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Abstract

Dynamic rational inattention problems are notoriously difficult to solve.
We consider a standard linear quadratic Gaussian tracking problem, as in
Sims (2003), Section 4. Let Xt denote the variable being tracked and let
εt denote the time t innovation in the variable being tracked. We show
that if the variable being tracked follows an AR(p) process, the optimal
signal is about a linear combination of {Xt, . . . ,Xt−p+1} only. If the vari-
able being tracked follows an ARMA(p,q) process, the optimal signal is
about a linear combination of {Xt, . . . ,Xt−p+1} and {εt, . . . , εt−q+1} only.
Furthermore, the agent can attain the optimum with a single informative
signal. These results make it much easier to solve dynamic rational inat-
tention problems.



Consider the following rational inattention problem. The agent tracks Xt

which follows a stationary Gaussian ARMA(p, q) process with finite p ≥ 1, q ≥ 0:

Xt = φ1Xt−1 + . . .+ φpXt−p + θ0εt + . . .+ θqεt−q, (1)

where εt follows a Gaussian white noise process with unit variance.
At each time t ≥ 1, the agent receives N signals, where each signal is about

a potentially different linear combination of current and past Xt and current
and past εt. Formally,

SN
t = ΘXM

t + ΦεMt + ψN
t , (2)

whereXM
t = (Xt, . . . , Xt−M+1)

′
, εMt = (εt, . . . , εt−M+1)

′
, and ψN

t =
(
ψt,1, . . . , ψt,N

)′
.

Here M ≥ max {p+ 1, q + 1} and N ≥ 1. The noise components ψt,1, . . . , ψt,N

follow independent Gaussian white noise processes with vector of variances
Υ =

(
σ2

1, . . . , σ
2
N

)
, and Θ,Φ ∈ RN×M are matrices of coefficients. The agent’s

information set at any time t ≥ 1 includes any initial information and all signals
received up to time t

It = I0 ∪
{
SN

1 , . . . , S
N
t

}
. (3)

The agent’s decision problem reads

min
Θ,Φ∈RN×M ,Υ∈RN

+

E
[
(Xt − E [Xt|It])2

]
, (4)

subject to (1), (2), (3), and the constraint on information flow

lim
T→∞

1

T
I
(
X1, . . . , XT ;SN

1 , . . . , S
N
T

)
≤ κ. (5)

The agent chooses the properties of the signals so as to minimize the mean
square error subject to the information flow constraint. The expectations in (4)
are computed using the steady-state Kalman filter.

Proposition 1 Any solution to the agent’s decision problem satisfies:

∀i > p : Θi = 0,

∀i > q : Φi = 0,

where Θi denotes the ith column of Θ and Φi denotes the ith column of Φ.
This means, for q = 0, all informative signals are on linear combinations of
{Xt, . . . , Xt−p+1} only. For q > 0, all informative signals are on linear com-
binations of {Xt, . . . , Xt−p+1} and {εt, . . . , εt−q+1} only. Moreover, the agent
can attain the optimum with a single informative signal.

The next pages give the proof in the case of q = 0 and Φ = 0.
Proof. First, we show that for any signal of the form (2), the information flow
constraint (5) is equivalent to

lim
T→∞

[
H
(
XT , . . . , XT−M+1|SN,T−1

)
−H

(
XT , . . . , XT−M+1|SN,T

)]
≤ κ. (6)
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Let
Xt = {X1, . . . , Xt} , SN,t =

{
SN

1 , . . . , S
N
t

}
.

It follows from the chain rule for entropy that, ∀T ≥M,

H
(
SN,T

)
= H

(
SN,M−1

)
+

T∑
t=M

H
(
SN
t |SN,t−1

)
,

and

H
(
SN,T |XT

)
= H

(
SN,M−1|XT

)
+

T∑
t=M

H
(
SN
t |SN,t−1, XT

)
.

Since conditioning reduces entropy, ∀t ∈ {M, . . . , T} ,

H
(
SN
t |SN,t−1, XT

)
≤ H

(
SN
t |SN,t−1, Xt, . . . , Xt−M+1

)
.

For any signal of the form (2), this weak inequality holds with equality because

both sides of the weak inequality simply equal H
(
ψN
t

)
. Collecting results yields

that, ∀T ≥M, the mutual information between XT and SN,T is given by

I
(
XT ;SN,T

)
= H

(
SN,T

)
−H

(
SN,T |XT

)
= H

(
SN,M−1

)
−H

(
SN,M−1|XT

)
+

T∑
t=M

[
H
(
SN
t |SN,t−1

)
−H

(
SN
t |SN,t−1, Xt, . . . , Xt−M+1

)]
.

It follows from the symmetry of mutual information that

H
(
SN
t |SN,t−1

)
−H

(
SN
t |SN,t−1, Xt, . . . , Xt−M+1

)
= I

(
Xt, . . . , Xt−M+1;SN

t |SN,t−1
)

= H
(
Xt, . . . , Xt−M+1|SN,t−1

)
−H

(
Xt, . . . , Xt−M+1|SN,t−1, SN

t

)
.

Combining results yields that, ∀T ≥M,

I
(
XT ;SN,T

)
= H

(
SN,M−1

)
−H

(
SN,M−1|XT

)
+

T∑
t=M

[
H
(
Xt, . . . , Xt−M+1|SN,t−1

)
−H

(
Xt, . . . , Xt−M+1|SN,t

)]
.

We show below that the following limit exists

lim
T→∞

[
H
(
XT , . . . , XT−M+1|SN,T−1

)
−H

(
XT , . . . , XT−M+1|SN,T

)]
. (7)

The last equation and Cesaro mean then imply

lim
T→∞

1

T
I
(
XT ;SN,T

)
= lim

T→∞

[
H
(
XT , . . . , XT−M+1|SN,T−1

)
−H

(
XT , . . . , XT−M+1|SN,T

)]
.
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Second, one can express the information flow constraint (6) in terms of
two conditional variance-covariance matrices, which can be computed from the
steady-state Kalman filter equations. Let Σt|t denote the conditional variance-
covariance matrix of XM

t given SN,t. Let Σt|t−1 denote the conditional variance-
covariance matrix of XM

t given SN,t−1. The signal has the following state-space
representation

XM
t+1 = FXM

t +


θ0εt+1

0
...
0

 ,

SN
t = ΘXM

t + ψN
t .

The matrix F is a (M ×M)-matrix given by

Fij =


φj if i = 1 and j ∈ {1, . . . , p}
1 if i = j + 1
0 otherwise

.

Recall that Xt follows a stationary process. It follows from Propositions 13.1-
13.2 in Hamilton (1994) that the limits limt→∞Σt|t and limt→∞Σt|t−1 exist and
are given by

Σ1 = F
[
Σ1 − Σ1Θ′ (ΘΣ1Θ′ +R)

−1
ΘΣ1

]
F ′ +Q

Σ0 = Σ1 − Σ1Θ′ (ΘΣ1Θ′ +R)
−1

ΘΣ1,

where Σ1 ≡ limt→∞ Σt|t−1, Σ0 ≡ limt→∞Σt|t, and Q and R are the variance-
covariance matrix of the innovation in the state equation and the variance-
covariance matrix of the innovation in the observation equation, respectively.
Finally, conditional normality implies

H
(
Xt, . . . , Xt−M+1|SN,t−1

)
=

1

2
log2

[
(2πe)

M
det Σt|t−1

]
,

H
(
Xt, . . . , Xt−M+1|SN,t

)
=

1

2
log2

[
(2πe)

M
det Σt|t

]
.

Hence, the limit (7) exists and equals 1
2 log2

(
det Σ1

det Σ0

)
. The information flow

constraint (6) can be expressed as

1

2
log2

(
det Σ1

det Σ0

)
≤ κ. (8)

Third, if we have two signals {Θ,Υ} that yield the same upper-left (p× p)
sub-matrix of Σ0 and one signal has the property Θi = 0 for all i > p, while
the other signal does not have this property, then the first signal yields a lower
value of the left-hand side of the information flow constraint (6) even though
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both signals imply the same value of the objective (4). To see this, note that
the information flow constraint (6) is equivalent to

lim
T→∞

 H
(
XT , . . . , XT−p+1|SN,T−1

)
−H

(
XT , . . . , XT−p+1|SN,T

)
+H

(
XT−p, . . . , XT−M+1|SN,T−1, XT , . . . , XT−p+1

)
−H

(
XT−p, . . . , XT−M+1|SN,T , XT , . . . , XT−p+1

)
 ≤ κ.

Furthermore,

H
(
XT−p, . . . , XT−M+1|SN,T−1, XT , . . . , XT−p+1

)
−H

(
XT−p, . . . , XT−M+1|SN,T , XT , . . . , XT−p+1

)
= H

(
XT−p, . . . , XT−M+1|SN,T−1, XT , . . . , XT−p+1

)
−H

(
XT−p, . . . , XT−M+1|SN,T−1, SN

T , XT , . . . , XT−p+1

)
= H

(
XT−p, . . . , XT−M+1|SN,T−1, XT , . . . , XT−p+1

)
−H

(
XT−p, . . . , XT−M+1|SN,T−1,ΘX̂M

T + ψN
T , XT , . . . , XT−p+1

)
,

where X̂M
T = (0, . . . , 0, XT−p, . . . , XT−M+1)

′
. The last difference is non-negative,

since conditioning weakly reduces entropy, and it is zero if and only if Θi = 0
for all i > p. In addition, two signals {Θ,Υ} that yield the same upper-left
(p× p) sub-matrix of Σ0 also generate the same upper-left (p× p) sub-matrix
of Σ1. This is because Xt follows an AR(p) process. Hence, two signals {Θ,Υ}
that yield the same upper-left (p× p) sub-matrix of Σ0 generate the same limit

lim
T→∞

[
H
(
XT , . . . , XT−p+1|SN,T−1

)
−H

(
XT , . . . , XT−p+1|SN,T

)]
≤ κ.

Finally, two signals {Θ,Υ} that yield the same upper-left (p× p) sub-matrix
of Σ0 imply the same value of the objective (4) because the objective is the
upper-left entry of Σ0.

Fourth, we show that for any signal {Θ̂, Υ̂} with Θ̂i 6= 0 for some i > p, there
exists a signal {Θ,Υ} with Θi = 0 for all i > p that yields the same upper-left
(p× p) sub-matrix of Σ0.

For any variance-covariance matrices Σ̃1, Σ̃0 there exists a signal generating
posterior uncertainty Σ̃0 from the prior uncertainty Σ̃1 if and only if Σ̃1 − Σ̃0

is positive-semi definite. This is what is in rational inattention often called the
no-forgetting constraint.

Since Σ0 is generated from Σ1 by signal {Θ̂, Υ̂}, then (Σ0 − Σ1) must be
positive semi-definite. By Sylvester’s criterion (Bazaraa et al., 2013), all the
upper-left (p× p) sub-matrix of (Σ0 −Σ1) are positive semi-definite, too. using
the statement above, this implies that there exists a signal {Θ,Υ} with Θi = 0
for all i > p that generates upper-left (p× p) sub-matrix of Σ0.

Therefore, for any {Θ̂, Υ̂} with Θ̂i 6= 0 for some i > p we can find another
signal {Θ,Υ} generates the same objective at a lower information flow. This
concludes the proof.
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