (Px ¢ (7))]
(1 52 Py, )

5 = Axa+o (Il

Since Py, = E[In (ps (s))], we can then write

In (/01 [Px ¢ (i)]l—f di) =(1—¢)Px;+ (1 —QE)QAX’t o (Hth”3)

and hence 1
_ — €
I (Px) = Pxt+—5—Ax+o0 (Hd QtIIP’)

Plugging this into equation (A13) gives

o - - €
Ny = alNe+ X + SAx + o (la”) (A15)
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Since production in the nondurables sector is symmetric, we obtain an analogous equation for C' (steps omitted)
Next apply equation (A7) to

Ny — N} = (Nx;— Nx,) + (Ncw — N&,)
to obtain
Frroo Lar ()2 F N Lyve (% 2 F X Lyr (v 3
NEN+ SNF (1) = NE N+ 5NE, (M) + NENow + 588, (New ) +o (laeull’)
Plugging in equation (A15) and its analogue for the nondurables sector yields

L1 N2 | 1
NtFNt+§Nf (Nt) = Nx, (OéNt+Xt+§€AX7t>+§

~ A\ 2
NE, (aNt + Xt)
F A N 1 1 I 5 A 2 3
+Ngy | aNe + Cr + EEAC’t + §NC¢ (aNt + Ct) +o (Hd Q| )

To solve this equation for N, we guess the relationship

A\ 2 PO .
Ny = ®f ,Cy + O% Xy + ®E, (Ct) + 0%y, (Xt) +@0x Ci Xy + @R Aot + Phx Axi +0 (Hd Qt||3)
and verify this guess. In particular, we obtain
po_ 1 Now .p 1 Ni,
Gt 1 —a NFTTXNT 1 —a NF

or . _ 1 1 N& 11 Ny,
AC,t 2 1_ NF’ AX,t 2 1_a NF

2
oF _1 1 Ngat_l 1 Ng,t oF _1 1 N)I;,t_l 1 N)I;,t
CerT21—a N 21—a\ NF ) > X% 7 21-a N 21-al\ NF

oF . __ L Nx.NG,
CXt™ 1 —a Nf NF

R . N2
Plugging these into the guess yields an expression for N; which we use to compute Ny + 1 (1+77!) (Nt> .
After some algebra, we obtain

<1 -\ 2 1 N&, . 1 Ng,o 1 1 NE, /.\2 11
Nt 5 (1407 (W) = Lé LR+ =5 () (§16
ety () (N oy "TT anNy Tt any & +21—aNF X
2 [ W F e 2

1 1 1 Né, . Ny

= Lo+ 2ty

g latn )<1a) NF N

Ll 1 NE, 11

i P TR L NFAXt+o(||dszt||)

Using (A16), (A10), (A1) and (A4) we get

2
U(Ctth)_U(Nt) ,1(A 2 NtF a—|—77_1 NgtA N)IgtA N)l?t
S — ot) - L0+ X% |~ eAy — Ay (A7)
vk, cri = NE, 1—a | NF NE NE,

3 (DtCt) + tip. +0(||thH )
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We next show tha NFt

approximation is enough here because this term is squared later. By definition, real GDP is Y; = PcCy+ Px X;.
Then to a first order

X, is a first order approximation to GDP. Notice that a first order

Yo Y = Pe (€~ CF) + Px (X~ XF) +o (lasull)

Using (A7) gives
N PcCF A Px X[
t = F 7O+ F F
Pcct +PxXt Pcct +PxXt

X+ o (llaoel?)
We assume that Po = Py in the steady state. Furthermore, C}" = Acy (%) Ng’t and X}" = Az (%) N)I;’t

which implies
. ActNE, R AptN%,

' Ac,thI;t + Aw,tN)Ig,t ' Ac,thI;t + Aw,tN)Ig,t

Xi+o (||d QtHQ)

Next notice that »
Ac7tN C,t

')
Ac,tNg,tﬁLAgc,tN)I?,t NF +O(”d ol

F
Azt Ny,

———>xt —— We then obtain
Ac,tNgprAm,tN;t W

where we assumed here that A. = A,. A similar relationship holds for

v, = Nth Ny X 4o (]laQ
t = NF + NF t 0( d | )
Plugging this into (A17) gives
U (Ct, Dy) — v (Ny) -1 ( 2 N a+nt o2 N%.
= —0 Ct) — (Y;) - 5AC,t - : EAX,t
“g,tCtF% ¢ N(/E,t -« 5:&

UE_ (DF)* ,.\2 UE.DF , .
+7DD;E< Ft) (Dt) + o DG (DtCt)—|—t.i.p.+0(||th||3)
UC,tCt U

The remaining terms are second order. Since the flex-price level differs only to a first order from the
steady state, we can replace flex-price levels by steady state levels. Then

U(Cy, D) —v(Ny) N [a4+n7! /.2 Nx
UeCl = % (Ct) Ne | T-a (¥6) | - e No X

o - SORE CORH Y

Finally, following Woodford (2003, pp.399-400) we have

o0 9 o0
2: t _ X Z t,_2 : 3
=0 Pl = (1-0x)(1—pB0x) = Fmxettip+o (Hdﬂt” )

and we can write the welfare function (up to a multiplicative constant) as

. {U(Ct,Dt) —U(Nt)}

(1-0)E th U(Ct, Dy) — v (Ny) e
2

— UcC3
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where

U (Cy, Dy) — v (Ny) /A2 N a+nt N2 ebc 9 Nx elx
= — —_ Y - - Xr
UcCl 7c (Ct) Ne 1-a ( t) (1—00)(1—B0c) " Ne (1—0x)(1—B0x) Xt
Upp (D)? /~\2  _UpeD [~ » . 3
+W (Df) + 2 - (DtC’t> + t.l.p. +o (”d Qt” ) .

Taking the unconditional expectation gives the result. [

Proof of Proposition 2. Under the assumptions of the approximation, the model reduces to

1 ~ ~
T :)\C |:(—+Ck) Nt—Ztc:| +U§
n
~x x 1 \J 7T T
() Mo

0= (bw,xﬂ-tm + ¢7r,cﬂ-§

which is a system of three equations and three endogenous variables. Using the method of undetermined
coeflicients, this system is easily solved. It is then simple to find the expression for the output gap using the
approximate Phillips curve in the durables sector 7y = A*¢ Y, + uf. U

Proof of the Corrolary to Proposition 2: The results follow after straightforward algebra from Proposition 2.
O

Proof of Proposition 8: Using the Corollary of Proposition 2, it is straightforward to write

v - (i) V12 (mie) vIE]+ (5r5s) v+ () v

~ B NX NC 2 )\I)\C 2
M (T —Tb) (m) v

7c 7T - c - T P
where ¥ = [V {Zt} +V [Zt] F ()2 [ug] + (AT) QV[ut]} and @ = S22
Recall that the loss function is L = V [Yt} + W,V [7¢]. Plugging in the above variances gives, after

simplification,
L= o+ 2) 2 {9V [ 2] + (V28] + (O V] + (@) V [uf]
NX TyC 2 NX NC TyC NC Tyc\2
+W(N)()\)\) _QWTT(I)()\)\)\II+W<N(I)> ()\/\)\II}
Simplification of the first order condition
0 = —2<A%+AC>‘3AZ{<¢AC>2V[Zf}+<<AC>2V[25}+<<>2wuﬂ+<¢<1>>2wﬂ
Nx e 2 Nx Ne¢ TyC TyC
+W<N)()\)\) —ZWTTCI)(/\)\)\I/—FW( <I>> (ATX9) }
+(AT® + )72 {2@ (O)?V [u?] — 2W, %& (A"X) W + 2W, (NW) (ATA)? }

gives the desired result. [
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TABLE 1: COMPARISON OF APPROXIMATION AND EXACT SOLUTION

Approx. 6=.01 6=.03 6=.05 6=.10 6=.20

Reaction to a shock to Z}
Employment 0.189 0.191 0.190 0.187  0.181  0.154
Output gap -0.118 -0.115  -0.114 -0.113 -0.111 -0.116
Durables inflation -0.014 -0.011  -0.011 -0.012 -0.014 -0.022
Nondur. inflation 0.014 0.014 0.014 0.013  0.011  0.003
Reaction to a shock to Z;
Employment 0.182 0.175 0.172  0.167  0.154  0.096
Output gap 0.118 0.115 0.114 0.112  0.106  0.075
Durables inflation 0.014 0.011 0.010  0.009  0.005 -0.012
Nondur. inflation -0.014 -0.014  -0.014 -0.016 -0.020 -0.037
Reaction to a shock to u;
Employment -1.357 -1.380 -1.374  -1.365 -1.344 -1.254
Output gap -0.882 -0.897  -0.893 -0.887 -0.873 -0.815
Durables inflation 0.098 0.079 0.079  0.081  0.088  0.117
Nondur. inflation -0.102 -0.100  -0.099 -0.097 -0.090 -0.061
Reaction to a shock to u;
Employment -1.308 -1.274  -1.270 -1.261 -1.237 -1.128
Output gap -0.850 -0.828  -0.825 -0.820 -0.804 -0.733
Durables inflation -0.098 -0.078  -0.077 -0.075 -0.067 -0.038
Nondur. inflation 0.102 0.100 0.101  0.103  0.112  0.140
Standard deviation
Aggregate inflation 0.074 0.077 0.078 0.080  0.092 0.136
Output gap 1.236 1.233 1.229  1.221 1.202  1.125
Optimal Taylor rule

GO 1.038 0.998 0999 0999 0997 0.983

Notes: This table compares the impact responses of employment, the output gap, durable and nondurable goods
inflation for the approximate solution as described in Proposition 2 with the exact solution. The calibration for this
limiting case is given in Table 2.



TABLE 2: MODEL CALIBRATIONS

. Baseline . o
Parameter Special Case o Notes for baseline calibration
calibration
I3 0.9951 0.9951 Corresponds to annual discount rate of 2 percent
6 (See Table 1)  0.0127  Corresponds to annual depreciation rate of 5 percent
0*,0° 0.8909° 0.7071 Corresponds to half-life of prices of 6 months
o 0.5 0.5 Intertemporal elasticity of substitution
n 1 1 Frisch labor supply elasticity
Elasticity of substitution between durable and
p 0.8 0.8 X
nondurable goods consumption
€ 7 7 Elasticity of substitution in CES aggregators
o 0.35 0.35 Capital share
Poe = Prx = Pue = Pux 0 0.5 Shock persistence (annual autocorrelation)
0,,=0,, 1 1 Standard deviation of productivity shocks (annual)
Oy =0, 0.1 0.1 Standard deviation of cost-push shocks (annual)
. 1 1 Standard deviation of measurement error of the
n output gap (annual)
W, na. 0.4896 " Weight on durable goods utility. Calibrated to imply

a consumption to output ratio of 0.75

Notes:

* Corresponds to a half-life of exogenous price rigidity of 18 months.

® This parameter choice depends on other parameter settings. It is always set to guarantee that one quarter of value
added in the economy is generated by durable goods production.



TABLE 3: OPTIMAL TAYLOR RULES FOR VARIOUS CALIBRATIONS AND OBJECTIVES

(i) (ii.) (iii.) (@iv.) (v.) (vi.)
. . Flexible Flexible High cost-
cfl?lifallltrifn ngZﬁgie_ DepIr{el(i}; tion nondurable durable goods  push shock
goods prices prices variance
Modified na. 0,=25  §=02  ¢°=05" ¢°=05" 0,=02°
Parameter
Ad-hoc objective; W;; =1
Wy 0.716 0.664 0.699 0.683 0.619 0.458
oy 0.417 2.025 0.316 0.524 0.000 2.618
Utility-based objective
Wy 0.498 0.493 0.467 0.618 0.387 0.474
oy 0.085 0.137 0.132 0.192 0.000 0.008
Ad-hoc objective; W;; =1,000,000
Wy 0.466 0.465 0.436 0.448 0.447 0.459
oy 0.004 0.005 0.039 0.027 0.000 0.133
Ad-hoc objective; W;; =0
Wy 0.796 0.665 0.796 0.853 0.976 1.000
oy 0.505 37.790 0.307 0.768 0.739 225.484

Notes: All columns start with the baseline calibration and change a single parameter. The column “low measurement
error” reduces measurement error of the output gap to a quarter of that in the baseline calibration. In the column
“high depreciation” the depreciation rate is increased to correspond to an annual rate of 0.2. In the next column,
“flexible nondurables” the half-life of prices in the durable goods sector is reduced to 3 months. We set the standard
deviation of innovations to cost-push shocks to 1 (like that of productivity shocks) in last column “high cost-push

shock variances”.

* Corresponds to a half-life of exogenous price rigidity of one quarter.
® Corresponds to a half-life of exogenous price rigidity of one quarter.

¢ The variance of cost-push shocks is the same for both sectors.



FIGURE 1: OPTIMAL WEIGHT ON DURABLE GOODS VS. DEPRECIATION
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Notes: The figure shows the optimal value for w, for the four different objectives listed plotted against various
depreciation rates.
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FIGURE 2: IMPULSE RESPONSE TO A SHOCK TO Z*
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Notes: The figure shows the model’s response to a one standard deviation innovation in durable goods productivity Z* See Table 1 for the parameter values used

in the calculation.



FIGURE 3: IMPULSE RESPONSE TO A SHOCK TO Z©
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Notes: The figure shows the model’s response to a one standard deviation innovation in non-durable goods productivity Z° See Table 1 for the parameter values
used in the calculation.



FIGURE 4: IMPULSE RESPONSE TO A SHOCK TO U
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Notes: The figure shows the model’s response to a one standard deviation innovation to a cost-push shock in the durable goods sector u". See Table 1 for the
parameter values used in the calculation.



FIGURE 5: IMPULSE RESPONSE TO A SHOCK TO 1
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Notes: The figure shows the model’s response to a one standard deviation innovation to a cost-push shock in the non-durable goods sector u“. See Table 1 for the
parameter values used in the calculation.



