
Who Quits Next?

Firm Growth in Growing Economies

Julieta Caunedo

Cornell University

Emircan Yurdagul∗

Washington U. in St. Louis

February 13, 2015

Abstract

This paper provides a theory linking characteristics of the industry dynamics to

aggregate growth. We analyze firms’ life cycle productivity, employment-age profiles,

and firm selection across countries. Using a large cross-country dataset we document (i)

more frequent labor productivity growth for firms operating in fast growing economies,

(ii) lack of systematic relationship between the tail of the employment size distribution

and growth and (iii) steeper employment-age profiles in slow growing economies. Our

working thesis is that firms’ likelihood of turning their investments into actual produc-

tivity growth, and uncertainty on their returns if successful, impacts firms investment

in productivity, selection and aggregate growth. We think of firm uncertainty broadly,

to include for example political instability, changes in tax regimes, lack of social capital

or firm demand fluctuations. We argue that in slow growing rich productive economies,

steep-employment age profiles are related to high return uncertainty and strong firm

selection. We are able to accommodate poor and rich slow growing economies by de-

coupling firm’s probability of success from return uncertainty. We build a tractable

general equilibrium model that displays endogenous long run growth compatible with

a stationary size distribution and the documented empirical facts. We contribute to

the literature by analyzing how variations in the probability of firm success and return

uncertainty account for differences in observed industry structure and its relationship

with aggregate growth.
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1 Introduction

Entrepreneurs, in braving uncertainty, face the risk of being replaced if their ventures

are not sufficiently successful given the performance of other firms in the market. Selec-

tion and return uncertainty are key in determining the characteristics of firms operating

in the market and growth of the economy. Economies where firms invest little in produc-

tivity and grow slower may have lower growth not only because the levels of investment

are low, but also because the process of firm selection in the market slows down. En-

trepreneurs face two different layers of uncertainty: a) on whether a given outcome is

realized (i.e. introduction of a new product to the market); but also, conditional on

success, b) on the return to any given investment (i.e. profits associated to the new

product in the market). Often times, ventures that entail high uncertainty in both

dimensions, such as those associated to disruptive technologies, are the ones pushing

growth the most.1

In this paper, we argue that disparities in the probability with which firms turn their

investments into actual labor productivity growth (probability of success hereafter), and

uncertainty on returns if successful, can explain the disparate behavior of firm growth

and selection across economies. Then, we show how these two determine of aggregate

growth. We show that patterns of industry dynamics such as the number of operating

firms in an industry, employment-age profiles and age distribution hold information

about both dimensions of firm uncertainty. Both of which are quantitatively relevant

in explaining differences in aggregate growth across countries.

We start by describing cross-country patterns of aggregate growth and industry

dynamics: establishments’ labor productivity growth (productivity growth hereafter)

and employment and age distributions. We use the 2006-2011 Enterprise Survey data

by the World Bank. We analyze their relationship with aggregate GDP growth and

1See Christensen (1997) for a detailed description disruptive technologies.
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income per capita. We document (i) higher frequency of firm level productivity growth2

in countries with higher real gdp growth, (ii) no systematic differences in the tail of

the employment size distribution across countries with different aggregate growth3, and

(iii) steeper employment-age profiles in slow growing economies.

Fact (i) is to be expected if aggregate growth is connected to the activity of the

firms operating in the market. Facts (ii) and (iii) are new and less understood. This

paper sheds light on simple mechanisms that may explain both.

We interpret the lack of systematic relationship between growth and the top shares of

the employment distribution as a symptom of the characteristics of economic growth.

If selection in the market is related to the pace of aggregate economic growth, the

growth rate of the threshold productivity level for survival would likely reflect aggregate

growth of the economy. If firms grow fast, survival thresholds increase accordingly and

aggregate growth can be high. When large old firms are relatively unproductive, firm

growth is slow, selection is damaged and small unproductive firms can survive longer,

while aggregate growth is low. In either case, the share of employment accounted for

by the largest firms in the economy, relative to the average firm, can be the same.

Steep employment-age profiles in slow growth economies are at odds with a pure

selection theory. Such theory predicts positive correlation between selection and the

speed of growth both at the firm level and in the aggregate. Two issues arise. First,

the data analysis is cross sectional, so these profiles cannot be interpreted as firm

employment growth paths necessarily (longitudinal data). Instead, they reflect the

fact that in slow growing economies, relatively large older firms coexist with small

young ones. Second, aggregate growth in the economy is related to the pace of average

productivity improvements, whereas firm employment growth, reflects firm productivity

improvements relative to the mean. There are two types of slow growing economies:

very unproductive poor ones, and very productive rich ones. In the former, fact (iii)

2after controlling for average growth in the economy
3although, in line with the literature, there is a negative correlation with gdp per capita
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is consistent with weak selection, which allows small unproductive firms to survive,

and coexist with large slow growth firms. In the latter, fact (iii) is related to strong

selection, young small firms entering and exiting the market but sometimes experiencing

high productivity growth relative to the mean. If the those successful firms are relatively

few, average output growth is low.

To understand the relationship between the probability of success and return uncer-

tainty and the highlighted empirical facts, we build a tractable model with endogenous

firm selection. In our benchmark, firms are allowed to invest to grow but whether the

returns to investment are realized or not is uncertain. In this benchmark, no additional

return uncertainty is allowed. There is a continuum of firms. Firms can be of the inno-

vative type, or they can just operate with a constant productivity technology. At the

beginning of each period, innovative firms decide whether or not to invest in technology

improvements and how much to produce in the current period. If they invest, they

pay a cost that is a non-linear function of their investment and get returns one period

ahead with some probability. The probability of success is the same for all the firms in

the market, but the realizations of course need not be. Innovative firms can also decide

to liquidate, at which point their technology is taken over by a non-innovative firm.

Non-innovative firms decide whether to stay in the market, produce and pay operating

costs, or exit.

The key fundamental difference across economies is the probability of realizing re-

turns to investment. Real life factors that would affect this rate include political insta-

bility, changes in tax regimes, changes in terms of trade. These factors have a direct

impact on the life cycle of firms through the frequency of growth episodes. In particu-

lar, firms would have different number of periods with positive growth. Probability of

success also alters the expected return per dollar invested, and hence the size of those in-

vestments in equilibrium. Together, these two channels will generate firm productivity

growth profiles that are very different across economies. We analyze a general equilib-

rium model, which is critical for our purposes for two reasons. First, in an economy
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with higher probability of positive returns to investment, firms’ productivity growth

would be faster; which implies that relatively unsuccessful firms exit quicker (strong

selection). Hence, growth in this economy will be higher than the level predicted by a

simple partial equilibrium model where selection is not accounted for. Second, as long

as the advantage of an economy in terms of the returns to investment is common to

all of its firms, the allocation of employment and sales among those is not necessarily

different from an economy with a lower probability of success. This helps our model

replicate the absence of a systematic relationship between growth and the allocation of

employment across firms.

Preliminary computations show that variations in the probability of success that

firms face have quantitative impact on both the rate of investment at the firm level and

aggregate growth of the economy. Moreover, the share of firms investing in productivity

growth, as well as the equilibrium measure of firms operating in the market changes

with the underlying probability of success. This holds even for processes that generate

the same volatility of revenues ex post. More importantly, we generate equivalent tails

of the employment size distribution across economies.

Without return uncertainty, the existence of a balance growth path poses tight

restrictions on equilibrium productivity growth by the firms operating in the market.

In particular, there is no rank reversal, which in turn implies no employment growth.

Intuitively, firms’ productivity grows at a constant rate along the balance growth path.

If the firm is successful, it grows at everybody’s rate. Hence, its employment (which

depends on its relative productivity vis a vis the average) does not change. If instead

the firm is unsuccessful, employment shrinks, as it is now relatively less productive

than before. When we augment our benchmark economy to allow return uncertainty

(and hence for rank reversals), we show that the probability of success jointly with firm

uncertainty are relevant to determine the relationship between employment-age profiles

and firms’ age distribution with aggregate growth in the economy. Furthermore, return

uncertainty and success probability jointly determine the pace of selection in the market
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and the decoupling between average firm growth and aggregate growth.

Related literature. This paper provides a theory that links characteristics of the

industry dynamics to aggregate growth, consistently with the patterns documented in

the data. Allocation of factors across firms has been shown to be key in understand-

ing aggregate productivity differences across countries, and through them, income per

capita (Hsieh and Klenow (2009), Restuccia and Rogerson (2008)). Until recently,

most of the literature that studies the link between the micro structure of the economy

and productivity focused on static allocations. However, static allocations can reflect

firm level distortions that can have lasting effects on incentives to innovation, and firm

growth (as in Hsieh and Klenow (2012), Da-Rocha, Tavares, and Restuccia (2014) and

Cole, Greenwood, and Sanchez (2012)) and ultimately, aggregate growth (as in Akcigit,

Alp, and Peters (2014), Peters (2011)).

Peters (2011) links static misallocation (through markup variation) with innovation

incentives and growth. Akcigit, Alp, and Peters (2014) provides a theory of firm dy-

namics in developing countries based on contracting frictions that prevent managerial

delegation in weak institutional environments, i.e. poor economies. Both Akcigit, Alp,

and Peters (2014) and Peters (2011) follow the Klette and Kortum (2004) tradition in

that firms innovate by deciding the frequency of upgrades. Distinctively, we fix the

frequency of innovation episodes, but we allow firms to choose the intensity in the im-

provement. This is important because in an environment where firms only decide the

frequency of upgrades, steep employment age profiles are always coupled with faster

growing economies. As mentioned before, this fact is at odds with the data. We are

able to accommodate slow growing economies and steep employment age profiles by

decoupling success rates from return uncertainty.

Hsieh and Klenow (2012) analyze employment age profiles in India, Mexico and the

US to argue that about 25% of the differences in aggregate TFP can be accounted by

disparities in firm employment growth. When analyzing a general equilibrium model
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with endogenous productivity growth (as in Atkeson and Burstein (2010)), they ad-

just returns to innovation in each country by the revenue distortions uncovered from

the mexican and indian data. Because employment profiles are flatter in these coun-

tries, implied tax distortions are higher for firms with higher productivity. Higher tax

distortions for more productive firms, induce the model to predict flatter employment

profiles. In this paper we take an alternative path. We argue that it is not the actual

return that is lower for more productive larger firms, but the expected return, once

adjusted by uncertainty. Whereas the same technologies might available in developed

and developing countries, their expected returns are different. Furthermore, our result

holds even assuming that uncertainty on returns is the same irrespective of firm size.

Slower growth as the firm ages is not generated by productivity dependent penalties

on innovation, but through a general equilibrium effect via endogenous selection, i.e.

entry and exit.

Another piece of research that argues that while the same technologies might be

available across countries, features of the environment in which firms operate can gen-

erate disparities in the technological ladders that firms adopt, is Cole, Greenwood,

and Sanchez (2012). The authors assert that poorer financial markets can explain the

disparities in total factor productivity and employment size distribution. Contract-

ing problems are undoubtedly a relevant mechanism that explains flatter productivity

profiles. Akcigit, Alp, and Peters (2014), analyze contracting frictions that affect the

ability of entrepreneurs to delegate managerial activities. Such friction can explain

why it is optimal in certain economies for firms to remain small through time. Im-

provements in the contractual environment improve the net benefit of delegation and

induces firm growth. In our paper, we vary the probability of obtaining returns to any

given investment, conditional on the investment taken place. The presence of contract-

ing frictions is definitely an important mechanism that would affect what we call the

probability of success. There are other sources that our framework can also accom-

modate. For example, the existence of ”social capital” as documented in Knack and
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Keefer (1997), and trust relationships, documented in Bloom and Sadun (2012); or the

degree of technology experimentation, which has been shown key to predict innovation

(Thomke (2003)). By keeping this reduced form approach, we gain model tractability

and intuition as of the link between these alternative sources of uncertainty, the indus-

try dynamics and growth. Certainly, the mechanism underlying firm uncertainty need

to be further understood.

There is also a growing literature that studies firm growth in general equilibrium and

its impact on aggregate allocation. Atkeson and Burstein (2010) study an open economy

with endogenous growth. They focus on the impact of trade barriers on the equilibrium

entry and exit rates and incentives to innovate. In their economy, firms choose the

probability of realizing an improvement in productivity of a given size. Distinctively,

our model takes the probability of success as a fundamental of the economy, and lets

firms choose their path of productivity improvement. This is important because it

allows us to fully characterize the equilibrium firm size distribution, which is key in

validating our results.

Our paper is also related to the literature studying growth as the outcome of tech-

nological investment of heterogeneous firms operating in the market. Luttmer (2010)

provides conditions such that the thick tail in the firm size distribution widely docu-

mented in the data can arise as the outcome of firms’ growth under uncertainty. In

our paper, we assume an initial distribution of productivity that has such a tail and

hence we are silent about the process that originates it. This is also a feature of Perla

and Tonetti (2014) that study diffusion of technology and growth in an economy with

heterogeneous firms. Two features differentiate our model from theirs. First, when

firms decide to invest in searching new technologies, the technology that is assigned to

them is purely exogenous. In our model, firms decide on the optimal level of technol-

ogy that they would like to run. Second, in Perla and Tonetti (2014) growth is lead

by the firms at the bottom of the size distribution, who find it profitable to search

better technologies. Bigger and more productive firms do not innovate. In our model,
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growth is lead by successful and fast growing firms. Small firms in the market invest

in technology and only if successful, they turn large. If unsuccessful, they may opt out

of innovation. The smallest firms in the market survive for a finite number of periods,

and then endogenously exit.

The rest of the paper is organized as follows. Section 2 gathers empirical evidence

across countries. Section 3 presents a stylized model that is consistent with those facts.

Section 4 gives the analytical results from the model. Section 5 gives a quantitative

assessment of the model. Section 6 introduces an extension of our benchmark model by

allowing for additional idiosyncratic shocks affecting the size of firm growth. Section 7

concludes.

2 Evidence

We use the standardized dataset for 2006-2011 of the World Bank Enterprise Surveys

(ES). We use data for 137 countries and for each country we pick the most recent survey

available. When we split countries into income groups, we use the World Bank income

classification thresholds defined for 2008 to form the groups of High Income, High-

Middle Income, Low-Middle Income and Low Income countries. 4 Income classification

is based on gross national income per capita, which we also get from the World Bank.

To split the countries into growth groups, we take the following thresholds: economies

with negative average annual growth (2000-2012); 0 to 1.5%; 1.5% to 4%; 4% to 8%

and more than 8%.

Since we argue that firms’ probability of success has implications on income levels,

we first analyze sales and employment information in the ES dataset. In particular,

our objective is to show how the frequency of firms with positive growth in labor

productivity relates with output growth and income per capita across countries.The

fraction of firms that have positive productivity growth does not correspond to the

4Average year across the country specific surveys that we have is 2008.4.
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probability of success in attempts to increase productivity, a variable that we do not

observe in the data. However, we expect such fraction to be increasing in the probability

of success. High probability of success would increase the frequency of episodes with

productivity growth for a given set of firms operating in the market. Selection may

induce firms to exit more often, but if anything those would be relatively unsuccessful

firms. Hence, we expect the fraction of firms with productivity growth to be increasing

in the probability of success.

To compute growth in labor productivity, we compute the ratio of sales per worker

in the survey year, and three years before the survey. Figure 1 shows this relationship

between the fraction of firms with positive sales-per-worker growth within the last two

years and average annual GDP growth as described before. The correlation coefficient

is 0.23 in spite of the large variation across countries. Figure 2 shows the relationship

between the fraction of firms with positive sales-per-worker growth and income per

capita in the sample year. This correlation is still positive but weaker than the one for

GDP growth (0.07).

In the appendix we consider measures of sales-per-worker growth adjusted by annual

GDP growth of the economy. In other words, firm growth in excess to average growth

of the economy for that particular time frame. The correlation between GDP growth

and the fraction of firms with productivity increases is 0.4, even higher than for the

adjusted measure.

This initial set of evidence suggests that there is a link between probability of success

and GDP growth.

Next we turn to the relationship between the distribution of employment among

firms and income per capita. For this, we construct the Pareto tails for each country

following Axtell (2001). We are interested in the tail of the distribution rather than

other summary statistics for two reasons. First, the largest firms in each country

contribute disproportionately more to value added, and explain most of the changes

in aggregate output (as in Carvalho and Gabaix (2013)). Second, the survey considers
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Figure 1: Fraction of firms with productivity growth and GDP growth
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formal firms for most countries. In the presence of informal firms, the nature of this data

could bias the analysis of the relationship between the employment size distribution

and GDP growth. Our results are robust to analyzing firms that are larger than 5

employees.5

Our estimates for the tails of the distribution go from 1 to 4. A higher parameter

indicates a thinner tail, i.e. there are relatively few large establishments employment-

wise. Figure 3 shows that the thickness of the tail in the employment size distribution

lacks systematic relationship with GDP growth (with correlation 0.01). Figure 4 shows

a slight negative correlation (-0.18) between the thickness of the tail and income per

5In order to get the Pareto tail indices, we first form 15 employment categories, where category i
corresponds to 3i−1 integers. (The first category includes firms with 1 employee, the second category
includes firms with 2 to 4 employees, so on.) For each country, we drop the categories that have less
frequency that the one with higher order. Then we regress the logarithm of the number of firms on
the logarithm of the median point of each category. The coefficient of the latter is the tail index
for that economy. Pareto distribution captures the allocation of employment in these tails very well.
Specifically, the average R-squared statistic in the regressions that we run to get the tail indices is
0.977.
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Figure 2: Fraction of firms with productivity growth and GNI per capita
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capita. In other words, richer countries have a larger proportion of high employment

establishments. However, such proportion is not systematically related to the pace of

growth in the economy. More importantly, it also lacks systematic relationship with

the fraction of firms with positive productivity growth (with correlation -0.01).

Next, we analyze firm employment growth and its relationship to aggregate output

growth and output per capita. To construct employment age profiles we use the cross

sectional dimension of out dataset. To make profiles comparable across income and

growth groups we normalize to 1 the predicted employment at age 5. Predicted em-

ployment is computed by fitting a quadratic polynomial of age on employment for each

particular group. Figure 5 shows flatter profiles in fast growing economies, and steeper

ones in slow growing economies. If instead we plot employment-age profiles by income

group, we observe that on average they are steeper in richer economies. However, in our

sample, these relationship is non-monotonous, as the poorest economies have steeper

profiles that those observed in “Low-Middle Income” economies (See Figure 6).

The last piece of data that is important to complete our analysis is that of firm
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Figure 3: Tail indices and GDP growth
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selection. The nature of the ES data does not allow us to track patterns of entry and exit

of firms. However, Bartelsman, Haltiwanger, and Scarpetta (2009) have documented

extensively the process of firm selection, patterns of entry and exit and growth for

24 economies. While this is a smaller set than the one available at the ES, it yields

useful information as of the disparities in firm dynamics across countries at different

stages of development.6 The fact of particular interest for us is the higher turnover for

countries with relatively higher firm growth. To sum up, we would like to highlight

three of the empirical facts in this section. First, there is a positive correlation between

frequency of productivity growth at the firm-level and income per capita. Second, the

tail of employment size distribution is not correlated with aggregate growth. Third,

employment age profiles are steeper in slow growing economies.

6For emerging economies in particular, there is widespread evidence that the pattern of firm dy-
namics is key in explaining the success with which these economies opened to markets. (Eslava,
Haltiwanger, Kugler, and Kugler (2004), Roberts and Tybout (1997))
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Figure 4: Tail indices and income per capita
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Figure 5: Employment-Age profiles by growth group
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Figure 6: Employment-Age profiles by income group
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3 Model

In the economy, there is an infinitely lived representative consumer that derives utility

from consumption of a final good y.

There is a continuum of heterogeneous firms. Each firm operates a technology that

uses labor l to produce a homogeneous good y. The technology displays decreasing

returns in labor, and has a Hicks neutral productivity shifter zζ . Hence, after paying

workers their wage rate w the firm bears positive profits that are paid as dividends to

the representative consumer in the economy.

There are two alternative types of firms. The non-innovative ones, whose productiv-

ity level z is constant in time; and the innovative ones, whose productivity can change

via investment. The technology for improvements in productivity is such that whenever

a firm with productivity z undertakes an investment φ in period t, the productivity in

period t+dt is z′ = eφdtz with probability q and z otherwise. The probability of success

in investment returns is the same for all firms operating in the economy. Investment is

costly, as characterized by C(φ, z, w) = c e
φτdtzη

w
θ

1−θ
.

There is an inelastic supply of labor equal to 1. A firm has an overhead cost of labor

of f workers irrespective of whether the firm is innovative or non-innovative.

Both types of firms can decide to exit the market at no cost at any point in time. An

innovative firm has the additional option of liquidation. Every period an innovative firm

is matched to a potential entrant to the non-innovative sector, which makes a take-it-or-

leave-it offer to obtain the production technology of the former. If the transaction goes

through, the buyer starts operating in the non-innovative sector and the seller leaves

the market. Notice that if the innovative firm exits without liquidating, it gets a scrap

value of zero; hence liquidation is preferable as long as the non-innovative projects are

valuable. Finally, firms are subject to exogenous exit shocks arriving at rate δ before

production and investment takes place.

We now characterize the optimization of each of the agents in the economy. We can
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solve the problem of the firms in two parts. First we solve for the allocation of labor

given the distribution of productivity in the market. Then we solve for the dynamic

decisions of the firm, which include technology investment.

3.1 Firms’ problem (static)

The static problem of a firm is:

Π(z, w) = max
l
zζlθ − wl

where θ is the share of labor in production.

Then optimality implies

l =

(
θzζ

w

) 1
1−θ

For notational convenience, define η ≡ ζ
1−θ .

The total labor supply that can be used for productive purposes is equal to 1−Mf ,

if there are M firms operating in the market (M = MI +MN where MI is the measure

of innovative firms and MN that of non-innovative firms). We can solve for the cost of

labor

w =
θ

(1− fM)1−θ

(∫
zηdvI(z) +

∫
zηdvN(z)

)1−θ

where vI(vN) is the equilibrium distribution of productivities for innovative (non-

innovative) projects. By definition, Mj =
∫
dvj(z) for j = I,N .

Using the equilibrium cost of labor we can characterize profits, labor demand and

output for an arbitrary firm with productivity z:

Π(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
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l(z, w) = θ
1

1−θ
zη

w
1

1−θ

y(z, w) = θ
θ

1−θ
zη

w
θ

1−θ

3.2 Firms’ problem (dynamic)

3.2.1 Non-innovative firms

Let VN(z, w) be the value of a firm operating in the non-innovative sector, when the

cost of labor is w and its productivity is z. The value of a firm operating in sector N

satisfies:

VN(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw + e−(r+δ)dt max{0, VN(z, w′)}

In an abuse of notation we are denoting by w′ the wage rate at time t+ dt.

The value of the firm is negative if and only if the flow value in that period is

negative. i.e.

VN(z, w) ≤ 0⇔ (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw ≤ 0.

Notice that the only decision for this firm is when to exit the market, conditional

on survival.

3.2.2 Innovative firms

An innovative firm has the same static revenues as a non-innovative firm, but is different

in two important aspects. First, it can engage in risky investment in productivity that

generates successful innovation only with probability q. Second, at any period it can

sell its technology to an entrant into the non–innovative sector. We can write the value

of an innovative firm as:

18



VI(z, w) = max
φ≥1

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw

+e−(δ+r)dt[qmax{VI(eφdtz, w′), P (z, w′)}+ (1− q) max{VI(z, w′), P (z, w′))}]

Here we assume that if a firm sells the technology in a period, this nullifies any

improvement in the technology that was made on productivity in the last period. This

is analogous to assuming that the liquidation of the firm takes place before the firm

knows whether their technology investment was successful or not.

If the firm would like to liquidate, at the beginning of a period it meets one potential

entrant that will use its technology z to operate a non–innovative firm. The latter makes

a take-it-or-leave-it offer P (z, w) to the former to buy the entire technology.

It is optimal for the entrant to offer:

P (z, w) = min{VI(z, w), VN(z, w)}

and the innovative firm accepts if and only if

P (z, w) ≥ VI(z, w)

In other words, the transaction occurs when its surplus is positive. With this pricing

scheme, we have max{VI(eφdtz, w′), P (z, w′)} = VI(e
φdtz, w′) and max{VI(z, w′), P (z, w′)} =

VI(z, w
′). Hence, an innovative firm makes its technology investment decisions as if it

was operating an infinitely lived firm.

Proposition 1 Along the BGP, for every innovative firm there exists a time t̂ < ∞
that it sells its technology to an entrant non-innovative firm.

As shown in the proof in the Appendix, for the technology to be changing hands

between an I-firm and an N -firm, we need (i) the surplus in the transaction to increase

in unsuccessful innovations. Hence, unlucky firms eventually would like to liquidate.
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We also need that (ii) for a sufficiently large z relative to w the surplus is negative (a

very productive firm does not find profitable to liquidate), and (iii) for a sufficiently

small z relative to w the surplus is positive. If this is true there is a finite point in time

such that an innovative firm is traded. Hence, the population of both types of firms is

non-degenerate.

Under this trading scheme, the value of an innovative firm is:

VI(z, w) = max
φ≥1

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw

+e−(δ+r)dt[qVI(e
φdtz, w′) + (1− q)VI(z, w′)]

4 Solving the model

4.1 Balanced Growth Path

Definition 1 A Balanced Growth Path (BGP) in this economy is a sequence of aggre-

gate output, a measure of aggregate productivity and wages that grow at a constant rate.

Additionally, we require the existence of an invariant distribution of firm productivities

except possibly for a time trend.

To characterize the BGP we guess there exists one. Under this assumption we solve

for the optimal policies of the firms and show the existence of an invariant distribution.

Once we solve for the equilibrium distribution and allocation of firms across innovative

and non-innovative projects, we compute the equilibrium growth rate for aggregate

output and wages. Both are constant, which confirms the existence of the BGP.

Aggregate output in the economy can be characterized by

Y (w) =
w

θ

hence along a BGP output and wages have to grow at the same rate. i.e.
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[Yt, wt] = [Y,w]eγt

for some γ ≥ 0. Using the parametrized growth rate for wages we can go back to

the problem of the firms.

4.1.1 Non-innovative firms

Define the function for the number of periods left in the market as:

T (z, w) ≡ min{t : (1− θ)θ
θ

1−θ zη ≤ fw
1

1−θ e
γ

1−θ t}.

We will simply denote this as T .

Proposition 2 Along the BGP, the value of a firm at the beginning of a period can be

characterized by

WNT (z, w) = max{0, VN(z, w)} = BNT
zη

w
θ

1−θ
−DNTw.

where for any T ≥ 1:

BNT = (1− θ)θ
θ

1−θ exp(−(δ + r − γ θ

1− θ
)T )

DNT = f exp(−(δ + r − γ)T )

and for T = 0 both coefficients are 0.

If the functions BNT and DNT are as characterized above, the non-innovative firm

exits the market in T periods and WNT (z, w) satisfies the Bellman equation, which

assures optimality.
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4.1.2 Innovative firms

We guess that the value of an innovative firm is

VI(z, w) = BI
zη

w
θ

1−θ
−DIw

Replacing it in the Euler equation yields

BI
zη

w
θ

1−θ
−DIw = max

φ≥1
(1− θ)θ

θ
1−θ

zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw

+e−(δ+r)dt[q(BI
eφηdtzη

w′
θ

1−θ
−DIw

′) + (1− q)(BI
zη

w′
θ

1−θ
−DIw

′)]

Then solving the FOC with respect to φ yields

z′ = eφdtz =

(
eβ̂dtqBIη

cτ

) 1
τ−η

z

where β̂ = −(δ + r − γ θ
1−θ )

Substituting back

BIη = η(1− θ)θ
θ

1−θ − c(η − τ)

(
eβ̂dtqBIη

cτ

) τ
τ−η

+ eβ̂dt(1− q)BIη

gives the first equation relating φ and γ through BI .

It is important to point out that we have assumed an interior solution. In particular,

we assumed that the firm with optimal investment rule as defined above remains in the

market after a successful innovation. We will later show that this actually holds in

equilibrium.
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4.2 Distribution dynamics

Define the threshold level of productivity such that a non-innovative firm exits in exactly

t periods, Z(t, w) as

Z(t, w) =

(
fw

1
1−θ e

γ
1−θ t

(1− θ)θ
θ

1−θ

) 1
η

The lower bound in productivity for firms operating in the market is z̃, which solves:

(1− θ)θ
θ

1−θ z̃η = fw
1

1−θ

In particular, the lower bound for the productivity of firms that exit immediately is

z̃ = Z(0, w). If aggregate output grows at rate gamma along the BGP, the lower bound

in productivities for incumbent firms evolves as

z̃′ = z̃eµdt

where µ ≡ γ
η(1−θ) .

Finally, the threshold of productivity for firms that exit in t̂ periods is

ẑ = Z(t̂, w)

which also grows at rate µ.

Proposition 3 If the initial distribution of productivities in the market is Pareto with

shape parameter λ, and entrants in the innovative sector draw their productivity from

the incumbent distribution

1. the growth rate of the threshold levels, µ, is the same as the investment rate, φ.
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2. the equilibrium distribution of productivities across innovative firms, FI(z), is also

Pareto with shape parameter λ.

This result implies that

φ =
γ

η(1− θ)

which is the second equation relating γ and φ. It also shows that there is an invariant

distribution of firms in the market.

It remains to be shown that the relative population of innovative and non-innovative

projects in the market is constant along the BGP. Let α be the proportion of firms in

the market in the innovative sector, i.e. α ≡ MI

M
.

Proposition 4 The share of innovative firms in the market is constant along the BGP

and solves

(1− α) = α(1− q)[1− e−µλ]e(−δT )

Before moving on to the quantitative section of the paper, it is important to char-

acterize the measure of total factor productivity in the economy. Aggregate output can

be written as

Yt = TFPt.1

as the aggregate endowment of labor is constant equal to one. Using the equilibrium

wages in the economy, the optimal liquidation and exit strategies, we can character-

ize TFP as a function of the equilibrium allocation of firms across technologies and

productivities.

TFP = (1− fM)θ

(∫ ∞
ẑ

zηdFI(z) +

∫ t̂−dt

0

(

∫ z̃eµ(s+dt)

z̃eµs
zηdFN(z, s))ds

)1−θ

where FN(z, s) is the distribution of non-innovative firms, with s periods left in the

market.
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As it is usual in models with a non-degenerate distribution of firms in the market,

TFP depends on the number of operating firms and the degree of curvature in the profit

function of firms in the market, θ. Particular to this model is the dependence of TFP on

the allocation of firms between the innovative and non-innovative sector, as well as on

the time span over which non-innovative firms survive in the market, t̂. Faster growing

economies will have lower t̂ so even if the share of firms innovating in the market is the

same as that of a slower growth economy, TFP will be higher in the former.

5 Quantitative exploration

This section is split in two. First we show the general characteristics of the solution for

an arbitrary parametrization of the economy. Then we calibrate the model to a bench-

mark high income economy and compare the predictions of the model for alternative

slow growing economies.

Given the stylized characteristics of our model, we can use two equations to find the

equilibrium growth rate in the economy, as well as the growth rates at the firm level.

φ =
γ

η(1− θ)
(1)

cτeφ(τ−η)dt

eβ̂dt
= η(1− θ)θ

θ
1−θ − c(η − τ)eφτdt +

1− q
q

cτeφ(τ−η)dt (2)

Notice that the first equation was derived while computing the existence of an in-

variant distribution, under the assumption of an initial Pareto distribution. At that

point we showed that the equilibrium invariant distribution would be Pareto with lower

bounds that grow at the investment rate of innovative firms in the market. The in-

vestment rate and growth rate of the economy are hence independent of the fraction of

innovative firms (the parameter α) as well as the measure of the firms operating in the

market.

Solving for the growth rate of the economy and the investment rate of the firms,
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Figure 7: Equilibrium growth rate and firm investment rate
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Figure 7 displays the equilibrium growth rates for an arbitrary parametrization of the

model and alternative probabilities of success. As expected, we find that the higher the

probability of success (q goes from 0.5 to 0.9), the higher is the investment rate of the

firms in the economy, and the higher is aggregate growth. Given the curvature in the

profit function, an increase and a decrease of the same magnitude in the probability of

success does not have a symmetric impact on neither the investment rates nor on the

growth rate of the economy. The curvature of the profit function as characterized by θ

is key in explaining the asymmetry.

Changes in the probability with which firms realize returns to investment, q, also

has an impact on the equilibrium number of firms operating in the market, as well as
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on the distribution of firms between the innovative and non-innovative sector. Figure

8 displays the equilibrium measure of firms operating in the market, and the share

of non-innovative firms for an arbitrary parametrization (in red). When we lower the

probability of success from 0.5 to 0.4, the equilibrium measure of firms in the market

increases. There is less competition for resources and equilibrium profits are higher,

which induces entry to satisfy the free entry condition. The share of non-innovative firms

in the market also increases, as firms in the innovative sector are more likely to observe

a stream of bad draws in which they do not realize the returns to their technology

investment. Notice that when the probability of success decreases, the share of non-

innovative firms increases monotonically. However, the measure of firms in equilibrium

may not rise. The optimal exit strategy depends on the equilibrium profits of the

innovative firms in the market, which may rise or fall with smaller q through general

equilibrium effects. To put it simply, it depends on whether the equilibrium profits of

the firms operating in the market decrease or not.

Now we calibrate the model to a benchmark high income economy. Important

parameters that need to be identified in the data are the cost of investment, c, and

the parameter η that is related to the curvature in the profit function. To do it, we

use equations 1 and 2 for given values of the aggregate growth rate of the economy, γ,

growth rate of firms, φ, and the probability of success, q. The first one is calibrated

to the average GDP growth of the US economy in the last 50 years. Firm growth is

computed to match the implied yearly employment growth of firms between ages 5 and

10 for high income economies. In the model there is exogenous and endogenous exit.

Endogenous exit is explained by the firms at the bottom of the distribution. Hence, the

exogenous rate is calibrated to match the exit rate in the left tail of the size distribution.

According to the Business Dynamics Statistics by US Census, the average exit rate of

establishments with more than 1000 employees (1978-2010) is 0.012; this is the rate that

we use for δ, the rate of exogenous exit in our economy. We calibrate the probability

of success using data from the Panel Study of Entrepreneurial Dynamics (PSED). We
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Figure 8: Measure of firms and optimal allocation to innovation. Baseline q=0.5 (red),
alternative q=0.4 (black)
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target the fraction of firms with positive growth in 4 years of operations, within the ones

declaring that they would like to grow. In the data this rate is 97%, which would yield

a probability of success of 59% for one year. We also need to calibrate the non-linear

term in the cost structure, τ . We set it equal to 1.6 and later run sensitivity analysis

on this parameter. This is also our strategy for the parameter θ, which in the baseline

economy is set to 0.85. This value for the span of control corresponds to the baseline

value in Atkeson and Kehoe (2005), when quantifying organizational capital for the US

economy. The net interest rate in the market is set to 2% per year. Table 1 summarizes

the parameters used in the benchmark model.7

7We will include sensitivity analysis for the overhead costs, f , in the later draft.
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Table 1: Benchmark calibration

Description Benchmark Symbol Value Basis
Aggregate Growth γ 2% GDP growth

Firm Growth φ 4.6% WB Average Profile
Span of Control θ 0.85 Atkeson and Kehoe (2005)

Probability of Success q 0.59 Expected Growth (PSED)
Investment Cost (non-linear component) τ 1.6 See text.

Exogenous Exit Rate δ 0.012 Exit rate for large firms (BDS)
Overhead Cost f 0.1 See text.
Interest Rate R 0.02 Risk-free rate

Investment Cost (linear component) c 0.05 Calibrated
Curvature Profit Function, given θ η 2.9 Calibrated

The model implies that for the solution to be well defined we need the Pareto tail

parameter to exceed the curvature in the profit function: λ > η. When we estimate

log-log regressions in employment shares by employment classes (see Section 2), we

obtain a Pareto Tail for high income economies of 1.96, which is below our estimated η

parameter. We compute the baseline allocation for λ = 1.1η.

Given these parameters, we can compare the predictions in our benchmark economy

with those in an economy with lower aggregate growth. We use γAC < γ and compute

the implied probability of success q for c and η constant across economies.

For an economy that grows 0.05 percent less each year (γAC = 0.0195), we obtain

that the average growth of firms if successful in growing drops by 0.1 percent to φAC =

0.045. The implied probability of success also drops by 1.25 percent from 0.59 to 0.5675.

Selection of firms in the market changes as well. A non-innovative firm remains in the

market 1.03% longer than in the benchmark economy. The overall number of firms

operating in the market increases 1.3% and the proportion of innovative firms in the

market drops 1.6%.

Next, we do comparative statics using alternative parametrizations for the bench-
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Table 2: Alternative economies

Baseline Alt. Economy Upper-Middle
γ 2% 1.95% 1.2%
q 0.59 0.5675 0.26
φ 4.6% 4.5% 2.8%
M 3.01 3.05 3.99
α 0.894 0.88 0.88

t̂ 2.4 2.46 2.16

mark probability of success, q; for the non-linear term in the cost structure, τ ; and for

the curvature in the profit function, θ.

Figure 9 shows that the identified cost parameter c is not very sensitive to the un-

derlying choice of the probability of success. The implied probability of success in the

alternative country qAC is roughly 1.5% lower than q in the baseline economy. The

picture is different when we look at the share of innovative firms in the market. The

differences between the benchmark and the alternative economy drop as the probabil-

ity of success increases. For relatively low and high probability of success, the share

of innovative firms in the market is higher in the benchmark economy than in the al-

ternative one. For medium values of the probability of success the share of innovative

firms is higher in the slow growing economy. This disparity has to do with the impact

on equilibrium profits of changes in the probability of success. When we have a slow

growing economy, less competition for resources induces lower labor cost and higher

equilibrium profits, which may induce more firms to innovate. The impact on profits

is a general equilibrium one and depends on the incentives for entry and exit, and the

new equilibrium measure of firms operating in the market. Consistently with Figure

7 the measure of firms can be lower or higher in the alternative economy than in the

benchmark economy. When the underlying probability of success is high, it is possible

that the economy with lower aggregate growth has more firms operating in the market

in equilibrium. When the probability of success is relatively low, a slow growth economy
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Figure 9: Measure of firms and optimal allocation to innovation. Baseline q=0.59
(blue), alternative q=0.581 (red)

0 0.2 0.4 0.6 0.8
0.02

0.03

0.04

0.05

initial q

C
os

t c

 

 

baseline

0 0.2 0.4 0.6 0.8
0

0.2

0.4

0.6

0.8

1

initial q
q 

A
lte

rn
at

iv
e 

C
ou

nt
ry

 

 

q

0 0.2 0.4 0.6 0.8
0.94

0.96

0.98

1

1.02

initial q

al
ph

a

 

 

gamma 2%
gamma 3%

0 0.2 0.4 0.6 0.8
6.9045

6.9046

6.9047

6.9048

6.9049

initial q

M

 

 

gamma 2%
gamma 3%

 Changes in q

displays a lower measure of firms operating in equilibrium.

Figure 10 shows the response of the cost parameter to changes in the curvature of

the cost function as measured by τ . The linear component is decreasing in the curvature

of the cost function. The probability of success in the alternative economy, is not very

sensitive to changes in the curvature parameter, partly because the linear component

of the cost structure does not vary much with τ. In terms of the predicted measure

of firms in either economy, as we increase τ the measure of firms in the slow growth

economy becomes higher than the measure in the benchmark economy. For τ close

to 2 the difference is three times as large as for τ equal 1.6. The predicted share of

innovative firms in the market is lower in the slow growing economy for relatively low
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Figure 10: Comparative statics, changes in the curvature of the cost function
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values of the non-linear term in the cost function. However, for high values of τ the

share of innovative firms in the market is higher in the slow growing economy than in

the benchmark economy.

Figure 11 shows the response of the cost parameter to changes in the curvature of

the profit function. The cost parameter decreases in the span of control (higher θ). The

difference in the share of innovative firms in the market between the benchmark and

the slow growth economy displays a similar dynamic as the one depicted for changes in

the probability of success. When profits are large (low θ) the share of innovative firms

in the slow growing economy is smaller than in the high growth economy. The same is

true for relatively high values of θ, as it is the case in our benchmark calibration. For
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Figure 11: Comparative statics, changes in the curvature of the profit function.

0.5 0.6 0.7 0.8 0.9
0

0.05

0.1

0.15

0.2

initial theta

C
os

t c

 

 

baseline

0.5 0.6 0.7 0.8 0.9
0.7

0.75

0.8

0.85

0.9

0.95

initial theta
q

 

 

q AC

0.5 0.6 0.7 0.8 0.9
0.94

0.96

0.98

1

1.02

initial theta

al
ph

a

 

 

gamma 2%
gamma 3%

0.5 0.6 0.7 0.8 0.9
994

995

996

997

998

999

initial theta

M

 

 

gamma 2%
gamma 3%

 Changes in theta

intermediate levels of the span of control the share of innovative firms in the market can

be higher in the low growth economy. A similar dynamic is observed for the measure

of firms operating in the market.

It is important to highlight that the disparate impact on the measure of firms

observed when shifting θ and q is important for the model predictions in terms of total

factor productivity. When the measure of firms increases in the slow growth economy,

and the share of innovative firms drops, then TFP is slower than in the benchmark

economy. However, when the measure of firms operating in the slow growth economy

is lower than in the benchmark economy, it is possible for TFP to be higher in the slow

growth economy. A lower measure of operating firms induces savings in overhead costs
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that might compensate for the lower measure of innovative firms in the market.

6 Extension: Idiosyncratic investment returns

In our benchmark economy, firms’ productivity and sales can grow in time. However,

their employment level does not grow. How is this possible? Along the balanced

growth path, innovative firms grow at a rate φ, which is the rate of growth of average

productivity in the market. Hence, if a firm is successful in innovating, it is able

to sustain a given level of employment. If it does not, its employment level shrinks.

In other words, if a firm is born with a position in the distribution of productivities

relative to the mean (which determines their employment), it can never step ahead in

the ordering. This is an undesirable feature, as productivity growth and employment

growth correlate positively in the data.

In this section, we augment the benchmark economy to allow for i.i.d. shocks on

the returns to firm’s investment, whenever the firm is successful. Intuitively, a firm

invests in R&D expecting on average a growth rate of exp(φdt), but when the project

is realized, the actual growth can be below or above average.

Because the shocks are assumed i.i.d., the value functions for innovative and non-

innovative firms are linear in zη. However, optimal investment in growth is now a func-

tion of the idiosyncratic shocks. Computing the optimality conditions of the household,

we obtain

z′ = exp(φεdt)z = (exp(β̂dt)
1

cτ
qBI

η

η + 1

ε
η+1 − εη+1

ε− ε
)

1
τ−η .

Given the investment strategy of the firms, BGP is preserved whenever there is an

invariant distribution of firms in the innovative sector. In this model, it is a Pareto

distribution. The existence of an invariant measure allows us to show that the measures

of firms in each sector are non-degenerate and constant in time.
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Proposition 5 Suppose that, conditional on innovating, firms receive an i.i.d. shock,

ε, that is uniformly distributed over (ε, ε). Suppose also that the shocks satisfy ελ+1 >

ε(λ + 1) − λ. If the initial distribution of productivity is Pareto with parameter λ, the

invariant distribution of innovative firms in the market is approximately Pareto with

parameter λ. Furthermore, the endogenous growth rate of the threshold for switching to

the non-innovative sector grows at rate µ∗ > φ that solves(
ελ+1

)
e(µ∗−φ)dt

= ε(λ+ 1)− λe(µ∗−φ)dt

Hence, the BGP is preserved. Differently from before, the rate of selection in the

market, measured by the growth rate of the switching threshold towards the non-

innovative sector, depends on the behavior of the best firms in the market, through the

upper threshold ε.

Next, we show average employment-age profiles, and a histogram with the age dis-

tribution for our simulated economy. We parameterize our economy as in the baseline

calibration presented in the previous section. We set the support for idiosyncratic

shocks to (ε, ε) = (0.75, 1.25). We simulate paths for 1000 firms over 100 periods. We

solve for the thresholds of productivity in the first period by normalizing the first wage

to unity, and solve for the path of wages and thresholds across 100 periods. Consistently

with our model, we replace an exiting firm with a new one with productivity drawn

from the distribution of incumbents in that particular period.

The left panel of Figure 12 presents a quadratic fit to average employment per age

as predicted by the model. Younger firms are on average smaller than older firms.

The quadratic fit of the employment-age profiles is more hump-shaped than the profiles

observed in the data for high-income economies. However, the magnitude of the relative

sizes of firms is very close to the one in the data. The predicted age distribution has

very few small firms relative to the data (see the right panel of Figure 12). In other

words, for the baseline parametrization, firms either (i) enter the market relatively large

or (ii) the success rate is relatively high, which would explain high survival. We explore
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these possibilities by looking at comparative statics across various specifications.

Figure 12: Employment age profile (left) and age distribution, benchmark
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When we decrease the probability of success to q = 0.3, the average age of firms in

the market decreases. In this case, the oldest firms in the market are about 35 years

old, and the age distribution loses its exponential shape. Both the left and right tails

become thinner (see the right panel of Figure 13). More importantly, the left panel of

Figure 13 shows that the employment-age profile flips.

Next, we increase the support of the shocks to (ε, ε) = (0.5, 1.5). The main differ-

ence with the benchmark economy is the predicted age distribution, that shifts toward

younger firms (right panel, Figure 14). If the change in the support of shocks is asym-

metric, i.e. (ε, ε) = (0.5, 1.25), the employment-age profiles get flatter (left panel,

Figure 15) and the size distribution shifts toward younger firms (right panel, Figure

15).
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Figure 13: Employment age profile (left) and age distribution, low probability of success
(q=0.3)
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Figure 14: Employment age profile (left) and age distribution, alternative shocks
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Figure 15: Employment age profile (left) and age distribution, asymmetric shocks
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7 Final remarks

We build a stylized model of firm dynamics with growth where the aggregate growth

of the economy is linked to the probability of success that firms face in their returns to

investment in firm growth.

In particular, our model highlights two channels through which such probability

affects firm-level as well as aggregate growth. First, lower probability of success has

an impact on firm growth directly by decreasing the frequency of successful growth

episodes in a firm’s life cycle, and indirectly by lowering incentives to invest in growth.

This partial equilibrium mechanism, increases the firm-level and aggregate growth in

economies with higher probability of success.

What is also relevant, and helpful to fit important features in the data, is a general

equilibrium channel. Economies with higher probability of success in turning invest-

ments into actual growth will have higher growth, making survival harder. Average

productivity will grow faster, and the distribution of productivity will shift upwards,

possibly preserving its shape. This feature enables the economy we study in this paper

to replicate the lack of systematic relationship between the tail of the size distribution

and growth.

Firm level uncertainty is built into our benchmark model only through the proba-

bility of realizing positive returns to investment. In order to see the link between such

probability of success and the firm level patterns of employment growth, we extend

our benchmark economy allowing for return uncertainty. We are able to generate em-

ployment age patterns comparable to those in the data. Our results suggest that high

probability of success increases the average age of firms in the economy and makes the

right tail of the employment distribution thicker.
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8 Appendix A

Proposition 1 (Proof). We first argue that BI > BNt̂.

BI = max
φ≥1

(1− θ)θ
θ

1−θ − ceφτdt

+eβ̂dt[qBIe
φηdt + (1− q)BI ]

≥ (1− θ)θ
θ

1−θ − c+ eβ̂dtBI

Meanwhile,

BNt̂ < (1− θ)θ
θ

1−θ + eβ̂dtBNt̂

Hence for c small enough,

BI ≥
(1− θ)θ

θ
1−θ − c

1− eβ̂dt
> BNt̂.

We also know that DI > DNT since

DI −DNT = f(1− e
̂̂
β(T−1))

̂̂
β = −(δ + r + γ)

Now we use the last findings to show that the surplus is increasing in unsuccessful

innovations, in other words it decreases with T (z, w). Define the surplus function:

s(z, w) ≡ −VI(z, w) +WNT (z, w) = −(BI −BNT )
zη

w
θ

1−θ
+ (DI −DNT )w
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Then in one unsuccessful innovation the surplus becomes:

s(z, weγdt) = −(BI −BNT−1)
zη

(weγdt)
θ

1−θ
+ (DI −DNT−1)weγdt

= −(BI − (BNT − (1− θ)θ
θ

1−θ eβ̂T ))
zη

(weγdt)
θ

1−θ
+ (DI − (DNT − fe

̂̂
βT ))weγt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

− zη

(weγdt)
θ

1−θ
(1− θ)θ

θ
1−θ eβ̂T + fe

̂̂
βTweγdt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

−e−(δ+r)T [(1− θ)θ
θ

1−θ
zη

(w)
θ

1−θ
− fw]

We know γ > 0, BI > BNT and DI > DNT . Hence the first line in the equation

below is positive. Moreover, by definition of T ,

We know that for z and w such that T (z, w) = 0, we have

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw ≤ 0

WN0 = 0

Hence s(z, wγ) − s(z, w) is positive. This shows that the surplus increases in every

unsuccessful innovation. Also,

VI(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw < 0.

So for T = 0 the surplus is positive. Moreover,

limT→∞DNT = DI
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and

BNT < BI

so that there is large enough T such that the surplus is negative. This shows that

there exists t̂ <∞ such that an I-firm sells the technology to an entrant N firm.

Proposition 1 (Proof). We first argue that BI > BNt̂.

BI = max
φ≥1

(1− θ)θ
θ

1−θ − ceφτdt

+eβ̂dt[qBIe
φηdt + (1− q)BI ]

≥ (1− θ)θ
θ

1−θ − c+ eβ̂dtBI

Meanwhile,

BNt̂ < (1− θ)θ
θ

1−θ + eβ̂dtBNt̂

Hence for c small enough,

BI ≥
(1− θ)θ

θ
1−θ − c

1− eβ̂dt
> BNt̂.

We also know that DI > DNT since

DI −DNT = f(1− e
̂̂
β(T−1))

̂̂
β = −(δ + r + γ)

Now we use the last findings to show that the surplus is increasing in unsuccessful

innovations, in other words it decreases with T (z, w). Define the surplus function:

s(z, w) ≡ −VI(z, w) +WNT (z, w) = −(BI −BNT )
zη

w
θ

1−θ
+ (DI −DNT )w
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Then in one unsuccessful innovation the surplus becomes:

s(z, weγdt) = −(BI −BNT−1)
zη

(weγdt)
θ

1−θ
+ (DI −DNT−1)weγdt

= −(BI − (BNT − (1− θ)θ
θ

1−θ eβ̂T ))
zη

(weγdt)
θ

1−θ
+ (DI − (DNT − fe

̂̂
βT ))weγt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

− zη

(weγdt)
θ

1−θ
(1− θ)θ

θ
1−θ eβ̂T + fe

̂̂
βTweγdt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

−e−(δ+r)T [(1− θ)θ
θ

1−θ
zη

(w)
θ

1−θ
− fw]

We know γ > 0, BI > BNT and DI > DNT . Hence the first line in the equation

below is positive. Moreover, by definition of T ,

We know that for z and w such that T (z, w) = 0, we have

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw ≤ 0

WN0 = 0

Hence s(z, wγ) − s(z, w) is positive. This shows that the surplus increases in every

unsuccessful innovation. Also,

VI(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw < 0.

So for T = 0 the surplus is positive. Moreover,

limT→∞DNT = DI
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and

BNT < BI

so that there is large enough T such that the surplus is negative. This shows that

there exists t̂ <∞ such that an I-firm sells the technology to an entrant N firm.

Proposition 1 (Proof). We first argue that BI > BNt̂.

BI = max
φ≥1

(1− θ)θ
θ

1−θ − ceφτdt

+eβ̂dt[qBIe
φηdt + (1− q)BI ]

≥ (1− θ)θ
θ

1−θ − c+ eβ̂dtBI

Meanwhile,

BNt̂ < (1− θ)θ
θ

1−θ + eβ̂dtBNt̂

Hence for c small enough,

BI ≥
(1− θ)θ

θ
1−θ − c

1− eβ̂dt
> BNt̂.

We also know that DI > DNT since

DI −DNT = f(1− e
̂̂
β(T−1))

̂̂
β = −(δ + r + γ)

Now we use the last findings to show that the surplus is increasing in unsuccessful

innovations, in other words it decreases with T (z, w). Define the surplus function:

s(z, w) ≡ −VI(z, w) +WNT (z, w) = −(BI −BNT )
zη

w
θ

1−θ
+ (DI −DNT )w
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Then in one unsuccessful innovation the surplus becomes:

s(z, weγdt) = −(BI −BNT−1)
zη

(weγdt)
θ

1−θ
+ (DI −DNT−1)weγdt

= −(BI − (BNT − (1− θ)θ
θ

1−θ eβ̂T ))
zη

(weγdt)
θ

1−θ
+ (DI − (DNT − fe

̂̂
βT ))weγt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

− zη

(weγdt)
θ

1−θ
(1− θ)θ

θ
1−θ eβ̂T + fe

̂̂
βTweγdt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

−e−(δ+r)T [(1− θ)θ
θ

1−θ
zη

(w)
θ

1−θ
− fw]

We know γ > 0, BI > BNT and DI > DNT . Hence the first line in the equation

below is positive. Moreover, by definition of T ,

We know that for z and w such that T (z, w) = 0, we have

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw ≤ 0

WN0 = 0

Hence s(z, wγ) − s(z, w) is positive. This shows that the surplus increases in every

unsuccessful innovation. Also,

VI(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw < 0.

So for T = 0 the surplus is positive. Moreover,

limT→∞DNT = DI

48



and

BNT < BI

so that there is large enough T such that the surplus is negative. This shows that

there exists t̂ <∞ such that an I-firm sells the technology to an entrant N firm.

Proposition 1 (Proof). We first argue that BI > BNt̂.

BI = max
φ≥1

(1− θ)θ
θ

1−θ − ceφτdt

+eβ̂dt[qBIe
φηdt + (1− q)BI ]

≥ (1− θ)θ
θ

1−θ − c+ eβ̂dtBI

Meanwhile,

BNt̂ < (1− θ)θ
θ

1−θ + eβ̂dtBNt̂

Hence for c small enough,

BI ≥
(1− θ)θ

θ
1−θ − c

1− eβ̂dt
> BNt̂.

We also know that DI > DNT since

DI −DNT = f(1− e
̂̂
β(T−1))

̂̂
β = −(δ + r + γ)

Now we use the last findings to show that the surplus is increasing in unsuccessful

innovations, in other words it decreases with T (z, w). Define the surplus function:

s(z, w) ≡ −VI(z, w) +WNT (z, w) = −(BI −BNT )
zη

w
θ

1−θ
+ (DI −DNT )w
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Then in one unsuccessful innovation the surplus becomes:

s(z, weγdt) = −(BI −BNT−1)
zη

(weγdt)
θ

1−θ
+ (DI −DNT−1)weγdt

= −(BI − (BNT − (1− θ)θ
θ

1−θ eβ̂T ))
zη

(weγdt)
θ

1−θ
+ (DI − (DNT − fe

̂̂
βT ))weγt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

− zη

(weγdt)
θ

1−θ
(1− θ)θ

θ
1−θ eβ̂T + fe

̂̂
βTweγdt

s(z, wγ)− s(z, w) = −(BI −BNT )
zη

w
θ

1−θ
(e−

θ
1−θ γdt − 1) + (DI −DNT )w(eγdt − 1)

−e−(δ+r)T [(1− θ)θ
θ

1−θ
zη

(w)
θ

1−θ
− fw]

We know γ > 0, BI > BNT and DI > DNT . Hence the first line in the equation

below is positive. Moreover, by definition of T ,

We know that for z and w such that T (z, w) = 0, we have

(1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− fw ≤ 0

WN0 = 0

Hence s(z, wγ) − s(z, w) is positive. This shows that the surplus increases in every

unsuccessful innovation. Also,

VI(z, w) = (1− θ)θ
θ

1−θ
zη

w
θ

1−θ
− ce

φτdtzη

w
θ

1−θ
− fw < 0.

So for T = 0 the surplus is positive. Moreover,

limT→∞DNT = DI
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and

BNT < BI

so that there is large enough T such that the surplus is negative. This shows that

there exists t̂ <∞ such that an I-firm sells the technology to an entrant N firm.

Proposition 3 (Proof).

Define:

XI ≡ EI(z
η)

XN ≡ EN(zη)

Also define the cumulative distribution function for the group I as:

FI(z) =

 1−
(
ẑ
z

)λ
, if z ≥ ẑ;

0, o/w.

Moreover, let MI and MN be the number of firms in each group, which will be

constant in the BGP, let α ≡ MI

MI+MN
. To show that φ = µ we first show that µ ≤ φ

along the BGP. Define z̄ ≡ max{ẑ, eµ−φẑ}, and a ≡ ẑ
z̄
. Then

X ′I = (1− δ)q
∫ ∞
z̄

(eφdtz)η
λz̃λ

zλ+1
dz + (1− δ)(1− q)

∫ ∞
ẑ′

zη
λẑλ

zλ+1
dz

+[δ + (1− δ)qFI(z̄) + (1− δ)(1− q)FI(ẑ′)]X ′I

=
q
∫∞
z̄

(eφdtz)η λẑλ

zλ+1dz + (1− q)
∫∞
ẑ′
zη λẑλ

zλ+1dz

1− qFI(z̄)− (1− q)FI(ẑ′)

=
qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt

qaλ + (1− q)e−λµdt
eµηdt

λ

λ− η
ẑη

In doing this I am using the exit rate per unit of time, so δ is indeed the measure of

firms that exited the market in the term dt = 1.

For N-firms we need to keep to track all the endogenous exits from group-I for the
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last t̂ periods. Define:

k(ž, dt) ≡ q

∫ až

ž

eφηdtzη
λžλ

zλ+1
dz + (1− q)

∫ eµdtž

ž

zη
λžλ

zλ+1
dz

k(ž, dt) = q
λ

λ− η
eφηdt[1− aη−λ]žη + (1− q) λ

λ− η
[1− e(η−λ)µdt]žη

Then:

XN =

∫ t̂

0

e−δsk(z̃, s)ds

=

(
q

λ

λ− η
eφηt̂[1− aη−λ] + (1− q) λ

λ− η
[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
z̃η

Moreover:

eγdt =
w′

w
=

(
αX ′I + (1− α)X ′N
αXI + (1− α)XN

)1−θ

=

α qe(φ−µ)ηdtaλ−η+(1−q)e−λµdt
qaλ+(1−q)e−λµdt eµηdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
αeηµdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

) (
e−δt̂eηµt̂

) eηµdt

1−θ

(3)

Since γ = µη(1− θ):

qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt = qaλ + (1− q)e−λµdt

Which gives

e(φ−µ)dt = a ≤ 1⇒ φ ≤ µ

Now we need to show that φ ≥ µ. Remember that in the solution of the optimal

innovation policy we ignored the possibility that a successfully innovating firm might

also want to sell the technology. An operating I-firm will not exit the market in case of

a successful innovation if and only if:

φz ≥ ẑµ
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We know that this firm is operating now, i.e.:

z ≥ ẑ.

Hence a firm that has just innovated remains in the market if and only if

φ ≥ µ.

Notice that this is a condition that does not depend on productivity, hence if it

does not hold, it does not hold for any firm. Suppose that φ < µ. Then no firm will

have the incentive to put resources on innovation, since they will exit the market even

though they are lucky and they get to innovate. Then there will not be investment on

productivity in the economy. This would imply no growth, giving γ = µ = 1. This

would give contradiction since φ ≥ 1.

This shows, together with φ ≤ µ that φ = µ.

To prove that the stationary distribution is Pareto if we start with a Pareto distri-

bution

F ′I(z) = (1− δ) q
[
FI(

z

eφdt
)− FI(e(µ−φ)dtẑ)

]
+

(1− δ) (1− q)
[
FI(z)− FI(eµdtẑ)

]
+

G(z)[δ + (1− δ)(qFI(e(µ−φ)dtẑ) + (1− q)FI(eµdtẑ))]

Because entrants are drawn from the equilibrium distribution, G(z) = F ′I(z) and the

53



initial distribution is assumed to be Pareto.

F ′I(z) = (1− δ) q

[(
1−

(
eφdt

ẑ

z

)λ)
− FI(e(µ−φ)dtẑ)

]

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ
− FI(eµdtẑ)

]
+(

1−
(
eµdt

ẑ

z

)λ)
[δ + (1− δ)(qFI(e(µ−φ)dt ẑ

ε
) + (1− q)FI(eµdtẑ)]

F ′I(z) = (1− δ) q

(
1−

(
eφdt

ẑ

z

)λ)

−(1− δ)q
(
eµdt

ẑ

z

)λ
(1− e(φ−µ)λdt)

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ]
−
(
eµdt

ẑ

z

)λ
(1− δ) (1− q) (1− 1

eµλdt
)(

1−
(
eµdt

ẑ

z

)λ)
δ

F ′I(z) = 1−
(
eµdt

ẑ

z

)λ
a

a = (1− δ) qe(φ−µ)λdt +

(1− δ)q(1− e(φ−µ)λdt) +

(1− δ) (1− q)
(

1

eµλdt
+ 1− 1

eµλdt

)
+ δ

If φ− µ = 0 then a = 1 which proves the statement.

Proposition 3 (Proof).

Define:

XI ≡ EI(z
η)
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XN ≡ EN(zη)

Also define the cumulative distribution function for the group I as:

FI(z) =

 1−
(
ẑ
z

)λ
, if z ≥ ẑ;

0, o/w.

Moreover, let MI and MN be the number of firms in each group, which will be

constant in the BGP, let α ≡ MI

MI+MN
. To show that φ = µ we first show that µ ≤ φ

along the BGP. Define z̄ ≡ max{ẑ, eµ−φẑ}, and a ≡ ẑ
z̄
. Then

X ′I = (1− δ)q
∫ ∞
z̄

(eφdtz)η
λz̃λ

zλ+1
dz + (1− δ)(1− q)

∫ ∞
ẑ′

zη
λẑλ

zλ+1
dz

+[δ + (1− δ)qFI(z̄) + (1− δ)(1− q)FI(ẑ′)]X ′I

=
q
∫∞
z̄

(eφdtz)η λẑλ

zλ+1dz + (1− q)
∫∞
ẑ′
zη λẑλ

zλ+1dz

1− qFI(z̄)− (1− q)FI(ẑ′)

=
qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt

qaλ + (1− q)e−λµdt
eµηdt

λ

λ− η
ẑη

In doing this I am using the exit rate per unit of time, so δ is indeed the measure of

firms that exited the market in the term dt = 1.

For N-firms we need to keep to track all the endogenous exits from group-I for the

last t̂ periods. Define:

k(ž, dt) ≡ q

∫ až

ž

eφηdtzη
λžλ

zλ+1
dz + (1− q)

∫ eµdtž

ž

zη
λžλ

zλ+1
dz

k(ž, dt) = q
λ

λ− η
eφηdt[1− aη−λ]žη + (1− q) λ

λ− η
[1− e(η−λ)µdt]žη

Then:

XN =

∫ t̂

0

e−δsk(z̃, s)ds

55



=

(
q

λ

λ− η
eφηt̂[1− aη−λ] + (1− q) λ

λ− η
[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
z̃η

Moreover:

eγdt =
w′

w
=

(
αX ′I + (1− α)X ′N
αXI + (1− α)XN

)1−θ

=

α qe(φ−µ)ηdtaλ−η+(1−q)e−λµdt
qaλ+(1−q)e−λµdt eµηdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
αeηµdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

) (
e−δt̂eηµt̂

) eηµdt

1−θ

(4)

Since γ = µη(1− θ):

qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt = qaλ + (1− q)e−λµdt

Which gives

e(φ−µ)dt = a ≤ 1⇒ φ ≤ µ

Now we need to show that φ ≥ µ. Remember that in the solution of the optimal

innovation policy we ignored the possibility that a successfully innovating firm might

also want to sell the technology. An operating I-firm will not exit the market in case of

a successful innovation if and only if:

φz ≥ ẑµ

We know that this firm is operating now, i.e.:

z ≥ ẑ.

Hence a firm that has just innovated remains in the market if and only if

φ ≥ µ.
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Notice that this is a condition that does not depend on productivity, hence if it

does not hold, it does not hold for any firm. Suppose that φ < µ. Then no firm will

have the incentive to put resources on innovation, since they will exit the market even

though they are lucky and they get to innovate. Then there will not be investment on

productivity in the economy. This would imply no growth, giving γ = µ = 1. This

would give contradiction since φ ≥ 1.

This shows, together with φ ≤ µ that φ = µ.

To prove that the stationary distribution is Pareto if we start with a Pareto distri-

bution

F ′I(z) = (1− δ) q
[
FI(

z

eφdt
)− FI(e(µ−φ)dtẑ)

]
+

(1− δ) (1− q)
[
FI(z)− FI(eµdtẑ)

]
+

G(z)[δ + (1− δ)(qFI(e(µ−φ)dtẑ) + (1− q)FI(eµdtẑ))]

Because entrants are drawn from the equilibrium distribution, G(z) = F ′I(z) and the

initial distribution is assumed to be Pareto.

F ′I(z) = (1− δ) q

[(
1−

(
eφdt

ẑ

z

)λ)
− FI(e(µ−φ)dtẑ)

]

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ
− FI(eµdtẑ)

]
+(

1−
(
eµdt

ẑ

z

)λ)
[δ + (1− δ)(qFI(e(µ−φ)dt ẑ

ε
) + (1− q)FI(eµdtẑ)]
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F ′I(z) = (1− δ) q

(
1−

(
eφdt

ẑ

z

)λ)

−(1− δ)q
(
eµdt

ẑ

z

)λ
(1− e(φ−µ)λdt)

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ]
−
(
eµdt

ẑ

z

)λ
(1− δ) (1− q) (1− 1

eµλdt
)(

1−
(
eµdt

ẑ

z

)λ)
δ

F ′I(z) = 1−
(
eµdt

ẑ

z

)λ
a

a = (1− δ) qe(φ−µ)λdt +

(1− δ)q(1− e(φ−µ)λdt) +

(1− δ) (1− q)
(

1

eµλdt
+ 1− 1

eµλdt

)
+ δ

If φ− µ = 0 then a = 1 which proves the statement.

Proposition 3 (Proof).

Define:

XI ≡ EI(z
η)

XN ≡ EN(zη)

Also define the cumulative distribution function for the group I as:

FI(z) =

 1−
(
ẑ
z

)λ
, if z ≥ ẑ;

0, o/w.

Moreover, let MI and MN be the number of firms in each group, which will be

constant in the BGP, let α ≡ MI

MI+MN
. To show that φ = µ we first show that µ ≤ φ
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along the BGP. Define z̄ ≡ max{ẑ, eµ−φẑ}, and a ≡ ẑ
z̄
. Then

X ′I = (1− δ)q
∫ ∞
z̄

(eφdtz)η
λz̃λ

zλ+1
dz + (1− δ)(1− q)

∫ ∞
ẑ′

zη
λẑλ

zλ+1
dz

+[δ + (1− δ)qFI(z̄) + (1− δ)(1− q)FI(ẑ′)]X ′I

=
q
∫∞
z̄

(eφdtz)η λẑλ

zλ+1dz + (1− q)
∫∞
ẑ′
zη λẑλ

zλ+1dz

1− qFI(z̄)− (1− q)FI(ẑ′)

=
qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt

qaλ + (1− q)e−λµdt
eµηdt

λ

λ− η
ẑη

In doing this I am using the exit rate per unit of time, so δ is indeed the measure of

firms that exited the market in the term dt = 1.

For N-firms we need to keep to track all the endogenous exits from group-I for the

last t̂ periods. Define:

k(ž, dt) ≡ q

∫ až

ž

eφηdtzη
λžλ

zλ+1
dz + (1− q)

∫ eµdtž

ž

zη
λžλ

zλ+1
dz

k(ž, dt) = q
λ

λ− η
eφηdt[1− aη−λ]žη + (1− q) λ

λ− η
[1− e(η−λ)µdt]žη

Then:

XN =

∫ t̂

0

e−δsk(z̃, s)ds

=

(
q

λ

λ− η
eφηt̂[1− aη−λ] + (1− q) λ

λ− η
[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
z̃η

Moreover:

eγdt =
w′

w
=

(
αX ′I + (1− α)X ′N
αXI + (1− α)XN

)1−θ

=

α qe(φ−µ)ηdtaλ−η+(1−q)e−λµdt
qaλ+(1−q)e−λµdt eµηdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
αeηµdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

) (
e−δt̂eηµt̂

) eηµdt

1−θ

(5)
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Since γ = µη(1− θ):

qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt = qaλ + (1− q)e−λµdt

Which gives

e(φ−µ)dt = a ≤ 1⇒ φ ≤ µ

Now we need to show that φ ≥ µ. Remember that in the solution of the optimal

innovation policy we ignored the possibility that a successfully innovating firm might

also want to sell the technology. An operating I-firm will not exit the market in case of

a successful innovation if and only if:

φz ≥ ẑµ

We know that this firm is operating now, i.e.:

z ≥ ẑ.

Hence a firm that has just innovated remains in the market if and only if

φ ≥ µ.

Notice that this is a condition that does not depend on productivity, hence if it

does not hold, it does not hold for any firm. Suppose that φ < µ. Then no firm will

have the incentive to put resources on innovation, since they will exit the market even

though they are lucky and they get to innovate. Then there will not be investment on

productivity in the economy. This would imply no growth, giving γ = µ = 1. This

would give contradiction since φ ≥ 1.

This shows, together with φ ≤ µ that φ = µ.

To prove that the stationary distribution is Pareto if we start with a Pareto distri-
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bution

F ′I(z) = (1− δ) q
[
FI(

z

eφdt
)− FI(e(µ−φ)dtẑ)

]
+

(1− δ) (1− q)
[
FI(z)− FI(eµdtẑ)

]
+

G(z)[δ + (1− δ)(qFI(e(µ−φ)dtẑ) + (1− q)FI(eµdtẑ))]

Because entrants are drawn from the equilibrium distribution, G(z) = F ′I(z) and the

initial distribution is assumed to be Pareto.

F ′I(z) = (1− δ) q

[(
1−

(
eφdt

ẑ

z

)λ)
− FI(e(µ−φ)dtẑ)

]

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ
− FI(eµdtẑ)

]
+(

1−
(
eµdt

ẑ

z

)λ)
[δ + (1− δ)(qFI(e(µ−φ)dt ẑ

ε
) + (1− q)FI(eµdtẑ)]

F ′I(z) = (1− δ) q

(
1−

(
eφdt

ẑ

z

)λ)

−(1− δ)q
(
eµdt

ẑ

z

)λ
(1− e(φ−µ)λdt)

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ]
−
(
eµdt

ẑ

z

)λ
(1− δ) (1− q) (1− 1

eµλdt
)(

1−
(
eµdt

ẑ

z

)λ)
δ

F ′I(z) = 1−
(
eµdt

ẑ

z

)λ
a
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a = (1− δ) qe(φ−µ)λdt +

(1− δ)q(1− e(φ−µ)λdt) +

(1− δ) (1− q)
(

1

eµλdt
+ 1− 1

eµλdt

)
+ δ

If φ− µ = 0 then a = 1 which proves the statement.

Proposition 3 (Proof).

Define:

XI ≡ EI(z
η)

XN ≡ EN(zη)

Also define the cumulative distribution function for the group I as:

FI(z) =

 1−
(
ẑ
z

)λ
, if z ≥ ẑ;

0, o/w.

Moreover, let MI and MN be the number of firms in each group, which will be

constant in the BGP, let α ≡ MI

MI+MN
. To show that φ = µ we first show that µ ≤ φ

along the BGP. Define z̄ ≡ max{ẑ, eµ−φẑ}, and a ≡ ẑ
z̄
. Then

X ′I = (1− δ)q
∫ ∞
z̄

(eφdtz)η
λz̃λ

zλ+1
dz + (1− δ)(1− q)

∫ ∞
ẑ′

zη
λẑλ

zλ+1
dz

+[δ + (1− δ)qFI(z̄) + (1− δ)(1− q)FI(ẑ′)]X ′I

=
q
∫∞
z̄

(eφdtz)η λẑλ

zλ+1dz + (1− q)
∫∞
ẑ′
zη λẑλ

zλ+1dz

1− qFI(z̄)− (1− q)FI(ẑ′)

=
qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt

qaλ + (1− q)e−λµdt
eµηdt

λ

λ− η
ẑη

In doing this I am using the exit rate per unit of time, so δ is indeed the measure of

firms that exited the market in the term dt = 1.

For N-firms we need to keep to track all the endogenous exits from group-I for the
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last t̂ periods. Define:

k(ž, dt) ≡ q

∫ až

ž

eφηdtzη
λžλ

zλ+1
dz + (1− q)

∫ eµdtž

ž

zη
λžλ

zλ+1
dz

k(ž, dt) = q
λ

λ− η
eφηdt[1− aη−λ]žη + (1− q) λ

λ− η
[1− e(η−λ)µdt]žη

Then:

XN =

∫ t̂

0

e−δsk(z̃, s)ds

=

(
q

λ

λ− η
eφηt̂[1− aη−λ] + (1− q) λ

λ− η
[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
z̃η

Moreover:

eγdt =
w′

w
=

(
αX ′I + (1− α)X ′N
αXI + (1− α)XN

)1−θ

=

α qe(φ−µ)ηdtaλ−η+(1−q)e−λµdt
qaλ+(1−q)e−λµdt eµηdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

)(
e−δt̂eηµt̂

)
αeηµdt + (1− α)

(
qeφηt̂[1− aη−λ] + (1− q)[1− e(η−λ)µt̂]

) (
e−δt̂eηµt̂

) eηµdt

1−θ

(6)

Since γ = µη(1− θ):

qe(φ−µ)ηdtaλ−η + (1− q)e−λµdt = qaλ + (1− q)e−λµdt

Which gives

e(φ−µ)dt = a ≤ 1⇒ φ ≤ µ

Now we need to show that φ ≥ µ. Remember that in the solution of the optimal

innovation policy we ignored the possibility that a successfully innovating firm might

also want to sell the technology. An operating I-firm will not exit the market in case of

a successful innovation if and only if:

φz ≥ ẑµ
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We know that this firm is operating now, i.e.:

z ≥ ẑ.

Hence a firm that has just innovated remains in the market if and only if

φ ≥ µ.

Notice that this is a condition that does not depend on productivity, hence if it

does not hold, it does not hold for any firm. Suppose that φ < µ. Then no firm will

have the incentive to put resources on innovation, since they will exit the market even

though they are lucky and they get to innovate. Then there will not be investment on

productivity in the economy. This would imply no growth, giving γ = µ = 1. This

would give contradiction since φ ≥ 1.

This shows, together with φ ≤ µ that φ = µ.

To prove that the stationary distribution is Pareto if we start with a Pareto distri-

bution

F ′I(z) = (1− δ) q
[
FI(

z

eφdt
)− FI(e(µ−φ)dtẑ)

]
+

(1− δ) (1− q)
[
FI(z)− FI(eµdtẑ)

]
+

G(z)[δ + (1− δ)(qFI(e(µ−φ)dtẑ) + (1− q)FI(eµdtẑ))]

Because entrants are drawn from the equilibrium distribution, G(z) = F ′I(z) and the
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initial distribution is assumed to be Pareto.

F ′I(z) = (1− δ) q

[(
1−

(
eφdt

ẑ

z

)λ)
− FI(e(µ−φ)dtẑ)

]

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ
− FI(eµdtẑ)

]
+(

1−
(
eµdt

ẑ

z

)λ)
[δ + (1− δ)(qFI(e(µ−φ)dt ẑ

ε
) + (1− q)FI(eµdtẑ)]

F ′I(z) = (1− δ) q

(
1−

(
eφdt

ẑ

z

)λ)

−(1− δ)q
(
eµdt

ẑ

z

)λ
(1− e(φ−µ)λdt)

(1− δ) (1− q)

[
1−

(
ẑ

z

)λ]
−
(
eµdt

ẑ

z

)λ
(1− δ) (1− q) (1− 1

eµλdt
)(

1−
(
eµdt

ẑ

z

)λ)
δ

F ′I(z) = 1−
(
eµdt

ẑ

z

)λ
a

a = (1− δ) qe(φ−µ)λdt +

(1− δ)q(1− e(φ−µ)λdt) +

(1− δ) (1− q)
(

1

eµλdt
+ 1− 1

eµλdt

)
+ δ

If φ− µ = 0 then a = 1 which proves the statement.
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