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Abstract

In this paper, we propose a Gmm estimation of the structural parame-
ters of the Long Run Risk model that allows for the separation between the
consumer optimal decision’s frequency and the frequency by which the econo-
metrician observes the data. Our inference procedure is also robust to weak
identification. The key finding is that the Long Run Risk model adapts well
to the data but could not be so good at forecasting or telling the true story
about what drives the evolution of asset prices. Indeed, the model is able to
reproduce the qualitative behavior of targeted moments in the long run when
the corresponding estimates of the structural parameters are used for simula-
tions, but it also faces a urge tension in keeping in track with all the observed

moments considered.



1 Introduction

One of the long lasting challenges in asset pricing is to provide a model that could
explain the observed level of asset prices and reconcile model’s predictions with the
observed macro-finance data. Three main competing models, which focus on the
decision problem of a representative agent, have received a great attention in this
domain : The Habit-formation model (Abel, 1990; Constantinides, 1990; Cochrane
and Campbell, 1999), the long run risks model (Bansal and Yaron, 2004) and more
recently, the rare disasters model (Rietz, 1988, Barro 2006, 2009; Wachter, 2013).
Those alternative models are usually able to account for the observed level of equity
premium and risk free rate with a reliable value of the representative agent risk
aversion coefficient.

However, each of this model has received some criticisms related to their capacity
to yield the same predictions as what have been documented in previous studies from
the observed data, especially when we look at higher order moments of the models
predictions. Indeed, just to take some few examples, the main intuition behind
the habit model is that the drop of consumption toward the habit level rises the
risk aversion of the representative agent who asks for a higher equity premium as
compensation. So this model implies that past consumption growth should predict
future prices but that has not been observed in the data (Bansal et al., 2012a).
In the case of the rare disasters model, the eventuality of a rare but large drop in
consumption induces a higher equity premium. However, the implied consumption
growth process necessary to generate the level of the U.S historical average equity
premium is much more volatile and skewed than what we observe in the historical
data' ([Julliard and Ghosh, 2012]).

More recently, there have also been some criticisms toward the Long run risks
(henceforth LRR) model concerning the predictive power that the model confers to
asset prices toward cash flows variables. Indeed, as pointed by Beeler and Campbell
[2012], the initial calibration of the model implies that the price-dividend ratio has
a huge predictive power on the consumption and dividend growth and that is at odd
with what is observed in the data. As we know from Cochrane, 2001 Chap. 20, the
observed variability in log price-dividend ratio implies that it must predict future
excess returns or future dividend growth; but in the data, the log price-dividend

ratio seems to predict future excess return and it does not predict future dividend

!This is mainly because the size of the annual drop in consumption growth considered in this
model corresponds in the data to a pluri-annual summation of consecutive drops. In other words,
the probability that such a drop (the one considered in the model) would be observed in the
data is more smaller than the rare disaster probability considered to generate the observed equity
premium.



growth. A subsequent calibration of the model in Bansal et al. [2012a]? has weakened
this predictive power and done a great job in reconciling the model with the data;
hence showing that the model implications could be improved just by changing the
parameters calibration.

Even though this new calibration of the model has brought the model impli-
cations closer to the data by reducing the predictability of future dividend and
consumption growth by the asset prices, it has failed to captured the observed pre-
dictability of future excess returns by the log price-dividend ratio. Some other
mismatches between the model implications and the observed data have also been
pointed out and they call for the seek of at least a better calibration of the model in
order to reconcile the model predictions, especially in terms of moments matching,
with what is observed in the data as advocated by Bansal et al. [2012a], Beeler and
Campbell [2012].

The aim of this paper is to estimate the structural parameters that will enable
the model to well fit a set of empirical moments derived from the observed data.
While this estimation is of particularly importance to test some key assumptions
of the model like for example the Elasticity of Inter-temporal Substitution (EIS)
being greater than 1, very few studies have attempted to estimate the fundamental
parameters of the LRR model. Indeed, the simulation of the model appears to be
pretty easy, but the estimation of the fundamental parameters is more challenging
due to the unobserved latent variables, the preference structure ( Epstein-Zin recur-
sive utility function) and the large number of parameters to be estimated. However,
contrary to the calibration exercise which can look like a “fishing expedition”, the
estimation allows to determined the set of parameters that will bring the model pre-
dictions closer to the data in terms of moments we considered, which could also be
easily extended to take into account some new stylized facts. Bansal et al. [2012a]
recommend the use of a Simulated Method of Moment (SMM) for the estimation of
the model parameters instead of a successive regressions approach which produces
a downward bias of some coefficients like the EIS and a upward bias of others like
the risk aversion coefficient. We try to go further in this direction by deriving the
analytical formulas for theoretical moments in order to use the Generalized Method
of Moment (GMM) which is more efficient than the SMM.

In this paper, we extend the parametric estimation of the LRR model as done

2In the Bansal and Yaron, 2004 (henceforth, BY) model the emphasize is put on the persistent
of the expected component of the consumption growth process as the main driver of asset prices,
while in the Bansal et al. [2012a] (henceforth, BKY) formulation it is the stochastic volatility of
the consumption growth process that determines the equity premium level Beeler and Campbell
[2012].



by Constantinides and Ghosh [2011], to take into account some key failures of the
previous calibrations of the model pointed by Bansal et al. [2012a], Beeler and
Campbell [2012]. Our procedure is closely related to their; the difference being that
firstly, we consider an extended version of the LRR model as in BKY where we
allow the dividend growth process to be correlated to the short run risk; secondly,
we extend the set of moments to be matched, in order to consider some critics
formulated against the previous calibrations of the model; and thirdly, we disentangle
the agent decision frequency from the one at which the econometrician observes the
data through temporal aggregation. Indeed, the LRR model is usually simulated
assuming that the agent optimal allocation is made at the monthly frequency while
the econometrician observe the data at the annual frequency. We assume that this
mapping between the agent decision frequency and the data observation frequency
by the econometrician is unknown and could be estimated. Our approach is closely
related to Bansal et al. [2012b]who introduced the time aggregation in the estimation
of the LRR model, but contrary to them we used a weak identification robust method
for the inference. Other approaches have also been used to estimate modified versions
of the LRR model. Bansal et al. [2007a] assumed that consumption and dividend
growth were co-integrated and used the Efficient Method of Moments (EMM) for
the estimation. Schorfheide et al. [2014] disentangled the volatilities of the cash flow
processes (consumption and dividend growth), introduced a shock to preferences and
used a Bayesian Markov Chain Monte Carlo (MCMC) methods for the estimation®.
Calvet and Czellar [2015] used an indirect inference method with a restricted version
of the LRR model that has a closed form solution as auxiliary model and in their
estimation procedure they do not used the market return.

The remaining of the paper is organized as follow: In section 2 we provide
the model statement and derive the asset prices formulas in term of underlying
parameters. Section 3 provides some comparisons of the model predictions and the
data for two common used calibrations of the model. It also highlight the successes
and failures of those calibrations and points out the problem we will try to solve by
estimating a new set of parameters. Section 4 presents the estimation procedure and
some result of the simulations we did in order to verify the reliability of our method
before applying it on the observed data. In section 5, we present the results of our
estimations and discuss the results. Section 6 concludes. An appendix is provided
in section 7 with time aggregation derivations and the analytical formulas of the

theoretical moments.

3Contrary to them, we prefer to remain parsimonious in terms of model’s parameters as our
objective is to improve the basic LRR model results through our estimation procedure.



2 The model and the solution

The long run risks model initiated by Bansal and Yaron [2004] (BY) provides an
explanation to many asset pricing puzzles in the context of the U.S. Economy and the
calibrations of the model considered in BY and subsequently in Bansal et al. [2007Db]
seems to well fit many first and second order moments of the U.S. historical macro-
finance data. The success of the model lies in particular in the use of the Epstein and
Zin [1989] utility function® with an elasticity of inter-temporal substitution (EIS)
greater than 1, which features a preference for an early resolution of time uncertainty
and the introduction of two predictable latent variables (a persistent component and
a time varying volatility) to describe the evolution of the cash flows (consumption

and dividend growth) and asset prices processes.

2.1 Model statement

We consider a representative agent with Epstein-Zin recursive preferences. For these
preferences the Euler equation satisfied by the representative agent’s optimal allo-

cation plan is given by:

0
Eilexp(6logd — EQHI + (0 = Dregrr +rigen)] =1 (1)
with 0 = 11:1, ~ is the coefficient of risk aversion and 1 is the elasticity of inter-

temporal subwstitution (EIS); g is the consumption growth process, ¢ is the discount
rate, r;; is the log-return on a given asset ¢ and r.;1; is the log-return on wealth
portfolio that delivers aggregate consumption as its dividend each period. The
evolution of the growth process is driven by x; the persistent component of the
consumption growth process which is unobservable but seems to play a big role in
the model andoy is the stochastic volatility process.

Jt41 = [+ Ty + O¢Ni41 (2)
Tiy1 = PTt + PeOilri1
ot =0+ v(of — %) + opwip
Gdt+1 = Md + QT + TOt1 + a0l
Wig1, €441, Ugt1, M1 ~ N.i.id(0, 1)

€ii1, Mia1, Werirepresent the three sources of risk in the aggregate consumption

4The Epstein-Zin recursive utility function allows to disentangle the time preference (charac-
terized by the elasticity of inter-temporal substitution) from the risk aversion. Indeed, the fact
that someone is highly risk averse does not necessarily imply that she will also want to smooth
consumption over time [Mehra, 2003].



dynamics that are priced in the long run risks model and correspond respectively
to the short run risk in consumption, the long run risks and the volatility risk. =
represents the magnitude of the influence of short run consumption shocks on the
dividend growth process. In The Bansal and Yaron [2004] calibration, this coefficient
is equal to zero, while it is equal to 2.6 in Bansal et al. [2012a]; furthermore it has
not been considered in the Constantinides and Ghosh [2011] estimation of the model
parameters and so, this omission could be damaging for the estimation of the other
parameters of the model or could implied a rejection of the model. The exposure of

the dividend growth process to the long run consumption shocks is captured by ¢.

2.2  Solution

To solve the model, Bansal and Yaron [2004] assume that the price-consumption
ratio, the price-dividend ratio and the risk free rate are affine functions of the states
variables.
z = Ao + A1xy + Ago? (3)
Zmit = Aom + A1mT + A27m0t2
rre = Aos+ A1z + Agpo}

They combined this with the Campbell and Shiller [1988] approximation of the
returns on the wealth and market portfolios; r.;11 = ko + k12141 — 2¢ + g1 and
Prnt1 = Ko+ Kt mZmi+1 — Zme+ Gaer1 With ko = log(14€*) — k12 , ky = 15 kom =
log(1 + ) — k1 z,, and ky,, = =

e Plugging the system of equations (1) and
(2) in the Euler equation, we can easily derive the analytical formulas for the coeffi-
cients Ao, A1, A2, Aom, Aim, Aom, Aoy, A1y and Agy conditionally on kg,kq,konand
kimwhich also depend on Z and %,,°. So, the model is solved by firstly determining
the mean values of the log price-consumption and log price-dividend ratios through
the resolution of a fixed point problem, secondly the k’s are computed and finally the
A’s coefficients are determined. All this is done using a fixed point algorithm which
converges very quickly when the fixed point is feasible. Indeed, the fixed point fea-
sibility has not been emphasized in the previous literature. However, when dealing
with an optimization algorithm, this feasibility becomes very relevant because when

not satisfied it leads to a crash of the routine. To obtained the fixed point feasibility

°In many studies of the LRR involving the Campbell and Shiller [1988] approximation, the
values of Z and Zz,,are calibrated instead of been determined as the solutions of the fixed point
problem. This could lead to a bias estimation of the true parameters of the model. Indeed, we run
a simulation experiment showing that calibratingz and Z,,to the wrong values leads to a rejection
of the true parameters of the model and this happened even when the calibration error is less than

5%.



condition, we substitute ko, k1,4, A1, As in the expression of z = Ay + A2 and

obtain the following equation:
f(z) =9(2) (4)

where

f(2) = 7 —10g(0) — (1 = ) — log(1 + ¢*) and
g(Z) = >‘1 (1 + U(Z Pe> p)2) + )\1 (1 + U(?, Pe> p)2)2 U(Z, )\07 V)2
with Ao = 0.5(1 —7)% , Ay = 0.5(1 — 7)(1 — 3)5* and U(z,a,b) = H:+Z—ZJ)

The function f is increasing : R —] — oo; F[ and the function

decreasing : R —]Gy; G1 if A <0

g is
increasing : R —|Gy; Gy if A >0
where
F =1lim f(z) = —log(d) — (1 — i),uc, G1 =1lim g(z) = A\ and
z—+00 Z——00

Ga=tm 1) = (” (fp)Q) (” (” <fp>2> (13)2)

Equation 4 put a restriction on the preference parameters (9,7, ) of the repre-
sentative agent for a given set of consumption growth parameters. For a given set
of parameters to be feasible, the pure discount factor should satisfy the following

conditions:

(1¢)<uc+ 2

1—

<

0<e > ify>Lyv>lory< <1

G

(11)<Mc+ 1
0<e v .

<

> ify>Lv<lory<l,p>1

For some vector of parameters, for example if F' < G5 while \; < 0 or F < G,
while \; > 0, there is no fixed point. A similar condition also derives from the log
price dividend ration equilibrium condition (see Appendix). As illustrate in figure 1,
the increase of the unconditional mean of consumption growth restricts the feasible
combination of agent risk aversion and elasticity of inter-temporal substitution; and
the increase of unconditional mean of the dividend growth process further restrict
it. Furthermore, once some parameters are kept fixed, the comparison between F'

and G’s determines the fixed point feasible set for the remaining parameters. In



the case where v > land ¢ > 1 for some values of the unconditional mean of the
consumption growth process (1), the upper bound of the pure discount factor will
be lower than 1 and in this case, it is an increasing function of the relative risk
aversion coefficient (). If § = 1 then there exist 4 such that there is a solution to
the fixed point problem only if (v >4 and ¢ > 1) or (y < ¥ and ¢ < 1).

This condition is the same as the ones obtained by Burnside [1998] with a
CRRA utility function and a Gaussian consumption growth process and extended
in de Groot [2015] to a stochastic volatility consumption growth process. They ob-
tained a sufficient condition for the price dividend ratio to exist®, but contrary to
them our condition is a necessary’ condition for an equilibrium finite value of the
price dividend ratio to exist and it is determined after applying the Campbell and
Shiller [1988| approximation. In a model with CRRA utility function (y = i), our
condition is necessary and sufficient (analytically it is the same as the one obtained
by de Groot [2015]) for the existence of the price-consumption ratio, but with the
Epstein-Zin recursive utility function, we show that it is much more less restrictive
compare to the one obtained through the series convergence criterion. Creal and Wu
[2015] also studied the fixed problem in a consumption based model with recursive
preferences, where they introduced some shocks to preferences and affine dynamics
of the state variables. There conclusions are similar to the ones we obtained here.

To handle this fixed point existence problem in the estimation, we set a ruling
out condition in the optimization algorithm for all the parameter’s vector for which
the fixed point does not exist; in the case where the algorithm is trying such a vector
of parameters, the objective function is automatically set to a very high value.This
penalty value imposes the optimizers to seek the parameters in other regions (Holly
et al. [2011]). By trying various combinations of parameters, the optimization algo-
rithm allows to expand the set of possible parameter values compared to a calibration
exercise where some parameters are given less attention (like for example, the ones
driving the consumption and dividend processes) and are preliminary fixed, hence
constraining the set of feasible parameters. This fixed point feasibility might also
cause difficulties to optimization method based on the gradient if its analytical ex-

pression is not provided. Indeed, as the numerical approximation of the gradient

SWhen the stochastic volatility is shut down, Their condition is is given by § <
e ((1_7)“°+0‘5<%)202>, which is obtained from the convergence criterion of a given series

“When the sufficient condition is satisfied, we are sure that the price dividend ratio exist, but
it does not mean that it will not exist when the condition is not satisfied, instead the sufficient
condition can be too much restrictive and should not be used to construct the set of unfeasible
parameters. On the other hand, when the necessary condition is satisfied, the price dividend ratio
could possibly exist and we are sure that it does not exist when that condition is not verified, so

this condition in more appropriate to construct the set of unfeasible parameters.



value needs two points where the objective function will be evaluated, one of the
two might fall in the infeasible region. That is why we preferred an optimization
method based uniquely on the objective function (The Nelder and Mead [1965]’s
algorithm).

Figure 1: Feasible set fory and 1 with the remaining parameters fixed
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This figure shows the feasible values (for which the model can be simulated) of RRA (y) and
EIS (¢) when all the other parameters are kept fixed. We restrict the values of v and % in [0.5, 30].
In the baseline picture, the value of the other parameter are as in the BYK monthly calibration:
§ = 0.9989, 1. = 0.0015, g = 0.0015,¢ = 2.5, = 5.96,p = 0.975, 0, = 0.038,0 = 0.0072, v =
0.999, o, = 0.0000028, 7 = 2.6. in the middle picture the value of the average consumption growth
is put at p. = 0.0020 and in the right picture: p. = 0.0020, ug = 0.0025.

2.3 Temporal aggregation

The structural parameters used to simulate the LRR model are usually assumed to
generate the data at the monthly frequency. Then these data are aggregated at the
annual frequency and the moment are computed to be compared to those computed
in the real annual data. We choose to follow this tradition here. But we could also,
as done by Bansal et al. [2012b], assume that the frequency at which the model

evolves is unknown but we still observed the data at the annual frequency. Then



the aggregation frequency becomes another parameter that could be determined
optimally in order to match the observed data. This implies that the annual the-
oretical moments should be computed while taking the temporal aggregation from
an unknown frequency, which would be within a year, to the annual frequency. For
example, it could be that the representative agent in the model takes its decisions
about the optimal consumption allocation every 2 months; then the annual data
will be the results of 6 period’s temporal aggregation. Appendix B. presents the
analytical formulas for cash flows and asset prices allowing to move from the agent
decision frequency to the annual frequency while assuming that there are h-periods
within a year. The theoretical moment derived from the aggregate processes will
be used to match the corresponding ones observed in the data and this is how our
Gmm procedure will estimate the structural parameters of the model to match the

observed data.

3 Moments matching

In this section we simulate the model using the standard calibrations as in Bansal
and Yaron [2004], Bansal et al. [2012a] and compare the model predictions to the
observed annual data. This is done in order to highlight the successes and failures of
the previous calibrations of the model relative to the data. Later after the estimation,
we will re-do this simulation exercise using the estimated parameters to calibrate
the model and see whether the model predictions have been improved. Simulated
data from the model are generated at the monthly frequency, then aggregated at
the annual frequency to make the comparison with the observed annual data. Our

observed annual data set goes from 1926 to 2009, which corresponds to 1008 months.

3.1 Data and Basics moments

We use the U.S annual real data on consumption growth per capita of non durable
goods and services from Robert Shiller Website. The financial data (risk free rate,
market return, dividend growth and log price dividend ratio) are also from Shiller’s
Website, the real values are computed using data on inflation from the same source.
The log price dividend ratio is obtained by dividing the real prices by the real
dividend and taking the log. The real market return is obtained by subtracting
the inflation rate from the nominal market return; the same procedure is applied
to obtained the real risk free rate. the growth rates are obtained by taking the

differences in the log of the corresponding variables.
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The simulation procedure is done as described in appendix A.1. The moments
computed from the simulated data will give us an idea of how far the model is close
to the data by comparing their values with what can be computed using the recorded
data. We also report the results obtained by Constantinides and Ghosh [2011]using
the same calibration from Bansal and Yaron [2004] as we do. In general the model
is very close to the data as far as we consider moments of the consumption growth,
dividend growth and market return processes; the moments computed using the
observed data are within the 95 % confidence intervals of the model predictions.
But for the risk free rate and the log price-dividend ratio, the model predictions are
less convincing and in many cases, the observed data moments fall out of the 95 %
confidence interval of the model prediction.

Indeed, the average level of the risk free rate predicted by the model is above
what has been recorded in the data, meaning that the representative agent in the
model is less risk adverse than the real one, or the preference for the future is higher
(a lower time preference) in the reality than what the calibrated model assumes. It
means that, the risk aversion coefficient or the preference for the future coefficients
(the EIS or the pure discount rate) should be increased in the model. As we see
in the BKY calibration, the pure discount rate has been increased and the model
yields a 95 % confidence interval which now contains the small observed value of
the average risk free rate. So increasing the pure discount factor, and by the way
lowering the time preference for the representative agent in the model, reduces the
demand for saving and allows the model to generate a low average risk free rate that
is closer to what is observed in the data. However, some improvement still need
to be done. Indeed, the observed volatility of the risk free rate, the volatility and
auto-correlation of the log-price dividend ratio are all out of the 95 % confidence
intervals predicted by the model for all the calibrations considered.

Table 3.1 also reveals that the BY and the BYK calibrations deliver almost the
same results in term of basic moments even though they are quite different. So,
by using only the basic moments, we could identify many sets of parameters that
could fit the model and in order to discriminate among then we need to add other
moment conditions and select among the candidate sets of parameters allowing to
fit the basic moments, those that will also be able to fit the added moments.

These observations clearly advocate for the use of an estimation procedure in
order to select the parameters that will bring the model closer to the observed
data. This exercise will be very important also because the mechanism at play in
the model depends on the calibration. Indeed, as it has be pointed by Beeler and

Campbell [2012], the relative importance of movements in consumption growth and
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volatility is not the same in the BY and BKY calibrations. In the former calibration,
time variation in the volatility almost plays no role while in the later, it is a key

determinant of the level of the equity premium and the volatility of the stock prices.

Table 1: Basic moments implied by the model

’ Moments ‘ Data ‘ BY ‘ BKY ‘
0.020 0.018 0.018
E(Ac) 0.005; 0.031] | [0.006; 0.030]
20) 0.03 0.028 0.028
oNEe [0.023; 0.035] [0.015;0.044]
0.359 0.473 0.402
ACL(Ac) [0.245; 0.668) [0.168;0.608]
0.008 0.010 0.018
E(Ad) [-0.034;0.054] | [-0.032;0.066]
0.110 0.112 0.155
o(Ad) [0.091;0.137] [0.084;0.247]
0.146 0.367 0.261
AC1(Ad
CL(Ad) 10.149;0.570] [0.034:0.466]
) 0.075 0.067 0.065
" [0.027;0.109] [0.019;0.121]
) 0.200 0.167 0.205
IATm [0.139;0.198] [0.118;0.321]
20.003 0.017 20.002
AC1(ry,
Clrm) [-0.203;0.236] | [-0.227;0.230]
Biry) 0.005 0.026 0.001
! 10.018;0.034] -0.004;0.018]
ors) 0.039 0.012 0.011
! [0.009; 0.017] [0.005;0.018]
0.563 0.807 0.806
AC1
C1(rs) 10.671;0.900] [0.660;0.908]
3.320 3.007 3.05
F —

(p—d) [2.894;3.118] [2.593:3.319]
oo | O 0.188 0.204
7P [0.140;0.250] [0.106;0.331]

0.936 0.654 0.628
ACLp —d) 10.441;0.811] [0.314;0.850]

The table displays the results from 10.000 simulations of 948 months each (to mimic the period 1930-2009)
of the long run risks model based on the following BY calibration: § = 0.998,v = 10,% = 1.5, u. = 0.0015, ug =
0.0015,¢ = 3, = 4.5,p = 0.979, ¢ = 0.044,0 = 0.0078,v = 0.987, 0, = 0.0000023, 7 = 0. The statistics are for
annually aggregated variables (consumption growth rate, dividend growth rate, market return, risk free rate, log
price-dividend ratio). Aggregation has been done through a 12 months summation for growth rates and returns.
For the log price-dividend ratio, the annual values have been computed using the year’s December values of the
price divided by the summation of monthly dividends within the year. The last column reports the result obtained
using Bansal et al. [2012a] calibration: ¢ = 0.9989,~ = 10,1 = 1.5, uc = 0.0015, ug = 0.0015,¢ = 2.5, = 5.96, p =
0.975, pe = 0.038,0 = 0.0072,v = 0.999, 0, = 0.0000028, ™ = 2.6.
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3.2 Stylized facts and Model predictions

Beeler and Campbell [2012] have extended the basic set of moments matching to
verified that the long run risks model is coherent with some stylized facts that have
been documented by earlier studies. Specifically, they tested 2 stylized facts related
to the predictability of cash flows by stock prices:

e log price-dividend ratio predicts excess stock returns and not dividend growth
or real interest rate (Campbell and Shiller [1988]; Fama and French [1988];
Hodrick [1992]);

e there is a strong relationship between stock prices and consumption volatility
but no link between stock prices and return volatility [Beeler and Campbell,
2012|;

As shown in Table 3.2, in the data the log price-dividend ratio predicts excess stock
returns with a negative and significant sign at 5% confidence level; meaning that
an increase in stock prices predicts a drop in future returns. This predictability
increases with the horizon; at one year horizon, log price-dividend ratio explained
only 6 % of future excess return. This explanation increases to 29 % at 5 year
horizon. The predictability of future excess return by the log price-dividend ratio
is due to the persistence in the later variable (Cochrane [2001], Chap. 20), but it
is not captured by both the BK and the BKY calibrations of the long run risks
model: at 5 year horizon, the log price-dividend ratio explains less than 5% on the
excess return and the regression’s slope even sometime has the wrong sign or is not
significant.

For the consumption process, the picture is inverted, the model overstates the
predictability of future consumption growth by stock prices : in the data, there is
no evidence of predictability of future consumption growth by the log price-dividend
ratio while in the BK and BYK calibrations, log price dividend ratio predicts future
consumption growth with a significant slope coefficient. Even though the power of
the predictability of the future consumption growth by the log price dividend ratio
has been greatly reduced from BK to BYK calibration, the slope coefficients still
remain significant at 5 % confidence level; what is at odd with the data.

As we know from (Cochrane [2001], sect.20.1.2), log price-dividend ratio only
moves if it forecasts excess return or dividend growth or if there is a bubble. In the
data, log price dividend ratio rather predicts excess return as we can see in Table 2.
The BKY calibration does well in this respect compare to the BK calibration where

the log price dividend ratio seems to predict future dividend growth.
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Table 2: Predictability of excess returns, consumption, and dividends.

B R? B(50%) B(50%) R2(50%) % (1?2)
data data BY BKY BY BKY BY BKY
Z}]:1 Tig+j — Ty = const. + B(pf —dff) + vy
-0.107 0.0614 0.079
1Y | ———+ . .01 944 0.
3446 0,059 0712 0.925 0.006 0.010 0.9 0.908
-0.304 -0.171 -0.219
3Y 1078 0.222 1032 1305 0.024 0.026 0.950 0.884
-0.440 -0.299 -0.447
_— . .021 .04 . .862
oY 1420 0.293 1908 1365 0.0 0.040 0.960 0.86
ijl(Acgﬂ) = const. + B(pf —d}f) +eitg
0.001 0.067 0.056
. .22 1 .
1Y 0165 0.0003 1345 5 694 0.225 0.150 0 0.009
-0.002 0.175 0.108
Y | ————— | 0.0002 2 114 .001 .02
3 0116 0.000 5361 1713 0.267 0 0.001 0.027
-0.009 0.220 -0.089
Y | ———— . 21 . .01 .
5 0562 0.005 1648 1269 0.219 0.089 0.010 0.086
Y (Adfy ) = const. + B(pf — df) + vy
-0,003 0.262 0.317
1Y 0133 0.000 3917 1898 0.118 0.198 0.002 0.001
0,024 0.663 0.351
Y : . 0.165 0.085 0.015 0.068
3 0,436 0.003 3.955 2.301
0,043 0.673 0.737
Y | —— . 14 .062 .04 1
) 0,612 0.007 3622 1531 0.145 0.06 0.047 0.157

There is a great improvement in the model implications from BK calibration to BKY own.
However, the BKY calibration of the model failed to capture excess return predictability by the
log price dividend ratio that is observed in the data. Each column represent the slope and the
t-stat of the predictive regression of future excess return, consumption and dividend growth on
the log price dividend ratio for different horizons (1 year, 3 years and 5 years ). The R-square are
also provided. The last column represents the percentage of sample simulated R-squared that are
below the R-squared observed in the data; a percentile below 5% or above 95 % correspond to a

one side test rejection of the model at 5% significant level.

Some of these stylized facts have been shown to be a failure of the BY and BYK
calibrations to match the data. But, as the matching of the data has been greatly
improved from the BY calibration to the BYK own, there is a hope that the failure
highlighted by Beeler and Campbell [2012| and Garcia et al. [2008] could be just a
failure of finding the good set of parameters for the model rather than a rejection of
the economic mechanism presented in the model as the explanation of many asset
pricing puzzles. So, the addition of the predictive moment constraints implied by
these stylized facts in the GMM procedure should improved the model prediction

through a better selection of the set of parameters. The derivation of the theoretical
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annual moment involving the log price-dividend ratio is not an easy task because
the annual values of the log price-dividend ratio are obtained by dividing the end
of year (December) monthly prices by the sum of the monthly dividends within the

year. So,
h—1

—df =log Py —10g ¥ Dni_; (5)

J=0

Then using the following approximation presented in Bansal et al. [2007b]. ®:

log Z Dht+1)—; = log Dpe +log h + Z j—Adh (t+1)—j (6)

Equation (5) can be rewritten as follow”:

Py — df = pg+ f + Agmon, — T — @auy (7)
Where -
+1 . — (j+1
Nd = Ao — logh — Z (J ) Kd, Ty = Al Tpe — Z (jT) ¢37ht—j—1
§=0
h—1 , . h—1 , .
a J+1 . j+1
e = Z <T) Oht—j—1Mht—j, Uy = Z (T) Oht—j—1Uht—j
=0 j=0

Equation (5)) allows to write the annual values of the log price-dividend ratio in
terms of monthly values of the log price-dividend ratio and monthly dividend growth
rate. This formula will enable to express the annual log price-dividend ratio in term
of monthly shocks and later to compute the theoretical moments mentioned in the
stylized facts that will be added to the previous usual set of moments. Equation (7)
shows that the annual value at year t of the log price-dividend ratio depend on the
monthly values of the persistent component of the consumption growth process, on
the December volatility, on the monthly short run consumption shocks and monthly
dividend growth shocks. We can see that negative shocks will increased asset prices
while past month positive shocks will lower the level log price-dividend ratio.

To compute the theoretical value of the slope in the predictive regressions, we need
to express the annual value of the cash flows in term of monthly processes. Fu-

8This approximation is exact when the arithmetic mean and the geometric mean are equal; it
is also assumed in Hansen et al. [1996]. It could also be obtained through a Taylor approximation
around the mean of the one period (log) consumption growth and assuming that mean to be equal
to zero, as shown in Ghattassi and Meddahi [2012] .

9This expression of the aggregate log price-dividend ratio is mainly used to compute the
theoretlcal moments, but for simulations We rather used the following intermediary formula:

d—%m+zyﬂmmjl%h S () Adp—;
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ture annual excess returns could be expressed in term of present year last month
states variables (xp; and op,;) and weighted sums of within years future monthly con-
sumption and dividend shocks (Uh(t+j)fp7177h(t+j)fp7 OwWh(t45)—p O h(t+5)—p—1€h(t+5)—p>
O'h(t+j)fpfluh(t+j)fp) as follow:
J
T T T J
Z (Pt = Thaes) = ﬂ?’hﬂﬁg’%ﬂh(t—l)+¢§’J0i2z(t71)+€? +wy” A pquy” s (8)
j=1

a,J ga,J 4]

S a,J a,J . .
where p®”, ¢%7, ¢%7, e w7 gt Aoy Av,Ag, B and By, . are given in Ap-

pendix A.3.

We choose here to focus on the predictive regression of the future excess return on
the log price-dividend ratio because this is the key mismatch that both the BK and
BKY calibrations failed to capture. For the other predictive regressions (with future
consumption or dividend growth as the dependent variables), the BKY calibration
delivered a pattern that seems to be close to the data.

Concerning the second stylized fact, the derivation of analytical formulas is more
tricky because, as in Beeler and Campbell [2012], we need to compute the realized
volatility suggested by Bansal et al. [2012a|. For that, the first step is to run an
AR(1) regression of each variable of interest y; (consumption or dividend growth or

excess return):

Yir1 = bo + b1y + wipy (9)

Then we can compute the K-period realized volatility as the sum of the absolute

values of the residuals over the K periods:

K
Volij14x = Z | wipr | (10)
k=1

and finally we regress the log of K period realized volatility on the present log

price-dividend ratio:

loglVolyi14x] = e + Be(py — df) + &i i (11)

Keeping track of analytical formulas along this procedure becomes difficult; that is
why we will use it (this procedure) as an out of sample test to see whether the new
calibration derived from estimation performs better than the previous one as far as

this predictability is concerned.

16



Table 3: Predictability of the volatility of excess returns , consumption, and divi-
dends.

B R? B(50%) B(50%) R2(50%) % (1?2)
data data BY BKY BY BKY BY BKY
Excess return volatility predictability
0.015 -0.040 -0.090
1Y . : .02 351 0.1
0553 0.003 05732 1756 0.007 0.027 0.351 0.173
0.008 -0.149 -0.256
. .01 . . .
3Y 0.106 0.0003 102 EWTT 0.015 0.057 0.077 0.038
-0.012 -0.225 -0.415
— | 0. 022 0. : .04
oY 0114 0.0004 0812 5992 0.0 0.073 0.067 0.040
Consumption growth volatility predictability
-0.013 -0.006 -0.016
1Y YT 0.120 <019 EWIL7 0.007 0.033 0.996 0.864
-0.043 0.012 -0.034
Y | ———— . 0.016 0.072 0.9995 0.928
3 -4.138 0306 1.010 -1.996
-0.072 0.0280 -0.049
_ . .021 0.091 . .94
5Y 2119 0.397 1065 1899 0.0 0.09 0.999 0.9403
Dividend growth volatility predictability
-0.025 0.022 -0.118
1Y 1409 0.020 0837 ST 0.007 0.033 0.763 0.386
-0.069 -0.095 -0.316
_— . .014 : . .32
3Y SR 0.031 <060 5192 0.0147 0.069 0.667 0.327
-0.141 -0.103 -0.318
5Y BRI 0.054 1035 495 0.021 0.088 0.720 0.385

There is a great improvement in the model implications from BK calibration to BKY concern-
ing the consumption growth volatility predictability. However, the BKY calibration of the model
overstated the excess return volatility predictability by the log price dividend ratio that is observed
in the data. Each column represent the slope and the t-stat of the predictive regression of future
excess return, consumption and dividend growth on the log price dividend ratio for different hori-
zons (1 year, 3 years and 5 years ). The R-square are also provided. The last column represents
the percentage of sample simulated R-squared that are below the R-squared observed in the data;
a percentile below 5% or above 95 % correspond to a one side test rejection of the model at 5%

significant level.

4 Estimation procedure and Simulations

In the data, the latent variables (z; and o?) are not observable but we observe the
log price-dividend ratio (zy,), the real market return (r,,), the real risk free rate (r¢),
the market dividend growth rate (g4) and the consumption growth rate (¢). We use
the Euler equation and the affine link between the observed variables and the latent

ones to set up some moment restrictions that will be used for the GMM procedure.
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Our approach is similar to Constantinides and Ghosh [2011] who solved for the 12
parameters of the model by imposing 15 unconditional moment restrictions. But
contrary to them we choose to remain closer to how the original LRR model works
by expressing the theoretical moments taking temporal aggregation into account to
match the annual data (b = 12). Indeed it is usually assume during calibrations
that the long run risks model operates at the monthly frequency, but the monthly
data are reputed to be of poor quality especially because of seasonality and other
measurement problems Wilcox [1992]. We also estimate the model assuming that
the agent decisions are made at the same frequency as the econometrician observes
the data (meaning at the annual frequency, h = 1), but we reject the model in that
case. This shows that the temporal aggregation also play an important role for the
LRR model to match the data.

The long run risks model we consider here has 13 parameters'” The moment
restrictions are made of 16 basic moment restrictions whose empirical counterparts
are summarized in Table 1. and are known to be matched pretty well by the previous
calibrations of the model; except the variances of the risk free rate and of the log
price dividend ratio. In a first step, we will only use those restrictions for the
estimation. In a second step, we add 3 other moment restrictions to capture the
predictability (at 1, 3 and 5 years horizon) of the cash flows (future excess returns)
on asset prices (log price-dividend ratio) summarized in Table 2. and which have
been presented as a failure of the previous calibrations of the model to match the
data. Finally, in a third step we extended the previous 19 moment restrictions to
22 (resp. 25) moment restrictions by adding 3 other moment restrictions for the
predictive regressions of consumption (resp. dividend) growth on log price-dividend

ratio.

4.1 Weak identification evidence in the LRR model

In this section, we will show that some parameters in the long run risk model are
weakly identified, mainly because of the sample size, and thus the standard inference
procedure, which relies on the delta method to obtain the confidence intervals and
in testing is not valid. The type of weak identification that we observe in the LRR
features the special case described by [Andrews and Cheng 2012, 2014].

Following Newey and McFadden [1986] (Sec. 2.2.3), Stock and Wright [2000],

10Tn the model considered by Constantinides and Ghosh [2011], the parameter 7 which captures
the exposure of dividend growth to short run consumption shocks is ignored. The time aggregation
parameter h could also be estimated, that will extend the number of structural parameters to be
estimated to 14.
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we defined a parameter 6 as being identified if § = 6, is the unique solution of the
moment condition E(g(y;,0)) = 0'! for § € ©, where the expectation is taken with
respect to the true distribution (for which 6 = ). Some parameters can be weakly
identified while others are strongly identified; we can then split the parameter vector
as follow 6 = (a, ), where « is the sub-vector of weakly identified parameters and
B is the sub-vector of strongly identified parameters. This means that the moment
conditions are zero at 0y = (ap, f), but are also very nearly zero for a # ap: In
other words, the population objective function is steep in § around Sy, but nearly
flat in o (Stock and Wright [2000], Sect 2.3).

Andrews and Cheng [2012| presented another specific situation where some pa-
rameters of the model might be weakly identified when the true value of a given
parameter is close to 0'2. Then, they split the vector of parameters into three com-
ponents : 6 = (§,£, ) where § and £ are strongly identified but m becomes weakly
identified when f; = 0 and there is a drifting sequence of parameters, depending
on the sample size (0, = (B, &0, mn) that converges to 6y such that 8, # 0 and
n/23, — b € R% (category I(b) in their paper). The situation we encounter in the
LRR model really looks like that one but we should be cautious about this cate-
gorization. Indeed, if we assume that the true value of volatility of the volatility
(o) is equal to O then the persistence of the volatility (v) will not be identified in
population; and from the literature on the LRR model we know that the true value
of the volatility of the volatility must be different from 0; if not the volatility of the
consumption growth will be constant and thus the equity premium will not be time
varying. But from the subsequent calibrations of the model'?, it seems that it is
close to 0, which implies the weak identification of the persistence of the volatility
(v) in finite sample even if it could be identified in population.

By the same argument, we can deduce that the closeness to 0 of the true value
on the vector of parameters (0,0, ) induces the weak identification of the vector
of parameters (¢, @4, e, p, v, ) and the remaining parameters (0,7, 1, i, ftq) are
strongly identified. Hence we have the decomposition of our vector of parameters
which satisfies the Assumption A in Andrews and Cheng [2012], and we can rely on
their robust procedure for estimation and inference. Furthermore, we observe that

when the EIS become greater (let say more than 10), the objective function becomes

"The vector function g(y;, ) can be seen as the difference between the empirical moment from
the data evaluated at the true value of the parameter 6y and the population moment evaluated at
0: g(y:,0) = m(yt, 0p) — m(Ys, 0), where y; denotes the sample observation of the random variable
Y;

12The value 0 has been used without lost of generality and can be achieved by using an appro-
priate re-parametrization

13Tt was 2.3 e-06 in the BY calibration and 2.8 e-06 in the BYK calibration
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almost insensitive with respect to that parameter changes'* and thus the jacobian
matrix is of reduced rank. So, this parameter might also be weakly identified in a

part of the parameters space.

4.2 Simulations: finite sample approximation of the asymp-

totic distribution

As we know that commonly used testing procedures, in particular those robust to
weak identification (on which we will come back in later), are derived asymptotically
(Dufour, 2009), to evaluate the accuracy of our unconditional moment matching
procedure in finite sample, we run a Monte Carlo experiment, where we simulate
the model at various sample sizes and plot kernel density of the Gmm objective
function. On the same plot (7) , we also represent the corresponding chi-squared
limiting distribution. When the sample size is small (e.g: T=84) as what we have in
the data, the finite sample approximation of the asymptotic distribution of the Gmm
objective function is very poor; the right tail is very huge and that will lead to an
over-rejection of the model. It means that while using the asymptotic distribution
to evaluate the model in this case, we will end up wrongly rejecting the model more
often that usual. So the rejection probability of a 95 % confidence test will be much
more greater than the size of the test and the true size of the obtained confidence set
will be much lower than 95 %. However, for a large sample (e.g: T=4200) , we see
that the asymptotic test becomes conservative because the asymptotic distribution
of the Gmm objective distribution is dominated by Chi-squared limiting distribution;
meaning that rejection rate for a true model is lower than the significant level of the
test. this conservativeness is the usual drawback of this against-weak identification

robust methods'®.

5 Data and results

5.1 Estimation results

We use the Continuously Update GMM Estimator (CUE) for the estimation because
it is partially robust to weak identification Stock et al. [2002]. We ran the estimations

for four sets of moment conditions: (i) The first one is made of 16 moment restrictions

4More precisely, the moment conditions depend on the EIS only through the coefficient of the
affine functions and it is those coefficients which are almost insensitive to the changes of v as it
becomes high

15See Stock et al. [2002]
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mainly targeting the basic moments summarized in Table 1 and does not include
the predictive moments; we call it the restricted Gmm (RCUGmm). (ii) The second
one, named CUGmm, is made of the moment conditions considered in the restricted
Gmm and the excess returns predictive moments (covariance between excess returns
at different horizons and the log price dividend ratio). (iii) The third is made of all
the previous moment conditions and the consumption growth predictive moments
(covariance between consumption growth at different horizons and the log price
dividend ratio); we call it the Extended Gmm (ECUGmm). (iv) The last one is
made of all the moment restrictions in (iii) and 3 predictive moments of the dividend
growth by the log-price dividend ratio, we call it EECUGmm .

In a first place, we follow the usual procedure in a Gmm estimation, meaning that
we minimize the objective function and then for the achieve minimum we test the
model by comparing that minimum to a 95 % quantile of a chi-square distribution
with the number of moment equations minus the number of estimated parameters
as degree of freedom. In a second place, we follow the procedure describe in Stock
and Wright [2000]| when there is weak identification, which consist at fixing the weak
identified parameters and estimating the remaining ones using continuously updated
Gmm estimator with the optimal weighting matrix. The objective function value
could then be compared to a chi-squared distribution and the model will not be
rejected if we are able to find some fixed values of the weakly identified parameters
for which the objective function at the minimum will be lower to a threshold given
by the chi-square quantile at 95% level and the degree of freedom being equal to
the number of moment restrictions minus the number of parameters estimated'®.
This method also allows to construct the confidence interval of the fixed parameter,
by collecting all the values for which the model is not rejected. We repeated the
procedure by fixing one parameter each time.

Table 4 shows that the model is not rejected at 5 % confidence level for two of
the four set of moment conditions that we considered. In fact, the model is not
rejected when we consider the basic moments made of the first and second order
moments of the cask flows and stock prices variables, and the covariance between
excess return and the log price dividend ratio. But it is rejected when we add the
other predictive restrictions. So the LRR model is able to match the first and second
order moment of asset prices and cash flows data, hence to solve the equity premium
and risk free rate puzzles. It can also reproduce the predictability of excess return by
the price-dividend ratio. But, it fails at matching simultaneously the observed level

predictability of cash flows (consumption and dividend growth) by the price dividend

16See appendix B.
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ratio. In fact, there is a huge tension for the model to capture the excess return
predictability without overstating the cash flows (consumption growth and dividend
growth) predictabilities compare to what is observed o real data. We tried man
different starting values and still in the last two cases (ECUGmm and EECUGmm)
we where not able to achieve a set of parameters for which the model could not be
rejected at the standard confidence level.

Some parameters (0, fi., fq,0,V,0) are estimated very precisely and their values
are stable whatever the moments restriction we considered. The value of the pure
discount rate is very closed to 1, the monthly consumption growth is around 0.19 %.
For the RCUGmm, where there is not predictability moment in the restrictions, the
model is not rejected at the 5 % critical error probability. The estimates of v and
1 are very large but also not significant. this is also the case for many parameters
describing the dividend growth process (¢,p4,m). When the model is not rejected,
the estimated level of risk aversion coefficient (2.7) is quite below the one that is
usually used for calibration (10). The estimate of the EIS (1.27) is above 1 as usual
assumed in the model, even though the 95 % confidence interval contains values
below 1.

We find some difficulties while computing the confidence intervals for the min-
imands we obtained. Indeed, applying the formula in equation 17, the matrix we
computed at the minimum was not invertible (G(6)' Q(6)*G()). The singularity of
this matrix comes from the fact that the estimate of the jacobian matrix is not of full
rank. We think that this lack of full rankness does not come from the non identifi-
cation of the model, if not this would have happened for every vector of parameters.
But instead, it comes from the fixed point feasibility condition we highlighted in
section 2.2. Indeed, the numerical computation of the Jacobian requires two points
where the objective function will be evaluated and when the minimand is close to
the feasibility bound this can be difficult do'”.

Figures 8 and 9 show respectively the confidence intervals of v and 1 obtained
with the CUGmm restriction setup, following the weak identification robust proce-
dure described in D.2. We see that those confidence intervals are different from the
ones obtained in 4. The confidence intervals for v and ¢ are included in [1;20]. No
value below 1 is admitted in the 95% confidence interval of v; this is in adequacy
with the hypothesis made in the LRR model that the value of the EIS is above
1. However, this confidence sets can still be extended because for computational

reason'®, we took values of v and 1) ranging between 0.1 and 20, but we can see

ITWe still need to work on this point.
18For each value of the fixed parameter, we run several optimizations restarting from the previous
obtained minimand until convergence. This can take more than several minutes for each value of
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from figures 8 and 10, that some values of ¥ even above 50 can still be admitted.

5.2 Predictability

For reminding, one of the goals we had at the beginning was to find through an
efficient procedure, a set of parameters that could enable (if possible) to restore the
predictability failure highlighted by Beeler and Campbell [2012] in the LRR model.
So, we now examine the model implied moments and the predictability of future
cash flows by the log price dividend ratio when the model is calibrated at the value
we find in the previous estimations.

Table 6 shows that concerning the basic moments, all the four restrictions estimates
did equivalently good job at generating data whose first and second order moments
meet the observed ones. The mean of the consumption growth is well around 2%
with a volatility around 3%. The market return is at 6% with a risk free rate below
1 %.

Table 6 also highlights the tension that the model faces while attempting to match
all the data characteristics. Indeed, we see that the estimate of the first moment
restrictions setup ( RCUGmm ) does almost the same job as the BYK calibration,
mainly on one hand it fails at capturing the the volatility of the risk free rate and
its auto-correlation. On the other hand, the volatility of the market return is a bit
overstate, but the volatility of the price-dividend ratio and its auto-correlation are
captured. When we move to the second moment restrictions setup (CUGmm), we
observed that the volatility of the risk free rate and the volatility of the market
return have been improved, but then the risk free rate auto-correlation is still not
captured and the dividend volatility is a bit overstated. For the last two moment
restrictions set up (ECUGmm and EECUGmm), we see that the volatility of the
risk free rate has been improved again and its auto-correlation is now captured. But
the consumption and dividend growth auto-correlations are overstated and the price
dividend auto-correlation is understated.

The results concerning the predictability implied by the model are even more inter-
esting. Indeed as Table 5 shows, for the first restriction set up (RCUGmm), there
is a slight predictability observed for excess return and almost no predictability for
the consumption growth; both can hardly but still be rejected as being equal to the
ones observed in the data at the 95 % confidence level. For dividend growth, there is
some predictability in the simulated data, which is strongly rejected as being equal

to the one observed in the data. While in the second restriction setup (CUGmm),

the fixed parameter.
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Table 4: Results of the Gmm estimations

’ RCUGmm CUGmm ECUGmm EECUGmMm
0.99738 9.999999¢-01 0.999815 9.997412e-01
’ [0.915 ;1.0798] [0.994 ; 1.006 | [0.9998146 ; 0.9998164 | [0.9994 ;1.0001 |
21.659 2.685 5.374 5.128
7 [-132.336 ;175.654 | [-7.346-02 ; 5.443) [-10.554 ; 21.302 | [4.671 ; 5.586 |
6.812 1.250 1.475 1.4816
v [-632.82 ;646.44 | [-0.922 ; 3.423)] [3.938¢-01 ; 2.557 | [1.480; 1.484 |
1.93¢-03 2.082¢-03 1.905¢-03 1.900e-03
He [1.567e-03 ;2.292¢-03 | [1.788e-03; 2.375e-03 | [1.903e-03 ; 1.907e-03 | [1.657¢-03 ;2.142¢-03 |
2.066e-03 2.398¢-03 2.824e-03 2.437e-03
Ha [4.298e-04 ;3.703e-03 | [1.129¢-03 ;3.667e-03)] [1.563e-03 ;4.085¢-03 | [1.770e-03 ;3.104e-03 |
20.631 2.648 3.880 3.439
¢ [-121.87 ;163.132 | [0.751 ;4.545 | [-0.880 ;8.640 | [3.020 ;3.859 |
2.379 -4.053 17.699 17.471
v [-1.232 ;5.990 | [-6.388 -1.718 | [-72.341 ;107.740] [17.011 ;17.930 |
0.9944 0.9965 0.957 9.475¢-01
P [0.988 ; 1.001 | [0.988 ; 1.005 | [0.879 ; 1.034] [9.005e-01 ; 9.945e-01 |
2.342¢-03 1.664e-02 0.355 6.368e-01
e [-1.141e-02 ; 1.609e-02 | [-9.714e-03 ; 4.300e-02 | [-1.642 ; 2.353] [2.942¢-01 ; 9.794e-01 |
7.865¢-03 4.805e-03 8.136e-04 5.333e-04
7 [4.655¢-03 ; 1.108e-02 | [2.504e-03 ; 7.106e-03 | [0 54.277¢-03 | [1.461e-04 ; 9.205¢-04 |
9.208e-01 9.900e-01 0.997 9.972e-01
Y [8.867¢-01 ; 9.548¢-01 | [0.975 ;1.005] [0.995 ;0.998 | [9.965¢-01 ; 9.980e-01 |
1.071e-04 2.922¢-05 5.4872e-07 2.005e-07
o [0 51.426¢-03 | [01.494 e-04 | [2.6126e-07 ; 8.3617¢-07 | [0 2.336e-07 |
3.956e-01 0.8172 3.422 1.823
" [1.711 ;2.502 | [-2.872 14.506 | [-209.713 ;216.557 | [1.363 ;2.283]
e 6.715 10.862 23.252 38.626
0.0816 0.0927 0.00565 0.00012

This table presents the parameter’s estimates and their 95 % level confidence intervals derived from the minimization of the GMM criterion function. The last row gives the value of
the minimum achieved and the corresponding p-value. 13 parameters are estimated. For the RCUGmm we have 16 moment restrictions; for the CUGmm, 19 moment restrictions; for

the ECUGmm, 22 moment restrictions; and for the EECUGmm, 25 moment restrictions. So the p-values are computed respectively with respect to a x2(3), x2(6), x2(9) and x?(12).



where the predictability of the excess return by the log price dividend ratio has been
targeted, there is indeed a predictability pattern emerging, which mimics the one
observed in the data. However, we see also that the consumption growth and the
dividend growth both became highly predictable, which is not the case in the data.
For the predictability of the excess return by the log price-dividend ratio, the equal-
ity of the model’s R-squared to the sample counterpart is not empirically rejected at
the 5 % confidence level. When the model is calibrated at the CUGmm estimates, at
1 year horizon, the log price-dividend ratio explains 2 % of the future excess return
variability and this explanation increases to 7 % at the 5 years horizon. Furthermore,
as in the observed data, the slope in the predictive regression has a negative sign
and its significance increases with the horizon of prediction. Similarly, in the third
restriction setup (ECUGmm) where the predictability of the excess returns and the
consumption growth has been targeted, we see that the predictability of the excess
return is almost similar to the one obtained in the previous restriction setup and
the predictability of the consumption growth is more closer two the one observed
in the data (it is declining with the horizon). There is also an improvement for the
predictability of the dividend growth. In the last restriction setting (EECUGmm),
The predictability of excess return by the log price dividend ratio has continue to
improve, moving from 3 % part in the explanation of the future excess return by the
log price dividend ratio at one year horizon to 11 % of that explanation at 5 years
horizon. the predictabilities of the consumption growth and the dividend growth by
the log price dividend ratio are both declining with the horizon.

We also look at the volatility predictability to see whether the model could
reproduce the predictability of the volatility of the consumption growth by the log
price dividend ratio observed in the data. As we can see from Table D.2, there
is an improvement when we move from the basic moment set up to the extended
Gmm estimation set up. The median r-squared has increased compare to the BYK
calibration. However, there is an over-state of the predictability of excess return
volatility by the log price-dividend ratio.

These results say that the long run risk model is very good at reproducing many
features of the observed data when they are targeted. But as we saw this could
come at the cost of introducing more bias in mimicking the non targeted ones, and
thus increasing the targeted moment does not seem to be the solution. This cast
some doubt about the reliability of this model to be used for forecasting and policy
recommendations.

To resume, the results obtained in the empirical part still need to be examined

and could be improved by the choice of a better starting value in the optimization
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program. Indeed, because of the complexity of the objective GMM criterion, the
presence of non-feasible regions of parameters and also due to the identification prob-
lem highlighted, the finally selected set of parameters is obviously a local minimum
and depends on the starting point. The choice of another starting point could yield
to a better parameter vector, for which the moments restriction will be validated
and the moments predictability improved. Another possible source of bias, could
be the approximations on which we relied. Indeed, there are two main approxima-
tions that we made in order to solve the model and later to make a bridge between
the monthly simulated data in the model and the annualized observed data. The
first approximation is the Campbell-Shiller approximation of log return that allows
to expressed asset log returns in terms of log price dividend ratio and therefore as
linear function of states variables. By comparing the model implications using this
approximation and the computational power, Bansal et al. [2007b] argued that this
approximation has little impact on the results. The second approximation of the
arithmetic mean by the geometric mean in order to derived analytical expressions of
annualized variables in terms of monthly counterparts. Since the one-month growth
rate of cash flows or asset prices are usually small in magnitude, this approximation
based on a Taylor expansion could be quite reliable to compare first order moments
but could break down when the higher order terms in the Taylor expansion are no
more negligible (Campbell et al., 1996-sect.1.4).

6 Conclusion

The Long Run Risks model explains the long run behavior of asset prices by the
presence of a persistence movement in consumption growth, a time varying volatility,
and a consumer preference structure described by the Epstein-Zin recursive utility
function with an EIS greater than 1. The calibration of this model has remarkably
well performed as far as the matching of the macro-finance first and second order
moments is concerned. However, this model has recently received some criticism
concerning the ability of the model to match the predictability of cash flows by asset
prices observed in the data. More specifically it has failed to match the predictability
that price-dividend has on the future returns. The correction of this failure and the
rehabilitation of the model require to go beyond the calibration and to provide an
estimation procedure that will find the parameter’s set which brings the model closer
to the data and restore the predictability. The difficulties being that on one hand,
the return on the aggregate consumption asset embedded in the Euler equation of a

representative agent with an Epstein-Zin recursive utility function is not observable;
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on the other hand the states variables driving the risk of consumption growth are
not observable and even difficult to estimated in a reduced form model because of
bias induced by the time aggregation. However, by assuming an affine link between
stock prices and the states variables, and using the Euler equation, we can express
the cash flows and the stock prices moments in terms of the model underlying
parameters. We apply this procedure to derive the analytical expression of a set of
moment conditions and apply the GMM method to estimate the structural model’s
parameters.

Empirically, we find that using the standard asymptotic theory, the model suc-
ceeded to pass the test of validation of the moment conditions when we target only
the basic moments or extended the basic moments to capture predictability of future
excess returns by the price dividend ratio, but it became rejected when the other
predictability moments are added. We also saw that the LRR model faces a huge
tension while trying to match all the stylized facts highlighted in the literature. Fur-
thermore, even considering the best fitting of the model achieved while taking into
account the predictability concerns, it is still very difficult for the model to match
the quantitative levels observed in the data, even though the qualitative behavior of
the model is very similar in the long run to what appears in the data. However, the
parameters estimates achieved using extended moment conditions allow to improve

the model predictions and to bring them closer to the observed data.
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A Model solution

A1 Caseof FIS #1

e For the wealth portfolio,

1-— i A 05[(—% + 0)2 + (49]{31141@@)2]
T l—kyp T 0(1 — kyv)

Ay

logd + (1 — i),uc + ko + k1 Ay0*(1 — v) 4+ 0.50k A20?2
0 pumy
1—Fk

For the price-consumption ratio to produce a positive response to an increase

in the long run consumption growth, Ajneeds to be positive; that means the EIS
(1) should be greater than one. By the same way, for the price-consumption ratio
to decrease with an increase in the consumption volatility, we need that #should be
negative; which correspond to an EIS greater than 1 given that the risk aversion is

greater than 1.

e For the market portfolio,

¢ =+ (0 —1)(kip—1)A1

A =
1,m 1_ kl,mp

(9 — 1)(k11/ — 1)A2 + 0.5[(7T — ")/)2 + QOZ + (((9 — l)klAl + klijLm)Q(pg]

A =
2,m 1-— kl,my

)

A = Olog § — ypue + (0 — 1)[ko + (k1 — 1) Ag + k1 Az0?(1 — v)]
0,m —
’ 1— kl,m

+k‘0,m + Uqg + kl’mAQ’mO'Q(]. — I/) + 0.5[(9 — 1)]431142 + k17mA27m]20'3)
1- kl,m

e For the risk free asset,
Arp =7+ -1 -kip)A
Ag g =—[(0 — 1) (kv — 1) Ay + 0.5 (v* + (0 — 1)*k} A3 7))
Agg = —0logd + e — (0 — Dlko + (k1 — 1) Ag + k1 A2(1 — v)o?] — 0.5(0 — 1)%ki A302,

Because the price consumption ratio is not observable, the values of the affine
function coeflicients are obtained numerical by solving a fixed point problem to get
the value of Z and then compute the k’s values and later solve for the coefficient

values.
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A.2 Caseof FIS =1

The value function is given by:

_0
Vi= G (B (Vi) T

which implies the following log price-consumption ratio:

vey = log(Vy/Cy) = . d log (Ey[exp (1 — ) (vepr + Acii)))

-7
We conjecture that the log price-consumption ratio can be expressed as an affine

function of the state variable, meaning that : ve, = Ay + Ayxy + A}af. Given the

conditional normality of all the process involved, we have that:

)
Ve, = m {Et (1 =) (vegr + Acer)] + 0.5(1 — v)*Var, (vegq + Actﬂ)}
=0 (/io + Ay(1 = 1)3° + pe + 0.5(1 — 7)(/12(7“})2) +4 (1 + filp> Ty
+6 <VAQ +0.5(1 — ) (e A1)? +0.5(1 — ”y)) o}
By identification, we get that:
Ay=10 (A}) 4 Ay(1 = 1)a% 4 pie +0.5(1 — 7)(/12%)2)

Ay =16 <VAQ +0.5(1 — 7)(@6/{1)2 +0.5(1 — 7))

Then,

e For the wealth portfolio,

T 0.58 (1= ) (1+ (Aipe)?)
YT —ps P 1—vo

A - % pe + Ao(1 = v)o® + 0.5(1 = 7) 402 |

e For the market portfolio (we still use the Campbell and Shiller [1988] approx-

imation for the log return on the market portfolio)

P Ti+¢
Ap=—1"2
1m 1_ kl,mp
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i - Ty +0.5[(m —7)2 4 02 + [k mArm + (1 —7)A1]2¢2]

1— k‘l’mV

A - f‘0 + kOm + g + klmAQm(l - V)52 + 05[k1m142m + (1 - '7)142]20'121;
0,m —
’ 1-— kl,m

T= =7+ (1 =AY Ty = (1 - ) A0 Ty = logd + (1 — )4y 54 -

Yhe + (1= 7)Ax(1 = v)5?,

e For the risk free asset,

~ y <~ (1=4v)

=05 (72 4+ [(1 = 1) Aup.?))

~ (51 _ .
Ay =—logd—(1— v)Ao( 5 ) + e — (1 =) Ag(1 — v)a? — 0.5(y — 1)2A302

B Fixed point feasibility condition for the log price-

dividend ratio

The fixed point condition is determined by the equilibrium value of the log price
dividend ratio, which should satisfy: z,, = Aoy, + Aomoc?
Substituting the affine coefficient Ag,, and A,,, by their following expressions:

A R1 + ko,m + k1,mA2,m02(1 — v) + 0.5[Ry + k1,m A2 m]%02,
om —
1—ki,m

Where Ry =0logd — ypue + (9 — 1)[k0 + (k‘l — 1)A0 + k1A20’2(1 — I/)] + uq and Ro = (9 — l)klAz

22m 1)? 2e7m 1 (14¢€*m)
FYUR RS O I N A 1
S e T v LA A G e ey R Y A Rt sy

Where A, — _(9_1)%[(_%2)2“9'“‘4”’“‘)2}, Ay = (m— 92+ 2 As = (0 — Dk A and Appg =
A1 +0.500 + ¢2A3

We get that the fixed point condition is equivalent to :

f(Zm) = 9(Zm)

where
f(Zm) = Zm — log(1 +¢e*m) — |A +L(¢—l)2 2+LA (qs—l) 2| &2

T e B g\ w) x0T )
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e?*m

9(Zm) = R14+0.502

2
(6-1%) 28q (6 - &) o
lim f(zZm) =— | A 5 52 — gl
Zm,i(foo) I: 123 + (1-p)? pe + 1= o)

(¢*i)224p2+2A3 <¢7i) tpg] 5% =B"
2-p? "¢

f(0) =— [Aus +

BS 2
lim g(Zy,) = R1 + 0.502, (R2 - ﬁ) =Gs

Zm — 400 1—v)o

BS \?
0)=Ri+0502 (Re— ——— ) =G'
9(0) 1 Uw( 2T 2 V),2>

When (y > 1 and ¢ < 1) or (y < 1 and ¢ > 1) (meaning that < 0), f is
decreasing from [0, +o0o[—]B!, B%] and g is increasing from [0, +oo[— [GT, G%]

C Temporal aggregation
e Annual consumption growth

As shown in Bansal et al. [2007b], the h-period aggregated consumption growth rate
can be expressed as a weighted average of monthly consumption growth, with the

weight taking a A — shape :

Zh—lc ) 2h—2

j=0 Yh+1)—5 A

~ TjRACh(t+1)—j
0

h—1
S Gy S

where the index ¢ is used to count the aggregated time and h(t — 1) + 1 to ht are
the corresponding month within the aggregate period ¢

Acf,, = log

+ 1
Tj:‘% if jg<h and T;

2h —j —1
JBoinl o sy
It follows that :

Aci = pg + 0" Thaq1)—2n—1 + N

with
2h—2 2h—2
Mg = Z Tjlhe, 7¢a = Z T]p]
7=0 7=0
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and

2h—2 2h—3 2(h—1)—j—-1

a _ k

Ney1 = E TiOh(t+1)—j—1Th(t+1)—j T E Tj E P PeOh(t+1)—j—k—2Cn(t4+1)—j—k—1
j=0 7=0 k=0

As,

p"*2 —(n4+2)ptn+1

i i p)? n<h
T;p" ! =
3=0 p D —2p(n =D 4 (2(h—1)—n)(1—p)+1
R p)? nzh

Acf, can also be written the following way which enables a compact writing of the

analytical formulas:

h—1 h—2
Aci, = hpie + pbp_sxp-1) +Z%S0evh t+1)—j— 1+Zbg<PeUht —j-1

Jj=0 j=0

2(h—1)

+ Z TjOh(t+1)—j—1"h(t+1)—j
j=0
with
, - it . ' .
0y = Theo (552) 7 = £ 0200 i<

. +h h—k __ j+h+2_2pj+2+ h—2—7 (1_ )+1 . B
and Uh(t4+1)—j—1 = Oh(t+1)—j—2€n(t+1)—j—1-
h
Notice that Vh > 1, b,_o = (1= )2 , but in the summations from 0 to h — 2,

h(1-p)
b; =01if j <0 (for example when h = 1). So out of the summation, b,_o = (1=0")

h(1—p)*
to avoid writing this ugly fraction every time but in the summations from 0 to h — 2
b =0,if h=1
Therefore,
2(h—1)
E(ACtJrl Z T],uc - hﬂc
2(h—1)
var(Acy,,) = var( Z TiACh(t4+1)—5)
j=0
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2(h—1) 2(h—1)
= var Z TiTh(t+1)—j—1 T Z TiOh(t+1)—j—1Mh(t+1)—j

7=0
2(h—1) 2(h—1)—12(h—1) 2(h—1)
= Z T]ZUCLT(QTM)—{—Q Z Z TiTRCOV(Th(t41)—J—1, Th(t+1)—k—1) + Z 7]252
j=0 j=0  k=j+1 Jj=0

2h—32(h—1) 252 2h—2
a e 2] =2
sy =[5 4230 3 | (£2) + (3 9)

7=0 k=j+1

2(h—1) 2(h—1)
cov(A, Acfy) = cov( Y A D TiACha11)
=0 §=0
2(h—1) 2(h—1) 2(h—1) 2(h—1)
= cov TjZht—j—1 + Z TjOht—j—1Tht—j> Z TmTh(t+1)-m—1 + Z TmOh(t+1)—m—1"h(t+1)—m
§=0 3=0 m=0 m=0
h—2 [j+h—1 2(h—1) 2(h—1) 2(h—1) 257
> it 3 s 33 ) (52)
Jj=0 m=0 m=j+h j=h—1 m=0 P

h—2
_2
+ E To+hTm | O
m=0

5

h—2
cov(Ac, Act ) = p" (pby_2) ( )+Z [072b;bn—2 + a;b;] @267+ pbp—san_1025
7=0

()

33



More generally, we can show that for s > 1,

cov(Acf, Act,,) = p (pbp-s)’ (l(p— p2) + ) [P, ) g2

h2 h2
+1{s=1} {th2ah1 + Zajbj} proi+ ] {s =1} (Z Tm+hTm> o

Jj=0

h—1
+1{s>1} {Z [P/ 20y, 90352}

7=0
e Annual dividend growth

Using the same formulation as for the consumption growth rate, the annual dividend

growth rate can be expressed in term of monthly dividend growth rates as follow:

Z] -0 Dh t+1)— hzl)
~ TgAdh(t-H
Z Dht —J 7=0

Adg,, = log

h—1 h—2

Ady, = hjtg + Gpbp_oTpi—1) + Ppe Z AjVR(14+1)—j—1 T PPe Z bjvni—j—1

j=0 7=0

2(h—1) 2(h—1)

+m Z TjOh(t+1)—j—1Mh(t+1)—j T Pd Z TiOh(t4+1)—j—1Uh(t+1)—j
§=0 j=0

Then

2(h—1)

E(Adf) = E( Z TjAdpi—j) = hitg
=0

2(h—1) 2(h—1) 2(h—1)

a
var(Ady) = var | ¢ E TjThi—j—1 | +var | ¢q E TiOht—j—1Up—j | +var(m E TiOht—j—1Mht—j)
Jj=0 j=0

2(h—1) 2h—32(h—1) 2(h—

22
Z T; +2Z Z TPt (1‘)057’0) (5 +7°) Z

7=0 k=j+1 j=
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var(Ady) = (¢pby_2) (1 < pz)—i—(Z a? Z ) 2025+ (1% + ¢7) Z 7| &
J=0 J=0 J=0
2(h—1) 2(h—1) 2(h—1)

a a
cov(Adf, Adf, ) = cov g PTjThi—j—1 + E TjPaOht—j—1Unt—j + E TjTMOht—j—11ht—j »
T i—0 =0

2(h—1) 2(h—1) 2(h—1)
Z OTmTh(t+1)-m—1 + Z TmPdOh(t+1)—m—1Uh(t+1)—m + Z TmTOh(t+1)—m—1Th(t+1)—m
m=0 m=0 m=0
h—2 [j+h—1 2(h—1) 257
h—m m—j—h h—m e
Z T TP " + Z TiTmp ™ 07 + Z Tijp + (1—p )
7=0 m=0 m=j+h j=h—1 m=0

252 h—2
cov(Ad?, Ad?, ) = h(¢pbh_2)2( fj pz) + 3 [Pty + ajb;] ¢7p%5

j=0

+ (pbp—san_1) $*p25° + ‘Pd“‘ﬂ (Z Tm+h7'm>

-1) 2(h—1) 2(h—1)
cov(Act, Adf) = cov ( Z TjTht—j—1 + Z TjOht—j—11ht—j, Z PTjTht—j—1
=0
2(h—1) 2(h—1)
+ D Tt Y T 1T
j=0 7=
2(h1) 2(h—1)
= gvar( ), miwn—jo1) +mvar( Y Tion-j1n-j)
j=0 §=0
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2(h—1) 2h—32(h—1) @252 2(h—1)
z Fery 3 | () v [ X 7] o
7=0 k=j+1 7=0
0257 h—1 h—2
cov(Acf, Adf, ) = ¢ (pbp—2)” (1j 2) + D a+ ]cbsa
p 7=0 7=0
2(h—1)
+m | 52

e Annual market return

Let’s denote
Lo = kom + (kim — 1) Aom + kimAom (1 — 1) + 11

Flm = Alm(klmp - 1) + §b F2m = (klmy - 1)A2m
Bm,e = klmAlmSOe; ﬁm,w = klmA2maw

Then
h—1
rens = (To+ Tim@h(eas—k—1 + Dam0hjy k1 + BrmeVh(irs)—k
k=0
+Bm,wWh(t+5)—k T LT (t+§)—k—1Uh(t+5)—k T 7T<7h(t+j)—k—1"7h(t+j)—k)
h—1 h—1 h(j+1)—2—Fk
=hl'g+ T ph(j“)_l_kxh(t,l) + Z Speprvh(tJrj)fkfrfl
k=0 k=0  r=0
h—1 h(j+1)—2—k h— h—1 h(j+1)—
+19, (1—-v) Z Z h(G+1)-1-k 2t 1) +awz Z V' Wh(44)—k—r—1
k=0 r=0 k=0 r=
h—1
+ Z Bin,eVh(t4j)—k + Z Bin,wWh(t45)—
h—1
+®d Z Oh(t+j)—k—1Uh(t+5)—k T T Z Oh(t+5)—k—1Mh(t+5)—k
k=0 k=0

(1= (11— ph (1= ph
- ot (h - ( v )) 7 ( 1 —pp ) The-y+om1" (ﬁ) e

h—1 h—1 i h(j+1)—2
+Zﬁm eUh(t+j) k+90el_‘1m ( )Uh(t+j)—r—1 +< ) Z pr ht1) Uh (t+5)—r—1

k=0 r=
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h—1 hel oy ok h(j+1)—
+ Zﬁm,wwh(t+j)—k+0wrzm Z ( - ) Wh(t4j)—r—1 T ( > Z VP D gy
k=0 r=0
h—1 h—1
+®a Z Oh(t+j)—k—1Un(t+5)—k T T Z Oh(t4+5)—k—1Th(t+5)—k
k=0 k=0
and

E(rp,) = hlo+ hT g0

)

T
-
=

—1
UC””(TZ@,t) =var(y Tmp—;) = var( PO+F1mxht—j—1+P2m0'}2ns_j_1+5m,eo'ht—j—leht—j

<
Il

o
<
Il

o

+Bim,wWht—j + PaOht—j—1Unt—j + TOht—j—1Mht—j)

h—1 h—2 h—1

2 2
Z I3 var(@he—j—1)+15,,0ar (0h 1) +Bm.c 0+ Byt 0a0” —l—QZ Z cov(T1m@ht—j—1, Tim@ht—k—1)
j=0 j=0 k=3j+1

2 2 2 2
+F2mcov(aht—j—17 aht—k—l) +Flmﬂm,ecov(xht—j—l7 Uht—k—leht—k) +F2m/8m,wcov(a'ht_m_17 wht—k)

2hv 2v(1 — vh)
l-v  (1-v)°

h 1—pl h 1—vh
2Fm m,e 6_2 - 2Fmmww -
#2mineod® (1 =05 ) + Hannwon (2, = 71

1—ph 2 o2 1—ph 2 3 1—ph 2
cov(ry, s T is1) = <1¢i ) < I _i) > 2 +v <1 _“;/2) < T ) | C A ( 0 _pp >

1—vh\°
+Bm,wr2m0-w ( )

1—v

+|h+

2
TS hI(B2, ) B, )

2hp  2p(1=p") | 920° 1o
1—p2 !

e Annual risk free rate

h-1
T4 = Z Aoy + A s o)k + Ao 100y )k
k=0
h—1 h(j+1)—k—1
= hAgf + Z Alf /)h(JJrl)ikl'h(t—l) + Z prwevh(tﬂ')—k—
k=0 r=0

1254+11-k
+A2f (Vh(j—i_l)_ko'i(t_,_l) + Z I/Tawwh(tﬂ),k,r + (1 — Vh(j+1)_k)0'2>]

r=0
1— ph h—1 h(j+1)—k—1
= hAof + Alfphj+1 (Tp) Th(t—1) + Z Alf@e Z pTUh(t+j)—k—7"
k=0 r=0
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h—1

L h—1 12j+11—k
+Ag g/t ( - ) orgnt Y (1= A, 1574 " Ay oy ( > erh(tﬂ')—k—?")
k=0

k=0 r=0

; 1—ph ; 1—" , 1—"
— hj+1 hj+1 2 hj+1
h—1 h(j+1)-1
1 — pr+1 . _ ph
+A1f906 <T) h(t+5)— rt Z 1% htl ( Uh(t44)—r
r=0 P r=12 P
h—1 1— VTJrl h(j+1)— _ yh
Ao | D (ﬁ) wneer D Vr v < 1— ) Wh(t+7)-r
r=0 r=12
In particular,
h—1 h—1
e =Y Trhies = Y Aop + Avptne + Az
p =
1-— 11—k 1—uvh
= hA0f+A1fp ( 1— P > .fCh(t_l)—FAQfl/ (ﬁ) Ui(t,1)+ |:h -V ( 11— >:| A2f52
h—1 i h—1
1 — plth) 1 — G+
+A110e (%) Upt—j + Aofpoy Z (—) Whi—j
=0 P v
E(r%t) = hAys + hAyo
2hp (1—p")| 202 2h 11— o2
=|h -2 Al | h —2 v A3
'UCLT(Tf> +1_p l)(l_p>2 1_ 2 1f+ +1_V V(l_V)Q 1_ .2 2f

p
222 R 2 2 R\ 2
a a _ 254 1— P 2 O l—v 2
e = (£5) 0 (55) e (725) 7 (55)
C.1 Expression of asset prices and cash flows in terms of the

latent processes

e Annual price-dividend ratio

Form (3) and (4), we get that

h—1
—df =log Py —1og ¥ Dy
j=0
h—1 h—1 ] +1
= log Pht — IOg Dht + Z (log Dhtfj — lOg Dht,jfl) — IOg h— TAdhtij
j=0 j=0
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+1
= Zm,ht + Z Adht —j lOg h — Z ] Adht —j

h—1
1
Py — di = Zpmpe — logh — (‘L — 1) Adpy—;

7=0
S
= Aom+ArmTne+Aomoy—log(h)—=> <h - 1) (d + GTht—j—1 + TOh—j—1Mht—j + PdTht—j—1Uhi—j)
=0

h—1

h—1
+1
= [Aom —log(h) = ( - 1> pal + AvmTne — > (Jh - 1> PLht—j—1
j= =0

h—1 h—1
j+1 j+1
< — 1>7T(7ht—j—177ht—j + AQmU}QLt - E <h - 1) PdOht—j—1Uht—j
Jj=0 j=0

>

= [A()m +0.5(h — 1)ug —log(h) + Agp, (1 — yh) 62} + ~ [Almpj — gba/j_l] PeVht—j
j=1

h—1 ,.
/ +1
+ {Amph — ¢a hfl] Lh(t—1) + AQthU;QL(t,U — Pd Z <jh - 1) Oht—j—1Uht—j
Jj=0

h—1
j+1 4
+Aimpevn — T § < — 1>0ht—j—177ht—j + Ao E VI whi—j
§=0 §=0

where
, 1— plith)

(Zj = aj — (1—p> fO’r j € {0,,h — 1}

E(pf — df) = [Aom —log(h) + 0.5(h — 1)pg] + A2y

2 2 h—1 )
var(pf — dy) = [Almph —¢a h—l} <1 ) + [Almp] pa 1] oo’
7j=1

h—1 2 22 2
+(Apmpe )52 + ( > (7° +¢3) 5% + 1211”;“
7=0

COU( dgvpt—i-l ?4—1) =
h—1

cov A2mo'}21t + Aimpeviar + <A1mph - ¢a;l_1> Tp(t—1) + Z (Almpj - ¢a}_1> PeUht—j
j=1

h—1 it h—1 it
- < - 1) TOht—j—1Mht—j— ( - 1) PdOht—j—1Uht—j, A2m02(t+1)+A1m§0evh(t+1)
=0 7=0
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h—1 h—1
+1
(Almp — pay,_ 1) $ht+z (Almpj ¢>% 1> PeUp(t41)— <] - 1> TOp(t41)—j—1Th(t+1)—j

j=1 7=0
h

— (j+1
“n L) 0don(t41)—j—1Un(t+1)—j
j=0

—

—df 081 = [ g — sy 1) 0 (F20)) 4 Ay [ | 028
cov(py tvpt+1 t+1)_ 1mpP bap_q P 1— 2 + Aim 1mp —Qap_1| pe0

h—1 A / | | )
+j; [Amp] - ¢Clj—1} |:A1mph _ ¢>ah71] P o252 4 AL b (1 _wy2>

e Forward annual excess return

Combining the expressions obtained for the annual market return and the annual
risk free rate, we obtain that for j > 1,

h
T?n,t+] TftJr] h(To — Ao s) + ML — As f) — M (

1—v

) (F2m — VAQ’f) o

1—v

_h

1 h at
+p" (ﬁ) (Cim — A1 pp) Tngery + v (

1—v

h—1
1-
+ Z |:ﬁm,e + 1ﬂlmgpe < 1— ) 1 JFPe

> (Tam — Az pv) Ui(t_n

>] Uh(t+5)—k

(5
h—1
1—v
+ [ﬂm,w + ooy ( 1— o ) Ay fOw ( >:| Wh(t+5)—k
k=0
hj+h—1
+ Z Tim — pAig] @ ( O U )k
k=h
hj+h—1 1—u
- Z Tom — Az pv] ov s ( 11—, ) Wh(t+5)—k
k=h
h—1 h—1
+7 Z Oh(t+5)—k—1Th(t+1)—k T Pd Z Oh(t45§)—k—1Uh(t+5)—k
k=0 k=0

)]
o

a a _ a,J a,J a,J a,J
(Tm,tﬂ' - rf,t+j) + ¢y Th-1) + ¢ Uh 1) T ey T4 Wy A+ Pauy T,

B

1

<.
Il

1

where p®/ = hJ(Lo — Aos) + hJ (Do — A p)a? — V" (M> (Do — vAs p) 02

1—phJ

¢GJ =p ( ) (Cim — A4 f/)) ¢§’J =" (;—,,> (Lom — Az,fl/);
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h—1
1 — pk 1— pk+1
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=1 \k=0
hj+h—1 1 ph
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remind that Uh( ) —1 = Oh(t4+1)—j—2Ch(t+1)—j—1-
1 — )k 1 — k1
Z Z |:6m,w + FZmaw ( 1— o ) - AQ,fO-w < 1— v ):| Wh(t+j)—k
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C.2 Theoretical moments for the predictive regression

e Prediction of future excess return by the log price-dividend ratio

a a a ! (1 ph 90262
cov(ry, T b+ Tf,tJrjvpt_dt) = [Almﬂh - ¢ah71} /)hj ( 1_ ,0) (T'im — pAsy) (1 i 07

h(j+1) 1—v" on 12(j—1) 1-p
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1

>
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+
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h
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1—v
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a a a a _ a a a a
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e Prediction of future consumption growth by the log price-dividend
ratio
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e Prediction of future dividend growth by the log price-dividend ratio

1— pht7=1) 22
cov ZAdt+]7pt = ¢ (pbr—2A1m) {W] (w2o%) 1{J = 2}
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(7% + 3 Z (E - 1) Thth0
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D Short note on Gmm estimation and inference

D.1 Strong identification case

The Gmm estimation procedure has been very popular since the seminal paper by
Hansen [1982]. Let’s call § € RP the vector of parameters of the model and 6 its

true value. The set of unconditional moment restrictions can be summarized by :

E(g(yi,00)) = 0 (12)

0 is identified at 6y if 6 = 0y is the unique solution of (12) for #e© (Stock and
Wright, 2000). Let’s denote g, (y:,0) = = 31—, g(y:,0) and §(0) = E(g(y:,0)
The Gmm estimator of # minimizes the criterion function :

St(0;07(0)) = T. (g7(yz, 0)) Wr(0r(0)) (g7 (yt,0))
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Where Wy (67(6)) is a positive semi-definite weighting matrix and 67(0) is the
value of the parameters used to compute Wr. For the 2-step Gmm estimator, Wy =
I in the first step and for the second step,07(6) will be equal to the value estimated
in the first step. For the CUE Gmm estimator, 67(0) = . The optimal weighting
matrix is the inverse of the asymptotic variance-covariance matrix of vTg, (y;,0)"

which can be consistently estimated using a kernel based estimator (Newey and

West [1987]; Andrews [1991]) by:

=Qo+ ) K (§j+§;>

where 0, =TS (9(y6,0) — 97(4:.9)) (9(ye—;. ) — g7 (41, 8)) and k;is a kernel func-
tion (e.g: Bartlett, Quadratic Spectral, Parzen, Truncated, etc.). For the Bartlett

kernel with bandwidth mk; = { (I_W);fﬁjj S here g(y,,0) € R? x RT
2 O

20 A part from being consistent, this estimator is also positive semi-definite.
Newey and West [1994] also showed how to automatically select the number of
lag (m = parameter x T"/3)?!

From the Central Limit Theorem, we know that:

\/_QT(yt7 90 =

IIM’%

9(yi,00) — N(0, Avar (\/_gT(yt,60)>) (13)

So
TJ7(00) = T.G(yt. 00) Wr(00)3(ye, 00) — x(q) (14)

Where Wr(0y) = @(90)*1, Q(fy) is a consistent estimate of the asymptotic variance-
covariance matrix Q(6p).
If k parameters 6} in the vector 6, are estimated while the others are known then

under regularity conditions (see Newey and McFadden [1986],section 9.5 for proof):

B00) = _lim 1.5 (19, (,0) = 90)]) (lg (10,0) — 9O~ e B (9l 095, 0)')

20p is the number of parameters in the model, q is the number of non redundant moment
restrictions; it is equal here to 16 when we consider only the basic moments and to 19 if we add
the moment restrictions from the predictive regressions of the future excess return on the log price
dividend ratio and 22 (resp. 25) if we add the moment restrictions from the predictive regressions
of the future consumption (resp. future dividend) growth on the log price dividend ratio . T is the
length of the data series)

2I'The choice of m is made by minimizing the asymptotic mean squared error
(%z_}ngoE{normalzsedw (§—S)w}?). For the Bartlett kernel that we used here, m(T') = 4T/ with

1/3
5= e {30 /50323 ¢ = (1/f (1— |z |)? ) = {32 = L1470 = 25" g, 50 =

Go + 250 16565 = (T—1)7" o {(w'g(yr, 00)) (w'g(ye—j, 00))}, § = 0,...n with n =
[4(T/100)?/°) and w = (1,...,1)’
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TJIr(0%,6°,) = T.g(y, 07, 60— ) Wrg(ye, 03, 60 —x) — x (¢ — k) (15)

where 6} is the sub-vector of strongly identified parameters, 6y _j is the vector
of weakly identified parameters and the weighting matrix /I/I?T is evaluated at the
(6/%, 6°,). This statistic is the same that we also use in the case of weak identifi-
cation in the next section; the only difference being that in the weak identification
case, because of the inconsistency of the weakly identified parameters, the weighting
matrix needs to be evaluated at the same value of the parameters as the moment
conditions (in other words we must use the continuously update estimator).

It follows that if we choose to fix p — k parameters in the p-vector at their true

values and to estimate k parameters, then :
TJr (03, 6%) = TJr(03) = x (p — k) (16)

The three statistics TJT(GA;}), TJT(GO),TJT(GA}C‘, 6°,) —TJT(GA;;) are used in Hansen
et al. [1996] to study the finite sample properties of alternative GMM estimators
and respectively denominated “Minimized", “True" and “Constrained-Minimized".
This last statistic correspond to the quasi-likelihood (LR) statistic which is usually
used to test § = 6y and could be used to construct confidence region for the set
of constrained parameters (6°,) based on the increment of the objective function
from its unconstrained value. The second statistic corresponds to the Gmm criterion
function computed using a consistent estimator of the weighting matrix evaluated at
the parameter and it also correspond to the S-statistic of Stock and Wright [2000].

From a Taylor expansion of equation 13, the confidence intervals for the estimates
are obtained using the fact that for the efficient Gmm (as our weighting matrix is
a consistent estimate of the asymptotic variance-covariance matrix Q(6p)), we have
(see Hayashi (2000), Prop. 7.10):

VT (0 — 6y) — N(0, [G/Q(QO)—IG} ’1) a7
Where G = E [%}

D.2 Weak identification case

We further assumed that 6 = («, 3), where « is a p, sub-vector of weakly identified
parameters and 3 is the pg sub-vector of strongly identified parameters (p,+ps = p).
This means that the moment conditions are zero at 6y = (ag, 5y), but are also very

nearly zero for a # g : In other words, the population objective function is steep

44



in B around fJy, but nearly flat in a (Stock and Wright, 2000, Sect 2.3). In a
structural economic model, o could be also seen as a vector of “less influential” or
“nuisance” parameters, because their changes have no or only a slight influence on
the equilibrium characterized by (7). Detecting the weakly identified parameters is
not an easy task in a model with non linear equations. If g(y;,#) is continuously
differentiable and VyE(g(y:,0)) = E(Veg(y:,0)), a necessary and sufficient condition
for local identification (which is also necessary for global identification), is that
E(Veg(y,0)) has a full column rank (Newey and McFadden, 1986), which is no
more the case under weak identification.

When some parameters are weakly identified, the limiting distribution of the
Gmm estimator is no more a standard normal distribution (Stock and Wright [2000];
Section 2.4 ). Indeed, the weakly identified parameter « is no more consistently
estimated; it converges to the solution a* of a non-quadratic rather than a local
quadratic minimization problem, and thus this solution might be different to the
true value of the parameter «y which put the objective function (when g = f3y) to 0
(the minimum could be negative and achieved at a parameter different from the true
one). This inconsistency in the estimation of the weakly identified parameter affects
the limiting distribution of the strongly identified parameters. In the end, because
the limiting distributions are nonstandard, confidence intervals for B constructed by
inverting the quasi-likelihood ratio (LR) statistic St(0o;07(60)) — S(0;07(0)) or the
conventional Wald statistic will not be valid (Stock and Wright, 2000).

However, if we assume that Uz () = VT ([g7 (e, 00) — §(60)]) LN N(0,9(6p,00))
and Wy (6p) 2 W (o) = Q(6o,00)~ then Sr(6g;00) > x2, (Stock and Wright [2000];
Theorem 2) and this could be used to construct the (1 —\)% confidence region of 6
by collecting all the parameters 6 such that Sp(6;0) < X%l— N (m). Under stronger as-
sumptions (Assumptions B,C,D in Stock and Wright, 2000 ), Sz(ao, B(co); a0, B(ao)) %
Xi—p, and this could be used to construct the (1 — A)% confidence region of og by
collecting all the parameters a such that Sp(a, f(); a, f(e)) < X?l—)\) (m—p2). Notice
that for all those statistic the criterion function used is for the CUE Gmm and the

weighting matrix must be a consistent estimator of the inverse of the variance co-

variance matrix of vTg(y;,6). Stock and Wright [2000| recommend to be cautious in
the interpretation of the confidence set derived by inverting the S-statistic because
the confidence region is the result of a joint test of two hypothesis (that § = 6y and
that the over-identifying conditions are valid). So the S-set could be small either
because the model is correctly specified and precisely estimated or because the model
15 misspecified but the evidence is two weak to reject it entirely.

Kleibergen [2005] proposed a decomposition of this joint test into its two part using
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two independent statistics. The S-statistic can be decomposed as:

St(60,60) = J(6o,60) + K (0o, 0o)
Where

J(60,00) = T.g(ye. ) Wr(00) ™" My, (9011727 (80,v) W (00) 2531, 0)
and

8Sr(0,6)

dS7(0,0) | ’
o0 o

1
K (00, 00) = ~ 9o19,9)
(07 0) ( 80/

; y(,o> (D00, Y) Wr(60)~ D (0. V)] - <

Dr(00,Y) = T.[q1.7(yt, 00)—Vag.1 (00)Wr(00) g7 (1, 00)--ap.7 (Y1, 00)—Vag p(00) W (00) ~ g7 (y1, 60)]

is m x p dimensional matrix,
g 7(y,00) = %ﬁ:mbo i = 1,..,p is m x 1 dimensional vector and Vgg(@o) =

(Vog1(00)-.-Vogp(0)) is a mp x m dimensional matrix that consistently estimate

1
lim =F
m

T—o0

<(QI(yt700> — E(q1(y1,60)))"-.- (ap(us, b0) — E(Qp(yt700)>),> (9(%790) - E(g(w,%)))]

mxT Txm

It is extracted from the variance-covariance matrix estimate of

gr(0) [ Vig(0) Vie(0)
ﬁ(qﬂ@))] _<veg(9> V90(9)>

In the case of the moment conditions, we consider here, since there is a sepa-

V(€)= lim var

T—+o0

ration between the theoretical moment evaluated at # and the empirical moment
computed from the data (the difference between the two forms the moment con-
ditions), Dr(6p,Y’) is equal to the jacobian of the moment conditions which only

depends on 6, such that Vy, and Vjyy are both null matrices, and

Under the null hypothesis, which is Hy : 6 = 6, for the K-statistic, it converges to
x%(p) and which is H,, : E(g(ys,6p)) = 0 for the J-statistic, it converges to x?(m—p)
More specifically,

T(00.00) = T3y 0)' |Wr(60) ™" — Wr(00) ™ Dr (6o, Y) (Dr(0o.¥) Wi (6) " Dr(00.¥))
x Dr(60,Y) Wr(60) ™| 531, 0)

K (B0, 00) = T.5(31,0) Wr (60)* Dr (00, ¥) [Dr (60, Y) Wir(6) " Dr(60,¥)]
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x Dr(60,Y) Wr(60) ' G(yt. 0)

Testing the set of strongly identified parameters (/) is more complicated because
a*could be different from ag and then the limiting distribution under the null will
be unconventional. The Dufour [2003] approach is to construct a valid (1 — \) %
confidence set for the all vector of parameters or for the weakly identified ones and to
project out the other elements. This projection method becomes difficult to apply
when the number of parameters is greater than 3?* . Kleibergen and Mavroeidis
[2009] also propose some subset weak instrument robust statistics (S-statistic, KLM,
JKLM, MQLR) to test hypothesis and build confidence intervals for all subset of
parameters (even if they are not weakly identified). In there setting, if you want to
test Hy : 8 = Py (here there is no more distinction between, strongly and weakly

identified parameters), then you can compute the following statistics:

S(Bo) = Sr(a(Bo), Bo; &(Bo), Bo) < ps + P
KLM(Bo) = K(a(Bo), Bo; &(o), Bo) < @ns

JK LM () = S(8o) — KLM () f Pm—p

4

MQLR(Bo) = 5 KLM () + JKLM(B) — 1k(Bo)

F{ELM (o) + JKLM(By) + rk(f0)y? — 4TK LM](5o)rk(50)) "]

[Spm + Pm—p — 7k(B0) + ({@pﬁ + Pm—p + Tk(BO)P - 4@m—prk(60))1/2]

N —

<
a

where 7k(5y) is a statistic that test the lower rank of the jacobian matrix of the

objective function at (&(fy), fp) and which is given by :

-1

I /

rk(fo) = UQ}%Z;&T( 11) ) Dr(&(Bo), Bo) [(( 11} ) ®Im> Voo (a(Bo), Bo) (( 11} ) ®Im>

% Dr(@(By), Bo) ( ! )

v

22For example with a vector of p = 3 parameters, if we assume each parameter to belong initially
to an interval that we discretize into only 10 values, then our grid will be made of 10Ppoints at
which the objective function will be evaluated. So as p increases, the number of points in our grid
growth exponentially and it becomes very difficult to settle the S-set.
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They show that under the null hypothesis Hy : § = [y, the limiting distribu-
tions of those statistics is asymptotically bounded by the usual chi-squared distri-
butions with the corresponding degrees of freedom: ,, and ¢,,, are independent
chi-squared distributed random variables with pg and m — p degrees of freedom,
respectively. The drawback being that using the corresponding degree of freedom
(1 — ) chi-squared quantile to build the confidence intervals will result in conser-
vative confidence intervals when the unrestricted parameters are weakly identified,
meaning that the maximum rejection probability of the tests over all values of the
nuisance parameters is lower than the size of the test or equivalently the level of the

confidence interval will be greater than (1 — \) %.
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Table 5: Predictability of excess returns, consumption, and dividends
The predictive regressions in the data show that log price-dividend predicts excess return but does not predict consumption growth and dividend growth. When using the estimated
parameters to calibrate the LRR model, we see that the values obtained under basic moment restrictions (RCUGmm) do not allow to reproduce the level of the observed predictability
of excess return of excess returns. Furthermore the implied predictability of the dividend growth is highly rejected. If we use the values obtained in the extended restrictions (ECUGmm
and EECUGmm) to calibrate the model, the implied predictability becomes closer to the observed one. Furthermore, implied consumption growth predictability is closer to the data
for EECUGmm restrictions (where this moment conditions have been included) compare to CUGmm restrictions

‘ B(50%) R2(50%) % (RAZ) B(50%) R2(50%) % (RAZ) B(50%) R2(50%) % (1?2) B(50%) R2(50%) % (RA?)
Horizon RCU RCU RCU CuU CcuU CcuU ECU ECU ECU EECU EECU EECU
Excess return predictability : > 5,y o — 7%, = const. + B(pf — df) + et4g

1Y -0.049 0.010 0.924 -0.068 0.018 0.850 -0.123 0.022 0.797 -0.115 0.028 0.7971
-0.996 -1.331 -1.198 -1.12

3Y 0.099 0.029 0.976 -0.156 0.047 0.945 -0.309 0.056 0.931 -0.247 0.074 0.900
1.160 -1.385 -1.915 -1.995

5Y -0.268 0.048 0.961 -0.264 0.072 0.928 -0.649 0.076 0.926 -0.618 0.108 0.888
-1.289 -1.675 -1.335 -1.903

Consumption growth predictability : ijl(Acf ;) = const. + B(pf — dff) + ety

1Y 0.008 0.013 0.077 0.053 0.245 0.0016 0.059 0.410 0.0001 0.044 0.325 0.002
0.882 4.182 4.749 4.164

3Y -0.025 0.025 0.042 0.072 0.363 0.0019 0.1248 0.247 0.003 0.134 0.182 0.008
-1.186 5.856 4.522 4513

5Y 0.031 0.037 0.207 0.134 0.400 0.013 0.0684 0.1436 0.063 0.073 0.104 0.104
1.428 4.179 2.422 2.468

Dividend growth predictability : Z;.]:l(A tj) = const. + B(pf — dff) + &1y

1Y 0.084 0.338 0.000 0.127 0.194 0.003 0.231 0.302 0.0005 0.206 0.277 0.002
5.032 5.132 5.133 4.792

3Y 0.352 0.432 0.002 0.353 0.241 0.034 0.417 0.190 0.045 0.242 0.159 0.077
4.967 3.792 3.506 3.019

5Y 0.384 0.449 0.004 0.310 0.270 0.034 0.433 0.119 0.091 0.348 0.095 0.120
6.270 4.377 2.164 2.641

The column named B represents the slope and (below) the t-stat of the predictive regression of future excess return, consumption and dividend growth on the log price dividend ratio
for different horizons (1 year, 3 years and 5 years ). The R-square are also provided in columns named R? and R2(50%). The first one is the R-squared obtained for the observed
data, while the second one is the median of the R-squared obtained for regressions on 10.000 simulated data set using the corresponding estimates of parameters (under RCUGmm,
CUGmm , ECUGmm and EECUGmm restrictions) to calibrate the model. The column named % (;ﬁ) represents the percentage of sample simulated R-squared that are below the

R-squared observed in the data; a percentile below 5% or above 95 % correspond to a one side test rejection of the model at 5% significant level.



Table 6: Basic moments implied by the model

Moments Data ‘ RCUGmm ‘ CUGmm ‘ ECUGmm EECUGmm
0.020 0.023 0.025 0.0229 0.0229
E(aq) [ 0.010; 0.036] [ -0.016; 0.066] [ 0.008; 0.037] [0.008 ; 0.038]
0.03 0.044 0.043 0.030 0.032
o(a0) [0.035 ; 0.053 | [0.031 ; 0.059 | [0.019 ;0.045] [0.020 ; 0.049 |
0.359 0.233 0.414 0.713 0.694
AC1(Ae) [0.018; 0.429] [0.133; 0.678] [0.555 ; 0.834] [0.535 ; 0.819]
0.008 0.024 0.029 0.0343 0.030
E(ad) [-0.073 ;0.121] [-0.085 ;0.142] [-0.029 ; 0.097] [-0.023 ; 0.082]
0.110 0.126 0.1640 0.164 0.134
o(Ad) [0.098; 0.163] [0.120; 0.219] [0.107 ; 0.241] [0.086 ; 0.202]
0.146 0.427 0.3190 0.471 0.509
ACLAD [0.172 ; 0.666 | [0.062 ; 0.561 | [0.246; 0.664 | [0.298 ; 0.692 |
0.075 0.059 0.066 0.073 0.065
Erm) [-0.015; 0.134] [-0.025 ; 0.157] [0.012 ; 0.140] [0.013 ; 0.121]
0.200 0.333 0.326 0.290 0.243
o(rm) [0.272 ;0.400] [0.246 ;0.421] [0.205 ; 0.397] [0.174 ; 0.334]
-0.003 -0.015 -0.024 0.009 0.020
ACLrm) [-0.245 ;0.214] [-0.269 ;0.221] [-0.227 ;0.250] [-0.218 ;0.262]
0.005 -0.0255 0.002 0.009 0.0115
B(rs) [-0.032; -0.02] [-0.032; 0.033] [-0.0019 ; 0.0183] [0.0004 ; 0.0215]
0.039 0.021 0.0197 0.021 0.0232
olrs) [0.0160 ;0.026] [0.011 ;0.034] [0.013 ; 0.031] [0.014 ; 0.036]
0.563 0.322 0.906 0.683 0.650
ACLry) [0.093; 0.530] [0.780; 0.977] [0.511 ; 0.818] [0.474 ; 0.791]
3.320 3.364 3.298 3.204 3.274
Ep—d) [2.403;4.339] [2.194;4.353] [2.808 ; 3.449] [2.832 ; 3.524]
0.441 0.715 0.641 0.371 0.336
op—d) [0.423 ; 1.155] [0.350 ; 1.114] [0.218 ; 0.593] [0.192 ; 0.554]
0.936 0.873 0.857 0.691 0.727
ACL(p —d) [0.713; 0.958] [0.659; 0.960] [0.466 ; 0.855] [0.501 ; 0.883]

The table displays the results from 10.000 simulations of 948 months each (to mimic the period 1930-2009) of the
long run risks model based on the CUE estimates. The statistics are for annually aggregated variables (consumption
growth rate, dividend growth rate, market return, risk free rate, log price-dividend ratio). Aggregation has been
done through a 12 months summation for growth rates and returns. For the log price-dividend ratio, the annual

values have been computed using the year’s December values of the price divided by the summation of monthly

dividends within the year.
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Table 7: Predictability of the volatility of excess returns, consumption, and dividends
. B(50%) R2(50%) % (1?2) B(50%) R2(50%) % (1?2) B(50%) R2(50%) % (1?2) B(50%) R2(50%) % (1?2)
RCU RCU RCU CuU Cu CuU ECU ECU ECU EECU EECU EECU
Excess return volatility predictability

1Y -0.0248 0.006 0.362 -0.033 0.012 0.2712 -0.114 0.032 0.134 -0.079 0.035 0.123
-0.952 -1.153 -1.709 -1.420

3Y -0.046 0.018 0.069 0.090 0.027 0.0585 -0.266 0.061 0.034 -0.125 0.069 0.029
-0.769 0.822 -1.633 -1.760

5Y -0.128 0.029 0.060 0.107 0.037 0.0531 -0.494 0.068 0.036 -0.288 0.082 0.034
-0.938 1.119 -1.580 -1.825

Consumption growth volatility predictability

1Y -0.002 0.007 0.9960 -0.003 0.013 0.9656 -0.009 0.061 0.773 -0.013 0.076 0.701
-0.843 -0.853 -2.344 -2.648

3Y -0.010 0.018 0.998 0.010 0.028 0.9852 -0.0296 0.106 0.908 -0.025 0.140 0.861
-0.873 1.321 -1.800 -3.240

5Y 0.015 0.029 0.996 -0.019 0.038 0.9859 -0.0384 0.113 0.943 -0.052 0.152 0.906
1.080 -1.107 -1.692 -3.178

Dividend growth volatility predictability

1Y -0.012 0.007 0.753 -0.018 0.013 0.5960 -0.074 0.057 0.224 -0.048 0.074 0.162
-0.968 -0.842 -1.840 -3.279

3Y 0.019 0.018 0.623 0.0281 0.028 0.5202 -0.197 0.101 0.215 -0.144 0.137 0.151
1.045 1.056 -2.303 -2.694

5Y -0.032 0.029 0.651 -0.064 0.039 0.5752 -0.252 0.108 0.325 -0.164 0.149 0.239
-1.030 -1.032 -1.815 -3.939

The table displays the results of model predictive regressions of future excess return volatility, consumption growth volatility and dividend growth volatility on the log price-dividend
ratio as in eq. 11. We run 10.000 simulations of 948 months each (to mimic the period 1930-2009) of the long run risks model when calibrated at the parameters obtained from
the estimations. Each column represents the slope and below the t-stat of the predictive regression for different horizons (1 year, 3 years and 5 years ). The median R-square are
also provided. The last column represents the percentage of sample simulated R-squared that are below the R-squared observed in the data; a percentile below 5% or above 95 %

correspond to a one side test rejection of the model at 5% significant level.



Figure 2: Illustration of weak identification of v driven by o,
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This figure shows the elasticity of the continuously updated Gmm function with respect to the
persistence of the volatility (v) as the volatility of the volatility (o) goes to 0. As oy, goes to zero,
the objective function becomes almost insensitive to changes in v. All the parameters (except v

and o,,) have been calibrated as in BYK for the simulation and the sample length is 840 years.
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Figure 3: Predictability in the BYK calibration of the LRR model
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This figure shows the slopes (on the left) and the R-squared (on the right) of the predictive regression of
future excess returns (Ex.Ret), consumption growth (g) and dividend growth (gd) by log price-dividend ratio. The
horizontal axis represents the number of ear ahead. The blue line correspond to the observed data (the sample
is from 1930 to 2009). The black lines correspond to simulated data using the BYK calibration. The grey lines
correspond to the confidence intervals of the black line. We run 10.000 simulations of sample with the same length

as the observed data.
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Figure 4: Predictability in the EECUGmm calibration of the LRR model
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This figure shows the slopes (on the left) and the R-squared (on the right) of the predictive regression of
future excess returns (Ex.Ret), consumption growth (g) and dividend growth (gd) by log price-dividend ratio. The
horizontal axis represents the number of ear ahead. The blue line correspond to the observed data (the sample is
from 1930 to 2009). The black lines correspond to simulated data using the estimates obtained from EEUGmm setup
for calibration. The grey lines correspond to the confidence intervals of the black line. We run 10.000 simulations

of sample with the same length as the observed data.
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Figure 5: Volatility predictability in the BYK calibration of the LRR model
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This figure shows the slopes (on the left) and the R-squared (on the right) of predictive regression of future
excess returns volatility (Ex.Ret.Vol), consumption growth volatility (g.Vol) and dividend growth volatility (gd.Vol)
by log price-dividend ratio.The horizontal axis represents the number of ear ahead. The blue lines correspond to
the observed data (the sample is from 1930 to 2009). The black lines correspond to simulated data using the BYK
calibration. The grey lines correspond to the confidence intervals of the black line. We run 10.000 simulations of

sample with the same length as the observed data.
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Figure 6: Volatility predictability in the EECUGmm calibration of the LRR model

Ex.Ret.Vol ~ p-d Ex.Ret.Vol ~ p-d
o —6— Predict. © —6— Predict.
o ] | obsew. ‘W—Ave - S 7] —e— Observ.
(g}
o — = —
Q.
g, is—"\";_,,e\ﬁ__e/e\e/ \(‘J 3 o
N P o 7
x
© o | ge— 88— - — 8
- T T T T T o T T T T T
2 4 6 8 10 2 4 6 8 10
Years ahead Years ahead
g.Vol ~ p-d g.Vol ~ p-d
N
e —6— Predict. © —6— Predict.
— _| [-e— Observ. o Tl [ Observ.
o o
o s
Q o
o 5 1 =]
s ° 7 3
m x w
N o
< T T T T T o T T T T T
2 4 6 8 10 2 4 6 8 10
Years ahead Years ahead
gd.Vol ~ p-d gd.Vol ~ p-d
g =1 |- Predict. ® —e— Predict.
—e— Observ. s 1= Observ.
— e
o
g S - T 7
o
w —° 7 g‘ 7]
1 @
© —
# ol s
S A

Years ahead Years ahead

This figure shows the slopes (on the left) and the R-squared (on the right) of the predictive regression of future
excess returns volatility (Ex.Ret.Vol), consumption growth volatility (g.Vol) and dividend growth volatility (gd.Vol)
by log price-dividend ratio. The horizontal axis represents the number of ear ahead. The blue lines correspond
to the observed data (the sample is from 1930 to 2009). The black lines correspond to simulated data using the
estimates obtained from EEUGmm setup for calibration. The grey lines correspond to the confidence intervals of
the black line. We run 10.000 simulations of sample with the same length as the observed data.
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Figure 7: Finite sample distribution of the CUGmm objective function in the Model
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This figure shows the finite sample distribution of the objective function evaluated at the true value of the
parameter for the model simulated with various sample sizes. The number of simulation used to compute the kernel
densities (red plots) is the same for all the plots (N=1000), but the sample size of the draws varies: T (in years)
=84, 420, 840, 4200, 8400. The black lines represent the density of a chi-squared random variable with 19 degrees
of freedom (which correspond to the number of moment conditions). When the sample size is small (e.g: T=84) as
what we have in the data, the finite sample approximation of the asymptotic distribution of the CUGmm objective

is very poor and that will lead to an over-rejection of the model.
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Figure 8: 95% Confidence region for v with respect to the other parameters
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This plot shows the joint 95 % confidence region for v and others parameters. It has been constructed by
selecting all the vectors of parameters for which the CUGmm objective function value is below the 95 % quantile
of x2(7) . In the CUGmm objective function, we have 19 moment conditions, ~ is fixed here and the remaining

parameters are estimated.
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Figure 9: Confidence region for ¢ with respect to the other parameters
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This plot shows the joint 95 % confidence region for ¢ and others parameters. It has been constructed by
selecting all the vectors of parameters for which the CUGmm objective function value is below the 95 % quantile
of x2(7) . In the CUGmMm objective function, we have 19 moment conditions, ¢ is fixed here and the remaining

parameters are estimated.
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Figure 10: Confidence region for o with respect to the other parameters
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This plot shows the joint 95 % confidence region for o and others parameters. It has been constructed by
selecting all the vectors of parameters for which the CUGmm objective function value is below the 95 % quantile
of x2(7) . In the CUGmMm objective function, we have 19 moment conditions, o is fixed here and the remaining

parameters are estimated.
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