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Abstract

We analyze the evolution of economic institution during the process of industrializa-
tion. In particular, we focus on the institution of contract enforcement. Empirically, we
show that, during the process of industrialization, countries tend to shift their manufac-
turing production towards industries that require more relationship-specific investment.
Theoretically, we build a dynamic model with incomplete contracts and evolving institu-
tions to account for this pattern. In our model, the incompleteness of contract leads to
two types of misallocations that leads to production inefficiency: unbalanced use of inputs
and unbalanced production of different goods. In addition to this production inefficiency,
the imperfect contract enforcement leads to distortions in factor supply. The government
invests in enforcement institutions in order to improve the contractual environment, and
the evolution of industry composition crucially depends on how contractual environment
changes over time.
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1 Introduction

There is an emerging empirical and theoretical literature that attributes institutions as the
fundamental cause of differences in economic development. Acemoglu, Johnson, and Robin-
son (2005a) summarize empirical evidences and conclude that “differences in economic insti-
tutions appear to be the robust causal factor underlying the differences in income per capita
across countries” and “Institutions are therefore the fundamental cause of income differences
and long-run growth (pp.420-421).” Helpman (2004) writes “institutions that promote the
rule of law, enforce contracts, and limit the power of rulers are important for economic
development (p.112).”

Much of the recent literature on institution and economic growth is inspired by the
pioneering work of Douglass North. North (1990) defines institutions as “Institutions are the
rules of the game in a society or, more formally, are the humanly devised constraints that
shape human interaction (p.3).” Since the influential work of De Soto (1989) and (2000), it
has been widely documented that such “rules of game” vary substantially across countries
(Djankov et al. (2002) and (2003)).

In this paper, we focus on one important element of such economic institutions: enforce-
ment of contracts. North (1990) forcefully argues that “the inability of societies to develop
effective, low-cost enforcement of contracts is the most important source of both historical
stagnation and contemporary underdevelopment in the Third World (p.54).” In particular,
our empirical and theoretical analysis consider investment decisions in specific capital under
contract incompleteness. When contracts are incomplete (or not enforceable), the efficient
level of such investment is difficult to achieve, and this can have an detrimental effect on
aggregate output and productivity.

A key to our analysis is that the economic institution evolves over time. In the empirical
analysis, we show that, as countries industrialize, they shift production towards industries
that requires more specific investments. In the theoretical model, this shift occurs through
the gradual improvement of the contractual environment. Our model involves governmental

investments that improves the contractual environment, such as better protection of property



rights and better-functioning courts. This reflects North’s (1990) argument that “creating a
system of effective enforcement and of moral constraints on behavior is a long, slow process
that requires time to develop if it is to evolve (p.60).”

The main contributions of our paper is twofold. First, we document that over the course
of their industrialization, countries shift their production to industries that requires more
specific investments. Second, we develop a model with endogenous institutions that accounts
for this pattern. Our model extends Acemoglu, Antras, and Helpman’s (2007) framework
into dynamic environment. We further allow the government to engage in investment that
improves contractual environment.

The paper is organized as follows. The next section documents empirical regularities
that motivates our theoretical model. Section 3 develops a model of incomplete contracts

and endogenous evolution of contractual environment. Section 4 concludes.

2 Empirical regularities

In general, the quality of enforcement institutions has pervasive effects throughout the econ-
omy, including investment in physical and human capital, entrepreneurship, relationships
along the supply chain. Our main focus in this paper is one particular manifestation of
distortions due to enforcement frictions—underinvestment in relationship-specific capital.

Production processes in various industries differ in terms of required amount of specific
investments (the “contract intensity”). As a result, industries differ in their exposure to
enforcement frictions. Therefore, in turn, the industry composition of an economy is affected
by the quality of enforcement institutions. In this Section, we empirically describe how the
industry composition of the economy changes over the course of industrialization in terms of
reliance on specific investment.

We build on the influential work of Nunn (2007). Focusing on international trade, Nunn
(2007) empirically shows that better enforcement quality confers comparative advantage in
more contract-intensive industries. We utilize his measure of contract intensity in our anal-

ysis. Note that our application differs from his analysis in two important dimensions. First,



Nunn (2007) considers exports, while we are interested in production. Second, the focus of
Nunn (2007) is on the cross-sectional patterns of comparative advantage, while we investigate
the dynamics of industrial composition.

For a wide category of intermediate inputs, Nunn (2007) computes the fraction of in-
termediate goods that are nonstandardized (not traded on an exchange and not having a
reference price). These intermediate goods correspond to the notion of specific investments.
Using the U.S. input-output tables, he constructs a measure of the importance of specific
investments in an industry. This measure conforms closely to the way we model contractual
incompleteness in the next Section.

In addition to Nunn’s measure, we use data on output and value added of industries from
the World KLEMS initiative. The initiative coordinates efforts by national and regional
database to construct comparable data on output and productivity at the industry level. We
combine Nunn’s score of contract intensity with output and value added from the KLEMS
database to construct weighted scores of contract intensity over time and across countries.!
We also use measures of Purchasing Power Parity GDP per capita from the Penn World
Tables version 7. We focus on manufacturing sector, since the structural transformation of
an economy (the shift from agriculture to manufacturing to services) occurs with an entirely
different mechanism.

Figure 1 plots average contract intensity in manufacturing, weighted by value added in
different industries for four countries: the UK, Korea, China, and Poland. We find the
following patterns: (1) contract intensity for the already developed countries such as UK
does not exhibit a strong trend; (2) countries that industrialize successfully (such as South
Korea and China) experience a marked increase in contract intensity over time. Poland has
exhibited moderate growth in recent years, but not as rapid as the industrialization of South
Korea and China—its contract intensity exhibits an intermediate pattern between the UK

and rapidly-growing economies. The next Section constructs a dynamic general equilibrium

'KLEMS data is in ISIC 3.1 classification at the two-digit level, while Nunn’s measure is in the BEA 10
classification. We use a crosswalk between the two classifications using NAICS (North American Industry
Classification System) with concordances from the BEA and the Census. For more details on the data
construction, see Appendix A.
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Figure 1: Average contract intensity, weighted by value added

model to interpret this pattern.
Figure 2 uses gross output as a weight and repeats the same exercise as Figure 1. The

same pattern can be observed with this alterative measure.

3 Model

Our model extends Acemoglu, Antras, and Helpman (2007). There are three layers of pro-
duction: final goods, intermediate goods and raw materials. Final goods are introduced
mainly for the ease of accounting, and our main focus is on the differentiated intermediate
goods sector. Each intermediate good is produced by a monopolist who has to engage in the
production activity with many suppliers. The contract between an intermediate good pro-
ducer and his suppliers is incomplete, and the degree of incompleteness differ across goods.
Therefore, each intermediate good in this model corresponds to each industry in Section 2.

We allow this incompleteness to change over time through the government’s activities.
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Figure 2: Average contract intensity, weighted by gross output

3.1 Environment

The economy consists of a representative consumer and the three sectors of production. The

final good can be used for consumption and investment and is the numeraire.
3.1.1 Consumers

The representative consumer’s utility is

Z 6tU,(Ct, 1-— Lt)7
t=0

where 3 € (0,1) is the discount factor, u(-) is the period utility function which is strictly
increasing and strictly concave, and C} is consumption at time ¢ and L; is the labor supply
at t. The total time endowment is normalized to one.

The household supplies labor, owns a portfolio of shares of all firms in the economy, and



owns and accumulates capital.? Hence the budget constraint for the consumer is
Kip1+Cr+ Ty = (1 + 7 — 0k ) Ky +wi Ly + 1y,

where K; is the capital stock, T; is the lump-sum tax from the government, and dx is
depreciation rate of capital, r; is the rental rate of capital, and w; is the wage rate. 1I; is the

profit from all firm sectors.
3.1.2 Raw materials producers

Raw materials are produced competitively from capital and labor. The representative pro-
ducer has production function F'(K, L) that is constant returns to scale, strictly concave and
differentiable.
We also assume standard properties on the marginal product of capital:
lim F(K,L) = oo,
K—0
lim Fl(K, L) < k.
K—o0

Raw materials are used as inputs by the intermediate goods producers at a price ¢;. Thus,
in equilibrium,

re = quF1 (K, L)

and

wy = @ F5(Ky, Ly)

determine the factor prices, where we use the notational convention of Fj(-,-) and Fs(-,-)

denoting partial derivatives with respect to the first and the second term.
3.1.3 Intermediate goods producers

Intermediate goods are made from specialized capital which is provided by the capital sup-

pliers who are indexed by j € [0,1]. The production function for the intermediate good z

() = { / 1 Xtu)“dj] "

2Since there is a representative consumer, it is not necessary to consider trading of shares.
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where 0 < a < 1 and X () is the input from supplier j. Each supplier provides input X (5)
which is made of (7, j) specific investments, where i € [0,1] is a type of investment. The

input X(7) is produced from

X,(j) = exp [/01 lna:t(i,j)dz’] .

The specific investment is done by purchasing the same unit of raw materials, whose unit

price is q;. Thus, in order to invest x; units, the supplier has to pay q.x;.
3.1.4 Final goods producers

Final goods are assembled from the intermediate goods under perfect competition. There is

a unit measure of intermediate goods, indexed by z € [0,1]. The production function is

Y, = [/01 yt(Z)d’dZ} W),

where y;(z) is the quantity of intermediate good z. We assume that 0 < ¢ < 1. In equilibrium,

the output is used for consumption, investment, and government spending;
Kigi—(1-0)K;+Ci+ Ty =Y,

The price of each intermediate good price is p;(z). Because of the constant returns to scale
production and perfect competition, there is no profit in the final goods production and we

can assume a representative producer.
3.2 The economy with complete contracts

For a benchmark, first consider the situation where the contact between the intermediate
good producer and the suppliers can be fully specified. Further assume that the intermediate
goods producers can offer a take-it-or-leave-it contract to the suppliers. Since the suppliers’
outside option is zero, the intermediate goods producer can extract all surplus.

Then, from symmetry, the intermediate input producer can produce y;(z) units of output
with the cost ¢y:(z). From the profit maximization in the final goods sector, the demand

for intermediate good z is

yt(z) = pe(2) 1Y



Thus the profit-maximization problem for the intermediate-good producer z is

1
mz‘ﬂ)( m(2) = (pe(2) — @)pe(2) 1Y,
pt(z

and the solution is

_a

¢

Since the final good’s price is assumed to be 1, p;(z) = 1 and therefore ¢, = ¢. The factor

pi(2)

prices are determined by

re = ¢F1(Ky, L)

and

wy = ¢Fo(Ky, Ly).

The quantity of raw material produced is F(K;, L;) and in equilibrium, this is equal to
x4(i,7) = Xi(j) = ye(2) = Yi. The total profit for the intermediate-good producers is
fol m(z)dz = (1 — ¢)Y;. Since there is no profit for the suppliers, this is the total profit II;.

The representative consumer’s Euler equation is
u1(Cry1,1 — Lyy1) = B(L+ 141 — ) ur (Cr, 1 — Ly),
which can be rewritten as
u1(Cey1,1 = Li1) = B(1 + ¢F1 (K1, L) — 0 )ur (Cp, 1 = Ly).
Similarly, the first-order condition on labor supply is
u2(Cy, 1 — Ly) = wiuy (Cy, 1 — Ly),

which implies that
ug(Cy, 1 = Ly) = ¢F5(Ky, Ly)ui (Cy, 1 — Ly).

The resource constraint is
Kt+1 + Ct = (1 - 5K)Kt + F(Kt, Lt)

Here, we used that T, = 0 and . K; + wy Ly + 11y = F(Ky, Ly).



3.3 The static economy with incomplete contracts

Now we turns to the economy with incomplete contracts. We first solve the within-period
problem. As will become clear, the decisions of intermediate and final goods producers are
static in nature. It will be shown that, within a period, all quantities and prices can be

determined as a function of the capital, labor, and by the current contractual environment.
3.3.1 The intermediate goods producer problem

First, we tackle the problem of an intermediate goods producer. Suppose that the contract
between the intermediate goods producers and the suppliers is incomplete. For product z, we
assume that (for every supplier j) the contract is complete for the investments 0 < i < p(z2)
and incomplete for u(z) < ¢ < 1. That is, for the first p(z) investments, the level of
investments x(7, j) is contractible, but for the rest of the investments, z(i, j) is determined
by suppliers. The departure from Acemoglu, Antras, and Helpman’s (2007) framework is
that we allow u(z) to be heterogeneous across z. The heterogeneity in pu(z) reflects the
heterogeneity in contract-specificity we measured in Section 2. In this Section, we take the
mapping p(z) as given. In Section 3.5, we endogenize the economy’s institutions and hence
the mapping u(z).

Following Acemoglu, Antras, and Helpman (2007), we adopt the following timing in the

game between the intermediate goods producer and the supplier.
1. The intermediate goods producer z offers a contract [{:Ec(i,j)}f:(%) ,7(j)] for every j €

[0,1]. x.(4,7) is the contractible investment level and 7(j) is the upfront payment to

supplier j.
2. Suppliers decide whether to accept the contract.

3. For 0 < i < u(z), the suppliers invest (7, j) = x.(i,7). For u(z) < i < 1, they decide
(i, §).

4. The suppliers and the intermediate good producer bargain over the division of the

revenue.

10



5. Output is produced, sold, and the revenue is distributed following the bargaining agree-

ment.

The symmetric subgame perfect equilibrium (SSPE) of this game can be defined and charac-
terized in a similar manner as Acemoglu, Antras, and Helpman (2007). Below, for simplicity,
we suppress the dependence of variables in ¢ and z.

In order to solve for the SSPE, we will move backwards, starting from the bargaining
stage. As in Acemoglu, Antras, and Helpman (2007), we use Shapley value as the bargaining
solution, among the suppliers and the intermediate good producer. Following the same steps

as Acemoglu, Antras, and Helpman (2007), we obtain that supplier j receives

A\ (I=m)e
sy = = yioe (2 g o

Tn
where v = a/(a + ¢), when it makes z,(j) units of noncontractible investment, the other
suppliers make x, units of noncontractible investment, and x. is the amount of contractible

investment.? The intermediate good producer receives
s; = Y 17 PgPrgd(-m), (2)

Foreseeing the bargaining outcome, each supplier decides the noncontractible investment

to maximize its profit. Thus, in a symmetric equilibrium,

2 () (1—-p)é
Tp = arg m??( (1 -yl <x> ez — g(1 — p)ay(j).
Tn(J n

Solving this problem, the optimal noncontractible investment by the supplier for given x. is

Tn(ze) = [ngqﬁyl—qﬁ (3)

I
] T—¢(1-p)
q

The intermediate goods producer solves the problem

max S; —7T
T, T

subject to (3) and

sj+ T 2 pgze + (1 — p)qan. (4)

3 Appendix B describes the derivation for completeness.
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Since (4) holds with equality, the problem can be rewritten, using (1) and (2), as (z,(z.) is

the function (3))

max Y17¢ [mﬁxn(mc)l_“]qs — pqxe — (1 — p)gen(ze).

Te
The solution to this problem is

1 ¢(1=p)
ze=Yq Tola(l =) BT,

where

., can be solved as

The output is

where

3.3.2 Cross-sectional properties of the equilibrium

1
A notable property of the solution is that, up to the multiplicative factor Yq 1-¢, the

intermediate good’s producer’s choice of inputs z.,x, and output depend only on its own

parameter p. Also, the firm’s profit similarly depends on a function of its p and on the

__o
multiplicative factor Y¢ 1-¢. This property allows us to derive some properties of the

economy, independent of capital and labor.

3.3.2.1 Property 1: The distribution of intermediate goods depends only on the

distribution of u.

The relative output of each intermediate good is given by

y(u(z))  D(u(z))”

12



Note that D(u) only depends on p and parameters. Therefore, as long as p is invariant, this
ratio is invariant. As we will see below, the aggregate output changes over time as K; changes,
as in the standard neoclassical growth model. However, if the institutions (and hence the
firms’ enforceability 1) do not change over time, the relative output will be constant. This is
inconsistent with the empirical regularities presented in Section 2. Of course, this outcome is
a consequence of the particular formulation we adopted here, but this shows that replicating

the pattern in Section 2 along the growth path is not a trivial task.

3.3.2.2 Property 2: Firms with better enforceability i are larger and more
profitable.

The cross-sectional distribution of intermediate good producers have the following property.

Proposition 1 If u(z) > u(2'), then yi(pu(2)) > ye(u(2)).

Proof. See Appendix D. m

An intermediate firm z with a larger value of u(z) face less problems with imperfect con-

tractability with the supplier. Proposition 1 shows that their output is larger.
3.3.3 General equilibrium

Finally, we turn to characterize the aggregate outcome. From (5),

[ /Olytw(z))“*dz];—nqt [/ Dy %}

Since the left-hand side is equal to Y;, the price of raw materials is given by

q—[/ D(u ¢’dz] ¥ . (6)

Notice that the price of raw materials depends only on the distribution of y. If institutions
(and hence enforceability) are fixed, then ¢ will be stationary.

Next, we turn to aggregate output. The total demand for the raw materials is

1 Lol
/ [He(1(2)) + (1= Wan(u(=))]dz = Yq ™5 / Hp(2))dz.
0 0

13



where

H(p) = pla(1 — )] 74 B =000 1 (1 = p)a(1 — )] T¢ B(u).

Here, H(p) is the normalized demand for inputs by firm with enforceability .

Since the supply of the raw materials is F'(Ky, L;), this implies (using (6))

[ D]
t— 1

Jo H(u(2))dz
[y D(u(=))%dz]*
Jo H(u(2)dz

© depends only on the distribution of p, and thus the existence of p acts as the change

F(Ky, Ly).

Let

in Hicks-neutral technology in this framework. The source of this change in efficiency is
misallocation—the raw material (which is the only productive resources here) is not allo-
cated optimally across different investments (z. and z,, are different) because of contractual

incompleteness.

Proposition 2 If u(z) € (0,1) for a strictly positive measure of z, then © < 1.

Proof. See Appendix D. m

Intuitively, there are two reasons for © being less than one. The first is unbalanced in-
put for a given intermediate good z whose u(z) € (0,1). When p(z) € (0,1), the contractible
investment x. and noncontractible investment x,, are different, since they are governed by
different incentives. Since the cost-minimizing combination of investments is to make all in-
vestment equal, this unbalancedness of input leads to inefficiency in production. The second
is unbalanced production across intermediate goods. If u(z) for some z is smaller than others,
these intermediate goods are produced at different amount. This is another cause of ineffi-
ciency, since the final goods are produced most effectively with equal amount of intermediate

goods.

14



3.4 The dynamic economy with incomplete contracts

We have seen that, at each point in time, the production side of the economy has an equi-
librium such that all the prices and all the quantities (up to a multiplicative factor F(K, L))
depend only on the distribution of enforceability . The coefficient © sums up the effect of
these distortions in production. However, enforceability problems affect the demand for labor
and capital and therefore their prices. As a result, the supply of labor and the accumulation
of capital can be distorted due to the incompleteness of the contracts.

Since ry = qF1(Ky, Ly) and wy = qF2(Ky, Ly), the optimal solution of the representative

consumer’s problem satisfies the following first order conditions:

u1(Cy, 1 — Lt) = B(1 4 qF1(Kiq1, L) — 0 )ur(Ciy1, 1 — Ly), (7)

UQ(Ct, 1- Lt) = qF2(Kt, Lt)ul(cm 1-— Lt)7 (8)

where ¢ is given in (6). The resource constraint is
Kt+1 +Ct = (1 —6)Kt+9F(Kt,Lt). (9)

Note that the system of equations above nests several different possibilities. First, when
© = 1 and ¢ = 1, the economy is Pareto efficient. This is the case, for example, when the
contract is complete and ¢ = 1. Second, when ¢ < 1 and contracts are complete, ©® = 1
and ¢ = ¢ < 1. In this case, even with complete contracts, there are distortions that are
reflected to factor income. This is due to imperfect competition in the intermediate goods
sector. Third, if the contractual enforcement is imperfect and ¢ < 1, © < 1 and ¢ < 1 hold,
while their exact values depend on the whole distribution of enforceabilities u(z). For the
second and third cases, the allocation is not Pareto efficient.

In our model, both © and ¢ are influenced by the distribution of p and therefore affected
by the contractual incompleteness. A small value of © means that there is a large production
inefficiency originating from the two misallocations we discussed in Section 3.3.3. A value of ¢
less than one means that the factor suppliers are not able to receive their marginal product.

The effect of p on © and ¢ can be distinctive. For example, take an extreme case where

15



p(z) = 0 for all z. In this case © = 1 holds, because for given K and L, all factors are used in
a balanced manner across tasks and products. Thus there are no misallocations that reduce
©. However, the value of ¢ = a¢/(a + ¢) is lower than ¢ (the value of ¢ in the complete
contract case) in this case, because the factor demand is affected by the incompleteness of
the contract.

Note that for a given production inefficiency O, there is a discrepancy between social and
private returns for capital and labor. In particular, the social returns are proportional to ©
while the private returns are proportional to g. Therefore, the ratio ©/q is a measure of factor
supply distortions. When ©/¢q = 1, there is no distortion. When contracts are complete,
©/q = 1/¢, which is larger than one when ¢ < 1. The following proposition characterizes

the behavior of ©/q.

Proposition 3 If u(z) € [0,1) for a strictly positive measure of z, then ©/q > 1/¢. Let
O(p) be the value of © in an economy where all firms have enforceability p. Define q(u)

similarly. Then ©(w)/q(w) is a strictly decreasing function of .

Proof. See Appendix D. m

The first part of the proposition implies that when contract enforcement is imperfect, the
gap between social and private returns is larger than the perfect enforcement case. In that
sense, the imperfection in contract enforcement worsens the factor supply distortions. The
second part of the proposition deals with a special case where all industries have the same
. In this case, we can obtain a sharper characterization: the gap between the social and
private returns widens monotonically as p becomes smaller. Thus, the factor supply is more
distorted in the economy where contract enforcement is more difficult.

In order to gain further intuition, consider a special case. Let F(K,L) = K 911=9 where
6 € (0,1), and u(C,1 — L) = (C"(1 — L)!=")? /(1 — o) where € (0,1), 0 > 0, and o # 1.

From (7), in the steady state, the following holds:

K_[_ 6g |77
L |1/B—1+6k

16



Recall that in the first best, ¢ = 1. When ¢ < 1, the capital-labor ratio is smaller than the
first best level, because the return to capital is lower than the case of first best. Combining

this with (8) and (9), we obtain the steady-state level of labor?

e[ (0t ]

and therefore the steady-state level of capital stock is

[ 6 JTea-n (6 e\
K_L/B—lJr(SK] [77(1—9)((1 1/5—1+5K>+1] '

The level of L is a function of ©/¢ that we highlight in Proposition 3. In particular, a large
value of ©/¢, which is a result of small ;1 (low level of contract enforcement) in Proposition
3, leads to a small value of L. For K, the level of ¢ has an effect in addition to ©/¢q. Note,
once again, that these distortions on K and L are in addition to the production inefficiency
(that is, © < 1) that we highlighted in Section 3.3.

The inefficiency due to the misallocation is closely related to the recently evolving litera-
ture on misallocation, such as Restuccia and Rogerson (2008) and Hsieh and Klenow (2009).
The discrepancy between private and social returns due to incompleteness of contract echoes
a traditional view of institutional inefficiencies. For example, North and Thomas (1973) ar-
gue “Growth will simply not occur unless the existing economic organization is efficient. ...
Some mechanism must be devised to bring social and private rates of return to closer parity.”

The next Section describes how such a mechanism can evolve over time.
3.5 Economy with incomplete contracts and evolving institutions

As we have seen in the previous Section (in particular Section 3.3.2.1), the model with
constant levels of contract enforcement cannot replicate the empirical pattern in Section 2.
Thus we turn to a model where contracting environment improves: pu(z) becomes larger
over time. In general, the changes in economic institutions have been considered as an
important engine of economic development by many historians. North and Weingast (1989)

discuss how the government was able to commit to growth-promoting economic rules, such

4See Appendix C for details of derivation.
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as secure property rights, following Glorious Revolution in 17th-Century England. They
argue that this change lead to factors that became a foundation of England’s long-term
economic success, such as the development of private capital market. Acemoglu, Johnson,
and Robinson (2005b) describe the growth of Western Europe from 1500 to 1850 and argue
that its dynamics was strongly affected by the development of commercial-friendly economic
institutions, such as secure private property rights, which in turn was influenced by the
medieval political institutions and the growth of Atlantic trade.

In the context of our model, pu(z) reflects the quality of contracting institutions. There
are several possibilities in modeling how it can be improved. For example, it is possible
that private agents who benefit from better contract enforcement (for example, intermediate
goods producers in our setting) spend their own resources in order to make the contract-
ing environment better.” Here, as a first step, we assume that the contracting institutions
are determined by the government actions. North (1990) argues “there are immense scale
economise in policing and enforcing agreements by a polity that acts as a third party and
uses coercion to enforce agreements (p.58).” He also notes that “creating a system of effective
enforcement and of moral constraints on behavior is a long, slow process (p.60).” Acemoglu,
Johnson and Robinson (2005a) argue that “if the legal system functions properly, there is an
array of enforceable contracts ... These contracts can be enforced because there is an author-
ity, a third party, with the power to enforce contracts. ... all such power emanates from state
(p-429).” North and Thomas (1973) summarizes: “Justice and the enforcement of property
rights are simply another example of a public good publicly funded (p.7).” Thus the natural
first attempt would be to model this process as government investment in a type of “social

capital” that enhances contract enforcement.® One example that fits this formulation is an

SPopov (2014) considers a related principal-agent model where principal chooses the level of enforcement.

SWe use the term “social capital” in an analogy to physical capital stock, as is clear in our formulation.
North (1981, Chapter 15) is explicit about the analogy to capital stock in describing the incremental na-
ture of institutional change. Some other researchers use the term “social capital” with somewhat different
connotation—for example, Knack and Keefer (1997) consider “trust” and “civic norms” as the contents of
social capital. Hall and Jones (1999) consider a concept similar to our social capital and they call it “social
infrastructure.” They use an index of government antidiversion policy, originally used by Knack and Keefer
(1995), and openness to trade in constructing their social infrastructure measure. They argue that social
infrastructure is essential in explaining cross-country income differences. Acemoglu, Johnson, and Robinson
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improvement of legal system and courts, which is an important part of contract enforcement

institutions.
3.5.1 General formulation

Let the level of social capital at time ¢t be Gt. The social capital evolves with
G = (1 -6¢)Gt + Ig,

where d¢ is the depreciation rate of the social capital and I is the investment (government
spending). We assume that institutional investment is in the form of final goods.

We model the effect of institutions on firms’ contractibility p(z) in a manner that is
consistent with Nunn’s (2007) measure of contract intensity. We assume that a fraction pu(z)
of investments in inputs are of standardized nature and can be bought on an exchange; as
a result these investments are not subject to hold-up problems. This innate enforceability
follows from the nature of the production process and is assumed to be constant over time. We
assume that p(2) can be different across different z and is continuous and strictly increasing
(the firms are indexed in order of innate enforceability) function of z.

The intermediate good firm uses the public enforcement to ensure contract compliance
on the remaining 1 — p(z) types of investment. The probability of success depends on the
level of social capital Gy. The total fraction of enforceable investment u(z, Gy) is expressed

1(z, Gt) = p(z) + h(G)[L — p(2)], (10)

where the function h(G¢) is the probability of successful enforcement. We assume that h(-)
is differentiable, strictly increasing, strictly concave and 0 = h(0) < h(G) < 1 for any G > 0.

Thus in our model, institutions (represented by G;) affect economic outcomes by changing
the enforceability characteristics of firms u(z, Gy). As a result, institutions determine the

distribution of p and hence the economy’s productivity ©. In the following, (with a slight

(2001) and Rodrik, Subramanian, and Trebbi (2004) also find that measures of property rights and rule of
law are important in explaining cross-country income differences using different empirical strategies. La Porta
et al. (1999) analyze the determinant of government quality, which includes the index of property rights,
corruption, and bureaucratic delays, in the cross section of countries.
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abuse of notation) we denote this dependence as O(G¢). Similarly, the price of raw materials
is also a function of G; and expressed as q(Gy).

With these expressions, the aggregate resource constraint for the economy is given by
Ci+ Gy + Kip1 = O(Gy) F(Ky, Ly) + (1 — 0x ) Ky + (1 — )Gy (11)

Here, we have used the assumption that institutional investment is in terms of the final good.
We assume that the government (whose function is to undertake institutional investment)
has access to lump-sum taxes, or equivalently, can tax firm profits. We also impose the

following constraints on Cy, Kyy1, and Ly:

Cy >0, (12)
Kt+1 > 07 (13)

and
L; € (O, 1) (14)

for all t. These ensure that the solutions are interior and can be characterized by the first-
order conditions.
Since labor supply and investment in the capital stock K;y; must be consistent with

household optimality, the allocation must satisfy
ur(Cy, 1 = Ly) = B(1 + ¢(Gre1) Fr(Kiqr, Lig1) — 0k )ur(Crgr, 1 — Liga) (15)
and
UQ(Ct, 1-— Lt) = q(Gt)FQ(Kt, Lt)ul (Ot, 1— Lt) (16)

Then the benevolent government’s problem is given by

max Z Blu(Cy, 1 — Ly)

{Ot Ke41,Gry1} 45

subject to (11), (12), (13), (14), (15), and (16).
The problem above is similar in nature to the classic problem of finding optimal distor-

tionary taxation. We can transform the problem into a recursive form using the technique
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pioneered by Kydland and Prescott (1980). In particular, we introduce an additional state

variable A which is the right-hand side equation (15). The problem becomes:

U(K> G7 )‘) = sup U(C,l _L)—{_BU(K,?G/v)\,)v
C>0,Le(0,1),K'>0,G">0,\

subject to
C+K +G =0(G)F(K,L)+(1-6x)K + (1 -6¢)G, (17)
Q(G)FQ(K7 L)ul(cal _L) :u2(071_L)7 (18)
u(C,1—L) =N, (19)
Bl — 6k + q(G)Fy (K, L)Juy (C, 1 — L) = A, (20)

and

N e QK G). (21)

Here, prime () represents the variable in the next period. The equation (17) is the resource
constraint, (18) is the individual optimality condition for labor supply, (19) is the version of
the consumer’s Euler equation and (20) is a promise-keeping constraint on A. Finally, (21)
is a condition that )\ falls into the set of next period’s Lagrangian multipliers which can
be attained for (K’,G’). This is also known as an “admissibility condition” and Q(K,G) is
called the “admissible set.” The definition and the computation of Q(K,G) will be spelled

out in the special case described below.
3.5.2 Special case with fixed labor supply

The problem can be substantially simplified by abstracting from the labor-leisure choice and
fixing the amount of labor supply. We consider this special case in this Section. We denote
the utility function as u(C}) and normalize L; to 1. To simplify notation, let f(K) = F(K,1).
Now the condition (18) can be dropped from the recursive problem. In this case, given the

state variables, the promise-keeping condition (20) pins down C' uniquely by

C = u/—l A
B —dx +q(G)f'(K))
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Similarly (19) and (20) imply

A

N = S0 on 1 @)

Then the planner’s problem is reduced to the choice of (K’, G’) subject to the resource and
admissibility constraints.

Before solving the problem, we have to pin down the admissible set Q(K', G’). Let
A = {{x}32, 2¢ € R3} be the space of sequences of nonnegative triplets of real numbers.
Let I' : Ry4 x Ry = A be the correspondence that maps from the pair (K, G) into the set
of all sequences that satisfy (11), (12), (13), (14), and (15), where the first component of the
triplet is understood as C, the second is K’, and the third is G’.

Define the mapping m : A x R4y x R — R by
m((z¢), K, G) = B(1 — 0 + ¢(G) f/(K))u'(z0(1)),

where (z;) is an element of A and z¢(1) represents the first component of z( (that is, the

consumption at time 0). Then the admissible set is formally given by
QK. G) = {m((z), K, G) : (x) € I(K,G)}.
The following proposition shows that Q(K, G) can be characterized by its lower bound.

Proposition 4 For every (K,G) € Ryy x Ry, QK,G) = [w(K,G),00), where w is a

continuous function which is strictly decreasing in K.

Proposition 4 implies that Q(K,G) is convex-valued and closed. The admissibility set
Q(K,G) has an obvious recursive structure: for a given admissible triplets (X', K/, G’) that
satisfies (21), the constraints (17), (19), and (20) provide restrictions on all combinations of
(A, K,G) that makes (), K’,G") feasible. In turn, these combinations of (), K, &) have to

be consistent with the admissible set of (X, K/, G’) postulated initially.”

"This idea was first demonstrated by Kydland and Prescott (1980) and later formalized by Abreu, Pearce
and Stacchetti (1990).
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The special structure of our problem allows us to find ) by an iterative procedure. Let
v: Ry xRy — Ry be a continuous function. This is the (initial) guess for w. Define the

operator T by:

Tv(K,G) = C>07K/rr>1%r71G,207X A= B(1 -0k +q(G)f'(K))u'(C)
subject to
C+K'+G =0(G)f(K)+(1-4dx)K+ (1-6c)G,
u'(C) =N,
and

N >v(K' G).
This problem is well-defined for a particular subset of functions, as is shown below.

Lemma 1 Let A={v:Rii xRy = Ry, Vv is continuous and limg_,ov(K,G) = 00,VG}.

Then T is defined on A and TA C A.

Proof. See Appendix D. m

Then one systematic method of finding w turns out to be to start with some v < w and

iterate on the operator T till convergence.

Lemma 2 Letv € A, v <w, and Tv > v. Then for every (K, G), the sequence (T"v)(K,G)

converges and lim,,_,(T"v)(K,G) = w(K, G).

Proof. See Appendix D. m

One initial guess that satisfies the conditions of Lemma 1 and Lemma 2 (with Inada-like

conditions on f(K)) is
V(K,G) = B(1 =0k + q(G) f'(K))u'(O(G) f(K) + (1 = 6x) K + (1 = 0¢)G).

This gives the upper bound consumption C' to the consumer at the current period (K’ = 0
and G’ = 0), which is unattainable because of the constraint K’ > 0, and therefore v < w

and Tv > v are satisfied.
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3.5.3 Numerical implementation
[In progress|
4 Conclusion

[To be written)]
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Appendix

A Details on data sources

We use the measure of contract intensity developed by Nunn (2007). That measure is based
on data from the input-output tables of the U.S. for 1997. Nunn (2007) assigns a contract
intensity score to 386 out of 486 categories in the 1997 IO classification. Since the missing
categories are from service industries, we focus the analysis on manufacturing (where the
data is complete). Another reason we use manufacturing sector is that we want to stay away
from the issue of structural transformation, which can be driven by the demand side.

We use data on production from the KLEMS initiative. KLEMS uses ISIC 3.1. indus-
try classification at the two digit level (60 industries). We employ the following procedure
to assign a contract intensity measure on each of these industries. The BEA provides a
concordance between 1997 IO and the 1997 version of the North American Industry Classifi-
cation System (NAICS). The Census provides a concordance between 2002 version of NAICS
and ISIC 3.1. Finally, we use concordance between the 1997 and 2002 versions of NAICS,
provided by the BEA.

Many 10 codes are mapped onto multiple ISIC 3.1 categories. For category ¢ at the

two-digit ISIC 3.1 classification, we assign the following contract intensity measure:

2o Tig

Z = 72} —
where j spans the 1997 IO categories, x; ; is the number of NAICS codes that are mapped
to both 7 category in ISIC and j category in the IO classification; z; is the contract intensity
measure of Nunn (2007).

For a few countries, some of the 60 ISIC 3.1 categories are aggregated. In this case, we
compute a weighted average of the scores of constituent categories and use it as a measure.

We use the average share of each industry in the grouping in the UK as weights.
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B Derivation of the Shapley value

We follow the “heuristic derivation” of Acemoglu, Antras and Helpman (2007). To compute
the Shapley value, we first consider all feasible permutations of all players. Then consider the
marginal contribution of a particular player to the coalition ordered below her. The Shapley
value is the average of these marginal contributions.
Now, consider the marginal contribution of a particular supplier. The price of intermedi-
ate good z is
p(z) =Y 0y(2)",
and thus the revenue is
R(z) = Y17%y(2)?.

Using the production function, the revenue generated by the coalition of the intermediate

good firm and n suppliers (n € [0,1]) is

R,=Y'? [/On <eXp (/01 lnx(i,j)di)>adj] e

The marginal contribution, evaluated with z(i, j) = . for ¢ € [0, u] and j € [0,n], x(i,]) = =y,

for i € (u,1] and j € [0,n), and z(7,j) = z,(j) for i € (p,1] and j =n is

NSO
m(j,n) = 8;2" _ gyw [U’U;(J)] OB (60

The marginal contribution of supplier j is zero if the intermediate good firm is not included
in the coalition. Thus the marginal contribution is m(j,n) with probability n and zero with

probability 1 — n. Considering all possible orderings, the Shapley value for supplier j is

Lo 1=6 [z s st
55 _/0 nm(j,n)dn = (1 —~)Y {x] aPHad ST

The intermediate firm receives the leftover of the revenue in the symmetric equilibrium:

s; = Y170 d(-n),
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C Derivation of the steady state expressions in Section 3.4

The first-order conditions at any date are:

we _ (1=n)/n

Ct 1—Lt

T L)) = B0 b )T (L = L) PO
Consider the steady state values and omit the time subscripts. Then,

w (1—=n)/n

Y —ogK  1-1L (22)
and
1 1406 (23)
r=——
B K
hold.

Let X = KYL'Y be the steady-state production of raw materials. Final output is

Y = ©X. Then the steady state factor prices are:

w— (1 —LG)Xq
and
r= ngq. (24)
Plugging r in (23), we obtain
X
i (25)

where m = (1/8 — 1+ dk) /0 and m is independent of the distribution of p.

Using the expression for w, we rewrite (22) as

=X, (I =n)/n

OX -6, K 1—-n

or
U%at _ (—n)/n
0% — ok 1—-L
Using (25),

(1-0)m 1
¢ 47 (1—n)/n
@%—5;( 1—L °
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Then solving for L, and substituting m back, we obtain

[1-n (0 kb -
v=[oi (5 i) 1)

the expression in the main text. The expression of K /L can easily be derived from (23) and

(24).
D Proofs

Proof of Proposition 1. It is sufficient to show that D(pu) is strictly increasing. From the

expression in the main body of the paper,

Define p = a(1 — 7). Note that p = ag/(a + ¢) < ¢. Then we have

L B \*
D(p) = p™=* ( ) :
) pl/(1=9)
Substitute the expression for B(u) to get

o (pl—ptpu\Te 1 e
D — pl— - & s
W) =r ¢<p1—¢+¢>u>

D) =% | T2 P57 )+ 00755 ()
v e ()
= o [ )|

Let g(p) = pf'(w)/f(1) + In(f(p)). Then D'(u) > 0 is equivalent to g(u) > 0. We will show

that ¢’(u) < 0 and ¢g(1) > 0. First, we take derivatives to see that

p—¢
1—p+pp)(l -+ op
_ p—¢ B B B B
_(1*p+w)(1*¢+¢u)[(1 o)L —p+pp)+1—pp(l—¢+ou)] <0,

where the last inequality follows from the fact that p < ¢ and all the other terms are positive.

g(u):(

Finally ¢(1) = In(¢) — In(p) + p — ¢. Since ¢ > p and In is strictly concave, In(¢) >

In(p) + %(qb—p). Then g(1) > (% - 1) (0—p)>0. m
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Proof of Proposition 2.

Define
pe(p) + (1 — p)an(p)
n(w) " :

(Here, we are explicit about the dependence of z., x,, and y on p.) From the production

function (5),

1t ()l
) = T G )

It is straightforward to show that n(u) > 1 when x,(u)/xc(1n) # 1

From the expressions on z,(x) and z.(x) in the main text,

n(p) /() = a1 = 7)B(u) "4,
Substituting the expression for B(u) in the main text, we can see that

dan(p) _all—v)  ¢-al—7)
dp we(p) ¢ (1—-(1-pal-7y)?

Then for all p < 1, xp(p)/xc(pt) < xn(1)/2.(1) = /(a4 ¢) < 1. Therefore n(p) > 1 for any

> 0.

w <1l

Since the market for raw materials clears in equilibrium,
1
F(K, L) :/0 [1(2)ze((2) + (1 = p(2))wn(p(2))]dz
1
= [ i
1
> [ vl(e)yas

= ([ vwtnas
zulwwmﬂ¢:x

where the third line follows from the fact that y(u(z)) > 0 for all z and n(u(z)) > 1 for a

Sl

=

positive measure of z. The fifth line follows from Jensen’s inequality. Thus, the chain of

inequalities implies Y < F(K, L), therefore © < 1. m

Proof of Proposition 3.
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We show the second statement first. From the derivation in the main text, we know that

i D(u()?dz] # 1
©  TH@eyd  Jy D(p(2)%dz

1-9 1 )
T[] T o HG)E

Then in the case when all intermediate goods producers have the same u, we get:

0w _ D(w)? _ D( )¢—1M

a(p) — H(p) H(p)'

From the derivation in the main text,

D) = a1 = 7))~ By #179) — (0= (1),

where we defined p = a(1 —v) = a¢/(a + ¢). Note that p € (0,1).

From the definitions of H and D, it follows that

D(p)  pHB(p)~(1-m0-9)
H(p)  p+ (1 —p)pB(p)-0-9

Combining the two expressions above,

O(p)  p~ W B(u)—rI=O)pl=r p(y)~(1-11=¢) B(pu)~1=9) _ fw)

a(p) p+ (1= p)pB(p)=0=9) Tt (U= wpB(p) 09 T g(u)’

where f and g represent the numerator and denominator respectively. Since

d O(u) 1 [f’(u) 9’(#)}’

dua(p) — fwelw) [ f(n)  g(p)

s - ') g'(w)
it is clearly sufficient to show that OB IO, 0 for all pu.

First, we derive f’/f. Substituting the expression for B(u), we get that

L—¢+op

— -(1-¢) —

Taking derivatives, we see that:

f'(w) ¢—p

fp) A —p+pu)(l—od+ou)

Next, we turn to ¢’/g. Again, we substitute the expression for B(u) to show that

pl—0o+op

g(u)=u+(1—u)51_p+pu-
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Taking derivatives yields,

g 1B (- Wi
g(p) pt (1 —p)h=oton
Simplifying,
gw _ 1 ¢—p
g(p)  1=p+pup(d—p+pd)+p—pd
This implies that
() g'(w) ¢o—p 1 1

fw)  glw) 1-pt+pull—0+ou plé—p+pd)+p—po
B (¢ —p)(up(1 —¢) + (1 —p)(1 —¢))
(I=p+pp)(1— ¢+ ou)u(¢ —p+pd) +p—pg]

<0

(note that ¢ —p > 0 from the definition of p), which concludes the proof that ©(u)/q(p) is
decreasing.

Next, we shall prove the first statement of the proposition. It will be convenient to restate
it as ¢/© < ¢ if u(z) € [0,1) for a strictly positive measure of z, or

[ H(u(z))d> B H(1)
Jo D(u(z))¢dz ~ D)

This statement is equivalent to

where v is a probability measure on the Borel sigma-algebra such that v({1}) < 1. Let

h(p) = H(p)/D(p)?. Then the statement can be rewritten as:

[ () W )
h(1).
fD ¢dy <h(1)
Define the Borel probability measure v by vi(A) = [, D p)®dv )/ [ D(u)®dv(p). By

the change of variables theorem, the statement is equivalent to:

/ h(p)dvi(p) < / h(p)dva(p),

where vy is the probability measure such that vo({1}) = 1. Since h is strictly increasing

(from the first part of the proof), it is sufficient to show that vo first order stochastically
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dominates v strictly. By construction v1([0,a]) > 0 = 15(]0,a]) for all @ < 1 and v4([0,1]) =
v2([0,1]) = 1. Since D(p) > 0 and v([0,a]) > 0 for some a € [0,1), v1([0,a]) > 0 = v2([0,a])
for some a € [0, 1), which shows that 15 first order stochastically dominates vy strictly, which

concludes the proof. m

We introduce a technical lemma, which will be useful in the proofs of Proposition 4,

Lemma 1 and Lemma 2.

Lemma D.1 The functions 0(G) and q(G) are continuous and 0(G) > 0, ¢(G) > 0, VG.

Also q s strictly increasing in G.

Proof. Let v be the probability measure on p induced by p. For any Borel set A C [0, 1],
define A" = {z € [0,1] : pu(2) € A}. Then v(A) is equal to the Lebesgue measure of A’ (which

is a Borel set). Then the probability measure on p in an economy with institutions G is given

v((0,a],G) = v [O,min{o, (11:28}] .

Since [0, a] generates all the Borel sets, we have uniquely determined v(., G). Moreover, the

by:

CDF that v(.,G) defines is continuous in G, hence for any continuous function g(u), the
integral f[O, 1g(n)v(du, G) is continuous in G.

Then since
1-¢
@

q(G) = D(p)*v(dp, G)

[0,1]
q(G) is continuous since D(pu) is continuous. ¢(G) > 0 since for all p, D(pu) > 0. Also ¢(G) is

)

increasing in G since D(p) is increasing and if Go > G then v(., G2) first-order stochastically
dominates v(.,Gq).
Next, )
[f[o 1) d/" G) ’

is continuous in G since H(u) > 0, D(u) > O for all p. Similarly ©(G) > 0. =

Proof of Proposition 4.  We first show that that if A € Q(K,G) and X > A, then
N e QK,G).
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Let {Ct, Kiy1, G112y € I'(K,G) such that (1 — 0x + q(G) f'(K))u/'(Co) = X\. We
will construct a modified sequence {C{, K{ ,,G},}2, € I'(K,G) such that 5(1 — ok +
A(G) (k) (Ch) = N.

Let G} = G for all t. Let C{j be defined by S[1 —dx +q(Go) f'(Ko)|uw' (C}) = N. By strict
concavity and Inada conditions of u, C{, exists and 0 < C{; < Cy. Define K7 in such a way to

satisfy the resource constraint:
K1 = 0(Go)f(Ko) + (1 = dx) Ko + (1 = dg)Go — G1 — Gy,

Clearly, K{ > K;. Then, we construct the alternative sequence recursively by (for ¢ =

1,2,3,...):

=y ( u'(Ci1) )
Bl = bk + q(Ge) f'(K})]
i1 =O(G)f(K}) + (1 = 6) K + (1 — 04)Gt — Geya — CI.

By induction, 0 < C} < Cy (because v/ (C{_;) > u/'(C;—1) and f'(K}) < f'(K;)) and K} >
K41 (because f(K}) > f(K;) and C] < C}), so the new sequence is feasible, and satisfies all
constraints. Therefore X' € Q(K, G).

Then showing that Q(K, G) = [w(K, G), 00) is equivalent to proving that the minimization
problem:

min{m((z:), K,G) : (z¢) € I'(K,G)}

has a well-defined solution. We will use the theorem of the maximum to prove this claim,
which will also demonstrate that w is continuous.

Endow A with the metric

[e.9]

(@), () = D27 e — wlls,

t=0
where ||| is the usual Euclidean metric. Let the ¢-section of a set A be the set {x € R3 :
x = ¢, (x¢) € A}. Then A is closed if and only if all its ¢-sections are closed. Similarly, if
all t-sections of a set A are uniformly bounded in the Euclidean metric, then A is totally

bounded.
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Unfortunately, I' is not compact-valued. We will show that without loss of generality, we
can restrict () to some I'(K, G) such that I'(K,G) C I'(K,G) and T is compact-valued and
continuous.

Define the maximum sustainable capital stock K by the solution of f (f( ) = oK. Let
K(K) = max{K, K} and G(K,G) = max{G, f(K(K))/(1-d¢c)}. Define C(K) = f(K(K))+
(1 — §x)K(K). Then for any feasible path, 0 < K; < K(K), 0 < Gy < G(K,G), and
0 < C; < C(K) are satisfied. Thus I'(K, G) is totally bounded.

For any feasible path, 0 < ¢(0) < q(Gy) and f/(K(K;)) < f'(K;) are satisfied. Then if
we define z(K) = B(1 — dx + q(0)f'(K(K))), for any feasible (K, Gy), 2(K) < B(1 — dx +
a(G) f'(K3)).

Consider a feasible policy Gi+1 = (1—0g)G¢. Given this sequence of G and T', the economy
has a unique equilibrium, which is continuous with respect to (Ko, Gp); let period zero
consumption of this equilibrium be denoted C' (K, G). Then, without loss of generality, we can

ignore the elements (x;) € A such that m((z¢), K,G) > 8(1 — 0x + ¢(G) f'(K))v' (C(K, Q)),

or v'(Cp) > v/ (C(K,G)) in the minimization problem. This imposes a restriction on Cp:

u'(Cy) < u'(C(K,Q)) or equivalently
Co = Cy(K, G) = u' (/' (C(K, G))).

Iterating on the Euler equation (15),

U/(Ct)
_ u'(Co)
B e G FUR) % B0 =0+ a(GF () > < 501 = dic + (G T (D)
u (Co
= LK)
_ W(C(K,G))

hold, where we used the restriction of /(Cp) < «/(C(K,G)). Then, without loss of generality,

we can impose the restriction on Cy, t = 1,2, ...

Cy > Cy(K,G)=u'1 (W) :
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Iterating on the Euler equation (15) once again,

B(1—b6x+q(Gy) f(Ky)) = u'(Co)

w(CB(L =0k + q(G1) /(K1) x -+ x B(L = 6 + q(Gi-1) [ (K1)

The right-hand side is smaller than

] W(C(KG)
W(C(R)IB — o + (0) FE KT

and therefore

q(Go) f1(Ky) < (1—0k).

Since q(Gy) f'(K¢) > q(0) f/(KY),

_ d(C,(K,G)) 16k
= Ba(0)u/(C(K))[B(L — 0x + q(0) f'(K(K))]=1 q(0)

With Inada condition on the function f(K), this shows that the condition K; > 0 is auto-

f(Ky)

matically satisfied if (11), (15) and C; > C,(K, G) are satisfied.

Then define T'(K,G) = {(z) € A : (11), (15),C; > C,(K, G),Vt for given (K, G)}. Since
all the constraint functions are continuous and the inequalities are weak, all ¢-sections of T
are closed, hence I'(K, Q) is closed. Since T'(K,G) C T'(K,G), it is also totally bounded,
hence f(K , @) is compact-valued. Finally, since all the constraint functions are continuous,
['(K,G) is continuous. Then the rest of the proposition follows from the theorem of the
maximum.

Finally, showing that w is decreasing in K is proven in the same way as proving that

A€ Q(K,G) and X > X implies that X' € Q(K,G). m

Proof of Lemma 1. Since K,G are fixed, the optimization problem is equivalent to
maximizing consumption C' subject to the constraints.
Define K'(K,G) = G'(K,G) = L[O(G) f(K) + (1 — 6x)K + (1 — 65)G] and

C(K,G) = min {;[@(G)f(K) +(1—6)K + (1 -0g)G), v Y (v(K'(K,Q), (K, G)))} .

Then (with free disposal) the triplet C(K, @), K'(K,G), G'(K, G) satisfies the constraints for

T and is continuous.
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Then define the correspondence
N(K,G)={(C,K' G):(17),d(C) > v(K',G"),C > C(K,G)}.

Since limg o v(K, G) = co and for all (C, K',G") e I(K,G), v(K',G") < (C(K,G)), K' >
0 is satisfied for all (C, K’,G') € I'(K,G). Therefore I respects all the constraints of T and
without loss of generality we can perform the minimization subject to (C, K, G') € I'(K, Q).

Since (C, K',G") € [0,0(G) f(K)+ (1 —0x)K + (1 —6¢)G?, clearly I'(G, K) is bounded.
By continuity of the constraint functions, I is closed, hence compact-valued. Continuity of
the constraint functions also ensures continuity of the correspondence. Then Tv is continuous
by the theorem of the maximum.

Finally, Tv(K,G) > (1 — dx + q(G) f'(K))u'(O(G) f(K) + (1 — dx)K + (1 — d¢)G), so
limg 0 Tv(K,G) = oo and Tv(K,G) > 0. m

For proving Lemma 2, we use the following results.
Lemma D.2 Tw = w.

Proof. The proof is standard. Clearly w € A, so by lemma 1, Tw is well-defined.

Fix K, G. Let ¢y, k1, g1 be an arbitrary triplet satisfying the constraints in problem 7 for
w. Let (¢t key1, gr+1)721 € T'(k1, g1) such that S(1— 3, +q(g1)f' (k1))u'(e1) = w(k1, g1). Then
since

u'(co) > wlki, g1) = B(1 = 0k + q(g1) f'(k1))u (1),

co, k1, 91, (¢t kit1, g41)521 € T(K,G). Therefore S(1 — o + q(g0)f'(ko))u/(co) > w(K,G).
Since the triplet was arbitrary 8(1 — o + q(go) f'(ko))u'(co) > w(K, G) for all co, ki1, g1 that
satisfy the constraints of problem T, so Tw(K,G) > w(K, G).

Next, let (ct, kit1, g1+1)729 € I'(K, G) be arbitrary. Then (ct, kty1, gi41)52; € T'(k1,91),
s0 B(1 = 0k + q(g1) [ (k1)v (¢1) = w(ka, g1)-

Then u'(co) > B(1 — 0k +q(g1) f'(k1))u'(c1) > w(k1, g1); also co, k1, g1 satisfy the resource

constraint and the non negativity constraints, so cg, k1, g1 satisfies the constraints for 7. Then
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B(1 — 6k + q(g0)f'(ko))u'(co) > Tw(K,G). Since (ct, ki1, 9e+1)52y € T'(K,G) is arbitrary,
wK,G) >Tw(K,G). =

Proof of Lemma 2. The operator T is clearly monotone, so T'v > v implies T2y > Tv and
then by induction 771y > T™v. Similarly, the assumption v < w implies T"v < T"w = w,
where we used lemma D.2. Then for any (K,G), (T"v)(K,G) is a monotone and bounded
sequence of real numbers, hence it has a limit.

Next we show that lim, . (T"v)(K,G) = w(K,G). Fix K,G. Let H, be the policy
correspondence that solves problem T given 7" 'v. Let kon = k,g0,n = G. Then define
(Ctms kt+1m, Gt41,n) recursively by (cen, kttim, Gt41n) € Hp—t(kepn, gen) if t < n —1 and
(¢tns ktt1m, gt+1,0) = (0,0,0) if t > n.

Since T"v < w, it follows that ¢y, > ¢(K, G) for all n. Then by the same reasoning as in
the proof of proposition 4 ¢;,, > ¢,(K,G) if t <n —1.

Let Yn = (Ct,’m kt+l,n7gt+l,n)1?i0- Define
AK,G = {{xt}?ioﬂft € [07E(K7 G)] X [07E(K7 G)] X [G(Ka G)]}

Then y, € Ak, for all n. Since Ak g is compact in the metric we defined above, (yy)
has a convergent subsequence (y,,) with a limit in Ag . Denote ¢; = limycp,, kiy1 =
limyg ki 11,n,, gt = limy gg -

By construction ¢nt, kn.t, Gnt, Cnt+15 knt+1, gnt+1 satisfy (11), (12), (13) and (15) eval-
uated at ¢t if n > t + 1. This fact and the continuity of constraint functions, implies that
(cty kg1, gre1)i2, satisfy (11), (12), (13) and (15) for all t. Therefore, (¢, kiy1,Gr+1)i2o €
L(K, G), so B(1 — 6a(G)f (K))u'(co) = w(K, G).

Also by continuity (1 — drq(G) f'(K))u'(co) = lim,, T"v(K,G) < w(K,G). Then
lim, T"v(K,G) = w(K,G). =
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