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Abstract

This paper examines non-parametric identifiability of production function when production

functions are heterogenous across firms beyond Hicks-neutral technology terms. Using a finite

mixture specification to capture permanent unobserved heterogeneity in production technology,

we shows that production function for each unobserved type is non-parametrically identified

under regularity conditions. We also propose an estimation procedure for production function

with random coefficients based on EM algorithm. We estimate a random coefficients production

function using the panel data of Japanese publicly-traded manufacturing firms and compare

it with the estimate of production function with fixed coefficients estimated by the method of

Gandhi, Navarro, and Rivers (2013).

1 Introduction

Estimation of production function is one of the most important topics in empirical economics.

Understanding how the input is related to the output is a fundamental issue in empirical industrial

organization (see, for example, Ackerberg, Benkard, Berry, and Pakes, 2007). In empirical trade

and macroeconomics, researchers are often interested in estimating production function to obtain

a measure of total factor productivity to examine the effect of trade policy on productivity and

to analyze the role of resource allocation on aggregate productivity (e.g., Pavcnik, 2002; Kasahara

and Rodrigue, 2008; Hsieh and Klenow, 2009).

∗Address for correspondence: Hiroyuki Kasahara, Vancouver School of Economics, University of British Columbia,
997-1873 East Mall, Vancouver, BC, V6T 1Z1 Canada.
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As first discussed by Marschak and Andrews (1944), the ordinary least square estimates of

production function suffers from simultaneity bias because inputs are correlated with error term

when a firm makes an input decision based on their productivity level (Griliches and Mairesse, 1998).

Under the assumption that error terms could be decomposed into permanent and idiosyncratic

components, fixed effects estimator may be used but such an assumption could be violated in

practice, and, furthermore, the coefficient of inputs that are persistent over time could be severely

biased downward due to measurement errors (Griliches and Hausman, 1986).

More recent literature attempts to address the simultaneity issue by employing dynamic panel

methods (Arellano and Bond, 1991; Blundell and Bond, 1998; Blundell and Bond, 2000) or develop-

ing proxy variable methods (Olley and Pakes, 1996; Levinsohn and Petrin, 2003; Ackerberg, Caves,

and Frazer, 2006, (ACF, hereafter); Wooldridge, 2009), which are now popular in empirical appli-

cations. However, as shown in Gandhi, Navarro, and Rivers (2013, GNR hereafter), both dynamic

panel methods and proxy variable methods suffer from a fundamental identification problem when

flexible inputs is present. Specifically, GNR formally prove that, if intermediate inputs are chosen

flexibly in each period with no adjustment cost, then production function is nonparametrically

non-identifiable under a typical model of production used in the literature.1 Then, GNR show that

exploiting the first order condition with respect to flexible inputs under profit maximization makes

it possible to establish the nonparametric identification of production function without making any

functional form assumptions. Furthermore, based on their identification strategy, GNR proposes

an estimation procedure that does not suffer from simultaneity bias.

This paper extends the identification result of GNR to the case where production functions are

heterogenous across firms beyond Hicks-neutral technology terms. We consider a finite mixture

specification in which there are J distinct production technologies and each firm belongs to one of

J types. Without making any functional form assumption on each type of production technology,

we establish nonparametric identification of J distinct production functions and a population pro-

portion of each type under the reasonable assumptions on production functions that are based on

the assumptions in GNR. Based on the identification argument, we consider a random coefficient

specification for production function and develop an estimation procedure in which EM algorithm

is used to facilitate the computational complexity associated with estimation of a finite mixture

model.

Given that, except for the result of GNR, little formal identification result for production func-

tion estimation in the literature is available, our nonparametric identification result is an important

contribution to the literature. Our identification result is also useful in practice as the random co-

efficient models for production function become increasingly popular in empirical analysis (e.g.,

Mairesse and Griliches, 1990; Van Biesebroeck, 2003; Doraszelski and Jaumandreu, 2014).

We provide empirical evidence that production functions are heterogeneous beyond Hicks-

neutral technology term to motivate the necessity of considering production functions with un-

1Bond and Sderbom (2005) and ACF also discuss the related identification issues.
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observed heterogeneity in empirical applications. As analyzed by GNR, if Hicks-neutral technology

term is the only source of permanent unobserved heterogeneity in production function and if inter-

mediate input is a flexible input, then we expect that the ratio of intermediate input cost to output

value after controlling for the difference in the input level of capital, labor, and intermediates should

not exhibit any serial correlation. However, using the panel of Japanese manufacturing firms, we

find that the serial correlation of the ratio of intermediate input cost to output value is as high as

0.89 even after controlling for the difference in the input level of capital, labor, and intermediates,

which strongly suggests the presence of unobserved heterogeneity beyond Hicks-neutral term.

We estimate a random coefficients production function using the panel data of Japanese publicly-

traded manufacturing firms between 1980 and 2007 and compare the results with those from the

original GNR specification without unobserved heterogeneity. When we estimate production func-

tion without incorporating heterogeneity using the estimation procedure suggested by GNR, we

found that the majority of variations in total factor productivity is coming from idiosyncratic

ex-post shocks rather than serially correlated shocks. In contrast, when we estimate production

function with random coefficients, the majority of variations in total factor productivity is ex-

plained by the variation in serially correlated shocks. Furthermore, the estimated serial correlation

in ex-post shocks of random coefficients model is substantially lower than that of homogenous

model.

2 The Model

Assume that we have panel data of firms i = 1, ..., N over periods t = 1, ..., T for output, la-

bor, capital and intermediate inputs denoted by (Yit, Lit,Kit,Mit), respectively. For brevity, let

Xit := (Lit,Kit,Mit)
′ so that (Yit, Lit,Kit,Mit) = (Yit, Xit). Each firm’s observation {Yit, Xit}Tt=1

is randomly sampled from a population distribution P ({Yit, Xit}Tt=1).

We consider a possibility that firms are different in production technology beyond Hick’s neu-

tral productivity shock. Specifically, we use a finite mixture specification to capture permanent

unobserved heterogeneity in firm’s production technology. In the following, the superscript j indi-

cates that functions are specific to type j. Denote the information available to a firm for making

decisions on Mit, Lit+1, and Kit+1 at period t by Iit.

Assumption 1. (a) Each firm belongs to one of J types, where the probability of belonging to type

j is given by πj. (b) For the j-th type of production technology at period t, the output is related to

inputs as

Yit = F jt (Xit)e
ωit+εit , (1)

where F jt (Xit) = F jt (Lit,Kit,Mit) is differentiable with respect to Mit.

Assumption 2. (a) For the j-th type, ωit ∈ Iit follows an exogenous first order stationary Markov

process given by

ωit = hj(ωit−1) + ηit, (2)
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where ηit|Iit−1 is independently and identically distributed (i.i.d.) with the probability density func-

tion gjη(·), where P jω(ωit|Iit−1) = P jω(ωit|ωit−1) := gjη(ωit−hj(ωit−1)). (b) For the j-th type, εit 6∈ Iit
is an i.i.d. ex-post shock that is not known when Mit is chosen at period t. The probability density

function of εit for type j is denoted by gjε (·), where P jε (εit|Iit) = P jε (εit) := gjε (εit).

Assumption 3. (a) Lit and Kit are determined at period t− 1 so that Lit,Kit ∈ Iit but Lit,Kit 6∈
Iit−1. (b) the conditional distribution of Kit and Lit given It−1 is type specific and only depends

on Lit−1, Kit−1, and ωit−1, i.e., P jt (Lit,Kit|It−1) = P jt (Lit,Kit|Lit−1,Kit−1, ωit−1).

Assumption 4. (a) Mit is flexibly chosen at period t. (b) Mit is a type-specific deterministic

function of Lit, Kit, and ωit that can be written as Mit = Mj
t (Lit,Kit, ωit), where Mj

t is strictly

increasing in ωit for any (Lit,Kit).

Assumption 5. (a) A firm is a price taker. (b) The intermediate input price PM,t and the output

price PY,t at period t are common across firms. (c) (PM,t, PY,t) ∈ Iit.

Our Assumptions 1-4 correspond to Assumptions 1-4 of GNR, respectively, but our assump-

tions relax the assumptions of GNR in that we allow for permanent unobserved heterogeneity in

production technology. In Assumption 1, as indicated by the subscript t in F jt (·), type-specific

production function could be different across periods because of type-specific aggregate shocks or

type-specific biased technological changes. Our Assumption 2 is more stringent than that of GNR

because we assume stochastic independence of ηit and that of εit while GNR only assumes mean

independence. Assumption 3(a) is a simplifying assumption adopted by GNR which helps us to

clarify the essence of our identification argument. Assumption 3(b) can be justified by explicitly

considering the dynamic model of investment and labor input choices. Assumption 4(b) implies that

there is one-to-one mapping between (Lit,Kit,Mit) and (Lit,Kit, ωit) and, considering the inverse

function of Mj
t with respect to ωit, we may write ωit = Mj

t

−1
(Lit,Kit,Mit). Under Assumption

5(b), the intermediate input price PM,t cannot be used for instrumenting Mit; when intermediate

prices are exogenous and heterogenous across firms, production function could be identified using

the intermediate input prices as instruments (see Doraszelski and Jaumandreu, 2014). Under As-

sumptions 1-5, the information set Iit is given by Iit = {ωit, Lit,Kit, PM,t, PY,t, Zit−1, Zit−2, ...},
where Zit = {εit, ωit, Yit, Xit, PM,t, PY,t}.

Consider a firm i of which type is j. A firm chooses Mit by maximizing its expected profit given

Iit:
Mj
t (Lit,Kit, ωit) = argmax

Mit

PY,tEε[F
j
t (Lit,Kit,Mit)e

ωit+ε|Iit]− PM,tMit.

Under Assumptions 1, 2, 3(a), 4(a), and 5, the first order condition with respect to Mit gives

PY,tF
j
M,t(Xit)e

ωitEj = PM,t, (3)

where Ej =
∫
eεgjε (ε)dε. Note that Assumption 4(b) holds when F jM,t(Lit,Kit,Mit) :=

∂F jt (Lit,Kit,Mit)
∂Mit
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is strictly decreasing in Mit given (Lit,Kit). Equations (1) and (3) give a system of equations

lnYit = lnF jt (Xit) + ωit + εit,

lnSit = lnGjM,t(Xit) + ln Ej − εit,
(4)

where

Sit :=
PM,tMit

PY,tYit

is the intermediate input share and GjM,t(Xit; ξit) :=
F jM,t(Xit)Mt

F jt (Xit)
.

3 Nonparametric identification of πj, F j
t (·), hj(·), gjη(·), and gjε (·)

For notational brevity, we drop the subscript i in this section. The distribution of {Yt, St, Xt}Tt=1

follows an J-term mixture distribution

P({Yt, St, Xt}Tt=1) =
J∑
j=1

πjPj({Yt, St, Xt}Tt=1)

=

J∑
j=1

πjPj1(Y1, S1, X1)

T∏
t=2

Pjt (Yt, St, Xt|{Yt−s, St−s, Xt−s}t−1
s=1).

(5)

Proposition 1. Suppose that Assumptions 1-5 hold. Then, the distribution of {Yt, St, Xt}Tt=1

defined in (5) can be written as

P({Yt, St, Xt}Tt=1) =
J∑
j=1

πjPj1(Y1|S1, X1)Pj1(S1, X1)
T∏
t=2

Pjt (Yt|St, Xt, Yt−1, St−1, Xt−1)Pjt (St, Xt|Xt−1).

(6)

Therefore, {Yt, St, Xt}Tt=1 follows a first order Markov process within subpopulation specified

by type. The result of Proposition 1 allows us to use the argument in Kasahara and Shimotsu (2009)

and Hu and Shum (2012) to establish the nonparametric identification of {πj , {Pjt (Yt, St, Xt)}Tt=1}Jj=1

as follows.

Assumption 6. Let Wt := (Yt, St, Xt) and let Wt be the support of Wt. For every (w2, w3) ∈
W2 ×W3, there exists (w̄2, w̄3) ∈ W2 ×W3, (a1, ..., aJ) ∈ WJ

1 and (b1, ..., bJ−1) ∈ WJ−1
4 such that

(a) Lw3, Lw̄3, L̄w2, and L̄w̄2 defined in (30) are nonsingular, (b) P j(W3 = w3|W2 = w̄2) 6= 0 and

P j(W3 = w̄3|W2 = w2) 6= 0 hold for j = 1, ..., J , and (c) all the diagonal elements of Dw2,w̄2,w3,w̄3

defined in (31) take distinct values.

Proposition 2. Suppose that Assumptions 1-6 hold and T ≥ 4. Then,

{πj ,Pj1(Y1, S1, X1), {Pjt (Yt, St, Xt|Yt−1, St−1, Xt−1)}Tt=2}Jj=1 is uniquely determined from P({Yt, St, Xt}Tt=1).
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Remark 1. Considering serially correlated continuous unobserved variables {X∗t }, Hu and Shum

(2013) analyze the nonparametric identification of the model

P({Wt}Tt=1) =

∫
P1(W1, X

∗
1 )

T∏
t=2

Pjt (Wt, X
∗
t |Wt−1, X

∗
t−1)d({X∗t }Tt=1).

Given the panel data {Wt}Tt=1 with T = 5, Theorem 1 and Corollary 1 of Hu and Shum (2013)

state that, under their Assumptions 1-4, Pj3(W3, X
∗
3 ), Pj4(W4, X

∗
4 |W3, X

∗
3 ), and Pj5(W5, X

∗
5 |W4, X

∗
4 )

are non-parametrically identified but the identification of Pj1(W1, X
∗
1 ), Pj2(W2, X

∗
2 |W1, X

∗
1 ), and

Pj3(W3, X
∗
3 |W2, X

∗
2 ) remains unresolved. Our Proposition 2 shows that, for a model in which unob-

served heterogeneity is permanent and discrete, we can nonparametrically identify the type-specific

distribution of {Wt}Tt=1 including the first two periods of the data from T = 4 periods of panel data

without imposing stationarity.

Remark 2. Assumption 6 assumes the rank condition of matrices Lw3, Lw̄3, L̄w2, and L̄w̄2 defined

in (30), of which elements are constructed by evaluating Pj4(W4|W3) and πjPj2(W2|W1)Pj1(W1) at

different points, where Wt := (Yt, St, Xt). These conditions are similar to the assumption stated in

Proposition 1 of Kasahara and Shimotsu (2009). Please refer to Remark 2 of Kasahara and Shi-

motsu (2009) for their interpretations. One needs to find only one pair of values (w̄2, w̄3) ∈ W2×W3

and one set of J−1 and J points of W1 and W4 to construct nonsingular Lw3, Lw̄3, L̄w2, and L̄w̄2 for

each (w2, w3) ∈ W2 ×W3. The identification of P j4 (W4|W3 = w3) and πjP j2 (W2 = w2|W1)P j1 (W1)

at all other points of W4 and W1, respectively, follows without any further requirement on the rank

condition.

Once the type-specific distribution of {Yt, St, Xt} is identified, we may apply the argument of

GNR to prove the nonparametric identification of θ = {{gjε (·), gjη(·), hj(·), Ej , πj , {GjM,t(·), F
j
t (·)}Tt=1}Jj=1}.

Proposition 3. Suppose that Assumptions 1-6 hold and T ≥ 4. Then, (a) θ1 := {πj , gjε (·), Ej , {GjM,t(·)}Tt=1}Jj=1

is uniquely determined from P({St, Xt}Tt=1). (b) θ2 := {{{F jt (·)}Tt=1}Jj=1, h
j(·), gjη(·)} is uniquely de-

termined from P({Yt, St, Xt}Tt=1) and θ1.

Therefore, type-specific production functions as well as the distribution of unobserved variables

can be non-parametrically identified. In estimation, we focus our attention to the case where

type-specific function is given by Cobb-Douglas production function with random coefficients.

Example 1 (Random Coefficients Model). Consider a Cobb-Douglas production function with

(potentially time-varying) random coefficients:

lnF jt (Xt) = αj`,t`t + αjk,tkt + αjm,tmt, (7)

where the intermediate share equation is given by

lnSt = ln(αjm,tEj)− εt. (8)
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Then, equation (6) holds with

Pj1(S1, X1) = Pj1(S1)P j1 (X1) and Pjt (St, Xt|Xt−1) = Pjt (St)P
j
t (Xt|Xt−1),

where Pjt (St) = gjε (ln(αjm,tEj)− lnSt). Under Assumptions 1-6, we may nonparametrically identify

gjε (·), h(·), gη(·), P j1 (X1), and P jt (Xt|Xt−1), and {αj`,t, α
j
k,t, α

j
m,t} for t = 1, ..., 4 and j = 1, ..., J

from the panel data {Yt, St, Xt}4t=1.

In the appendix, we discuss the conditions under which Assumption 6 holds when the production

function is Cobb-Douglas.

4 Estimation of production function with random coefficients

4.1 Cobb-Douglas production function with random coefficients

We consider a Cobb-Douglas production function with random coefficients. Denote the log values

of (Yit, Lit,Kit,Mit, Sit) by (yit, `it, kit,mit, sit) and let xit := (`it, kit,mit). A scalar unobserved

variable ξi summarizes the permanent unobserved hererogeneity for firm i in the coefficients of

production function. Specifically, if firm i is of type j, then ξi = ξj and we assume that lnF jt (Xit) =

ft(xit; ξ
j), where

ft(xit; ξ
j) = αt + eξ

j
mit + α`e

δ`ξ
j
`it + αke

δkξ
j
kit + αξξ

j ,

where αt depends on t to reflect period t aggregate shock. Then, the production function of type

j is given by

yit = αt + eξ
j
mit + α`e

δ`ξ
j
`it + αke

δkξ
j
kit + ωit + αξξ

j + εit. (9)

The first order condition with respect to Mit implies

sit = ln Ej + ξj − εit. (10)

Therefore, the distribution of Sit does not depend on Xit under Cobb-Douglas assumption.

The stochastic process of ωit is assumed to follow

ωit = ρωit−1 + ηit. (11)

Let xit = (mit, `it, kit)
′. We consider the following parametric random effects model.

Assumption 7. (a) The production function of type j is given by (9). (b) ξi ∼iid
∑J

j=1 π
j1(ξ = ξj).

(c) ηit|ξi, kit, `it ∼iid N(0, σ2
η). (d) εit|ξi = ξj , xit ∼iid N(0, (σjε )2). (e) xi1|ξi ∼iid N(c0 + c1ξi,Σ1),

where c0 = (c`0, ck0, cm0)′ and c1 = (c`1, ck1, cm1)′. (f) ωi1|xi1, ξi ∼iid N(β0 + x′i1βx + βξξi, σ
2
ω),

where βx = (β`, βk, βm)′ (g) xit|xi,t−1, ξi ∼iid N(ρ′xx̃it−1 + ρxξξi,Σx), where x̃it−1 = (1, x′it−1)′,

ρx = (ρ`, ρk, ρm) is an 4× 3 matrix, and ρxξ is a 3× 1 vector.
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Collect the model parameters into θ1, and θ2 as follows. Let θ1 := (θ′1,s, θ
′
1,x)′, where θ1,s :=

(π′, ξ′,σε
′)′ and θ1,x := (c′0, c

′
1, (vech(Σ1))′, ρ′x0, ρ

′
x1, ρ

′
xξ, (vech(Σx))′)′ with π := (π1, ..., πJ), ξ :=

(ξ1, ..., ξJ)′, and σε
′ := (σ1

ε , ..., σ
J
ε )′. Let θ2 := (α′,β′, δ′, ρ, ση, σω)′ with α := (α1, ..., αT , α`, αk, αξ)

′,

β := (β0, β
′
x, βξ)

′, and δ := (δ`, δk)
′.

As shown in Proposition 1, we may write the distribution of {Yit, Sit, Xit}Tt=1 for type j as

Pjt ({Yit, Sit, Xit}Tt=1) = Pj1(Si1|Xi1)Pj1(Xi1)
T∏
t=2

Pjt (Sit|Xit)P
j
t (Xit|Xit−1)︸ ︷︷ ︸

=L1i(ξj ;θ1)

× Pj1(Yi1|Si1, Xi1)
T∏
t=2

Pjt (Yit|Sit, Xit, Yit−1, Sit−1, Xit−1)︸ ︷︷ ︸
=L2i(ξj ;θ2,θ1)

.

(12)

The exact expressions for L1i(ξ
j ; θ1) and L2i(ξ

j ; θ2, θ1) are derived below.

We consider a random sample of N independent observations {{Yit, Sit, Xit}Tt=1}Ni=1 from the

true J-component mixture model
∑J

j=1 π
jPjt ({Yit, Sit, Xit}Tt=1), where Pjt ({Yit, Sit, Xit}Tt=1) is given

in (12). Given the decomposition (12), we estimate the model by two-stage maximum likelihood

estimators. In the first stage, we estimate π and θ1 by maximizing
∑N

i=1 log(
∑J

j=1 π
jL1i(ξ

j ; θ1))

over π and θ1. In the second stage, we estimate θ2 given the first stage estimate π̂ and θ̂1 by

maximizing
∑N

i=1 log(
∑J

j=1 π̂
jL1i(ξ

j ; θ2, θ̂1)) over θ2.

4.2 The first stage estimation

Our estimation procedure follows the two-stage identification proof of Proposition 2(b)(c). Given

that ln Ej = 0.5(σjε )2 in equation (10), we can compute εit as

ε∗it(ξ
j , σjε ) := −sit + ξj + 0.5(σjε )

2.

Because P jt (Sit|Xit) = P jt (Sit) under Cobb-Douglas assumption, the distribution of {Sit, Xit}Tt=1

conditioning on being type j in equation (6) under Assumption 7 is written as

Pjt ({Sit, Xit}Tt=1) =

(
T∏
t=1

Pjt (Sit)

)
×

(
Pj1(Xi1)

T∏
t=2

Pjt (Xit|Xit−1)

)
= Ls1i(ξ

j , σjε )L
x
1i(ξ

j ; θ1,x), (13)

where

Ls1i(ξ
j , σjε ) :=

T∏
t=1

1

σjε
φ

(
ε∗it(ξ

j , σjε )

σjε

)
and Lx1i(ξ

j ; θ1,x) := P1(xi1; ξj ; θ1,x)

T∏
t=2

Pt(xit|xit−1; ξj , θ1,x)

(14)
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with

P1(xi1; ξ, θ1,x) = (2π)−3/2|Σ1|−1/2 exp

(
−1

2
(xi1 − c0 − c1ξ)

′Σ−1
1 (xi1 − c0 − c1ξ)

)
and

Pt(xit|xit−1; ξ, θ1,x) = (2π)−3/2|Σx|−1/2 exp

(
−1

2
(xit − ρx0 − ρx1xit−1 − ρxξξ)′Σ−1

x (xit − ρx0 − ρx1xit−1 − ρxξξ)
)
.

(15)

Therefore, in the first stage, we estimate θ1 by the maximum likelihood estimator given by

θ̂1 = argmax
θ1

N∑
i=1

ln

 J∑
j=1

πjL1i(ξ
j ; θ1)

 ,

where

L1i(ξ
j ; θ1) := Ls1i(ξ

j , σjε )L
x
1i(ξ

j ; θ1,x). (16)

Alternatively, we may first estimate θ1,s by

θ̂1,s = argmax
θ1,s

N∑
i=1

ln

 J∑
j=1

πjLs1i(ξ
j , σjε )

 ,

and, then, estimate θ1,x given θ̂1,s by

θ̂1,x = argmax
θ1,x

N∑
i=1

ln

 J∑
j=1

π̂jLs1i(ξ̂
j , σ̂jε )L

x
1i(ξ̂

j ; θ1,x)

 .

Given θ̂1, define

ε̂jit := ε∗it(ξ̂
j , σ̂jε ).

4.3 The second stage estimation

Given the estimates of θ̂1 and {ε̂jit}, we estimate θ2 = (α′,β′, δ′, ρ, ση, σω)′ with α = (α1, ..., αT , α`, αk, αξ)
′,

β = (β0, β
′
x, βξ)

′, δ = (δ`, δk)
′ in the second stage as follows.

Suppose that we know the value of θ1 and {εjit}. Then, given θ2, we may express Pj1(Yi1|Si1, Xi1)

and Pjt (Yit|Sit, Xit, Yit−1, Sit−1, Xit−1) as

Pj1(Yi1|Si1, Xi1) =
1

σω
φ

(
ω∗i1(θ2, ξ

j , θ1, ε
j
i1)− (β0 + x′i1βx + βξξ

j)

σω

)
and

Pjt (Yit|Sit, Xit, Yit−1, Sit−1, Xit−1) =
1

ση
φ

(
η∗it(θ2, ξ

j , θ1, ε
j
it, ε

j
it−1)

ση

)
,

where

ω∗it(θ2, ξ
j , θ1, ε

j
it) := ỹit(ξ

j , θ1, ε
j
it)− αt − α`e

δ`ξ
j
`it − αkeδkξ

j
kit − αξξj ,

9



with

ỹit(ξ
j , θ1, ε

j
it) := yit − eξ

j
mit − εjit

and

η∗it(θ2, ξ
j , θ1, ε

j
it, ε

j
it−1) := ω∗it(θ2, ξ

j , θ1, ε
j
it)− ρω

∗
it−1(θ2, ξ

j , θ1, ε
j
it−1).

Therefore,

L2i(ξ
j ; θ2, θ1) :=

1

σω
φ

(
ω∗i1(θ2, ξ

j , θ1, ε
j
i1)− (β0 + x′i1βx + βξξ

j)

σω

)
T∏
t=2

1

ση
φ

(
η∗it(θ2, ξ

j , θ1, ε
j
it, ε

j
it−1)

ση

)
.

Given the first stage estimate θ̂1 and {ε̂jit}, the parameter π and θ2 can be estimated by maximizing

the log-likelihood function as

(π̂, θ̂2) = argmax
π,θ2

N∑
i=1

log

 J∑
j=1

πjL1i(ξ̂
j ; θ̂1)L2i(ξ̂

j ; θ2, θ̂1)

 .

4.4 More flexible production function with random coefficients

We also consider the following specification of production function which is more flexible than

Cobb-Douglas specification, in which the cost share of intermediate goods depend on the values of

`it and kit. Specifically, if firm i is of type j, then ξi = ξj and we assume that

ft(xit; ξ
j) = eγ0+γ``it+γkkit+ξ

j
mit + α`e

δ`ξ
j
`it + αke

δkξ
j
kit + αξξ

j

so that the production function of type j is given by

yit = eγ0+γ``it+γkkit+ξ
j
mit + α`e

δ`ξ
j
`it + αke

δkξ
j
kit + αξξ

j + ωit + εit. (17)

The first order condition with respect to Mit implies

sit = (γ0 + lnE[eεit ])︸ ︷︷ ︸
:=γ̃0

+γ``it + γkkit + ξi − εit = z′1,itγ + ξi − εit, (18)

where z1,it := (1, `it, kit)
′ and γ = (γ̃0, γ`, γk)

′ with γ̃0 = γ0 + E[eεit ]. The stochastic process of ωit

is assumed to follow (11).

We consider the following parametric random effects model.

Assumption 8. Assumption 7(c)-(g) holds and assume that The production function of type j is

given by (17) and that ξi ∼iid
∑J

j=1 π
j1(ξ = ξj) that approximates a normal distribution given by

N(0, σ2
ξ ). Specifically, we approximate normal distribution using a (known) set of Gauss-Hermit

quadrature points and weights, and the values of {πj , ξj}Jj=1 are uniquely determined from σ2
ξ . See

the appendix for the detail.
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We estimate the production function (17) using the two-stage method as discussed in the pre-

vious sections.

5 Empirical applications

5.1 Data

We use Japanese publicly traded manufacturing firms, 1980-2007. The data set compiled by the

Development Bank of Japan (DBJ) contains detailed corporate balance sheet/income statement

data for the firms listed on the Tokyo Stock Exchange.2 The initial value of capital (K) is defined

as fixed asset less land from the firm’s balance sheet and the subsequent values of capital are

constructed by perpetual inventory method. The labor input (L) is the number of employees. The

intermediate input (M) is defined as the sum of energy input, material input, transportation cost,

outsourcing cost, and changes in input inventories. The output (Y ) is defined as the value of total

sales plus the changes in inventories of finished goods. In this preliminary version, we focus on a

sample from Machine industry.

5.2 Evidence for unobserved heterogeneity: the persistence in the ratio of in-

termediate inputs to total sales

In the data, the ratio of intermediate inputs to total sales is heterogenous across firms and persistent

over time within firm. Figure 1 presents the histogram of
PM,tMt

PY,tYt
across all observations that belongs

to Machine industry, which shows a large variation in the share of intermediate inputs. In the model,

the variation in the share of intermediate inputs is coming from idiosyncratic ex-post shocks εit.

We may eliminate most of idiosyncratic components by considering the firm-level average of the

share of intermediate inputs over 28 years; as shown in Figure 2, the persistent component of the

ratio of intermediate inputs to total sales substantially varies across firms.

In view of the intermediate share equation in (4), a large cross-section variation in the persis-

tent component of the ratio of intermediate inputs to total sales suggests either heterogeneity in

production function or the persistence in inputs over time. To examine further, we regress lnSit

on the third order polynomials of (lit, kit,mit) to get residuals, denoted by eit, and decompose eit

into permanent components and idiosyncratic components as ξ̂i := T−1
∑T

t=1 eit and ε̂it := eit− ξi.
Comparing the variance of ξ̂i with that of ε̂it, we found that Var(ξ̂i)

Var(ξ̂i)+Var(ε̂it)
= 0.609. Therefore,

the majority of variation is coming from the permanent component, suggesting that production

function is heterogeneous beyond Hicks-neutral term.

2Because firm’s financial data do not necessarily refer to a calendar year, we assign year t to an observation if the
given firm’s closing date is between June of year t and May of year t + 1. If firms change their closing dates, the
data after the change may refer to less than 12 months. When it occurs, we multiply the data xit by 12/m where m
represents the number of months to which the data refer.
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Figure 1: Histogram of
PM,tMit

PY,tYit
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Figure 2: Histogram of
(
PM,tMit

PY,tYit

)
i

over 28 years
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5.3 Estimation of production function

Table 1 presents the estimated average elasticities of output with respect to labor, capital, and

intermediate inputs as well as the parameter estimates for the number of components equal to

J = 1, 3, and 5 under Assumption 8. Setting J = 1 gives the homogenous production function

specification considered by GNR.

The estimated average elasticities of output with respect to intermediate goods in random

coefficients model with J = 3 or 5 is larger than those in homogenous model with J = 1 while

the estimated average elasticities with respect to labor and capital in random coefficients model

than those in homogenous model. As the number of components increases, the estimated standard

deviation of ex-post shock, ε, decreases, indicating a possibility of substantial downward bias in

the estimated variation in ex-post shocks in homogenous model with J = 1 as a result of ignoring

unobserved heterogeneity. In fact, consistent with our analysis in the previous section, the estimated

standard deviations of permanent unobserved heterogeneity σξ is larger than those of ex-post shocks

σε for the model with J = 3 and 5.

The first two rows of Table 2 present the standard deviations of ω̂it + α̂ξ ξ̂i and ε̂it. To compute

the standard deviations of ω̂it + α̂ξ ξ̂i and ε̂it, we first compute ω̂it, ξ̂i, and ε̂it for each i and t using

the posterior probability of being j-th type for every firm as described in the appendix and then

we compute the sample standard deviations of ω̂it + α̂ξ ξ̂i and ε̂it.
3

As the number of components J increases, the standard deviation of ω̂it + α̂ξ ξ̂i while that of

ε̂it decreases. This suggests that the role of ex-post shocks to explain the residual in produc-

tion function can be exaggerated if homogenous model rather than random coefficients model is

3We found that, for each firm, the posterior probability is concentrated in one of the types; the average highest
posterior probability across firms for the model with J = 5 is given by 0.989 so that a typical firm puts more about
99 percent of posterior probability in one of the five types.
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Table 1: Estimates of Production Function (17): Machine Industry in Japan, 1980-2007

Original GNR Random Coefficients Model
J = 1 J = 3 J = 5

Ave. Elast. for Labor 0.269 0.207 0.240
Ave. Elast. for Capital 0.302 0.150 0.124

Ave. Elast. for Intermed. 0.408 0.482 0.482
Sum 0.979 0.839 0.846

σ̂ε 0.507 0.315 0.291
σ̂ξ — 0.391 0.422

(α̂ξ, δ̂`, δ̂k) — (-1.068,7.267,-0.038) (-1.291,6.422,-0.068)
(ρ̂1, σ̂η) (0.936,0.149) (0.967,0.133) (0.964,0.135)

(γ0, γ`, γk) (-0.464,0.044,-0.046) (-0.569,0.076,-0.075) (-0.396,0.072,-0.075)
(α̂`, α̂k) (-0.022,0.645) (-0.004,0.740) (-0.013, 0.721)

No. of Observations 5518
No. of firms 247

Table 2: GNR vs. Random Coefficients Model (17): Machine Industry in Japan, 1980-2007

Original GNR Random Coeff.
J = 1 J = 3 J = 5

Std. Dev. ω̂it + α̂ξ ξ̂i 0.337 0.788 0.826
Std. Dev. ε̂it 0.506 0.331 0.306
Corr(ε̂it, ε̂it−1) 0.887 0.867 0.710

Notes: p-values in square brackets and standard errors in round brackets.

estimated.

The serial correlation in ε̂it also decreases from 0.887 to 0.710 as the number of components

increases from J = 1 to J = 5. Given that the presence of high serial correlation indicates a

possibility of misspecificaiton of the model, a smaller value of serial correlation is more desirable.

However, the level of serial correlation in ε̂it is still high at 0.71 for the model with J = 5. One

possible reason for this high serial correlation is the presence of transitory serially correlated shock.

Namely, the share parameter for intermediate goods could change over time within the same firm.
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A Appendix

A.1 Proof of Proposition 1

The distribution of {Yt, St, Xt}Tt=1 for type j is given by

Pjt ({Yt, St, Xt}Tt=1) = Pj1(Y1, S1, X1)

T∏
t=2

Pjt (Yt, St, Xt|{Yt−s, St−s, Xt−s}t−1
s=1)

= Pj1(Y1|S1, X1)Pj1(S1, X1)

×
T∏
t=2

Pjt (Yt|St, Xt, {Yt−s, St−s, Xt−s}t−1
s=1)Pjt (St|Xt, {Yt−s, St−s, Xt−s}t−1

s=1)Pjt (Xt|{Yt−s, St−s, Xt−s}t−1
s=1).

(19)

For t ≥ 2, in view of the second equation of (4), we have

Pjt (St|Xt, {Yt−s, St−s, Xt−s}t−1
s=1) = Pjt (St|Xt) := gε(lnG

j
M,t(Xt) + ln E − lnSt). (20)
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Furthermore,

Pjt (Xt|{Yt−s, St−s, Xt−s}t−1
s=1) = Pjt (Lt,Kt, ωt|{Yt−s, St−s, Lt−s,Kt−s, ωt−s}t−1

s=1)

= Pjt (ωt|Lt,Kt, {Yt−s, St−s, Lt−s,Kt−s, ωt−s}t−1
s=1)Pjt (Lt,Kt|{Yt−s, St−s, Lt−s,Kt−s, ωt−s}t−1

s=1)

= Pjω(ωt|ωt−1)Pjt (Lt,Kt|Lt−1,Kt−1, ωt−1)

= Pjt (Lt,Kt, ωt|Lt−1,Kt−1, ωt−1)

= Pjt (Xt|Xt−1),

(21)

where the first and the last equality hold because there is one-to-one mapping between Xt and

(Lt,Kt, ω) in view of Assumption 4(b) while the third equality follows from Assumptions 2(a) and

3(b).

The stated result follows from (19)-(21) if we show that Pjt (Yt|St, Xt, {Yt−s, St−s, Xt−s}t−1
s=1) =

Pjt (Yt|St, Xt, Yt−1, St−1, Xt−1). Given θ1 := {gjε (·), Ej , {GjM,t(·)}Tt=1}Jj=1, define

εjt (St, Xt; θ1) := ln(GjM,t(Xt)Ej)− lnSt,

Yjt (Yt, St, Xt; θ1) := lnYt −
∫
GjM,t(Lt,Kt,Mt)

Mt
dMt − εjt (St, Xt; θ1).

(22)

Integrating both sides of
GjM,t(Lt,Kt,Mt)

Mt
= (∂/∂Mt) lnF jt (Lt,Kt,Mt) with respect to Mt gives

∫
GjM,t(Lt,Kt,Mt)

Mt
dMt = lnF jt (Lt,Kt,Mt) + Cjt (Lt,Kt), (23)

where Cjt (Lt,Kt) is a function that only depends on (Lt,Kt). Then, substituting (23) into the

second equation of (22) and combining it with (4) gives

ωit = Yjt (Yt, St, Xt; θ1) + Cjt (Kt, Lt). (24)

Then, it follows from (2), (4), (22), and (24) that

Yjt (Yt, St, Xt; θ1) = −Cjt (Kt, Lt) + hj
(
Yjt−1(Yt−1, St−1, Xt−1; θ1) + Cjt−1(Kt−1, Lt−1)

)
︸ ︷︷ ︸

=h̃j(Yjt−1(Yt−1,St−1,Xt−1;θ1),Kt−1,Lt−1)

+ηt. (25)

Because ηt is i.i.d., equation (25) implies that

Pjt (Yt|St, Xt, {Yt−s, St−s, Xt−s}t−1
s=1) = Pjt (Yt|St, Xt, Yt−1, St−1, Xt−1), (26)

and the stated result follows.
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A.2 Proof of Proposition 2

We apply the argument of Kasahara and Shimotsu (2009) and Hu and Shum (2012) under the

assumption that unobserved heterogeneity is permanent and discrete. The proof is constructive.

Consider the case that T = 4. Fix (W2,W3) at (w2, w3) and choose (w̄2, w̄3) ∈ W2 × W3,

(a1, ..., aJ) ∈ WJ
1 and (b1, ..., bJ−1) ∈ WJ−1

4 that satisfy Assumption 6. Evaluating (6) at (W2,W3) =

(w2, w3) gives

P ({Wt}4t=1) =
J∑
j=1

πjP j4 (W4|w3)P j3 (w3|w2)P j2 (w2|W1)P j1 (W1)

=

J∑
j=1

λj4(W4|w3)λj3(w3|w2)λ̄j2(W1, w2),

(27)

where λj4(W4|w3) := P j4 (W4|W3 = w3), λj3(w3|w2) := P j3 (W3 = w3|W2 = w2), and λ̄j2(W1, w2) :=

πjP j2 (W2 = w2|W1)P j1 (W1). Integrating out W4 from (27) gives

P ({Wt}3t=1) =
J∑
j=1

λj3(w3|w2)λ̄j2(W1, w2). (28)

Let fw2,w3(a, b) := P ((W1,W2,W3,W4) = (a,w2, w3, b)) and f̄w2,w3(a) := P ((W1,W2,W3) =

(a,w2, w3)). Evaluating (27) at W1 = a1, ..., aJ and W4 = b1, ..., bJ−1 gives M(M − 1) equations

while evaluating (28) at W1 = a1, ..., aJ gives M equations. Collecting these M(M − 1) +M = M2

equations and denoting them using matrix notation, we have

Pw2,w3 = L′w3
Dw3|w2

L̄w2 , (29)

where

Pw2,w3 :=


f̄w2,w3(a1) f̄w2,w3(a2) · · · f̄w2,w3(aJ)

fw2,w3(a1, b1) fw2,w3(a2, b1) · · · fw2,w3(aJ , b1)
...

... . . .
...

fw2,w3(a1, bJ−1) fw2,w3(a2, b1) · · · fw2,w3(aJ , bJ−1)

 ,

Lw3 :=


1 λ1

4(b1|w3) · · · λ1
4(bJ−1|w3)

...
... . . .

...

1 λJ4 (b1|w3) · · · λJ4 (bJ−1|w3)

 , L̄w2 :=


λ̄1

2(a1, w2) · · · λ̄1
2(aJ , w2)

...
... . . .

λ̄J2 (a1, w2) · · · λ̄J2 (aJ , w2)

 ,
(30)

and Dw3|w2
:= diag

(
λ1

3(w3|w2), ..., λJ3 (w3|w2)
)
. Evaluating (29) at four different points, (w2, w3),

(w̄2, w3), (w2, w̄3), and (w̄2, w̄3) gives

Pw2,w3 = L′w3
Dw3|w2

L̄w2 , Pw̄2,w3 = L′w3
Dw3|w̄2

L̄w̄2 ,

Pw2,w̄3 = L′w̄3
Dw̄3|w2

L̄w2 , Pw̄2,w̄3 = L′w̄3
Dw̄3|w̄2

L̄w̄2 .
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Then, under Assumption 6,

A := Pw2,w3(Pw2,w̄3)−1Pw̄2,w̄3(Pw̄2,w3)−1 = L′w3
Dw2,w̄2,w3,w̄3(L′w3

)−1,

where

Dw2,w̄2,w3,w̄3 := Dw3|w2
(Dw̄3|w2

)−1Dw̄3|w̄2
(Dw3|w̄2

)−1. (31)

Because AL′w3
= L′w3

Dw2,w̄2,w3,w̄3 , the eignvalues of A determine the diagonal elements of

Dw2,w̄2,w3,w̄3 while the right eigenvectors of A determine the columns of L′w3
up to multiplicative

constant. Denote the right eigenvectors of A by L′w3
C, where C is some diagonal matrix. Now we

can determine the diagonal matrix Dw2,w̄2,w3,w̄3C from the first row of AL′w3
C = L′w3

Dw2,w̄2,w3,w̄3C

because the first row of L′w3
is a vector of ones. Then, L′w3

is determined uniquely from AL′w3
C and

Dw2,w̄2,w3,w̄3C as L′w3
= (AL′w3

C)(Dw2,w̄2,w3,w̄3C)−1 in view of AL′w3
= L′w3

Dw2,w̄2,w3,w̄3 . Therefore,

Lw3 is identified. Repeating the above argument for all values of w3 ∈ W3 identifies {P j4 (W4|W3 =

w3)}Jj=1 for each w3 ∈ W3 for W4 = (b1, ..., bJ−1) that satisfies Assumption 6(a).

Evaluating P (W4,W3|W2) at (W2,W3) = (w2, w3), we have

P (W4,W3 = w3|W2 = w2) =
J∑
j=1

π̃jw2
P j4 (W4|w3)P j3 (w3|w2) =

J∑
j=1

λj4(W4|w3)λ̃j3(w3|w2), (32)

where π̃jw2 :=
πjP j2 (W2=w2)
P2(W2=w2) and λ̃j3(w3|w2) := π̃jw2P

j
3 (W3 = w3|W2 = w2). Then, evaluating (32)

at W4 = b1, ..., bJ−1 and collecting them into a vector together with P (W3 = w3|W2 = w2) =∑J
j=1 λ̃

j
3(w3|w2) gives

pw3|w2
= L′w3

dw3|w2
,

where dw3|w2
= (λ̃1

3(w3|w2), ...., λ̃J3 (w3|w2))′ and pw3|w2
= (P (W3 = w3|W2 = w2), P ((W4,W3) =

(b1, w3)|W2 = w2), ..., P ((W4,W3) = (bJ−1, w3)|W2 = w2))′. Therefore, we uniquely determine

π̃jw2P
j
3 (W3 = w3|W2 = w2) from dw3|w2

= (L′w3
)−1pw3|w2

. Repeating the above argument across

all possible values of (w2, w3) ∈ W2 ×W3 determines the value of π̃jw2P
j
3 (W3 = w3|W2 = w2) for

every (w2, w3) ∈ W2×W3. Then, π̃jw2 and P j3 (W3 = w3|W2 = w2) are uniquely identified as π̃jw2 =∫
W3

π̃jw2P
j
3 (W3|W2 = w2)dW3 and P j(W3 = w3|W2 = w2) = [π̃jw2P

j
3 (W3 = w3|W2 = w2)]/π̃jw2 .

Therefore, {P j3 (W3|W2)}Jj=1 is identified.

Evaluating P j3 (W3|W2) at (W2,W3) = (w3, w2) for j = 1, ..., J identifies Dw3|w2
and, from

(29), L̄w2 is identified as L̄w2 = (Dw3|w2
)−1(L′w3

)−1Pw2,w3 . Once Dw3|w2
and L̄w2 are identified,

we can determine `w3(ζ) = (λ1
4(ζ|w3), ..., λJ4 (ζ|w3))′ for any ζ ∈ W4 by constructing pw2,w3(ζ) =

(fw2,w3(a1, ζ), fw2,w3(a2, ζ), ..., fw2,w3(aJ , ζ)) from the observed data, and using the relationship

`w3(ζ) = (Dw3|w2
)−1(L̄′w2

)−1pw2,w3(ζ)′. Similarly, we can determine ¯̀
w2(ξ) = (λ̄1

2(ξ, w2), ..., λ̄J2 (ξ, w2))′

for any ξ ∈ W1 by constructing p̄w2,w3(ξ) = (f̄w2,w3(ξ), fw2,w3(ξ, b1), fw2,w3(ξ, b2), ..., fw2,w3(ξ, bJ−1))′

and using the relationship ¯̀
w2(ξ) = (Dw3|w2

)−1(L′w3
)−1p̄w2,w3(ξ). Therefore, {P j4 (W4|W3 = w3), πjP j2 (W2 =

w2|W1)P j1 (W1)}Jj=1 is identified. Repeating this argument for all possible values of (w2, w3) ∈
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W2×W3 identifies {P j4 (W4|W3), πjP j2 (W2|W1)P j1 (W1)}Jj=1. Finally, {πj , P j2 (W2|W1), P j1 (W1)}Jj=1 is

identified from {πjP j2 (W2|W1)P j1 (W1)}Jj=1 as πj =
∫
W1

∫
W2

[πjP j2 (W2|W1)P j1 (W1)]dW2dW1, P j1 (W1) =

[
∫
W2

[πjP j2 (W2|W1)P j1 (W1)]dW2]/πj , and P j2 (W2|W1) = [πjP j2 (W2|W1)P j1 (W1)]/[πj×P j1 (W1)]. This

proves the stated result.

A.3 Proof of Proposition 3

Given that Pjt (Yt, St, Xt) is identified from Proposition 2, we may apply the argument in section

3 of GNR to prove the stated result. For part (a), we may generate infinitely many observations

of {St, Xt} from Pjt (St, Xt) and nonparametric regression of lnSt on Xt identifies GjM,tEj and

εt = ln(GjM,t(Xt)Ej) − lnSt. Consequently, we may identify gε from {εt}, and Ej and GjM,t are

identified as Ej = Eε[e
ε|type = j] and GjM,t = (GjM,tEj)/Ej , respectively. Therefore, θ1 is identified,

proving part (a).

For part (b), we can identify Cjt (Kt, Lt) from (25) given infinitely many observations ran-

domly drawn from Pj({Yt, St, Xt}Tt=1) via non-parametric regression of Yjt := Yjt (Yt, St, Xt; θ1) on

(Kt, Lt,Yjt−1,Kt−1, Lt−1) while imposing additive separability implied by (25). Given Cjt (Kt, Lt),

the identification of F jt (·) and {ωt}Tt=1 follows from (23) and (24), respectively, and hj(·) is identi-

fied from {ωt}Tt=1. Finally, because ηt is identified from (25), gjη(·) is also identified. This proves

part (b).

A.4 Assumption 6 under Cobb-Douglas production function

In the following, we discuss the conditions under which Assumption 6 holds when the production

function is Cobb-Douglas.

Example 1 (continued). For random coefficients model (7), we may write Lw̄3, L̄w̄2, and Dw̄3|w̄2
as

follows. Throughout the analysis, we fix the value of {Yt}Tt=1 at, say, {yt}Tt=1 so that the variation in

the values of aj’s and bj’s are due the variation in the values of W1 and W4. Denote w̄3 = (y3, s̄3, x̄3)

and bh = (y3, b
s
h, x̄4) for h = 1, ..., J − 1. Then,

λjw̄3
(bh) = P j4 (S4 = bsh|X4 = x̄4)P j4 (X4 = x̄4|X3 = x̄3) = cj4g

j
ε (ln(αjm,4E

j)− ln bsh),

where cj4 = P j4 (X4 = x̄4|X3 = x̄3). Therefore, we have

Lw̄3 = diag{c1
4, ...., c

J
4 }


1 g1

ε (ln(α1
m,4E1)− ln bs1) · · · g1

ε (ln(α1
m,4E1)− ln bsJ−1)

...
... . . .

...

1 gJε (ln(αJm,4EJ)− ln bs1) · · · gJε (ln(αJm,4EJ)− ln bsJ−1)

 .
Similarly, denote w̄2 = (s̄2, x̄2) and ah = (ash, x̄1) for h = 1, ..., J . Then,

λjw̄2
(ah) = P j2 (S2 = s̄2|X2 = x̄2)P j1 (S1 = ash|X1 = x̄1)P j1 (X1 = x̄1) = cj2g

j
ε (ln a

s
h − ln(αjmE)),

19



where cj2 = P j2 (S2 = s̄2|X2 = x̄2)P j1 (X1 = x̄1). Then, we have

L̄w̄2 = diag{c1
2, ...., c

J
2 }


g1
ε (ln(α1

m,1E1)− ln as1) · · · g1
ε (ln(α1

m,1E1)− ln asJ)
... . . .

...

gJε (ln(αJm,1EJ)− ln as1) · · · gJε (ln(αJm,1EJ)− ln asJ)

 .
For Assumption 6(a), we choose x̄4, x̄3, x̄2, x̄1, and s̄2 so that cj2 6= 0 and cj3 6= 0 for any j and

find (as1, ..., a
s
J) and (bs1, ..., b

s
J−1) such that Lw̄3 and L̄w̄2 are nonsingular. Because each point of

(as1, ..., a
s
J) and (bs1, ..., b

s
J−1) refers to a value of lnS1 and lnS4, the full rank condition of Lw̄3 and

L̄w̄2 holds if the value of probability density function of lnS1 and lnS4 changes heterogeneously

across types when we change the value of lnS1 and lnS4.

Let w̄3 = (s̄3, x̄3) and w̄2 = (s̄2, x̄2). Then,

λj(w̄3|w̄2) = πjgjε (ln s̄3 − ln(αjm,3E
j))P j3 (X3 = x̄3|X2 = x̄2). (33)

Pick w3 = (s3, x3) and w2 = (s2, x2). Assumption 6(b) holds if P j3 (x̄3|x2) 6= 0 and P j3 (x3|x̄2) 6= 0

for all j. Then, we have

Dw3|w2
(Dw̄3|w2

)−1Dw̄3|w̄2
(Dw3|w̄2

)−1 = diag

{
P 1

3 (x3|x2)

P 1
3 (x̄3|x2)

P 1
3 (x̄3|x̄2)

P 1
3 (x3|x̄2)

, ...,
P J3 (x3|x2)

P J3 (x̄3|x2)

P J3 (x̄3|x̄2)

P J3 (x3|x̄2)

}
.

Therefore, Assumption 6(c) requires that
P j3 (x3|x2)

P j3 (x̄3|x2)

P j3 (x̄3|x̄2)

P j3 (x3|x̄2)
takes different values across different

j’s, namely, the transition probability of X3 given X2 changes heterogeneously across types when

we change the value of X2.

B Guass-Hermit quadrature

Suppose that ξ is distributed as N(0, σ2
ξ ) and we are interested in evaluating

∫
L1i(ξ; θ1)gξ(ξ)dξ =

∫
L1i(ξ; θ1)

1√
2πσξ

exp

−( ξ√
2σξ

)2
 dξ.

Let v = ξ√
2σξ

. Then,

∫
L1i(ξ; θ1)

1√
2πσξ

exp

−( ξ√
2σξ

)2
 dξ =

∫
L1i(
√

2σξv, θ1)
1√
π

exp
(
−v2

)
dv.

The Gauss-Hermite quadrature approximates the integrals of the form
∫∞
−∞ f(v) exp(−v2)dv as∑K

j=1w
jf(vj), where {wj , vj}Jj=1 is a set of quadrature points and weights such that the integration
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is exact when f(v) is a polynomial of maximum order 2J − 1. Therefore, we may approximate

∫
L1i(ξ; θ1)

1√
2πσξ

exp

−( ξ√
2σξ

)2
 dξ ≈

J∑
j=1

wj√
π
L1i(ξ

j ; θ1),

where ξj =
√

2σξv
j .
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