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Abstract

This paper examines non-parametric identifiability of production function when production
functions are heterogenous across firms beyond Hicks-neutral technology terms. Using a finite
mixture specification to capture permanent unobserved heterogeneity in production technology,
we shows that production function for each unobserved type is non-parametrically identified
under regularity conditions. We also propose an estimation procedure for production function
with random coefficients based on EM algorithm. We estimate a random coefficients production
function using the panel data of Japanese publicly-traded manufacturing firms and compare
it with the estimate of production function with fixed coefficients estimated by the method of
Gandhi, Navarro, and Rivers (2013).

1 Introduction

Estimation of production function is one of the most important topics in empirical economics.
Understanding how the input is related to the output is a fundamental issue in empirical industrial
organization (see, for example, Ackerberg, Benkard, Berry, and Pakes, 2007). In empirical trade
and macroeconomics, researchers are often interested in estimating production function to obtain
a measure of total factor productivity to examine the effect of trade policy on productivity and
to analyze the role of resource allocation on aggregate productivity (e.g., Pavenik, 2002; Kasahara
and Rodrigue, 2008; Hsieh and Klenow, 2009).
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As first discussed by Marschak and Andrews (1944), the ordinary least square estimates of
production function suffers from simultaneity bias because inputs are correlated with error term
when a firm makes an input decision based on their productivity level (Griliches and Mairesse, 1998).
Under the assumption that error terms could be decomposed into permanent and idiosyncratic
components, fixed effects estimator may be used but such an assumption could be violated in
practice, and, furthermore, the coefficient of inputs that are persistent over time could be severely
biased downward due to measurement errors (Griliches and Hausman, 1986).

More recent literature attempts to address the simultaneity issue by employing dynamic panel
methods (Arellano and Bond, 1991; Blundell and Bond, 1998; Blundell and Bond, 2000) or develop-
ing proxy variable methods (Olley and Pakes, 1996; Levinsohn and Petrin, 2003; Ackerberg, Caves,
and Frazer, 2006, (ACF, hereafter); Wooldridge, 2009), which are now popular in empirical appli-
cations. However, as shown in Gandhi, Navarro, and Rivers (2013, GNR hereafter), both dynamic
panel methods and proxy variable methods suffer from a fundamental identification problem when
flexible inputs is present. Specifically, GNR formally prove that, if intermediate inputs are chosen
flexibly in each period with no adjustment cost, then production function is nonparametrically
non-identifiable under a typical model of production used in the literature.! Then, GNR show that
exploiting the first order condition with respect to flexible inputs under profit maximization makes
it possible to establish the nonparametric identification of production function without making any
functional form assumptions. Furthermore, based on their identification strategy, GNR proposes
an estimation procedure that does not suffer from simultaneity bias.

This paper extends the identification result of GNR to the case where production functions are
heterogenous across firms beyond Hicks-neutral technology terms. We consider a finite mixture
specification in which there are J distinct production technologies and each firm belongs to one of
J types. Without making any functional form assumption on each type of production technology,
we establish nonparametric identification of J distinct production functions and a population pro-
portion of each type under the reasonable assumptions on production functions that are based on
the assumptions in GNR. Based on the identification argument, we consider a random coefficient
specification for production function and develop an estimation procedure in which EM algorithm
is used to facilitate the computational complexity associated with estimation of a finite mixture
model.

Given that, except for the result of GNR, little formal identification result for production func-
tion estimation in the literature is available, our nonparametric identification result is an important
contribution to the literature. Our identification result is also useful in practice as the random co-
efficient models for production function become increasingly popular in empirical analysis (e.g.,
Mairesse and Griliches, 1990; Van Biesebroeck, 2003; Doraszelski and Jaumandreu, 2014).

We provide empirical evidence that production functions are heterogeneous beyond Hicks-

neutral technology term to motivate the necessity of considering production functions with un-

'Bond and Sderbom (2005) and ACF also discuss the related identification issues.



observed heterogeneity in empirical applications. As analyzed by GNR, if Hicks-neutral technology
term is the only source of permanent unobserved heterogeneity in production function and if inter-
mediate input is a flexible input, then we expect that the ratio of intermediate input cost to output
value after controlling for the difference in the input level of capital, labor, and intermediates should
not exhibit any serial correlation. However, using the panel of Japanese manufacturing firms, we
find that the serial correlation of the ratio of intermediate input cost to output value is as high as
0.89 even after controlling for the difference in the input level of capital, labor, and intermediates,
which strongly suggests the presence of unobserved heterogeneity beyond Hicks-neutral term.

We estimate a random coeflicients production function using the panel data of Japanese publicly-
traded manufacturing firms between 1980 and 2007 and compare the results with those from the
original GNR specification without unobserved heterogeneity. When we estimate production func-
tion without incorporating heterogeneity using the estimation procedure suggested by GNR, we
found that the majority of variations in total factor productivity is coming from idiosyncratic
ex-post shocks rather than serially correlated shocks. In contrast, when we estimate production
function with random coefficients, the majority of variations in total factor productivity is ex-
plained by the variation in serially correlated shocks. Furthermore, the estimated serial correlation
in ex-post shocks of random coefficients model is substantially lower than that of homogenous

model.

2 The Model

Assume that we have panel data of firms ¢ = 1,..., N over periods t = 1,...,T for output, la-
bor, capital and intermediate inputs denoted by (Y, L, Kit, M;i), respectively. For brevity, let
Xt = (L, Kit, M) so that (Yi, Li, Ky, M) = (Yir, Xit). Each firm’s observation {Yi;, Xit}i,
is randomly sampled from a population distribution P({Y;;, X} ;).

We consider a possibility that firms are different in production technology beyond Hick’s neu-
tral productivity shock. Specifically, we use a finite mixture specification to capture permanent
unobserved heterogeneity in firm’s production technology. In the following, the superscript j indi-
cates that functions are specific to type j. Denote the information available to a firm for making

decisions on Mj;, Lit41, and Ky at period ¢ by Zy;.

Assumption 1. (a) Each firm belongs to one of J types, where the probability of belonging to type
j is given by /. (b) For the j-th type of production technology at period t, the output is related to
mputs as

Yie = F] (Xag)eotee, (1)

where th (Xi) = th(Lit,Kit, M) is differentiable with respect to M.

Assumption 2. (a) For the j-th type, wi € Ly follows an exogenous first order stationary Markov
process given by
wit = h (wi—1) + it (2)



where 1| Lir—1 is independently and identically distributed (i.i.d.) with the probability density func-
tion gi(+), where Pl (wit|Tit—1) = Pl(wit|wit—1) := gi(wit —h (wit—1)). (b) For the j-th type, € & Lit
is an i.i.d. ex-post shock that is not known when M;; is chosen at period t. The probability density

Jfunction of e for type j is denoted by gg(-), where Pg(qtﬂ'it) = Pg(eit) = gz (€it).

Assumption 3. (a) Ly and K;; are determined at period t — 1 so that Ly, Ky € Ty but Ly, Kiy &
Zit—1. (b) the conditional distribution of K; and Ly given Iy is type specific and only depends
on L1, Kir—1, and wiz—1, i.e., P} (Lit, Kit|Zt—1) = P} (Lit, Kig|Li—1, Kit—1, wit—1)-

Assumption 4. (a) My is flexibly chosen at period t. (b) My is a type-specific deterministic
function of Ly, Ky, and wy that can be written as M; = M{(Lit,Kit,wit), where M{ 1s strictly

increasing in wy for any (L, Ki).

Assumption 5. (a) A firm is a price taker. (b) The intermediate input price Pyry and the output
price Py at period t are common across firms. (c) (Puy, Pyyt) € L.

Our Assumptions 1-4 correspond to Assumptions 1-4 of GNR, respectively, but our assump-
tions relax the assumptions of GNR in that we allow for permanent unobserved heterogeneity in
production technology. In Assumption 1, as indicated by the subscript ¢ in th(), type-specific
production function could be different across periods because of type-specific aggregate shocks or
type-specific biased technological changes. Our Assumption 2 is more stringent than that of GNR
because we assume stochastic independence of 7;; and that of €¢; while GNR only assumes mean
independence. Assumption 3(a) is a simplifying assumption adopted by GNR which helps us to
clarify the essence of our identification argument. Assumption 3(b) can be justified by explicitly
considering the dynamic model of investment and labor input choices. Assumption 4(b) implies that
there is one-to-one mapping between (L, Ky, M;) and (Lit, Kit, wit) and, considering the inverse
function of M{ with respect to w;, we may write w;; = M{ _I(Lit, K, M;;). Under Assumption
5(b), the intermediate input price Pps¢ cannot be used for instrumenting M;;; when intermediate
prices are exogenous and heterogenous across firms, production function could be identified using
the intermediate input prices as instruments (see Doraszelski and Jaumandreu, 2014). Under As-
sumptions 1-5, the information set Z is given by Zy = {wit, Lit, Kit, Prt, Py, Zit—1, Zit—2, ...},
where Z;; = {Gmwz‘n Yit, Xit, PM,t, PY,t}-

Consider a firm ¢ of which type is j. A firm chooses M;; by maximizing its expected profit given
Tis:

M (Lit, Kit, wit) = argmax Py Ee [FJ (Lig, Ky, My )e“ €| Tiy] — Py M.

Under Assumptions 1, 2, 3(a), 4(a), and 5, the first order condition with respect to M gives
PY,tFJJ\Z,t(Xit)ew“gj = Py, (3)

where &7 = [ ‘g (€)de. Note that Assumption 4(b) holds when FZJ\'/[,t(Lit, Kit, M) := W



is strictly decreasing in M;; given (L;, Kjt). Equations (1) and (3) give a system of equations

InYi; = In FJ (X)) + wit + €it,
In Syt = In G, (Xit) + &7 — €,

where
Py My

Sit =
T Py Y

; XM,
is the intermediate input share and Gg\“( it &it) 1= #

3 Nonparametric identification of 7/, th(-), R (-, g%(-), and ¢/(-)

For notational brevity, we drop the subscript 4 in this section. The distribution of {Y, Sy, X;}1;

follows an J-term mixture distribution

7"-]T)j({)/t’ St’ Xt}?:l)

M-

P({E, St Xt}?:l) =

7=1
; r (5)
— Z W]P{(Yia S17 Xl) H Pg ()/;57 St7 Xt|{}/th7 Stfsa ths 1;;11)
7j=1 t=2

Proposition 1. Suppose that Assumptions 1-5 hold. Then, the distribution of {Yt,St,Xt}tT:l

defined in (5) can be written as

J T
P{Yy, i, X, }Ly) = > wd PL(Yal Sy, X1) P (S1, X1) [ [ P (Yal Sb, X, Yi1, Si1, Xio1) P (S, Xo| Xy 1),
t=2

j=1
(6)

Therefore, {Y;, S;, X;}._, follows a first order Markov process within subpopulation specified
by type. The result of Proposition 1 allows us to use the argument in Kasahara and Shimotsu (2009)
and Hu and Shum (2012) to establish the nonparametric identification of {x, {P? (Y}, Sy, Xt)}tT:l};]:l

as follows.

Assumption 6. Let W; := (Y3, Sy, Xy) and let Wy be the support of Wy. For every (wa,ws) €
Wa x Ws, there exists (2, w3) € Wa X Wi, (a1, ...,a;) € WY and (by,...,bj_1) € W]~ such that
(a) Ly, Las, Lu,, and Lg, defined in (30) are nonsingular, (b) P} (W3 = w3|Wa = ws) # 0 and
PI(W3 = w3|Wa = wa) # 0 hold for j =1,...,J, and (c) all the diagonal elements of Dy, sy .ws.ws
defined in (31) take distinct values.

Proposition 2. Suppose that Assumptions 1-6 hold and T > 4. Then,
{ﬂ'j, P{(Yl, Sy, X1), {PZ(Yu Sty Xi|Yi—1,S¢-1, Xt—l)}thg}}]:l is uniquely determined from P({Yy, S, Xt}le).



Remark 1. Considering serially correlated continuous unobserved variables {X;}, Hu and Shum

(20183) analyze the nonparametric identification of the model

T
PUWALY) = [ Pu(Wa, X [T ROV X Wi, X)) )
t=2

Given the panel data {W;}_, with T = 5, Theorem 1 and Corollary 1 of Hu and Shum (2013)
state that, under their Assumptions 1-4, (W3,X3) Pi(W4,XZ]W3,X§), and Pg(W5,X§]W4,XZ)
are non-parametrically identified but the identification of P{(Wl,Xf), Pg(Wg,Xé‘\Wl,Xi‘), and
Pé(Wg, X3 |Wa, X3) remains unresolved. Our Proposition 2 shows that, for a model in which unob-
served heterogeneity is permanent and discrete, we can nonparametrically identify the type-specific
distribution of {W;}_, including the first two periods of the data from T = 4 periods of panel data

without imposing stationarity.

Remark 2. Assumption 6 assumes the rank condition of matrices Lyy,, L,, _w2, and I_/wQ deﬁned
in (30), of which elements are constructed by evaluating Pj(W4|W3) and 7TJP7(W2|W1) 1) a

different points, where Wy := (Y4, St, Xt). These conditions are similar to the assumption stated in
Proposition 1 of Kasahara and Shimotsu (2009). Please refer to Remark 2 of Kasahara and Shi-
motsu (2009) for their interpretations. One needs to find only one pair of values (w2, w3) € WaxWs
and one set of J—1 and J points of W1 and Wy to construct nonsingular Luy,, Lgs, Ly,, and Lg, for
each (w2, w3) € Wa x Wi. The identification of PZ(W4|W3 = w3) and 7rjP2j(W2 = w2|W1)P1j(W1)
at all other points of W4 and W1, respectively, follows without any further requirement on the rank

condition.

Once the type-specific distribution of {Y;, Sy, X;} is identified, we may apply the argument of
GNR to prove the nonparametric identification of 8 = {{gZ(-), g (-), b (-), &, 74, {G?VH() 9 ()Y 1} 1}

Proposition 3. Suppose that Assumptions 1-6 hold and T > 4. Then, (a) 61 := {x?, gl (-), &, {Gf\u(-)}le}}-}:l
is uniquely determined from P({Sy, X,}YL_|). (b) 05 := {{{F} ()} 1}] 1R (: ),g%()} is uniquely de-
termined from P({Y;, Sy, Xy }1_1) and 6;.

Therefore, type-specific production functions as well as the distribution of unobserved variables
can be non-parametrically identified. In estimation, we focus our attention to the case where

type-specific function is given by Cobb-Douglas production function with random coefficients.

Example 1 (Random Coefficients Model). Consider a Cobb-Douglas production function with

(potentially time-varying) random coefficients:
In th (Xt) = Oé?tgt + Oéi’tk’t + ozimtmt, (7)
where the intermediate share equation is given by

InS; = ln(afn’tc‘:j) — €. (8)



Then, equation (6) holds with
Pi(S1,X1) = P{(S)P{(X1) and  P{(S, Xe|Xe-1) = P (S0P (Xt Xi-1),

where Pj(St) = g¢ (ln( 5j) —1InS;). Under Assumptions 1-6, we may nonparametrically identify
a0), h(), gn(), Pj(Xl) and P!(X,|X,_1), and {a“,akt, mt} fort=1,...,4andj=1,...,J
from the panel data {Yy, Sy, Xi} i,

In the appendix, we discuss the conditions under which Assumption 6 holds when the production

function is Cobb-Douglas.

4 Estimation of production function with random coefficients

4.1 Cobb-Douglas production function with random coefficients

We consider a Cobb-Douglas production function with random coefficients. Denote the log values
of (Yie, Lit, Kit, Mg, Sit) by (yit, lit, kit, mit, si¢) and let xy := (L, kit, mi). A scalar unobserved
variable §; summarizes the permanent unobserved hererogeneity for firm ¢ in the coefficients of
production function. Specifically, if firm 7 is of type 7, then & = & and we assume that In Ft] (Xi) =
fe(wit; &), where

Fil@i; &) = ar + ¥ mig + e by + ape® ki + act?,

where a; depends on t to reflect period t aggregate shock. Then, the production function of type
j is given by
yit = o + € mig + e by + e ki + wir + 0g + €. (9)

The first order condition with respect to M;; implies
sip =In&E7 4+ & — €. (10)

Therefore, the distribution of S;; does not depend on X;; under Cobb-Douglas assumption.

The stochastic process of w;; is assumed to follow
Wit = PWit—1 + Nit.- (11)

Let zi = (mgt, lit, kit)'. We consider the following parametric random effects model.

Assumption 7. (a) The production function of type j is given by (9). (b) & ~iia Z;-le TI1(€ = &).
(¢) Mitl&, Kit, it ~iia N(0,02). (d) €lé& = &, wis ~iig N(0,(02)?). () i1|& ~iia N(co + 16, 1),
where co = (w0, ckos cmo)’ and 1 = (cor, chrscm1)’- (f) wirlzin, & ~iia N(Bo + iy e + Bei, 03),
where By = (Be, Br, Bm)' (9) ®it|Tit—1,& ~iia N(ppZit—1 + paebi, Xa), where Ty = (1,25,_,),
pz = (Pt P, Pm) 15 an 4 x 3 matriz, and pze is a 3 x 1 vector.



Collect the model parameters into #1, and 6, as follows. Let 61 := ( /1,57 ’lx

(7', €, 0) and 01, = (cg, ¢}, (vech(E1))', oy Pty Pl (vech(E,))') with 7 := (.., ), € =
(€, ...¢7Y, and o := (c},...,07). Let 05 := (!, 3,8, p, oy, 0w) with a = (o, ..., ar, oy, ag, ag)’,
/8 (1807 ,755),7 and 6 = (5575]4)/'

As shown in Proposition 1, we may write the distribution of {Y;, Si, Xit}le for type j as

)/, where 6 5 :=

T
P! ({Yir, S, Xir}i—1) = P{(Sin| X )P (Xin) [ P (St Xit) P (Xie| Xt 1)

=2

=L1i(&7;01)

T
x P7(Y;1]Si, Xi) H P (Yit|Sit, Xit, Yie—1, Sit—1, Xit—1) -
=2

=L2;(&7;02,01)

The exact expressions for L1;(&7;61) and Lo; (€76, 61) are derived below.
We consider a random sample of N independent observations {{Y, Sitsz‘t}?zl}fil from the
true J-component mixture model Z}]:1 WjP{({Yit, Sit, Xit}1_1), where P{({Yit, Sit, Xit}le) is given
n (12). Given the decomposition (12), we estimate the model by two-stage maximum likelihood
estimators. In the first stage, we estimate 7 and 6; by maximizing ZZ 1 log(z LT L1 (€75 61))
over 7t and ¢1. In the second stage, we estimate 65 given the first stage estimate 7 and 6, by
maximizing Z log(z I L1;(€7;62,61)) over 6.

4.2 The first stage estimation
Our estimation procedure follows the two-stage identification proof of Proposition 2(b)(c). Given
that In &7 = 0.5(07)? in equation (10), we can compute € as

€ (&, 07) = —sy + & +0.5(c7)2.

Because Ptj (Sit| Xit) = Ptj(Sit) under Cobb-Douglas assumption, the distribution of {Sz't,X@'t}tT:l

conditioning on being type j in equation (6) under Assumption 7 is written as

T
P} ({Sit, Xit}{_1) <HP ) <PA(Xi1)HP§(Xit!Xit—1)> = L3;(¢,0]) LTi(¢: 610), (13)

t=2

where

Tl &, o7) , . T .
: H — <M> and  L{;(&;010) = Pi(win; &3 010) [ Pilwiclwa—1;€,01.)
1—1 Oe O'e t=2
(14)



with
1
Py(i1;€,01.,) = (2m) /22172 exp <—2(5L’11 —co— &) N — o — C1€)> and

_ _ 1
Py(xit|wie—1;€,012) = 2m) 32|80 72 exp | — = (@it — peo — perZit—1 — puc€) X3 H(Tit — Pro — Pe1Tit—1 — Pac€)
2

(15)
Therefore, in the first stage, we estimate #; by the maximum likelihood estimator given by
0 = argmalen ZWJLN 53 01) |,
=1 7=1
where
Lii(¢%:61) := L3;(&7, 0]) L3;(€7; 01,0). (16)

Alternatively, we may first estimate 6 5 by

01 5= argmalen ZW]L ,

Ors =1

and, then, estimate 60 , given HALS by

N J
01, =argmax » In | Y #L3(&,67)LY(&;01)
Oz im1 j=1

Given 61, define
zt = (€J7 Ae)

4.3 The second stage estimation

Given the estimates of 6, and {€gt}, we estimate 0y = (o, 3',8', p, 0y, 00,) with e = (a1, ..., ap, g, o, e ),
B = (Bo, B, Be)', 0 = (¢, 6)" in the second stage as follows.

Suppose that we know the value of §; and {€,}. Then, given ,, we may express P{(Y;1]Si1, Xi1)
and P} (Yi|Sie, Xit, Yie—1, Sit—1, Xir—1) as

j f“ g Iy - ' j
P{(Yviﬂsil, XZ ) — iﬁs <w11(927§ 7917 621) (/8[) -+ 1'21/637 + Bgé )> and
Ow o

. 1 * (0,690, €, €l
P (Y| Sit, Xit, Yie—1, Sit—1, Xit—1) = —¢ (%( 2,801, 6 Gi-) ;

On On

where
w;jkt(927 535 01) egt) = glt(fjv 915 th) — Q¢ — afeézgjgit - akeékgj k;it - afé-]?



with
yzt(g 01, € zt) = Yit — 66 mit — Egt

and
502,67, 01, €, €l ) i= wiy(02,€7, 01, €),) — pwiy_1 (02,8, 01,€),_y).
Therefore,
j 1 w;( 97 jae 7€g +$Z z + ‘7 n; 9275 917 €itr €
L2¢(§];92,91) = ¢< 1( 2,87, 01 1) (50 1/8 5{5 )H ¢< t( t t 1) .
Ow Ow oy o

Given the first stage estimate 6, and {égt}, the parameter 7 and 6> can be estimated by maximizing

the log-likelihood function as

N J
(7, 0,) = argmaleog Zﬂlei(fj; 01)Loi (€756, 601)

™2 = j=1

4.4 More flexible production function with random coefficients

We also consider the following specification of production function which is more flexible than
Cobb-Douglas specification, in which the cost share of intermediate goods depend on the values of

l;; and kj;. Specifically, if firm i is of type j, then & = & and we assume that
Filwin; ) = ettt kit €, o D 1y 4+ e gy + ol
so that the production function of type j is given by
yir = OTVEENREE 4 e 0y e kg + g + wiy + e (17)
The first order condition with respect to M implies
sit = (Y0 + I Ee™]) +eliy + ke + & — €t = 21,47 + & — €, (18)
=0

where z1 ;4 := (1, lit, ki) and v = (50, ve, v)" with 50 = o + Ele“*]. The stochastic process of wj
is assumed to follow (11).

We consider the following parametric random effects model.

Assumption 8. Assumption 7(c)-(g) holds and assume that The production function of type j is
given by (17) and that &; ~iq Z 17791 &€ = &) that approximates a normal distribution given by
N(0, 02). Specifically, we approximate normal distribution using a (known) set of Gauss-Hermit
quadrature points and weights, and the values of {n/, 53} _, are uniquely determined from 05 See

the appendix for the detail.
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We estimate the production function (17) using the two-stage method as discussed in the pre-

vious sections.

5 Empirical applications

5.1 Data

We use Japanese publicly traded manufacturing firms, 1980-2007. The data set compiled by the
Development Bank of Japan (DBJ) contains detailed corporate balance sheet/income statement
data for the firms listed on the Tokyo Stock Exchange.? The initial value of capital (K) is defined
as fixed asset less land from the firm’s balance sheet and the subsequent values of capital are
constructed by perpetual inventory method. The labor input (L) is the number of employees. The
intermediate input (M) is defined as the sum of energy input, material input, transportation cost,
outsourcing cost, and changes in input inventories. The output (V') is defined as the value of total
sales plus the changes in inventories of finished goods. In this preliminary version, we focus on a

sample from Machine industry.

5.2 Evidence for unobserved heterogeneity: the persistence in the ratio of in-
termediate inputs to total sales

In the data, the ratio of intermediate inputs to total sales is heterogenous across firms and persistent

Py My
Py Yy

to Machine industry, which shows a large variation in the share of intermediate inputs. In the model,

over time within firm. Figure 1 presents the histogram of across all observations that belongs
the variation in the share of intermediate inputs is coming from idiosyncratic ex-post shocks €;;.
We may eliminate most of idiosyncratic components by considering the firm-level average of the
share of intermediate inputs over 28 years; as shown in Figure 2, the persistent component of the
ratio of intermediate inputs to total sales substantially varies across firms.

In view of the intermediate share equation in (4), a large cross-section variation in the persis-
tent component of the ratio of intermediate inputs to total sales suggests either heterogeneity in
production function or the persistence in inputs over time. To examine further, we regress In .S
on the third order polynomials of (I;, ki, mit) to get residuals, denoted by e;;, and decompose e;;
into permanent components and idiosyncratic components as é = T_IAZZ;I e;ir and € 1= e — &;.
Comparing the variance of é’l with that of €;, we found that W;)ai—% = 0.609. Therefore,
the majority of variation is coming from the permanent component, suggesting that production

function is heterogeneous beyond Hicks-neutral term.

2Because firm’s financial data do not necessarily refer to a calendar year, we assign year t to an observation if the
given firm’s closing date is between June of year t and May of year ¢t + 1. If firms change their closing dates, the
data after the change may refer to less than 12 months. When it occurs, we multiply the data z;; by 12/m where m
represents the number of months to which the data refer.

11
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5.3 Estimation of production function

Table 1 presents the estimated average elasticities of output with respect to labor, capital, and
intermediate inputs as well as the parameter estimates for the number of components equal to
J =1, 3, and 5 under Assumption 8. Setting J = 1 gives the homogenous production function
specification considered by GNR.

The estimated average elasticities of output with respect to intermediate goods in random
coefficients model with J = 3 or 5 is larger than those in homogenous model with J = 1 while
the estimated average elasticities with respect to labor and capital in random coefficients model
than those in homogenous model. As the number of components increases, the estimated standard
deviation of ex-post shock, €, decreases, indicating a possibility of substantial downward bias in
the estimated variation in ex-post shocks in homogenous model with J = 1 as a result of ignoring
unobserved heterogeneity. In fact, consistent with our analysis in the previous section, the estimated
standard deviations of permanent unobserved heterogeneity o is larger than those of ex-post shocks
o¢ for the model with J = 3 and 5.

The first two rows of Table 2 present the standard deviations of w;; + dgéi and €;. To compute
the standard deviations of w;; + olgéi and €;, we first compute W;z, é’i, and é;; for each ¢ and ¢ using
the posterior probability of being j-th type for every firm as described in the appendix and then
we compute the sample standard deviations of w;; + 075éi and ;.3

As the number of components J increases, the standard deviation of w; + dg&- while that of
€;+ decreases. This suggests that the role of ex-post shocks to explain the residual in produc-

tion function can be exaggerated if homogenous model rather than random coefficients model is

3We found that, for each firm, the posterior probability is concentrated in one of the types; the average highest
posterior probability across firms for the model with J =5 is given by 0.989 so that a typical firm puts more about
99 percent of posterior probability in one of the five types.
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Table 1: Estimates of Production Function (17): Machine Industry in Japan, 1980-2007

Original GNR Random Coefficients Model
J=1 J=3 J=5
Ave. Elast. for Labor 0.269 0.207 0.240
Ave. Elast. for Capital 0.302 0.150 0.124
Ave. Elast. for Intermed. 0.408 0.482 0.482
Sum 0.979 0.839 0.846
Oe 0.507 0.315 0.291
O¢ — 0.391 0.422
(G, b1, 0% — (-1.068,7.267,-0.038)  (-1.291,6.422,-0.068)
(p1,04) (0.936,0.149) (0.967,0.133) (0.964,0.135)
(Y0, e, V) (-0.464,0.044,-0.046) | (-0.569,0.076,-0.075) (-0.396,0.072,-0.075)
(G, ) (-0.022,0.645) (-0.004,0.740) (-0.013, 0.721)
No. of Observations 5518
No. of firms 247

Table 2: GNR vs. Random Coefficients Model (17): Machine Industry in Japan, 1980-2007

Original GNR | Random Coeftf.

J=1 J=3 J=5

Std. Dev. @i + & 0.337 0.788  0.826
Std. Dev. € 0.506 0.331  0.306
Corr (€, €54-1) 0.887 0.867  0.710

Notes: p-values in square brackets and standard errors in round brackets.

estimated.

The serial correlation in é; also decreases from 0.887 to 0.710 as the number of components
increases from J = 1 to J = 5. Given that the presence of high serial correlation indicates a
possibility of misspecificaiton of the model, a smaller value of serial correlation is more desirable.
However, the level of serial correlation in é; is still high at 0.71 for the model with J = 5. One
possible reason for this high serial correlation is the presence of transitory serially correlated shock.

Namely, the share parameter for intermediate goods could change over time within the same firm.
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A Appendix

A.1 Proof of Proposition 1

The distribution of {Y;, S, X;}_, for type j is given by

T
P{({¥1, 81, Xi }y) = PI(v1, S0, X0) [ [ PY (%, St Xul{Vis, Simr Xus}iZY)
t=2
= P{(1]S1, X1)P](S1, X1)
T
x TTPI(¥alSe, X, Vo St Xe s TP (St Xty {Vi s, St Xeo s HIDPY (X {Yi s, Ses, Xaos o)),
t=2
(19)
For t > 2, in view of the second equation of (4), we have
P/ (St X1, {Yis, St Xos HT1) = PL(SUX0) o= g (In Gy, (X1) + In € — In Sy). (20)

15



Furthermore,
Pg(Xt‘{Y;i—&St—&Xt—s )= Pg(Ltthawt’{Y;f—SaSt—57Lt—5aKt—57wt—s =D

= P‘Z wt‘Lh Kt; {th—& St—s: Lt—57 Kt—sv Wt—s Z;ll)P‘Z (Lt7 Kt‘{}/;f—87 St—57 Lt—Sa Kt—s; Wt—s 1:;;11)
= P/ (wilwi—1)P{(Le, K| Ly—1, Ki—1,wi-1)

(21)
where the first and the last equality hold because there is one-to-one mapping between X; and
(L¢, Ky, w) in view of Assumption 4(b) while the third equality follows from Assumptions 2(a) and
3(b).

The stated result follows from (19)-(21) if we show that P (Y;| S, Xy, {Yi_s, Si_s, Xy s}2l) =
P/ (Y;|S, X1, Vi1, Si-1, Xe—1). Given 0y := {g2(-), €7 {G);, ()} 1}y, define
€l(Sp, Xy301) 1= In(G; (X;)E7) —In Sy,

G’ (Ly, Ky, M, . (22)
M7t( ! ! t)th — e{(St,Xt;Ql).

Vi (Y, Sy, Xp:61) = In Y, _/

M,
. . Gpo (L, Ko, My) j . )
Integrating both sides of —“~—5—— = (9/0M;) In I} (L¢, K¢, My) with respect to M; gives
G (Ly, Ky, M, . .
/ il T Y, - In FJ (Ly, Ky, My) + C (Ly, Ky), (23)
t

where Cf (L¢, Ky) is a function that only depends on (L, K;). Then, substituting (23) into the

second equation of (22) and combining it with (4) gives
wit = V] (V2. S, X5 01) + C/ (Kt L), (24)
Then, it follows from (2), (4), (22), and (24) that

VI(Yi, Sy, Xy;01) = —CL(Ky, Ly) + B <ytj_1(Yt—1, Si—1,X—1;61) +Cg—1(Kt—laLt—1)> +ne. (25)

:ﬁj(ytj_l(Yt—l75t—17Xt—1;91),Kt—17Lt—1)
Because 7 is i.i.d., equation (25) implies that
PZ(Yt\St,Xt, {Yi_s, St—57Xt—s}i;11) = Pg(Yt|St7 X, Y1, 81, X—1), (26)

and the stated result follows. [J
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A.2 Proof of Proposition 2

We apply the argument of Kasahara and Shimotsu (2009) and Hu and Shum (2012) under the

assumption that unobserved heterogeneity is permanent and discrete. The proof is constructive.
Consider the case that T = 4. Fix (W, W3) at (wa,ws) and choose (wa,ws) € Wy X Wi,

(a1,...,a5) € Wi and (b1, ...,by_1) € W{ ™! that satisfy Assumption 6. Evaluating (6) at (Wa, W3) =

(w2, w3) gives

<

P{Wity) =Y 7 P (Wilws) Pj (ws|ws) P§ (wa|W1) P (W1)

= (27)

<

X\, (W4|w3))\7(w3|w2) (Wl,wz)

=

<

where X (Wylws) := P](Wi|Ws = w3), X,(ws|ws) := PJ(W3 = w3|Wa = wa), and Xy(Wy, wy) :=
7 Py (W = wa|W1) P} (W1). Integrating out Wy from (27) gives

J
{Wt}t 1 Z)\% ’wg‘wg Wl,wg). (28)

Let fwz’ws(a, b) = P((Wl,WQ,W3,W4) = (a,wg,wg,b)) and fwz’ws(a) = P((Wl,WQ,Wg) =
(a, w2, ws3)). Evaluating (27) at Wi = aq,...,ay and Wy = by, ...,by_1 gives M (M — 1) equations
while evaluating (28) at Wi = ay, ...,ay gives M equations. Collecting these M (M — 1) 4+ M = M?

equations and denoting them using matrix notation, we have

PUJQ,w3 = L’lu)ng3|w2I_/w2’ (29)
where
fwz,wza (a’l) fw2,w3 (a2) T fw2,w3 (CLJ)
fw27w3(a17b1) f’w2,w3(a27b1) fw2,w3(aJ7bl)
Puogwy = : : : ’
fwg,u}g,(alvbJ—I) fwg,w3(a27b1) fwg,’LU{;(aJ)bJ—l) (30)
1 Aj(bifws) - Aj(by—1|ws) My(ar,wa) -+ Aj(ag,wa)
Ly i= | : : y Ly = : : ;
1 A (bilws) -+ Af(by-1|ws) A (a1, wa) -+ A (ag, ws)

and Dy, |y, = diag (Aj(ws|ws), ..., A (ws|wz)). Evaluating (29) at four different points, (ws, ws),

(we,w3), (wa,ws), and (we, w3) gives

_ / _ _ / T
ng,wg - Lw3DU)3‘w2L’w27 Pw27w3 - Lw3Dw3|@2Lu}2,

_ / T o / T _
Pw2,ﬂ73 - L'LDg‘DlT)3\U)2Lw27 Pw27w3 - L1D3D1I13|1T)2Lw2
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Then, under Assumption 6,

A= Pw27w3 (szﬁs)_lpwz,ws (szﬂvs)_l = L{wng%@%wS:wS (L;;g)_l,

where
Doy 55,3, 1= Dwalwz (Dﬂiglwz)_lDwslﬁiz (Dwglwz)_l~ (31)

Because AL’ = L, s Duws g ws,ws, the eignvalues of A determine the diagonal elements of

Doy vy w305 Wh11e the right eigenvectors of A determine the columns of L/ up to multiplicative

3
constant. Denote the right eigenvectors of A by L;, C, where C' is some diagonal matrix. Now we
can determine the diagonal matrix Da,,a,,ws,w; C from the first row of AL, C' = Ly, Dy wy,ws,w5C
because the first row of L}, is a vector of ones. Then, L, is determined uniquely from AL;, C and
Doy w3 ,w3,05C as L, = (AL;UBC)(DwQ@Q’wg’wgC')_l in view of AL}, = L, Dy, @y ws,05- Therefore,
Ly, is identified. Repeating the above argument for all values of w3 € W identifies {PJ(Wy| W3 =
wg) , for each wz € Wi for Wy = (b1, ...,by—1) that satisfies Assumption 6(a).

Evaluatlng P(Wy, W5|Wa) at (Wa, W3) = (wa, ws), we have

J
P(W4, W3 = w3|W2 = w2 ZW W4\w3 w3]w2 = Z )\ W4”U)3 'LU3‘UJ2)7 (32)
7j=1
% and Xé(w3|w2) = ﬁ{;ng(Wg = w3|Wa = wa). Then, evaluating (32)
at Wy = by,...,bj—1 and collecting them into a vector together with P(W5 = ws|Wy = wq) =
ST My(wslws) gives

where 77, =

_ /
p’u)g‘u)z - Lw3dw3\w27

where dygp, = (A5(ws|ws), ..., M (ws|ws)) and pyyjw, = (P(Ws = ws|Wa = ws), P(Wy, W3) =
(b1, ws3)|Wo = wa), ..., P(Wy,W3) = (bj_1,ws)|Wa = ws)). Therefore, we uniquely determine
ﬁf;,ng(Wg = w3|Wy = ws) from dyyj, = (L)) 'Pusjw,- Repeating the above argument across
all possible values of (wa,w3) € Wa x W3 determines the value of ﬁf;,QPg(Wg = w3|Wy = wsq) for
every (wg, w3) € Wy x Ws. Then, 7?{;)2 and Pg (W3 = ws|Wa = wy) are uniquely identified as 7?1];,2 =
fW 7TU)2P (Ws|Wy = wo)dWs and PI(W3 = ws|Wa = wy) = [, P (W3 = w3| Wy = )]/
Therefore, {P] (Wg\Wg)}le is identified.

Evaluating Pg(W3|W2) at (Wa,W3) = (w3, wz) for j = 1,...,J identifies D}, and, from
(29), Ly, is identified as Lu, = (Dugjuw,) " (Liy,) " Punws- Once D
we can determine £y, (¢) = (AL(¢|ws), ..., A] (C|ws))’ for any ¢ € Wy by constructing pu, ws(¢) =

wswy and Ly, are identified,

(fws.ws (@1,C), fuwsws (@2, C), oy fuwsws (@, €)) from the observed data, and using the relationship

w3 (€) = (Dugluws) " (Liyy) " Pus,ws (€)' Similarly, we can determine £y, (§) = (AJ(€,w2), ..., AJ (&, wa))’
for any § € Wi by constructing puw, ws (5) = (wa,w3 (5)7 Juws,ws (&, 01), Juws,ws (57 b2)7' cees Jwaws (57 bJ—l))/ '
and using the relationship £y, (€) = (Dygjws) ~ (Liyy) ™ Puog,ws (€). Therefore, {P{(Wy|Ws = ws), 7/ Py (W, =
wg\Wl)P] (Wl) _, is identified. Repeating this argument for all possible values of (wq,w3) €
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Wa x W identifies { P{ (W4 |Ws), 7 P (Wo|W1) P{ (W1)}_,. Finally, {9, P{(W,|W1), P{(W1)}/_; is
identified from {77 P3 (Wa|W1)P{ (Wi)}/_y as 7/ = [, [y, [77 P (Wa|W1) P{ (W1)]dWad Wy, P} (W)
[y, [ PS (Wa|Wh) P{ (Wh)]dWa] /w7, and P§(Wa|Wh) = [ P (Wa|W1) P{ (Wh)]/[x? x P{ (W1)]. This
proves the stated result. [

A.3 Proof of Proposition 3

Given that P{ (Y, St, X¢) is identified from Proposition 2, we may apply the argument in section
3 of GNR to prove the stated result. For part (a), we may generate infinitely many observations
of {S¢, X} from Pg (St, X¢) and nonparametric regression of InS; on X; identifies Ggw’té'j and
€ = ln(Gg\/Lt(Xt)Ej) —InS;. Consequently, we may identify g. from {¢}, and & and Gngt are
identified as &7 = E[e‘|type = j] and Ggmt = (Ggw’té’j )/E7, respectively. Therefore, 6; is identified,
proving part (a).

For part (b), we can identify C(Ky,L;) from (25) given infinitely many observations ran-
domly drawn from P?({Y;, S;, X;}~_,) via non-parametric regression of yg’ = yg’ (Y, St, X4;601) on
(K, Lt,ytj_l, K;_1,L;—1) while imposing additive separability implied by (25). Given Cg(Kt, L),
the identification of F7(-) and {w;}7_; follows from (23) and (24), respectively, and h7(-) is identi-
fied from {w;}T ;. Finally, because 7, is identified from (25), gJ(-) is also identified. This proves
part (b). O

A.4 Assumption 6 under Cobb-Douglas production function

In the following, we discuss the conditions under which Assumption 6 holds when the production

function is Cobb-Douglas.

Example 1 (continued). For random coefficients model (7), we may write Ly, Lg,, and Dy, a8
follows. Throughout the analysis, we fiz the value of {Y;}1_; at, say, {y:}1_, so that the variation in

the values of a;j’s and b; ’s are due the variation in the values of Wi and Wy. Denote w3 = (y3, 53, Z3)
and by, = (y3,b7,74) for h=1,...,J — 1. Then,

Ny, (br) = P](S4 = b}| X4 = 24)P{ (X4 = 24| X3 = 33) = cjg! (In(a, 4&7) — Inb}),
where ¢}, = Pl (X, = 24| X3 = &3). Therefore, we have

1 gl(n(a), &) —Inb5) -+ gl(n(ey, ,€') —Inb%_,)
Ly, = diag{c}l,....,ci} : :

1 g/(In(ep, 4€7) —nbf) - g/(In(ay, ,€7) —Inb5_,)
Similarly, denote Wy = (52,%2) and ap, = (a3, 1) for h=1,...,J. Then,

N, (an) = PJ(S2 = 52| Xo = T2) P{ (S1 = aj| X1 = 71) P} (X1 = 1) = ch¢! (Inaj, — In(ad,£)),
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where c% = P2j(52 = 59| Xo = a_CQ)Plj(Xl = T1). Then, we have

g¢(n(om, 1 €Y —maf) -+ ge(In(op, ;&) —Inaj)

ll

We — diag{c%,....,cg} : :
g9/ (In(ey), 1 €7) —na3) - g/(n(ey,,€7) —na)

For Assumption 6(a), we choose T4, T3, T2, T1, and S92 so that c; # 0 and 0:73 # 0 for any j and
find (a3, ...,a%) and (b5,...,b%_,) such that Ly, and Ly, are nonsingular. Because each point of
(af,...,a%) and (bi,...,b%_,) refers to a value of In Sy and In Sy, the full rank condition of Ly, and
Ly, holds if the value of probability density function of InS1 and InSy changes heterogeneously
across types when we change the value of In S and In Sy.

Let w3 = (83,%3) and wy = (S2,Z2). Then,
N (ws|wa) = 77 g! (In 53 — In(od, 4€7)) P (X3 = 73| Xo = o). (33)

Pick ws = (s3,x3) and wy = (s2,x2). Assumption 6(b) holds if Pg(fgm) # 0 and Pg($3|a_02) #0
for all j. Then, we have

Do s (D) D s (Do 1)~ = diag Py (w3]ws) Py (3s]@s) Py (ws|wa) Py (5]72)

e P} (@slws) P (wsla2)"™" Py (@s|w2) P (wsl72) J
P](w3|z2) P (z3|z2)
P (z3]22) Pj (x3]%2)
j’s, namely, the transition probability of X3 given Xo changes heterogeneously across types when

Therefore, Assumption 6(c) requires that takes different values across different

we change the value of Xo.

B Guass-Hermit quadrature

Suppose that ¢ is distributed as N (0, ag) and we are interested in evaluating

2
/Lu(f; 91)95(5)%:/&"(&01)\/%(;5 oP T <\/§Us> “

_ _¢£
Let v = Ve Then,

2
(6:0))——— exp | — ¢ = (V200 iex —v?) dv
/Lu(é,el)\/ﬂaS p <\/§‘7£> d§ /Lu(\f? ¢ ,91)ﬁ p (—v?) dv.

The Gauss-Hermite quadrature approximates the integrals of the form ffooo f(v)exp(—v?)dv as

Z]K:l w’ f(v7), where {w’, v/ }3]:1 is a set of quadrature points and weights such that the integration
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is exact when f(v) is a polynomial of maximum order 2J — 1. Therefore, we may approximate

2 J
NSV AR S B G wl
e § S L o

where & = \/iagvj.
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