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1 Introduction

In any modern economy, the fortunes of each agent depend on the choices of millions of
other agents. Market participants therefore anxiously monitor the release of macroeconomic
statistics and market signals such as prices for clues about the state of the economy and one
another’s choices. Even if these signals happen to convey little information about payoff-
relevant fundamentals such as preferences and technologies, they help agents coordinate
their choices with one another, thus affecting the response of the economy to the underlying
business-cycle disturbances. Importantly, the informativeness of these signals is itself a
function of how much information agents collect in the first place and how they react to it.

These observations raise the following question: how does the endogenous aggregation of
information affect the efficiency of the business cycle and the design of optimal policy? The
contribution of this paper is to address this question within a prototypical, micro-founded
model of the macroeconomy.

Our model shares similar micro-foundations with standard RBC/NK models. More
specifically, firms produce differentiated products, implying that individual incentives de-
pend on expectations of aggregate demand. Relative to the standard paradigm, the key
added features are the incompleteness and the endogeneity of available information: firms
and workers are dispersed in segmented locations (“islands”) and make certain employment,
production, and pricing choices while lacking common knowledge of one another’s funda-
mentals and choices. As a result of this information incompleteness, business cycles can now
originate, not only from shocks to preferences and technologies, but also from various forms
of noise.! The equilibrium impact of this noise and the associated departure of the economy
from the first best crucially depend on how much information agents acquire and how they
respond to it.

If all sources of information were exogenous, the economy we study would have belonged,
in effect, to the class of incomplete-information games studied in Angeletos and Pavan (2007).
In general, the equilibrium use of information in such games need not coincide with the
socially efficient one. For the class of micro-founded economies we are interested in, however,
this is not the case: if information were exogenous, the equilibrium use of information would
2

have been efficient even without any policy intervention.” It follows that our framework

'In the present paper, the noise is modeled as a measurement error in the available signals of either
the exogenous fundamentals or the endogenous aggregate activity. However, following Angeletos and La’O
(2013), noise could also be engineered from shocks to higher-order beliefs, in which case the business cycle
looks like the product of extrinsic, sunspot-like, fluctuations.

2When we say “without policy intervention” we mean (i) no taxes and (ii) a monetary policy that replicates
flexible-price allocations.



isolates the endogeneity of the information as the sole source of inefficiency.’

To understand the nature and the policy implications of this inefficiency, we proceed
in three steps. First, in the baseline version of our model, we abstract from any nominal
rigidities and focus on the endogenous aggregation of information that obtains as agents
observe noisy signals of one another’s choices and of aggregate economic activity. We then
add a nominal friction by requiring that prices cannot be contingent on realized demand;
this permits us to study both the robustness of our key insights to the presence of nominal
frictions and their translation in the context of monetary policy.

The lessons that emerge can be summarized as follows. First, inefficiency emerges in the
endogeneity of the aggregation of information. This inefficiency manifests itself in the form of
an excessive contribution of noise to equilibrium fluctuations relative to that of fundamentals:
the business cycle is “too noisy”. Third, the government can improve upon the laissez-faire
equilibrium by following a particular type of countercyclical fiscal and monetary policies.

The rationale behind these policies is quite simple. By making individual incentives
relatively less sensitive to realized aggregate economic activity, these policies incentivize the
agents to care less about one another’s choices and, thereby, to rely relatively more on their
idiosyncratic sources of information about the fundamentals. This mechanism increases the
informativeness of the available market signals and macro statistics, thereby reducing the
business-cycle contribution of noise and increasing welfare.

Related literature. Methodologically, our paper builds on the welfare analysis in Vives
(1988) and Angeletos Pavan (2007, 2008). This prior work developed and characterized a
notion of constrained efficiency for a certain class of incomplete-information, linear-quadratic
games. The notion of constrained efficiency we adopt in this paper is essentially the same.
Our marginal contribution rests in characterizing the constrained efficient allocation, and the
optimal policy, of a particular micro-founded, business-cycle economy. Vives (2013) studies
similar questions, but in a microeconomic market game environment.

Another integral part of our contribution rests in adapting the primal approach from
the Ramsey literature (Lucas and Stokey, 1983; Chari and Kehoe, 1999) to the kind of
endogenous-information settings that we are interested in. As in that literature, the analysis
becomes much more transparent and straightforward once the policy problem is posed in
terms of implementable allocations as opposed to policy instruments. Unlike that litera-
ture, however, we must also take into account how different implementable allocations are

associated with different information structures, due to the endogeneity of the signals that

3In the background, there is always the familiar inefficiency associated with monopoly power. This,
however, is orthogonal to the type of informational inefficiency that are the focus of our paper and, as usual,
can be shut down by considering a subsidy that corrects the monopoly distortion.



agents observe about one another’s choices. As a result, the implementability results that
we develop in this paper entail a fixed-point relation between allocations and information
structures. Since such a fixed-point relation is endemic to noisy REE settings, the primal
approach we take in this paper could be of broader methodological value.*

Finally, the monetary aspect of our analysis is closely related to the following set of
papers that have studied optimal monetary policy in the presence of informational frictions:
Ball, Mankiw and Reis (2005), Adam (2007), Lorenzoni (2010), Paciello and Wiederholt
(2013), and Angeletos and La’O (2012). All of these papers abstract from endogenous
aggregation of information. Finally, as emphasized in Angeletos and La’O (2012), the rest
of the aforementioned papers equate the informational friction with a particular form of
nominal friction. By contrast, the lessons we deliver in this paper hinge on the joint property
that the informational friction interferes with real allocations even when there is no nominal
friction (meaning either that prices are flexible or that monetary policy replicates flexible-
price allocations) and that information is endogenously aggregated.

Layout. The rest of the paper is organized as follows. Section 2 introduces the baseline
model. Section 3 studies efficiency, implementability, and optimal policy in the baseline
model. We then present two extensions in Sections 7?7 and 4. Section 4 adds a nominal

friction and studies the jointly optimal fiscal and monetary policies. Section ?? concludes.

2 The Baseline Model

The framework we use in this paper is similar to the one in Angeletos La’O (2009, 2013b).
The key difference is the introduction of endogenous private and public information, which
is central to the question of interest for this paper.

Time is discrete and periods are indexed by t € {0,1,2,...}. There is a representative
household consisting of a consumer and a continuum of workers. There is a continuum of
“islands”, indexed by i € I = [0,1], which define the boundaries of local labor markets
as well as the “geography” of information: information is symmetric within an island, but
asymmetric across islands. Each island is inhabited by a representative firm, which specializes
in the production of differentiated commodities.

Each period has two stages. In stage 1, the representative household sends a worker
to each of the islands. Local labor markets then open, workers decide how much labor to

supply, firms decide how much labor to demand, and local wages adjust so as to clear the

4Complementary in this respect are also Laffont (1985) and Messner and Vives (2001). These papers
do not take the Ramsey-like primal approach, but share the spirit of studying optimality directly over a
particular set of permissible strategies.



local labor market. At this point, workers and firms in each island have perfect information
regarding local productivity, but imperfect information regarding the productivities in other
islands. After employment and production choices are sunk, workers return home and the
economy transitions to stage 2. In stage 2, all information that was previously dispersed is
aggregated and becomes publicly known, and commodity markets open. Quantities are now
pre-determined by the exogenous productivities and the endogenous employment choices
made during stage 1, but prices adjust so as to clear product markets.

The representative household. The utility of the representative household is given

by
with o1 .
U(C) = T and  V(n) = n?

where v > 0 parameterizes the income elasticity of labor supply (also, the coefficient of
relative risk aversion), e > 1 parameterizes the Frisch elasticity of labor supply, n;; is the
labor of the worker who gets located on island ¢ during stage 1 of period ¢, and C} is aggregate
consumption. The latter is the CES aggregator of all of the commodities that the household

purchases and consumes during stage 2:
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where ¢;; is the quantity the household consumes in period ¢ of the commodity produced
by the representative firm on island ¢, and p > 1 is the elasticity of substitution across
commodities of different islands.

The representative household receives labor income and profits from all the islands in the

economy. Its budget constraint is thus given by the following:

/pz‘,tci,tdi + B < /Wi,tdi + /wi,tnz‘,tdi + R By,
I I I

where p;; is the period-t price of the commodity produced by the representative firm on
island 7, m;; is the period-t profit of that firm, w;, is the period-t wage on island 7, and R;
is the period-t nominal gross rate of return on the riskless bond, and B, is the amount of
bonds held in period t.

The objective of each household is simply to maximize expected utility subject to the

budget and informational constraints faced by its members. Here, one should think of



the worker-members of the household as solving a team problem: they share the same
objective (household utility) but have different information sets when making their labor-
supply choices. Formally, the household sends off during stage 1 its workers to different
islands with instructions on how to supply labor as a function of (i) the information that
will be available to them at that stage and (ii) the wage that will prevail in their local labor
market. In stage 2, the consumer-member collects all of the income that the worker-members
have collected and decides how much to consume in each of the commodities and how much
to save (or borrow) in the riskless bond.

Firms. The output of the representative firm on island ¢ during period ¢ is given by
dit = Ai,t(nz’,t)0

where A;; is the productivity in island i, n;;, is the firm’s employment, and § € (0,1)
parameterizes the degree of diminishing returns in production. The firm’s realized profit is
given by

Tit = Pitqit — Wit

Finally, the objective of the firm is to maximize its expectation of the representative con-
sumer’s valuation of its profit, namely, its expectation of U'(C})m; .

Aggregates and market clearing. Labor markets operate in stage 1, while product
markets operate in stage 2. The wage clears the labor market within each island so that
labor supply equals labor demand. For the commodities, market clearing in each product
market implies that consumption is equal to output: c¢;; = ¢;; Vi. Nominal prices are
normalized so that the ideal price index, P, = [ f p;p di] = , is fixed at 1. Aggregate output

and employment are defined by, respectively,

P =
Q: = [/qltp dz} and N, = /ni,tdi-
s I

Aggregate and idiosyncratic productivity shocks. We assume that the island-

specific productivities A;,; are lognormally distributed in the cross-section of islands:
aiy =log Aiy = ay + &

where @, denotes the underlying aggregate productivity shock and ¢, ; is a purely idiosyn-
cratic (i.e., island-specific) productivity shock. The aggregate shock is drawn from a Normal
distribution with mean p ,, and variance UEM, while the idiosyncratic shock is drawn from a

Normal distribution with mean 0 and variance o7 ,. The variables 14, 0.4, and o¢; are com-



mon knowledge in period ¢ but need not be deterministic: they could be arbitrary functions
of the (public) history of past productivity shocks.” For future reference, we let r4,; = aft
and ke = a;tz.

Information. In stage 1, when key employment and production choices are made, the
firms and worker that are located in any given island face uncertainty about what’s going
on in other islands. More specifically, these agents get to see the productivity of their own
island but not the productivities of other islands. Because local productivities are correlated
(through the aggregate productivity shocks), local productivity serves also as a noisy private
signal of the distribution of productivities and informations in other islands.’

In addition to this information, all firms and workers observe exogenous private and

public signals about the underlying aggregate productivity. The private signal is given by
xzt =a; + 6?7?,

and the public one by
y? = a; + gi,la’
where £7¢ ~ N(0,02,) and £/ ~ N(0, 07,) are noise (the former one idiosyncratic, the latter
one common). For future reference, we let iz, = 0,2, Kyo = ay_f.
Finally, firms and households in each island also observe two endogenous signals about
the production activity that is taking place in other islands, one public and one private. In

particular, letting

p—1 ==
Q. = { / 0 dz}
I

measure aggregate output, the endogenous public signal is
yi =1log Q¢ + ¢/,
while the endogenous private signal is
xiy =log Qi + €7,

where f? ~ N(0,07,) and €;{ ~ N(0,02,) are noises (the first one common, the second one

idiosyncratic across islands).

SFor example, the special case where aggregate productivity follows a random walk could be nested by
letting p, = a;—1 and letting o, be a constant.

6The assumption that firms and workers know their own productivities perfectly is inessential; all of our
results go through if we allow for uncertainty about local as well as aggregate productivity.



The aforementioned public signals are meant to capture the macroeconomic data released
by various government agencies.” The aforementioned private signals, on the other hand, can
be thought of as emerging from firms collecting data about product conditions in particular
markets or particular locations; idiosyncratic sampling or measurement error could then
justify the idiosyncratic noise in these signals. In a richer version of the model, these private
signals could also emerge from localized trading or other interactions, in the same spirit as
in Amador and Weill (2009); each island then gets to see the production levels of the islands
with which it trades, but each island trades only with a few other islands, so that it is as
if each island observes aggregate output with idiosyncratic noise. Putting aside the possible
interpretations of these signals, the key modeling feature here is that the informativeness of
y{ and 33;'1,7: depend on the choices of other agents. In this regard, these signals are meant to
capture various channels of social learning, some of which could be global (public) and some

of which could be local (private).

3 Efficiency, Implementability, and Optimal Policy

The characterization of the equilibrium in the absence of policy intervention can be obtained
in a similar manner as in Angeletos and La’O (2009). Here, we put aside this issue and

focus, instead, on the characterization of efficient and implementable allocations.

Some preliminaries and the efficiency notion

In addition to the usual resource constraint, the fictitious planner of our economy faces
an informational constraint: the employment and production choices he can dictate (or in-
centivize) to any given island ¢ must be measurable in the vector (a;, z¢,y® z7,y?). This
measurability constraint epitomizes the informational friction faced by the market mecha-
nism and the planner alike.

In principle, we could still consider any allocation in which the employment and output
of an island are arbitrary functions of the aforementioned signals. For the analysis to remain
tractable, however, we must restrict attention to allocations that preserve the Gaussian
structure of the information structure. This is true as long as the employment and production
choices of an island are log-linear in the private (island-specific) signals.

Indeed, as long as this is the case, we can guess and verify that the information that

"In the extended monetary model (Section 4), we will introduce a signal of the aggregate price level in
addition to the signal of aggregate output. Moreover, our analysis can readily accommodate a signal of
aggregate employment. See Appendix B for a discussion of alternative signals.



is available to any island ¢ in stage 1 can be summarized by the triplet (a;, z;,y), where
a; is the current local productivity; x; is a Gaussian sufficient statistic for all the private
(local) information; and y is a Gaussian sufficient statistic for all the public information.
The aforementioned requirement then boils down on restricting attention to the space of
allocation in which the output of an island is a log-linear function of the triplet w; = (a;, x;,y),

namely

log g (ai, zi, y) = ©o + @i + @, + @Y, (1)

for arbitrary scalar coefficients (goo,goa,gox, goy) € R*. For any such allocation, aggregate

output is itself a log-linear function of the underlying aggregate shocks:

log @ = ¢y + (0, + @) @+ 0,y (2)

It follows that the endogenous signals z and y? can be transformed into Gaussian signals
about the underlying aggregate productivity, thus preserving the Gaussian structure of the
information. The aforementioned sufficient statistics can then be constructed by taking, in
effect, the projection of the aggregate productivity to the relevant signals.

Let x, and &, denote the precisions of the statistics ; and y. Because of the endogeneity
of the signals x and 3/, these precisions are endogenous to the production strategy played

by all islands.

Lemma 1. Take any log-linear production strategy of the form (1), for arbitrary (¢g, Pu, Pus ©y)-

The precisions of the sufficient statistics x and y generated by this strategqy are given by

Ry = 0'5—2 + U:;tzz + (gpa + ('OI)QU;j and Ry = 0';3 + (goa + SOm)ZO_y—; (3)

To understand this result, note that the endogenous signals 2! and y? about aggregate
output can be transformed to simple Gaussian signals about the underlying aggregate pro-
ductivity because aggregate output is itself a log-linear function of @, as in (2). From this
equation (2), note that the sum ¢, + ¢, determines the sensitivity of aggregate output to the
underlying aggregate productivity. But this implies that for any given exogenous noises, it is
precisely this sensitivity ¢, + ¢, that determines how much information the endogenous sig-
nals x{ and y? contain about aggregate productivity: the more sensitive is aggregate output
to aggregate productivity, the more informative these signals. It follows that the sum ¢, +¢,
thus determines the precisions k, and &, of the overall private and public information.

Next, it is straightforward to show that, once we restrict attention to the class of allo-
cations that satisfy (1), welfare can be expressed as a function of the strategy coefficients

© = (¢0, Pas Pus ,) and the information precisions k = (K, ).

8



Lemma 2. There exists a function W : RS — R such that, for any allocation that satisfies
(1), welfare (ex ante utility) is given by W = W(p, k).

With these observations in mind, we define constrained efficiency (within the log-linear

class of strategies) as follows.

Definition 1. A constrained efficient allocation is log-linear production strategy q as in (1)

that mazimizes welfare subject to condition (3).

Thus, the notion of constrained efficiency we adopt is similar to that of Angeletos and
Pavan (2007, 2008), appropriately adapted to our micro-founded, business-cycle economy.
Condition (1) serves only the need for tractability. Condition (3), on the other hand, is
central, as it ensures that planner must take into account how different allocations sustain

different information structures.®

Implementability

Our notion of constrained efficiency allows the planner to choose allocations and associated
information structures subject to without any regard to incentive constraints. Following the
Ramsey tradition, we nevertheless wish to study the set of allocations that can be imple-
mented with a relatively simple set of tax instruments. More specifically, we consider any
combination of the following tax instruments: a linear tax on firm sales, output, employment,
or payroll; a linear tax on household labor income; or a linear tax on household consumption.
These taxes are collected in stage 2 and can be contingent on the information that is publicly
available at that state. Finally, for tractability, we require the tax rates to be log-normal. It
is then straightforward to show that any combination of the aforementioned taxes reduces
to a single tax wedge between the marginal return and the marginal cost of labor.
Formally, let w; = (a;, z;,y) denote the local type of an island and €2 the cross-sectional
distribution of such types (also the aggregate state). The key implementability constraint is

then identified in the following lemma.

Lemma 3. A production strategy is implementable with the aforementioned tax instruments

if and only it solves the following fixed-point problem:

q(@) 57 = (1) 04(w)TB (1 - 7(2)Q()7 w] Ve, (4)

p

8At the same time, it is important to note that our notion of efficiency does not endow the planner
with any communication channels in addition to those already available to the market: the planner is still
prohibited from transferring information from one island to another in any way other than through the
particular endogenous signals (9, y9).



P

with Q() = [f q(w)%ldﬁ(w) Y0 s aggregate output and where 1 —7(§2) is the total tax

wedge induced by the aforementioned taxes.

The proof of this result is similar to the characterization of equilibrium in Angeletos and

La’0O (2009) but with the inclusion of a tax wedge. For future reference, let us define

-7

>1 and a= —t——
—1

<1, (5)

+1-1
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=
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As evident from (4), the coefficient § determines the elasticity of local output to variations
in local productivity, while the coefficient o determines the elasticity of local output to
variations in (expected) aggregate output. Finally, to preserve once again the Gaussian

structure, we impose that that the tax wedge satisfies
—log(1 —7()) =79 + Taa + 7 log Q() + 7y, (6)

for some known coefficients 7¢, 74, 7¢g, and 7,. The coefficients 74, 79, and 7, determine
the elasticities of the tax with respect to aggregate productivity, aggregate output, and the

common belief about aggregate productivity; the coefficient 7o controls the mean level.

Definition 2. The best implementable allocation is production strateqy q as in (1) that

mazimizes welfare subject to condition (3) as well as condition () for some 7 () as in (6).

Because (a,y) is a sufficient statistic for the entire exogenous state 2, we can always
write the tax as a function of (a,y) alone. However, we favor implementations that express
the tax as a function of aggregate productivity a and aggregate output (), rather than as
a function of the public signal y for one simple reason: even though in the model y is
common knowledge, in practice it seems hard to measure y. After all, the public signal is
just a convenient modeling device that permits us to capture a variety of common sources
of information that may be available to the market but not necessarily directly observed by
the government. It is then reassuring that the contingency on y is strictly needed only in a

degenerate case of no practical interest.

Proposition 1. Consider any strategy as in (1). There exists a state-contingent tax policy
as in (6) that implements this strategy as an equilibrium strategy, i.e., that satisfies condition
(4), if and only if v, = (. Moreover, as long as (¢,,@,) # 0, this can be achieved with a
policy that sets T, = 0.

This result highlights the power that the contingencies of taxes on macroeconomic out-

comes can have in controlling the decentralized use of information—an insight that extends

10



beyond our model and that was first highlighted by Angeletos and Pavan (2008) within a
more abstract framework.” The simplest (and more robust) way to understand this result
is by ignoring the details of specific implementations and instead looking at the correlations
of the tax with underlying productivity and noise shocks. In particular, suppose the tax
is negatively correlated with innovations in aggregate productivity and positively correlated
with the common noise; the government can induce these correlations by making the tax
contingent either on (a,y), or on (a, (). Either way, anticipating these correlations, firms
will have an incentive during stage 1 to react more strongly to any information they may
have about aggregate productivity and less strongly to any information they may have about
the common noise. It follows that firms will unambiguously increase their response to their
private sources of information; whether they will at the same time reduce their response
to common information then depends simply on whether the positive correlation of the tax
with the underlying common noise is sufficiently strong relative to its negative correlation
with respect to aggregate productivity. This explains why state-contingent taxes permit the
government to control freely both ¢, and ¢,, the sensitivities to private and public infor-

'V The only sensitivity that the policy cannot affect is the one with respect to local

mation.
productivity, namely the coefficient ,; this is simply because the tax is contingent only on

macroeconomic outcomes, not on idiosyncratic variables.'!

Optimal Allocations

We now proceed to characterize the constrained efficient and the best implementable allo-
cations. In general, these allocations could differ. We will show that this is not the case in
our baseline model (although it is the case in our monetary extension).

Let us start with the constrained-efficient allocation. Recall that we can express welfare
as W(p; k) where ¢ = (g, ¢4, 02sp,) and £ = (K4, ky); a closed-form expression of this
function is provided in the Appendix. Next, recall that the precisions induced by any given
strategy are characterized by condition (3) in Lemma 1; let r,(p, + ¢,) and &,(¢, + ¢,)

denote the functions defined by (3). We can then express the planner’s problem as follows.

9In Section 4, we will show that, to the extent that prices are sticky, monetary policy can play a similar
role, although it does not have as much power as state-contingent taxes.

10To be precise, the argument made above only explains how taxes impact individual firm incentives
holding given the behavior of other firms; that is, they explain they impact of the policy on best responses,
not on equilibrium. However, the equilibrium could fail to inherit the comparative-static properties of best
responses only when the degree of complementarity is too strong (namely « > 1), which is never the case
here.

1'We could relax this restriction by letting the marginal tax faced by a firm increase/decrease with its
own output. In general, such non-linear taxes could be useful. In our context, however, the omission of such
non-linear taxes is without loss of optimality.

11



Planner’s problem. Choose a strategy ¢ = (¢g, us Prr @,) and precisions k = (kKg, Kg) S0

as to maximize W(p, k) subject to the constraint that k, = k. (¢, +¢,) and k, = ky(p,+¢,).
The solution to this problem is complicated by the fact that this problem is non-concave

and that a closed-form solution for the efficient strategy does not exist. Nevertheless, because

the precisions depend on the strategy only through the sum ¢, + ¢,, we can bypass these

complications by splitting the planner’s problem in two steps. We summarize these steps as

follows, while we leave the detailed analysis to the appendix.

Auxiliary Problem 1. Choose © = (¢g, P4, P.:¢,) $0 as to mazimize W (p; k) subject to

Y, T ¢, =@ and let A be the Lagrange multiplier on this constraint.

Auxiliary Problem 2. Choose ¢ so as to mazimize W (@, k,(9))

The first step lets the planner optimize over the set of strategies subject to an additional
constraint, namely that the sum ¢, + ¢, equals { for some arbitrary . The second step
then lets the planner optimize over @ and over the precisions that are induced by it. The
first-step problem is strictly concave and, in fact, its first-order conditions can be reduced
to a simple linear system. The solution to this problem leads to the conditions (8) and (9)
below, which express the efficient strategy as a function of A, the Lagrange multiplier on the
aforementioned auxiliary constraint. The second step then permits us to prove the existence
of an efficient allocation, to interpret A as the shadow value of the informational externality,

and to complete the full characterization of the efficient allocation.

Proposition 2. (i) A constrained efficient strategy always exists. Moreover, there exists a

scalar A > 0 such that the efficient strategy is given by

log q (w) = @ + pha + rx + vy,

where the coefficients (¢}, ¢}, ¢;) and the associated precisions (K7, k) satisfy the following:

Yo = B (7)
(1 —a)k? a
P {(1—@)/{;—#&;%—%,4 1—a6+ (8)
. Ky a Ky

- - 9
7y {(1—04)/{;—1—/{;—1—/@4 l—a KA+ K (9)
Ky = o+ (en+ )0y
Ky = 0, + (0Lt @)y,

(ii) The constrained efficient allocation is also the best implementable allocation.

(111) The equilibrium in the absence of policy (zero tazxes) satisfies the same conditions as

12



the efficient strategy above, replacing A with 0.

Part (i) of Proposition 2 characterizes the efficient strategy. Part (ii) of Proposition
2 informs us that the efficient allocation is also the best implementable allocation. We
can prove part (ii) almost immediately. Note that from Proposition 1, we know that the
set of implementable log-linear allocations is strictly smaller than the set of all log-linear
allocations. However, the only restriction on implementable allocations is that ¢, = [, a
condition which is satisfied for free at the efficient allocation (see equation 7). It follows that
the best implementable allocation is simply the efficient one.!”

The scalar A is a wedge that summarizes the impact of the informational externality
on the efficient production strategy relative to the one that obtains in equilibrium—or,
equivalently, relative to the one that would have maximized welfare for given information. Let
us elaborate on this. Without any policy, the equilibrium allocation would be as described in
Proposition 2 but with the wedge A = 0. Note that the precisions «} and r; obtained at the
efficient allocation above are higher than those obtained at the equilibrium allocation. If some
divine power were to keep the precisions of available information constant at those higher
levels and give the planner, then the allocation the planner would choose is the one obtained
with A = 0 (which in turn coincides with the equilibrium one). Clearly, any deviation from
this allocation involves a loss in allocative efficiency in the sense that it reduces welfare for
given information. But it is only this sacrifice that permits the planner to sustain these
higher precisions in the absence of the aforementioned divine power. What then justifies the
sacrifice is precisely that these higher precisions contribute to higher welfare. In this sense,
the planner trades off less allocative efficiency (i.e., less welfare for given information) for
more informational efficiency (i.e., higher welfare via better information).

The property that A is positive simply means that the efficient allocation features a
higher sensitivity to local information that the equilibrium one. This is intuitive: starting
from equilibrium, an increase in ¢, raises both x, and x,. However, the result is not self-
evident for three reasons.

First, in general it is not obvious that, starting from equilibrium, a local increase in
the precision of information increases welfare. For example, this is not the case in the
economy of Morris and Shin (2002). However, the results of the previous section have already
ruled out this complication for our class of economies: if information had been exogenous,
the equilibrium use of information would have been efficient, guaranteeing that equilibrium
welfare would increase with any additional information, whether private or public.

Second, raising the precision of information does not come for free: it comes at the cost of

12This will not be true in the extended monetary model; but here it offers a useful benchmark.
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raising the cross-sectional dispersion in output, employment and relative prices, which means
less allocative efficiency for given information. However, because the equilibrium allocation
maximizes allocative efficiency to start with, this cost is only second-order locally, while the
welfare benefit of more information is first-order.

Finally, although this last argument establishes the direction of local welfare improve-
ments, such local arguments are not necessarily informative about the position of the global
maximum when the planner’s problem fails to be concave, as it is the case here. In particu-
lar, a complication is that the planner can induce a high precision of the endogenous signals
by picking, not only a sufficiently high ¢, + ¢,, but also a sufficiently negative ¢, + ¢,.
This is simply because the informativeness of the endogenous signals depends only on the
absolute value of the sensitivity of aggregate output to aggregate productivity, not on the
sign of this sensitivity. We can nevertheless rule out negative values for ¢, + ¢, because they
involve unnecessarily high allocative inefficiency: the planner can always achieve the same
precision along with higher allocative efficiency by choosing the symmetrically positive value
for ¢, + ,. This is because the value of ¢, + ¢, that maximizes allocative efficiency—i.e.,
the equilibrium one—is positive to start with and the welfare function is symmetric around
this point. Along with the fact that any positive value for ¢, + ¢, that is lower than the
equilibrium one is clearly suboptimal—for locally raising this value would have improved

both allocative and informational efficiency.

Optimal Policy
We can summarize the normative lesson of the preceding analysis in the following.

Corollary 1. The endogeneity of information renders the business cycle inefficient: the
equilibrium degree of social learning is too low, the sensitivity of equilibrium allocations to

private information is too low, and their sensitivity to public information is too high.

We can then deduce the relevant policy implications by characterizing the tax wedge that

implements the efficient allocation.

Proposition 3. The optimal taz is countercyclical in either of the following senses: Corr(t,a) <
0, Corr(r,aly) < 0, and Corr(r,Q) < 0. Moreover, the tax is positively correlated with the

noise: Corr(r,e) > 0.

The countercyclicality of optimal taxes follows directly from comparing equilibrium and
efficient allocations. Recall that, when information is endogenous, efficiency dictates the

government to raise ¢,, the sensitivity of economic activity to private information, so as to
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boost social learning; it then also dictates to lower ¢, the sensitivity to public information
downwards, so as to preserve allocative efficiency. How can the tax system provide the agents
with the right incentives for these goals to materialize in equilibrium? For the agents to find
it optimal to raise their response to their private information about aggregate productivity,
it better be that they expect the tax to fall-—and hence their net-of-tax returns to increase—
with any positive innovations in aggregate productivity. And for them to find it optimal
to decrease their response to public information, it better be that they expect the tax to
increase with the public signal or, equivalently, with the noise in it. This explains why the
optimal tax must be negatively correlated with @ and positively correlated with ¢ along the
equilibrium.

Note that it is the combination of the two cyclical properties of the tax—its negative
correlation with a and its positive correlation with e —that achieves full efficiency. However, it
is only the negative correlation with @ that is the key instrument for increasing ¢, and thereby
for boosting the aggregation of information over the business cycle. The positive correlation
with the noise is instrumental only for reducing ¢,, which is necessary for counterbalancing
the allocative inefficiency caused by the higher ¢, but is irrelevant for the efficiency of
learning.'?

A final note on fiscal implementation. There are multiple combinations of the coefficients
(Ta, T, Ty) in the baseline model that induce the same incentives and hence implement the
efficient allocation. However, if we restrict attention to our preferred class of policies, which
allow the tax rate to depend only on aggregate productivity and aggregate output, then
there remains a unique policy within that class that implements the efficient allocation.
In particular, assuming that good news about productivity raises employment and output
(¢ > 0), our preferred implementation would set 7, = 0 along with 7 < 0 and 74 > 0.
That is, firms should expect their taxes to increase during a boom that is not warranted
by aggregate productivity, and to decrease when actual productivity is higher. Moreover,
even without this particular selection, the value of the tax as a function of the the aggregate
productivity shock a and the aggregate noise shock ¢ (where ¢ = y — a) is always uniquely
determined along the equilibrium path. We can thus talk about the optimal tax, once again

ignoring the details of the particular implementation.

13 Also, as mentioned above, there are a variety of tax schedules as in (6) that can achieve these cyclical
properties. Assuming that good news about productivity raises employment and output (¢; > 0), our
preferred implementation would set 7, = 0 along with 79 < 0 and 74 > 0. That is, firms should expect
their taxes to increase during a boom that is not warranted by aggregate productivity, and to decrease when
actual productivity is higher.
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4 The Monetary Model

In this section we introduce a New-Keynesian monetary extension of our baseline model,
which permits us to study how the dispersion of information interacts with nominal frictions
and how it impacts optimal monetary policy.

We modify the baseline model in four dimensions. First, we introduce price rigidities. In
particular, we assume that firms set nominal prices at the end of stage 1, while information
is still dispersed, and cannot adjust them in stage 2, in response to the new information that
becomes available at that stage.

Second, we let firms make a second employment choice in stage 2 and, accordingly, we
let households make a second labor-supply choice in that stage; this permits real output
to respond to the new information that becomes available during that stage as well as the
monetary policy to have real effects. In particular, the output and consumption level of the

typical commodity produced on island w is now given by
c(w, Q) = A(w)n(w)(w, Q)%

where [(w, ) denotes the labor employed on island w during stage 2 and where 60,60y >
0,01 + 65 < 1. Note that second-stage employment can depend on the information that
becomes available at that stage, which explains why [ is a function of 2 and not just w.

Accordingly, the per-period utility of the representative household is given by

UuCc()) —/ln(w)eldﬁ(u}) —/él(w,Q)eQdQ(w).

€1
where €, €, > 1.1 Finally, for future reference we let

pe2—(p—1)62
(p—1)e2 (p—1)ez

q(w) = Aw)n(w)”  and  Q(Q) = (/ g(w)Pez(p=1)02 dQ(W))

Third, we let firms and workers in each island observe signals of the (nominal) prices
set by firms in other islands in addition to signals of the (real) production activity. In
particular, we let all agents observe the following two public signals: y? = log Q(Q2) + ¥4
and 3 = log P(Q) + &%, where %9 ~ N(0,07,) and ¥ ~ N(0,07,) are the respective

noises. Note that the price signal is properly defined only conditional on having first defined

4 Here, we assume local labor markets for both stages, but our results easily extend if we assume a
global labor market during stage 2; the “geographical” boundaries are important only for avoiding perfect
information aggregation at stage 1.
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what a price is, which is clear on equilibrium but not off equilibrium. We thus extend the
definition of the price signal for arbitrary allocations so that it is always a signal of the
shadow prices faced by the representative consumer. Finally, it would be straightforward to
extend the analysis to situations where some of the output or price signals are private rather
than public, as in the baseline model; here, the output and price signals are left as public
only for expositional simplicity.

Finally, we let the monetary authority control nominal aggregate demand. In particular,

we let
M(Q) = P(Q)C(Q)

and assume that the monetary authority directly controls M (Q2). As in Woodford (2003a),
this is equivalent to assuming that the monetary authority pays interest on money holdings
and appropriately adjusts the nominal interest rate so as to induce the desired level of
nominal spending. To simplify the exposition, we specify monetary policy directly in terms
of the target level of nominal spending. For tractability, we then restrict attention to the

following class of log-normal policy rules:
log M(€2) = Ao + Aaa + A, log P(Q), (10)

where the coefficients A4 and A, parameterize the degree to which monetary policy accom-
modates innovations in aggregate productivity and the aggregate price level.

Note that, once we have identified the optimal monetary policy in terms of a target rule
for aggregate nominal demand, it is straightforward to translate that policy it in terms of a
target rule for the nominal interest rate—provided, of course, that we take a stand on the
behavior of real interest rate under the flexible-price allocation.

Rather than characterizing the equilibrium allocations that obtain under specific mone-
tary policies, we instead move directly to characterizing the set of implementable allocations
given arbitrary monetary policy as in (10) and a tax policy as in (6). We then identify the

best implementable (or optimal) allocation within this set.

Implementability

In order to preserve tractability, we again guess and verify that the relevant information
available to any island in stage 1 can be summarized by w = (a,z,y) where a is local
productivity; x is a Gaussian sufficient statistic for all private information regarding the
aggregate state; and y is a Gaussian sufficient statistic summarizing all public information

regarding the aggregate state.
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In order for this conjecture to be true in the presence of endogenous signals, we restrict
our attention to allocations that preserve the Gaussian structure of information. We thus
restrict ourselves to the space of log-linear production strategies. The employment and
production during stages 1 and 2 of any island w can be reduced to a pair of log-linear

strategies as follows:
log g(w) = @y + v.a + v,z + ©, and logl(w, Q) =1y +laa+ l,a+ Lx+ Ly, (11)

for arbitrary coefficients ¢ = (g, 94, ur0,) € R* and I = (lo, 14, la; 15, 1y) € R®."” When
prices are sticky, it is natural to think of firms choosing ¢ and p, rather than ¢ and [;
the combination of the first-stage choices with the monetary policy then determines the
second-stage employment outcomes. However, for the purpose of studying efficiency, it is
more appropriate—or at least more convenient—to reason directly in terms of allocations,
independently of whether prices are sticky or not.

Both types of employment are thus restricted to be log-linear in the underlying shocks,
which further implies that the log of aggregate output and the log of the aggregate price level
are themselves log-Normal. This ensures that the endogenous signals y? and y” can be trans-
formed into simple Gaussian signals x and y about the underlying aggregate productivity,
thereby verifying our conjecture.

Next, let x, and x, denote the precisions of the sufficient statistics # and y. Take any
pair of strategies as in (11); these will induce certain values for the public precision of k,,

characterized as follows.
Lemma 4. Toke any pair of strategies as in (11).
(i) The precision of the available public information is given by

Ky = 0 + (00 +00) 0y + 072 (0 + 0y + Oala + 0a1,) 0,2 (12)

yp

(ii) Provided that v, + ¢, > 0 and ¢, + ¢, + O2l, + 021, > 0, Kk, increases with both ¢,

and l.

Lemma 4 is the analog of Lemma 1 in our baseline model. The term s, = (goa—i-gox)Qa(;? in
condition (12) captures the learning through the quantity signal 9, as in the baseline model,
while the term x, = p~>((¢, + @,) + 02(l +12))?0,,} captures the learning through the price
signal y?. To understand this new term, note that ¢, = ¢, + 020, and ¢, = ¢, + 051, measure

the sensitivities of the output (and consumption) level of commodity w to, respectively,

5Here it is important to note that the second-stage production allocations can depend on the realized
aggregate productivity, simply because the latter has become public information at that stage.
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the local productivity and local information. Multiplying those by the elasticity of the
demand function, namely 1/p, gives the corresponding sensitivities of the shadow prices

faced by the representative consumer. It follows that the precision of the price signal is

-2
yp

We now identify the set of allocations that can be implemented with a monetary policy

fip = (5Ca + 5¢;)?0,7, which explains the new term.

rule as in (10) and a simple tax policy as in (6). As mentioned previously, this tax can
be any combination of the following tax instruments: a linear tax on firm sales, output,
employment, or payroll; a linear tax on household labor income; or a linear tax on household
consumption.

However, we restrict the set of tax instruments such that we do not allow for fiscal
policies that can tax differentially across the two types of labor. With a richer set of fiscal
instruments that could levy separate taxes on first and second stage labor, one could enlarge
the set of implementable allocations and achieve constrained efficiency. We discuss this
possibility below. However, we do not find this richness reasonable. It is unlikely that the
government can distinguish between these two stages in practice—after all, these stages are
very gross representations for the much richer information and price-setting dynamics that
are likely to take place in reality.

For this reason, we find it more appropriate to consider a restricted planning problem,
one that identifies the optimal allocation among the ones that can be implemented with the
combination of a contingent log-linear tax as in (6) and a contingent monetary policy as in

(10).'8 The next lemma characterizes the set of such implementable allocations.

Proposition 4. (i) When prices are sticky, a pair of strategies as in (11) can be implemented
as an equilibrium with an appropriate combination of a contingent linear tax and a monetary

policy if and only if the following conditions are satisfied:'"

Yo = B (13)
e = (o= 1) (14)
ZI+ZAM+Z—”M = 5% (15)
ly+lAM+Z—i+@ = ;—;lsoy (16)

16Keep in mind that, as in the baseline model, a tax on firm output is equivalent to a tax on firm total
employment or payroll, a tax on household labor income, or household consumption, or any other tax that
has a uniform impact across the two employment choices. Therefore, the results we present here apply more
generally to the tax wedge induced by any combination of these taxes.

"There is also a restriction between ¢, and Iy, which we omit because it is of no interest: ¢, and Iy are
irrelevant for the business-cycle properties of allocations.
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(11) When instead prices are flexible, a pair of strategies as in (11) can be implemented
if and only if the following condition is satisfied in addition to conditions (13)-(16):

_ €1 P RA T Re T Ry
€201 3 Kg '

la (17)

This lemma plays a similar role as the familiar “implementability” results in the Ramsey
literature: it represents the optimal policy problem in terms of the allocations that are
induced by the policy rather than the policy instruments themselves. Furthermore, it helps
understand the extent to which the government can manipulate the decentralized use of
information. Indeed, much alike in the baseline model, the government may always induce
any ¢, and ¢, it may desire. This is true no matter whether prices are flexible or not:
state-contingent taxes alone suffice for this. But when prices are flexible, monetary policy
can also help manipulate the decentralized use of information.

The intuition for these results is simple. First, note that, whether prices are flexible or
sticky, the absence of a differential tax on the two types of labor implies that the equilibrium
necessarily equates the (expected) marginal rate of transformation between these two types
of labor with the corresponding marginal rate of substitution in preferences. This explains
why l,, [, and [, are related to ¢,, ¢, and ¢, as in (13)-(16)." Next, note that when prices are
are flexible, once the taxes have been set to achieve the desired ¢, and ¢,, the government
has no further control on [, : the sensitivity of second-stage employment and production
to the realized aggregate productivity is pinned down by equating the realized marginal
returns and costs of stage-2 labor. It is this restriction that gives (17). But when prices
are sticky, this restriction is no more present: by designing the extent to which monetary
policy accommodates the realized productivity shock, the government can freely choose [ 4.
Of course, anticipating the monetary policy’s response to the realized productivity, firms
adjust their own response to the information they have about aggregate productivity when
they set their prices—which explains why [, and [, are negatively related to [4 in the way
defined by conditions (15) and (16).

To see this more clearly, consider the equilibrium prices that are associated with any given
implementable allocation. Using the facts that log p(w)—log P(w) = —% (log ¢(w, ) — log C(Q))
and log c¢(w, 2) = log q(w)+02log l(w, Q) along with (11), we infer that the equilibrium prices
satisfy

log p(w) = Yo +P,a + Y7+ Yy,

18In particular, the equality of expected marginal rates of transformation and substitution gives
E[logl(w, Q)] = const + :;Z’;’ logn(w), where const includes second-order terms; using then logg(w) =

log A(w) + 01 logn(w) and noting that this condition must be satisfied for every w = (a,z,y), gives the
constraints in part (i) of Proposition 6.
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where v, and v, are pinned down by
1 1
wa = _;(@a + 9210) and wx = _IB(gom + 92[36)7

while ¢, is indeterminate.'” Saying that monetary policy can control I,, the sensitivity of
second-stage allocations to local information, is thus synonymous to saying that monetary
policy can control v, the sensitivity of prices to local information. In particular, using (15),
we get that 1, is decreasing in [4: the more firms expect monetary policy to accommodate
the realized productivity shock, the higher their incentive to raise their prices in response to

any private information they may have about aggregate productivity.

Optimal Allocations

We now proceed to identify the best implementable allocation within our model. We use
Proposition 4 to express the planner’s problem as follows.

Restricted Planner’s Problem. Choose strategy coefficients ¢ = (g, ¢, ., ®,) and
I = (lo,la,la, s, 1) and a precision K, so as to maximize W(p, l; ks, ky) subject to (12) and
(13)-(16).

Like standard Ramsey policy problems, this problem imposes certain implementability
constraints on the set of allocations that the planner can choose; as explained before, these
constraints are summarized in conditions (13)-(16). But unlike standard Ramsey exercises,
the allocations have also been restricted to respect the dispersion of information that we
take as a primitive; this restriction is already embedded in the assumption that the strategy
q depends only on locally available information. Finally, the planner takes into account that
different allocations induce different information structures according to condition (12).

The solution to this problem is characterized in the following result.

Proposition 5. There exist scalars Ay > 0 and A, > 0 such that the following are true:
(i) The first-stage production strategy is given by

log q (w) = @y + pra + rx + puy

19That is, the sensitivities of local prices to local productivity and local information are pinned down by
the elasticity of demand and the corresponding sensitivities of local output, while the sensitivity of prices
to public information is indeterminate, simply because any component of monetary policy that is public
information at the moment prices are set cannot have any real effect.
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where

v, = B a8)
(1—a)k? o
Pz {(1—&)%;4—/@;_’_%14 ]-—Oéﬁ—i_( g T p) (9)
* Ky « Ky
B - A, + A 20
i {(1_04)5;‘1‘5;4-/@4}1—045 HA‘FKJZ( ¢t p) ( )

(ii) The second-stage production strategy is given by
logl(w,Q) =g+ Lha+ la+ Lz + Ly

where

= &
A K

r =1 — ) (NAH+NA 22

b= () Oy @)
. K

r =1 —t )V (NA,FNA 23

D= () et ) 23

Uy = ZA — (Mg + ApA,) (24)

where (Za, lAgc7 Zy, ZA) are the coefficients that would have obtained in the flexible-price equilib-
rium when taxes are such that the first-stage production strategy is the optimal one, and

where (A, \p) are positive scalars.

This result establishes that the impact of learning on the optimal implementable alloca-
tions is qualitatively very similar to the one in the baseline model. In particular, the scalars
A, and A, are the Lagrange multipliers that measure the social value of increasing the preci-
sions of, respectively, the quantity signal y? and the price signal y”. Using similar techniques
as in the proof of Proposition 4, we can prove that both A, and A, are positive. Part (i)
then shows that it is optimal to increase ¢, relative to the one that would characterize the
flexible-price equilibrium allocations in the absence of taxes. By Proposition 6 we know that
this increase in ¢, would have been associated with an increase in both [, and [ 4 if monetary
policy were replicating the flexible-price equilibrium. Part (ii) establishes that it is actually
optimal to increase [, further than that, which in turn is possible only by reducing 4. We
will further discuss how these results translate in terms of the optimal mixture of fiscal and
monetary policies in the next subsection. Before doing that, we discuss what are the key

forces that drive these results.
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If the government could use a differential tax on the two types of labor in addition to the
uniform output tax, then the government would have implemented the efficient allocation.
The latter would feature the same qualitative properties, except for two differences. First, the
precise values of A, and A, would be different. And second, whereas the optimal allocation
features I, + I* < Iy + I, and Ly > Zy, the efficient allocation would feature I + I* = 4 + I,
and [; = [,. To understand this, note that the planner wishes to increase [, in order to
induce more learning. This is true no matter whether a differential tax is available or not.
The difference lies on what it takes to achieve this goal. Along the best implementable
allocation, by the implementability constraints in Proposition 4 we know that increasing [,
is possible only by reducing /4 more than one-to-one, as well as that this reduction in /4 in
turn necessitates an increase in [,. But when a differential tax is available, these constraints
are no longer binding. Rather, the planner can decrease [4 one-to-one with the desired
increase in [, so as to preserve allocative efficiency (in the sense of maintaining the efficient
overall sensitivity of second-stage employment, and hence of output and consumption, to
aggregate productivity). Moreover, there is clearly no reason to distort /,,.

Finally, if the government could use only output taxes and prices were flexible, then part
(i) would continue to hold (with different values for A, and A,), but of course now it would

~

2y ly = Zy, simply because there would be no

instrument that would permit the planner to do otherwise.

necessarily be the case that [’} = ] Al =1

We conclude that the nature of the optimal allocation—and hence of the policies that
implement it—is driven by, and only by, the combination of three properties of the environ-
ment: the presence of informational externalities, which makes it desirable to manipulate
the decentralized use of information in a similar manner as in the baseline model; second,
the fact the prices are sticky, which gives monetary policy the power to contribute to this
goal along with the state-contingent tax; and finally, the absence of a differential tax, which
makes it optimal for monetary policy to exercise this power, thus deviating from the principle

of replicating the flexible-price equilibrium.

Optimal Policy

Finally we characterize the optimal combination of fiscal and monetary policy. In order to
do this, we simply translate the results in Propositions 2 and 5 in terms of the policies that

implement the optimal allocation. This yields the following result.

Proposition 6. (i) The optimal tax is countercyclical, as in the baseline model.
(ii) The optimal monetary policy is less accommodative of the productivity shock—in the

sense that it induces aggregate income to react less to the productivity shock—than the policy
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that would have replicated the flexible-price allocations.

Part (i) of Theorem 6 describes optimal fiscal policy while part (ii) characterizes optimal
monetary policy.

The intuition stated above for part (i) of Theorem 6 in terms of the baseline model
extends to the monetary model. To understand part (ii), recall from Proposition 5 that the
optimal allocation satisfies I* = I, and that I, + I* < [4 + [, (where the hats indicate the
values that would obtain in the flexible-price equilibrium in which taxes are such that the
first-state strategy is optimal). Note then that the overall sensitivity of aggregate income to
aggregate productivity along the optimal allocation is given by ¢* + ¢* + O5(1F + I* + 1),
while the corresponding sensitivity of the flexible-price equilibrium in which the first-state
strategy coincides with the optimal one is given by ¢ + i + 92(5,1 + 1 +1 4). It follows
that aggregate income responds less to aggregate productivity in the optimal allocation than
what would be consistent with the flexible-price equilibrium.

Finally, again consider part (i) and suppose for a moment that monetary policy were
replicating the flexible-price equilibrium. From our discussion above, we know that in this
case the optimal fiscal policy is a countercyclical tax in order to induce a higher ¢,. But
now note that if the optimal monetary policy is less accommodative than implementing
flexible prices, this induces the opposite effect: other things equal, a less accommodative
policy implies a lower incentive to react to local information about aggregate productivity.
It follows that the optimal tax necessarily becomes even more countercyclical; if it were not,
the monetary policy would have induced a lower ¢, which is a contradiction.

We conclude that the basic intuition for the optimality of making monetary policy less
accommodative of the productivity shock is that this induces more learning through price

signals.
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Appendix

Proof of Lemma 1 Take any log-linear strategy of the form ¢(a, z,y) = ¢, + ¢,a+ @,z +
¢,y, for arbitrary coefficients (g, ¥, ¢,, ¢,). The endogenous public signal is then given by

y? =log Q(Q) + &%
where

log Q(Q) =y + w0+ 0,z + @,y

is the log of aggregate output. It follows that the public signal y? can be transformed into

an unbiased Gaussian signal 7¢ about aggregate productivity, defined as follows:

Yl — o — Py
Pq + Py

& — a4 v (25)

where Y1 = €¥/(p, + ¢, ). The precision of this signal is

_ _ 2 _—2
Kyq = Var—(qu) = (¢g + )70,

Standard Bayesian updating then implies that the sufficient statistic y of available public
information is given by a weighted average of the exogenous productivity signal y* and the

(normalized) endogenous output signal 77 :

K K

ya a Y4 ~q
—Yy + -y,
Ky Ky

y:
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where k,, and &, are the precisions of these two signals, while k, = Ky, + Ky is the overall
precision of the sufficient statistic y.

The analysis of the private signal z} is similar: it can be transformed to an unbiased

-2

signal with precision k,q = (¢, + ©,)%0,2.

Proof of Lemma 2 Take an arbitrary log-linear strategy of the form q(a,z,y) = ¢, +
©,0+ 0,7 + p,y. For any coefficients ¢ = (¢y, ¢,, ¢,, ¢,) and any precisions k = (K, ky),

the implied level of welfare (ex-ante utility) can be expressed as follows:

1 1
Bu=W(p;r) = 7—— exp Ve(pi &) = —exp Va(p3 ), (26)
where
Velpi ) = (1 =) (po + (o + 0, +9,)1) (27)
1 —1\ g2 2
Loy (p_) {&+&+2%]
2 p ke Ke Ra
1 2 ot Ozt 0,)?
2 Ky KA
€
Valein) = 5 (po+ (Pt v+, — i) (28)
1€ —1)2 2 —1 : ot o, — 1)
_6_2[(% P % Ve 8y Wt et — 1)
240 Ke¢ Ky Ky Ky KA

Proof of Lemma 3 We consider a combination of the following tax instruments: a linear
tax 7%(Q) on firm revenue, a linear tax 7(Q) on household labor income, and a linear
tax 7¢(Q) on household consumption (a sales tax that is uniform across commodities). To
guarantee the existence of an equilibrium where the allocations are log-normal, these taxes

are assumed to be log-linear functions of the (a, @, y):

—log(1 —7(Q)) = 7'52 + rha + TS log Q(2) + Tfy,
—log(1 —74(Q)) = TOL +7ha + Té log Q(2) + ij,
log(1 + TC<Q)) = Tg + 7'(;;& + 7'8 log Q(Q2) + Tgy.

Given these taxes, the firm’s realized net-of-tax profits are given by

T(w, Q) = (1= 7)) plw, Qq(w) — w(w)n(w),
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while the budget constraint of the household is given by

(1+TC(Q))/p(w,Q)c(w)dQ(w) = /W(w,Q)dQ(w)+(1—TL(Q))/w(w)n(w)dﬂ(w)+T(Q)

where T'(€2) is a lump-sum transfer or tax. (By the government budget, the latter is equal
to the revenue from all the taxes.) It follows that the optimal labor supply of the typical

worker on island w is given by

- Ly UCE)
)™ = ool (1= O

while the consumer’s stochastic discount factor is given by (1#;(?%. The firm’s objective

o

Taking the FOC for the firm’s problem, substituting the equilibrium wage, and guessing that

is thus given by

UQW)
T+ (@) P(9)

— 77(Q)) P(Q)Q(2)Y7q(w)' " — w(w)n(w))

the taxes and the allocations are jointly log-normal (which they are in the equilibrium we

construct in the main text), we conclude that the equilibrium level of employment is pinned

where x is a constant that depends on second-order terms. The result then follows by defining

down by the following condition:

_ —rE — 7t w)\
n(wr-l:(p—pl)l@[x“ L @ (&) pane )

the tax wedge as

1-7(Q) = X (1 — TR(Q)) (1- TL(Q)).

1+ 79(Q)
and substituting in for n (w),
1
_(aw)\?
= (55)
Equivalently, the tax wedge is given by (6) with 7o = — log x+78+75+78, 74 = 7H+75 475,

TQETS—I—TS—FTé, andTyETf—i-Tg—l—Tf,.
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Proof of Proposition 1 As stated in Lemma 3, the equilibrium strategy must solve the

following fixed point:

1)t = (‘%1) PAW)VE [exp(—ro — ma )@@} O] (29
o
with Q(Q [ [ q(w 7 dQ )} "' Tt follows that the equilibrium strategy is given by
logq(w) =@ () + @, (T)a+ &, (T) 24+ &, (1) y (30)
where

B

1—& \ Ky €
2 (7) 1 { _|_< _|_<1 )( + )) s f34)
7y = —T —T —— =T
70 Cry—147g| ° AT T )T ) e Rt Ry
1 _1 Q0a+§0332 1 1 ’
+<——’Y—TQ)( )( )Oi—l——(——W— Q) (90a+90x)20§35)
) 2 2
1 1 -
"‘57'?40'(2)_7—A <__7_TQ> ((pa_'_()bx)o-g—i_log(e—)} (36)
and where 1
a=a(rg)=t— %—q- "9 (37)

€ 1 € 1
represents the equilibrium degree of complementarity induced by the policy.
We now prove the claims in the proposition. Pick an arbitrary strategy for which ¢, =

and let (], 0¥, ¥) denote the remaining coefficients. Set 7¢ = 0, in which case & = a.

From condition (32), there is a unique value for 74 that induces ¢,(7) = ¢#; this is given

by
€ 4 (1= )k + Ky + Ka
TA= g {oz o B } . (38)

From (33), there is then a unique value for 7, that induces ¢, () = ¢i; this is given by

r= g {2t - -t | (30)
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Combining these two results, we have a unique pair (74, 7,)) that induces the desired (7, 7).
But then from (34) there is also a unique 7 that induces ¢, (7) = @i . This proves the desired
strategy can always be implemented with a policy that allows 7, # 0.
Now restrict 7, = 0 and suppose @7, p# # 0. From condition (37), there always exists a
unique 7 such that .
N Ke Py
(1 —a(rq)) Y oF
and hence such that ¢, (1) /@, (1) = @7 /¥ . Given this 7, condition (32) gives a unique 74
such that ¢, (1) = ¢#, which along with previous result gives also ¢, (1) = gpjf Finally, given
these values for (7, 74), there is then a unique 7o that ensures ¢, (7) = @i . This proves
that, as long as @7, go?f # 0, the policy can be contingent only on aggregate productivity
and aggregate output.

Proof of Proposition 2 Part (i). Recall from Lemma 1 that any given strategy induces a
k. and a k, as functions of ¢, + ¢,; let k. (v, +¢,) and &, (¢, + ¢,) denotes these functions.
We can then express the planner’s problem as follows:

Planner’s problem. Choose ¢ = (¢g, Py, Pus @,) and (kg ky) so as to maximize W (i, k)
subject to Ky = ki@, + ;) and ky = ky(@, + ©,).

To solve this problem, we proceed in two steps. The first step is to characterize the
strategy that is optimal subject to the constraint that the sum ¢, + ¢, is kept constant
at some @ € R and accordingly the precisions «, and &, are kept constant at x, = k,(®)
and k, = k,(p). The second step is to optimize over the sum ¢ and the precision , and
Ky subject to the constraint that x, = k,(®) and &, = k,(p). The first step permits us to
characterize the efficient allocation as a function of the Lagrange multiplier associated with
the constraint ¢, + ¢, = . The second step permits us to interpret this Lagrange multiplier
as the shadow value of the informational externality, as well as to prove the existence of an
efficient allocation and to complete its characterization by showing that this multiplier is
strictly positive.

Thus consider the first step. Fix some ¢ € R, let k = (k;(®), k,(®)), and consider the
following constrained problem:

Auxiliary problem 1. Choose ¢ so as to mazimize W(p, k) subject to ¢, + ¢, = @.

Note that W is differentiable in ¢ for fixed . Let 7) denote the Lagrange multiplier for
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the constraint ¢, +¢, = @. The first-order conditions for this problem are then the following:

eV
Yo - _6900
. O—a_w_|_
gpa . _agpa 77
. O—a_W+
ow
QOy : 0_8_%

Using the characterization of W, the first of these conditions reduces to the following:

1
Yo 0= €xp ch (907 K’) - 5 €xp Vn (()07 'Li) . (40)

This guarantees that V. = V,, —log 0 at the efficient allocation and gives ¢, as a function of

s Pus Py» Kz, Ky and exogenous parameters. Let V =V, =V, —logf and let n = e V7. The
rest of the first-order conditions reduce to the following:

—1 —1 ot Put
fo = () B () g bt

p ) ke p KA

€(pa—1) ep, elpatosty,—1)

9 Ke 0 Ky KA

€
0
0, 0 = <p_1> < ) (QOa‘i‘QOx‘i‘QOy)
x P KA

€ Py (S%_l) € 90a+90x+90y_1)
Ok, 0 kK, 0 KA

2 80a+90x+90 ("2 € ¢a+¢z+¢ —1
py 1 0 = (1—7)—y+(1—7)( ) et el =)
Ky KA Or, 0 KA

+7

For fixed 7, this is a linear system of three equations in the three coefficients ¢,, ¢, and ¢,.

Subtracting the first equation from the second, we obtain

Q *

*
|
Il

8.

S0
_l_
 I=[ln
|
—_
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We can then solve the remaining two equations for ¢, and ¢, as follows:

e 1—a)k, « 1 Kg (Ky + Ka

o :{ ( ) } gy — 1 { (Ky ) }77
(1—a)ky +ky+ra) 1—a 5—1—;—1 (1 —)ky + Ky + Ka

o K Q 1 Kok

oy = . B—— z 7
(1—a)ky +ky+ka) 1—a 5—1—;—1 (1 —)ky + Ky + Ka

Letting
1 Ky (Ky + Ka)

A= ,
g—l—%—l <(1—a)/1x+/iy+mA)n

gives conditions (8) and (9). Finally, note that A is just a rescaling of the Lagrange multiplier

7, so we can think of A itself as the relevant Lagrange multiplier. Using then the above results

along with the constraint ¢, + ¢, = @, we can express A (or equivalently 7) as follows:

o Ke + Ky + Ka
A=P {(l—a)/%—l—/{qu/{A}B' (41)

Using this into conditions (8) and (9), we can obtain the optimal coefficients as functions of
the sum @ and the precisions «, and k. Let ¢(®, k) denote this solution; for the rest of this
proof, whenever we write ¢, we mean ¢ = ¢(p, k).

We can then express the level of welfare obtained at this solution also as function of the
sum { and the precisions x, and k,. In particular, using the FOC with respect to ¢, we get
that

s—14+~0
Wieor) = (A2 ) exp i) (42)
1—v €
Since 5 — 1+ > 0 and 3 > 0, we can consider the following monotone transformation of
welfare:

1
TW(p. k) = E‘/C(SO7 K).

Using then the characterization of the efficient coefficients, we conclude that

TW(p(,#),x) = W(p, k) = A(x) — B(x) (p — f(r))* (43)
where Blx) = € ko + (1 — @)k, + Ky 0
(v) = 201 —a)  kKy(ka + Ky) ~
and

KA+ Kg + Ry _ _
= = W(p, k) = )4% JK)y K.
f(r) A= ajm i+ RAﬁ argmax W(p, k) = arg max W(y(®, x), )
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(The precise value of A(k) has no particular interest, so it is omitted.) This result has a simple
interpretation. Note that f(x) identifies the sum @ = ¢, + ¢, that would have been efficient
had information been exogenous (equivalently, ¢(f(k), k) are simply the coefficients of the
efficient allocation when A = 0). Hence, (43) expresses welfare as a monotone transformation
of the quadratic distance between any value @ that the planner may choose and the one that
would have been optimal from a purely allocative perspective. Clearly, the only reason that
the efficient @ may differ from f (k) is the informational externality.

We now proceed to the second step, namely that of optimizing over the sum ¢ = ¢, + ¢,

and the induced precisions x, = k,(®) and k, = r,(®). Letting

the planner’s problem reduces to the following unidimensional problem:
Auxiliary problem 2. Choose € R so as to maximize W ().

First, note that, because f(k) > 0, it is necessarily the case that, for any given x,
W(p, k) > W(—@, k) whenever » > 0. And because k(@) = k(—@), it is immediate that
W (@) > W(—@) whenever » > 0, which means that it is never optimal to choose @ < 0.

Next, we can show that

oW e I e )
Ok, 20k2 ()" = 20(1 — )?(ka + Ky)?

Along with the fact that s, is a quadratic function of ¢, this guarantees that

oW Ok, _
——— —0 as @ — oo.
Oky 0P
In words, the social value of a marginal increase in the precision &, of public information

vanishes as this precision goes to infinity. A similar result holds for private information:

ow € (2. 5)? =
Oy 2001 —a)r2 =0 T 291 — k2

and hence
OW Ok, —0 as »—
Oty 07 v
At the same time, because
B = 2B (7~ 1)
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and because B(k) — o, > 0 and f(k) — B as Kk, — 00, we have that

26(
ow _
—— — —00 as » — oQ.
o
Combining, we conclude that
oW (g
Egp) — —00 as {p — 0.

op

Along with the facts that 1 () is continuous in @ and that it is without loss of optimality
to restrict @ € [0, 00), this guarantees the existence of a solution to auxiliary problem 2 (and
hence the existence of an efficient allocation).

Let @* > 0 denote any such a solution. Since W is differentiable, this solution must

satisfy % = 0. Using the definition of W, this is equivalent to

ow oW ok,  OW Ik,
0z " on, 0p " om 0p (44)

Note that the second and the third term are always non-negative. Whenever 0 < @ < f(k),
the first term is strictly positive, so that the sum is also strictly positive; this rules out
o* € [0, f(k)). Moreover, when ¢ = f(k), the first term is zero, but now the other two terms
are strictly positive, so that the sum is also strictly positive; this rules out p* = f(k). It
follows that @* > f(k) necessarily. From (41) and the definition of f(x), we have that, at
the efficient allocation, A = @* — f(k). It follows that A > 0, as claimed in the proposition.

Finally, that A (or equivalently 1) represents the shadow value of the informational exter-
nality follows directly from the envelope condition of auxiliary problem 1, namely %—Ig = —n,
along with the first-order condition of auxiliary problem 2, namely condition (44). Indeed,

combining these two conditions gives

_ OW Ok, n OW Ok,
Ok, 0p Ok, 0P

U]

which means that the Lagrange multiplier measures the social value of increasing the pre-
cision of available public information by increasing the sensitivity of allocations to local

information.

Proof of Proposition 1 This follows directly from Proposition 2 and from the property
that A > 0 in the optimal allocation but A = 0 in the equilibrium allocation without policy.
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Proof of Proposition 3 Without any loss of generality, set 7¢ = 0 and express the tax
as a function of (a,y) alone. From conditions (38) and (39) in the proof of Proposition 1, we

have that the optimal tax satisfies

. € L —)ky + Ky + KA
= Zla—¥,
0 Bl

= o (Re-a-a)

Using the characterization of ¢} and ¢j, from Proposition 2, we get

* * K
Ta= —/\A and Ty = /{jA—j—l,‘-{y)\A’ (45)

where
& (I—a)ks +hy+ka
5o Kz
It follows that A > 0 is both necessary and sufficient for every one of the following properties:
73 <0,73+ 71, <0and 7, > 0.

To interpret this result, note first that y = a + ¢, where ¢ is noise. The property that

A > 0.

74 < 0 means the that tax is negatively correlated with aggregate productivity for given
common belief y; that is, it is negatively correlated with the surprise component in realized
aggregate productivity. At the same time, the property that 7, + 7, < 0 means that the
tax is negatively correlated with aggregate productivity for given noise ¢; that is, the overall
effect of the productivity shock is also negative. Next, the property that 7, > 0 means that
the tax is positively correlated with the noise, Finally, to understand the overall cyclical
behavior of the optimal tax, consider the covariance between the (log) tax and (log) output.

Since
—log(1-7(Q) =75+ (ta+1,)a+71,e and logQ(Q) = @5 + (¢; + @ + ©y)a + e,
their covariance is given by
Cov(—log(1 —7),log Q) = (724 + 7,) (¢, + ¢, + ¢,)Var(a) + 7,0, Var(e)

Using the fact that Var(a) = 1/k4 and Var(e) = 1/k, and rearranging, we get

1 1 Ko+ K
ov(—log(l —7),log Q) = (774 + 7,) (¢, + %)M * {TAHA T Kaky }%
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By (45), the last term is necessarily zero. Next, note that ¢* + ¢* is necessarily positive,
while 77 + 7, is necessarily negative. We conclude that the tax is negatively correlated with

aggregate output.

Proof of Proposition 7?7 We first solve for the planner’s choice of k,. As in the proof of

Proposition 2, we can write welfare as

1 1
W(p; k) = T P Ve(p; k) — —exp Va(es k),

where V.(¢; k) and V,(p; k) are functions defined in (27) and (28). Taking the derivative of

welfare with respect to k, yields the following expression

ow 1 8expVC_186xan
8@_1—7 Ok, € OKy

where

dexpV. 1 p—1 O P
T eXch{Q(l 7)( )< 2

K2 K2

dexpV,, 162 > (p, — Do
s A V=S (—Zz _o¥a” e
Okiy P [2 6> ( K2 K2

We can thus write the partial derivative of welfare as follows.

_ 2 2 2 _
ow 1 expvc[éu—v)(p—l) (—ﬁ—zw)]—ée){pvn{lé (_&_ (¢, — Ve

o, 1-7 AN R 27\ 72

(46)
Next, from the FOC condition of the planner’s problem with respect to ¢, (40), we have
that

1
eXpV’c(907 FL) - geXan (()07 "i) =0

Substituting this into (46), we obtain the following simplified expression for the partial
derivative of welfare

— 2 2 2 _
oW _ {5% (P_l) {_& _ 2%%} _1e {_& _ QM] } LoV, (47)
€

2
OKy p K2 K2 20 K2 K2

x x

The planner’s optimal choice of k, occurs where OW 0k, = OC/0k,.

Next, we can do a similar exercise to characterize the firm’s optimal choice of x,. The
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firm’s objective is given by

We can rewrite this as

1

U = U (Q() Q)P q(w)'F — n(w)* = Q) <_‘1(W) )’J _ <#) !
Again using the log-linear strategies, we have that

U (P, ki k) = eXp‘Z: (¢, Kiy ki) — €xp Vn (¢, Kiy i)

where?!
) 1 w2 (pat o, T,
Vipir) = (1-9) (%+(%+%+%)u)+§(1—7)2 [—y+ y
Ky KA
Lp=1\"[¢2 & ¢ p—1 ,
| — ra rr 2 arx o
+2 ( P ) |:,L{,§ + Ko T Ky + P (w0 — ¥0)

/ = §(<p0+(g0a+gox+g0y—1)u)

1€ —1)% —1 ; ot o, — 1)
Le (o =12 0 yPa=Von ¥y [Pat oot~ 1)
20 Kg Kz Ky Ky KA

=
5
Z
I

Taking the derivative of U (¢, k;, k—;) with respect to k, yields the following expression

ou dexp V., B dexpV,
8/439371' N 8/%71- alﬁ)xﬂ'

where
dexp V. L (p=1\"( & o
gEP Ve 1 e _ Yz 9¥a¥Pa
Ohes 7 2( ) )
dexp V, - (1 (02 (e,— D,
COke; Py (_ﬁ_i_zﬁ—i

2 2 2
20Note that ¢ = ¢, + (p;pl) % [%Z + %j + 2%}7 but that the x; that shows up here is k;, _;
i.e. it is the dispersion in the aggregate output of all other agents, which agent i takes as given. Thus when

we take the FOC with respect to k. ; this term doesn’t show up.
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We can thus write the partial derivative of the firm’s objective function as follows.

U _ exp ¥, [1 (P;l)Q {_90_3 _ QMH _expV, Ff {_ﬁc _ 2w“ (48)

0Ky 2 P K2 K2

Next we have from the firm’s FOC with respect to ¢,, we have that

-1 . .
0= <p_> exp V. — EeXan
P 0
Substituting this into (48), we obtain the following simplified expression

U (el p—1 e 0. 1€ @2 (p.— 1Dy, -
DI = T e et W)

2 2
Kz K%

262

8;%71-

The firm’s optimal choice of k,; occurs where OU /0K, ; = OC/0kK, ;.
We can thus use this expression for OU /0k, ; and compare it to our expression for OW /0k,
n (47) . One can easily verify that V,, = V,. Using this, we have that

oW 1o

Oky  €0Ky,

>0

Thus, these objects only differ by the Frisch elasticity constant ¢ € [1,00). Using this
expression, we can now prove parts (i) and (ii) of the proposition. For this, let g, (k,) =
OW /0Ky, Geq (Kz) = OU [0k, and f (k;) = OC/0k,. Next, let ¥ denote the value of x, for
which g, (k;) = f (k) and let £5? denote the value of k, for which g., (k,) = f (k); k% and
kS thus respectively denote the efficient and equilibrium levels of private information. Due
to convexity of C, we have that f is a monotonically increasing function of .. Finally, in
order to ensure that this problem is well-behaved and that such levels £} and <27 exist, we
assume that C is sufficiently convex. Specifically we assume that f > g, and f" > g;q.Ql
Part (i). If € = 1, then for any value of k;, g, (Kz) = Geq (k). By definition, x* is the
value of k, for which g, (k%) = f(k%). But this implies that x is also the value of x, for

which ge, (k) = f (kz). It is thus immediate that % = k5

“4 i.e. the equilibrium collection

of information is efficient.
Part (ii). If € > 1, then for any value of ks, g (kz) < geq (Kz). We now show that in
this case, k. < k51. We can prove this by contraction. Suppose it were instead the case that

kS < k%. Since f is monotonically increasing, we have that f (k%) < f(x%). This implies

ote at €g, = g¢,,- 1n principle, g, and g,, can be either negative or positive (bu otnh mus € o e
*!Note that eg), = g, In principle, g), and g.,, can be eith ti itive (but both must be of th
same sign).
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that
9eq (k51) = [ (K57 < [ (K3) = gp (K7)

Combining this with the fact that g, (k:) < geq (Kz) V Kz, we obtain the following set of
inequalities: ge, (K57) < ¢, (KX) < geq (k%). But this implies that
Geq (K3) = Geq (K51) _ gp (K3) — geq (557) _ [ (K3) — f (K57

> =
KE — Kg' KE — K K3 — Ka'

But this contradicts the assumption that g;, < f’. Thus, x; > x5 cannot be possible, and

hence it must be the case that s} < k%7, i.e. firms collect too much private information in

equilibrium relative to the efficient level.
Proof of Proposition 7?7 This follows directly from immediately from Proposition ?77.

Proof of Lemma 4 Part (i). From the consumer’s optimal demand, we have that the

(shadow) prices must satisfy

—p (log p(w) — log P(Q)) = (log c(w, ©2) — log C(Q2))

where

) = const+a+Y,x+Py

) = const+,a+Y,.a+,y

logc(w, ) = const + (@, + Oala)a + (0, + O21.)x + (0, + Oaly)y + O2laa
) = const + (@, + b2l0)a + (¢, + O2l,)a + (o, + Oal,)y + b2laa

It follows that the following must hold for all (a,z,y,a) :

—p(a+ Y, x— (Y, +,)a) = (o, + aly)a+ (p, + O2l)x — (p, + O2l, + @, + 02l,)a,

which is true if and only if
1
wa = _;(Soa + 02la) (50)
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Finally, note that the observation of y? = log P(2) 4 € is equivalent to the observation of

the unbiased Gaussian signal

yP — const — 1y
Vo + U,

?jp :EL—i-gp,

where &, = ¢,/(¢, + 1,). We conclude that the precision of the price signal is given by
_ 1 _
'Liyp = (7% + wx)20p2 = F(@a + Po + 02<la + lI))20p27

which together with the fact that x, = 0,% + K, + £y, and the characterization of k,, from
Lemma 1 gives the result.

Part (ii). This is immediate from condition (12).

Proof of Proposition 4 In equilibrium, /(w, §2) adjusts in stage 2 so as to satisfy the the

p(w) (c.z(cu>1<w,ﬂ>92>'ﬁ 5

Solving for I(w,2) and substituting into the firm’s objective, the latter reduces to the fol-

consumer’s demand:

lowing;:

. w <(1 = 7()C(Q)p' P P(Q) — wa(w) (PL> b (@) " — wy(w) <eq_a) i

() q

Note that this objective is strictly concave in p'~* and ¢/?, which guarantees that the FOCs
are both necessary and sufficient and that they uniquely pin down the solution to the firm’s

problem for given wages. Next, note that the equilibrium wages satisfy

Solving these conditions for w;(w) and wq(w) and substituting the solutions into the first-

order conditions for the firm’s problem gives us the following two conditions for the equilib-
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rium price and production choices taken in stage 1:

Using (52), we can restate these conditions in terms of allocations alone as follows:

(ﬂ_;1> (1 —r()YU' (C(2)) (%)_ (91%> ' w]

- (5o (58)” (-

Rearranging these conditions, we get

0 = nw'—E

0 = E

Bl @ 9] = g i) (55)
g)n et = eng, (%)E[(1—T)om)i—vz(w,sz)"?(”?)\w] (56)

The first condition equates the (expected) marginal rates of transformation and substitution
between [ and n. We conclude that a set of allocations, prices and policies constitute an
equilibrium if and only if the following hold: (i) the allocations and the tax policy satisfy

conditions (55) and (56) along with the resource constraint

p—1 p—1

o = | [ i) aow)| " (57
(ii) the nominal prices satisfy condition (52); and (iii) the monetary policy satisfies
M(Q2) = P(Q)C(Q). (58)

We now seek to translate conditions (52)-(58) in terms of the relevant coefficients that
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parameterize the allocations, prices and policy under a log-normal specification. Thus let

= const + p,a+ @, x+ @y
= const + a0+ l,a + [,z + lyy

= const +Y,a+ Y, + Py

)
)

logC(2) = const+caa+cyy
)
) = const —Taa—Tyy
)

= const + \sa + \yy

for some coefficients (¢, ¢,, ..., Aa, Ay). (To simplify the derivations, we have expressed the
policies as functions of @ and y; except for degenerate cases, can always translate these
contingencies in terms of contingencies on a and C' or P.) Note that the resource constraint
(57) is satisfied if and only if

ca = (pg+¥z) +02(la+ 1+ 1a) (59)
¢y = @, +0 (60)

while the nominal-demand condition (58) is satisfied if and only if

)\A = c4+ (wa + 1%) (61)
Ay = oyt 1, (62)

Next, we can rewrite the consumer’s demand function as

—p (log p(w) — log P()) = (log c(w, ©2) — log C(Q2))

where
log c(w) = log q(w) + Oz log l(w) = const + (¢, + O2la)a + (p, + Ozl )7 + (@, + O21,)y + O2laa
It follows that the following must hold for all (a,z,y,a) :
_p(,lvbaa + ,lva'r - (,lvba + d}x)d) = (Soa + ‘92[11)0’ + (pr + 02130)1' - ((toa + QQZG + P + QQZCC)a'
This is true if and only if
1 1
Yy = —;(% +0l,) and ¢, = —;(% + 051,
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Finally, note that conditions (55) and (56) may be rewritten as follows:

Ellog! (w, ) |w] = const + 6—; (log g(w) — a)
€2V1

log g(w) = const + fa — k(T aE[a|w] + Tyy) + %E[log C(Q)|w]

where o
0, PVX
5569—1>1, az(l—fy)e—,
a9 —(p— 1w p F— (=1
€2 1 €2 01
V= > —, = > 0, k=vp—p > 0.
p(EQ — 92) + 92 P X (62 — 92) + ’792 p€1 5

Clearly, condition (63) holds for all w if and only if

lo = — -1
o, a1
€1 Ry
l.. = —¢,—la—
6291 Pa 4 K
€1 Ry
l, = o
Y 6291 Spy A K
while condition (64) holds for all w if and only if
Yo = b
Ky QK
0, = —kTa— + —ca—
K X K
K a K
b= k() 42 (o)

where ¢4 and ¢, are given by (59)-(60).

(65)
(66)

(67)

Note that conditions (65) through (68) give the implementability constraints stated in

the proposition, completing the proof of the necessity of these conditions for an allocation

to be part of an equilibrium. We next prove sufficiency.

Pick arbitrary (¢, ¢,,la) and let (¢, la, ls, [,) satisfy conditions (65) through (68). Note
that there is a unique (¢, a4, ls,l,) that has this property for any given (p,,¢,,l41). Next,
pick an arbitrary ¢, and let (ca, ¢y, v,,?,) be determined as in (59)-(51). Next, let (74, 7,)

be the unique solution to (69)-(70); for future reference, this solution is given by

oo
TA = —F7(CGCA— X— ¢,
xk Koy

1 Ky
T = — 4§ QC, — — —
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where yk > 0. Finally, set (A, A\,) as in (61)-(62). By construction, the allocations, prices
and policies defined in this way constitute an equilibrium, which completes the sufficiency
argument.

Part (ii). The proof of this part is similar to that of part (i), except for one key difference:
now the marginal costs and returns of stage-2 employment must be equated state-by-state,

not just in expectation. In particular, we would have
et = (258 () )
i = (5 avmwem (G2) ()

It is this additional restriction that pins down 4. (A detailed derivation is available upon

w] (73)

o

request. )

Proof of Proposition 5 Parts (i) and (ii). Take any allocation in which logq(w) =

©o + .0+ p, v+ @,y and logl(w) = lo + laa + lea + lw + l,y. Welfare (ex-ante utility) is
then given by

1
W(@? l? /ﬁ;) = 1

1 1

exXp ‘/c(@a l? 'Li) — —€Xp VZ(SO, la 'Li) - — &Xp Vn(gp7 la H’)
€2 €1

where ¢ = (0., 0., 0,), I = (la, 12,1y, 14), and & = (K, Ky ), and where

Vi(p,l,k) = (1=7) (g + b2lo + [02la + (o + b2la) + (@, + O2ls) + (¢, + b2ly) ] 1)

1 —1 + 051,) L+ 050,)° L+ 020 (0, + 65,
+_(1_7>(p ) (Pat021a)" | (2 0la)" (00 + Oole) (0, + 0 >]
2 p Ke Ka Fa
1 2 (<Py+92ly)2 (925,4—1-((pa+921a)+(<pm+9211)+((py+921y))2
+-(1—=7) +
2 Ky KA
1 22 1L, 2 (a4 la+1,+1,)
Vi) = ot (lat ottt 5d | (24 2ol g by 1
2 K¢ Kz Kz Ky KA
€
%@%@EE%WM%%+%+%—UM
2
13 (e, =1 @ (0a—1De, ¥  (0ates.te,—1)
Sl |e L pIzgpoire /Yo TV
207 Ke¢ Koy Ky Ky KA

We henceforth consider a relaxed problem, where we ignore the constraint on ¢, imposed

by (13); it will turn out that the solution to this relaxed problem satisfies this constraint,
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which means that the solution to the relaxed problem is also the solution to our initial
problem.

The first-order conditions of the (relaxed) problem with respect to ¢, and [y give

1
Yo - OzexpVC—e—eXan
1

lo : 0=0expV.—expV,

Hence, at the optimal allocation, expV = expV,. = % expV, = é expV; > 0. Let the La-
grange multipliers on the implementability constraints (13)-(16) be, respectively, " 1, " u,,
and evuy. Next, as in the proof of Proposition 2, we can represent the informational ex-
ternalities by two Lagrange multipliers, one for the sum ¢, + ¢, which determines r,, the
precision of the output signal; and another for the sum ¢, + ¢, +02(l,+1.), which determines
Kp, the precision of the price signal. Let these multipliers be, respectively, evnq and evnp.
We can then state the rest of the first-order conditions of the optimal policy problem as
follows.

First, the conditions for the stage-1 strategy are the following;:

o 1 0 = (P—1> ((%+92la)+(%+92zw>)

p K¢ Kz

(02la + (9, + O2la) + (@, + O2la) + (0, + b2ly))

]__
+(1=7) o
—1 ot Y+, —1
_;_1[(% I % k)| T
1 K¢ Ky KA €20
-1 051, 051,
o, 0 = (p )((pr+ 2 >+(90a+ 2 >>
P Ka Ka
(Bala + (9, + Oala) + (0, + O2ls) + (0, + 02l,))
+(1-7)
RA
-1 ot s+, —1
A, =), (Pt eto,—1) e —
6)1 Ry Ry KA 6281
(¢, 4 02ly)  (O2la + (@, + Oala) + (0, + O2ls) + (@, + 021,))
o, 0 0= (1-7) +
Ky RA
_6_1 ﬁ+(¢a+¢z+¢y_1) . &1
6)1 Ry KA Egelluy
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And second, the conditions for the stage-2 strategy are the following:

L0 = <p—1> <<soa+92la)+(¢x+ezzx))

P Ke Ry

[(QQZA + (QOQ + Q2la) + (QOI + 92lac) + (901/ + 92[34))]

+(1—=7) o

lo b (a+la+l+1 .
_62{_+_+<A+ m)%nﬁu_
Ii5 K R A 92

L0 = (p—1> <<sox+92lx)+(goa+025a))

p Ky Ky

(925,4 + (pq + 02la) + (@, + O2ls) + (‘Py + 02[@/))]

KA

+(1—7)[

Lo L (adlotl,+1 )
—egl—+—+(A+ - +y)}+np+“_
Ky  Ka Ka 0y

(¢, + sl,) . (Bala + (9o + Oala) + (9, + Oale) + (g, + Hzly))]

Ry KA

by 0= (1-9)

., [l_er (lA+la+lx+ly)} L

Ky KA 02

[(ezm (Pa + O2la) + (2, + 0al) + (soy+ezly>)] ) [uﬁzmmy)}
- €2

RA

la: 0 = (1—7)

RA
Fa fhy | Fy Hy

+KJ02 I€02

For any given 7, and 7,, the combination of these seven FOCs with the three imple-
mentability constraints (14)-(16) defines a linear system of 10 equations in 10 unknowns,
the allocation coefficients (¢, ¢,,¢,) and (la,l,;,,) and the implementability multipli-
ers (flq, [z, 1t,). The solution to this system gives the following results: For the stage-1

allocation, we get

v, = B (75)
_—_— (1—a)k: « Bt s 46 -
s (I—a)rt+ ks +ra) 1 -« a'la T OpTlp
* H; o _ KJ; 5 5 .
y {(1_0)%2‘;—1-/‘6;—!—%,4}1—046 /{A+,€Z(qnq+ Pnp) (77)

46



where

O1ky (Ka + Ky) (B (€201 + €103) (kg + Ky + Ky) — €102 (ka + (1 — @) Ky + Ky))
€1 (6201 + €102) (ka + Ky + Ky) (ka + (1 — ) Ky + Ky)
(Beaby + €10 + Be102) Ky (Ka + Ky)
e182 (ka + (1 — @) Ky + Ky)

>0

Og

dp >0

For the stage-2 allocation, we get

Vo= la—(Cng +Smy)
o=,

~ K
r =1, o) Ay0
x +</€A+K':r+'%;)( ql]nq+ ppnp)

*

~ K
5 = (g ) Ot

where
P = (Ka + Ko + Ky)@re1
Brae201
o= =)
- € Ka
lx = i(ﬁ; — ZAF
- € ~ K
l, = ;;190; — ;y
and where

_ (Beaby + (B — 1)e10) (Ka + Ky)
A Bea (62601 + €165) =0
(Beaby + (B — 1)erbs) (ka + Ku + Ky)

Bes0y

>0

Ay =

Note that, by Proposition 4, (Z A, Za, l;, Zy) identifies the stage-2 allocation that would obtain
in the (unique) flexible-price equilibrium in which the stage-1 allocation is given by (75)-(77).

Finally, for the implementability multipliers, we get

_ ., _ _e20 €201 (1-02) _
Mo =He = 530570 T oame, T andopy, =0
Letting
A, = 1,0, and A, =n,0,
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completes the proof of all the conditions in the proposition.
What remains is to show that A, and A, (or, equivalently, 1, and 7,) are positive.

Towards this goal, first note that

fr} — e_vaﬂ% a/ﬁq
1 Oky Oky 0p,
WOk, O,
Ty Oky Oky 0¢,
Next, note that g—'z = g—zz =1 and
2
ow (90 +92ly) €2 (020,)* € 03
9V (1 vty 2V L exp V= 4 —exp V, L. 78
aﬁ;y ( ’7) eXp K; 9% exp Vi HZQ/ 9% exp Koy ( )
At the optimal allocation, we know that expV = expV, = exp V), = 7 LexpVj, as well as

that y, = 0 and p, = p1,.. Using the first fact, we get

ow eV € €
—_— = — {(’}/ — 1) (pr + egly)2 + é(@g@f + 9—1905} .

2
Ok K

Using the second fact along with the FOCs with respect to (l4,ls,1y,l4) and the imple-

mentability constraint for ¢, we can express [, as a function of ¢, and p, :

1 Kak -
b= (1=, - — oLz
(€2

— Os) + 70 KA+ Ky + Ky 02

It follows that

Ok, B

ow eV {(1—04)6—1(&2/ (6 — 14+ a)e1y + Begbdy 2,{2}

- 0, lig €30102(ko + Ky + Ky)2 0"

Since B > 1 necessarily, it is immediate that o > 0 (which we have assumed) suffices for

9~ 0. Finally, a“q > 0 if and only ¢, + ¢, > 0, while an,, > ( if and only if
cpa + @, + 02ly + 020, > 0. Comblmng these result, we conclude that A > 0and A, > 0 if
and only if the optimal allocation satisfies ¢, + ¢, > 0 and ¢, + ¢, + 02, + 031, > 0.

To prove this, we proceed in a similar fashion as in Proposition 4. Let

KA+Rz +fiy /8
(1—a)ke+ky+ra

KA+Rz+Ky 102
(1— al*”szrlierliAﬁ( + £201

Do T Py
Do + 0y + Ol + 0o,

D=
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As in Proposition 4, 7 —wv(k) is the distance between any value © that the planner may choose
and the one that would have been optimal from a purely allocative perspective. Moreover,
welfare can be expressed as (a monotone transformation of) a quadratic form of this distance.
In particular, using the FOCs with respect to ¢, and [y, we get that welfare is given by

oy 9—2> o 1+~

€1 €2

W(p,l, k) = ( (2—11 + 2—;) exp Vo(¢, 1, K)

L=y

-1
Since <% + 2—;) -1+~ >0and % + (Z—; > 0, we can once again consider the following

monotone transformation of welfare:
1
TW(()O7 la H) = E‘/c((pa l7 ) H)'

Using then the characterization of the optimal coefficients ((, 1) as functions of ¥, we conclude
that
TW(p, 1, k) = W(0,k) = A(k) — (0 - v(x)) B(k) (0 - v(k)), (79)

where A(k) is scalar that identifies the level welfare attained when v = v(k), while B(k) is
a 2-by-2 matrix that identifies the Hessian of the (transformed) welfare function W. The
latter is given by the following:

B(r) = [ I;H 212 ]
21 22

b _ (8291 + 8192) (IiA + Kge + Iiy) ((1 — Oé) 81‘92I£x + 6 (52‘91 + 8102) (K}A + Iiy))
= (1 — ) £20%0,52 (14 + Ky)

b _ _552 (5 (8291 + 61(92> (K}A —+ Ry + liy) — 6102 (K}Q + (1 — Oz) Ry -+ Iiy))
2= (1 — @) 0252 (Beaby + (B — 1)e165)

. . 6 (8201 + 6192) (IiA + Ky + liy>
b12 = b21 ==

2 (]. — Oé) 9192:‘13
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Note that by; < 0 and that the determinant of B(k) is positive:

det(B) = bllbgg — blgbgl
6 (8291 -+ 8192) (FLA + Ky + liy) %
4(1 — ) 020%K4 (Begby + (B — 1)e10s) (a + ry)

x [4048192@ (1 — a)eifaky + B (201 + €102) (Ka + ) +

+ (65201 + (ﬁ — 1)61€2> (K,A + Ky + /fy) (4 (]_ — O./) 51&2/{:5 + 36 (8201 + 5102) (/{A + Iiy))]

> 0.

It follows that the matrix B(k) is negative definite and, hence, the aforementioned quadratic
form for welfare in (79) is also negative definite. The same type of arguments as in Proposi-
tion 2 then imply that the optimal o is positive, and indeed higher than v(x), which in turn
guarantees that A, > 0 and A, > 0.

Proof of Proposition 6 We prove the result in reverse order.

Part (ii). At the optimal allocation, aggregate consumption is given by
log C(§2) = const + cya + ¢,y = const + (i + ¢,)a + c,¢

where ¢y = (@ +@5) +02(1; +1;+1%) and ¢ = oy +0,l. If monetary policy were replicating

the flexible-price allocations, then aggregate consumption would be given by
log C(Q) = const + ¢aa + ¢,y = const + (¢4 + ¢,)a + ¢ye

where ¢4 = (¢ + %) 4+ 03(lo + I, + 14) and &, = oy + 051,. From part (i) of Proposition 5,
it is immediate that ¢ < ¢4 and ¢ + ¢, < ¢a + ¢,. The first inequality means that if one
fixes the common belief about aggregate productivity (namely y) and considers the surprise
component in the realization of aggregate productivity (namely @ — y), then the response of
aggregate consumption to this surprise component is lower in the optimal allocation than in
the flexible-price allocation. The second inequality means that if one considers the overall
response of consumption to the aggregate productivity keeping the noise (¢), then this is
also lower. So, no matter which way one sees it, the optimal monetary policy is less accom-
modative of the productivity shock than what would have been consistent with replicating

the flexible-price allocations.
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Part (i). Write the tax in terms of the productivity and the noise shocks as
—log(l —7) =75+ 7ha+ Tie

We seek to prove that 7% < 0. Re-expressing the tax as a function of the productivity shock

and the sufficient statistic of the public information gives
—log(1 —7) =70+ Taa+ Tyy

where 74 = 7% — 7% and 7, = 7%. From conditions (71) and (72) in the proof of Proposition

7?7, we know that the optimal tax satisfies

* 1 * K *
T = _— oC — J—
A Xk A X/’ix Pz

* 1 * * * "‘Jy
T, = —§ac,— — P

where ¢y = (¢} + ;) + 02(I5 + 13 +1%) and ¢, = ¢} + 0217, Let

R 1 { . K }
Ta = —qafs—Xx—¢;
Xk Ka

A 1 ~ * * ﬁy
Ty = —1QC, — — P
Y in Y X (’Dy 90$ /431»

where é4 = (¢F + %) 4+ 05(ly + I, +14) and y = @5+ QQiy; this identifies the tax policy that
would be required in order to implemented the optimal stage-1 sensitivities, ; and ¢j, if
monetary policy were replicating the flexible-price allocations associated with these stage-1

sensitivities. It is easy to verify that

F4=—AA and Ty =—-A—1—A
KA+ Ky

where A = A, + A, and \ = m(:(%;:(el;oé);jf f;’));l;z) > 0. This result is identical to the result
in the baseline model, except for the different value of the coefficient A\. Once again, A >
0 is necessary and sufficient for 74 < 0 and 74 + 7, < 0; that is, the tax that would
have implemented the optimal stage-1 choices if monetary policy replicated the flexible-price

allocation is countercyclical, much alike in the baseline model. But now note that the optimal

o1



tax satisfies

1

o= T —oal(ch, —¢
Ta Ta+ & (ch —é1)

* A 1 * ~
T, = Tyt Ea(cy — ¢y)

By assumption, o > 0, while by part (ii) of Proposition 5, ¢} < ¢4 and ¢} + ¢, < éa + ¢,
It follows that 77 < 74 and 75 + 7, < T4 + 74, which means that the optimal tax is even

more countercyclical.
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