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Abstract

A credit default swap (CDS) contract provides insurance against default. After a
country defaults, the country and its lenders usually negotiate over the share of the
defaulted debt to be repaid. This paper incorporates CDS contracts into a sovereign
default model and demonstrates that the existence of a CDS market results in lower
default probability, higher debt levels, and lower �nancing costs for the country. Since
the CDS payout is not automatically triggered by losses from renegotiations, the lender
needs to be compensated for lower expected insurance payments. This leads to higher
debt repayment in renegotiation, decreasing the bene�ts of defaulting, and hence allow-
ing the country to borrow more at lower rates. Uncertainty over the insurance payout
when the debt is renegotiated explains why in the data, as the output declines, the
CDS spread becomes lower than the bond spread. Furthermore, this pricing dynamic
during a debt crisis can be used to infer market perceptions of the probability of the
CDS paying out after a renegotiation. The model is calibrated to Greek data and shows
that increasing CDS levels from 0 to 5% of debt lowers the unconditional default prob-
ability from 2.6% to 2.0% per year with no impact on debt level. Further increasing
the CDS to 40% of debt increases the equilibrium debt level by 15%, but also increases
the probability of default to 3.1%.
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1 Introduction

A credit default swap (CDS) contract provides insurance against the borrower's failure to

repay debt obligations. The CDS market has experienced striking growth in recent years,

expanding from $ 6 trillion in 2004 to $26 trillion 2012. The CDS contract is designed in

such a way that its payout is not automatically activated by the debt holders' losses during

debt renegotiation (not full default), which is the usual procedure when a country defaults.

The recent European debt crisis is the �rst sovereign crisis in which investors have been able

to buy insurance against a country's decision to default, and has highlighted this feature of

the contract. In March 2012, Greece renegotiated its privately held debt, and there was high

uncertainty about whether the CDS payment would be triggered. This paper incorporates

a CDS market with payout uncertainty into a standard sovereign endogenous default model

to understand the e�ects of this market on the default probabilities, debt levels, prices of

the bond and the underlying CDS.

First, the model shows that the existence of a CDS contract increases the lenders' bar-

gaining power during debt renegotiation and the share of debt repaid by the country in

renegotiation for all debt levels. In the model, CDS-insured lenders always receive an insur-

ance payout in case of full default (zero repayment), but face uncertainty regarding payments

in the event of a debt renegotiation agreement. Hence, lenders are less willing to accept the

renegotiated terms. With a CDS market, the borrower must compensate lenders for lower

expected insurance payments upon accepting an agreement for debt renegotiation. The

country compensates its lenders by increasing the debt share repaid. Because the country

has to pay more in default, this option becomes less attractive. Therefore, the country can

credibly commit not to default in more states of the world. This leads to higher equilibrium

debt levels and lower debt �nancing costs. Also, the uncertainty over insurance payouts

when the bond defaults explains why as the output declines, the CDS spread becomes lower

than the bond spread.

Second, to assess the quantitative e�ects of the CDS market, the model is calibrated to

Greek data. The pricing dynamics of the CDS and bonds during the Greek crisis is used

to infer the market perception of the probability of insurance paying out when debt holders

incur losses. Using this probability estimation and assuming that 5% of the outstanding

debt is covered by CDS contracts, the model quantitatively matches the behavior of CDS

and bond prices during the crisis.1 Simulation results reveal that increasing the CDS-to-

1Most countries have between 0 and 10% of their debt insured with CDS, see Figure 2A in the appendix.
The average level of CDS-Debt coverage between 2008 and 2012 for Greece is 2.5% . However this excludes
Greece's participation on CDS indexes.
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debt ratio from 0 to 5% lowers the unconditional probability that a country like Greece

will default from 2.6% to 2.0% per year, with negligible e�ects on the average debt-to-GDP

ratio. Increasing the CDS coverage to 40% of the debt results in a 15% higher equilibrium

debt-to-GDP ratio but also a higher probability of default of 3.11% per year.

The key motivation of this paper is the structure of CDS contracts, speci�cally the

uncertainty over classifying the defaults that trigger insurance payments. In the absence of an

international bankruptcy law, the defaulting country and its lenders usually renegotiate over

the reduction of defaulted debt. Unlike previous default episodes, such as the Argentinian

debt crisis of 2002, the CDS market adds a settlement between the CDS buyer and the

seller after the debt renegotiation is complete. After an agreement is reached between the

country and its lenders, the holders of the CDS �le a claim with the International Swaps and

Derivative Association (ISDA) to trigger the insurance payment. As became evident during

the Greek debt default, this trigger is not automatically activated by the debt holders' loss

during renegotiation.2 The ISDA's Determination Committee votes on whether the default

classi�es as a credit event triggering the CDS payout.3 Since the CDS payout is at the

Determination Committee's discretion, the lenders do not know if their insurance will cover

losses when they accept the repayment agreement from the country.

The possibility that a CDS may not pay out results in a discrepancy between the price of

the CDS and a bond. The di�erence between the cost of insurance (price of the CDS) and

the premium paid to the lender for holding the default risk (risky bond spread) is called the

CDS-Bond basis. For countries that are not going through a debt crisis, this basis is close

to zero. However, when borrowers are going through debt crises, the cost of insuring the

country's default risk is lower than the premium paid to the lenders for holding the same

risk, making this basis negative. Figure 1 shows output (GDP) and the CDS-Bond basis for

Greece from 2008Q1 to 2011Q3. 4 The plot reveals that the basis is highly negative for most

of the period - and also highly correlated with output. The lower the output, the higher the

probability of default and the more negative the basis. This evidence is consistent with the

lenders' expectations that the CDS may not pay out even if the bond is not fully repaid.

The proposed model is a dynamic endogenous default model with post-default bargaining

and long-term CDS contracts. The model environment consists of three agents: a sovereign

country, a lender, and an insurance provider. The latter two are risk-neutral. The sovereign

2For corporate non-repayment events with CDS trigger uncertainty, see Bolton and Oehmek (2011).
3As discussed in Hatchondo, Martinez and Sapriza(2014) most of the current renegotiations happened

without any payments being missed. This gives space for the renegotiation being considered voluntary, which
may not trigger the CDS.

4See Figure 1A in the appendix for similar plots for Portugal, Ireland, Italy, Spain and France. For all
these countries, excluding France, the basis becomes negative as output falls.
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Figure 1: GDP and CDS-Bond Basis for Greece
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Note: This �gure plots the CDS-Bond basis for Greece between 2008 and 2011.25 in the left axis.

This basis is the di�erence between the 5 year maturity CDS running spread and the 5 year maturity

bond spread between the Greek bond and the German bond. Both contracts are USD (data from

Datastream). On the right axis is plotted Greece's real annual GDP in bil of euros (seasonally

adjusted).

country is risk-averse and earns a stochastic endowment. The sovereign's objective is to

maximize the utility of a representative citizen by smoothing consumption through the is-

suance of long-duration bonds. In each period, the country must decide whether to repay

the debt. A novel feature of the model is that lenders can purchase CDS contracts from the

insurance provider that will pay the face value of the bond in case of a credit event.

If the country decides not to repay its debt, the country and its lenders will enter debt

renegotiation over the share of the debt that is not repaid (the haircut on the debt). This

renegotiation is modeled as a Nash bargaining problem. If there is an agreement over the

share to be repaid, the country: (a) repays the agreed amount by issuing new long term

bonds; (b) incurs output costs; and (c) is excluded from the market for a �nite number

of periods. Also, lenders receive the agreed amount from the country and the full face

value of the insured debt if a credit event is declared. However, after the agreement, there

is a possibility that the default will not be declared a credit event by the Determinations

Committee, in which case the CDS contracts will not pay out. If no agreement is reached:

(a) the country repays nothing to the lender and can never re-enter the credit market; and
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(b) the lenders' CDS triggers with certainty.5

The presence of CDS changes the bargaining game. When there is an agreement, the

lenders are subject to expected losses. By approving the deal, they also accept the uncer-

tainty of the CDS payout versus certain repayment if they reject the agreement. Due to

these expected losses, the lender becomes a �tougher� negotiator, demanding a smaller hair-

cut (higher repayment) as compensation for the expected loss. In equilibrium, the country

chooses to default less frequently, making �nancing cheaper and debt levels higher.

One important feature of the model is the Determination Committee's rule for declaring

a credit event, that is, the probability function of the CDS triggering after an agreement.

The probability function of triggering is modeled as a function of the repayment share after

default: The higher the repayment share post-default, the less likely the CDS will trigger.

Intuitively, if the country and its lenders agree to a small haircut (the majority of the debt

is repaid), it is likely that the committee will consider this a voluntary restructuring since

the bond holders incurred a small loss. In this case, the CDS will have a low probability of

triggering. If the repayment is closer to zero, it is more likely the committee will classify the

default as a credit event.

The e�ect of the CDS depends on the level of insured debt and the probability of a credit

event being declared for a given haircut. The level of insured debt in the market is set as an

exogenous parameter. The model is calibrated on data from Greece and solved for multiple

levels of CDS debt coverage and trigger probability functions. The dynamics of the CDS-

Bond basis observed during the Greek crisis are used to infer the triggering function (i.e.,

the market perception of the decision rule of the Determination Committee in categorizing

a default event as a credit event). Using this triggering function and assuming that 5%

of the outstanding debt is insured, the model quantitatively matches the behavior of the

basis during the crisis. Simulation results indicate that at the current CDS-to-debt ratios of

5-10%, the unconditional probability of default and the spread are both lower than in a "no

CDS" benchmark. The calibration for Greece reveals that increasing the CDS-to-debt ratio

from 0 to 5% lowers the frequency of default from 2.6% to 2.0% per year, with negligible

e�ects on the average debt-to-GDP ratio. If the level of insured debt is increased to 40%,

the equilibrium debt-to-GDP ratio increases by 15% and the probability of default increases

to 3.11%.

The CDS at current levels (5-10%) is welfare-improving because it allows countries to

better smooth consumption by paying lower spreads. The welfare levels of the lender and in-

surer are unchanged, so the introduction of the CDS at those levels is a Pareto improvement.

5See Figure 3A in the appendix for a timeline post-default.
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On the other hand, if the CDS level is too high (40%) and the probability of triggering is very

low, the welfare of the country decreases. This occurs because the lenders are exceedingly

tough in renegotiation and the country must repay a large amount when defaulting, which

coincides with states when output is low.

Related Literature

This paper builds primarily on three strands of literature: (1) endogenous sovereign

default models; (2) the corporate �nance empty-creditor problem; and (3) empirical evidence

on price discrepancies between the CDS and bonds. This paper introduces a CDS market

to the sovereign default problem and demonstrates how the existence of this market alters

borrower and lender renegotiation in default. The e�ect of the CDS on the renegotiation

problem has consequences for debt levels, spreads, and probabilities of default in equilibrium.

Also, this paper reveals that the contractual uncertainty over what classi�es as an insurance

payment-triggering default is crucial for the CDS market's e�ect on renegotiation. Finally,

by incorporating the contractual peculiarities of the CDS, the model is able to explain and

generate the price discrepancies documented in the empirical literature.

The original model of defaultable debt developed in Eaton & Gersovitz (1981) gave birth

to a vast quantitative literature that focuses on explaining the unique characteristics of

emerging-market business cycles (Neumeyer and Perri [2005], Aguiar and Gopinath [2006],

and Arellano [2008]). This part of the literature assumes that debt is issued as one-period

bonds with no repayment after default, which leads to some di�culties in matching the

calibrated models to the default risk and debt levels in the studied economies.Yue (2010)

adds to the standard a Nash bargaining game post-default which determines endogenous debt

recovery rates. Her results show that adding this feature leads to higher default probabilities

and greater interest rate volatility, improving the model's �t of the data. In their recent

work, Chatterjee and Eyigungor (2012) and Hatchondo and Martinez (2009) demonstrate

that models with long-term defaultable bonds provide a better �t to emerging-market data

by matching the volatility and average of the country spread and debt levels. By adding

a CDS market, my model allows analysis of the e�ects of this new market on sovereign

borrowing, which has not yet been examined in the literature.

Corporate �nance literature took the lead in analyzing the e�ect of CDS contracts on

the strategic behavior of lenders and borrowers. Hu and Black (2007) argue that the CDS

contract transfers the default risk from the creditors to the protection sellers, resulting in

the so-called empty creditor problem. They suggest that creditors holding CDS have lower

incentives for helping a debtor avoid default by rolling over debt, granting new �nancing or

agreeing to voluntary restructuring. Bolton and Oehmke (2011) analyze the empty creditor
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problem in a three-period model, in which a �rm with limited commitment issues debt in

the �rst period to �nance a two-period project with stochastic cash �ow. The �rm's debt

renegotiation at the interim date after the cash �ow of period two is realized, plays a central

role in the model. In the paper, the debt renegotiation game is modi�ed as a result of lenders

holding CDS contracts. Speci�cally, a lender holding CDS protection has a better outside

option in an out-of-court renegotiation since the CDS pays out when the renegotiation fails

and the �rm goes into default. This outside option allows the lender to extract more in

renegotiation from the �rm. In this paper, I demonstrate that not only the outside option,

but also the lenders' lower expected insurance payments, are critical for the CDS e�ects on

borrowing. In addition, the dynamic model o�ers quantitative answers regarding the e�ects

of this insurance market.

Fontana and Scheicher (2010) analyze weekly observations from January 2006 to June

2010 on the CDS spreads and bond yields of ten Euro-area countries. They document

a positive basis (CDS spread>Bond spread) for most of the countries during that period.

They propose as one possible explanation the ��ight to quality� e�ect that lowers government

bond spreads in periods of market distress. They also reported a negative basis for Portugal,

Ireland, and Greece starting in 2009 but are unable to explain it. Bai and Collin-Du�resne

(2013) investigate the cross-sectional variation in the CDS-Bond basis for investment-grade

and high-yield corporate bonds. They test several explanations for the violation of the

arbitrage relation between cash bonds and CDS contracts, which state that the basis should

be zero. They �nd that during the 2007-2009 �nancial crisis, the negative basis is consistent

with �limits to arbitrage� theories, since deviations were larger for bonds with higher frictions,

as measured by trading liquidity, funding cost, and counterpart risk. However, most of these

standard risk factors lost explanatory power after the crisis, even though the CDS-Bond

basis remained negative on average and volatile - a fact that they found puzzling. In this

paper, I show that since the CDS is an imperfect form of insurance, it is not surprising to

�nd a negative basis during debt crises.

The remainder of this paper is organized as follows. The next section discusses details

of the CDS market and its regulation. In Section 3, a two-period model is presented to

explain the intuition behind the e�ects of the CDS on debt levels and spreads. Section 4

presents the model environment, preferences, and market arrangement. Section 5 describes

the dynamic sovereign borrower and lender's problem and de�nes a recursive equilibrium.

Section 6 presents the model calibration and quantitative analysis. Finally, Section 7 o�ers

concluding remarks.
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2 The Credit Default Swaps Market

The credit default swap (CDS) is an insurance contract that protects creditors against losses

incurred when a debtor defaults on its debt obligations. In this contract, the �CDS buyer�

pays a periodic fee (CDS spread) to the �CDS seller� in exchange for a pre-stipulated pay-

ment from the seller if a �credit event� occurs on a reference credit instrument within a

predetermined time period. The stipulated amount contracted is typically the face-value of

the bond and the typical maturity of a CDS is 5 years. The reference credit instrument may

be a corporate or a sovereign entity.

The CDS market remains to a large extent unregulated.6 However, guidance on the

legal and institutional details of CDS contracts is given by the International Swaps and

Derivatives Association (ISDA). The association has played a signi�cant role in the CDS

market by creating a standardized contract (the ISDA Master Agreement) for entering into

derivatives transactions. The contract was created in 1992, updated in 2002 and in 2009 the

ISDA introduced further compulsory modi�cations known as the �Big Bang Protocol� for

the US and �Small Bang Protocol� for Europe.7

The modi�cations introduced by the two bangs were intended to improve the e�ciency of

the CDS market by further standardizing some features of the contract. The main changes

that were introduced were: (1) forming Determination Committees (DCs) to determine

whether a credit event had occurred as well as establishing the terms of the auction to

determine the CDS payout amount; (2) hardwiring the auction mechanism for CDS following

a credit event; and (3) standardizing all trade CDS contracts as upfront payment contracts

with �xed coupons.8

The ISDA has �ve DCs, each of which has jurisdiction over a speci�c region of the

world: (a) the Americas, (b) Asia (excluding Japan), (c) Australia/New Zealand, (d) EMEA

(Europe, Middle East and Africa), and (e) Japan. Each committee is composed of: eight

global dealers, two regional dealers for each region, �ve buy-side members, two non-voting

dealers, one non-voting buy-side member, and the ISDA as a non-voting secretary.9 In total,

6A provision in the Commodity Futures Modernization Act exempts CDS from regulation by the Com-
modity Futures Trading Commission (CFTC)

7In August 2014, ISDA also made some changes regarding some de�nitions of credit events. The major
change was the introduction of a new Credit Event, Government Intervention, with respect to non-U.S.
�nancial Reference Entities. The necessity for this new Credit Event became obvious in early 2013 when
the Dutch government nationalized SNS Bank and expropriated all of its subordinated bonds. Another
important change was the inclusion of the renegotiated bond for physical settlement.

8Previously, contracts could also be traded with a variable spread and no upfront payment.
9To become a dealer: (1) participating bidder in auctions, (2) adhere to the Big Bang protocol. To

become a buy-side member the institution (1) must have at least $1 billion in assets under management, (2)
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there are 15 voting members and 3 non-voting members plus the secretary. The buy-side on

the DC must include at least one hedge fund and one traditional asset manager at all times.

No institution can serve a second term until all eligible institutions have served.

To start the voting process, any ISDA member may request a DC to be convened to

address a question, usually concerning the occurrence of a credit event that would trigger

the CDS. One member of the committee must agree to consider the question. If an 80% super

majority (12 out of the 15 members) is not achieved on any question, the issue automatically

goes before an external review panel.

The EMEA committee met twice in 2012 to vote on whether the Greek debt restructuring

constituted a credit event. First, on March 1, the committee met to vote on two questions on

whether a restructuring credit event had happened that would trigger the CDS payout. The

�rst questioned if the fact that holders of Greek law bonds had been subordinated to the ECB

constituted a restructuring credit event.10 The second questioned if the agreement between

the Hellenic Republic and the private holders of Greek debt constituted a restructuring

credit event.11 To both questions the committee unanimously voted no, defending that the

restructuring was a voluntary renegotiation, which does not trigger the CDS. After the second

meeting on March 9, it was announced that 85.8% of private holders of Greek government

bonds regulated by Greek law, had agreed to the debt restructuring deal. As this number

was above the 66.7% threshold, it enabled the Greek government to activate a collective

action clause (CAC), so that the remaining 14.2% were also forced to agree. The committee

ruled that after the CACs were invoked by Greece to force all holders to accept the exchange

o�er for existing Greek debt constituted a credit event.

When a credit event is determined, an auction is held to facilitate settlement of a large

number of contracts at once, at a �xed cash settlement price. During the auction process

participating dealers submit prices at which they would buy and sell the reference entity's

debt obligations, as well as requests for physical settlement (where the bond is exchanged)

against par. A second stage Dutch auction is held following the publication of the initial

midpoint of the dealer markets. The �nal clearing point of this auction sets the price for cash

settlement of all CDS contracts and all physical settlement requests are actually settled.

The ISDA has also been working on reducing the counterparty risk in the CDS market,

another key area. During the past years, counterparty risk has emerged as one of the

have single name CDS trade exposure at least $1 billion and be approved by 1/3 of the then current buy-side
pool.

10The bonds owned by the ECB became senior (being immune to haircut) to the bonds owned by everybody
else.

11In a marathon meeting in Brussels private holders of governmental bonds accepted a slightly bigger
haircut of 53.5%.
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important risk factors in the derivatives market. One way to mitigate counterparty risk

is through collateralizing the exposure. This practice has become the industry standard.

According to the ISDA Margin Surveys in 2012, 83% of all CDS transactions were subjected

to collateral agreements, where most of the collateral posted was cash (79.5%).12 Arora,

Gandhi and Longsta� (2012) measure empirically the magnitude of counterparty risk in the

CDS market. They analyze CDS transaction prices and quotes by 14 di�erent CDS dealers

selling protection on the same underlying �rm. The authors �nd that the magnitude is

very small and consistent with a highly collateralized market. Their results indicate that an

increase in the dealer's credit spread of 645 basis points only translates into a one basis-point

decline on average in the dealer's spread for selling credit protection.

3 Two Period Model

This section illustrates how CDS contracts a�ect the level and price of debt in a simpli-

�ed, two-period version of the model. The country (borrower) has a preference for smooth

consumption over the two periods. Its income is low today and stochastic tomorrow. For

concreteness, let's assume that income is zero today and tomorrow can take three values,

yL < yM < yH with probabilities [pL, pM , 1− pL − pM ].

The borrower can issue non-contingent bonds to shift resources from the future into the

present. The price q(b) of a bond depends on the number b of bonds issued. The country

borrows an amount q(b)b today and repays b tomorrow. Once yi is realized, the borrower

has the option of defaulting on the debt (b), after which the borrower and lender enter a

one-shot Nash bargaining game that determines the share α ε [0, 1] of each dollar of the

debt the borrower will repay the lender. If the country defaults and reaches an agreement

with the lender (α > 0), the country loses a share ca of its output tomorrow. In the case of

default without an agreement (α = 0), the country loses a share cna of tomorrow's output

(cna > ca). The top tree in Figure 2 shows the borrower's payo� structure.

The lender can enter a trade with a third party (CDS seller) that provides insurance in

case the country decides to default. The CDS contract speci�es that today, the CDS buyer

pays qcds(b) to the seller in exchange for the payment, tomorrow, of the amount not repaid

by the borrower (1 − α) on each dollar of covered debt. This repayment only happens if

the borrower chooses to default and the regulators of the CDS market rule that the CDS

triggers, paying out (1−α). The lender purchases a share d ε [0, 1) of coverage through CDS

contracts. Full coverage is not available, so d < 1.

12The numbers for previous years are of similar magnitude.
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The CDS contract states that if the borrower and the lender reach an agreement on

the repayment share (α > 0), the CDS will have a probability (ptrigger) of paying out (i.e.

triggering) that increases with the haircut (1− α) � i.e. share of the debt that the country

will not repay. However, if there is no agreement the CDS will pay out with certainty and

the country will not repay any of the debt to the lender (α = 0). The bottom tree in Figure

2 displays the bond payo� for the lender.

Ownership of CDS securities changes the bargaining game for the lender. With this

security, the lender is subject to expected losses by agreeing to the repayment share, since

by agreeing to the deal he also accepts the uncertainty of the CDS payout versus the certain

CDS repayment if he rejects the agreement. Due to this uncertainty, the lender becomes a

�tougher� negotiator, demanding a smaller haircut (higher repayment) as compensation for

the expected loss.

Figure 2: Borrower and Lender Payo�s

Borrower

c1 = −qb

c2 = yi + b

Repayment

Bargaining

c2 = (1− ca)yi + α(i, d)b

Agreement

c2 = (1− cna)yi
No

Agr
eem

ent

Def
ault

yi

i ∈ (L,M,H)

Lender

qb

−b

Repayment

Bargaining

−Ey[αb+ ptrigger(α)(1− α)db]

Agreement

−db
No Agre

ement

De
fau

lt

Note: The top tree reports the borrower's payo� structure from borrowing b in period 1 and

choosing to default or repay. The bottom tree has the lender's payo� from lending b and bargaining

post-default with the country.
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Bargaining Problem

The share repaid α(yi, b) solves the Nash bargaining problem:

α(yi, b) = argmaxαε[0,1][(∆
B(α; yi, b))

θ(∆L(α; yi, b))
1−θ]

subject to ∆B(α; yi, b) ≥ 0, ∆L(α; yi, b) ≥ 0, where θ ∈ (0, 1] denotes the bargaining power

of the borrower, i = L, M, H and d is the debt share covered by CDS.

The surpluses of the borrower and lender are

∆B(α; yi, b) = u((1− ca)yi + αb)− u((1− cna)yi),

∆L(α; yi, b) = −[αb+ ptrigger(α)(1− α)db]− [−db].

They represent the di�erence between agreement and no agreement in Figure 2 for the

borrower and the lender, respectively. The surplus of the borrower is independent of the

level of CDS, since the CDS is paid by a third party. The CDS seller does not hold bonds,

so he does not sit at the negotiation table.

The lender's surplus is a�ected by the existence of the CDS market. Compared to the

uninsured lender, the lender with CDS will have a lower surplus for any repayment share

(α), since by agreeing to this arrangement the lender is giving up receiving the full CDS

payout with certainty. Therefore, the borrower will have to compensate the lender for the

uncertainty of the CDS triggering for the agreement to be accepted. This is achieved by

increasing α, as long as there exists an α > 0 that gives both the borrower and the lender

non-negative surpluses, otherwise the agreement breaks down and the CDS triggers for sure.

The lender receives nothing from the borrower and the borrower incurs in higher output

costs.

It is important to note that the uncertainty over the CDS paying out is key for the CDS

market having an e�ect on the bargaining outcome. This is easier to see if the surplus of the

lender is rewritten separating the CDS covered debt (db) from the uncovered (1− d)b:

∆L(α; yi, b) = −b[ α(1− d)︸ ︷︷ ︸ − (1− ptrigger(α))(1− α)d︸ ︷︷ ︸]
uncovered covered

.
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The term in the �rst bracket is the extra amount the lender receives by agreeing to the

bargaining outcome. The lender gets α per dollar of the uncovered part of the debt from

the borrower. To maximize this part of the surplus, the lender wants α to be as high as

possible. The term in the second bracket represents what the lender loses by accepting the

agreement. This loss is the uncertainty surrounding the CDS payo�, since the renegotiation

can be declared as voluntary (not triggering the CDS). If the CDS pays with certainty, there

is no loss for the lender from accepting the agreement, so there is no need to compensate

with a higher repayment. Formally, I can state this intuition in the following proposition.

Proposition 1: If the CDS always triggers, that is ptrigger(α) = 1, the level of CDS will not

a�ect the bargaining outcome.

In this case the surplus of the lender becomes ∆L(α) = −b[α(1 − d)] and the bargaining

problem can be rewritten as:

α(yi, b) = argmaxαε[0,1][(∆
B(α; yi, b))

θ((1− d)∆̃L(α; yi, b))
1−θ]

where ∆̃L(α; yi, b) = −bα is the surplus in the absence of CDS contracts.

Bond and CDS Prices

Bonds have one-period maturity and are sold at a discount price q(b). Lenders are risk-

neutral, therefore the price of the debt is just the expected repayment in the next period,

taking into account the probability of states of default (def(yi,b) = 1) and repayment shares

α(yi,b) in default in case of agreement:

q(b) =
E(def(yi,b)α(yi,b) + (1− def(yi,b)) | i)

(1 + r)
.

The CDS securities are sold under the �points upfront� format where there is a payment

upfront qCDS(b) at time of inception (today). The CDS contract also has a one-period

maturity. The CDS sellers are risk-neutral, therefore the upfront payment is the expected

repayment in case of default, taking into account the probability of the CDS triggering at

that level of repayment (ptrigger(α(yi, b))):

qcds(b) =
E(def(yi,b)(1− α(yi, b))p

trigger(α(yi, b)) | i)
(1 + r)

.
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The return on a portfolio of bond and CDS contracts for the holder is

Returnportfolio = −q(b)− qcds(b) + 1.

In this portfolio, the investor buys the bond giving the borrower q(b) with the promise to be

repaid 1 tomorrow, and buys the CDS paying the seller qcds(b). To �nance this operation the

investor short sells (borrows) risk-free bonds, receiving 1 today with the promise to repay

1 + r the following period.

Plugging in the equations for the prices and setting r = 0 for simplicity, the portfolio's

expected return is

E((1− ptrigger(α(yi, b))(1− α(yi, b))def(yi,b) | i).

If the default probability is zero and/or the CDS always pays out, the return from this

portfolio is zero. However when there is some probability of default and uncertainty over

the CDS triggering there is an expected positive return from holding this portfolio. The

explanation for the positive return is that there are states where the bond gets a haircut but

the CDS does not pay out. The same intuiton will explain the negative basis in the dynamic

model.

Numerical Exercise

The model is parametrized to illustrate the e�ects of the CDS market on debt levels

and prices. The mechanism through which CDS contracts a�ect the size of debt and its

price will be the same as in the simple two-period model. Output tomorrow takes the values

y = (0.75, 1, 1.5) with probability distribution (0.4, 0.5, 0.1). The country has power utility

with risk aversion coe�cient 2 and no discounting (β = 1). The bargaining power θ is 0.5

and the loss of output due to default is 20% of tomorrow's output if there is an agreement

(ca) and 40% if there is no agreement (cna).

The functional form for the probability of trigger assumed is ptrigger(α) = (1− ακ) with
κ ≥ 0, which incorporates the fact that the higher the haircut, the more likely the default

will be labeled as a default, and the CDS will pay out. The κ parameter is �xed at 1 and

the coverage of CDS varies. Figure 3 shows the results.13

The solid line in the �rst quadrant represents the surplus of the borrower, which does

not change with CDS and decreases with the repayment share (α), since a higher α means

13The debt level in the bargaining surplus graph is �xed at 0.15 ( mid debt level).
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the borrower is going to have to pay the lender more in the agreement. The surplus of the

borrower is for most levels increasing with α, since he will get more money back from the

borrower.

The higher the level of the CDS, the lower the surplus of the lender, since he has more to

lose with the CDS payout uncertainty. Therefore, the higher the CDS, the more the borrower

will need to compensate the lender for the uncertainty the lender is incurring by accepting

the agreement, resulting in a higher equilibrium repayment share, as can be observed on the

lower left graph of Figure 3.

Since in the case of default the borrower needs to repay more, default becomes less

attractive and there is a smaller set of states where the borrower decides to default. This is

shown in the upper right graph, where the probability of default is the probability of reaching

an output state where the decision is to default for a given debt level.

Finally, a lower probability of default plus a higher repayment share in default results in

a higher bond price, as shown in the graph in the lower left corner. The higher bond price

allows borrowers to hold higher levels of debt (more negative b). The optimal debt choices

for each CDS level are displayed in the bond price graph (lower-right graph). The point A

represents the optimal debt choice for no CDS, point B for 40% and point C for 80% CDS.

It is important to note that if the CDS is very high, in this example 80%, there will

be no level of α for high levels of debt that can give both the lender and borrower positive

surpluses, so the equilibrium repayment is zero and the CDS triggers with certainty. The

cost of defaulting at high CDS levels is so high ( high α or no agreement output penalty),

that the borrower never chooses to default and the bonds become risk-free.

In summary, with the CDS market the equilibrium debt levels are higher and spreads are

lower than they would be in a similar model without this market. Also, the possibility of the

bond getting a haircut and the CDS not triggering depresses the price of a "CDS-insured

bond" relative to the price of the risk-free bond, as observed in the data. The following

sections present the full dynamic model and its quantitative implications.
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Figure 3: Numerical Exercise Results
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Note: The top left plot displays the borrower and lender surpluses for di�erent levels of CDS. The

right top plot, has the country's probability of default at each debt/GDP level, where 1 is default.

The bottom right plot shows the equilibrium repayment that results from the bargaining game and

the bottom left has bond prices for each debt level and in triangles the optimal debt choice at each

CDS level (A is for 0% CDS, B for 40% and C for 80%).

4 The Model Environment

Preferences and Endowments

I study the interaction between sovereign default with debt renegotiation and credit

default swap (CDS) contracts in a dynamic model of a small open economy. The sovereign

country is risk averse and takes the world interest rate as given. The sovereign maximizes

expected utility from consumption ct and has preferences given by

∞∑
t=0

βtu(ct),

where 0 < β < 1 is the discount factor of the sovereign and u(.) is continuous, strictly

increasing, strictly concave, and satis�es Inada conditions.

The model analyzes an endowment economy, where in each period the economy receives

a strictly positive exogenous endowment shock yt ∈ Y . The endowment shock is stochastic,

has a compact support Y and follows a �nite-state Markov process with transition law

Pr{yt+1 = y′ | yt = y} = F (y′, y).
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Market Arrangements and Option to Default

The sovereign can borrow in the international credit market and has the option to de-

fault. The country borrows by issuing long-term debt contracts that mature probabilistically

(Hatchondo & Martinez (2009), Arellano & Ramanarayanan (2012) and Chatterjee & Eyin-

gungor (2012)). Each unit of outstanding debt matures next period with probability λ, and

if the unit does not mature, which happens with probability (1 − λ), it pays out a coupon

payment z. Therefore, if b bonds are outstanding at the start of the period, the issuer's obli-

gations will be z(1 − λ)b for the coupon payments and λb for the principal. This structure

allows targeting maturity length and size of the coupon payments separately. There is only

one type of bond (z, λ) available in the economy and as is standard in this literature, debt

is viewed as a negative asset (b ≤ 0).

The international investors are risk-neutral and have perfect information on the country's

endowment, debt level and option to default. These investors become lenders to the country

by purchasing the sovereign bond in a competitive international bond market. Also, they

can borrow or lend as much as needed at a constant international risk-free rate.

If the country decides to default, it stops servicing its debt, discontinuing coupon and

principal payments. The default decision comes with penalties. Following a default period

the sovereign temporarily loses access to the international credit market staying in autarky,

during which period the sovereign loses share φ(y) > 0 of the output y.

After the default, the country and its bond holders will renegotiate the debt and set the

repayment share (α) on each dollar of the defaulted debt. The renegotiated debt will have

the same maturity and coupon structure of the original debt and will start to be repaid when

the country re-enters the credit markets.

This paper introduces CDS contracts to the sovereign debt analysis. The CDS is modeled

as a long-term security with a variable upfront payment at the time of inception and a �xed

spread s paid every period by the buyer in case of no default on the sovereign bond. Every

period there is a probability λ of the contract expiring when it would o�er no protection and

demand no future spread payments. 14

If the country and the bond holders accept the terms of the renegotiation, the country

will repay α ∈ [0, 1] on each dollar of the defaulted debt to the lenders and the country

has a probability to re-enter the international markets with probability 0 ≤ ξ < 1 and

borrow again. There is a probability that the CDS regulators will consider this a voluntary

renegotiation and the CDS will not pay out. If the renegotiation terms are not accepted, the

14The maturity of the bond and CDS is the same so that we can compare the two assets.
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country stays in autarky forever, repays nothing to the lenders and the CDS pays out with

certainty.

The country's access to international credit markets is denoted by a discrete variable

h ∈ {0,1}. Let h = 0 denote no access to international credit markets, the country is in

autarky, cannot save or borrow and makes no debt payments. However, the defaulted debt

can be traded in the secondary market and is priced as q(b, 0, y). On the other hand, h = 1

indicates that the country is able to borrow in the international debt markets by issuing bonds

that are sold at the discount price q(b, 1, y). Both prices are determined in equilibrium.

The bond holders buy a �xed share d of the country's debt in CDS contracts. If the

sovereign defaults and the CDS regulatory agency decides that the CDS contracts must pay

out, the CDS holder is entitled to a payment of (1− q(b, 0, y)) on each dollar of covered debt

(db) from the sellers. The CDS sellers are risk-neutral and have perfect information on the

country's endowment and debt level. The CDS seller does not participate on the sovereign

bond market. Both the CDS seller and the bond investors always keep their promises.15

5 Recursive Equilibrium

The borrower's in�nite horizon decision problem is represented as a dynamic recursive pro-

gramming problem. Subsection 5.1 analyzes the sovereign government's problem, taking the

bond price schedule and the debt renegotiation outcome as given. Subsequently, Subsection

5.2 explains the bond and CDS pricing schedule. Subsection 5.3 explains the debt renego-

tiation and lender's problem that determine the debt repayment share. Finally, Subsection

5.4 de�nes the dynamic recursive equilibrium, where prices and debt recovery shares are

endogenized.

5.1 Decision Problem of the Sovereign

The sovereign government's objective is to maximize the expected lifetime utility of a do-

mestic representative agent. At the beginning of the period, the output shock y is realized

and the country has a stock of debt b for which the coupon and principal payments total

(λ + (1 − λ)z)b. After observing y, the government makes its default decision and a debt

choice for the next period, where b ∈ B = [bm, 0]. The v(b, h, y) : B × {0, 1} × Y → <
represents the life-time value function for the country that starts with debt b, has access h

and endowment shock y.

15There is no counterparty risk, so the CDS seller always pay the CDS payout if the credit event is declared.
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De�ne the state space of bond price function as Q = {q | q(b, h, y) : B×Y → [0, λ+(1−λ)z
rf+λ

]

and the state space of the debt repayment share as A = {α | α(b, y) : B × Y → [0, 1]}.
Given any bond price function q ∈ Q and repayment share α ∈ A, the country solves its

optimization problem.

For h = 1, the country has access to the international credit markets and has to decide

to default or not optimally. The value of the option to default is given by:

V (b, 1, y) = max{v(b, 1, y), v(b, 0, y)} (1)

Where v(b, 1, y) is the value associated with not defaulting and keeping access to the credit

markets and v(b, 0, y) is the value associated with default.

The country's payo� from repaying the debt is the following:

v(b, 1, y) = maxb′εB u(c) + βEy′|yV (b′, 1, y′)

s.t. c ≤ y + [λ+ (1− λ)z]b+ q(y, 1, b′)[(1− λ)b− b′].

(2)

If [(1−λ)b−b′] ≥ 0, the borrower issues new debt, increasing the debt stock. If [(1−λ)b−b′] <
0, the country buys back bonds before they mature, meaning there will be less debt to

service next period. The country's consumption is the endowment minus the debt service

([λ+ (1− λ)z]b) plus the change in the debt stock at the price of q(y, 1, b′). If all choices of

b′ lead to negative consumption, repaying is not a feasible option, in which case the value

of repaying v(b, 1, y) is set to −∞. If repayment is feasible, the optimal debt choice of the

sovereign is denoted a(b, y). 16

The value of default is de�ned as:

v(b, 0, y) = u(y − φ(y)) + βEy′|y{[1− ξ]vȳ=y(b, 0, y
′) + ξV (α(b, y)b, 1, y′)}. (3)

where

vȳ(b, 0, y) = u(y − φ(y)) + βEy′|y{[1− ξ]vȳ(b, 0, y′) + ξV (α(b, ȳ)b, 1, y′)}

When the borrower defaults, output falls by φ(y) and the economy is temporarily in autarky;

ξ represents the probability that it will regain access to international credit markets each

16If the sovereign is indi�erent between two debt choices, it chooses the lower debt level (i.e. largest value).
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period. Once the country re-enters the market, it has to repay the renegotiated debt, α(b, y)b,

which is the result of a bargaining game to be described in subsection 5.3. The renegotiated

debt will have the same maturity and coupon structure as the original debt. The debt is

only renegotiated once, at the time of default, and α(b, y) depends of the debt and output

at time of default (ȳ).

In case the sovereign is indi�erent between defaulting and repaying, it repays. Therefore

default happens if and only if v(b, 1, y) > v(b, 0, y) . The decision problem implies a default

decision def(b, y) (where def = 1 is default and def = 0 repayment) and in the region where

repayment is feasible, a debt decision rule a(b, y) and a repayment share policy α(b, y).

5.2 Bond and CDS Prices

Bond Prices

The prices are determined for any repayment share α ∈ A, an optimal default decision

def(b, y) and debt decision rule a(b, y) from the sovereign problem. The one period risk-free

rate (rf ) is taken as exogenous. Due to a competitive market in the sovereign debt market,

the unit price of a bond, q(b′, 1, y), must be consistent with zero pro�ts adjusting for both the

probability of default and the repayment share. Since there is repayment on the defaulted

debt, there is also a market price for this debt. Let q(b, 0, y) be the price for a unit of the

defaulted bond when the total number of defaulted bonds outstanding is b and the output

is y.

For risk-neutral investors, the price of a unit of bond satis�es the following equation:

q(b′, 1, y) = Ey′|y[(1−def(b′, y′))
λ+ (1− λ)[z + q(a(b′, y′), 1, y′)]

1 + rf
+def(b′, y′)

q(b′, 0, y′)

1 + rf
]. (4)

In repayment, the bond holders get paid the face value of the matured bonds and the coupon

payment z from the bonds that have not yet matured. If a bond has not matured, it will

pay coupon/principal in future periods, therefore investors can sell this security for the price

of q(a(b′, y′), 1, y′). In default, the investor will get a share of the debt repaid, therefore the

defaulted bond will be worth q(b′, 0, y′).

The market price of one unit of defaulted debt, under competition, needs to take into

account that the agreed upon repayment at the time of renegotiation will only start to

be repaid when the country reenters the international credit market (which happens with
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probability ξ). Therefore, there is the possibility of immediate default by the sovereign

upon reentry into the market (once repayment starts). Hence, the market price of a unit of

defaulted debt will satisfy the following functional equation:

q(b, 0, y) = Ey′|y{(1− ξ)[
q(b, 0, y′)]

1 + rf
] + ξ[α(b, y)q(α(b, y)b, 1, y′)]}. (5)

Observe that α(b, y) is less or equal to one, therefore a unit of defaulted bond will, upon

settlement, become less than a unit of the restructured debt. The ξ adjusts for the fact that

the country only repays when it regains access to the market. The restructured debt will be

risky, since the choice to default again is available, therefore its value is q(α(b, y)b, 1, y′).

One interesting feature of this setup is that when negotiating the lender is not only

worried about getting a high recuperation value α(b, y), but also about the market value of

the restructured debt (q(b, 0, y)). If a high α(b, y) implies that the country will not be able

to repay that amount when it re-enters the market, the market value of this repayment will

be low.

CDS Prices

The CDS contract is modeled as a long-term contract that matures probabilistically, with

a �xed spread paid every period. The contract will be priced under the �points upfront�

format, where there is a payment upfront qCDS(b′, y) at time of inception, and a �xed spread

s paid every period in case of no default up to maturity. To model the maturity of the CDS,

every period there is a probability λ of the contract expiring after which point it would o�er

no protection and demand no future spread payments.17 If the contract does not expire it

will payout (1 − q(b, 0, y)) for each unit of CDS covered debt when the ISDA determines

default and that the CDS will trigger.

The CDS can be quoted in two formats: points upfront or running spread.18 As discussed

above, in the points upfront format there is an initial payment in the time of inception and

then a �xed spread payed quarterly until maturity. In all the CDS contracts traded this

way, the spread is constant and the upfront payment varies to adjust for the riskiness of

the underlying contract (the sovereign bond in this case). For the running CDS there is no

payment at time of inception, only a spread that is �xed at that time. The choice to model

the contracts as points upfront is due to the fact that with �xed coupons it is easier to keep

17The maturity of the CDS is the same as the bond's so that they are comparable securities.
18After the CDS Big Bang of April 2009, all single name CDS in North America were traded as upfront

contracts with �xed coupon. For Europe, this happened after the CDS Small Bang of June 2009.
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track of the contracts in the computation. This choice does not a�ect the results as the

points upfront contracts can be converted into running spreads.19

When pricing the CDS contract it is important to consider: (1) the probability of the

country defaulting (def = 1); (2) the probability of the CDS triggering (trig = 1); and (3)

the repayment share post default (α). Table 1 shows the CDS payout for each scenario.

Table 1: CDS Payout

trig = 1 trig = 0

def = 1 (1− q(b, 0, y)) 0

def = 0 −s+ qCDS(a(b′, y′), y′) −s+ qCDS(a(b′, y′), y′)

Note: Table 1 shows the possible payo� of the CDS which

depends on default ∈(0,1) and CDS triggering ∈(0,1).

The price of a unit of CDS follows the premise that at time of inception:

Total value of expected premiums=Expected value of default payment.

Therefore, the upfront payment of the CDS satis�es the following equation:

qCDS(b′, y) =
(1− λ)Ey′|y{(1− def(b′, y′))(qCDS(a(b′, y′), y′)− s) + def(b′, y′)ptrigger(1− q(b, 0, y))}

1 + rf
(6)

CDS-Bond Basis

The bond spread is calculated in the model as is calculated in the data. Given the unit

price q(b′, 1, y) of the outstanding bonds, an internal rate of return is computed, r(b′, y),

which matches the present discounted value of the promised sequence of payments to the

price. That is:

q(b′, 1, y) =
λ+ (1− λ)z

λ+ r(b′, y)
.

19When comparing to the data and calculating the basis, the points upfront contracts are converted into
running, in order to compare to the data (the data is usually quoted in running).
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Therefore the annualized bond spread in the model is sbond = (1 + r(b′, y))4 − (1 + rf )
4.

To calculate the basis, it is necessary to transform the points upfront contract into a

running spread quote. The expected value of default payment is the same as before. Hence,

it is only necessary to �nd what is the running spread that has the same present value of

the expected value of the premium on the upfront contract. This is given by the following

equation:

sR =
(r + λ)qCDS(b′, y)

(1− λ)
+ s

The annual CDS running spread is: scds = (1 + sR)4 − 1. The model CDS-Bond basis is

de�ned as: basis = scds − sbond.

5.3 Debt Renegotiation Problem

If a country defaults, the sovereign government and the bond holders renegotiate over the

debt reduction. This renegotiation de�nes how much of the defaulted debt will be repaid by

the country to the lenders. This restructured debt will start being serviced once the country

regains access to the international markets.

The renegotiation is modeled as a one-shot Nash bargaining game. The threat points of

the bargaining game are: if there is no agreement the borrower stays in autarky forever and

the lenders get nothing from the country but the CDS triggers with certainty. Permanent

autarky implies no access to capital markets and direct output loss for the country. The

expected value of autarky to the country, vaut(y) is:

vaut(y) = u(y − φ(y)) + βEy′|yvaut(y
′).

The surplus of the borrower, for any debt recovery function α ∈ A, is the di�erence

between the value of accepting the deal and the value of rejecting it. The country's surplus

is denoted by ∆B(α; b, y), which is a function of recovery rate α, given amount of defaulted

debt b and endowment at time of default y.

∆B(α; b, y) =

 [u(y − φ(y)) + βEy′|y{[1− ξ]vȳ=y(b, 0, y
′) + ξV (αb, 1, y′)}]− vaut(y)

0

if α > 0

if α = 0
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The �rst term is the expected value of defaulting when the repayment share is α. The surplus

of the borrower comes from the fact that the expected length of exclusion from credit markets

is �nite. Therefore, by repaying something to the borrower, the country gains access to the

international credit markets at some point in the future.

The surplus of the risk-neutral lender, for any debt recovery function α ∈ A is:

∆L(α; b, y) = −b[q(b, 0, y) + d(1− q(b, 0, y))ptrigger]− [−bd].

where b is the debt defaulted and q(b, 0, y) is the value of a unit of that debt in the market.

This value incorporates not only the share the country repays but also the probability that

this will be repaid. The CDS coverage share of the debt is represented by d, which is a �xed

parameter.

If lender and borrower reach an agreement, the lender gets the recovery value from the

country for the entire debt stock and with a probability ptrigger, the CDS triggers and the

CDS buyer receives (1− q(b, 0, y)) for the CDS covered debt. In case there is no agreement,

the lender gets the CDS payout with certainty for the CDS covered debt and nothing from

the country.

If the lenders have full bargaining power, they can extract debt payments up to the

full amount of the country's cost of default. On the other hand, if the country has all the

bargaining power, it would choose to repay a value close to zero that would still allow it

to regain access to the international markets in the future. Assume that 0 < θ < 1 is the

bargaining power of the borrower and (1−θ) the bargaining power of the lender. Given a debt
level b and an endowment y, the debt recovery rate, α(b, y) solves the following bargaining

problem:

α(b, y) = argmaxα∈[0,1][∆
B(α; b, y)θ(∆L(α; b, y))1−θ]

s.t. ∆B(α; b, y) ≥ 0

∆L(α; b, y) ≥ 0.

The CDS contracts only a�ect the surplus of the lender, since the CDS payout comes

from a third party that does not participate in the renegotiation. The lender's surplus is

a�ected in two ways. First, for any α the CDS contract makes the surplus of the lender lower.
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Second, there will be zones where the only α that satis�es the non-negative constraints will

be α = 0, since a low α may make the lender's surplus negative because he prefers that the

CDS triggers with certainty.

5.4 Equilibrium De�nition

De�nition 1 A recursive equilibrium is a set of functions for (i) the sovereign government's

value function v∗(b, h, y), asset holdings b
′∗(b, y), consumption c∗(b, h, y), and default set

def ∗(b, y) ,(ii) repayment share α∗(b, y), and (iii) pricing functions q∗(b′, h, y) and q∗CDS(b′, y)

such that:

1. Given the bond pricing function, q∗(b′, h, y), recovery share α∗(b, y), the value function

v∗(b, h, y), consumption c∗(b, h, y), asset holdings b
′∗(b, y), and default sets def ∗(b, y)

satisfy the country optimization problem.

2. Given the bond pricing function, q∗(b′, h, y), value function v∗(b, h, y), and repayment

rates α∗(b, y) solve the debt renegotiation problem.

3. Given α∗(b, y), bond price function q∗(b′, h, y), and CDS price function q∗CDS(b′, y)

satisfy the zero expected pro�t condition for the investors and CDS seller, where the

default probabilities and expected recovery rates are consistent with the repayment

policy and renegotiation agreements.

The equilibrium is subgame perfect since: (a) the government, bond holders and CDS sellers

take the debt repayment share function as given and behave optimally; and (b) the repayment

share solves the ex post debt renegotiation after default.

6 Quantitative Analysis: The Greek Case

The model is applied to Greece, the country that most recently had a default event with

signi�cant uncertainty over the triggering of the CDS contracts. In subsection 6.1 the model

is calibrated for Greece without the existence of the CDS market. Subsection 6.2 describes

the calibration of the CDS market. Subsection 6.3 presents simulation results and analyzes

the e�ects of di�erent CDS levels. Finally subsection 6.4 discusses welfare implications.
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6.1 Calibration with no CDS market

The model period is de�ned as one quarter. The utility function for the sovereign government

is a constant relative risk aversion (CRRA) with curvature parameter (1− σ),

u(c) =
c1−σ

1− σ

where the coe�cient of risk aversion σ is set at 2, the frequently used value in the literature.

The endowment process is calibrated to the Greek output. The stochastic process for

output is a log-normal AR(1) process:

log(yt+1) = ρlog(yt) + εt+1

with E[ε2] = η2. The process is discretized into a �fteen-state Markov chain using a quadra-

ture based procedure (Tauchen and Hussey (1991)). Seasonally adjusted and linearly de-

trended real GDP series for the period of 2000Q1 to 2012Q4 from the Hellenic Statistical

Authority (EL.STAT) is used as quarterly output data. 20The estimated values of ρ and η2

are 0.934 and 0.032, respectively.21

The quarterly risk-free interest rate rf is set to 1%, which corresponds to an annual rate

of 4%.22 The parameters describing the bond were determined to match the maturity and

coupon information for Greece. The bond maturity was set to 20 quarters, since this is the

most liquid CDS market and the maturity of CDS was set equal to the bond's.23 Therefore,

λ = 1/20 = 0.05. The quarterly coupon rate z is set to 1.25% which is equivalent to a coupon

rate of 5% per annum. This is equal to the average coupon for 5-year Greek government

bonds issued between 2003 and 2010.

The re-entry probability is �xed as ξ if the repayment share post default is not zero

(α > 0) and zero for α equals zero. Cruces and Trembesch (2013), using data from 1970

to 2010, estimate that the average time between restructuring and access to the market is

20The GDP data were deseasonalized using the multiplicative X-12 routine.
21I use numerical techniques to solve the model. In models of endogenous default with long-term debt

the problem of non-convergence is specially frequent. I use the algorithm developed in Chatterjee and
Eyigungor (2012) to generate convergence. The algorithm relies on the introduction of economically small
i.i.d. continuous shocks to output that smooth the default decision. This shock is taken into account
when parametrizing the income process. I assume a shock with standard deviation of 0.006, adjusting the
persistance and standard deviation to 0.9389 and 0.02797 respectively.

22This is approximately the average 5 year rate of the German government bond for the period of 1993 to
2012.

23There is not much data on maturity of the external debt for Greece. The OECD data estimates an
average maturity of total debt of about 7.25 year
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5.1 years, therefore ξ is set to 0.0492. Following Arellano (2008), I assume that the form

of the default output cost φ(y) is max(0, y − ydef ), where ydef = (1 − δ)E(y). This type

of cost of default is based on evidence that (1) sovereign default disrupts the functioning of

the �nancial private sector, diminishing the aggregate credit available in the economy, and

(2) private credit is an essential input for production. Rose (2005) �nds that bilateral trade

drops by approximately 8% per year following the occurrence of a sovereign default.

There are three parameters left: sovereign discount factor β, output loss after default

δ and bargaining power of the borrower θ. These are determined jointly to match three

moments of the Greek data: average default frequency, debt repayment share post default

and average annualized spread in the 5-year Greek government bond. Reinhart and Rogo�

(2010) record two episodes (including the predicted 2012 one) of sovereign defaults in Greece's

external debt since 1934, making its average default frequency 2.6% annually. The package

o�ered in exchange for the restructuring of the debt consisted of paying 46.5 cents on the

dollar, totaling a haircut of 53.5.24 Finally, the average annualized spread in the 5-year

Greek sovereign bond over the German sovereign bond of the same maturity from 2000Q1

to 2011Q4 is 204 basis points.

I impose the constraint that if [(1 − λ)b − b′] > 0 (i.e. the borrower is issuing bonds),

Ey′|ydef(y′, b′) cannot exceed a value τ ∈ (0, 1). This value is set to τ = 0.75, which imposes

that the borrower cannot issue new bonds if the implied annualized default probability of

the new debt level is higher than 99.61%. As discussed by Chatterjee and Eyigungor (2013),

in a model with long-term bonds and recovery post-default, as the one in this paper, default

is generally preceded by maximum dilution (see section 4.2 of their paper for the logic).25

Since in reality maximum dilution is not observed, there must be a real world constraint that

prevents this behavior. The authors propose that a possible constraint would be underwriting

standards, which would impose this upper bound on the ex-ante probability of default on a

new issue of bonds. The parameters are summarized in Table 2.

Other moments that I do not target but are important in the model are debt to GDP ratio,

volatility of consumption and spreads, and the business cycle correlations of consumption

and spreads. These statistics and their model counterparts are reported in Table 3. The

debt level in the data is the external long term debt for Greece.

24The package had 3 type of bonds: (i) One and two year notes issued by the EFSF, amounting to 15%
of old debt face value; (ii) 20 new Greek government bonds maturing between 2023 and 2042, amounting to
31.5 cents on the old debt face value; and (iii) a GDP linked security which could provide extra payment
stream up to one percentage point of the face value of the new outstanding bonds.

25Maximum dilution means that before defaulting the borrower always goes to the maximum amount of
debt allowed in the model.
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Table 2: Parameter Values
Value Target

Parameters Selected Independently

Risk-free Rate rf = 0.01 Interest Rate on the German 5 year bond
Borrower's Risk Aversion σ = 2
Reciprocal of Avg Maturity λ = 0.05
Coupon Payments z = 0.0125 Average Greek 5 year bond coupon

Stochastic Structure
ρ = 0.934

Greece's output
η = 0.03

Probability of Re-entry ξ = 0.0492 Cruces and Trembesch (2011)

Jointly Calibrated Parameters

Default Cost δ = 0.064 Greece average 5-year spread of 2%
Borrower's Discount Factor β = 0.972 Default Probability of 2.6%
Borrower's Bargaining Power θ = 0.86 Debt Repayment Share of 46.5 cents/dollar

Note: The parameters selected independently are based on data for Greece or on previous stud-

ies.The other parameters are jointly calibrated to match moments on Greek data.

Table 3: Non Targeted Moments

Moment Data Model

Debt/GDP* 77% 74%
σ(r − rf )* 5% 5%
σ(c)/σ(y) 0.98 1.01
corr(c, y) 0.97 0.98
corr(r − rf , y) -0.59 -0.40

*Sample period: 2003Q2 to 2011Q4
All other moments 2000Q1 to 2012Q4

Note: This table compares moments of Greece that were not targeted in the model to the data.

6.2 Calibration of the CDS market

In this section, CDS is added to the model. The non-CDS related parameters are set to

be equal to the ones in the no-CDS model (Table 2), so the two set-ups only di�er on the

existence of the CDS market. To add the CDS market to the model, two more parameters

need to be de�ned: the �xed spread paid to the CDS seller every period (s) and the maturity
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of the CDS (λ). To be able to compare the spreads of the CDS and the bond, the maturity

of the CDS is set to 5 years. This maturity is the most liquid CDS contract. The spread paid

to the seller is set at 25 basis points per quarter, adding to 100 basis points per year. This

is one of the standarized spreads de�ned by ISDA in 2009.26 The results assume di�erent

levels of CDS (d), including the 5% observed in the data.

The probability of triggering is a function of the market value of the defaulted debt

ptrigger(b, y, α) = 1− q(b, 0, y)κ. (7)

This equation captures parsimoniously the following ideas: (a) if the value of the restruc-

tured debt is low, the probability the renegotiation outcome is categorized as a credit event

is high; (b) if the market value of the restructured debt is very high (small haircut), the

probability that the credit event is declared (and the CDS pays out) is low.

The probability of triggering is an indirect function of α(b, y), the face value of the

restructured debt. If there is an agreement after the renegotiation, the country will have a

new debt level αb to be repaid when it re-enters the �nancial markets. Since the country

can default on its debt once it does re-enter, the lender values the repaid debt as q(b, 0, y)b

which is dependent on α(b, y) (see equation (5)).

The CDS seller repays the CDS buyer (1− q(b, 0, y)) for each dollar of CDS insured debt,

if the credit event is declared. Therefore, the investor that holds the CDS and the bond gets

the full face value of the defaulted debt. In the case of Greece, α = 46.5 and the market

value of the restructured debt was q(b, 0, y) = 21.7, since there was a high risk that Greece

will default on the restructured debt.

The κ parameter controls the sensitivity of the probability of triggering to the market

haircut. The lower κ, the lower the probability of the default being considered a credit event,

for any repayment value q(b, 0, y). For example, if the country repays 20 cents on the dollar

after default, the probability of the CDS triggering is 15% (κ = 0.1) ,74.5% (κ = 0.85)

and 100% (κ = 5). This parameter can be interpreted as the market expectation over

the probabilty of ISDA declaring the renegotiation a credit event given di�erent levels of

repayment.27

This parameter a�ects the CDS-Bond basis level predicted by the model. The triggering

probability de�nes the di�erence in the price of insurance and bond when the probability of

26The ISDA Small Bang of June 2009 standardized coupon values at 25, 100, 500 and 1000 basis points.
27A high κ is the market expecting ISDA to almost always triggering the CDS and a low one a hard to

trigger ISDA.
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Table 4: Parameter Values
Value Target

Parameters Selected Independently

Reciprocal of Avg Maturity λ = 0.05 Most liquid CDS

CDS Spread s = 25bp ISDA Bang

Level of CDS d = [ 5%, 25%, 40%]

Calibrated Parameters

Triggering Function κ = 0.85 Avg. Basis = -116 bp

Note: The parameters selected independently are based on data for Greece or on previous stud-

ies.The other parameter is calibrated to match moments on Greek data.

default is not zero. If the CDS almost always triggers (i.e. κ is high), these two securities will

have very similar prices, making the basis small in absolute value (close to zero). If the CDS

almost never triggers (i.e. κ is low, less than 1), the basis will large in absolute value and

negative, since a insurance that never pays should be cheap. The parameter is calibrated such

that the average CDS-bond basis in the model with 5% CDS-debt level simulated with the

realized Greek output shocks is equal to -116 basis points, the average Greek basis between

2008Q2 to 2011Q1. The κ value that matches this moment is κ = 0.85.28 The parameters

for the CDS market are summarized on Table 4.

6.3 Results

Two sets of results are presented. First, the stationary equilibrium for di�erent levels of

CDS is compared to the one with no-CDS market. This is achieved by solving the model

with CDS-debt levels of 5%, 25% and 40% and simulating with the same shock sequence

as the one without CDS. The results are presented in Table 5. Next, the model with 5%

CDS-covered debt is simulated with the realized income shocks for Greece starting at 2008.

Figure 4 compares the realized basis to the model generated one.29

If there is some uncertainty over the CDS triggering after the renegotiation is complete,

such as with κ = 0.85, 5% CDS covered debt already changes the equilibrium repayment.

Since there is some probability that the insurance payment will not be triggered after renego-

tiation, the lender has signi�cant expected losses even at low levels of insurance. Therefore,

lenders demand higher repayment to compensate for their expected losses in their CDS

holding from accepting the renegotiation. Default when lenders hold CDS is more costly,

so countries can credibly commit to default in a smaller set of states. Hence, given a state

28See subsection 6.3 and appendix B for more detail on the relationship of the basis and the parameter κ
29Plots and tables for κ = 5 and κ = 0.1 are in the appendix B
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(b, y), higher repayment and lower default probability leads to a lower spread in equilibrium.

At 5% and 25% CDS, since the country's debt choice does not signi�cantly change from

the no CDS case, the higher commitment decreases the equilibrium average spread. Even

though the country chooses to incur slightly less debt, it achieves higher average consumption,

because it can borrow at a lower rate (i.e., the same debt level yields higher consumption).

When the level of CDS increases to 40%, the country borrows more, increasing debt

levels by 15%. This is due to the fact that for a given debt level it can commit to repayment

at even more states than at lower levels of CDS, lowering spreads signi�cantly. Since debt

levels are endogenous, the country chooses to take advantage of the lower spreads to borrow

more. At a higher debt level, the set of states where you would choose to default is larger so

higher debt also comes with higher probability of default30. Because you default more often,

the average consumption is lower than in the case without CDS.

Table 5: Stationary Equilibrium
No CDS 5% CDS 25% CDS 40% CDS

Repayment (%) 94.5 95 97.5 97.5
Repayment in Default (%) 46.5 47 49.1 51.7
Probability of Default (%) 2.58 2.0 2.1 3.11
Debt/GDP (%) 74.7 74.5 74.7 87
Bond Spread (%) 2.03 1.54 1.55 2.36
Avg. Consumption 0.9917 0.9925 0.9923 0.9888

Note: The moments are calculated from 1000 simulations of 1000 observations each. In each simu-

lation, the model is simulated for 5000 periods and the �rst 4000 observations excluded. Repayment

is presented as an unconditional average (Repayment) and conditional on default (Repayment in

Default).

In the simulation with the realized income shocks for Greece, default happens in 2012Q1,

same time when the renegotiation for Greece was completed and CDS triggered. As it can

be observed in Figure 4, the model-simulated basis follows the dynamic of the data very

closely. Two patterns are stricking: (a) the lower the GDP the more negative is the basis;

(b) the reversal when GDP is at a very low level.

As output declines, the probability of default increases and the share repaid in default

decreases. If there is a default, there is a probability that the bond will get a haircut and the

CDS will not trigger (specially if the level of repayment in default is high), making the basis

negative. Therefore, the higher the probability of default the more negative should the basis

30If the average debt level is �xed at similar levels to the No CDS (74.7%), the probability of default would
be lower than 2.1%.
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be. The reversal comes from the fact that the lower the income the lower is the equilibrium

repayment in default. The lower the repayment in default, the higher the probability of

the CDS triggering when there is a default. When output is very low, the uncertainty of

whether the CDS will trigger in the case of a default decreases, creating the reversal. Even

thought, the level of the basis is calibrated to match the data, the fact that the model is

able to generate the same dynamics of the basis illustrates the success of the mechanism.

Figure 4: CDS-Bond basis: Data vs. Simulated Results
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Note: The �gure shows simulation results for the basis using the actual Greece output between

2008Q1 and 2011Q2 on the model with 5% CDS-debt level. The simulated basis is compared to

data on the left axis. The right axis plots the real GDP for Greece in billions of euros. The output

data is seasonally adjusted.

6.4 Welfare Gain from the CDS Market:

Welfare is measured as the constant proportional change in consumption that would leave the

country indi�erent between no CDS and di�erent levels of CDS. Given the utility function,

welfare is computed as

EV (b, y) =

[
VCDS(b, y)

VNo CDS(b, y)

] 1
(1−σ)

− 1

There are several forces a�ecting the welfare. First, CDS increases the debt repayment

share in default, making default a more costly choice. By how much the repayment share

increases will depend on the level of CDS. Higher levels of CDS covered debt leads to a
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Figure 5: CDS Welfare Change %

0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

Income

%
 o

f c
on

su
m

pt
io

n

 

 

5% CDS 25% CDS 40% CDS

Note: This �gure displays welfare gain in % from the introduction of CDS at 5%, 25% and
40%. Welfare gains are computed for a debt level of 75% of income.

higher repayment share in default, as shown in Table 5. The bene�t of the CDS comes from

lower spreads in case of repayment. The disadvantage of the CDS is that the country will

have to repay more in default, which is usually a state with low output. As one can observe

in Figure 5, for low levels of CDS, the bene�t outweights the cost, so the existance of the

CDS is welfare improving. For high levels of CDS and low income shock, the disadvantage

is higher than the bene�t, since there is a higher probability of default.

Following Chatterjee and Eyigungor (2013), I can use a similar criterion to compare

welfare between steady states. They measure welfare as the value of constant consumption

that gives the same average lifetime utility starting from zero debt and zero transitory

income shock (the average is computed over the invariant distribution of y). The results

are presented on Table 6, as a percent increase from the welfare with no CDS. Overall,

CDS increases the welfare of the country, because it acts as a credible commitment device.

The country will not default in states that it would in the absence of CDS. This leads to

lower default probabilities, for any combination of states (debt and income). This higher

commitment allows the country to borrow more, as is the case with 40% CDS covered debt.

Higher debt levels can decrease welfare because the country ends up defaulting more often

(equilibrium probability of default is 3.11% with 40% CDS). Also, with CDS the country has

to repay more in default states which coincide with periods of low income, reducing welfare.
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Table 6: CDS Welfare E�ects
5% CDS 25% CDS 40% CDS

0.05 0.06 -0.03

Note: The table shows [(welfareCDS/welfareNO CDS)− 1]× 100

7 Conclusion

This paper proposes a dynamic endogenous default model with post-default bargaining and

long-term CDS contracts. It shows that the existence of a CDS contract increases the lenders'

bargaining power during debt renegotiation, increasing the share repaid by the country in

renegotiation for all debt levels. With a CDS market, the borrower must compensate lenders

for lower expected insurance payments upon accepting the agreement regarding the debt

renegotiation. The country compensates its lenders by increasing the debt share repaid. Be-

cause the country has to pay more in default, this option becomes less attractive. Therefore,

the country can credibly commit to not defaulting in more states of the world. This leads to

higher equilibrium debt levels and lower debt �nancing cost. Also, the uncertainty over the

insurance payout when the bond defaults explains the price discrepancy between CDS and

bond.

The model is calibrated to Greek data and uses the pricing dynamics of the CDS and

bond during the crisis to infer the market perception of the probability of the insurance

paying out when the debt holders incur losses. That is, the market expectation over the

Decision Committee function of determining if the renegotiation triggers the CDS. Using

this triggering function and assuming that 5% of the outstanding debt is insured, the model

quantitatively matches the behavior of the basis during the crisis. Simulation results indicate

that at the current CDS-to-debt ratios of 5-10%, the unconditional probability of default and

the spread are both lower than in a "no CDS" benchmark. The calibration for Greece reveals

that increasing the CDS-to-debt ratio from 0 to 5% lowers the unconditional probability of

default from 2.6% to 2.0% per year, with negligible e�ects on the average debt-to-GDP ratio.

If the level of insured debt is increased to 40%, the equilibrium debt-to-GDP ratio increases

by 15% and the probability of default increases to 3.11%.

The CDS at current levels (5-10%) is welfare-improving because it allows countries to

smooth consumption better by paying lower spreads. The lender and insurer's welfare levels

are unchanged, so the introduction of the CDS at those levels is a Pareto improvement. On

the other hand, if the CDS level is too high (40%) and output low, the welfare of the country

decreases. This is because the lenders are exceedingly tough in renegotiation and the country

must repay a large amount when defaulting, which coincides with states when output is low.
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Appendix A

Figure 1A: GDP and CDS-Bond Basis
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Note: This plot uses seasonally-adjusted and log-detrended RGPD from OECD data. The

basis is calculated with 5-year bond and CDS data from Datastream. For Greece, Spain,

Ireland, Portugal, and Italy, as GDP goes below the mean (1.0), the basis becomes negative.

Low output shocks are usually an indicator of a debt-crisis. In contrast, France also had

a small GDP contraction but given it did not have a debt sustainability crisis during this

period the basis remains close to zero.
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Figure 2A: CDS-Debt Levels
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Sources: CDS contracts from DTCC. (does not include CDS Index contract participation).

Debt data based on long-term external debt from IMF.

Figure 3A: Timeline Post Default
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Appendix B

To illustrate the sensitivity to κ, the model is solved with probability of triggering parameter

κ equal to 5 and 0.1. The results for the simulation with same shock sequence as the one in

Table 5 are presented in this appendix.

The average repayment is calculated as the average equilibrium repayment at each debt

level and output combination the country chooses in the simulation. If the probability that

the CDS will trigger is close to one in most lower levels of repayment (as is the case for

κ = 5) there is very little e�ect from the CDS on the average repayment and repayment in

default for levels of CDS of 5% and 25%. This is because, with such a high probability of

the insurance paying out, the lenders are not as tough, specially if the level of insurance is

low.

However, once the level of insurance increases to 40% of the debt, there is much to lose

even at a high probability of triggering. Therefore, the CDS starts to have an e�ect on

repayment levels, which makes default less attractive. This leads to a 10% lower probability

of default (from 2.58% to 2.31% per year), lowering spreads by about the same percentage.

At lower spreads, the country can consume more because the price of the debt is higher, this

leads to an increase on the average consumption.

The basis predicted by a κ of 5, is displayed in Figure 1B. Since there is a high probability

of the CDS triggering in case of default, the model will generate a basis close to zero until

GDP gets very low.

Table 7: Simulation Results κ = 5
No CDS 5% CDS 25% CDS 40% CDS

Repayment (%) 94.5 94.5 94.5 94.6
Repayment in Default (%) 46.5 46.5 46.5 46.2
Probability of Default (%) 2.58 2.57 2.57 2.31
Debt/GDP (%) 74.7 74.7 74.7 74.6
Bond Spread (%) 2.03 2.02 2.02 1.81
Avg. Consumption 0.9917 0.9917 0.9917 0.9921

Note: This table presents simulation results for the probability of triggering parameter κ equal to

5. The model is solved with CDS levels of 0%, 5%, 25% and 40% . The moments are calculated

from 1000 simulations of 1000 observations each. In each simulation, the model is simulated for

5000 periods and the �rst 4000 observations excluded.
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Figure 1B: Simulation for CDS=5% and κ = 5
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Note: The �gure shows simulation results for the basis using the actual Greece output between

2008Q1 and 2011Q2 on the model with 5% CDS-debt level and κ = 5. The simulated basis is

compared to data on the basis on the left axis. The right axis plots the real GDP for Greece in

billions of euros. The output data is seasonally adjusted.

Assuming that CDS almost never triggers, unless you get a full default, such as is the

case for κ = 0.1. The lenders are going to be extremely tough to bargain with and the CDS

is going to have a impact on the repayment share and debt levels.

As one can observe on Table 8, high repayment means committing to not defaulting in

a large set of states, lowering the spread for all debt levels. The country chooses to borrow

more in equilibrium and ends up defaulting more. This leads to a lower average consumption

for CDS levels of 5% and 25% when compared to a world without CDS.

The basis predicted by a κ of 0.1, is displayed in Figure 2B. Since there is a low probability

of the CDS triggering in case of default, the model will generate a very negative basis.

In summary, if the level of CDS insured debt is very high, lenders will have a lot to lose

if they agree to the renegotiation terms and the insurance does not trigger, so they will be

tougher negotiators and the repayment will be higher in equilibrium. If the probability of

triggering for a given haircut is very low, there is more uncertainty and the lenders will also

be tougher in their negotiation with the country, demanding a higher repayment in default.

Also, the basis will be very negative, since the higher the uncertainty, the more imperfect is

the insurance and the lower is its price. On the other hand, if uncertainty is very low, that
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is, the CDS triggers with high probability for any haircut, the e�ect of the CDS in increasing

the repayment is small and the basis is not very negative.

Table 8: Simulation Results for κ = 0.1
No CDS 5% CDS 25% CDS

Repayment (%) 94.5 95 96.5
Repayment in Default (%) 46.5 47 57.2
Probability of Default (%) 2.58 2.7 3.12
Debt/GDP (%) 74.7 76.5 90
Bond Spread (%) 2.03 2.07 2.14
Avg. Consumption 0.9917 0.9913 0.9884

Note: This table presents simulation results for the probability of triggering parameter κ equal to

0.1. The model is solved with CDS levels of 0%, 5% and 25% . The moments are calculated from

1000 simulations of 1000 observations each. In each simulation, the model is simulated for 5000

periods and the �rst 4000 observations excluded.

Figure 2B: Simulation for CDS=5% and κ = 0.1
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Note: The �gure shows simulation results for the basis using the actual Greece output between

2008Q1 and 2011Q2 on the model with 5% CDS-debt level and κ = 0.1. The simulated basis is

compared to data on the basis on the left axis. The right axis plots the real GDP for Greece in

billions of euros. The output data is seasonally adjusted.
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