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Abstract

Buyers often search across multiple retailers or websites to learn which product best fits their
needs. We study how sellers manage these search incentives through their disclosure policies
(e.g. advertisements, product trials and reviews), and ask whether competition leads sellers to
provide more information. We first show that if sellers can track buyers (e.g. they can observe
buyers’ search history via their cookies), then in a broad range of environments, there is a unique
equilibrium in which all sellers provide the “monopoly level” of information. However, if buyers
are anonymous and the search cost is small, then all sellers provide full information about their
products. Tracking software thus enables sellers to implicitly collude, providing a motivation

for regulation.

1 Introduction

The internet has led to a proliferation of products, and a proliferation of sellers providing any
given product. For example, eBay has around 5 billion listings from 2 million sellers in 50,000
product categories. Sophisticated consumers search across sellers to learn the properties of different
products to benefit from this ever-expanding variety. Starting with Stigler (1961), there has been
a large literature examining the incentives of buyers to search for better prices. This paper studies
the incentives for buyers to search for better information, and how sellers manage these incentives
through their disclosure policies.

Sellers have a lot of flexibility in managing buyers’ information through advertisements, product
trials and advice. For example, when selling books online, a retailer chooses which products to
suggest, what information to provide in the descriptions, and how to present other customer reviews.
As consumer tracking becomes more pervasive, such information can be increasingly tailored to
individual consumers, and their shopping habits. Facebook’s “Like” and Twitter’s “Tweet” buttons
carry code enabling the companies to track users’ movements across the internet. Similarly, a slew
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of third-party tracking companies follow users from site to site, monitoring popular websites and
piggybacking on data collected by other data brokers.!

In this paper we characterize a general model of sequential search for information in which the
seller is free to choose any feasible disclosure policy, in the style of Kamenica and Gentzkow (2011).
We then ask whether competition forces sellers to provide all pertinent information to consumers,
and show that the answer depends on the sellers’ information about consumers. When sellers can
track buyers then, in a broad range of environments, there is a unique equilibrium in which all sellers
provide the monopoly level of information. That is, sellers manipulate their customers to purchase
the most profitable, rather than the most suitable product. In contrast, when buyers are anonymous
and search costs are small, the equilibrium shifts and sellers fully reveal their information.

Tracking software thus allows sellers to implicitly collude by providing more information to a
new customer than to one who came from a competitor. This finding is important since, over the
last decade, internet giants such as Google and Facebook and a plethora of data brokers, have been
collecting ever more information about their users, giving rise to concerns that such information
makes consumers somehow “exploitable”.? We provide a theoretical foundation for such claims and
show that neither competition nor individual privacy measures — such as deleting one’s cookies —
can correct such distortions, providing a rationale for regulating tracking programs, or the data
sharing agreements that underpin them.

In the model, we consider a prospective buyer (“he”) who samples from sellers in order to learn
which product best suits his needs. When sampled, a seller (“she”) chooses how much information to
disclose in order to encourage the buyer to purchase. On a website, this may mean letting the buyer
use a trial version, have temporary access, or try a basic version for free; it may mean suggesting
products to buyers, or providing them with reviews of other buyers. We suppose that the seller does
not know the effect of the information on the buyer (e.g. whether the buyer likes a book when they
“look inside”), and model the seller’s information disclosure as a distribution of signal realizations
that may increase or decrease the buyers’ assessment of the product. After updating his belief, the
buyer chooses to buy a product, to exit, or to pay a search cost and sample another seller. We
study how much information sellers disclose, and how this depends on competition between sellers,
and sellers’ information about buyers.

As a benchmark, suppose there is a monopolistic seller, as in Kamenica and Gentzkow (2011),
who offers a single product. If the buyer is optimistic about the product and willing to buy given
his prior, then the seller should provide no information. However, if the buyer is more pessimistic,
the seller should provide a binary signal such that the buyer either (i) knows for sure that he does
not want the product, or (ii) is just willing to buy.

We analyze a model with many sellers, where a buyer searches randomly and pays a search cost
for each new draw. In Section 3, we suppose sellers can track buyers, allowing them to observe a
buyer’s prior before choosing the information disclosure policy. We first provide a general charac-
terization of equilibrium, showing that any equilibrium is locally optimal, meaning no seller can
benefit from slightly increasing the support of her signal. Conversely, any locally optimal policy is

'To illustrate, The Economist reports that the 100 most widely used websites are monitored by more than 1,300
firms. See their “Special Report: Advertising and Technology” (13th September 2014).

2For example, see “Facebook Tries to Explain Its Privacy Settings but Advertising Still Rules,” New York Times
(13th November 2014) or “Google to Pay $17 Million to Settle Privacy Case” New York Times (18th November 2013).



an equilibrium if the search cost is sufficiently small.

We use this result to investigate how much information is provided by the market. If there is a
single product, then there is a unique equilibrium in which sellers choose the monopoly disclosure
policy. Intuitively, a seller can always provide a little less information than the market due to the
search cost; this process stops when the customer is indifferent between buying and not, as in the
monopoly policy. This logic is related to the Diamond paradox in the price-setting model; however
our model is different because a buyer’s preferences depend on the information he received from
previous sellers, and the result crucially depends on the seller’s ability to track buyers’ past behav-
ior. The monopoly result extends to a Hotelling model and, we conjecture, also to settings where
the underlying dimension of tastes is rich relative to the number of products. Non-monopolistic
equilibria may arise in situations where this assumption fails (e.g. when there are two products and
one dimensional uncertainty); nevertheless, even in these cases, the monopoly policy is always an
equilibrium.

In Section 4, we suppose that sellers are unable to track buyers. In other words, sellers know a
buyer’s initial prior but do not know who he has visited in the past. When a seller sees a buyer she
conjectures what information the buyer has already received from past sellers and chooses a signal
that is independent of past signals.? In equilibrium, sellers choose a disclosure policy such that the
buyer purchases (or exits) in the first period. However, the possibility that the buyer can continue to
search and pretend to be a new buyer forces sellers to provide more information. More precisely, if
the equilibrium sales policy is generic, in that a buyer with any non-degenerate prior learns from the
signal, then sellers provide full information as the search cost shrinks. The genericity assumption
is satisfied if, for example, there are two states and the monopoly policy is nontrivial. We also
show that the genericity assumption is not necessary: if there is a single product, competition leads
sellers to provide enough information such that buyers obtain their full information payoff, again if
the monopoly policy is nontrivial.

In Section 5 we allow buyers to avoid being tracked at a small cost. For example, they can acti-
vate the “Do Not Track” function in their browser (that most large advertising companies respect) or
delete their cookies. The analysis of the previous two sections implies that becoming anonymous ex-
erts a positive externality on other buyers, inducing sellers to provide more information to everyone.
Intuitively, tracking enables firms to implicitly collude by allowing them to differentiate between
new and old customers. When given this information, a seller optimally provides less information
to a buyer who has visited a previous seller, lowering his outside option, and making him less likely
to search. Without tracking, sellers cannot discriminate between new and old customers and the
option of going elsewhere forces sellers to provide all the pertinent information to their customers.

The temptation to free-ride is a powerful effect: no matter how small the cost of becoming
anonymous, there is no equilibrium where all buyers voluntarily do so. This suggests a role for the
regulation of tracking software, or the data sharing agreements that allow a single seller to know
whether a potential buyer has already visited her competitors.

1.1 Literature

There is a large literature in which firms post prices and agents pay a fixed cost for each search.
In the benchmark model, Diamond (1971) shows that if all sellers sell a single identical good then,

3Since we are interested in large markets, the independence assumption rules out the “coordinated” signals of
Gentzkow and Kamenica (2012).



in equilibrium, all firms charge the monopoly price. Intuitively, the search cost generates a holdup
problem, allowing any one seller to raise her price slightly above the price set by others. This result
continues to hold if firms make multiple offers to each buyer (Board and Pycia (2014)). However,
it breaks down if sellers sell heterogenous products (Wolinsky (1986)) or multiple products (Zhou
(2014); Rhodes (2014)), or if buyers pre-commit to a number of searches (Burdett and Judd (1983)).
In our paper, sellers choose disclosure policies rather than prices. This means that a buyer’s beliefs
about firm ¢’s product depends on whether of not they already visited firm j. Moreover, in contrast
to Diamond, if sellers give the same signal to all buyers then, as search costs become small, sellers
choose the buyer-optimal disclosure policy.

Our work also contributes to a recent literature on information disclosure with competition,
based on the Kamenica-Gentzkow framework.* In a general model, Gentzkow and Kamenica (2012)
consider two senders who simultaneously choose a disclosure policy. They assume the senders’ signals
are “coordinated” in that a common random variable determines how states are mapped into signals,
and show how each sender takes the information released by the other as given, choosing the optimal
monopoly policy on the residual. A consequence is that two senders always provide more information
than one, although Li and Norman (2014) show this depends on the signal structure. When signals
are independent, adding a second sender may reduce the amount of information provided as the
first sender tries to protect herself from the new information provided by the second.

In Hoffmann, Inderst, and Ottaviani (2014), heterogeneous sellers compete to sell to a single
buyer, making a binary decision of whether to reveal information. When the seller’s disclosure
strategy is observed, they show that an increase in competition increases the amount of information
provided. Intuitively, in order to make a sale, the buyer’s utility at a seller has to exceed a threshold;
this threshold increases in the level of competition, implying that the seller wishes to raise the
variance of the buyer’s posterior.’

Our paper contrasts by considering a buyer-seller framework in which all sellers sell the same
set of goods. Moreover, while the above papers consider the simultaneous release of information
by competing sellers, we study the sequential release of information, as buyers search from seller to
seller.

2 Model

Basics. There is one (male) buyer and more than two (female) sellers who sell the same products.
Buyers are uncertain about a finite set of states relevant for the buyers’ decision which we call S.
The set of states could be objective (e.g. whether or not 3D TV programming will take off in the
industry) or subjective (e.g. whether the buyer will actually enjoy using the product in the long
run). Let AS be the set of beliefs about S.

“This approach is also related to the single-seller models of Lewis and Sappington (1994) and Rayo and Segal
(2010).

5There are a variety of papers concerning the revelation of information when the senders are informed. A first
literature considers verifiable information (“persuasion games”). For example, Milgrom and Roberts (1986) finds
conditions under which competition leads to full revelation. More recently, Bhattacharya and Mukherjee (2013)
consider a model where senders are stochastically informed, characterizing the receiver’s preferences over the biases
of experts. A second literature supposes information is unverifiable (“cheap talk”). Here, Krishna and Morgan (2001)
consider sequential communication, while Battaglini (2002) analyzes a simultaneous game, both finding conditions
under which full revelation is possible when the senders have opposed preferences.



Actions. Buyers pick a seller at random, the seller observes the buyer’s prior p € AS and
commits to an information disclosure policy, as described below. After the buyer sees the seller’s
signal, he updates his belief to form a posterior ¢ € AS and chooses whether to (1) buy a product
from the seller, (2) exit the market or (3) pay a search cost ¢ > 0 and pick a new seller at random.
This cost could either be the time spent to drive to a different store or the hassle of signing up for
a new account when making online purchases. When a buyer arrives at a seller, the seller observes
the buyer’s prior about the state and commits to an information disclosure policy described below.

Buyer’s strategy. Denote U C R as a (finite) set of available products® including the exit
option 0 € U. This means that product u € U delivers utility u (s) in state s € S and expected
utility ¢ - u to the buyer under belief ¢ € AS. Define the acceptance set @) as the set of beliefs for
which the buyer decides to stop search. If the buyer decides to accept at posterior g, let u* (¢) C U
denote the set of optimal choices.

Seller’s strategy. We initially assume a seller can observe a buyer’s prior p, which may
incorporate information from other sellers. A seller chooses a disclosure policy K such that for each
buyer with prior p, the policy releases information that results in a distribution of buyer posteriors
such that the average posterior equals the prior, i.e. [ Ars @ K (p,dg) = p where K is a continuous
Markov kernel.

Let 7 (u) be the seller’s payoff given the buyer’s choice u € U, where exiting yields zero profits
7(0) = 0. Assuming that ties in the buyer’s actions are resolved in the seller’s favor, the seller’s
payoff given the buyer’s belief ¢ € AS is 7 (q) := max,cy+(q) 7 (u). Since there are at least two
sellers and search is random, sending a buyer outside of his acceptance set @) is never optimal for
the seller. Thus, a disclosure policy K is optimal given @ iff for all possible disclosure policies L

/W(Q)K(p,dq)Z/ﬂ(q)L(p,dQ)- (1)
Q Q

Moreover, to break ties, assume that if the above holds with equality for some other L (p), then
L (p) cannot be strictly less (Blackwell) informative than K (p).

The full information policy is a disclosure policy such that every posterior is degenerate on some
state, ¢ = ds. A monopoly policy is a disclosure policy that is optimal given Q = AS. The monopoly
policy corresponds to the static optimal information disclosure policy in Kamenica and Gentzkow
(2011).

Symmetric equilibrium. If all sellers use policy K, a buyer with posterior ¢ who continues
to search has continuation utility

Vi (q) :== —c+/ max {maxr cu, Vi (r)} K (q,dr)
AS uelU

A disclosure policy and acceptance set (K, Q) is an equilibrium iff K is optimal given

QZ{QGAS ‘ meal}CQ'UZVK(Q)}

5 One could also interpret each u € U as a bundle of two products, three products, etc..



Remarks. We make three assumptions of note. First, following Kamenica and Gentzkow
(2011), we assume that sellers commit to their signals. This means that the disclosure policy is
“truthful” and does not signal qualities of the product. For example, if Amazon lets customers “look
inside” a book or see their friends’ reviews, Amazon does not know how the customers will interpret
this information. Second, we assume the utilities (and therefore prices) of different products are
exogenous. This could be because prices are chosen by an upstream firm (e.g. book prices chosen
by the publisher), or because companies can target different customers with different information
but restricted to charge the same price to all customers. Theoretically, this assumption allows us
to isolate the effect of information disclosure. Third, we suppose that buyers start with degenerate
prior. This reflects the idea that sellers have demographic data about their customers that enables
the seller to predict the buyers’ preferences over the product just as well as the buyer. This as-
sumption also helps us to isolate the role of behavioral tracking. In Section 4 we describe how the
derive optimal disclosure policies when buyers have heterogeneous priors.

3 Tracked Buyers

3.1 Illustrative Examples

Before discussing the general theory, we discuss three examples to illustrate the economics forces at
play.

Single product. Suppose the seller has a single product u to sell. We now show that in all
equilibria, all sellers choose the monopoly disclosure policy. To illustrate what this means, suppose
there are two states {L, H}, and that the buyer wishes to buy the product if state H is more likely.
For example, consider a consumer thinking about buying a 3D TV, but they do not know if there
will be a high or low number of programs made in 3D. Suppose that (u(L),u(H)) = (—1,1), so
the buyer prefers to buy if ¢ = Pr(H) > %, and that a sale generates profits 7 (u) = 1 for the seller
(see Figure 1). The resulting monopoly policy provides just enough information to persuade the
buyer to buy:

(1 —2p)5{0}+2p5{%} if pe [0, %)

K (p) =

p if pe[3,1]
That is, if the buyer starts with a prior p > %, the seller provides no information and the buyer
1
27
his posterior to 0 or % In the unique equilibrium of the search model, all sellers choose this

buys; if p < 5, the seller provides just enough information to persuade the buyer to buy, taking
disclosure policy. Moreover, since a buyer learns nothing from a second seller after leaving a first,
the acceptance set is the entire state space @ = [0, 1].

This result is more general, and does not require the binary state space. This yields an infor-
mational version of the Diamond paradox.

Proposition 1. If there is a single product, then any equilibrium disclosure policy is the monopoly
policy.



Figure 1: Single Product Figure 2: Vertical Differentiation Figure 3: Unobserved Priors
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The fact that the monopoly policy is an equilibrium is not surprising. If all sellers use the
monopoly policy, then a buyer has no reason to continue his search and the monopoly policy is a
best response. Proposition 1 says that there are no other equilibria. To understand why, consider
the above two-state example and suppose all sellers take a buyer with belief ¢ < % to either 0
or % Consider a seller who deviates and takes the buyer to 0 or % —
positive search cost, the buyer will not search; moreover, this raise the profits of the seller yielding

€. Since there is a strictly

a profitable deviation. The idea is reminiscent of the classic Diamond paradox: a buyer must pay
a positive cost to search, so the seller can lower his utility a little without losing the sale. The
question is whether such a small deviation raises the seller’s profits. In the single-product example,
this is the case; however, the following example shows that small deviations may not raise the firm’s
profit and Proposition 1 may break down.

Vertical differentiation. Suppose we introduce a second product into the above example.
Again, there are two states {L, H} and ¢ = Pr (H). The first TV is cheap and is not very good for
3D programs, yielding utility u; = (—%, %), the second TV is expensive but great for 3D, yielding
utility ug = (—1,1). As a result, the buyer purchases no TV if g € [0, %), buys the cheap TV if
q € [%, %) and buys the expensive TV if g € [%, 1]. Assume the expensive TV also has a higher
margin for the seller, 7 (u1) = 1 and 7 (uz) = 3 (see Figure 2).

The monopoly policy here is as follows:

(1= 3p) 810y + 3901y ifp e [0,3)
K (p) = (2—3p)5{§}+(3p—1)6{§} ifpe[%,%)
P if pe[2,1]

However, there are equilibria where the sellers provide more information. For example, consider the

c>0



following disclosure policy

)

D if pe[3,1]

wiN

@5{0} + 37175{2} if pe [0,

K (p) = (2)

This gives rise to the acceptance set @ = [0,£.] U [3 — &, 1] for some g, > 0 and &, > 0. Hence a
seller’s profits are

3
m(@10@) =1 ag) t 3 1)
When ¢ > 0 is small enough such that K is optimal for @, (K, Q) is an equilibrium. Note that K
is not a monopoly policy since it never induces the buyer to purchase the cheap TV. As shown in
Figure 2, the presence of the search cost allows the seller to provide a little less information than
her competitors; however, there is no local deviation that is profitable. If one seller induced a buyer
1

to have a posterior ¢ = 3, as occurs in the monopoly solution, then the buyer would refuse to buy,

correctly anticipating that another seller will provide significantly more information.

Horizontal differentiation. Finally, suppose we consider a market with two products that
are horizontally differentiated as in Hotelling. Again, suppose there are two states {L, H} and
g = Pr(H). The first product is an expensive 4k TV that is great for regular programs but has
no 3D capability, yielding utility uw; = (%, —1). The second is a good 3D TV, yielding utility
Uy = (—1, %) The buyer thus purchases the 4k TV if g € [0, %], buys no TV if ¢ € (%, %) and
buys the 3D TV if ¢ € [2,1]. Assume both TVs generate the same profits, 7 (u1) = 7 (uz) = 1 (see
Figure 3).

In this example, even though there are two products, the conclusion of Proposition 1 still holds
and all equilibria coincides with the monopoly policy,

(2-3p) oy +(Bp—1)pogsy ifpe (33)
P ifpef0,3]U[51]

That is each buyer is given just enough information so they buy some TV. Moreover, in equilibrium,

K (p) =

the buyer never searches or @ = [0, 1].

3.2 General Theory

We now discuss the general model and demonstrate that all equilibrium disclosure policies are
characterized by a local optimality condition. Given any disclosure policy, consider the set of
posterior beliefs that could potentially be reached by a buyer of any prior who updates according to
that policy. Call this is the support of the policy K and denote it by supp (K).” A disclosure policy
K is locally optimal iff it generates more profits than any other policy that has support within an
e-ball of K’s support, i.e. there is some € > 0 where [, 7 (¢) K (p,dq) > [,g7(q) L (p,dq) for
all L such that supp (L) C Be (supp (K)) along with the usual tie-breaking rule. In other words,
a monopolist seller who uses a locally optimal policy has no incentive to deviate if she were able
to slightly perturb the support of her policy. All equilibrium policies must be locally optimal.

" Formally, supp (K) := U,eas supp (K (p)) where supp (K (p)) is the support of the measure K (p).



Moreover, any disclosure policy that is locally optimal is also an equilibrium policy when the search
cost becomes sufficiently small.

Theorem 1. Any equilibrium policy is locally optimal. Conversely, for any locally optimal policy,
there is some ¢ such that it is an equilibrium policy for all ¢ < ¢.

Theorem 1 provides a necessary and sufficient condition for all equilibrium policies. First, con-
sider an equilibrium where the seller sends a buyer to a posterior ¢ in the support of the equilibrium
policy K. Since all sellers are symmetric, the buyer with posterior ¢ will not get any additional
information by continuing to search (if he did, then the original seller would have optimally dis-
closed that information in the first place). Hence, in equilibrium, any buyer with a posterior ¢ in
K’s support will accept and not search. Now, since the search cost is strictly positive, a buyer with
a posterior “close” to ¢ will also accept and not search. Since K is optimal given the acceptance set,
it must also be optimal given all beliefs sufficiently “close” to the support. In other words, small
deviations around the support of K cannot be profitable so K is locally optimal.

For the converse, suppose that K is locally optimal. As we lower the search cost ¢, buyers
who originally chose to accept may now choose to continue searching. Thus, as ¢ decreases, the
corresponding acceptance set Q. shrinks and converges to the support of K . Hence, we can find a
¢ small enough such Qz is completely contained in the e-ball around the support. Local optimality
then implies that K is optimal given . for all ¢ < ¢ so K is an equilibrium policy. Note that the
number of equilibria increases as search costs decrease.

Theorem 1 is useful for characterizing the equilibria of the game. Since local optimality makes
no reference to the buyer’s acceptance set, we can check whether any given disclosure policy is
an equilibrium policy simply by looking at local deviations. For example, in the single-product
example, if K discloses more than the monopoly level, one can that see there is a local deviation.
Conversely, it allows us to verify that the proposed equilibrium (2) is actually an equilibrium. Even
though a seller would like to put weight on the posterior ¢ = %, they cannot do this since it is not
a local deviation.

One may wonder when the Diamond paradox attains more generally. This result holds in both
the single-product and horizontal differentiation examples; in both these cases, for each product,
there is a degenerate posterior such that a buyer with that posterior will buy that product for sure.
For instance, in the horizontal differentiation example, a buyer with ¢ = 1 will buy the 3D TV while
a buyer with ¢ = 0 will buy the 4K TV. We conjecture that this property is sufficient to ensure that
the monopoly policy is the only equilibrium policy.

Conjecture 1. Suppose that for each product, there is a degenerate belief ¢ = d5 such that a buyer
with q will buy that product. Then any equilibrium policy is a monopoly policy.

In other words, if products are “sparse” relative to relevant states, then the Diamond paradox
holds. As product offerings become increasingly rich as in the vertical differentiation example, non-
monopolistic equilibria may arise. This suggests that the Diamond paradox is a robust finding when
buyers’ priors are observed.

4 Anonymous Buyers

In this section, we consider the case where buyers are anonymous, so sellers cannot provide different
information to buyers with different priors. In this section, we suppose that buyers start with the



same prior and show that if as search costs become small, buyers tend to obtain their full informa-
tion payoff. Even though sellers have correct beliefs about the buyer’s prior in equilibrium, the fact
that priors cannot be observed dramatically changes the nature of equilibrium behavior.

Model. As before, sellers choose signal structures; a buyer sees the realization of a signal and
chooses whether to buy, exit or pay the search cost and continue. Initially, it is common knowledge
that a buyer’s prior is p € int (AS). Suppose the seller chooses a signal structure on some space ©
that is independent of all previous signals received by the buyer. Any potential buyer with prior
r can also observe the signal and learn about the state. Let ¢ (6) be the posterior of a buyer with
prior p after observing a signal § € ©, and let ¢ (6;r) denote the posterior of a buyer with prior r
who observes the same signal. The posteriors of the two buyers are related as follows

q(0;7) = ¢r (q(0))

where ¢, : AS — AS is a mapping from the posteriors of buyer p to the posteriors of buyer r
satisfying
(s)
g (s) 2(5)
- n r(s)
> s a(s) (s

Intuitively, for any two buyers, the proportionality of their likelihood ratios for any two states

[r (@)] (s) :

remains constant when we update via Bayes’ rule. If buyer r starts off twice as optimistic as buyer
p (i.e. r has double the likelihood ratio than p), then r will remain twice as optimistic as p after
any signal realization.

Since this mapping ¢, is independent of the signal structure, sellers can simply choose a signal
policy 11 that is a distribution of posteriors for an agent with prior p that satisfies | Ag @ 1 (dg) =p.
Given any signal policy u, the distribution of posteriors of a buyer with prior r is completely
specified by the mapping ¢, and we denote this by u,. A signal policy u is optimal given the
buyer’s acceptance set @) iff for all possible signal policies v

s d T v (dq) .
/Q(Q)M(CI)Z/Q (¢) v (dg)

and the usual tie-breaking rule applies. Let i denote the full information signal policy which has
full support on degenerate posteriors.

Symmetric equilibrium. If all sellers use signal policy p, a buyer with posterior ¢ who
continues to search obtains continuation utility

Vi(q) = —c+ /AS max {%1635(7” u, V, (r)} tq (dr)

A signal policy and acceptance set (i, Q) is an equilibrium iff p is optimal given

Q:{qEAS

maxq-u 2>V, (Q)}

10



Single product example (cont). Let us return to the single product example but now with
unobservable priors. Again, suppose there are two states { L, H} and ¢ = Pr (H). The seller believes
the buyer’s prior is p = %, so a monopolist would give no information. Let b > % and consider a
buyer strategy as follows: buy the TV if ¢ € [b,1], buy no TV if ¢ € [0,2(1 — b) b] and continue
to search otherwise, as shown in Figure 4. Given the seller’s belief that the buyer starts out with
prior p = %, the optimal policy is to send the buyer to posterior b with probability % and posterior
0 with probability 1 — %. Note that

br
¢T(b):br+(1—b)(1—r)

¢7‘ (O) =0

Thus, a buyer with prior r will end up at posterior ¢, (b) with probability ﬁ(b) and 0 with probability

T

1-— EROR If ¢ < 3 —2v/2, we claim that there is an equilibrium where

b:Z[3_6+ 62—6C—|—]_:| (3)

and each buyer visits a single seller. To verify this, consider a buyer arriving with prior p = % If
his posterior is 0, he has no incentive to search again; if he has posterior ¢ = b, then (3) implies
that the buyer is indifferent between buying and searching,

2b—1 (20 () — 1) — ¢

b
0
Hence, a buyer with a good signal does not search in equilibrium, however if the seller discloses
any less information, this will be “punished” by the buyer searching. This equilibrium illustrates an
interesting property: as ¢ — 0, sellers disclose full information, i.e. b — 1.8

The seller’s equilibrium policy in this example is much more informative than the monopoly
policy. When buyers are tracked, a buyer who receives information from one seller obtains no useful
information from a second. However, when buyers are anonymous, the buyer can reject the first
offer, pretend to be uninformed and receive more information from the next seller. Even though
sellers know that all buyers have belief p = % in equilibrium, the possibility of searching again
enables competition to take effect.

In the example above, as the search cost becomes small, sellers release full information in equi-
librium. In general, this is true as long as equilibrium policies are generic, that is, if a buyer with
any (non-degenerate) belief learns something from the signal.” Under generic policies, the only
equilibrium buyer payoff is equivalent to that of full information as search costs become small.

Theorem 2. If equilibrium policies are generic, then V,, (p) = V5 (p) as ¢ = 0.

Generic policies imply that a buyer can always learn something more from each additional seller
he visits. Hence, as search costs become small, buyers can afford to keep on searching until they

81n this example, the monopoly disclosure policy is zero information, and this is also an equilibrium. In addition,
there is an equilibrium of the type discussed above which converges to the monopoly policy. However, these equilibria
disappear if p < %

9 Formally, p is generic iff pu, # 0, for all ¢ # Js.

11



Figure 4: Single Product Figure 5: Multiple Products
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approach full information. Generic policies are dense in the set of all signal policies.!® In fact, if
there are only two states, then any non-degenerate signal policy is generic. It thus follows directly
from Theorem 2 that as long as buyers do not start with a prior that induces them to immediately
buy a product, then all equilibrium policies approach that of full information with two states.

For the single product case, we have a stronger result. Suppose the buyer begins with a prior
that does not induce him to immediately buy the product. Then as search costs become small, the
buyer’s equilibrium payoff approaches that of full information.

Proposition 2. Suppose there is a single product and the buyer’s initial prior p does not induce
him to buy. Then V), (p) — Vi (p) as ¢ — 0.

Proposition 2 shows that if there is a single product then buyers’ equilibrium payoffs approach
that of full information as search costs become small, even if policies are not generic. The lack of
genericity means that a buyer may never fully learn the true state even if they always search; how-
ever, because there is a single product, they can achieve the same payoff as that of full information.

To understand this result, suppose there are three states and consider the equilibrium policy in
Figure 4. In this figure, the buyer starts with prior p and the regions illustrate the buyer’s action in
a monopoly model. The signal illustrated is non-generic since it does not help the buyer distinguish
between states so and s3. However, with a single good, the buyer achieves his full information
payoff as the search cost becomes small. Intuitively, while the signal does not distinguish between
all states, enough observations will convince the buyer that he should certainly purchase the good,
meaning he obtains the same payoff as if they had full information. Note that this may not be
true with multiple products (Figure 5). If uy is the most profitable product, the seller may only
provide information along one dimension meaning that, even as search costs become arbitrarily
small, buyers will never be induced to buy either us or ug and will cot obtain their full information
payoff. This example relies on the indifference line between u; and 0 being perpendicular to the
non-generic signal, so we conjecture that such policies are non-generic in payoff space.

To summarize, when seller track buyers, a seller can discriminate between new and old buyers,
allowing them to implicitly collude. Without tracking a seller must treat all buyers alike and markets
work as one would hope: buyers receive their full information payoff with arbitrarily small costs.

10 In fact, non-generic policies must have support in a lower-dimensional subspace containing the prior p.
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5 The Choice of “Do Not Track”

We now endogenize the decision to become anonymous, supposing that buyers can pay a small cost
to activate the “Do Not Track” mode on their browser. We first argue that buyers who become
anonymous exert a positive externality on other buyers. We then observe that the free-riding is so
severe that there is no equilibrium in which all buyers choose to become anonymous.

Consider a continuum of both buyers and sellers and suppose all agents start with prior pg. At
time £ = 0, a buyer can choose to pay cost k in order to “become anonymous”. After this decision,
buyers can be described by two dimensions: their prior p before meeting a seller and their type
0 € {A,T}, which describes whether they are anonymous (A) or tracked (7). When revealing
information, a seller must treat an anonymous agent (A,p) in the same way as an uninformed
tracked agent (T',po). The seller can, however, give different signals to tracked agents with different
priors.

One can understand much of the economics by considering a simple 2 x 2 game where agents
choose whether or not to be anonymous. The following table provides an illustration of this in the
single-product example. This shows the pure strategy payoffs for the single product example with
initial prior pg = % and ¢ = 0.05.

Other Buyers
Anonymous Tracked
Anonymous 09—k 0.15— &
Tracked 0.9 0

Buyer ¢

First, suppose all other buyers are tracked, so we are in the model from Section 3. If buyer
1 is also tracked then a buyer receives a single “monopoly” signal from a seller and immediately
buys since he knows a second seller will refuse to provide more information. In the single-product
example, this means the buyer receives 0 utility. If buyer ¢ becomes anonymous then he can get
the initial “monopoly” signal, delete the seller’s cookie and then receive “monopoly” signals from
subsequent sellers, paying cost ¢ for each search. Next, suppose all other buyers are anonymous,
so we are in the model from Section 4. If buyer 7 is tracked then he receives a single “competitive”
signal that is more informative than the monopoly signal. Since he is tracked, no sellers provide any
further information to him. If buyer i becomes anonymous he has the option to receive a sequence
of “competitive” signals. However, on the equilibrium path, the buyer will purchase at the first
opportunity.

The first point to observe is that when other buyers become anonymous, this exerts a positive
externality on buyer ¢. Intuitively, when faced with lots of anonymous buyers, competition is more
effective and seller provide more information in equilibrium. This benefits any buyer, independent
of whether they are anonymous or tracked.

Second, observe that no matter how small the cost k, there is no equilibrium where everyone
is anonymous. To illustrate, consider the parameters in the above table. If & > 0.15 there is a
unique equilibrium in which everyone is tracked. If k& € (0,0.15) then there is no pure strategy
equilibrium. When all other buyers are anonymous then sellers provide enough information to
prevent the searching; hence buyer ¢ has no incentive to become anonymous himself.

If we wish to characterize the mixed strategy equilibrium played by the buyers, we have to move
beyond the heuristic 2 x 2 game. Since this is a difficult problem in general, let us consider the

13



single-product example.

Single product example (cont). Suppose the seller has a single product to sell and that
po < 1/2, so that a buyer does not buy in the absence of information.!* Suppose proportion « of
buyers are initially anonymous while 1 — « are tracked. If a seller knows they are facing a tracked
buyer, then each seller provides the monopoly level of information, as in Section 3. If a seller faces
a buyer without tracking information, this may mean that the buyer is a new tracked buyer with
prior pg, or an anonymous buyer who has received a number of signals.

First, observe that the seller will use a “perfect bad news signal” with support on 0 or p;. In
other words, a buyer under this signal policy will end up at 0 or some posterior p; > pg. To see this
notice that a buyer purchases if his posterior is sufficiently high, so the seller’s profit is given by a
mixture of step functions.!?> None of these buyers will buy in the absence of information - the new
buyers have pg < 1/2, while the old buyers would search again - meaning that 7(pg) = 0 and the
convex hull touches the payoff function at 0 and some p;. Using Bayes’s rule define {po, p1,p2, ...}
as the sequence of beliefs that arises from repeatedly observing the good signal, so one more signal
means p, — {0, prny1}-

Second, observe that the firm provides at least the monopoly level of information. If this were
not the case, a firm could provide “two signals”, taking p,, — {0, p+2}. This would raise the seller’s
sales from anonymous buyers, and may even lead to sales from tracked buyers. It follows that
p1 > 1/2, and that a tracked buyer receives at most one signal.

Third, we can characterize the seller’s optimal disclosure policy for buyers without tracking
information in a symmetric equilibrium. Suppose anonymous buyers purchase once their posterior
exceeds g4, and denote N := min{n : p, > ga} as the minimal number of signals required for a
buyer to purchase. A seller thus faces 1 — « tracked buyers with prior pg, o anonymous buyers
with prior po, a%‘l’ anonymous buyers with prior p;, and so on. Since this is a mixture of step
functions, it follows that the optimal disclosure policy will be at a corner, meaning one type of
buyer is indifferent between purchasing and not. Equilibrium can thus of two kinds: (a) the seller
ignores the anonymous buyers and sets p; = 1/2, or (b) the seller chooses p; so that a tracked buyer
with belief py is indifferent between buying and continuing, meaning we have the equality ¢4 = py.

We can now establish what happens as the number of anonymous buyers « increases. When
a = 0, the seller chooses the monopoly information level, p; = 1/2 as in Section 3. For higher a,
the firms choose p; > 1/2. Consider the most informative equilibrium (i.e. the equilibrium with
the largest p1). On the equilibrium path, tracked buyers purchase at the first opportunity, while
anonymous buyers obtain N signals before purchasing. In the most informative equilibrium, the
seller must give up on the anonymous buyers any simply sell to the tracked buyers,

Po Po Po
l—a)—F—<(1—-a)—+a—
( )1/2 ( )pl PN

An increase in « slackens this constraint and allows us to support a higher p;. This means that, in
the most informative equilibrium, sellers disclose more as « rises, and any one buyer is better off
when when other buyers are anonymous.

"'Without this assumption, zero information is always an equilibrium (see Proposition 2).
123We formally show this, and the other results in this section, in Appendix 5.
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Appendix

A. Observed priors

Let F be the Borel algebra on AS and define an acceptance set as some @ € F. We say p is
consistent with p € AS' iff fAS q 1 (dq) = p where p is some distribution on AS. A disclosure policy
is a continuous Markov kernel K such that K (p) is consistent with p for all p € AS. Let K be the
set of all disclosure policies. Define

E:={qe AS | q(s) =1 for some se S}
EK::{QEAS ‘K(q):(S{q}}

for K € K. FE is the set of degenerate beliefs and Ej is the set of priors for which K discloses
no information. Lemma A1l below shows that the restriction to continuous (in weak convergence)
kernels is without loss of generality.

Lemma (Al). If K € K is optimal given Q € F, then for allp € AS,

/ w(q)K(p,d@z/ 7 (q) v (da)
AS

AS

for all v consistent with p.

Proof. Suppose there is some v consistent with some p € AS such that

/ ™ (q) K (p,dg) < / m(q) v (dg)
AS AS
For each ¢ € AS, define 7 (¢) € bd (AS) and « (q) € [0, 1] such that

g=a(@p+1—alqg)r(q)

where a(q) = 1 for ¢ = p and a(¢) = 0 for ¢ = r(g). Note that both r and « are continuous.
Define the kernel L such that

L(q):=a(q)v+ (1 —a(q) i)

Now,

/rL(q,dr)—a(q)/ rv(dr)+(1—a(q)r(q) =¢q
AS

AS
so L (q) is consistent with ¢ for all ¢ € AS. For any bounded and continuous ¢ : AS — R,

P (r)Lig,dr)=alq) [ (r)v(dr)+(1—alq))d(r(q)
AS AS

which is continuous in ¢ so L € K. However,

/ASW(Q)L(nd(J)Z/ASW(Q)V(dQ)>/ASW(Q)K(p,dQ)

contradicting the optimality of K. O
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Lemma (A2). Let K € K be optimal given Q € F. Then

(1) EC Ex € F.

(2) K (p,Ex) =1 for allp € AS.
(3) Vi

(4)

3) Vi (q) = —c+ [\g (maxyepy - u) K (q,dr) and is continuous

4) supp (K) = Ek.

Proof. Let K € K be optimal given Q € F. We prove the lemma in order.

(1) Note that K (q) = ;¢ iff K (¢,{q}) = 1. Hence,

Br={a€ a8 K {a)=1}={acas \ RZIGLIRCE

By Proposition 1.6.9 of Cinlar (Cinlar, 2011), Ex € F. To see that E C Fk, let =15 € E
for some s € S. Since p:= K (q) is consistent with g,

1=q<s>=/ASr<s>u<dr>

sor(s) =1 p-a.s.. Hence, r = 15 = q p-a.s. so K (¢,{q}) =1 and ¢ € Ex as desired.
(2) Note that since K is optimal, for all ¢ € AS

/ 7 (r) K (q,dr) > / 7 (r) b1y (dr) = 7 (q) 1o (q)
Q Q
Define

F_{quS‘/ K (g, dr) >7T()1Q(Q)}

and suppose K (p, F') > 0 for some p € AS. Let u := K (p) and define the measure v such
that

v (B) ::M(BHFC)+LK(Q73)M(dQ)

for all B € F. Note that

/qv dg) = /chu /(/AST’K(q,dT)>M(dq)
/chu /QM(dQ):

F

/w<q>u<dq>=/ 7 (g) p (dg) 7 (r) K (
Q QNEe Q
d T dg) = s d
(@) <q>+/ (4) 10 () 1 (dg) /Q(q)u(q)

>/ T(q)p
QNEe

K q,dr>) 4 (dg)

B!
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contradicting the optimality of K. Hence, K (p, F') = 0 so
LK @i =x @10 = | 7)o @)

Kp-a.s. for all p € AS. By the tie-breaking rule from the definition of optimality, K (¢q) = ;¢
Kp-as..

(3) Consider r € Ex so

ue

VK (T‘) = —c—l—max{ma&w - u, VK (T)}

Note that if Vi (r) > maxyecy r - u, then Vi (r) = —c + Vi (r) contradicting ¢ > 0. Thus,
maxyey - u > Vi (r) for all r € Ex. From (2), we have

Vic (q) = —c+/EK max {maxr-u, Vic (r)}K(q,dr)

uelU

= — . K(q,d
c—f—/AS (Iileal}(r u> (g, dr)

Continuity follows from the continuity of support functions.

(4) First note that Ex C supp (K) trivially. We prove that Ef is closed. Consider py — p such
that pr € Ex so K (pg) = dgp,1- Note that g,y — K (p) so for any continuous 1 : AS — [0, 1]

v ) = Jim v = [ 60K p.do

Consider continuous ' : AS — [0,1] such that ¥ (p) = 1 and ¢* — 1py. By dominated
convergence,

K (p,{p}) = 1iZm/AS V' (g) K (p,dg) =Timy* (p) =1

sop € Ei as desired. Thus, EY is open, and note that if E,Nsupp (K (p)) # @, then by Theo-
rem 12.14 of Aliprantis and Border (Aliprantis and Border, 2006), K (p, Ef, Nsupp (K (p))) >
0 contradicting (2). Hence supp (K (p)) C Ek for all p € AS so supp (K) C Ex as desired.

O

Lemma (A3). Suppose (K, Q) is an equilibrium for some ¢. Then (K,Q.) is also an equilibrium
for any ¢ < ¢ where

Q.= {qGAS ‘ maxq-uZ—c+/ (maxr-u)K(q,dr)}
uclU AS

uelU

Proof. Let (K, Q) be an equilibrium for some ¢. By Lemma A2, Vi (¢) = —¢+ [, g (maxyey - u) K (g, dr)
so by the definition of equilibrium,

QZ{QEAS ‘ meaéiq-UZVj_é(q)}:Qc

Let c < ésoQ.C Qe=Q. If g€ Fxg, then ¢ € Q. so supp(K) = Ex C Q. C Q for all ¢ < c.
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Since K is optimal given @, for any L € K

/Cﬂ(q)K(p,dq):/QF(Q)K(p,dq)Z/QW(Q)L(p,dq)Z/Cﬂ(q)L(p,dq)

If ch K (p,dq) fQC L (p,dq) for some L (p) that is strictly less informative, then
/. o (q) p, dq) = [, QT L (p, dq) contradicting the optimality of K given ). Hence, K is optimal
given Q. and (K, Q.) is an equlhbrlum by Lemma A2. O]

For any F' € F and € > 0, define
B.(F):={qe AS | |¢—r| <¢ for some r € F}

Formally, K € K is locally optimal iff there is some € > 0 such that

/W(Q)K(p,dq)Z/ 7 (q) L (p, dq)
AS AS

for all L € K such that supp (L) C Be (supp (K)) along with the usual tie-breaking rule, that is, if
the above is satisfied with equality for L (p), then L (p) cannot be strictly less Blackwell informative
than K (p).

Lemma (A4). If (K, Q) is an equilibrium, then supp (K) C B: (supp (K)) C Q for some € > 0.
Proof. Let (K,Q) be an equilibrium. From Lemma A2, if ¢ € supp (K) = FEk, then Vi (¢) =

—c+ maxy,ey q - 4 s0 g € () as desired. Define

Y (r) == maxr-u— Vg (r)

ueU
I={reAS |¢Y(r)=0}CQ
= inf —
€0 (q,r)lenEKxI |q T|

Note that v is continuous from Lemma A2. Suppose ¢g = 0 so there are (qx,7r) € Ex x I such
that |gr — rx| — 0. By completeness, they must converge but

¥ (ge) = ¢ >0=1(rk)

violating the continuity of ¢. Hence, g9 > 0. Set € := % and suppose ¢ € B: (Ex)\Q. Hence
¥ (q) < 0 but |g —r| < gg for some r € Ex where ¢ (r) = ¢ > 0. By the continuity of ¢ again, we
can find some ¢’ € AS such that |¢ —r| < g9 and ¢’ € I contradicting the definition of 9. Hence,
Bc (supp (K)) = B: (Ex) C Q as desired. O

Theorem (A5). If K is an equilibrium policy, then it is locally optimal. Conversely, if K is locally
optimal, then there is some ¢ such that K is an equilibrium policy for all ¢ < ¢.

Proof. First, let (K, Q) be an equilibrium so from Lemma A4, let ¢ > 0 and B: (supp (K)) C Q.
Consider any L € K such that supp (L) C B: (supp (K)) C Q. By the optimality of K with respect

to @,
/ASW(Q)K(p,dq)Z/Qﬂ(q)K(p,dq)Z/QW(C./)L(p,dq)Z/ASW(Q)L(p,dQ)
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as L (p,Q) =1 for all p € AS. Note that the tie-breaking property from the optimality of K given
@ implies the tie-breaking property of local optimality.
Now, suppose K is locally optimal so there is some € > 0 such that

/W(q)K(p,dq)Z/ 7 (q) L (p, dq)
AS

AS

for all L € IC such that supp (L) C B (supp (K)) along with the tie-breaking rule. Define @, as in
Lemma A3 and recall that supp (K) = Ex C Q. since ¢ > 0. Consider ¢ — 0 and suppose there
are qx € @, such that g, ¢ B. (supp (K)). Hence, without loss of generality, we can assume that
qr — q. Since K is continuous,

li . > i — . K d
1]£n <r;1€al>]<qk u) > 1/211( Ck+/AS (I&a{}” U> (k 7”))

maxgq-u > maxr-u | K (g,dr) > maxq-u
uGUq - /AS (uEU > (q7 )_ uGUq

SO fAS (max,ecpy 7 - u) K (q,dr) = maxyucp ¢ - u. Since support functions are convex, this implies
K (q,Ry) = 1 where Ry := {r € AS | u*(q¢) =r-u}. By the buyer tie-breaking rule, this implies
mw(r) = m(q) for all r € R,. Note that if ¢ ¢ supp (K) then we can find some L (g) such that
supp (L (¢q)) C Be (supp (K)), L (q) is strictly less informative than K (q) and

/w(q)K(p,dq)=ﬂ(q)=/ 7 (g) L (p, da)
AS

AS

contradicting local optimality. Hence, ¢ € supp (K) so we can find some ¢ > 0 such that supp (K) C
Q° C B: (supp (K)). Suppose there is some L € K such that

[ r@rwin> [ x@K.d

with at least one inequality strict for some p € AS. We can assume without loss of generality that
L (p,Q° =1 so supp (L) C Q° C B (supp (K)). By local optimality, for all p € AS

/Cﬂ(q)K(p,dq)z/ASW(q)K(p,dq)>/As7r(q)L(p,dq)>/ 7 (q) L (p,dq)

c

yielding a contradiction. As usual, the tie-breaking property from local optimality implies the tie-
breaking property of the optimality of K given Q. Hence, (K,Q°) is an equilibrium from Lemma
A2. The rest follows from Lemma A3. O

Lemma (A6). Let (K, Q) be an equilibrium and K* be a monopoly policy. If supp (K*) C supp (K),
then K s a monopoly policy.

Proof. Let (K, Q) be an equilibrium and K* be a monopoly policy. Suppose supp (K*) C supp (K) C
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Q@ by Lemma A4. Hence K (p,Q) = K* (p,Q) =1 for all p € AS so by optimality,

7(q) K (p,dq) > | 7(q) K" (p,dq) = w(q) K* (p,d
/Q((J) (p q)>/Q (q) K™ (p,dq) / (¢) K* (p, dq)

AS
z/ASuq)K(p,dq):/Qﬂq)K(p,dq)
Thus
/Asﬂ(q)K(p,dQ)z/ASW(q)K (p,dq)z/ 7 (q) L (p,dq)

AS
for all L € K.
Suppose the above weak inequality holds with equality for some L (p). Define

F = {q e AS ‘ / 7 (r) K* (¢q,dr) > W(q)}
AS
and suppose L (p, F') > 0. Let p:= L (p) and define the measure v such that
v(B) = p(BOF) + [ K (0.5) (o)

for all B € F. Note that

/Asq V(dQ)ZLCqu(dq)+L</ASr K*(q,dr)>,u,(dq)
= dq) +

/ qpu( /qu(dq)zp
Fe F
so v is consistent with p. However,

[ ravtn = [ c@uian+ [ ([ w08 @an) i
> [ m@nn+ [ x@ui = [ 7@K pudo

contradicting the optimality of K*. Hence, L (p, F) = 0. Now, g € FCiff [, o7 (r) K* (¢,dr) = 7 (q)
iff K*(q) = 64 so F'° = supp (K*) by Lemma A2. Hence, L (p,supp (K*)) = L (p,Q) =1 so

/QW(Q)K(P,CZQ)Z/ASW(Q)K(PadQ):/ASW(Q)L(PadQ):/QW(Q)L(pde)

and the tie-breaking property follows from the tie-breaking property of the optimality of K given
Q. Hence, K is a monopoly strategy. O

Proposition (A7). Let U = {0,u}. If K is an equilibrium policy, then K is a monopoly policy.

Proof. Let (K, Q) be an equilibrium. Note that if 7 (u) = 0 = 7 (0), then K is a monopoly policy
trivially. Hence, assume 7 (u) > 0. Define

H:={qeAS |¢qg-u>0}
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so m(q) = 7 (u) if ¢ € H and 7 (q) = 0 otherwise. Note that if H = @ or H = AS, then again 7 is
constant so we assume that H # @ and H # AS. Define

D :=conv(ENH®) C H¢

We first show that D C Ex. Let p € D and note that since K (p) is consistent with p, for any
s € S such that 1, € H,

/ q(s) K (p,dq) =p(s) =0
AS

Hence, q(s) =0 K (p)-a.s. for all 1, € H so 1 =K (p,D) = K (p, H®). Since max{p-u,0} =0 as
p€ H peQ. Now 7 (p) =0so0 K (p) = 0y by optimality and p € Ex as desired.

We now show that H C Ex. Let p € H. Note that for p:= > o p(s) gy, since £ C Ex C Q
from Lemmas A2 and A4,

/Qﬂq)K(p,dq)z/Qw<q>u<dq>—§p<s>w<18>>o

so a:= K (p,H) > 0. Suppose a € (0,1). Define the conditional measures v; and vo where

K (p, FN H)
K (p,H)

K (p, FNH®)

%41 (F) = K (p, HC)

120 (F) =
for all F € F. Let p; := [,qq vi(dg) for i € {1,2} and note that

ap1+<1—a>p2=K<p,H>/

¢ v1 (dg) + K (p, H°) / ¢ 2 (dg)
AS

AS
=/ q K (p,dq) =p
AS
For ¢ > 0, define the kernel K. such that K. (¢) = K (q) for ¢ # p and

K. (p) :=b: (v1 0 Ta_l) + (1 —b:) 2

where T; (¢) :=ep+ (1 — &) ¢ and b, := > a. Note that

1—(1a—a)5

/ASqKE@,dq):bE/ASTg(qm <dq>+<1—ba>/ ¢ 2 (dg)

AS
=b:(ep+ (1 —¢)p1) + (1 —b:) po

(1—-¢)

= beep + 17(17a)8(ap1+(1—a)p2)=p

so K. € K. From Lemma A4, we can find € > 0 such that supp (K.) C Q. However,

/ 7 (q) K- (p,dq) = / 7 (q) K- (p,dq) = K. (p, H) 7o (u)
Q AS
= b (T2 (H)) mo (u) = bemo (u)

>mro<u>=/Asvr<q>K<p,dq>=/Q7r<q>K<p,dq>
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contradicting the optimality of K. Hence a = 1, so from Lemma A2,

VK(p)——c—i-/ max{q-u, 0} K (p,dq) = —c+ </ qK(p,dq)> S
AS AS
=—cCct+p-u<p-u

implying p € @ and p € Ex as desired.

Hence, HUD C Fk. Let K* be a monopoly policy. Consider p € Ex+ and suppose p ¢ HU D.
Thus, 7 (p) = 0 and there is some s € S such that p(s) >0 and 1, € H. Let p:= > ¢p ()01}
and note that

[ r@uan= ¥ pemw>0=rm)= [ 7 @)

{s€S| 1.eH}

contradicting the optimality of K*. Hence Fx- C HU D C Exg and K is a monopoly policy by
Lemma AG6. O

Corollary (A8). The monopoly policy is an equilibrium policy for any c.

Proof. Let K be the monopoly policy and find some ¢ large enough such that

uelU

Qe == {qEAS ‘ maxq'uZ—E—i-/ (maXT"U>K(Qad7’)}—AS
uelU AS

Then (K, AS) is an equilibrium for ¢. Note that if ¢ > ¢, then (K, AS) is also an equilibrium for c.
If ¢ < ¢, then by Lemma A3, (K, Q.) is an equilibrium as desired. O]

B. Unobserved priors

Given K € K and n € N, define the Markov kernel K™ such that

K" (¢, dgy) = K (q,dq1) K (q1,dg2) - K (g1, qn)
Recall that K € K is the full information disclosure policy and /i is the full information policy.
Lemma (Bl). K" — K* such that K* (¢, Ex) =1 and K* (q) is consistent with q for all ¢ € AS.

Proof. Fix qo € AS and let  := ASY. By Ionescu-Tulcea, we can find a probability P on € such
that for all n € N

qn = E, [QnJrl] = / Qn+1K (Qna dQnJrl)
AS

Hence, beliefs follow a martingale. Since they are bounded, by the martingale convergence theorem,
we have P-a.s.
q" = lim gy,
n
Let K*(qo) := lim, K" (qo) be the distribution of ¢*. For € > 0, define X} := 1p_(4+) (qnt1) for

n € N and note that P-a.s.
li7IlIl X5 = h};n 1BE(q*) (qn1) =1

22



Since K is continuous, by dominated convergence (Theorem V.4.22 of Cinlar (Cinlar, 2011)), we
have P-a.s.

K (¢*, B: (¢") = lim K (qn, Bz (¢")) = im Ey [1p. (g+) (gn+1)]
— limE, [X5] = 1

Since this is true for all € > 0, we must have K (¢*,{¢*}) =1 so ¢* € Ex P-a.s. or K* (qo, Ex) =1
for all gg € AS. Note that by bounded convergence and iterated expectations,

/ ¢ K" (qo0,dq") =E[¢"] = E [thn}
AS n

=limE [¢g,] = imE [¢1] = qo
n n

so K* (qo) is consistent with go. O]
Lemma (B2). If Ex = E, then K™ — K.

Proof. By Lemma Bl, K™ — K* and K*(¢q,E) = 1 for all ¢ € AS. Moreover, since K*(q) is
consistent with ¢ € AS, we have

q—/Eq*K* (qa,dq*)—;f(* (q,{0s}) ds

so K* = K as desired. O
Theorem (B3). Let p1; be generic equilibrium policies given c;. Then V,, (p) — Vi (p) as ¢; — 0.
Proof. For each ¢;, define the kernel

Ki(r) = (), = pi o ¢

Since ¢ is continuous, K; is continuous so K; € K. Note that if K; () = 0y, then by genericity,
r is degenerate. Hence, by Lemma B2, K — K for all i. Since ji is the most informative signal
policy, V,,, (p) < Vi (p) for all i. Define n; to be the largest integer less than % S0 nic; < (/.
Hence,

uelU

V,ui (p) =—¢ + / max {maxq s u, Vui (Q)} KZ (pv dq)
AS

> —\/07+/AS <maxq-u> K" (p,dq)

uelU

Since ¢; — 0 implies n; — oo, K[ — K for all i so

Vi) 2 Vi ()= [ (ma

N (maxq : U> K (p,dq) = Va (p)

Hence V,,, (p) — Vu (p)- -

Proposition (B4). Let U = {0,u} and 7 (p) < w(q) for some g € AS. Then V,, (p) — Vu (p) as
c; — 0.
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Proof. Note that we can assume 7 (u) > 0. Define
H:={qeAS |qg-u>0}

som(q) =7 (u) if ¢ € H and 7 (¢) = 0 otherwise. Note that H # @ and H # AS since 7 (p) < 7 (q)
for some ¢ € AS. Define
K (r) = (i), = pio ¢y '
so K; € K for all 4.
Fix K = K; and (u, Q) = (i, Qi). Let
Dy :=conv(ENH)
Dy := conv (EN H°)

so D1 C H and Dy C H¢. We show that Ex C Dy U Ds. Let r € Ex so K (1) = po ¢t (r) = §,.
Hence

p{g e AS [ ¢ () =r}=1

Suppose r &€ D1 U Dy so there are sy € EN H and s, € EN HC such that r (s1) > 0 and r (s2) > 0.
Now ¢, (¢) = r implies

Q(‘ZB _ZS:Q(S)T(S) q(SQ)

p( p(s)  p(s2)

so p(R) =1 where

mefoess |- 00)

Since a := p (H) € (0,1), we can define the conditional measures v; and v, where

_ w(FNH) y ‘:,u(FﬂHC)
)= 2 )= )

for all F € F. Let rj := [y4q vj(dg) so v; (R) =1 and r; € R for j € {1,2}. Define
V= a1/1+(1—a)2r2(s)58
Note that

/Asq v (dq) :arl—i—(l—a)ng(s) 1

S

:M(H)/Asq l/l(dq)—i-u(HC)/ASq v2 (dg) =p
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so v is consistent with p. However, since ra (s1) > 0, E C Q and 7 (¢) = 0 for all ¢ € H¢,

/Q 7 (q) v (dg) = pu (H) /Q P )+ () P ()7 (1)

> u<H>/Qw<q> vy (dg) = /Qﬂ(q)u(dq)

contradicting the optimality of u. Thus, Ex C Dy U Ds.
By Lemma B1, (K;)" — K* such that K*(p, D; UDy) = 1. Again, define the conditional

measures
_ K*(p,FNDj)

= T D)

for all € F and g; := [54q v (dg) for j € {1,2}. If we let a* := K* (p, D1), then since D; C H
and Dy C HC,

[, (ompaen) &t =a [ (mava- ) vt 0+ 0y [ (s v
o [ @ivi g+ -a) [ @)

1 2

:/AS (rgeagq-u) [t (dq)

The rest follows the same reasoning as in Theorem B3. O

C. Choosing whether to be anonymous

Suppose p* is an equilibrium signal policy that generates Q4 and n, the conditional distribution of
posteriors of the anonymous buyers. Note that 17 (Q4) = 0. The seller maximizes

W= (1=a) [ w@uld)+a [ </¢—1<Q @) <dq>) n(dr)

where ¢, (¢q) is the posterior of a buyer with prior r if a buyer with prior py ends up at posterior g.
Since buyers all observe the same signal, from Bayes’ rule, it must be that
or (q)

T

p (dg) p% = pir (dq)

i (dg) = p (dg) ——

Podr ()

Substituting u, into the expression for W, we obtain

W =-a) [ r@ud)+af

T AS

rq
</AS 1o, (¢r () 7 (¢r (9)) s (q)n(dr)) 1 (dq)
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(¢), @r = [0,1] and

Assume u = (1,—1) so supueUu ~q=2q—1for ¢ > 3. Hence, (g ) [; 1 (g
Q4 =[0,a] U[a,1] for a < < a. We can then express W (u = [asw (q) 1 (dg) where

rq

p0¢r (Q)

wle)= (=) @+ o [ 1 (@ (@) T

Lemma (C1). Let pg < 5. Then pu{0,p1} =1 for some p1 > po.

Proof. We show that w (¢) = 0 for all ¢ < pg. Note that if ¢ < pg, then ¢, (¢) < r for all r. Since
n([a,1]) = 0, r < a n-a.s. so ¢, (¢) < a n-a.s.. Hence w(q) = 0. Thus, if px is optimal, then
1{0} > 0. That {0,p1} =1 follows from the concavification of w on [0, 1]. O

Let us assume that pg < % going forward. Hence, from Lemma C1, p*{0,p1} = 1 for some
p1 > po. Suppose that p; € Q4 for all i € {0,...,k} but pri1 € Qa.

Lemma (C2). Fiz pg and p1, and let pyy1 = ¢p, (p1). Then

Proof. Given py and py,

e ) TR

1-po Prk—1
1 1-— 1
30 ()
Dk p1 \1—po DEk—1

Hence, by induction

Note that ¢ proportion of anonymous buyers will go to p;, so

Po 1

e Di — Di
61 L Po - Z L
J Dj J Vi

is the proportion of anonymous guys who will be at p; for ¢ € {0,...,k}. Hence n =), Bidp, so

w(a) ==y (@) + 03 Aley (6 (@) 53 s

One possibility is that p; = 2 in which case the seller just serves the tracked buyers. Suppose p; # 3 5
80 ¢p, (p1) = a for some p;. Since pry1 € Qa, it must be that a = pr1.

Lemma (C3). d);il (@) = pg+1—i for alli > 0.
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Proof. Note that from Lemma C2,

Di
Pk+1—iy, -
Gp, (Pht1-i) = ko

Pr+1-ipe + (1= Pry1—i) (tﬁo) 1+ (ﬁ - 1> (i - 1) <p7°)

1-po
1 _
N 1+<P0 <17P1>)k+1<1 1) Phi1 =4
p1 \ 1—po Po

Hence, ¢, (@) = pri1-i-

O
Thus, if we define a; := pgi1-4, then @ = a9 > a1 = pg >
¢p, (a;) = a for all 4. Since Bip; = (E 1

- > ag—1 = p2 > ap = p1 and
-1
; E) = Bopo, we have

piq
w 1—a) )+« il
(@) :=( Zﬁ .1 (g p potm (@)
q
11—« )+« 1,
=l 502 ot @57
= (1= ) 1[4 (@) + by [na 1(0) =+ L1y (@) 1+ Ly 1y (@) —
2 ' Pp, () ’ op, () 7 bpy ()
Lemma (C4). p1 > 3.
Proof. Suppose p; < % and note that
w(p2) wlp) 1 < P2 >
- = Bo +afy—"—+(1—a)li(p2) ) — —afBo
b2 p1 d)pk( ) Oqspk 1 (pQ) ( ) [ ] ( 2) ¢pk( )
aBo aBo (1 - Oé> aBo
= 4+ — + 1. -
o) T T\ )P
afoy 1-— a)
= + 1, >0
ot () a0
Since wg 2) > w(p 1) the seller can profit by choosing ps contradicting the optimality of p;. Hence,
p1 > 5- O
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