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Abstract
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inefficiency into investment and speculative distortions. Overinvestment occurs in economies in
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when their elasticity is low. Using the IK concept to define mispricing, we show that equilibrium
mispricing never arises intratermporally, but that intertemporal mispricing is generically present
in economies with rich state spaces and heterogeneous beliefs. Finally, we argue that investment
distortions may be easier to address by a social planner than speculative distortions in economies
with idiosyncratic endowment shocks, and also show that transaction taxes may be welfare
decreasing in such economies.
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1 Introduction

In the aftermath of the financial crisis, welfare analysis in economies with heterogeneous beliefs
has received renewed attention in several recent studies (Brunnermeier et al. 2013; Gilboa et al.
2013; Gayer et al. 2013; Blume et al. 2014). These studies suggest that speculative trades between
agents with different beliefs, although increasing the ex ante expected utility of each agent, is
costly from an ex post perspective, since some agents must necessarily be wrong and will end up
very poor after speculating away much of their wealth. Speculation in the heterogeneous beliefs
economy, instead of creating welfare by allowing agents to hedge risks and smooth consumption
across states, generates volatility of consumption and wealth at the individual level (see Yan 2008,
and Fedyk, Heyerdahl-Larsen, and Walden 2013). Speculation also affects asset price dynamics,
increasing trading volume and price volatility, and potentially leading to mispricing (see Kubler
and Schmedders 2012, and Simsek 2013 for recent contributions), effects that may be viewed as
negative in their own right.

The potential policy implications with such an ex post measure of welfare are, of course, huge,
suggesting that moving away from the friction-free complete market equilibrium — even when it is
implementable—may actually be welfare improving. It is therefore vital to understand when such
welfare improvements are possible, how speculative distortions can be identified, and what type of
actions the social planner may take to mitigate them. In this paper, we study these questions.

We introduce a two-date economy with production and idiosyncratic shocks to agents’ endow-
ments, to understand how equilibrium is affected by heterogeneous beliefs. The state space is
perfectly general. Specifically, we are interested in what can be said about equilibrium outcomes
without taking a strong stand on what are the correct beliefs in the economy, based on the view
that requiring a social planner to identify correct beliefs in order to take action is to set the bar too
high. Indeed, a crucial role of markets is to allow for information dissemination and aggregation,
beyond the information available to any individual agent, and it is thus unclear how the social
planner would obtain such superior beliefs. We therefore focus on properties of equilibrium that
hold for any belief within a set of reasonable beliefs. We introduce the concept of a welfare measure
that is Ex Post efficient under Incomplete Knowledge about true probabilities, i.e., an EPIK welfare
measure. A Social Planner who uses the EPIK measure is then a SPEPIK.

We are interested in what can be said in general about the equilibrium outcome in the hetero-
geneous beliefs economy, from the SPEPIK’s perspective. Our analysis has similarities with, and
builds upon, concepts introduced in Gilboa et al. (2013), Brunnermeier et al. (2013) and Gayer
et al. (2013), but also has significant differences. Crucial components of our analysis are that (i) the
SPEPIK does not know the correct probability distribution, (ii) the market has a role of allocat-
ing productive resources (production economy), and (iii) that agents face idiosyncratic endowment
shocks.

Without production and with no idiosyncratic shocks, the only role of the market is speculative,
and it is straightforward for a social planner to determine which allocations are ex post efficient.
The situation is not as clear in the general economy with production and idiosyncratic endowment



shocks, in which the social planner has incomplete knowledge about true probability distributions.
First, markets for contingent claims on idiosyncratic risk now have the dual roles of allowing
for hedging of endowment shocks and of allowing for speculation. The former role is welfare
increasing, the latter is not. Second, belief heterogeneity may have real effects in a production
economy by affecting investments. Again, the implication for the social planner is a priori unclear.
Third, whereas asset mispricing is straightforward to identify when true probability distributions
are known, it is less clear if and when mispricing can arise when they are not.

We introduce the concept of Incomplete Knowledge (IK) efficiency. Loosely speaking, an allo-
cation, a, is IK-inefficient if there is an alternative allocation that dominates a, for some reasonable
beliefs and is not dominated by a for any reasonable beliefs. We show that any competitive equi-
librium with heterogeneous beliefs is IK-inefficient. The introduction and equilibrium analysis of
IK-efficiency constitutes our first contribution.

Our second contributions is to show that when agents agree on aggregate risk, disagreement
about idiosyncratic risk leads to real distortions that can be identified by a SPEPIK. The direction
of the distortion is closely related to agents’ elasticity of intertemporal substitution (EIS). When
the EIS is less than one, disagreement unambiguously leads to underinvestment, whereas when the
EIS is greater than one, disagreement generates overinvestment. The intuition behind the result
is straightforward. Disagreement and trading, together generate a speculative wealth effect, where
all agents believe that they are better off in the economy with disagreement than in one without
it, because of expected gains from speculation. They therefore readjust their consumption and
investment based on these expectations of higher future wealth.

Third, we study potential policy implications. Although the source of inefficiency is the spec-
ulation generated by heterogeneous beliefs, we argue that mitigating such speculation by shutting
down markets may be costly when agents are exposed to idiosyncratic endowment shocks. Alter-
native approaches may be to tax transactions (a Tobin tax), and taxes or subsidies on investments.
Within our setting, it is shown that transaction taxes may be welfare decreasing, whereas invest-
ment taxes or subsidies can always be chosen so that their effect is welfare improving.

As a fourth contribution, we study equilibrium mispricing. We discuss two types of distortions:
Intertemporal mispricing arises when prices of contingent claims on future states, expressed in terms
of current consumption, cannot be justified by any reasonable beliefs. Intratemporal mispricing, on
the other hand, is defined by comparing the relative prices of two assets that make payments at the
same point in time. We show that intratemporal mispricing never arises in equilibrium, and thus
cannot be used to detect distortions. Intertemporal mispricing, on the other hand, generically arises
as long as the state space and belief heterogeneity is sufficiently rich. A key takeaway from our
analysis is that mispricing is easiest to identify in assets for which there is little belief heterogeneity,
since the range of reasonable prices for such assets is small.

The rest of the paper is organized as follows: In the next section, we discuss welfare under
heterogeneous beliefs, connect our approach to previous literature, and provide a motivation for
using the incomplete knowledge welfare measure. In Section 3, we introduce and analyze the general
model. Section 4 provides results on speculative, investment and price distortions and Section 5



covers potential policy implications. Section 6 discusses extensions and Section 7 concludes. All

proofs are delegated to an Appendix.

2 Efficiency under heterogeneous beliefs

The EPIK welfare measure has two components: The first is the use of an ex post measure. An ex
post welfare measure identifies speculation and the individual consumption volatility it is associated
with as inefficient, in contrast to an ex ante measure, under which the speculation that may arise
in a complete Walrasian market with heterogeneous beliefs is viewed as efficient. An argument
against the ex ante measure is that all agents agree that they cannot all be correct in their beliefs,
and it can therefore be argued that these welfare gains are spurious. With an ex post view, for an
allocation to be viewed as efficient it must be efficient under some “true” probability distribution.
Although agents may not agree about which probability distribution is “true,” they all agree that
such a “true” distribution exists and—the argument goes—they should consequently agree that
allocations that are inferior under any such true distribution are inefficient.! It has also been
argued that policies that are based on ex post measures, if they restrict the actions of agents,
could be viewed as paternalistic (see, e.g., Harris and Olewiler (1979), and Fleurbaey (2010)). For
further discussion of the use of an ex post measure, which we take as given, we refer to the extensive
previous literature, see Starr (1973), Harris and Olewiler (1979), Hammond (1981), Harris (1978),
Portney (1992), Hausman and McPherson (1994), Pollak (1998), Salanie and Treich (2009), and
also to recent studies by Gilboa et al. (2013), Brunnermeier et al. (2013), Gayer et al. (2013), and
Blume et al. (2014).

The second component of the EPIK welfare measure is based on a sober view of the social
planner’s ability to identify the “true” probability distribution. Such a view may be considered
overly pessimistic, but we note that there are plenty of historical examples when it would have been
appropriate. For example, it is known that the presence of overoptimistic investors in the market
together with short-sale constraints may give rise to price and investment bubbles (e.g., Scheinkman
and Xiong 2003 and Gilchrist et al. 2005). However, although bubbles and overoptimism may be
easy to identify in hindsight, there is often considerable ex ante uncertainty about their presence.

There was no consensus, and relatively few warnings about there being a bubble in the run-up
years before the crash of the U.S. housing market in 2007, for example. Even former Chairman
of the Federal Reserve Board, Alan Greenspan, admitted to not “getting” that there was trouble
on the horizon until right before the crash.? During the New Economy boom and the associated
dot-com bubble, between 1997-2000, warnings were issued by some, whereas others argued that
discontinuous technological transition made “Old Economy” valuation formulas out-of-date. Shiller

(2000) warned about a bubble generated by “irrational exuberance,” borrowing the term from

"We note that the expected utility decomposition of agent preferences into a utility part and a probabilistic part is
interpreted literally in this argument. Without such a literal interpretation, e.g., if the expected utility specification
is viewed as merely a way of representing preferences that are linear over probabilities, in line with the axiomatic
approach in Savage (1954), the argument for using the ex post expected utility measure is not as straightforward.

2CBS 60 Minutes, interview, September 13, 2007.



Alan Greenspan. Pastor and Veronesi (2006), in contrast, argue that the uncertainty about future
growth rates in the late 1990’s may well have justified the valuation of the NASDAQ. Moreover,
there are many examples throughout history of technological innovations that turned out to be
transformative, but that were originally dismissed by many as fads, including the automobile,
computers, mobile phones and the Internet. A key question is then if and how distortions and
mispricing can be identified without exact knowledge about which beliefs are correct.

In line with the sober view of the social planner’s ability to identify correct beliefs, in the
baseline version of our model we assume that no individual agent’s beliefs can be ruled out as being
incorrect. Specifically, we will consider a set of reasonable beliefs that is rich enough to contain all
individual agent’s beliefs. Our approach is general, however, and can easily be adapted to situations
where the social planner decides to use a different set of reasonable beliefs, e.g., excluding those of
some agents, that are obviously wrong.

2.1 Notation

Vectors are enumerated by subscripts, p = (p1,p2, . - ., pas), and also by superscripts, k = (k! k2,... k),
to conveniently separate vectors over states from vectors over agents. We use a tilde above a vari-
able if we wish to stress that it is a random variable (e.g., ¢), but avoid this somewhat cumbersome
notation when possible.

The M-dimensional open unit simplex is

n
SM—{xERM:xn>O,an—1},

n=1

and its closure is S™. The convex hull of a set A € RM is denoted by

M+1
CH(A) = {ZxmAm:xeSMH,)\mEA,m—l,...M—i—l}.

m=1

The image of a set, A, under the function f is f(A) = {f(a) : a € A}, and the preimage is
F~YA) ={a: f(a) € A}. The power set of the set Q, 2, is defined as the set of all subsets of :
22 = {P: P C Q}. The set difference between sets A and B is A\B, and the complement of A in
a universal set, U, is A° = U\ A. We use — for logical negation, = A is “not A.”

2.2 Efficiency

To justify the IK-efficiency measure, we introduce a simple example with two risk averse expected
utility maximizing agents, three mutually exclusive production technologies, and two states. The
expected utility of agent n € {1,2} is

U™ =g/ + (1 - q) /5, (1)



where ¢}, is the consumption of agent n in state m € {1,2}, and ¢ is the probability for state 1 to
occur. The first production technology is risk free and generates a total output of 2 units of the
consumption good in either state. The second technology is risky, generating 18 units in state 1
and 0 units in state 2, as is the third technology which generates 18 units in state 2 and 0 in state
1.

We consider 4 allocations, captured by the set A = {a1,a9,as3,a4}. In allocations a; — ag,
the consumption good is split equally between the two agents, after choosing each of the three
production technologies. Allocation a4 allows for speculation. Specifically, we assume that the two
agents disagree about the probability for state 1 to occur, q. Agent 1 believes that the probability
is ¢* = 0.9, whereas agent 2 believes that it is ¢> = 0.1. The SPEPIK, not knowing which beliefs
are correct, views any probability in the interval Qr = [0.1,0.9] as reasonable. Here, the subscript,
R, represents that this is a set of “Reasonable” probabilities.

In allocation a4, the risk-free production technology is used, as in allocation ai, but agent 1
receives all the output in state 1, whereas agent 2 receives all the output in state 2. The consumption
by the two agents for different allocations and states is shown in Table 1. We focus on these four
allocations, but would more generally expand the set of feasible allocations to allows for arbitrary
redistribution of the consumption good between the two agents in each state.

Allocation, al as as aq

Agent 1 2|1 2|1 211 2
State 1 1 1]9 910 0|2 0
State 2 1 10 019 910 2

Table 1: Four allocations in economy with two agents and two states. Allocation a; and
ay are based on investments in the risk-free technology, with equal (a;) and unequal
(as4) sharing between agents in the two states. Allocation a3 and a4 both have equal
sharing, but invest in risky technologies that pay off in state 1 and 2, respectively.

It is easy to verify that with an ex ante welfare measure, the only inefficient allocation is ay,
which both agents agree is dominated by a4, based on their different beliefs. But both agents also
agree that the welfare improvement is purely speculative, and that whatever the true ¢ is, any
allocation in which individual consumption shares vary across states can be improved upon by risk
sharing. According to the ex post view, a4 is therefore inefficient.

How should the SPEPIK determine which allocations are efficient, given an ex post measure
where any probability ¢ € Qp is viewed as reasonable? Figure 1 shows the agents’ expected utilities
as a function of ¢. In the left panel, allocations a; — a3 are compared. Since the agents share the
total output equally, their expected utilities are the same for any given allocation and ¢q. We see
that allocation a3 dominates the others for low ¢, but is inferior for high ¢. Similarly, allocation as
dominates the others for high ¢ but is inferior for low ¢q. Thus, both as or ag are efficient for some
beliefs. We argue that a SPEPIK, who does not know ¢, should therefore also view a; as efficient,



since although this allocation is dominated for any specific ¢ by some other allocation, without
further knowledge about ¢ it is impossible for the SPEPIK to choose which other allocation to
replace a; with.
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Figure 1: Expected utilities of agents as a function of ¢q. Left panel: Comparing allocations a;,
az and as. Right panel: Comparing allocations a; and ay.

The right panel in Figure 1 compares allocation a; with a4. The horizontal (black) line rep-
resents the (same) utility of the two agents under the risk free allocation a;, whereas the sloped
(blue) lines represent the utilities of the two agents under the risky allocation ay4. For low and high
gs, one of the agents is better off under a4 than under a1, whereas the other is worse off, and for ¢
close to 0.5 both are worse off. Now, the reason one agent is better off for extreme ¢’s is exactly
because of the type of speculative redistributions that the ex post measure does not recognize as
welfare improving. Regardless of ¢, allocation a4 is therefore inferior from an ex post perspective.
What changes with ¢ under allocation a4 is which one of the two agents, who has the speculative
advantage. A SPEPIK with well-defined Pareto weights can therefore always improve upon ay,
regardless of what those Pareto weights are. So, to summarize, in this example it is reasonable to
require the SPEPIK to treat allocations a; — ag as efficient, but a4 as inefficient.

To formalize the intuition above, we introduce the Benthamite welfare function, U/, given ho-
mogeneous beliefs, ¢, and Pareto weights, A € SV,

Ulalg, ) =Y \"U™(alg),

where U"(alq) in our specific example is defined in (1), and more generally is a finite-valued expected



utility function. Note that the welfare function uses the same ¢ for all agents, being an ex post
measure. As a precursor to our analysis in subsequent sections, we define this and the concepts to
follow in full generality for N > 2 agents and a general set of feasible allocations, A.

If U(blg, \) > U(alg, \) for two allocations, a,b € A, we write b >;‘ a. It follows easily that the
standard definition of Pareto efficiency under homogeneous beliefs can be formulated as

Definition 1 (Pareto dominance and efficiency with homogeneous beliefs)

(1) Allocation b dominates a given q, b >4 a, if b >—é‘ a for all A € SN,
(11) Allocation b is not dominated by a given q, a =4 b, if =(b >, a).
(iit) Allocation b is efficient given q, b € Ey, if Va € A:b >4 a.

Moving onto the heterogeneous beliefs economy, we introduce the concept of IK-dominance
with respect to specific Pareto weights, which we then use to define Incomplete Knowledge (1K)

efficiency:

Definition 2 Allocation b

(i) IK-dominates a with respect to Pareto weights \, b =* a, if:

(VQGQR3bE2a) and(EIqEQR:b>2a),

(ii) is not IK-dominated by a with respect to Pareto weights X, a =* b, if =(b =* a), i.e., if
(EIqEQR:a>2‘b) or(VqEQR:aié‘b).

Definition 3 (IK-efficiency) Allocation a is
(i) IK-efficient, a € ETX, if IN e SN, ¥be A,a = b .

(ii) TK-inefficient, if a € (BET5)¢, ie., if YA€ SN, 3b € A: b= a.

An IK-inefficient allocation is thus one for which whatever the Pareto weights in the SPEPIK’s wel-
fare function, there exists another allocation that is not dominated by the first regardless of which
reasonable ¢ is correct, and that dominates the first for some reasonable ¢. Thus, an IK-inefficient
allocation is operational for the SPEPIK, who can move to an allocation b that is consistent with
the planner’s Pareto weights, without taking a stand on gq. The concept thus requires the social
planner to have a well-defined A, but requires no knowledge about ¢ € Qg.

We also introduce two convenient IK dominance concepts:

Definition 4 (IK-dominance) Allocation b is said to

(i) weakly IK-dominate allocation a, if IN € SV : b = a.



(ii) strongly IK-dominate allocation b, if YA € SN, b = a.

It follows immediately that a necessary condition for an allocation to be IK-efficient is that it is
not strongly IK-dominated by any other allocation, and that a sufficient condition is that it is not
weakly IK-dominated by any other allocations.

IK-dominance formalizes the intuition we described in the previous example. Indeed, it is
straightforward to verify that allocations a; — ag in the example are IK-efficient, whereas a4 is
IK-inefficient.

2.3 Comparison with other efficiency measures

We compare the IK-efficiency concept with two other concepts, namely belief neutral efficiency and
so-called U-efficiency.

The concepts of belief neutral efficiency and inefficiency are introduced in Brunnermeier et al.
(2013). With their definition, some allocations are neither classified as efficient, nor inefficient.
To avoid this failure of principum tertii exclusi and the associated cumbersome terminology of
“not belief neutrally inefficient allocations,” we use the term weakly belief neutrally efficient for an
allocation that is not belief neutrally inefficient.

Definition 5 Allocation a is
(v) Belief Neutrally efficient, a € EPY | if Vg € Qp,Vb € A:a =, b,
(vi) Weakly Belief Neutrally efficient, a € EBYN | if 3g € Qp,Vb € A:a =, b,

(vii) Belief Neutrally inefficient if a € (EPN)¢, d.e., if Vg € Qp,Fb € A: b=, a.

We note that to be able to act on a belief neutrally inefficient allocation, the social planner in
general needs to know the true probability distribution, contrary to our SPEPIK assumptions,
since the allocation that dominates a belief neutrally inefficient allocation is allowed to depend on
q. We also note that belief neutral efficiency is a strong requirement, since it requires a single
allocation to be efficient for all reasonable ¢’s.

In our example, a; is belief neutrally inefficient, since for any ¢ at least one of as and as
dominates aq, as seen in the left panel of Figure 1. Moreover, no allocation is belief neutrally
efficient, since any allocation is dominated by another for some ¢. As a consequence, neither of the
two concepts is operational for a SPEPIK in this example.

We next introduce the concept of U-efficiency, which is closely related to Unanimity Pareto
dominance introduced in Gayer et al. (2013):

Definition 6 Allocation a is

(iii) U-efficient, a € EY, if Vb € A,3q € Qr:a =, b,



(iv) U-inefficient if a € (EY)¢, i.e., if 3b€ A,Vg € Qr : b =, a.

The requirement in Gayer et al. (2013) for an allocation to be Unanimity Pareto dominated by
another is stronger than our requirement for the allocation to be U-inefficient, in that they require
every agent who participates in the transaction leading to the new allocation to be strictly better
off, whereas we only require one agent to be strictly better off and the rest to be weakly better off.
Therefore, an allocation that is U-efficient under our definition is not Unanimity Pareto dominated
by any other allocation, using their definition.

We note that compared with belief neutral inefficiency, U-inefficiency is a stronger concept, since
the dominating allocation, b, is not allowed to depend on ¢ under U-inefficiency. Equivalently, U-
efficiency is a weaker concept than weak belief neutral efficiency.

A consequence of the weak requirements for an allocation to be classified as U-efficient is that
the speculative allocation a4 in our example is U-efficient. Indeed, as seen in the right panel of
Figure 1, for some ¢’s one agent is better off under a4 than under a; and this is also the case
when comparing a4 with as and ag. In this context, the measure is thus too weak to identify some
allocations are reasonable for the SPEPIK to rule out as inefficient.

Going forward, we mainly focus on the IK measure. We introduce a stylized, but still quite gen-
eral, production economy and study what, if anything, can be said about efficiency and distortions

of equilibrium outcomes when using this measure.

3 The general economy

3.1 The Environment

Consider a two-date economy, t = 0,1, in which there are N > 1 agents, with a finite state space
Q={wi,...,wn}, M > 1. The state is revealed at ¢t = 1. The information structure is represented
by the filtration {F},, t = 0,1, where Fy = {0,Q} and F; = 29 are the algebras representing
information available at ¢ = 0 and t = 1, respectively. All random variables throughout the paper
are assumed to be Fi-adapted.

Agents agree to disagree about the probabilities for different states: Agent n believes that the
probability for state wp, is g;1,. Agent n’s beliefs can then be represented by a vector ¢" € Q def gm )
with mth element ¢;),. We thus assume that each agent believes that there is a strictly positive
probability for each event to occur, which will subsequently allow us to avoid situations where
equilibria fail to exist because of the presence of agents who believe there are arbitrage opportunities,
and therefore are prepared to take on infinite portfolio positions.

We represent agents’ joint beliefs by the vector 7 = (¢',...,¢") € II, where II def (SMYN s the
set of possible joint beliefs. Formally, we associate the probability measure P*, n=1,..., N with
agent n, where P"({wn,}) = P{wm};q") = ¢, and also the probability space (2, F1,P"). The
expectation of a random variable, X, given beliefs, g, is denoted by E[X]|q].

The subset of IT in which agents have homogeneous beliefs, P"(wy,) = P ({wy,}) for all n, n’
and m, is IIYV. Here, the U-superscript denotes that agents unanimously agree on probabilities.

10



We define the bijection H : Q <+ IV, by ¢ € Q « H(q) = (¢,q,...,q) € IIY. We also define
———

N
1IY = {H(q)}, and we then have IIV = Ugeoll{.

Following Brunnermeier et al. (2013), we define the set of reasonable beliefs as the convex hull
of individual agents’ beliefs. Specifically, given heterogeneous agent beliefs, (¢',...,¢") € II, we
define the set of reasonable probabilities Qr = CH({¢',...,¢"}). As before, the R-subscript
symbolizes that the set contains the reasonable probabilities or, with a narrower interpretation,
that these are the probabilities that a social planner uses when evaluating the efficiency of an
allocation. Our analysis will be general, however, allowing a social planner to use a different set of
reasonable beliefs. The planner may, e.g., exclude some beliefs that are obviously incorrect.

There is one unit of a divisible and perishable good that can either be consumed at ¢t = 0 or
invested in a linear production technology. A unit invested in the production technology at time 0
yields the random, strictly positive amount, R, of the good at t = 1, at which point it can be
consumed. We define R,, = R(wm), m =1,..., M, the partition of Q, P4 = {Ril({x}) sz > 0},
and the algebra FA = 2P We write Rp = R,,, where w,,, € B.

If P* = P" on FA for all pairs of agents n and 7/, i.e., if P"(B) = IP’"/(B) for all sets B € FA,
then agents are said to agree on aggregate risk, hence the A superscript. We denote the set of
all such beliefs by IT14. Moreover, if the conditional probabilities, P™(wy,|B) = P" (wy,|B), for all
B € P4, for all agents n and n/, and states, w,,, then agents are said to agree on idiosyncratic risk,
7w € L. Tt follows that IIV = ITI* N 117, i.e., that agents have homogeneous beliefs if and only if
they agree on both systematic and idiosyncratic risk. We note that a special case in which agents
agree on aggregate risk is when R = R for some constant R > 0, i.e., when aggregate returns are
risk-free.

Agents’ consumptions across time and states are represented by the nonnegative random pro-
cesses ¢". Here, agent n’s consumption at time 1, in state m is c,,, and at time 0, it is ¢j. The

joint consumption processes of all agents define the allocation, a = (&!,...,&V).

Definition 7 (Feasible allocation) An allocation is feasible with aggregate investment, I €

0,1], if
i) I=1-N e
i) SN e =TIR,, m=1,..., M.
We do not allow for free disposal. We will assume that agents have strictly increasing utility

of consumption, so disposal would never occur even if feasible. The set of feasible allocations is
denoted by A.

11



Agents have expected utility with Constant Relative Risk Aversion (CRRA)34

: @, (@
n — n n — T mn n — E
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T

We specifically exclude the case the case of logarithmic utility, v = 1. As discussed in Section 6
most of our results will not hold when v = 1 because of well-known special properties of logarithmic
utility. We also define the elasticity of intertemporal substitution (EIS), ¢ = % Note that we for
simplicity assume a personal discount rate of zero. All our results hold for positive personal discount
rates, so this is without loss of generality.

We say that agents agree on real investment opportunities, = € II4, if E[R'~7|¢"] = E[R*7|q"]
for all n and n/. Agreeing on real investment opportunities is thus a weaker condition than agreeing
on aggregate risk, II4 C 4. Such agreement implies that agents agree about how “good” the
production technology is (measured in utility terms), but not necessarily on the probabilities for
different realizations of productivity.

We define the set of allocations that are efficient for some reasonable belief, E¥ = Uycg, E,.
Proposition 1 below shows that the set of IK-efficient allocations in our context has an intuitive
characterization, containing precisely those allocations that are efficient for some reasonable belief.
The proposition also guarantees that the IK-efficient set is not empty, which is not immediate since
IK-dominance is in general not an acyclical relation.

Proposition 1 IK-efficiency is equivalent to efficiency for some q € Qr, E'X = E9,

3.2 Competitive equilibrium

We study allocations that may arise as outcomes of competitive equilibrium. To this end, we
assume that each agent has access to the production technology, and is endowed with a strictly
positive initial amount of the good, K™ > 0, and normalize the total supply of the good to unity,
ij:l K™ = 1. We represent this initial allocation as a vector, K = (K*',...,K") € K, where
K = SN. The primitives of the economy can now be summarized by the tuple £ = (v,Q, 7, K, R).

At t = 0, agents can trade in a market for state-contingent Arrow Debreu (AD) securities on
each state. The price of an AD security that pays a unit of the good at time 1 in state m, measured
in time-0 units of the good, is p,,, > 0. The absence of arbitrage implies that

> pmBm =1,
m

3We will subsequently discuss extensions to more general utility specifications.

“Here, the &7 dependence of U(cly, &t|q™) represents that U, being a time-0 expectation, and hence Fo-measurable,
is a function of the future realization of ¢7 in all states, ¢y, cTa, ..., cla- It does not mean that U is a function of
the realization of ¢f' (which is of course not Fo-measurable).
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since agents would otherwise form arbitrage portfolios in AD securities and the real asset that
represents the production technology.’
The optimization problem for agent n is then

max Ul(cg,étlg"), s.t., (3)

dr,...d7,

M
cy = K”—Zd;‘lpm,
i=1

Ay = dn.
Here, d;}, € R is agent n’s demand for the mth AD security, and we define the demand vector
d* = (d,...d7,) € RM. We restrict our attention to the case with strictly positive AD security
prices, since arbitrage opportunities would arise if some prices were nonpositive, inconsistent with
equilibrium. We define the state-price vector p = (p1,...,py) € P, where P = Rﬂr.
The strict concavity of agents’ preferences implies that d" is a unique and smooth function of
K™, ¢", and p, so we can write
d" = D(K",q"|p),

for a smooth function, D. We now have:

Definition 8 A state-price vector, p, such that

meRm =1, and

Z(D(Knvﬂn|p))m:IRm, mzl,...,M,

n
for some I € [0,1], defines a (Walrasian) equilibrium, given initial allocations, K € K, and beliefs,
m e Il

We have the following existence and uniqueness result:

Proposition 2 In the economy, £ = (v, Q,W,K,R), there exists an equilibrium state-price vector,
p. Moreover, there exists a v < 1, such that p is unique if v > 7.

Here, 7 is allowed to depend K, m and R. In our subsequent analysis, we assume that v > 7 so that
equilibrium is unique, thus excluding economies with very low ~’s. This allows us to use functions
instead of the more cumbersome use of correspondences. The state price vector is then a function

of K and 7, p(K, ), (taking v and Ry,..., Ry as given), as are investments and consumption:

I(K, ), co (K, m), (K, ), n=1,...,N. (4)

5Strictly speaking, this argument only works for interior allocations, such that 0 < I < 1, a condition that will
always hold in equilibrium in our economy since our utility specification satisfies the Inada conditions.
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Aggregate consumption is C (K,m) =3, ¢" and we note that the budget constraint implies that
Cy = IR. We write the mapping from agents’ beliefs and initial capital to the equilibrium outcome
in terms of allocation and prices (a,p) € A X P, as (a,p) = G(K, ).

3.3 Introducing idiosyncratic endowment shocks

We introduce the additional assumption that agents are exposed to idiosyncratic endowment shocks.
Each agent faces a shock, €", at ¢t = 1, where €]}, is the size of agent n’s shock in state m. These
shocks are idiosyncratic, i.e., they are such that

N
Ze"m:O, m=1,...,M.
n=1

The endowment shocks are summarized in the vector e = (e(l), 6(2), e e(])V, eh, R eﬁ, eb, cee eJIVM) €
RN x(M+1)

In the complete market equilibrium, these shocks affect agents’ wealths. We need to ensure
that each agents’ total wealth, including the value of endowment shocks, is strictly positive for
equilibrium to be well-defined. We ensure this by the following extension: Given the equilibrium
state price vector in an economy with no endowment shocks and initial allocation K, this state price
vector also determines an equilibrium in any economy with initial endowments K’, and endowment
shocks e, such that

K":(K’)n%—Ze%pm, n=1,...,N,
m

in which each agent, n, solves the optimization problem

max Ul(cg,ctlq"), s.t., (5)

dy
M
n \n n
Cp = (K) - § dmpmu
i=1
n _ n n
Clm = dm + )

Our analysis covers this extended set of economies with idiosyncratic shocks, summarized by the
tuple £ = (7,Q, 7, K, R,e). A sufficient condition for agent wealth to be strictly positive in the
economy with endowment shocks is that K" R,, + e*, > 0 for all n and m.

The following result shows that, in contrast to the case of homogeneous beliefs, equilibrium is

always IK-inefficient under heterogeneous beliefs:

Proposition 3 Within the production economy, &, equilibrium is IK-efficient if and only if beliefs
are homogeneous, m € 11V

Thus, just as in the exchange economy setting, as discussed in Brunnermeier et al. (2013), Gilboa
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et al. (2013), Gayer et al. (2013), and Blume et al. 2014, the friction free equilibrium outcome is
inefficient under heterogeneous beliefs in the production economy.

4 Equilibrium distortions

To understand the sources of IK-inefficiency, we make a decomposition into a speculative component
and an investment distortion component, respectively. Speculative distortions correspond to pure
transfers between agents across states, and also arise in the exchange economy, whereas investment
distortions have real effects and only arise in the production economy. Unsurprisingly, speculative
distortions always arise when agents have heterogeneous beliefs. In many cases the presence and
directions of investment distortions can also be characterized, which is a priori more surprising.
We define a unanimous distortion of an outcome in the same spirit as when defining U-efficiency.
For an outcome to be classified as unanimously distorted, it must be distorted under any reasonable
belief. Specifically, consider the set of equilibrium outcomes supported by reasonable beliefs,

IV ={G(K,7): K € K, € Ugeg, 1]},

a characteristic, v, that is defined by the function, v = f(a,p), where f : A x P — R, and
furthermore define the set of (unanimously) reasonable values of v, F = {f(a,p) : (a,p) € TV}

Definition 9 The variable, v is said to be Unanimously Distorted in equilibrium if v ¢ FY. It is
too low if v < inf FY, and too high if v > sup FV.

Note that a distortion is defined in the context of an equilibrium outcome, (a,p). Alternatively,
we could have defined a distortion with respect to the real allocation, a, alone. Since we know
from the second welfare theorem that any efficient allocation can be generated (in a homogeneous
beliefs economy) as an equilibrium outcome by appropriately choosing agents’ initial allocations,
our definition encapsulates such an allocation-oriented definition. The advantage of our definition
is that it allows for the study of both financial (price) and real (allocation) distortions within a

unified framework.

4.1 Speculation and investment distortions

We first use the distortion concept to introduce a precise statement of what it means for speculation
to be present in a complete market equilibrium. As discussed in Hirshleifer (1975), the term
speculation has been associated with the presence of risk transfer between risk tolerant and risk
averse agents, following arguments made by Keynes (1930) and Hicks (1946), as well as with the
concept of trades that are generated from agents’ different beliefs and information, in line with
the view of Working (1953). Here, we focus on Working’s interpretation. Within our setting, the
variation of an agent’s share of total consumption across states in the complete market equilibrium is
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always generated by differences in beliefs, and we use this variation as the basis to define speculation:

Definition 10 The speculative component of the complete market equilibrium outcome is

Z Z g
M +1) & = |Cim ’
where n™ M1+1 (é—% + 2%21 %) s agent n’s mean consumption share across states and time.

In any complete market homogeneous beliefs economy, the speculative component is zero, so its
only unanimously reasonable value is zero, FV = {0}. An economy with s > 0 is therefore
(unanimously) speculatively distorted, in line with Definition 9. The following result shows that

speculative distortions always arise under heterogeneous beliefs in equilibrium:
Proposition 4 If agents disagree, © ¢ 11V, equilibrium is speculatively distorted.

We next study the investment distortions that may arise in equilibrium. In line with Definition 9,
aggregate investments are unanimously distorted if they cannot be supported in any homogeneous
beliefs economy for some reasonable belief, ¢ € Qr. If equilibrium investments are lower than
investments in any such homogeneous beliefs economy, there is underinvestment, and if they are
higher there is overinvestment.

The following proposition shows that the set of reasonable investment levels is small when

agents agree on aggregate risk:

Proposition 5 If agents agree on aggregate investment opportunities, ™ € HA, the set of reasonable

investments contains a single element, FV = {I*}.

As a consequence of agents’ agreement about the reasonable investment level, we may expect
aggregate investments to be reasonable in equilibrium. However, this is not the case, as shown by
the following result:

Proposition 6 If agents agree on aggregate investment opportunities but disagree on idiosyncratic

risk, w € HA\HI , equilibrium investments are unanimously distorted.

Thus, the effects on investments of heterogeneous beliefs are straightforward: disagreement about
idiosyncratic risk unanimously leads to distortions.

The source of the unanimous investment distortion is a wealth effect: When agents disagree,
they all feel wealthier because of their expected gains from speculation. The effect on investments of
increased wealth is known to be intimately connected to the elasticity of intertemporal substitution,
1, and it is therefore not surprising that the direction of the investment distortion is too:
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Proposition 7

If agents agree on aggregate investment opportunities but disagree on idiosyncratic risk, ™ €
A\, then

o if the elasticity of intertemporal substitution, is greater than one, ¥ > 1, there is overinvest-
ment in equilibrium, I > I*.

e if the elasticity of intertemporal substitution is less than one, ¥ < 1, there is underinvestment

i equilibrium, I < I*.

In equilibrium, all agents have higher expected utility (given their beliefs) than in the homoge-
neous beliefs economy, because they expect gains from speculation on idiosyncratic risk. They
therefore readjust their consumption and investments at ¢ = 0 to take this higher utility into ac-
count, decreasing investments if ¢y < 1 and increasing investments if ¢» > 1. The distortion is
thus a consequence of “spurious unanimity” (see Mongin 1995) among agents: Agents believe the
distorted investment outcome to be optimal for themselves, although they base their conclusions
on different—mutually exclusive—beliefs. It follows from Proposition 1 that IK-efficient outcomes
are neither speculatively, nor investment distorted:

Corollary 1 An allocation is IK-efficient, a € E'X, if and only if it is neither speculatively dis-
torted, nor investment distorted.

Example 1 Consider an economy with three agents, v = 2, and corresponding FIS, 1) = % There
are four states in which investment returns are Ry = 1, Ry = 1, R3 = 14, and Ry = 1.4,
respectively, and no endowment shocks. Note that returns are the same in state 8 and 4, representing
purely idiosyncratic risk. Table 2 shows the agents’ beliefs about the probabilities for the states.

Figure 2 shows equilibrium investments (horizontal azis) and speculative component (vertical azis)

Agent 1 2 3
State 1 | 0.1 | 0.25 | 0.4
State 2 | 0.1 | 0.25 | 04
State 3 | 0.4 | 0.25 | 0.01
State 4 | 0.4 | 0.25 | 0.19

Table 2: The table shows the beliefs of agent n = 1,2,3 for the probability of each of
states m =1, 2,3,4 to occur.

for all equilibrium outcomes, for different initial allocations of capital, K € K.
Several observations are in order: The speculative component approaches zero at three points:
I = 0.4694, I = 0.4847 and I = 0.4984, corresponding to initial allocations where all capital s
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given to agent 1, 2, and 3, respectively. Since we assume strictly positive initial capital for each
agent, these limit points are not part of the set of equilibrium outcomes.

The set of reasonable investments is FY = [0.4694,0.4984], is represented by the dotted (red)
line on the horizontal axis. This line also represents the set of IK-efficient allocations. Any value
of I outside of this interval is distorted. There is a nonempty set of equilibria with underinvestment
(I < 0.4694), but no equilibrium with overinvestment. This is in line with Proposition 7, since the
EIS, 1, is less than one. Moreover, there is also a nonempty set of equilibria for which investments
are not distorted, which is also in line with Proposition 7, since agents also disagree on aggregate
investment opportunities in this example.

We note that there are no belief neutrally efficient allocations, again suggesting that the concept
is too strong in this setting. Specifically, any investment level is inefficient for some q € Qp,
causing the efficiency set to be empty. Moreover, U-efficiency is too weak to rule out any equilibrium
allocations—the whole equilibrium region is U-efficient—as shown by the following result:

Proposition 8 Any equilibrium outcome in the heterogeneous beliefs economy is U-efficient.

Proposition 8 immediately implies that no equilibrium outcome, is ever Unanimity Pareto dominated
by any feasible allocation.

012

0.1
0.08
0.06

0.04

Speculative component

0.02

0
046 0465 047 0475 048 0485 049 0485 0.5
Investment

Figure 2: Equilibrium distortions. The figure shows the possible investment (horizontal) and

speculative (vertical) equilibrium outcomes, for all different initial allocations, K € K in the
example described in Table 2.
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4.2 Price Distortions

We next study the financial side of the economy. Along similar lines as in our earlier analysis,
we are especially interested in understanding under what conditions there is unanimous agreement
about there being equilibrium price distortions, i.e., mispricing. For a general vector a € RM | we let
a represent the asset that pays a,, in state m, and P* = )" a;,pn, its corresponding equilibrium
price, and similarly for the vector b € Ry, with price P®. The AD security that pays a unit of the
good in state m is J,, and, more generally, a security that pays a unit in the set of states, B C Q,
is dp.

Definition 11

1. There is mispricing in equilibrium, if there exist assets, a € RM and b € RM | such that

P40, and % is distorted. In this case, we say that there is (a,b) mispricing.

2. There is intratemporal mispricing if there is (d;,0;) mispricing, for some AD securities, d;,

3. There is intertemporal mispricing if there is (a,f?) mispricing for some asset a.

4. The risk-free rate is distorted if there is (1, R) mispricing.

The asset b has the natural interpretation of being the numeraire, i.e., mispricing is defined in
terms of the price of asset @ measured in number of units of asset b. When b = R, this numeraire
is in terms of t = 0 consumption, since PR = 1. We use the term intratemporal mispricing for the
case when we compare the relative prices of two AD securities—which both make their payments
at ¢ = 1. Intertemporal mispricing, on the the other hand, identifies mispricing in terms of units
of current consumption, since the numeraire b = R with price P® =1 is chosen.

The existence of mispricing in a market could potentially be used by a social planner to detect
real and speculative distortions, so it is important to understand under which conditions, and for
which types of assets, it occurs. Of course, if agents agree on all risk, there will never be mispricing,
so the presence of speculative distortions is a necessary condition for mispricing. However, the
reverse is not true. It is straightforward to come up with examples where there are speculative
distortions—due to disagreement about idiosyncratic or aggregate risk, or about both—but no
mispricing. Similarly there are examples with equilibrium investment distortions and mispricing,
as well as examples with investment distortions and no mispricing. In general, the links between
financial and real distortions is therefore not very strong.

Our first result rules out intratemporal mispricing completely:

Proposition 9 There is never intratemporal mispricing in equilibrium.

The economic intuition for this result is that the relative prices between two AD securities will be
determined by an average of the agents’ different beliefs about the relative likelihood of these two
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events occurring, together with the aggregate marginal rate of substitution between the two states
(about which there is no disagreement) and will therefore be consistent with some reasonable belief.
The result shows that the relative prices of such contingent claims that make their payments at
the same point in time—even if there is a lot of disagreement about their likelihoods—cannot be
used to detect distortions in the economy under an EPIK measure.

In contrast, intertemporal mispricing occurs generically, as long as the economic environment is
rich enough to have many states and agents with sufficiently different beliefs. Indeed, although it is
possible to design examples in which there is no equilibrium mispricing even in such environments,
these examples are the rare exceptions. The argument is made precise in the following proposition:

Proposition 10 Consider an economy in which there are more states than agents, M > N, and
define the matriz A € Rﬂ‘ffN, with elements Apyn = (7). Assume that the rank of A is N.
Then, for all Pareto weights, A\ € SV, except possibly for a subset of Lebesque measure zero, there
1s intertemporal mispricing in equilibrium.

The proof of Proposition 10 proceeds by constructing an asset that all agents agree upon the price
of, which is possible given that the set of assets is so rich (M > N), and then showing that the
equilibrium price of this asset is typically nonzero, except possibly in some knife-edge cases. That
asset’s price is thus typically distorted in equilibrium.

The result is general, but the argument is somewhat technical and thereby provides quite limited
insight about where in the asset space one should look for mispricing. The following proposition
provides more insight, being based on economic arguments:

Proposition 11 If for some idiosyncratic event, B € P4, containing at least three states, all
agents agree about P(wp,|B), for some wy,, but there is disagreement about some other state in B

between at least two agents, then there is (O, 0p) mispricing in equilibrium.

The intuition behind the result is that unanimously agreed upon mispricing is difficult to identify
in states that agents disagree upon, since such states have a wide range of reasonable prices. On
the other hand, for a state w,,, for which there is no disagreement, all agents also agrees on the
ratio, k, of the values of §,, and dp. This is the first part of the argument. The second part, that in

equilibrium 25 # k, follows from the fact that since agents do not see any speculative benefits in

p
state m, but do see such benefits in some of the other states in B, this moves their demands away
from asset d,,,, thereby leading to mispricing. The lesson to be drawn is that it may be easiest to

identify mispricing by studying the prices of assets about which there is the least disagreement.

5 Policy implications

It follows from Corollary 1 that a planner who wishes to obtain an IK-efficient outcome should
avoid allocations that lead to either speculative or investment distortions. In an exchange economy
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with no endowment shocks, it may be relatively simple to avoid speculative distortions by simply
shutting down speculative markets. However, when endowment shocks are present, even shutting
down markets for purely idiosyncratic risk may be costly because of lost hedging opportunities. A
similar argument holds for the effects of introducing a tax on trades in such markets (a Tobin tax),
as shown in the following example.

Example 2 Consider the two agent, two state, economy in which initial allocations are K =
(1/2,1/2), v = 2, and Ry = Ry = 1. Agents are exposed to idiosyncratic endowment shocks,
et = e3 = 1/2, el = €2 = —1/2, and heterogencous beliefs, ¢t = q3 = 7/10, ¢4 = ¢ = 3/10. It
is easy to verify that the IK-efficient allocations are those for which each agent’s consumption is
the same across time and state: ¢ = ci; = ciy, and 3 = 3, = 3, and consequently the efficient
investment level is I* =1/2.

In equilibrium with no tazes, consumption is ¢} = c& = 0.253, ¢y = ¢35 = 0.299, and cly = 3, =
0.196, an IK-inefficient allocation which contains both speculation and underinvestment. Because
of symmetry, it is also clear that the state prices are py = pa = 1/2.

Now consider a transaction tax that is proportional to the face value of traded AD securities,
i.e., the total price agent n pays for the demand d}}, of AD security m, is d}},pm + 7|d}},|. The tazx
1s revenue neutral, which is achieved by the government making a lump-sum payment of X to each

agent at t = 0. Agent n thus solves the optimization problem:

(K" + X —I" =75 |dn)' (en,+ 1" +dn)' "
Iﬂ?ﬁg = = +;qfn T ,s.t.;d%pmzo.
An equilibrium is then defined as a state price vector that yields market clearance, ) dr, = 0,
m=1,..., M, and government payments that are equal to tax revenues, NX =1 an |d |.

In this example, it is easy to werify that equilibrium with the tax is such that again p1 =
Py = %, and that speculative distortions are strictly increasing in 7, making any equilibrium with a
transaction tax strongly IK-dominated by the friction-free equilibrium. The reason the transaction
tax in this example decreases welfare is because it makes it more costly for agents to hedge their

endowment shocks, and therefore leads to less risk sharing than without the taz.

A key takeaway of the previous example is thus that when both hedging and speculation motives
are present, it may be difficult to address speculative distortions by imposing a transaction tax or
shutting down markets.® The equilibrium investment distortion may actually be easier to address by
a social planner, given that the economy’s EIS, 1, is known. A short summary of empirical evidence
about the EIS reveals two stylized facts: First, various studies in different markets suggest that the
EIS is lower than one; for a recent survey, see Havranek et al. (2013). Second, the EIS is higher in
markets with more sophisticated and wealthier investors. For example, Vissing-Jorgensen (2002),

SDévila (2014) shows that as long as agents who are optimistic about a financial asset are on average long the
asset, whereas those who are pessimistic are on average short, there is a strictly positive transaction tax that is
welfare improving. Our example does not satisfy this condition, since the endowment shocks are such that the agents
wish to hedge the AD securities they are optimistic about.
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shows that the EIS implied from agents’ Euler equations is consistently higher for bond market
participants than for stock market participants and, in turn, higher for stock market participants
than for nonparticipants. Blundell et al. (1994) find that the EIS is higher for rich than for poor
households, and in a meta study Havranek et al. (2013) find that the EIS is higher in wealthier
countries than in poor countries. We therefore focus on the case when the EIS is less than one.
The analysis when ¢ > 1 is identical, the only difference being that the signs of taxes and subsidies
switch.

Example 3 Assume that the social planner introduces an investment tax, such that agents need to
invest (1+7)I att =0 to receive IR att = 1. Again, the taz is revenue neutral. The government
makes a lump-sum payment, X, such that in equilibrium the tax matches the payment. Agent n’s
optimization problem is then

(K" + X - (1+n)I")'™ w (e + 1"+ dp )™ "
Inr,%%?ég T +%:qm 1=~ , S.t.;dmpmzo,

and in equilibrium Y, dr, =0, m = 1,...,M, and NX = 7I. In the economy with the same
parameters as in Example 2, one can verify that by choosing T = 0.0145 the social planner obtains
undistorted equilibrium investments, I = I = 0.5. It is also straightforward to verify that the allo-
cation with the investment tax dominates the no-tax outcome under Pareto weights A = (1/2,1/2),
for all reasonable beliefs. In other words, the equilibrium outcome with the investment tax weakly
IK-dominates the no-tax outcome.

In this example, the speculative distortion is still present, investment distortions are avoided by
imposing the tax. The following proposition shows that such improvements are in general possible,
when disagreement is about idiosyncratic risk.

Proposition 12 In an economy with disagreement about idiosyncratic risk and agreement about
aggregate risk, ™ € HA\HI , and Y < 1, there is a strictly positive investment tax, such that the
equilibrium outcome in the economy with the investment tax weakly IK-dominates the equilibrium
outcome in the economy without the tax.

Thus, addressing investment distortions is indeed in some cases easier for the social planner than
addressing speculative distortions.

6 Extensions

Our model is perfectly general with respect to the state space structure, endowment shocks, and
beliefs, but makes fairly strong assumptions about agent preferences—assuming that all agents
have identical CRRA preferences—and about the production technology—assuming that only one
technology is available. We discuss how these assumptions may be relaxed.
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6.1 Alternative preferences

For tractability, we have assumed CRRA preferences, but our results about the speculative inef-
ficiency of equilibrium under heterogeneous beliefs hold much more generally. As long as corner
solutions can be ruled out, e.g., by imposing Inada conditions on utility function, Propositions 3
and 4 extend to general, agent specific von-Neumann Morgenstern expected utility specifications:
U™ = u"(co) + Ef[v™(¢})|q"]. The only modification needed is that speculation needs to be de-
fined over marginal utilities, not over consumption shares. Only for CRRA preferences are the two
definitions equivalent.

The investment distortions results also generalize outside of the CRRA framework, but the EIS
needs to be well defined. It is, e.g., straightforward to show that Propositions 5-7 also hold when
agents have Epstein-Zin utility,

_0
1—v

U= U@ E ) = (@) + B @) m])

_6
1—v

- M
= |7+ (Z(C?m)l_”ﬂ%> - (6)

m=1

=

Here, the variable « represents risk-aversion as in section 3.1. However, v does no longer play the
dual role of risk aversion and reciprocal of the EIS. With Epstein-Zin utility we have the additional

parameter 6 = 11_}*, where 1 is the elasticity of intertemporal substitution (EIS). When ¢ = %,

f = 1, and this utillibty specification reduces to expected utility with power preferences. When 0 # 1,
1) will govern whether disagreement leads to under- or over-investment in equilibrium.

We have specifically excluded the case of logarithmic utility (7 = 1) throughout the paper.
Under logarithmic utility, speculative distortions arise in equilibrium, but never investment dis-
tortions, nor mispricing, because of the well-known property that income and substitution effects
cancel out under a log utility.

6.2 Pure exchange economy

It is interesting to compare our result to those that arise in the exchange economy, i.e., when the
number of production technologies available is zero. The economic setup in this case is similar to
that in Section 3.1 with the exception that agents cannot invest. Instead, they receive endowments

n N

e = (eg, e, - €h,,), and the total endowment is e = )", €. Given a state price vector, p, the

optimization problem of agent n is then

max Ulcy,etlg™) s.t. (7)
<1
M M
cy + Z PmCl, = €§+ Z D€l
m=0 m=0
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Similar arguments as those leading to Proposition 4 implies the existence of a unique equilibrium
state-price vector.

Obviously, in this setting there can be no investment distortions. Moreover, an identical ar-
gument as in Proposition 4 implies that speculative distortions always arise when agents disagree.
With respect to mispricing, there are difference compared with the production economy, as shown
by the following result:

Proposition 13 In the production economy without aggregate risk, the risk-free rate is never dis-

torted. In the exchange economy without aggregate risk, the risk-free rate is always distorted.

The reason for the difference is that in a production economy, agents change their investments to
smooth out perceived gains from speculation across time. In a pure exchange economy, however,
this is not possible. Instead, the prices have to change to keep aggregate consumption equal to
total endowments. A similar mechanism is explored in Ehling et al. (2013).

6.3 Multiple production technologies

Consider the case with 2 < J < M linear production technologies. Each unit invested in technology
0 < j < J at time 0 yields a strictly positive amount R{m at time 1 in state m =1,..., M. With
a slight abuse of notation, let R be the J x M matrix with element R;,, = R{m, ie., Rjy, is the
payout of technology j in state m. We assume that the rank of R is J so no technology can be
replicated as linear combinations of the other technologies. The next proposition characterizes a

set of asset prices that are never distorted.

Proposition 14 Let X denote a random payoff at time 1 and P (X') denote the equilibrium price
of an asset that generates this payoff. If X € span (R) then P (X) s not mispriced.

Proposition 14 shows that asset that are in the span of the payoff matrix of the J technologies
cannot be mispriced in equilibrium. If this was the case there would be arbitrage opportunities.
This extends the result that the price of the production technology in section 3.1 can never be
mispriced. The general implication is that the scope for mispricing decreases when the number of
production technologies increases, exemplified by the comparison between the exchange economy
and the production economy, where disagreement about idiosyncratic risk led to a distorted risk-
free rate in the former but not in the latter. The following result is an immediate consequence of
Proposition 14, implying that when there are as many linearly independent technologies as states,

Arrow-Debreu prices are completely determined by the marginal rate of technical substitution:

Corollary 2 If J = M there is no mispricing in equilibrium.
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7 Concluding remarks

The analysis of efficiency and distortions in economies with heterogeneous beliefs introduces multi-
ple challenges, especially when agents wish to hedge risks, productive resources need to be allocated,
and the social planner has incomplete knowledge about true probabilities. Even defining what con-
stitutes an inefficiency or distortion, in a manner that is operational for the social planner, poses
a challenge in itself. Characterizing conditions under which inefficiencies, mispricing or distor-
tions unambiguously occur in equilibrium poses another challenge, given the range of reasonable
probabilities that must be considered. Defining actions that may be taken by the social planner,
that balance the benefits of reduced speculation against the potential costs of decreased hedgeing
opportunities and distorted productive allocations poses a third.

Our model, although necessarily very stylized, provides a setting within which each of these
challenges can be constructively addressed. The concepts of IK-inefficiency and unanimous distor-
tions allow for surprisingly strong equilibrium characterizations, both of real (investment) and of
financial (pricing) variables, although based on very weak information assumptions. As a practical
application, such results may, for example, have allowed for an objective discussion about whether
the degree of resources funneled to New Economy startups during the high-tech boom of the late
1990’s was appropriate, without taking a stand on the prospects of the New Economy sector as
a whole. Potential policy responses to inefficiencies and distortions are also relatively straightfor-
ward to analyze within the model. Altogether, we view this as a fruitful step toward a more general
theory of efficiency and distortions under heterogeneous beliefs.
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A  Proofs

Proof of Proposition 1

We note that each a € E® is associated with a unique pair of investment level and Pareto weight, (I, ), ie.,
a' #a (I'N) # (I,)\), and that Vb € A, such that b # a, a = b.

For each ¢ € Qr, we denote the (M-independent) optimal investment level by I, and define FFY = Ugeo,{I4}.

We note that FY is a closed interval.
The optimal allocation given ¢ is characterized by the allocation, a, such that

1 x T w
v_nCO = ’Unl Co
1 1
n n
v_nclm = _,Unlclm7 ’I’I’l:17...7]\47

I;=1-Co=1-3 ¢ € FY, and vector of consumption weights, v™ = O gN
q — 0= n “0 I Y g ) - En()\n)l/—y .

We first show that ET C E®: Assume that a ¢ E®. This can be because consumptions are not aligned across
states and agents, or because investment levels are outside of FY (or both). Consider first the former case. Then
there is an improvement, a’, given by the same investment level, and with consumption weights according to some
v e SN, Regardless of ¢ € Qr, and A € SV, it is then the case that ' >2 a, i.e., a’ strongly IK-dominates a, so a is
IK-inefficient.

Now consider the case when I ¢ FY . but consumption is shared according to some v € SV. W.lo.g., assume
that I < min FY. Consider now the allocation a’, which chooses I* = min F¥, with the same consumption weights.
Since U(1—1,1 ]N%|q) is strictly concave in I, regardless of ¢ € Q, and each agent’s share is a constant fraction of total
consumption in each state, this again immediately implies that U(1 — I*,I*R|q) > U(1 — I, R|q), i.e., a’ =5 a for all
A€ 8™, for all ¢ € Qr, and therefore again that a ¢ ETX.

To show that E9 C ETX assume that a € E9, with an associated pair (¢, \) (note that there can be multiple
¢’s, but that X is unique). Obviously, for all b € A, a >2 b, because of uniqueness of the allocations, given Pareto
weights and ¢, so indeed a is IK-efficient. |

Proof of Proposition 2 Fuxistence:
We follow Basak 2005 (exchange economy) and Baker et al. 2014 (production economy) to use the corresponding
planner problem

N
U= max AU (eg, &q™), s.t., (8)
I,cl,..., cN el
N
b = K-1,
n=1
N
Zcrllm = le,mzl,...,M,
n=1
to generate equilibria. From the FOC we have
in n — in! n' -
A (CO) K = A (CO ) )
in . n n —y in n' n \ 7
A dm (clm) = A qm (Clm) .
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Using the market clearing conditions we can solve for the optimal consumption share of agent n

- Rl

1
Rather than working with the Pareto weights, A" it is convenient to define, A" = ()\") 7. In addition, define

1
amn = (g,)7. We can then write the consumption shares as

)\n
f = ———(K-1), 9
U ST v
\a
Clm = — - mr R 10
' SN N (10)

Let zm =Ry, 7, Tn = >, A" Qs and a(N) = E%:l zm Ty, Plugging the optimal consumption share into the

the social planner’s problem, we get

The first-order condition is

Solving for the optimal I gives

_ Z
S A+ 2
where Z is the investment to consumption ratio given by
Z=a(\)7. (11)

We calculate the mapping from the planner’s weights, A to initial allocations allocations, K. To this end, note
that the budget condition for agent n =1,..., N is given by

K'=c'+E [Enéﬂq"] , (12)

n -
where " = (CC*,',’) is the stochastic discount factor. Using the optimal consumption of agent n we can calculate
0
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the expression in Equation (12) as

K" = d+EB[&dq]
M —2tma R TN\
A" =N _ A:’,’:amn’ m A amn
= v A=I))+ ) an| 55 "t Rnd(N)
A" M
= ——(1—=IN\)+I() A" ZmamnT%_l
s An,( (M) +1(N) mZ::l
)\n
= =1 —IN)+INF"(A
Z,M"’( (A) +IA)F"(N))
= Y"()), (13)

where we have defined F™(\) = £G™(\), G*(\) = 3, 2mamn Ty ' and L =3, A", We note that the function
Y(A) = (Y1(N),...,YN())) is defined on the whole of SV.

Because of the functional mapping K = Y'(\), it is easy to show that the mapping K = Y'(\) is surjective, that
is, that for every K, there exists a A such that K = Y()\). Note that Y(\) = Zk—ﬂw,(l —I(A) + I(N)F™(N)) is

homogeneous of degree zero. Hence, we can without loss of generality focus on A on the unit simplex, SY, which is a
compact and convex set. It follow immediately that Y is continuous on S™, being a product of continuous functions
on this domain. B B

Define the function f : SN — SV, by f(\) = Y(\) — K + \. Here, K is treated as a constant parameter.
That f()\) maps the unit simplex into itself follows from the fact that > Y™(X) =1, and > K™ = 1. Since f is
continuous, and S% is compact and convex, Brouwer’s fixed theorem point now immediately implies that f has a
fixed point, \*, and it therefore follows that Y (A\*) = K

Thus, Y is a surjective mapping from Pareto weights to capital on the unit simplex, associated with the resulting
equilibrium state prices (A):

~ c” -
o

where &y, is the random variable, such that §,,(ww) = 1, and §m (W) = 0, m’ # m, representing the payout of the
m:th AD security, and any n =1,..., N can be chosen. We have shown the first part of the theorem.

Uniqueness: We first study the case v > 1. Define

nj _ y—2
G = g Zmamnaijm 3
m
2
Fnj — L_Gn]
«

The mapping from Pareto weights to capital, K = Y ()), is given in Equation (13). The partial derivatives are

o 1 ;

& = s =D -,

oF _ 1 n _ nj _ n d
T ST (F F(y—1)F™ — yF"F )

We define the matrix @), with elements
Qluj = —(1 =1 =11 =D(F"+ F) = (y=D)IFY = (y+ I = 1)IF"F’,  1<n,j <N,
and then get

oy" AT .
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Moreover, we get

ay™" 1 n A"
= T IHIF) + 25 Qu.

We next do a change of coordinate transformation to y, where y, = log(A"), i.e., A" = e, i.e., we write

eyn

K" = V(y)= S (- 1) + I(e))F (")), (14)

It follows from the chain rule that partial derivatives w.r.t. y will be similar as w.r.t. A, but with extra e¥/ inner
derivative terms:

Y™ eYreYi .
e = TQ”j? Jj#mN,
j
ay™" eYn eYne¥n

(1-I+IF")+

OYn L L? Q-

Now we rewrite this on matrix form, defining the matrix H(e¥), with elements [H],; = %L;, to get:
J

HQ\) = %AXQAA‘F%Ai/QAwAi/Q. (15)

Here, for a general vector, z, we use the notation A, = diag(z), and we define the vector
w=(1-1)1+1IF,

treating F' as a vector. Moreover,

Q = —-(1-D*11—-IQ1—I)(F1 +1F)+(y—-1)IR— (y+1—-1)IFF
= (-1 +IQ-1)(FY +1F )+ I’F') + (y - 1)I(R— FF")
= —ww' +(y-VDI(R-FF'), (16)
so we have
HO) = Lavza a2 Ly A JEN FF)A
() = TATAGALT = AN (ww)As +(y = DI 5 AN(R — FE)AN. (17)
C

Here, the matrix R is the matrix with elements [R],; = F™/, and we note that by defining the matrix a € RTXN

with elements amn,, it can be written on self adjoint matrix form as R = %a'Ava, where vy = T2 22m. Thus, R is
positive semidefinite. Note that homogeneity of Y implies that

H(M\1=0. (18)
We have F' = La'w, where wm = T7 "2y, and thus FF' = i—ia’ww’a, leading to

2
R—FF = L—a/ (Av — lww') a
o

«

= L—Qa/l'\ll)/2 <E — lAJI/wa/AJI/Q) A}/Qa,
«a «a

Note that Ay %w = (T;'/in/g, . ,T]b/gz,lnp), Also, recall that the eigenvalues of the 1-rank perturbation of the

identity matrix F — xz’ are 1 with multiplicity N — 1, and 1 — (z'z) with multiplicity 1, where z is the vector
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with eigenvalue 1 — (z'z). Now, (A, '/?w) (A, *w) = Em(Tfrﬁ/Qlen/Qf = «, and thus the eigenvalues of E —
éA;l/wa'Agl/Q are 1 with multiplicity N — 1, and 0 with multiplicity 1. So, Sylvester’s law of inertia (on general
rectangular form, see Higham and Cheng (1998)), implies that R — F'F” is also positive semidefinite, with number of
0 eigenvalues dependent on N, M, and the rank of a.
It is easy to verify that RAx1 = RA = LF, which in turn implies that the generic zero eigenvalue is generated
by 1, since FF'A\1 = FF'XA=FL, so
(R— FF')A\1=0.

Next, consider the remaining term

1 1/2 1/2 1
C = ZAA/ AwAY? — T3 hww'Ay
_ %Ay 202 (E - gg) AY/2AY?

1
VL
where

AnWn
L

gn =

It immediately follows that ¢’ = + >, An((1—1)+IF,) = 1, and therefore a similar argument as for R — FF’
implies that there is one eigenvalue of C' which is 0, and all the other eigenvalues are 1. It is also easy to check that
1 is the eigenvector that corresponds to the eigenvalue 0.

Thus, altogether, since ¢'(A + B)q = ¢’ Aq + ¢’ Bq for general matrices A and B, it follows that H is positive
semidefinite, with exactly one zero eigenvalue and the corresponding eigenvector 1, for all A.

Now, assume that Y (A1) = Y (A2) for distinct A\; and A2 (i.e., such that it is not the case that A2 is proportional

to A1). Define y1 = log(A1) and y2 = log(Az2). It then follows that ¥ (y2) —Y (y1) = 0, and thus that (y2 —y1)’ (Y (y2) —
Y (y1)) = 0. Define Ay = y2 — y1, to get

V(o) = Vi) = [ HE ) Ay =0,

and therefore i
[ @y e ags —o.

However, since H is positive semidefinite for all y, with eigenvector 1, this is only possible if y2 — y1 = c1, for some
constant ¢, i.e., only in the proportional case, i—% = ¢ for all n.
For v < 1, it follows immediately from the definition of @ that as long as v — 1 + 1 > 0, 8Y" /X < 0, which

means that the Gross Substitution property holds, and thereby that equilibrium is unique. Since I > 0, there is thus
always a v < 1, such that this property holds for all v > 7. This completes the second part of the Proposition.

Proof of Proposition 3 In an economy with homogeneous beliefs g, it follows from the first welfare theorem that
any equilibrium allocation, a € E4, and by Proposition 1, the allocation is therefore IK-efficient.

In the heterogeneous beliefs economy, ¢, > qﬁ; and q,, < qﬁ:/ for some n, n’, m, m/, and the equilibrium
condition:

1 1 ’ ’
’U_nc?m(qgl)l/w = Fc?m(qgt)l/w7 m = ]-a .- '7M

implies that consumption shares are not constant across states. Therefore, the allocation does not belong to E, for
any ¢. Again using Proposition 1, it follows that the equilibrium allocation is IK-inefficient.
1

Proof of Proposition 4 The only unanimously reasonable value for the speculative component, s, is zero. Hence,
we need to show that any economy with disagreement will have a non-zero speculative component. This follows
directly from the proof of Proposition 3 as the consumption shares are not constant across states.

|
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Proof of Proposition 5 To show this is it sufficient to look at the optimal investment for all reasonable beliefs.

Agents agree on aggregate risk, hence we have that E[R'~7|¢"] = E[Rl_”’|q”l] for all ¢", q"/ € Qr. From the FOC
we have that the optimal investment is

VA
I'=-—"—"_ 19
1+ 27’ (19)

1 ~
where Z = (E[R1_7|q]) 7. As E[R'™7|q] is the same for all ¢ € Qr, the set of reasonable investments contains the

single element I*. |

Proof of Proposition 6 The equilibrium investment-to-consumption ratio, Z, is given by

By Jensen’s inequality we have that

N
A
3
||M§
=
3
2
N
()=
>
3
=
I
~
~—
2]
)
A
—_

N
I
3

I g

Joy)

T

2
—
1=

>

3

=
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2=
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1

<Z Ry, <Z>\” (qr’il))) ;> 1

1 ~ 1
As agents agree on aggregate risk we have that (Z%:l Ry (EN A (ql‘n))) T = (E[R1_7|q”]) 7 for all n =

n=1
1,.., N. Hence, the only case in which the aggregate investment is equal to the unanimously reasonable investments
is when agents have log utility.
1

Proof of Proposition 7 This follows directly from the proof of Proposition 6.

Proof of Proposition 8 The result follows from the first welfare theorem. Specifically, as discussed in the proof of
Proposition 2, the equilibrium outcome is the Pareto optimal solution to the social planner’s problem for a represen-
tative agent model with an agent with state dependent utility that can be written as a weighted sum (corresponding
to the Pareto weights) of the individual agents’ utilities. Moreover, the solution is unique, given the specific Pareto
weights, as follows from (9,10).

Now, if there is an allocation, b # a, that U-dominates an equilibrium outcome, a, it must weakly dominate a for
all ¢ € Qg, and thus for each agent when using their individual beliefs, ¢" € Qr. But this means that b is another
solution to the social planner’s problem, contradicting the uniqueness of such solutions. So, no such alternative b
exists, and a is thus U-efficient. We are done.

1

Proof of Proposition 9
First, to prove that there is never intratemporal mispricing we need to calculate the relative AD prices in autarky
P

s

n ™ Rn \ 77

n - n -y
Hence, the set of reasonable relative AD prices are |:m1n ( ;ﬁn ) (11;4_"3) _max ( (;Iﬁn ) (h) } . Next, we calculate
n ’ n

m

equilibrium for each agent. Consider agent n. The relative AD price of state m and m’, Prms =

m
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the equilibrium AD ratios, p,, /. As agents agree on the prices, it is sufficient to use the marginal utility of any
agent in the economy. Hence, we have

() ()7 ()
poe = () (72) (&)

Therefore, if we can show that for agent n = argmaxpy, ,,,» that ;,’—:’L‘ > 1 and for agent n = argminpy, . that
n m n

() (@)

1 n ’ n n
Let Gm =Y, A"ay, where a,, = (q;,) 7. Hence, we can write Im — (Gm) ( Sm ) We have f%," >1e gm > =

ff < 1 we are done. Note that

, =

m

ER!

R

n G n -
9 a ’ a
m
fm / m/’ m/! m m/

We will show that &= > ;%:,:L cannot be the case by contradiction. Note that o= > ;,#;L & Gm > #=Gpy. We
m’/ ’VILI m’/ 7",/ ’VILI
can write this as
aﬁ
Gm > Tme'
a
m/
Qo al
Al s Y,
n m/’ m/
However, > A" ;:ZZ”, al, < 5% >, A"ar, which proves that % < % The proof for fé_i < 1 is similar.
1
Proof of Proposition 10: Define z,, = R;,”, m = 1,..., M. In homogeneous beliefs equilibrium for agent n, we
have: n "
Zmdm _ Po o <mm’ <M, 1<n < N.
Zm! Gy P
Consider portfolios w and v. Agent n’s value ratio for these two portfolios is:
D WPn' Y WmzZm @Y/ (21G1) D0 WmZmdn,
Zm UmPim Zm Umzmq;hp?/(zlq?) Zm UmZmm,
If > WmzZmgy =0, n=1,..., N, all agents therefore agree that the price of asset w should be 0. In matrix form,

defining the matrix IT with I, = ¢, = (Amn)”, we write this as
ITIA.,w = 0.

Now, since N < M, it is clear that a nontrivial such asset with unanimous price 0 exists. For convenience, we define
r = A,w, and we then have IIr = 0. Note that every agent with beliefs in Qr also agrees on the reasonable price
being zero, since

S wmzmAgnt + (1= Nan2) =AY wmzmant + (1= A) D> wmzman?
= Ax0+(1-X)x0
0.

The equilibrium price of w under Pareto weights A € S™, in terms of time 0 consumption, is

(S A X i
S (S Am ) R
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so there is intertemporal mispricing of this asset if and only if

Q(A) = Z <Z Amn)\n> Tm 7é 0. (22)

We wish to show that under the conditions of the proposition, (22) is typically satisfied except for possibly a small
set of X’s. In other words, if we define the set X = {\ € S : Q()\) = 0}, we want to show that the Lebesgue measure

of X is zero, ugn (X) = 0. Of course, since Q is a continuous function, and X = Q~*({0}) is the preimage of a Borel
set, X is measurable.
We use the following standard lemma:

Lemma 1 Consider the function f(z) = Z%zl(l—&—cmx)a’bm, wherey >0, v# 1, cm > -1, by € R, m=1,..., M.
If there are at least two distinct ¢’s, cm # Cpr, the number of roots of f(x) in x € [0, 1] is finite.

Proof: The proof follows from the Principle of Permanence, given the facts that f is a real analytic function on the
interval © € [—¢,1 + €] for some € > 0, and that f is not a constant function as long as ¢m # ¢ 1

We use Lemma 1 to show that on any ray between two distinct Pareto weights, Aa, Ay € S¥, Q(X) is nonzero,
except possibly at a finite number of points. Indeed, consider the function

g(x)

~
> <xZAmn)\a +(1—zx) ZAmnAb> Tm

~
Z <Z Amn)\g + €T <Z Amn)\g - ZAmn)‘;JL)) Tm

vy
D on Amn Ay — 30, Amn Ay \ 7 n

m

= Z(l + cmx) b

m

For all ¢,,’s to be the same, it must be that A\, = kAN, but since the rank of A is N, this implies that A, = kAp, and
given that both A\, and A, are in S", that A, = Ay, contradicting our assumption that the two vectors are distinct.
Thus, Lemma 1 implies that there is a finite number of roots of (22) on any such line.

That pgn(X) = 0 now follows immediately from Fubini’s theorem. Specifically, consider the characteristic
function on X, xx. Any line integral of x x is zero, fh xx (A)dX = 0, since X only contains a finite number of points

along any line. Fubini’s theorem then implies that the total Lebesgue integral can be viewed as an N — 2-dimensional
integral over such line integrals, each of which integrates to zero, and therefore that

/ Yx (A)dA = (/ XX(A)dxl) s dAy_1 = 0.
SN Aoy A1 N\

We are done.

Proof of Proposition 11: The unanimously reasonable relative price ’;—’;, where pp = 3 cp P is P(wm|B) =
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7LI
dm

n
dm

_ r_ el e . .
STy Tend?, for all n,n" =1,..., N. The equilibrium price is
1\
. (Zh X (@m)7)
= N Y
be Zm'EB (anl A (qm/) W)
N L\”
(Zh A (a)7)
= N o\ L N
m/ v =
Zm’EB (Zn—l A ( qn, ) (qpn) “’)
. 1
) () 2
N A (ag) n\ Y
Em/eB En,l 1 ( qn, )’Y
(o))
1
= NI\
N m! \ Y
Zme (Z”=1 Wn ( aih ) )
where 3> W, = 1. Note that the only reasonable price can be written as ————. Hence, only if Sven (ZTf;’ =
Ymen %7“ "
AN o NN
Y omieB (25:1 W, (%) A’) will there be no mispricing. Define H =3, p (25:1 W (%) A’) . By Jensen’s
inequality we have
N n n
i X (S (B))- 3
m/€B \n=1 dm m’'€B dm
- D I
Ho= (e (B)) = 3 B e
m/eB \n=1 m m’€B Im
N n n
" (an (h))z oy >,
m/eB \n=1 dm m’€B Im
Hence, as long as v # 1, which we rule out by assumption, there will be mispricing. |

Proof of Proposition 12:
The equilibrium outcome in the economy without an investment tax is a solution to the planner’s problem:

- 1—x

n 1—~ (9(7)1)177 1—v (gilm)1772WQ7T¢L
max/;/\ ((11) gl ; ) (23)
where g;,, represents the consumption share of agent n in state m, and the ¢g’s sum to unity across agents in each
state, and z, = R."7. The Pareto weights, A are chosen to match agents’ initial allocations, K. In the case we are
investigating, ¥ = % < 1, there is underinvestment in equilibrium, I < I*. Denote this equilibrium allocation by a.
Now, consider the case where an investment tax is introduced. For every unit invested, the government collects
7, so from each agent’s perspective, an investment of I at ¢ = 0 then results in (1 — T)IR at t = 1. The tax is
constructed to be revenue neutral: the 77 raised by the tax is distributed back to the agents at ¢ = 0 (and thus

not invested), in proportion so as to keep the Pareto weights in the social planner problem constant, leading to an
outcome that solves:

ma;
L1g" fim 1- I—v

. T <(1 eri—(47) I)Hwa‘)l;v 1y (ffm)l‘”zmq%> 7 (24)

m
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where the f’s represent the consumption shares. Here, given T, I is chosen such that I = I in equilibrium (revenue
neutrality), leading to real (taxed) investments I = (1 — 7)I (since 71 is returned to agents). We therefore view
5 where Z = (1+7)'"1/ 2,
and Z is defined in (11). The (1 4 7I) term arises in thls expression, because the total wealth in the economy is

(artificially) viewed as higher than unity in the social planner’s problem, because of the lump-sum payment. It is
straightforward to show that this leads to

investments as a function I(7). To determine the sign of %, we note that I = (1+771)—2>

I= ! ,

1/v—1
R

1+ (1+7'Z

1 (14r)t/v=2
— 1 =

and the partial derivative of the denominator is (; —1 <0, leading to > 0. Thus, by choosing a

positive 7, the equilibrium underinvestment level can be decreased. We also note that since the Pareto weights are
the same in the two problems (23,24), the optimal consumption shares are identical, fi, = gim,, for all n, ¢, and m.

We denote the allocation when investment level I is chosen by bz, and for general I € (I1(0),1], ¢ € QR, define

Zm< e U +[1—wz(f?m)1‘”z7nqm>,

- — -~

Note that U(I,q) does not depend on q¢ € Qp, since agents agree on aggregate risk. By the definition of weak

IK-dominance, if an Iy € (I(0),1] (and associated tax level, 7) exists, such that by, = a, then weak IK-dominance
of by, follows. Equivalently, the condition can be written as requiring that for all ¢ € Qr, U(lo,q) > U(I, q)

Now, recall that the function (1 —I)*"Y A4 I'~7B, i strictly concave in I, with optimum at I'* W The
B

optimum is thus strictly increasing in B, and where
Z NS
Z )\n Z flm qu'ry;,v
in the economy without taxes. Define
C = inf m =Y .
4€On — (flm) q

It then follows that C' > B, because assume to the contrary that
C:Z(f{zm) ZQO _Z)\nz flm ZQO < B.

(/v

Since the unique optimal consumption share with homogeneous beliefs is f,’,‘t = S

this in turn implies that

C= ZA"Z (Fro) ™7 2 = <Z A" 1”) > zmam < B.

(recall that 1 — v < 0, so we wish to minimize C and, moreover, that B has variable consumption weights across
states because of heterogeneous beliefs, so it is not the case that ff,, = fi;, for all m and n). But, this would imply
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the inequality

N N n 1/
B o= X flumii = XX e iy i
)\n 1/y pr
= ZAZB]P ZEBZ 1/’Y — (wm|B)
BeP Wm n
(/\n)l/"/
= P(B —_—
BEAZB ( );(Zn/()\)l/w)lffy
= C
< B,

where we used the fact that agents agree on aggregate risk, in turn implying that B was based on suboptimal
consumptlon shares, a contradiction, and thus it must be that C > B.

Now, since C' > B, it follows that I* — argmax; U(I,q) (which does not depend on q¢ € Qg, since agents
agree on aggregate rlsk)7 satisfies I* > I(0). Moreover, since U([,q) is strictly concave in I, it must then be that
7|f=1(o) > 0, which together with 4 > 0 implies that U(I(7),q) > U(I(0), q) for some 7 > 0.

Thus, the outcome with tax 7 IK-dominates the original equilibrium outcome with respect to Pareto weights A,
and therefore weakly IK-dominates that outcome. We are done.

1

Proof of Proposition 13
Production economy: In the production economy without aggregate uncertainty we have that R,, = R for all
m =1,..., M. Hence, the unanimously reasonable value of the risk free rate is R. In equilibrium, the risk free rate

is
R N
e () () -
> n=1Tm
Since the equilibrium risk free rate is always equal to the unanimously reasonable value, the risk free rate is thus not
distorted.

Pure exchange economy: Let aggregate consumption at time zero be Cy and the aggregate consumption at time
1 be Ci. Then, the unanimously reasonable value of the risk free rate is

(&) 1-&) "

Ry = E

for all ¢ € Qr. In equilibrium the risk free rate is

~n\ —7
Ry = FE (%)
Co

M
Since (%) # 1 for v # 1 due to Jensen’s inequality, the risk free rate is always distorted. |

Proof of Proposition 14:

The result is an immediate consequence of absence of arbitrage, since any payoff that is in the span of the
production technologies can be replicated. As the production technologies themselves must be correctly priced in
equilibrium, any asset in the span of the production technologies will also be correctly priced.
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