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Abstract

This paper develops a model of self-ful�lling debt crises and uses it to study the ef-
fectiveness of various government policies in preventing such crises. In the model, a crisis
is a result of the interaction between bad fundamentals and self-ful�lling expectations of
domestic �rms and lenders. I solve the model using the global games approach and analyze
policy proposals directed at preventing debt crises, such as, an increase in taxes, spend-
ing cuts and �scal stimulus. I explain the costs and bene�ts associated with each policy,
provide conditions under which these policies decrease or increase probability of default,
and investigate their welfare implications. I �nd that tax increase or spending cuts tend
to decrease the likelihood of crisis but may result in lower welfare. On the other hand,
a well-timed �scal stimulus can improve welfare, but it tends to increase the probability
of a crisis. The above conclusions depend crucially on the timing and credibility of the
government�s policies, as well as on the initial state of the economy.
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1 Introduction

Sovereign debt crises are a recurrent phenomenon. After the turbulent 1980s and a series
of defaults in the late 1990s and early 2000s, sovereign defaults once again became a hotly
debated topic. Indeed, one of the most important issues troubling the global economy for the
last several years has been the sovereign debt crisis in Europe.

One of the leading views on the European debt crisis is that it is the result of an interplay
between poor economic fundamentals and self-ful�lling expectations.1 According to that view,
the governments in the Eurozone defaulted, or su¤ered from high interest rates on their debt, in
part because of low con�dence among market participants. This raised a number of questions:
Is it possible for the government to implement policies that help to restore con�dence and,
hence, avert a crisis? If it is possible, then which policies are the most e¤ective in achieving
this? Should the government introduce austerity measures or, on the contrary, engage in �scal
stimulus to lift the economy out of the recession? Are these policies credible? And, �nally, is
it important to communicate policies to the market participants in advance?

The above questions are hotly debated among both economists and politicians. While
most economists and politicians believe that the government has access to policy tools that
can prevent a crisis, there is considerable disagreement regarding which policies are the most
e¤ective. A popular view, which initially won support in policy circles, is that the best way to
avert a crisis is to introduce austerity measures such as tax hikes or spending cuts. A competing
view, one that has gained more support recently, is that austerity is harmful. According to
that view, in order to avoid a crisis, the government should do the opposite and engage in
�scal stimulus, even at the expense of higher budget de�cits.2,3

Despite the importance of the above questions (and lack of consensus regarding the answers
to them), there exists little theoretical work that analyzes and compares the e¤ectiveness of
these policies within a model of sovereign default. The goal of this paper is to �ll this gap in
the literature by answering the above questions. In particular, I develop a two-period model
of sovereign debt crisis in which self-ful�lling crises can arise. I then use this framework to
analyze both analytically and quantitatively the e¤ectiveness of various policies in preventing
debt crisis. Finally, I investigate how these policies�e¤ectiveness depends on their timing and
credibility.

In the model, a crisis arises as a result of an interplay between poor fundamentals, lenders�
pessimistic expectations and households� pessimistic expectations. If lenders expect a debt
crisis, the government �nds itself unable to roll over its maturing debt. If the amount of debt
due today is high, the cost of repaying the debt in terms of forgone government consumption
is also high, and the government chooses to default. On the other hand, if households expect
a debt crisis, they reduce their investment because the return on capital is lower in default.
This negatively a¤ects future output and, thus, future tax revenues. The drop in the present
value of tax revenues increases the government�s relative debt burden, which makes defaulting

1See Conesa and Kehoe (2012), Corsetti and Dedola (2011), De Grauwe and Ji (2013), or Krugman (2011).
2These questions have been discussed extensively, for example, on VoxEU.org - a policy portal set up by the

Centre for Economic Policy Research. See Corsetti (2012) for a summary of this discussion.
3This recommendation is based on recent empricial and theoretical �ndings suggesting that the �scal mul-

tiplier is particularly large in recession when the interest rate is at the zero lower bound. See Auerbach and
Gorodnichenko (2011), Christiano, Eichenbaum, and Rebelo (2011) or Ilzetzkia, Mendoza, and Vegh (2013) for
the recent contributions to this literature.
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more attractive. Therefore, if the fundamentals are already weak, a crisis can be caused by a
shift in households�or lenders�expectations.

Models of self-ful�lling crises have a long tradition in the literature on sovereign default,
beginning with Sachs (1984) and Calvo (1988).4 Typically, however, these models feature
multiple equilibria and, thus, are open to a number of criticisms (see Morris and Shin (2000)).
Most importantly, it is hard to conduct a policy analysis in such an environment. This di¢ culty
stems from the fact that the outcome of the model is either undetermined or determined by a
�sunspot variable�that does not have economic meaning and is determined outside the model.
This leads to another problem: the di¢ culty of conducting comparative statics analysis within
such a framework. In order to deal with the issue of indeterminacy of equilibrium, I use the
global games technique. In particular, I assume that households and lenders do not know the
average productivity in the economy and, instead, only observe noisy signals. I show that this
small departure from common knowledge is enough to restore the uniqueness of equilibrium
within the class of monotone equilibria.

Applying global games within a standard sovereign default framework is a challenging task.
The di¢ culty stems from three facts. First, the equilibrium has to be calculated in an envi-
ronment where most of the payo¤-relevant variables are endogenous. Second, the global game
is played among three di¤erent groups of agents (households, lenders and the government),
each with di¤erent preferences and objectives. Finally, the payo¤s of the lenders do not satisfy
global strategic complementarities but only a weak single-crossing property, a much weaker
condition. This last feature of the model requires extending the result of global games to such
environments.5

The uniqueness of equilibrium allows me to study the e¤ects of various policies on the
equilibrium probability of default. While the model allows me to analyze a wide range of
policies, I focus on three policy measures: (1) changes in taxes, (2) �scal stimulus, and (3)
spending cuts (modeled as a commitment by the government to use a fraction of its revenues
to repay its maturing debt). I �nd that a change in the probability of default implied by each
policy is equal to the �direct e¤ect�- an initial e¤ect of the policy change on the government
incentive to default holding households�and lenders�beliefs constant - times the �multiplier
e¤ect�- a change in the government�s default decision implied by the adjustment in households�
and lenders� beliefs. Moreover, I show that the �multiplier e¤ect� is always positive and
independent of the considered policy measure. Using this insight, and under some additional
assumptions, I �nd that spending cuts always decrease the probability of default; that increases
in tax rates decrease the probability of default if either the initial tax rate or capital share of
output is low (or both); and that �scal stimulus increases the probability of default unless the
marginal product of capital in the economy is initially very high.

The complexity of the model and lack of a closed-form solution prevents me from analyti-
cally determining the welfare implications of the above policies. Therefore, at this point, I turn
to numerical simulations. I set the parameters of the model to standard values commonly used

4Other early papers that study self-ful�lling debt crises include Alesina, Prati, and Tabellini (1990), Giavazzi
and Pagano (1990) or Detragiache (1996).

5Morris and Shin (2003) were the �rst to point that global games that satisfy only a strict single-crossing
condition generically have a unique equilibrium in monotone strategies. I extend their result to environments
with a weak single crossing condition and show that their result holds in a more complex environment of my
model.
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in the quantitative models of sovereign default. Interestingly, I �nd that while �scal stimulus
increases the probability of default, it also leads to a substantial increase in welfare. This is
because expanding capital increases consumption in both periods and in both the repayment
and default states. On the other hand, wether an increase in the tax rate leads to an increase
or decrease in welfare depends on the initial level of taxes in the economy. If taxes are low,
then an increase in taxes leads to welfare improvement; if they are already high, a further
increase reduces welfare.

In the �nal part of the paper, I analyze what happens if the government policy change is
unexpected or if the government cannot commit to implement the announced policy. I �nd
that both assumptions alter the above conclusions signi�cantly. When policy adjustment is
unexpected, then a �multiplier e¤ect�is absent and each policy leads to smaller change in the
equilibrium probability of default. Moreover, �scal stimulus leads to a much smaller increase
in welfare, while spending cuts turn out to be welfare-reducing. In contrast, an increase in
tax always leads to improved welfare. I also �nd that, lacking the ability to commit, the
government will never implement spending cuts and will implement a tax increase only if the
initial tax rate in the economy is low enough.

The model used in this paper builds on the framework developed in an in�uential paper by
Cole and Kehoe (2000).6 The main di¤erence between my model and theirs is in the information
structure. While in Cole and Kehoe (2000) households and lenders have perfect knowledge of
economic fundamentals, in my model, they face uncertainty regarding the current state of the
economy. As explained above, introducing uncertainty results in a unique equilibrium that
contrasts with the multiplicity of equilibria in their setup. This allows me to use comparative
statics to analyze e¤ects of various government policies. However, the added complexity of
the incomplete-information structure requires me to focus on a two-period model, while they
analyze an in�nite-horizon problem. The models also di¤er slightly in terms of timing and the
bond market structures.

The uniqueness of equilibrium is the result of applying the global games methodology
as developed by Carlson and Damme (1993) and Morris and Shin (1998) (see Morris and
Shin (2003) for an excellent survey of the global games literature). Corsetti, Guimaraes, and
Roubini (2006) and Morris and Shin (2006) use global games to study the e¤ectiveness of
IMF assistance in preventing a self-ful�lling debt crisis and the moral hazard it creates.7 In
contrast to these papers, I analyze a broader set of policies that include both austerity and
�scal stimulus and focus on the importance of their timing and their credibility. Moreover,
to the best of my knowledge, the model developed here is the �rst attempt to bridge the
gap between the highly stylized models used in the global game literature and the standard
framework used in macroeconomics and international �nance.

In global games, the unique outcome is typically determined by a realization of a random
variable referred to as �underlying economic fundamentals�, but which otherwise does not have
a clear interpretation within the model. This led some researchers to question the usefulness
of global games models since they cannot be used to identify the relevant fundamentals that

6Cole and Kehoe (1996) use that model to quantitatively analyze the Mexican crisis. See, also, Conesa and
Kehoe (2012), who use this framework to study the European governments�debt dynamics during the recent
debt crisis.

7See, also, Zwart (2007) for the signaling e¤ects of IMF policy choices in the global game model of sovereign
debt crisis.
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determine the unique equilibrium outcome.8 The model developed in this paper builds on
the setup commonly used in the quantitative literature on sovereign default and, therefore,
identi�es economic fundamentals that are relevant to the debt crisis. Thus, my approach is
less vulnerable to the above critique. However, this comes at the price of extra complexity in
the model and a lack of closed-form solutions that are typically obtained in the global games
literature.

This paper is also related to the literature on sovereign debt in the spirit of Eaton and
Gersovitz (1981), which is summarized well by Eaton and Fernandez (1995) and Panizza,
Sturzenegger, and Zettelmeyer (2009). More recently, this line of research has focused on
developing quantitative models of sovereign default that can account for the observed dynamics
around the default episodes. (See Aguiara and Gopinath (2006), Arellano (2008), Hatchondo
and Martinez (2009) or Mendoza and Yue (2012) and references therein for more on quantitative
models of sovereign default.)

Finally, a large body of work studies the recent recession in Europe, and the policy response
to it, in the context of closed-economy models.9 Several papers use DSGE models to evaluate
the e¤ectiveness of various policies. For example, Eggertsson, Ferrero, and Ra¤o (2012) study
the e¤ects of structural reforms, while Corsetti, Kuester, Meier, and Müller (2013) investigate
the e¤ects of expansionary �scal policy. Austerity is the main theme of a discussion volume,
Corsetti (2012). In addition, Auerbach and Gorodnichenko (2011), Auerbach and Gorod-
nichenko (2012) and Ilzetzkia, Mendoza, and Vegh (2013), among others, have done empirical
studies on the e¤ect of �scal policy and �scal multiplier. My work complements these papers
by providing an exhaustive analysis of di¤erent policies including austerity and �scal stimulus
in an environment with self-ful�lling debt crisis.

2 Model

There are two periods, t = 1; 2, and three types of agents: a continuum of identical households,
a continuum of identical lenders, and the government. The economy is characterized by the
average productivity level A, which is distributed according to a normal distribution with
mean A�1 and standard deviation � - i.e. A � N

�
A�1; �2

�
. Here, A�1 denotes the past

average productivity level in the economy which all agents know. The current average level of
productivity, A, is realized at the beginning of period 1 and is constant across time, but it is
initially unobserved by the agents. A is revealed to everyone at the end of period 1.

2.1 Households

There is a continuum of identical households indexed by i 2 [0; 1]. Households are risk averse
and have preferences given by X

t=1;2

[log (ct) + log (gt)] ;

8See the �Discussion�section in Morris and Shin (2000).
9See De Grauwe (2010) for an early account of the crisis in Europe and proposed remedies.
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where ct is private consumption and gt is government spending. Each household initially is
endowed with the same amount of capital k1 and has access to a production function:

yit = eZeAif �kit� ,
where f (k) = k�, 0 < � < 1. Here Ai is a household-speci�c productivity level; eZ is the
aggregate productivity level that depends on the government�s default decision; and f is a
production function that takes as inputs capital and, implicitly, inelastically supplied labor.
Households�proceeds from production are taxed at a rate � > 0 and are the only source of
income for the household. Finally, capital is assumed to fully depreciate each period.

Households�idiosyncratic productivity is constant across time and given by

Ai = A+ "i,

where "i is i:i:d: across households and is uniformly distributed on [�"; "], " > 0. Note that
this implies that A is the average level of productivity in the economy, and knowing A is
equivalent to knowing the aggregate output. Since A is initially unobserved, the average level
of productivity is the key variable that agents would like to learn about.

Households receive their idiosyncratic productivity shocks Ai at the beginning of t = 1.
The idiosyncratic productivity is each household�s private information of and is unobserved by
other households, lenders or the government.10 Since households do not observe the average
productivity level, they use realizations of their idiosyncratic productivity to update their
beliefs regarding A.

After observing their respective productivity realizations, each household imakes its invest-
ment decision - i.e. it choose its capital stock, ki2, for period 2. They make these choices beforeeZ is determined (and before the actual production takes place) ,and, thus, when making their
investment decisions, households face uncertainty regarding their future income.11 Households
are committed to their investment decisions and they cannot adjust them later.

The production takes place at the end of period 1, after eZ is determined, at which point
the households invest the amount chosen earlier and consume the rest of their income, that is:

ci1 =
eZ (1� �) eAif (k1)� ki2

Households make no decisions in period 2. They simply use their capital to produce, and they
consume all of their after-tax income: ci2 = eZ (1� �) eAif �ki2�.
2.2 The Government

The government is benevolent and maximizes utility of a median household.12 In each period
t, it provides households with public consumption goods, gt, and �nances its expenditure by
10 I assume, however, that later, the government observes the output produced by the household so that it

can collect appropriate taxes.
11While non-standard, this assumption captures two realistic features of an investment process. First, invest-

ment takes time and often requires earlier planning. Second, investment decisions are made under uncertainty
regarding future economic conditions (in this case, uncertainty about eZ). See Section 2:5 for more discussion
of this assumption.
12This simpli�es the government�s problem - otherwise the government�s would need to take into account the

distribution of private consumption among households. This simpli�cation is not key to any results.
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taxing households�income and (in period 1) by borrowing in the bond market. The government
enters period 1 with a legacy debt, B1, which is due later in this period, and it initially does
not observe the average level of productivity in the economy, A.

At the beginning of period 1, the government announces an interest rate r > 0 at which it
is willing to borrow in the bond market. Once the households and lenders make their choices,
the government observes A and decides, sequentially, how much to borrow, B2; whether to
default or not, d1; and how much public good to provide to households, g1. In period 2, the
government repays its debt B2, if it did not default on it earlier, and provides g2 to households.
The government can default only in period 1, in which case it defaults on all of its debt.13

Following the large literature on sovereign default, I assume that default is costly and
associated with a drop in aggregate productivity (and, hence, in output) by a factor Z. In
particular, when the government defaults eZ takes value Z < 1 while eZ = 1 otherwise.14

There is also an additional cost of default - if the government issues a positive amount of
debt at t = 1 - i.e. ,B2 > 0 - and then decides to default, it faces a further cost of default
equal to �B2, 0 < � � 1. �B2 can be interpreted as a �litigation cost�associated with the legal
battles between bondholders and the government following a default.15

Denote the government default decision by d1 2 f0; 1g, where d1 = 0 if the government
decided to repay its debt and d1 = 1 if there is a default. Then, the government faces the
following sequence of budget constraints:16

g1 = �Zd1Y R
1 � (1� d1)�B1 + (1� �)d1 B2 at t = 1

g2 = �Zd1Y R
2 � (1� d1)� (1 + r)B2 at t = 2,

where Y R
t is the aggregate output at time t if the government repays the legacy debt, B1.

2.3 Lenders and the Bond Market

There is a continuum of identical, risk-neutral lenders, indexed by j 2 [0; 1], each with �nite
wealth b > 0. Lenders choose at t = 1 whether to participate in the bond market or invest
in storage. The net return on storing funds is zero, while the return from participating in the
bond market is endogenous and determined in equilibrium.

Lenders do not observe the realization of the average productivity, but, instead, each lender
j observes a private signal xj of A where

xj = A+ vj , vj � N
�
0; �2x

�
13 I allow for default only in period 1 because of an inherent asymmetry between the two periods in the model.

Since the period 2 is the last period of the model, it is hard to support repayment as an equilibrium outcome
in that period - compared to period 1, the government faces much smaller costs of default and lacks the ability
to roll over part of its debt. It is possible to extend the model to allow for default in period 2 at the costs of an
increase in complexity and additional assumptions regarding the model�s parameters.
14One can think of this drop in output as resulting from a diruption in credit markets following a soveregin

default. See Mendoza and Yue (2012) for microfoundations of this channel.
15Following a default creditors tend to �ll a substantial number of lawsuits against a defaulting government.

For example, in the case of default by Argentina in 2001, there were over 140 lawsuits �lled abroad, including 15
class action lawsuits, in addition to a large number of lawsuits �lled in Argentine courts (Panizza, Sturzenegger,
and Zettelmeyer (2009)). I interpret � as the costs to the government associated with these legal battles.
16Without loss of the generality I assume that the interest rate on the legacy debt, B1, is zero.
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with vj being i:i:d: across lenders and independent of A.17

Only the government and lenders have access to the bond market. I assume that the
government has all the market power in the bond market, and, therefore, the government sets
an interest rate r at which it is willing to borrow new funds. Taking r as given, lenders decide
whether to supply their funds to the bond market, determining the total funds available in
the bond market, S. The government then chooses its new borrowing, B2, where B2 2 [0; S].
After the government raises new funds, the bond market shuts down and lenders invest the
funds not borrowed by the government in storage.

2.4 Timing

The timing of period 1 is summarized in Figure 1.

A  is 
realized

Choice of r 

Shocks &
signals 

Households'
and lenders' 
decisions

The government's
decisions {B

2
,d

1
,g

1
} 

Production and
consumption

t=1 t=2

    Zd1 is 
determined

Figure 1: Timeline

At the beginning of period 1; nature draws the productivity level A, which is initially un-
observed by the government, households and lenders. Then, based only on the information
contained in the prior belief, the government sets an interest rate, r, at which it is willing to
borrow from the lenders. Once r is announced, households receive their idiosyncratic produc-
tivity shocks and lenders observe private noisy signals of A. Given their productivity shocks,
households choose how much they want to investment, while lenders, using their private sig-
nals, decide whether to supply their funds in the market. At this point, the government learns
the true A, and based on lenders�and households�decisions and the realization of A, it decides
sequentially how much to borrow today, B2, whether to default or not, d1, and how much of
public good to provide to households, g1. Once the government borrows its desired amount,
the bond market shuts down and remaining lenders� funds are invested in storage. Finally,
at the end of the period, production, actual investment and consumption take place and the
average productivity level is revealed to all the agents.

Period 2 is much simpler. At the beginning of the period production takes place. Then,
the government collects the taxes and provides public consumption, g2. Finally, households
consume their after-tax output.

17Moreover, vj�s are independent of "i�s so that realization of xj does not provide information regarding
idiosyncratic households�productivity shocks, and vice versa.
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2.5 Timing and Information Structure

The timing and the information structure of the model is chosen to satisfy four separate
objectives: (1) to induce an information structure that is conducive to the existence of a unique
equilibrium; (2) to make the government�s new borrowing, default and spending decisions
simple to solve; (3) to avoid any issue of learning or signaling in the model; and (4) to make
households�expectations matter for the equilibrium decisions.

In order to achieve the �rst goal, following the large literature on global games, I assume
that households and lenders do not observe the average productivity level but, rather, the
private and noisy signals of A. This breaks common knowledge of fundamentals among agents
which is key to the uniqueness result.

To achieve the second goal, I let the government observe A before making its new borrowing,
default and spending decisions in period 1 - under complete information, the government�s
optimal decisions can be solved, to a large extent, in a closed-form.

Allowing the government to observe A creates a tension within the model. Since the
government has an informational advantage it can in�uence households�and lenders�decisions
by signaling its private information through its choices. In order to avoid this problem and
achieve the third objective, I make two assumptions. First, I assume that the government
sets the interest rate r at the beginning of period 1 based only on its prior belief, and, thus,
a choice of r is uninformative about A. Second, I assume that households and lenders make
their respective decisions simultaneously and before the government�s choices of fd1; g1,B2g. It
follows that households and lenders make their choices based only on the information contained
in the prior belief and their respective signals.18

Finally, I assume that households decide how much to invest (and are committed to their
choices) before the government�s default decision and before production takes place. This
implies that households, when making their investment decisions, have to form beliefs regard-
ing the government�s default decision, opening up the possibility of a debt crisis caused by
households�expectations.

3 Equilibrium Analysis

An equilibrium in the model is de�ned as follows:

De�nition 1 An equilibrium is a set of government policy functions fr; d1; g1; g2; B2g ; a pro�le
of households� consumption and investment choices fc1; c2;k2g, a pro�le of lenders� supply
decisions �, and a supply function S such that:

1. fr; d1; g1; g2; B2g solves the government�s problems at t = 1,2, taking households� and
lenders�decisions as given;

2. 8i,
�
ci1; c

i
2; k

i
2

	
solves household i�s problems at t = 1,2, taking as given other agents�

decisions;

18Dropping these two assumptions would lead to a complex signaling game between the government and other
agents and, as shown by Angeletos, Hellwig, and Pavan (2006) and Angeletos and Pavan (forthcoming), could
reintroduce multiplicity of equilibria into the model.
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3. 8j; �j solves lender j�s problem, taking as given other agents�decisions;

4. S =
R
i2[0;1] �

idi.

The above de�nition of an equilibrium is standard and it requires that all the agents behave
optimally in each subgame, taking as given the actions of others. It also requires that the supply
of funds in the bond market is consistent with lenders�supply decisions.

The equilibrium can be computed by backward induction starting with period 2 and then
moving to period 1. The key, and the most di¢ cult step, is to solve simultaneously for house-
holds� investment and lenders� supply decisions. In what follows I will focus on equilibria
in monotone strategies. This greatly simpli�es the task of solving the model and makes the
analysis more tractable.

3.1 Additional Assumptions

To simplify the analysis and ensure that the government problem is well-posed, I make the
following assumptions.

Assumption 1 The legacy debt is large enough compared to the initial stock of capital, B1 >
B (k1).

Assumption 1 ensures that, if the government decides to repay its �legacy debt�, it will
�nd it optimal to borrow a positive amount. Otherwise, a debt crisis can only be a result of
households�pessimistic expectations or poor fundamentals; lenders stop playing any role in the
model. Since the focus of this paper is to analyze how to prevent a self-ful�lling debt crisis, I
rule out this possibility.

Assumption 2 The wealth of lenders is bounded above by b - i.e., b < b, and the �litigation
costs�are large - i.e,. � ! 1.

Assumption 2 is required to ensure that the government�s incentive to default is decreasing
as the supply of funds in the market increases, a property that substantially simpli�es the
analysis.19

Assumption 3 The output cost of default is small enough so that
�
1� Z4

�
> �.

Finally, Assumption 3 implies that the government�s optimal unconstrained borrowing, the
amount it would like to borrow if it repays the debt, is monotone in A.

Given the above assumptions, I now analyze the equilibrium of the model. I compute
the equilibrium using backward induction. Note that once the government makes its choices
for fB2; d1; g1g, no agent makes any decision and the equilibrium outcomes are determined.
Therefore, I start the analysis by describing the government�s new borrowing, default and
spending decisions in period 1.

19To see why an upper bound on wealth is needed to ensure that this is, indeed, the case, an interested reader
should consult Section B:5 of the Appendix.
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3.2 Period t=1: The Government�s Decisions

The government decides how much to borrow, whether or not to default and how much to
spend to maximize the median household�s utility, internalizing how each of these decisions
a¤ects consumption, aggregate productivity and future tax revenues. The government makes
these decisions after observing households� investment decisions, the supply of funds in the
market and the average level of productivity in the economy.20

Let V R
1 (A;k2; S) be the value of repaying when the average productivity is equal to A, the

households�investment pro�le is k2, and the supply of funds in the bond market is S. Then
V R
1 (A;k2; S) is given by:

V R
1 (A;k2; S) = max

B22[0;S]

X
t=1;2

log
�
cRt
�
+ log

�
gRt
�

st: gR1 = �Y R
1 �B1 +B2

gR2 = �Y R
2 � (1 + r)B2

cR1 = (1� �) eAf
�
k1
�
� k2

cR2 = (1� �) eAf
�
k2
�

When the government decides to repay its debt, it chooses its new borrowing B2 to maximize
the median household�s utility subject to the available funds in the market, S, and its budget
constraints. The government also takes the median household�s consumption and investment
choices

�
cR1 ; c

R
2 ; k2

	
as given.

Since at this point, S is already determined, it is possible that the optimal (unconstrained)
amount the government would like to borrow, denoted by Bu

2 ,
21 is larger than S; in this case,

the government is constrained in the bond market and borrows B2 = S. On the other hand,
if the supply of funds exceeds the government�s unconstrained demand for funds, Bu

2 , then
the government sets B2 = Bu

2 . As shown below, the unconstrained demand for funds by the
government, Bu

2 , plays an important role in the lenders�problem.
Let V D

1 (A;k2; S) be the value associated with defaulting - that is:

V D
1 (A;k2; S) =

X
t=1;2

log
�
cDt
�
+ log

�
gDt
�

s:t: gD1 = �
�
ZY R

1

�
+ (1� �)S

gD2 = �
�
ZY R

2

�
cD1 = (1� �)ZeAf

�
k1
�
� k2

cD2 = (1� �)ZeAf
�
k2
�

If the governments defaults, it borrows the maximal possible amount in the market - i.e.,
B2 = S - and then repudiates all of its debt, and both of these actions tend to increase

20The government chooses fB2; d1; g1g sequentially, but since no other event takes place during that time, in
equilibrium, this is equivalent to a situation where the government makes these choices simultaneously. Since
solving the government�s problem sequentially requires additional notation, for expositional clarity, I de�ne the
value of defaulting and repaying as if fB2; d1; g1g were chosen simultaneously.
21That is Bu

2 is the optimal solution to the above maximization problem when S ! +1.
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government spending in period 1. When � ! 1, this �rst e¤ect vanishes and the main bene�t
of default is an increase in the g1 due to repudiation of the �legacy debt�B1. However, default
leads to a drop in aggregate productivity by factor Z, which constitutes the main cost of
default. Note that in the limit as � ! 1, the value of default becomes independent of S. Thus,
in what follows, I denote the value of defaulting by V D

1 (A;k2).22

When deciding whether or not to default, the government compares V R
1 (A;k2; S) with

V D
1 (A;k2) and chooses to repay its debt if and only if the value associated with repaying is
larger than the value associated with defaulting - i.e.:

�V (A;k2; S) � V R
1 (A;k2; S)� V D

1 (A;k2) � 0 (1)

Equation (1) indicates that the government�s default decision depends crucially on the aver-
age productivity level A, lenders�supply decisions � = f�igi2[0;1] and household� investment
decisions k2 = fk2gi2[0;1]. This, in turn, opens up the possibility that for some values of A the
government is exposed to the self-ful�lling debt crisis.

3.2.1 Default Decisions and the Fragility Region

Now, consider the government�s default decision. For su¢ ciently low productivity levels, the
government �nds it optimal to default regardless of the households� and lenders� actions -
when A is low, defaulting leads to an increase in government spending in period 1 since B1 >
(1� Z) �Y R

1 . Moreover, if productivity is small enough, an increase in government spending
outweighs the costs associated with a drop in private consumption due to default. On the other
hand, when the average level of productivity is high, the government always �nds it optimal to
repay the debt. Intuitively, for high A, we have B1 < (1� Z) �Y R

1 and, therefore, defaulting
not only leads to a drop in private consumption, but also results in less government spending.
Accordingly, for each interest rate r, there exist two thresholds, A (r) and A (r), such that the
government always defaults if A < A (r) and never default if A > A (r).

For all A 2
�
A (r) ; A (r)

�
the government�s default decision depends on the households�

and lenders�choices. If households expect a default, they reduce their investment, leading to
a drop in the government�s future tax revenues. The presence of default costs implies that the
government�s revenues decrease faster in repayment than in default, which makes defaulting
relatively more attractive. For the intermediate values of productivity, this e¤ect is strong
enough that the government �nds itself in a position where it is optimal to default, even
though if investment were high, it would choose to repay the debt.

Similarly, a shift in lenders�expectations can lead to a debt crisis. If lenders expect default,
they choose to invest all their funds in storage, which prevents the government from smoothing
debt repayment across time. Now, in order to avoid default, the government has to repay a
large fraction of its maturing debt today, which is very costly in terms of the forgone utility
from the government spending. For A 2

�
A (r) ; A (r)

�
, this cost is large enough that the

government �nds it optimal to default.

22From the de�nition of V D
1 we can see that if � < 1, then the value of defaulting is an increasing function

of S. When � is small, the value of defaulting increases with S at a faster rate than value of repaying, and
equilibrium in monotone strategies does not exist. The assumption that � ! 1 is needed to ensure the existence
of equilibrium in monotone strategies while keeping default costly for the lenders.
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Figure 2 depicts the fragility region
�
A (r) ; A (r)

�
. For all A in the fragility region, the

government�s default decision depends on households�and lenders�expectations. If we were
free to choose equilibrium beliefs, as in the case of complete-information models, both default
and no default could be supported as equilibrium outcomes. However, given the assumed
information structure, beliefs are not free objects but, rather, are determined in equilibrium.
As I show below, introducing uncertainty into the model (sometimes referred to as �the global
game technique�) allows me to pin down beliefs and prove the uniqueness of the equilibrium
in monotone strategies.

3.2.2 Households�problem

Households make their investment choices simultaneously with lenders�supply decisions. Con-
sider household i with an idiosyncratic productivity shock Ai that chooses how much to invest.
Then, household�s problem can written as

max
k2

E

24 X
t=1;2

[log (ct) + log (gt)]

������Ai;�
35

s:t: c1 = (1� �)Zd1(�)eAif (k1)� k2
c2 = (1� �)Zd1(�)eAif (k2)
� = fk2;�; r; d1; g1; g2; B2g ;

where � is the strategy pro�le of all players and the expectations are taken over the government
default decisions, d1 (�). Household i chooses k2 to maximize its utility subject to the budget
constraint, taking � as given.

The households�problem has two key features. First, investment choices are made before
the government�s default decision and before production takes place. As explained above,
this opens the door to the self-ful�lling debt crisis fueled solely by households expectations.
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Second, households observe neither the idiosyncratic shocks of other households nor the average
productivity level. That prevents households from coordinating their beliefs regarding future
default. Even though, in equilibrium, each household has correct beliefs regarding other agents�
strategies, due to assumed information structure, households are unable to predict their choices
perfectly, which is the key to the uniqueness result.

Without imposing an additional structure, households� problem is di¢ cult to solve. In
turns out, however, that if the government follows a monotone default strategy (i.e., it defaults
if and only if A < A�), then households�optimal investment is easy to characterize.

Lemma 1 Suppose that the government follows a monotone default strategy with threshold
A�. Then, household i�s optimal investment is given by

k2 = (1� �) eAif (k1) � (A�; Ai) ,

where � (A�; Ai) is decreasing in the default threshold and increasing in idiosyncratic produc-
tivity realization.23

3.2.3 Lender�s problem

Simultaneously with households� investment choices, lenders decide whether to supply their
funds to the bond market or to invest their funds in storage. Lenders base their decisions on
the prior belief about A and their private signals, xi. Let R (�) be the government repayment
set for a �xed strategy pro�le �. Then, the expected payo¤ to lender j from from supplying
the funds to the bond market is given byZ

A2R(�)

�
1 + rmin

�
1;
Bu
2 (A;�)

S (A;�)

��
f (Ajxj) dA,

where f (Ajxj) is lender�s j posterior belief, Bu
2 (A;�) is the unconstrained desired borrowing

by the government; and S (A;�) is the supply function implied by the lenders�supply strategy
pro�le �. Finally, min f1; Bu

2 (A;�) =S (A;�)g is the amount that lender i expects to lend to
the government given that the average productivity level is A.24

Lender j supplies the funds to the bond market if and only if the expected return from
supplying the funds is higher than the return from investing in storage, orZ

A2R(�)

�
1 + rmin

�
1;
Bu
2 (A;�)

S (A;�)

��
f (Ajxj) dA � 1.

As in the case of households�problem, restricting attention to monotone strategies leads
to a simple characterization of lenders�optimal behavior.

Lemma 2 Suppose that the government defaults if and only if A < A� and restrict attention
to monotone strategies for lenders. Then, an optimal strategy for each lender j is to supply

23See the Appendix for the exact de�nition of � (A�; Ai).
24For all A =2 R (�), the government borrows all available funds in the market and then defaults implying

that in this case lender i earns nothing.
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the funds to the bond market if and only if he receives a signal xj � x�. Moreover, x� is the
unique solution

1Z
A�

�
1 + rmin

�
1;
Bu
2 (A;�)

S (A;x�)

��
f (Ajx�) dA = 1,

where S (A;x�) is the supply function when all lenders follow this strategy.

In other words, if we restrict attention to monotone strategies, then all lenders �nd it
optimal to follow a monotone strategy with the same threshold x�.

3.3 Equilibrium Default Threshold and Optimal Agents�Strategies

Above I characterized optimal behavior of each type of agents. This, in turn, allows me to
prove the following proposition, which states that for any interest rate r there exists a unique
equilibrium in monotone strategies.

Proposition 1 Let "! 0. Then for all �x < ��x and for each interest rate r the model has a
unique equilibrium in monotone strategies such that:

1. The government defaults if and only if A < A�;

2. Each lender j supplies the funds to the market if and only if xj � x�;

3. Households�investment rules, k2, are monotone in their signals.

Proof. See Appendix B
The proof of the above result consists of two steps. First, I show that each agent�s best re-

sponse function, when faced with other agents following monotone strategies, is itself monotone.
Then, I establish that there exists a unique strategy pro�le of monotone strategies such that
no agent has incentives to deviate from his prescribed strategy. In light of Lemmas 1 and 2, to
prove the �rst part, it is enough to show that given monotone households�and lenders�strate-
gies, the government strategy is also monotone. The second part can then be transformed into
a �xed-point problem in the space of monotone strategy pro�les.

The proof of Proposition 1 builds on the insights and results of Athey (1996) and Athey
(2001); Morris and Shin (2003) use a similar approach. The above result, however, is non-
trivial for several reasons. First, the environment considered in this paper is very di¤erent
compared to a typical environment considered in the global games literature, including that
of Morris and Shin (2003), and a priori it is not clear that it can be reduced to a �global
game�. Second, di¢ culty comes from the fact that in the model, the global game is played
by three di¤erent types of agents, each with di¤erent preferences and di¤erent choice sets. Fi-
nally, lenders�payo¤ function satis�es only a weak single-crossing condition rather than global
strategic complementarities, as in typical global games, or a strict single-crossing condition, as
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in Morris and Shin (2003).25,26

Figure 3 depicts the boundaries of the �fragility region� (the dashed lines) and default
threshold A� (r) when A�1 is low (the left panel) and when A�1 is high (the right panel)..We
see that, regardless of A�1, the default threshold A� (r) is a non-monotone function of the
interest rate r. To understand this, note that when the interest rate is equal to zero no lender
will ever supply the funds. Faced with no funds in the bond market, the government �nds it
optimal to default for most productivity values in the �fragility region�. As r increases, the
supply of funds increases since higher r compensates lenders for exposing themselves to default
risk. At the same time, households�investment rules shift upwards since they anticipate that
the government will choose to repay the debt for a larger set of productivity levels. This
decreases the government�s incentives to default and leads to a lower A� (r). A higher interest
rate, however, increases the costs of rolling over the debt, discouraging the government from
smoothing debt repayment over time. This tends to decrease the value of repaying debt to
the government. For su¢ ciently high r, this negative e¤ect dominates, implying that A� (r)
becomes an increasing function of r.

Figure 3 also indicates that the past value of productivity has a strong e¤ect on the shape
of the default threshold. In particular, when the last-period average productivity A�1 is low,
the default threshold is high and relatively insensitive to changes in the interest rate. The
reason behind that is the following. Holding everything constant, as A�1 falls, lenders assign a
higher probability to government default and, thus, decrease their supply of funds. This leads
to lower liquidity in the bond market, which, in turn, results in an increase in A� (r). Moreover,
given higher A� (r), lenders expect to earn return r with lower probability. Therefore, their
decisions become less sensitive to changes in the interest rate.

It is important to stress that, while the default threshold is unique, the outcome of the
model in the �fragility region�is driven fully by households�and lenders�expectations. For all
productivity levels in the �fragility region�, both repayment and default could be supported
as an equilibrium outcomes, if we had the freedom to choose lenders�and households�expec-
tations. However, households�and lenders�expectations are not free objects. An incomplete-
information structure transforms beliefs into equilibrium objects and requires them to be se-
quentially rational and consistent with agents� strategy pro�les. This imposes requirements
on the beliefs that are not present in the complete-information game. The approach used in
global games is, then, to use an appropriate information structure that will lead to a unique
equilibrium outcome.

25We say that a function f : X � T ! R satis�es the weak single-crossing condition if for all x0; x00 2
X such that x00 � x0 and all t00; t0 2 T such that t00 > t0 we have f (x00; t0) � f (x0; t0) > 0 implies that
f (x00; t00) � f (x0; t00) � 0. Function f satis�es the strict single-crossing property if f (x00; t0) � f (x0; t0) > 0
implies f (x00; t00) � f (x0; t00) > 0 (Milgrom and Shannon and Athey). While innocuous, such an extension is
important since in many games such as market games or auctions only weak signle crossing property is satis�ed
by the payo¤ functions (for more details, see Athey (1996)).
26Extending global games results to an environment in which payo¤ functions satisfy only a version of a

single-crossing condition, rather than global strategic complementarities, is not without cost. Similar, to Morris
and Shin (2003) I am unable to prove uniqueness of equilibrium in general strategies. A potential appraoch to
obtain uniqueness would be to follow Karp, Lee, and Mason (2007) and impose additional assumptions on the
size of the noise in the prior and signals to weaken strategic substitutabilities present in lenders�problem.

16



3.4 Optimal Choice of r

It remains to characterize the government�s optimal choice of interest rate, r. The govern-
ment chooses the interest rate based on the current and past fundamentals of the economy,
fB1; k1; A�1g. The government also knows its future policy functions fd1; g1; g2; B2g and real-
izes that it can a¤ect consumption, investment and supply of funds through its choice of interest
rate.27 To choose the optimal interest rate, the government solves the following problem:

W (A�1; B1;k1;�) = max
r
E

24 X
t=1;2

log (ct) + log (gt)

������A�1
35

s:t: policy functions fc1; c2; d1; B2; g1; g2g
lenders�and households�strategies f�;k2g .

When choosing the interest rate, the government faces the following trade-o¤. On the one
hand, a higher r decreases the default threshold by increasing the supply of funds in the bond
market. A lower default threshold also encourages higher investment since households are less
worried about default. On the other hand, high r increases the cost of borrowing at t = 1,
making it more costly to roll over the maturing debt. The government weighs the positive
e¤ect of a lower default threshold against the increase in the borrowing costs.
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Figure 3: Optimal choice of r

Figure 5 depicts the optimal choice of interest rate as a function of past productivity, A�1.
When A�1 is very high, the probability that the current productivity will fall into a fragility
region is low. At that point, a higher interest rate has almost no e¤ect on the probability of
a crisis, but it increases the costs of borrowing. Therefore, the government sets the interest
rate close to zero for high values of past average productivity. At lower values of A�1, the
government assigns a positive probability to the possibility that current productivity will fall
into the fragility region. In this case, a higher interest rate can substantially decrease the
probability of debt crisis. Therefore, the government starts to use the interest rate as a way of

27The government�s choice of interest rate a¤ects consumption and investment indirectly, through its e¤ect
on default threshold A� (r), default decision d1, and government spending g1 and g2.
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avoiding default. As past productivity falls, the government �nds it optimal to set higher and
higher interest rates. This is because, as Figure 3 shows, for low values of past productivity, a
high interest rate is needed to decrease a default threshold by a signi�cant amount.

4 Preventing Self-ful�lling Debt Crises

In this section, I analyze which government policies can the decrease probability of default (or
�prevent a debt crisis�). I assume that each policy change is: announced at the beginning
of the model and that the government is committed to implementing the announced policies.
Later, in Section 5, I analyze brie�y what happens if a policy change is unexpected or the
government lacks commitment.

4.1 Equilibrium E¤ects of Policy Adjustments

Before analyzing speci�c policies, it is useful to understand the equilibrium forces are at play
when the government adjusts its policy. For this purpose, consider an abstract policy adjust-
ment, captured by a change in a parameter  .28 I am interested in the way a change in  
a¤ects the ex-ante probability of default.

For a given interest rate r, an equilibrium is determined by three sets of equations: the
government�s default equation, which says that at the productivity level is A� the government
is indi¤erent between repaying the debt and defaulting:

�V (A�; k2; x
�; ) = 0;

households��rst-order conditions for optimal investment,

H (A�; k2; x
�; ) = 0;

and lenders�indi¤erence conditions, which say that at a signal x�, each lender j is indi¤erent
between supplying his funds to the bond market and investing in storage, given by

L (A�; k2; x
�; ) = 0.

The e¤ect of policy adjustment on the ex-ante probability of default is then captured by dA�=d 
implied by this system of equations.29 Applying the Implicit Function Theorem yields:

dA�

d 
=

h
@A�

@ 

i�V
+
h
@A�

@k2

i�V h
@k2
@ 

iH
+
�
@A�

@x�
��V �h@x�

@ 

iL
+
h
@x�

@k2

iL h
@k2
@ 

iH�
1�

h
@A�
@k2

i�V h
@k2
@A�

iI
�
�
@A�
@x�
��V �� @x�

@A�
�L
+
h
@x�
@k2

iL h
@k2
@A�

iI� (2)

where, to avoid confusion, a superscript indicates which equation determines a given partial
e¤ect (e.g., [@A�=@k2]

�V denotes a partial derivative of A� with respect to k2 implied by the
default equation).

28For concreteness, one can think of this policy as an increase in taxes, in which case  = � .
29By the envelope theorem the equilibrium interest rate is una¤ected by the marginal change in  .
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To understand the above expression, �rst keep households�and lenders�beliefs about A�

constant. Then, a change in  a¤ects the government�s default decision directly through its
e¤ect on the default equation (captured by [@A�=@ ]�V ), and indirectly through adjustments
in households�investment choices (term [@A�=@k2]

�V [@k2=@ ]
H in the numerator) and lenders�

supply decisions ([@A�=@x�]�V [@x�=@ ]L).30 Thus, the numerator of dA�=d is equal to the
change in the default threshold, keeping households�and lenders�beliefs about A� constant. I
refer to this change as the �direct e¤ect�of policy adjustment.

In response to this initial change in the default threshold, households and lenders adjust
their strategies, which leads to a further change in A� inducing another round of adjustment in
households�and lenders�strategies, and so on. The change in A� implied by the adjustments
in agents�beliefs is then captured by the denominator in equation (2) . I refer to this as the
�multiplier e¤ect�.

In light of the above discussion, we can write the total change in the default threshold
implied by the adjustment in policy  as

dA�

d 
= [Multiplier E¤ect]� [Direct E¤ect]

= [Multiplier E¤ect]�
�
�@�V (A

�; k2 ( ) ; S ( ; k2 ( )) ;  ) =@ 

@�V (A�; k2; S) =@A�

�
Note that the size of the multiplier e¤ect is independent of  and is determined instead by
how sensitive households� and lenders� strategies are to their beliefs about A�. Moreover,
under the assumptions made in Section 3:1, the �multiplier e¤ect�is always positive.31 Thus,
to determine whether a policy decreases the probability of default, it is enough to focus on
the �direct e¤ect�. However, since �V is increasing in A� holding households�and lenders�
strategies constant (i.e., @�V (A�; k2; S) =@A� > 0), it follows that the sign of the �direct e¤ect�
is determined by the sign of @�V (A�; k2 ( ) ; S ( ) ;  ) =@ - the change in the government�s
incentives to default keeping households�and lenders�beliefs constant. Remark 1 summarizes
the above discussion.

Remark 1 In order to determine whether a given policy measure decreases or increases prob-
ability of a crisis, it is enough to focus on the change in the government�s incentives to default,
keeping households�and lenders�beliefs constant as captured by @�V (A�; k2 ( ) ; S ( ; k2 ( )) ;  ) =@ .

4.2 Overview of Policies

Using the above insights, I now analyze speci�c government policies. I focus on three policy
measures: (1) increase in taxes, (2) �scal stimulus (�nanced with debt), and (3) spending cuts.
Below, I describe how each of these policies is introduced into the model.

Increase in Taxes In the model, a rise in the tax rate is captured by an increase in � ,
the fraction of output that the government takes away from households. I assume that once
adjusted, � is kept constant across periods and is the same regardless of whether or not the
government defaults.
30The last term in the numerator captures the fact that a change in households�investment decisions a¤ects

also the government borrowing choce which in turn may induce a further change in lenders strategies.
31See Appendix section ??.

19



Fiscal Stimulus I model �scal stimulus as an increase in the capital stock of each of the
households from k1 to (1 + s) k1 �nanced by the government.32 I assume that the government
faces the same technological constraint as households and it needs one period to transform
resources into capital. Thus, to be e¤ective in period 1, the stimulus takes place at the end of
a previous period, t = �1.

I do not explicitly model the government�s �nancing decision. Instead, I allow the govern-
ment to �nance a stimulus with either short-term debt that matures at t = 1 together with
B1 and carries a net interest rate rST � 0 (short-term debt �nancing), or with long-term debt
that matures at t = 2 and carries net interest rate rLT � 0 (long-term debt �nancing). The
government has an option to default on this debt in period 1.

Spending Cuts I model spending cuts as the government�s commitment to spend, at most,
(1� c) of its revenue for public consumption at t = 1 - in other words, the government commits
to repay at least c�Y1 of the debt maturing at t = 1.33

The timing of the policy adjustment is depicted in Figure 5, where austerity measures
include both tax increases and spending cuts.

Choice of r Lenders' &
households
decisions

The governments' 
decisions

Fiscal
Stimulus

Austerity
measures

t=2t=1t=-1

Figure 4: Timing of Policy Adjustments

4.3 Policy E¤ects

4.3.1 Assumptions

In order to obtain analytical results, I need to make additional assumptions. These assumptions
simplify lenders�problem and allow the model to be solved to a large extent in closed-form.
Since these assumptions are strong and, in general, may not be satis�ed at a given set of
parameters, in the Appendix I provide results of numerical simulations for a wide range of
parameters.

32Here, s measures the size of the stimulus in percentage points of the initial capital stock.
33A natural way to model spending cuts would be to restrict government spending to (1� c) g1, where g1

is the government equilibrium spending without any policy adjustment. Unfortunately, g1 is an endogenous
variable that depends on both lenders�and households�strategies, which makes it di¢ cult to ensure that given
spending cuts are attained. For example, a change in the government borrowing aimed at lowering spending
will a¤ect lenders�supply strategis and may very well result in a drop in spending that far exceeds announced
spending cuts.
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Assumption 4 The interest rate r satis�es r < B1
b�B1 .

Assumption 5 Lenders�signals are in�nitely precise, �x ! 0.

Assumption 6 Z is large enough so that for all A > A, the government�s desired borrowing
exceeds the supply of funds in the market.

Assumptions 4 and 5 ensure that at the default threshold, the supply of funds in the
bond market is bounded from above by B1. Assumption 6 simpli�es the lenders� problem
substantially, assuming away the issue of competition between lenders. It follows that changes
in the government�s desired borrowing, Bu

2 , have no e¤ect on lenders�decisions.

4.3.2 Increase in taxes

Consider the e¤ect of increasing the tax rate � on the probability of default. The change in
the government�s default incentives implied by a small increase in � is given by:34

@ [�V (A�; k2 (�) ; S; �)]

@�
= Y R

1

�
uRg1 � u

D
g1

�
+ Y R

2

�
uRg2 � u

D
g2

�| {z }
Concavity e¤ect

+ Y R
1 (1� Z)uDg1 + Y

R
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� �
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�
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�
| {z }

Investment distortion

(3)

where uDgt and u
R
gt are the median household�s marginal utilities from government spending in

default and in repayment at time t, respectively.
Equation (3) tells us that an increase in the tax rate a¤ects the government�s default

incentives through three channels. First, higher � implies higher tax revenues. Since at A�,
government spending is lower in repayment than in default, the concavity of the utility function
implies that the same increase in government spending leads to a greater increase in value of
repaying than in the value of defaulting, thus decreasing the government�s default incentives
(�concavity e¤ect�).

Second, because of the output cost of defaults, the same increase in the tax rate trans-
lates into a greater increase in tax revenues in repayment than in default. Thus, government
spending increases more in repayment, further decreasing the government�s default incentives
(�di¤erential increase in tax revenues�).

Finally, the last term captures the negative e¤ect of higher taxes on households�investment
decisions, where �= (1� �) is the rate at which output decreases with higher taxes; �Y R

2

indicates the extent to which this translates into a drop in government spending; and uRg2�Zu
D
g2

measures how �painful� this decrease in spending is to the median household in repayment
compared to default.

While the �rst two e¤ects tend to decrease the governments�default incentives, the negative
e¤ect of taxes on investment tends to encourage default. The following lemma states, however,
that if the rate at which taxes decrease investment or/and if tax revenues are a small fraction
of output, then an increase in the tax rate will lead to a decrease in probability of default.
34Under assumptions 4� 6, supply of funds depends on � only indirectly through A�.
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Lemma 3 A su¢ cient condition for taxes to reduce the probability of default is that35

1 >
�

1� � � .

4.3.3 Fiscal Stimulus

Now, consider the e¤ect of �scal stimulus on the probability of default. The change in the
government�s default incentives implied by a �scal stimulus is given by:

@�V (A�; k2; S; s)

@s
= �

@Y1
@s

�
uRg1 � u

D
g1

�
+ �

@Y2
@s

�
uRg2 � u

D
g2

�
| {z }

Concavity e¤ect

+
@Y1
@s

� (1� Z)uDg1 +
@Y2
@s

� (1� Z)uDg2| {z }
Di¤erential increase in tax revenues

�uRgt
�
1 + rstim

�
k1| {z } ,

Increase in debt

(4)

where rstim is the interest rate on the debt issued to �nance the stimulus.
Equation (4) tells us that a �scal stimulus a¤ects the government�s default incentives

through three channels: (1) the �concavity e¤ect�; (2) a di¤erential increase in government
tax revenues in repayment and default (both of which were also present in the case of a tax in-
crease); and (3) a negative e¤ect due to an increase in the government�s debt burden (equal to
uRg1
�
1 + rST

�
k1 if the stimulus is �nanced with short-term debt or uRg2

�
1 + rST

�
k1 if �nanced

with long-term debt).
The typical argument for the �scal stimulus is that it leads to an increase in the output

and that, due to the ��scal multiplier�, the positive e¤ects of such an increase exceed the costs
of the stimulus. According to that view, �scal stimulus is bene�cial because by expanding
output, it actually lowers debt-to-GDP ratio and hence decreases the government incentives to
default. Equation (4) reveals that, to the extent that the government maximizes households�
welfare, this logic is not correct. Abstracting from the �concavity e¤ect�, we see that the
positive e¤ect of �scal stimulus is determined not by the �scal multiplier but, rather, by the
di¤erential increase in the government�s revenues in repayment versus default implied by the
stimulus, given by � (1� Z) �t@Yt=@s. Thus, in order for stimulus to decrease the government�s
incentives to default ��scal multiplier� has to be very large. Thus, we should expect that,
within the model, a stimulus will typically lead to an increase rather than a decrease in the
probability of default. The next result provides a su¢ cient condition when �scal stimulus will
increase likelihood of a crisis.

Lemma 4 Consider �scal stimulus and let gRt (A
�) be the government spending in repayment

at time t when the average productivity is equal to A�.

1. If
�
1 + rST

�
k1 > �B1, then a stimulus �nanced with short-term debt necessarily increases

the probability of default.

2. If
�
1 + rLT

�
k1

gR1 (A
�)

gR2 (A
�)
> �B1, then a stimulus �nanced with long-term debt necessarily

increases the probability of default.
35Even if this condition is violated, an increase in the tax rate tends to decrease probability of default. See,

robustness section in the Appendix.
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The above result provides only the su¢ cient conditions under which �scal stimulus will lead
to an increase in the probability of default. Even if these conditions are not satis�ed, a �scal
stimulus tends to increase the probability of default. Intuitively, in order for �scal stimulus
to decrease probability of default the marginal product of capital has to be very high (so that
@Yt=@s is very large). This can be achieved only if the initial capital stock, k1, is small and
the capital share of output, �, is high.

4.3.4 Spending Cuts

Finally, consider the government�s commitment to devote a small fraction of its revenues at
t = 1 to repay its �legacy debt�, B1. This policy always leads to a reduction in government
spending in default, since now if the government default, its spending is given by (1� c) �ZY1.
On the other hand, this policy has no direct e¤ect on the government spending in repayment
around default threshold. To see that, note that the government�s budget constraint under the
new policy, after a simple rearrangement, is exactly the same as before:

gR1 = (1� c) �Y1 � (B1 � c�Y1) +B2
= �Y1 �B1 +B2.

Moreover, note that �spending cuts�have no direct e¤ect on the households�or lenders�prob-
lem. It follows that the only e¤ect of this policy is to decrease government spending in default,
and, hence,

@�V (A�; k2; S; c)

@c
=

1

1� c > 0.

Therefore, we obtain the following result:

Lemma 5 Spending cuts always lead to a decrease in the probability of default.

4.3.5 Summary

Above I considered three di¤erent policies (increase in taxes, �scal stimulus, and spending
cuts). I explained how these policies a¤ect the government�s default incentives and provided
su¢ cient conditions under which these policies decrease or increase the probability of default.
In general, the model suggests that whether or not a given policy helps the government avoid
a debt crisis, may depend on the initial state of the economy: the initial tax rate � , initial
stock of capital k1, the capital share of output � and the output costs of default Z. This was
to be expected - in a complex environment, does rarely one policy always dominate the others.
Nevertheless, the above analysis suggests that if the government wants to avoid debt crisis, it
should focus on austerity measures (such as spending cuts or a tax increase) rather than on
�scal stimulus.

5 Extensions

In Section 4 I analyzed how various government policies a¤ect the probability of default.
This analysis abstracted from the welfare implications of each policy. Since the government
cares about median household welfare, it may choose not to implement a given policy if it
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leads to a reduction in the median household�s expected utility. In section 5:1, I explain
the �Welfare-Default Probability� trade-o¤ present in the model. The analysis in Section 4
was also conducted under two important assumptions: (1) expected policy change and (2)
commitment. In Sections 5:2 and 5:3 I discuss what happens if each of these assumptions is
relaxed. When investigating the above issues, I rely mostly on numerical examples since in
many cases analytical results are no available. However, I emphasize which of the results can
also be shown analytically.

I calibrate the model to imply a ten-percent ex-ante probability of a debt crisis. The most
important parameters to calibrate are � , the tax rate, Z, the output costs of default, and �,
the capital share of output. I set � = 0:4, the average level of tax revenue over GDP in the
Eurozone in 2011, as reported by Eurostat, and Z = 0:92, implying that in the case of a debt
crisis, output declines by eight percent (the observed output decline in Greece after it defaulted
in 2010). I choose � = 0:4, which is in line with recent estimates of capital share of output for
most Eurozone members (see Arpaia, Perez, and Pichelmann (2009) or Jones (2003)).36

5.1 �Welfare-Default Probability�Trade-o¤

I measure the welfare gains (or losses) associated with a given policy adjustment as percentage
change in consumption under the original policy required to make the median households
indi¤erent between the new and the old policy. Speci�cally, let ct and gt be the median
households�consumption of private and public good under the original policy and denote by ect
and egt the consumption of private and public good under new policy. Finally, let ! be de�ned
as a solution to the following equation:

E [u ((1 + !) ct; (1 + !) gt)] = E
h
u
�ect;egt�i :

Then, ! measures the bene�ts of a policy change in terms of consumption units and, in what
follows, I refer to ! as the welfare gain of a policy adjustment.37

Figure 6 depicts a change in the probability of default (horizontal axis, denoted by �Pr%)
and a change in welfare (vertical axis, denoted by !) implied by continuously varying a tax
rate (blue solid line), size of spending cuts (green dashed line), �scal stimulus �nanced with
short-term debt (orange dash-dot line) and with long-term debt (pink dotted line) starting
from their baseline values. The markers show the change in default probability and welfare
implied by a two-percent adjustment in each policy.

Figure 6 con�rms the analytical results established in Section 4. In particular, we see that
an increase in the tax rate and spending cuts decrease the probability of default, while �scal
stimulus increases it. This suggests that the assumptions made in Section 4 are not essential
for the established results.

Regarding welfare, we see that at the benchmark calibration, all policies lead to an in-
crease in welfare. In particular, note that �scal stimulus raises welfare despite increasing the

36Other parameters are B1 = 0:5, b = 1, �x = 1=30; and � = 1=10. The interest rate on the short-term and
long-term debt used to �nance a stimulus is set to be rST = rLT = 0. We will see that even under this extreme
assumption, it is hard to make stimulus decrease the probability of default.

37This is a standard way of computing welfare e¤ects of policy change in microfounded models (see Lucas
(2003)).
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Figure 5: �Probability of default-Welfare�trade-o¤

probability of default. This is because an increase in k1 leads to a higher private and public
consumption in both periods and in both repayment and default states. While an increase
in the probability of default tends to decrease welfare, this e¤ect is dominated by an overall
increase in consumption. This result is general and, as shown in the Appendix, holds under
di¤erent calibrations. On the other hand, whether an increase in taxes increases welfare de-
pends on the initial value of � . As we can see from Figure 6, there exists a level of taxes that
maximizes welfare. If the initial tax rate is already at the this level, then an increase in � will
be detrimental to the median household�s welfare.

Finally, note that Figure 6 can also help us to also deduce the e¤ects of di¤erent policy com-
binations. In particular, the �gure suggests that accompanying �scal stimulus with spending
cuts or increase in taxes can achieve both a substantial decrease in the probability of default
and a signi�cant welfare improvement.

5.2 Unexpected Policy Change

Until now, I have assumed that households and lenders expect a policy change. In this section,
I investigate what happens if such a policy adjustment is unexpected. In particular, suppose
that there is strong disagreement among top government o¢ cials regarding the implementation
of a policy. Further, assume that households and lenders observe this lack of agreement and
conclude that there will be no policy adjustment in the near future (thus, any policy change
will be unexpected from agents�perspective). However, after observing the actual productivity
level, households�investment decisions and lenders�supply choices, the governments �nds itself
on the verge of defaulting, and policymakers, now up against the wall, decide to act. At this
point, the government can still use any of the described policies to try to avoid defaulting. But
would these measures still be e¤ective?

The �rst important implication of an unexpected policy change is the lack of the �multiplier
e¤ect�. Since agents expect no policy adjustment, their beliefs regarding default are unchanged.
Moreover, since the policy change takes place after households and lenders have made their
decisions, a policy change has no e¤ect on their choices implying that the change in the default
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threshold is simply equal to the change in the government default incentives, i.e.:

dA�

d 
=
@A�

@ 
.

Second, since �scal stimulus now takes place towards the end of period 1, it leads only to
an increase in output in period 2. Moreover, it now has to be �nanced by borrowing in the
markets in period 1, at the time when the government is already struggling to raise desired
amount of funds. Thus, we expect that �scal stimulus leads to a smaller increase in welfare
and potentially larger increase in the probability of default.

Figure 7 illustrates how a change in each policy a¤ects the default probability and welfare.
As before, the lines trace the change in a equilibrium probability of default and the median
household�s welfare, as relevant policy parameters vary and markers illustrate the e¤ects of a
2% change in each policy.
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Figure 6: Umexpected Policy Change - �Probability of default-Welfare�trade-o¤

Compared to the case in which the policy adjustment was announced early, we see that
now spending cuts tend to decrease welfare. The reason behind this, is that from the median
households�perspective the government default decision is ex-post optimal. Therefore, chang-
ing the default decision without any associated change in households�and lenders�behavior
has to reduce welfare. As expected, Figure 7 shows that a �scal stimulus now leads to only a
small increase in welfare, but the lack of the �multiplier e¤ect�implies that its negative e¤ect
on the probability of default is also smaller. Finally, we see that the winner in this case is the
tax increase. While a tax increase leads to a smaller reduction in the probability of default
than before (lack of �multiplier e¤ect�), it results in a much larger increase in welfare. This is
because, an unexpected increase in the tax rate does not discourage investment today.

5.3 Commitment

The other key assumption made in Section 4 was the government�s ability to commit to im-
plement the announced policies. In this section, I investigate what happens if this assumption
is relaxed.

26



In order to analyze this issue, I assume again that the government announces policy early
(as in Figure 5) and that the government will implement its policy if and only if it leads to
an increase in welfare ex-post - i.e., given households�and lenders�choices. Note that under
this timing, there is no issue of credibility when considering �scal stimulus since the stimulus
takes place before households and lenders make their decisions. Hence, I limit my discussion
to spending cuts and changes in the tax rate.

5.3.1 Spending Cuts

It is easy to see that without commitment, the government will never implement spending cuts
ex-post in default. This is because if the government defaults, then there is no bene�t from
reducing spending - a drop in the government expenditures simply lowers the median house-
hold�s utility. Therefore, under no commitment, the value of defaulting is unchanged by the
announcement of spending cuts. Since, as argued above, spending cuts do not a¤ect the value
of repayment to the government, the government�s problem is una¤ected by the announcement
of spending cuts. Understanding this, households and lenders keep their strategies unchanged,
implying that spending cuts leave equilibrium unchanged.

Lemma 6 Under no commitment, spending cuts have no e¤ect of the probability of default
(and welfare).

5.3.2 Tax Increase

The case of taxes is more complicated. The optimal ex-post tax rate depends both on the
realization of productivity and on households� and lenders� choices, which, in turn, depend
on these agents�expectation regarding the whole pro�le of future tax rates.38 These features
make analyzing the impact of tax rate under no commitment di¢ cult to solve, even numerically.
However, as argued below, the general intuition is easy to sketch.

What matters for the e¤ect of announcing a change in tax rate on the probability of
default is whether the government implements a tax increase around the default threshold. In
particular, agents ask themselves whether, at productivity A�, the government will implement
the tax rate increase in the case of debt repayment and in the case of default. Let �D and �R

denote the highest tax rate the government would be willing to implement ex-post (i.e., after
lenders and households have made their choices) in default and in repayment, respectively,
when the average productivity is A� 39 Since government spending is always lower around the
default threshold if the government repays rather than defaults, we expect that �R > �D.
Moreover, since a higher tax rate decreases output tomorrow as well as private consumption,
and the government cares about the median household�s welfare, we know that �R < 1.

Given the above discussion, we should expect that if the announced tax rate is below �D,
then the government will always implement this tax rate at A�; thus, the e¤ect of a marginal

38Lenders care about the government�s desired borrowing for all realziation of productivity above the default
threshold, and since desired borrowing is a function of the tax rate, the lenders have to form expectations about
the whole pro�le of taxes as a function of A. Households, on the other hand, have to predict the tax rate for
all realizations of productivity around their idiosyncratic productivity. This is true even when considering the
case "! 0.
39Assume that both such objects exist.
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increase in taxes on the probability of default is the same as in the case when the government
commits to a given policy change. If, however, the new tax rate is between �D and �R, then
it is implemented only in repayment. Compared to the case with commitment, the value
of defaulting is now higher (implementing the tax rate would actually decrease the value of
defaulting) and, thus, the change in the probability of default is smaller than before. Finally,
if the new tax rate is above �R, then the tax increase will be never implemented around the
default threshold, and, hence, has no e¤ect on the probability of default. The above discussion
also suggests that when the initial tax rate is already high, then increasing taxes is not a
credible policy and will have no e¤ect on equilibrium.

6 Conclusions

In this paper, I develop a model of sovereign debt crises in which a crisis is a result of an
interplay between poor fundamentals, and self-ful�lling expectations of households and lenders.
Models of self-ful�lling crises typically have multiple equilibria. To deal with this issue, I use
the global games methodology and assume that both households and lenders do not perfectly
observer the underlying economic fundamentals, but, rather their noisy signals. I show that
imposing this structure leads to a global game played among households, lenders and the
government.

Solving a global game in a micro-founded model of sovereign default is a challenging task.
The main challenge comes from the fact that, in the model, lenders�payo¤s satisfy only a weak
single-crossing condition rather than the global strategic complementarities typically present
in the global games models. In order to show uniqueness, I extend the approach of Morris and
Shin (2003) to setups that feature only a weak single-crossing property and in which agents
with di¤erent preferences play a global game.

I use the model to study the e¤ectiveness and welfare implications of various government
policies meant to prevent a debt crisis: an increase in taxes, �scal stimulus and spending cuts.
I explain how these policies a¤ect the equilibrium probability of default and provide su¢ cient
conditions under which they decrease or increase the likelihood of a crisis. In general, I show
that a tax increase or spending cuts tend to decrease, while �scal stimulus tends to increase,
default probability. I also analyze numerically the welfare implications of these policies. I �nd
that spending cuts always result in a higher welfare, while whether a tax increase is bene�cial
or detrimental depends on the initial tax rate. Somewhat surprisingly, the model implies that
�scal stimulus leads to an increase in welfare even though it tends to increase the probability of
default. This is because �scal stimulus expands output in both periods and in both repayment
and default, and this e¤ect tends to dominate the negative e¤ect associated with a higher
likelihood of a crisis.

The above conclusions are based on the assumptions that a policy change is expected
and the government is committed to implementing the announced policy. In the �nal part
of the paper, I investigate what happens when each of these assumptions is relaxed. I �nd
that unanticipated policy changes have weaker impact on probability of default and welfare
than anticipated policy adjustments (with the exception of the welfare implications of higher
taxes). I also argue that lacking commitment the government will never implement spending
cuts, while it will increase the tax rate only if the initial tax rate is low enough.

A word of caution is needed regarding the interpretation of the results. The model presented
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in this paper is still very stylized and, therefore, the numerical results should be interpreted
with caution. In particular, one should give much more weight to the relative ranking of
policies implied by the model than to their relative magnitudes. The aim of the robustness
section in the Appendix is to convince the reader that the policy ranking is very stable and
does not depend on a particular parameterization of the model or the assumptions made in
the analytical part of the paper.

Finally, in this paper, I analyze a situation in which the government �nds itself at a point
where a debt crisis is possible. Indeed, the main question this paper addresses is how to avoid
a debt crisis when one is likely in the near future. For that purposes, that fact that the model
presented above is two-period is a minor issue. However, the fact that the model is not dynamic
becomes key when trying to answer questions regarding medium-term policies. A question of
particular importance is what the government should do to avoid facing another debt crisis in
the future once the debt crisis has been averted today. This is the challenge that the European
leaders face today, and it remains an important question for future research.

Appendix A Fragility Region

The goal of this section is to derive the �fragility region�- i.e., a region of productivity values
A such that both repaying the debt and defaulting are consistent with the fundamentals, and
where the government�s default decision depends on households�and lenders�choices. For this
purpose, I assume that � ! 1.

A.1 Preliminaries

I start by establishing a few preliminary results regarding the optimal unconstrained borrowing
by the government if it chooses to repay the debt. The government�s optimal unconstrained
new borrowing is a solution to

max
B22R

X
t=1;2

log
�
cRt
�
+ log

�
gRt
�

s.t. gR1 = �Y R
1 �B1 +B2

gR2 = �Y R
2 � (1 + r)B2

cR1 = (1� �) eAf
�
k1
�
� k2

cR2 = (1� �) eAf
�
k2
�

where Y R
1 and Y R

2 are the output in periods 1 and 2 if the government repays its debt, given
by:

Y1 = eAf (k1) and Y2 =
Z
i2[0;1]

eAf
�
ki2
�
di

and cR1 and c
R
2 correspond to median households�consumption at times 1 and 2.

Let Bu
2 be the government�s optimal borrowing choice implied by the above problem. If the

government borrows, then it does so at an interest rate r, while if it lends, it charges lenders
a risk-free interest rate of 0. It follows that the government unconstrained borrowing policy is
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given by

Bu
2 =

8<:
Bbor
2 if Bbor

2 � 0
0 if Bbor

2 < 0 and Blen
2 � 0

Blen
2 if Blen

2 < 0,

where

Bbor
2 =

(1 + r)B1 + �Y2 � (1 + r) �Y1
2 (1 + r)

and Blen
2 =

B1 + �Y2 � �Y1
2

:40

Note that if Bu
2 � 0, then lenders�decisions have no e¤ect on equilibrium. Since I am

interested in analyzing how lenders�choices a¤ect the government default�s decision, I assume
that Bu

2 � 0 for all A. In section D:1 of this Appendix, I provide a su¢ cient condition under
which Bu

2 � 0 in the �fragility region�derived below.

A.2 Fragility Region

�rst, consider households. When a household expects default, its optimal investment is given
by:

kD2 (A) =
Z (1� �) eAf (k1)

1 + 1
�

,

where superscript D denotes default, while if a household expects repayment, then it invests

kR2 (A) =
(1� �) eAf (k1)

1 + 1
�

=
1

Z
kD2 (A)

where superscript R denotes repayment. Therefore, if households expect default, they decrease
their investment for any given A.

Now, consider the government and recall that the government repays the debt if and only
if

�V (A;k2; S) � V R
1 (A;k2; S)� V D

1 (A;k2) � 0.

It is easy to see that for all A 2 R++ �V (A; k2; S) is strictly increasing in k2 and in S
for all S < Bu

2 . Moreover, from the above discussion, we know that for a given A, the lowest
rationalizable investment is given by kD2 (A), while the highest rationalizable investment is given
by kR2 (A). Therefore, the government has the strongest incentives to default if k2 =

�
kD2
	
i2[0;1]

and S = 0. Similarly, the government has the weakest incentives to default if it can borrow
the unconstrained optimal amount - i.e., Bu

2 < S, and k2 =
�
kR2
	
i2[0;1]. It follows that, for a

given interest rate r, the government will repay the debt irrespective of agents�action if the
average productivity is greater or equal to A (r), where A (r) is the unique solution to:

�V
�
A (r) ;kD2 ; 0

�
= 0. (5)

Moreover, since Bu
2 = 0, it follows that the upper bound of the fragility region is independent

of r and, thus, in what follows, I will denote it simply by A.

40The expression (1+r)B1+�Y2�(1+r)�Y1
2(1+r)

is decreasing in r. Thus, we know that Blen
2 > Bbor

2 . Therefore, if

Blen
2 < 0 then Bbor

2 < 0 and, similarly, if Bbor
2 > 0 then Blen

2 > 0.
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Similarly, the government always defaults if the average productivity in the economy is less
than A (r), where A (r) is the unique solution to

�V
�
A (r) ;kR2 ; B

u
2 (A)

�
= 0. (6)

Then, by the monotonicity of�V (A;k2; S) in A, k2 and S, it follows that for all A 2
�
A (r) ; A

�
the outcome of the model depends on the households�and lenders�choices.

Finally, de�ne interest rate rR as a solution to the following equation:

Bu
2

�
A
�
rR
�
; rR;kR2

�
= 0: (7)

That is, if the interest rate is r > rR, then it is optimal for the government to borrow nothing.
With this de�nition we can now characterize the �fragility region�.

Lemma A.1 (Fragility Region) For any given interest rate r 2 R++, the �fragility region�
is given by

�
A (r) ; A

�
, where A (r) and A are uniquely determined by equations (5) and (6).

Moreover,

1. A (r) is strictly increasing for all r < rR and constant for all r � rR;

2. A (r) < A for all r 2 R++;

3. rR is uniquely determined by equation (7).

As an immediate corollary of the above result, we obtain a useful result for characterization
of the optimal interest rate.

Corollary 1 The government�s optimal interest rate r� is smaller or equal to rR.

Appendix B Unique Equilibrium in Monotone Strategies

In this section, I show that the model has a unique equilibrium in monotone strategies.

Proposition 1 Let " ! 0. Then, for all �x < ��x and for each interest rate r, the model has
a unique equilibrium in monotone strategies such that:

1. The government defaults if and only if A < A�;

2. Each lender j supplies the funds to the market if and only if xj � x� and

3. Households�investment rules, k2, are monotone in their signals.

The proof consists of �ve steps:

1. First, I show that if the government follows a monotone default strategy, then households
�nd it optimal to follow monotone investment strategies.

2. Next, I show that if a lender believes that other lenders and the government follow
monotone strategies, then he �nds it optimal to follow a monotone strategy.
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3. Given the above result, I show that for a given monotone strategy by the government,
there exists a unique, symmetric pro�le of lenders�monotone strategies such that each
lender�s monotone strategy is the best response to the strategies of others.

4. Next, I show that given the above monotone strategies of households and lenders that
we found in steps 1 and 3, the government indeed �nds it optimal to follow a monotone
strategy.

5. Finally, I show that there exists unique �xed point to the above problem.

B.1 Step 1: Households�Investment Problem

Households make their investment decisions after observing their idiosyncratic productivity
shocks and before the government�s default decision. Since households make their investment
decisions simultaneously with lenders, the only sources of information for household i are the
prior and its idiosyncratic productivity shock, Ai.

Suppose that households believe that the government�s default decision is monotone in A;
that is, the government defaults if and only if the average productivity level is smaller than
A�. Then, household i�s problem can be written as:

max
ki2

Z
A<A�

�
log
�
(1� �)ZeAif (k1)� k2

�
+ log

�
(1� �)ZeAif (k2)

��
dP (AjAi)

+

Z
A�A�

�
log
�
(1� �) eAif (k1)� k2

�
+ log

�
(1� �) eAif (k2)

��
dP (AjAi) ,

where P (AjAi) is the posterior belief of household i regarding aggregate productivity. House-
hold i�s posterior density regarding the aggregate productivity level, denoted by p (�jAi), is
given by a truncated normal distribution:

p (AjAi) =

8><>:
1
�
�
�
A�A�1

�

�
�
�
Ai+"�A�1

�

�
��

�
Ai�"�A�1

�

� if A 2 [Ai � ";Ai + "]

0 otherwise,

where 1��
�
A�A�1

�

�
is the prior belief shared by all the households. It follows that if household�s

idiosyncratic productivity level is Ai � A� + " the household knows that the government will
repay its debt and when Ai � A� � " then it expects default. However, if the household�s
idiosyncratic productivity level is Ai 2 (A� � ";A� + ") the household is uncertain whether
the government will default or not.

Suppose that Ai 2 (A� � ";A� + "). Then, the optimal k2 is given by

k2 = (1� �) eAf (k1)� � (Ai) ,

where

� (Ai) �
Z + Pr (A < A�jAi) (1� Z) + � (1 + Z) +

q
[Z + Pr (A < A�jAi) (1� Z) + � (1 + Z)]2 � 4 (1 + �)�Z
2 (1 + �)

.
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Now, consider the case when "! 0. Recall that Ai = A+ "i, so that we can express Ai as
Ai = A+ �" for some � 2 [�1; 1].41 Then,

lim
"!0

Pr (A < A�jAi) = lim
"!0

�
�
A��A�1

�

�
� �

�
A�(1��)"�A�1

�

�
�
�
A+(1+�)"�A�1

�

�
� �

�
A�(1��)"�A�1

�

�
Thus, as "! 0, for given � the households�optimal investment converges to:

k2 (�) =

8>><>>:
(1��)eAf(k1)

1+ 1
�

if A > A�

(1� �) eAf (k1)� � (�) if A = A�

(1��)ZeAf(k1)
1+ 1

�

if A < A�,

and the aggregate output at t = 2 converges to:

Y2 =

8>>>>><>>>>>:
eA
h
(1��)eAf(k1)

1+ 1
�

i�
if A > A�

1R
�=�1

1
2e
A
�
(1� �) eAf (k1)� � (�)

��
d� if A = A�

eA
h
(1��)ZeAf(k1)

1+ 1
�

i�
if A < A�.

(8)

B.2 Step 2: Individual Lenders�Problem

Let u (1; A;x�; A�) be the payo¤ to agent i from lending to the government if the government
uses threshold strategy with cuto¤ A� and other lenders use monotone strategies with cuto¤
x� (i.e., each of them lends to the government if and only if he receives a signal greater or
equal to x�). Similarly, denote by u (0; A;x�; A�) the payo¤ to agent i from not lending to the
government. Then,

u (1; A;x�; A�) =

(
1 + rmin

n
Bu2 (A)
S(A;x�) ; 1

o
if A � A�

0 otherwise

u (0; A;x�; A�) = 1

De�ne �u (A;x�; A�) � u (1; A;x�; A�) � u (0; A;x�; A�) and note that for any pair (A�; x�),
and regardless of government desired borrow function Bu

2 , the function �u (A;x
�; A�) satis�es

a weak single-crossing property.42

Let px be the precision of lenders�signals - i.e., px = 1=�2x. Then, agent�s i posterior density

for A is given by (px + p)
1=2 �

�
A� pxxi+pA�1

px+p

(px+p)
�1=2

�
, where xi is the signal received by agent i. The

41Writing the idiosyncratic productivity in this way allows me to analyze the situation when "! 0 since now
it is clear that what changes is not the relative distribution of idiosyncratic productivity around A� but simply
the scale of the deviations from A�.
42A function f (x) ; where f : R ! R, satis�es a weak single-crossing property in x if for all xH > xL,

f (xL) > 0 implies f (xH) � 0.
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family of density functions parameterized by xi satis�es the strict monotone likelihood ratio
property implying that the posterior density is strictly log-supermodular in (A; xi).43

I now use the following lemma:

Lemma 7 (Athey, 1996) Let g : S ! R and k : S � � ! R. If g satis�es the weak single-
crossing property, k is strictly log-supermodular and K (s; �) has constant support in �; then,
G (�) �

R
S g (s) k (s; �) ds satis�es the strict single-crossing property in �.

By the above lemma, it follows immediately that the lender�s i expected payo¤, de�ned as:

�u (xi;A
�; x�) �

Z 1

A�
�u (A;x�; A�) (px + p)

1=2 �

 
A� pxxi+pA�1

px+p

(px + p)
�1=2

!
dA

satis�es a strict single-crossing property in xi. This implies that there exists a unique x�i such
that if all other agents use monotone strategies with cuto¤ x�, then lender i�s best response is
also to follow a monotone strategies with uniquely determined cuto¤ x�i . This concludes the
second step of our proof.

B.3 Step 3: Uniqueness of Symmetric Threshold x�

I keep the assumption that the government follows a monotone default strategy- i.e., it defaults
if and only if A < A�. I show now that there exists a unique threshold x� such that if all other
agents use a threshold x�, then x� is indeed the optimal threshold for agent i. To prove this
claim, I use another result from Athey (1996).

Lemma 8 (Athey, 1996) Suppose that g (s; �) is piecewise continuous and is non-decreasing
in �. Further, suppose that g (s; �) satis�es a weak single-crossing condition in s, k (s; �) is
strictly supermodular, K (s; �) has constant support and g (s; �) k (s; �) 6= 0 on the set of positive
measure. Then,

G (�) =

Z
g (s; �) k (s; �) d� (s)

satis�es a strict single-crossing condition.

It is straightforward to show that the conditions of the above results are satis�ed and,
hence, �u (x�;x�; A�), de�ned as

�u (x�;x�; A�) =

Z
R
�u (A;x�; A�) (px + p)

1=2 �

 
A� pxx�+pA�1

px+p

(px + p)
�1=2

!
dA

satis�es a strict single-crossing property in x�, establishing the claim.
43A function f : R2 ! R is log-supermodular if for all fxL; xH ; yL; yHg 2 R such that xH > xL and yH > yL

we have
f (xH ; yH) f (xL; yL) � f (xH ; yL) f (xL; yH) .

A function f is strictly log-supermodular if for all yH > yL and all pairs (xH ; xL) in
supp[F (x; yL)]\supp[F (x; yH)] such that xH > xL, f (xH ; yH) f (xL; yL) > f (xH ; yL) f (xL; yH).
Let F (x; �) be a distribution function ordered by � and f be its density. Then, F satis�es the monotone

likelihood ratio if for all �H > �L f (x; �H) =f (x; �L) is increasing in x. See Athey (1996).
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B.4 Step 4: The Government�s Monotone Best Response

Recall that the government repays the debt if and only if �V (A;k2; S) � 0. I want to show
that if agents follow the strategies characterized in steps 1 and 3, then the government �nds
it optimal to follow a monotone default strategy - i.e. default if and only if A is smaller than
some A��; i.e., �V (A;k2; S) � 0 for all A � A� and �V (A;k2; S) < 0 for all A < A��.44

Now,

�V (A;k2; S) = log

�
(1� �) eAf (k1)� k2
Z (1� �) eAf (k1)� k2

�
+ log

�
�eAf (k1)�B1 +B2

Z�eAf (k1)

�
+ log

 
(1� �) eAf

�
k2
�

Z (1� �) eAf
�
k2
�!+ log�Y2 (A)� (1 + r)B2

ZY2 (A)

�
where

B2 = min fBu
2 (A) ; S (A;x

�)g ,

Y2 is given by ?? and k2 is the median household�s choice of capital.
In the limit, as "! 0, the �rst and third terms of expression for �V (A) do not depend on

A and, therefore, we have:

@�V (A)

@A
=

(B1 �B2)
�eAf (k1)�B1 +B2

+
@B2
@A

�eAf (k1)�B1 +B2

+
(1 + r)B2 (1 + �)

�eAF (k2)� (1 + r)B2
�

(1 + r) @B2@A

�eAF (k2)� (1 + r)B2
.

If B2 = Bu
2 , then the terms including @B2=@A sum up to zero (by the �rst-order condition

for the optimal choice of Bu
2 ). On the other hand, if B2 < Bu

2 , then B2 = S (A;x�) and since
S (A;x�) is an increasing function of A we have

@B2
@A

�eAf (k1)�B1 +B2
�

(1 + r) @B2@A

�eAF (k2)� (1 + r)B2
> 0.

Thus, it is enough to show that the sum of the remaining two terms is positive. But

(B1 �B2)
�eAf (k1)�B1 +B2

+
(1 + r)B2 (1 + �)

�eAF (k2)� (1 + r)B2

=
(B1 �B2)

�
�eAF (k2)� (1 + r)B2

�
+
�
�eAf (k1)�B1 +B2

�
(1 + r)B2 (1 + �)

[�eAf (k1)�B1 +B2] [�eAF (k2)� (1 + r)B2]

and, hence, if we can show that the numerator is always positive, the claim will follow imme-
diately. But the numerator is minimized if B2 is equal to Bmin2 where

Bmin2 =
1

2
B1 +

�eAF (k2)� (1 + �) (1 + r) �eAf (k1)
(4 + 2�) (1 + r)

44For convenience, in the rest of this section, I supress the dependence of �V and k2 and S.
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Since the second term is always positive, a su¢ cient condition under which @�V (A) =@A > 0
is

B1 �Bmin2 = B1 �
1

4 + 2�
Bu
2 �

1 + �

4 + 2�
B1 +

�

(4 + 2�)
�eAf (k1)

> B1 �
1

4 + 2�
b� 1 + �

4 + 2�
B1

=
3 + �

4 + 2�
B1 �

1

4 + 2�
b

implying that as long as b < (3 + �)B1, in response to lenders� and households�monotone
strategies, the government �nds it optimal to follow a monotone default strategy.

B.5 Step 5: Unique Equilibrium in Monotone Strategies

So far, I have established that a best response of any agent is monotone if all other agents
follow monotone strategies. In this section, I show that for su¢ ciently high precision of private
signal, px, there exists a unique equilibrium in monotone strategies. To establish the system
of equations jointly determining lending threshold, x�, and default threshold A� and given by
the following two equations,

�V (A�; k2 (A
�) ,S (A�;x�)) = 0 (9)

�u (x�;x�; A�) = 0 (10)

has a unique solution.
To establish that, note that equation (9) implicitly de�nes x� as a function of A�. Therefore,

it is enough to establish that d�V (A�; k2 (A�) ,S (A�;x�)) =dA� > 0 or

�eA
�
f (k1) +

@B2(A�)
@A�

�eA�f (k1)�B1 +B2 (A�)
+
(1 + �) �eA

�
f (k2)� (1 + r) @B2(A

�)
@A�

�eA�f (k2)� (1 + r)
� (2 + �) > 0,

where45

@B2 (A
�)

@A�
=

(
@Bu2 (A

�)
@A� if Bu

2 (A
�) � S (A�)

dS(A�)
dA� if Bu

2 (A
�) > S (A�) .

In section B:4, I showed that

�eA
�
f (k1)

�eA�f (k1)�B1 +B2 (A�)
+
(1 + �) �eA

�
f (k2)

�eA�f (k2)� (1 + r)
�(2 + �) >

�
4+2��e

A�f (k1)

�eA�f (k1)�B1 +Bunc
2 (A�)

> 0

and, thus, if @B2 (A�) =@A� = @Bu
2 (A

�) =@A�, then the claim follows immediately. Hence, in
what follows, I focus on the case when @B2 (A�) =@A� = dS (A�) =dA�.

Note that
dS (A�)

dA�
> �b p

p
1=2
x

1p
2�
,

45The fact that @B2 (A�) =@A� = @Bunc
2 (A�) =@A� when B2 (A

�) = S (A�) follows from the fact that
B2 (A

� + ") > S (A� + ") for all " > 0 as shown below.
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implying that

lim
px!1

dS (A�)

dA�
� 0,

and since
�eA

�
f (k1)

�eA�f (k1)�B1 +B2 (A�)
+

(1 + �) �eA
�
f (k2)

�eA�f (k2)� (1 + r)
� (2 + �)

is bounded away from zero, it follows that there exists a precision level px such that for all
px > px there exists a unique equilibrium in monotone strategies.

Appendix C Policy Comparison

C.1 Equilibrium Conditions

Suppose the assumptions 4 to 6 hold. Then, the equilibrium default threshold, A�, is deter-
mined by the following three conditions:

1. The government�s default conditions, which can be expressed as:

log

�
1� � (0)
Z � � (0)

�
+log

�
�eA

�
f (k1)�B1 +B2
Z�eA�f (k1)

�
+log

�
1

Z1+�

�
+log

�
�Y2 (A

�)� (1 + r)B2
Z�Y2 (A�)

�
= 0

where � (0) is constant de�ned in Section B:1 of this Appendix.

2. The households�optimal investment when the productivity is equal to A�

k2 (�) = (1� �) eA
�
f (k1) � (�) , � 2 (�1; 1) ,

which implies that the aggregate output at t = 2 is given by:

Y2 (A
�) =

1

2

1Z
�=�1

eA
�
f (k2 (�)) d�;

3. Lenders�signal threshold, which under assumption 4 to 6 simpli�es to:

x� = A�

Moreover, under assumptions 4 � 6, the supply of funds in the market at A� simpli�es
to S (A�;x�) = r

1+r b. Therefore, a policy change has no �direct� e¤ect on the lenders�
problem and the supply of funds in the bond market.

It follows that applying the implicit function theorem to the equilibrium conditions we get

dA�

d 
=

h
@�V
@ 

i�V
+
h
@�V
@k2

i�V h
@k2
@ 

iH
�
@�V
@A�

��V � h@�V@k2

i�V h
@k2
@A�

iH
�
�
@�V
@x�

��V � @x�
@A�
�L
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or, dividing numerator and denominator by @�V=@A�

dA�

d 
=

h
@A�

@ 

i�V
+
h
@A�

@k2

i�V h
@k2
@ 

iH
1�

h
@A�
@k2

i�V h
@k2
@A�

iH
�
�
@A�
@x�
��V � @x�

@A�
�L (11)

which is a simpli�ed version of equation (2) in Section 4:1.
We see that the denominator is independent of policy change and is always positive. There-

fore, to determined how a given policy a¤ects probability of default we only need to focus on
the numerator, which is equal to:

�
@
@ �V (A

�; k2 ( ) ; x�;  )
@
@A��V (A

�; k2 ( ) ; x�;  )
,

where we take into account the direct e¤ect of a policy change on the households problem but
not the indirect e¤ect on households�and lenders�problem through a change in A�. It is easy
to see that when we hold households and lenders beliefs about the default threshold constant
then an increase in A� always decreases the government default incentives (the argument is
analogous to the argument in section B:4). Therefore, in what follows we only need to focus on
the sing of @�V=@ where if @�V=@ > 0 the policy will lead to a decrease in the probability
of default and if @�V=@ < 0 then it will increase probability of default.

C.2 Direct E¤ect of Each Policy

In this section I list @�V=@ for each of the policy considered in section 4. I focus on the case
when the policy change is marginal.

Tax Increase

@�V

@�
=

B1 �B2
� [�eA�f (k1)�B1 +B2]

+
(1 + r)B2

� [�Y2 (A�)� (1 + r)B2]
�

��
1�� (1 + r)B2

� [�Y2 (A�)� (1 + r)B2]

where the �rst two terms capture the bene�t of increase in taxes due to higher government�s
tax revenues (�concavity e¤ect� and the di¤erential increase in tax revenues) while the last
term capture the negative e¤ect of a tax increase has on the capital accumulation.

Spending Cuts Introducing spending cuts c results in the following default equation

log

�
1� � (0)
Z � � (0)

�
+ log

�
�eA

�
f (k1)�B1 +B2

(1� c)Z�eA�f (k1)

�
+ log

�
1

Z1+�

�
+ log

�
�Y2 (A

�)� (1 + r)B2
Z�Y2 (A�)

�
= 0

Di¤erentiating with respect to c we get:

lim
c!0

@�V

@c
= lim

c!0

1

1� c = 1
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Fiscal Stimulus Consider �rst �scal stimulus �nanced with short-term debt. In that case
the default equation becomes

log

�
1� � (0)
Z � � (0)

�
+ log

 
�eAf (k1 (1 + s))�B1 +B2 �

�
1 + rST

�
sk1

Z�eAf (k1 (1 + s))

!

+ log

�
1

Z

�
+ log

�
�Y2 (A

�; s)� (1 + r)B2
Z�Y2 (A�; s)

�
= 0,

households optimal investment is given by

k2 (�; s) = (1� �) eA
�
f (k1 (1 + s)) � (�) , � 2 (�1; 1)

and

Y2 (A
�; s) =

1

2

1Z
�=�1

eA
�
f (k2 (�; s)) d�

Then the derivative of default equation with respect to s as s! 0 is given by

� (B1 �B2)
�eAf (k1)�B1 +B2

+
�2 (1 + r)B2

�Y2 (A�; 0)� (1 + r)B2
�

�
1 + rST

�
k1

�eAf (k1)�B1 +B2

where the �rst two terms capture the bene�ts of the stimulus (�concavity e¤ect� and the
di¤erential increase in tax revenues) while the last term captures its costs.

For the case of �scal stimulus �nances with long term debt, the default equation becomes

log

�
1� � (0)
Z � � (0)

�
+ log

�
�eA

�
f (k1 (1 + s))�B1 +B2
Z�eA�f (k1 (1 + s))

�
+ log

�
1

Z

�
+ log

 
�Y2 (A

�; s)� (1 + r)B2 �
�
1 + rLT

�
sk1

Z�Y2 (A�; s)

!
= 0

Again, taking the derivative of the above equation with respect to s and taking the limit as
s! 0 we get

� (B1 �B2)
�eAf (k1)�B1 +B2

+
�2 (1 + r)B2

�Y2 � (1 + r)B2
�

�
1 + rLT

�
k1

�Y2 (A�; 0)� (1 + r)B2

C.3 Deriving Results in Section 4

In this section I provide proves for the results stated in section 4:3.46

Proof of Lemma 3. Consider @�V=@� and note �rst that Assumptions 4 and 5 imply that
B2 � r

1+r b � B1 so that the �rst term is always non-negative and hence we can focus on the
remaining two terms. But if 1 > ��= (1� �) then second term is larger than the third term
and the result follows immediately.

46To simplify notation, in what follows I will suppress the dependence of Y2 on A� and s and simply write Y2
instead of Y2 (A�; s) whenever this does not lead to any confusion.
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Proof of Lemma 4. Consider @�V=@s in the case of short-term stimulus and note that
since B2 � Bu

2 then (1 + r)
�
�eAf (k1)�B1 +B2

�
< �Y2 � (1 + r)B2 and hence the sum of

the �rst two terms is decreasing in B2 implying that

@�V=@s �
�B1 �

�
1 + rST

�
k1

�eAf (k1)�B1 +B2

It follows that a su¢ cient condition for �scal stimulus �nanced with short-term debt to increase
probability of default is

�
1 + rST

�
k1 > �B1.

The condition for �scal stimulus �nanced with long-term debt is derived analogously. Sim-
ply denote the equilibrium government spending in repayment at t = 1 and t = 2 by gR1 (A

�)
and gR2 (A

�), respectively, and follow the same argument as above.
Proof of Lemma 5. Immediate from expression for @�V=@c.

Appendix D Auxiliary Results

D.1 Condition under which desired borrowing is positive

In this section I derive a su¢ cient condition under which the government�s desired borrowing
is positive for all A � AR (0).

Recall, that the government desired borrowing is given by

Bu
2 =

8<:
Bbor
2 if Bbor

2 � 0
0 if Bbor

2 < 0 and Blen
2 � 0

Blen
2 if Blen

2 < 0

It follows that, the government desired borrowing is positive as long as

Blen
2 > 0 for all A � AR (0)

or
B1 + �e

Af (k2)� �eAf (k1)
2

> 0

Rearranging and using the de�nition of AR (0) we get

f
�
k2
�
AR (0)

��
> Z3 (Z (1 + �)� �) f (k1)

A necessary condition for the government not to default is that the government consumption
at t = 1 is strictly positive, i.e.

�eA
R(0)f (k1)�B1 +Bu

2 > 0

If Bu
2 < 0 then it has to be the case that

�eA
R(0)f (k1) > B1

or

eA
R(0) >

B1
�f (k1)
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Therefore, if I can �nd a condition under which f (k2 (A)) > Z3 (Z (1 + �)� �) f (k1) at A =
log (B1=�f (k1)) it would follow that the Bu

2 cannot be negative. But this is the case if

f

�
k2

�
B1

�f (k1)

��
> Z3 (Z (1 + �)� �) f (k1)

(1� �) B1
�f(k1)

f (k1)

1 + 1
�

>
�
Z3 (Z (1 + �)� �) f (k1)

� 1
�

B1 >
� (1 + �)

� (1� �)
�
Z3 (Z (1 + �)� �)

� 1
� k1

Thus, we conclude that

B1 >
� (1 + �)

� (1� �)
�
Z3 (Z (1 + �)� �)

� 1
� k1 implies Bu

2

�
AR (0)

�
> 0

Since under Assumption 3 we have @Bu2
@A � 0 it follows that Bu

2 is positive for all A � AR (0).

D.2 Fragility Region: Behavior of �V (A; r)

In this section I show that the di¤erence between value of repaying and the value of defaulting
is strictly increasing in A when B2 2 f0; Bu

2 g and if all the households expect or do not expect
default. This result is invoked several times when deriving fragility region. Since the argument
for the case when households expect default is analogous to the case when households do not
expect default I consider only the latter case.

Suppose that households do not expect default. Then

ki2 = kR2 =
(1� �) eAf (k1)

1 + 1
�

for all i 2 [0; 1]

The value of repaying the debt at t = 1is given by

V R
1 (A; r) = log

�
(1� �) eAf (k1)� k2

�
+ log

�
�eAf (k1)�B1 +B2

�
+ log

�
(1� �) eAf (k2)

�
+ log

�
�eAf (k2)� (1 + r)B2

�
while the value of defaulting is given by

V D
1 (A) = log

�
Z (1� �) eAf (k1)� k2

�
+log

�
Z�eAf (k1)

�
+log

�
Z (1� �) eAf (k2)

�
+log

�
Z�eAf (k2)

�
Let

�V (A; r) = V R
1 (A; r)� V D

1 (A)

Taking derivative of V R
1 (A; r) with respect to A I get

1 +
�eAf (k1)

�eAf (k1)�B1 +B2
+ (1 + �) +

(1 + �) �eAf (k2)

�eAf (k2)� (1 + r)B2

while taking derivative of V D
1 (A) with respect to A yields

1 + 1 + (1 + �) + (1 + �)
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and, therefore

@�V (A; r)

@A
=

�eAf (k1)

�eAf (k1)�B1 +B2
+

(1 + �) �eAf (k2)

�eAf (k2)� (1 + r)B2
� (2 + �)

First, set B2 = 0. Then

@�V (A; r)

@A
=

�eAf (k1)

�eAf (k1)�B1
+
(1 + �) �eAf (k2)

�eAf (k2)
� (2 + �) > 0

whenever �eAf (k1)�B1 > 0.
Now, set B2 = Bu

2 . Then

�eAf (k1)

�eAf (k1)�B1 +B2
=

2 (1 + r) �eAf (k1)

(1 + r) �eAf (k1) + �eAf (k2)� (1 + r)B1
(1 + �) �eAf (k2)

�eAf (k2)� (1 + r)B2
=

2 (1 + �) �eAf (k2)

(1 + r) �eAf (k1) + �eAf (k2)� (1 + r)B1

so that

@�V (A; r)

@A
=

2 (1 + r) �eAf (k1) + 2 (1 + �) �e
Af (k2)� (2 + �)

�
(1 + r) �eAf (k1) + �e

Af (k2)� (1 + r)B1
�

(1 + r) �eAf (k1) + �eAf (k2)� (1 + r)B1

=
��eAf (k2)� (1 + r) �eAf (k1) + (2 + �) (1 + r)B1

(1 + r) �eAf (k1) + �eAf (k2)� (1 + r)B1

=
2 (1 + r)B1 + �B

unc
2

(1 + r) �eAf (k1) + �eAf (k2)� (1 + r)B1
> 0

since Bu
2 > 0 for all A � AR (0).

Consider now derivative of �V (A; r) with respect to r.

@�V (A; r)

@r
=
@V R

1 (A; r)

@r
= � B2

�eAf (k2)� (1 + r)B2
� 0

with the strict inequality as long as B2 > 0.47

D.3 Properties of Bu
2

The unconstrained optimal borrowing by the government is given by

Bu
2 (A; r) =

(1 + r)B1 + �e
Af (k2)� (1 + r) �eAf (k1)
2 (1 + r)

Derivative of Bu
2 with respect to r is given by

@Bu
2

@r
= ��e

Af (k2)

2 (1 + r)2
< 0

47Recall that if B2 < 0 then r = 0 since the government can only lend at the risk-free rate. Therefore, in that
case @�V (A; r) =@r = 0.

42



while derivative with respect to A is given by

@Bu
2

@A
=
(1 + �) �eAf (k2)� (1 + r) �eAf (k1)

(1 + r)

and it can be positive or negative, depending on the level of productivity A, the interest rate
r, and other parameters of the model.

Note that
@2Bu

2

@A2
=
(1 + �)2 �eAf (k2)� (1 + r) �eAf (k1)

(1 + r)

and, therefore,
@Bu

2

@A
> 0 =) @2Bu

2

@A2
> 0

It follows that if @Bu
2 =@A > 0 at A0 then @Bu

2 =@A > 0 for all A > A0.
Finally I provide su¢ cient conditions under which @Bu

2 =@A > 0 for all A > AR (0).

Lemma 9 Suppose that (1 + �)� 1
Z3(Z(1+�)��) � 0. Then @B

u
2 =@A > 0 for all A > AR (0).

Proof. Fix r � rR. Then we know that A� � AR (r). Substituting AR (r) into the expression
for the desired borrowing yields

Bu
2

�
AR (r) ; r

�
=
2�eA

R(r)f (k2)� 2�eA
R(r)
p
(1 + r) f (k1) f (k2) (Z3 (1 + �)� �)
2 (1 + r)

We know that for all r � rR we have Bu
2

�
AR (r) ; r

�
� 0 and therefore, by rearranging above

expression for Bu
2

�
AR (r) ; r

�
we get

(1 + r) � 1

Z3 (Z (1 + �)� �)
f
�
k2
�
AR (r)

��
f (k1)

implying that for all r 2
�
0; rR

�
we have

(1 + r) � 1

Z3 (Z (1 + �)� �)
f
�
k2
�
AR (r)

��
f (k1)

Now consider @Bu2 (A;r)
@A :

@Bu
2 (A; r)

@A
=
(1 + �) �Y2 � (1 + r) �Y1

2 (1 + r)

Fix r and consider @Bu2 (A;r)
@A jAR(r):

@Bu
2 (A; r)

@A
jAR(r) =

(1 + �) �eA
R(r)f

�
k2
�
AR (r)

��
� (1 + r) �eAR(r)f (k1)

2 (1 + r)

�
(1 + �) �eA

R(r)f
�
k2
�
AR (r)

��
� 1

Z3(Z(1+�)��)�e
AR(r)f

�
k2
�
AR (r)

��
2 (1 + r)
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and hence
@Bu

2 (A; r)

@A
jAR(r) � 0 if (1 + �) �

1

Z3 (Z (1 + �)� �)

Finally, note that if @B
u
2 (A;r)
@A � 0 at A = AR (r) then @Bu2 (A;r)

@A > 0 for all A > AR (r). This
implies that the condition

(1 + �) � 1

Z3 (Z (1 + �)� �)

is su¢ cient for the desired borrowing to be strictly increasing for all A > AR (0).
The next result follows immediately from the above lemma and preceding it discussion.

Corollary 10 If (1 + �) � 1
Z3(Z(1+�)��) then B

u
2 (A) is a convex in A for A 2

�
AR (0) ;1

�
.

D.4 Behavior of of Bu2 (A)

S(A)

In section D:1 we saw that if (1 + �) � 1=
�
Z3 (Z (1 + �)� �)

�
then Bu

2 (A) is increasing and
convex in A for A 2

�
AR (0) ;1

�
. The supply function S (A;x�) is given by

S (A;x�) = b

"
1� �

 
x� �A
p
�1=2
x

!#
= bp1=2x �

 
A� x�

p
�1=2
x

!

and hence it is also an increasing function of A. Moreover, it is easy to show that S (A;x�) is
convex in A for all A 2 (�1; x�] and concave in A for all A 2 [x�;1).

I am interested in determining how many time S (A;x�) intersects Bu
2 (A). Note that

depending on
�
b; x�; A�; p1:2x

	
S (A�;x�) can be smaller or greater than Bu

2 (A
�). I consider

�rst the case when Bu
2 (A

�) � S (A�;x�). It is easy to see that in this case either (1) Bu
2 (A) >

S (A;x�) for all A > A�, or (2) S (A;x�) intersects Bu
2 (A) twice. So consider the case when

Bu
2 (A

�) < S (A�;x�). Since Bu
2 (A

�) is increasing and convex in A and S (A�;x�) is increasing
and concave in A 2 [x�;1).it follows that these two functions have two intersect each other
at least once. Moreover, if x� is very high, and px is large so that @S (A;x�) =@A is very steep
around A = x� then it is possible that S (A;x�) intersects Bu

2 (A) three times.
In light of the above discussion there are four possible cases to consider when analyzing

payo¤ indi¤erence condition:

1. Bu
2 (A) > S (A;x�) for all A > A�;

2. Bu
2 (A

�) > S (A�;x�) and S (A;x�) intersects Bu
2 (A) twice.- call these intersection points

A1 and A2;

3. Bu
2 (A

�) < S (A�;x�) and S (A;x�) intersects Bu
2 (A) only once - call this intersection

point A1;

4. Bu
2 (A

�) < S (A�;x�) and S (A;x�) intersects Bu
2 (A) three times - call these intersection

points A1, A2 and A3.
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D.5 Computing @x�

@A

In this section I prove the following claim:

Lemma 11 Derivative of x� with respect to A� is bounded from above by px+p
px
, that is

@x�

@A�
� px + p

px

Below we will need an expression for the derivative of the unique lending threshold, x�,
with respect to default threshold, A�. To compute this derivative start with the indi¤erence
condition

1Z
A�

�
1 + rmin

�
1;
Bu
2 (A)

S (A)

��
(px + p)

1=2 �

 
A� pxx�+pA�1

px+p

(px + p)
�1=2

!
dA� 1 = 0

Then

@x�

@A�
=

�
1 + rmin

n
1;

Bu2 (A
�)

S(A�)

o�
(px + p)

1=2 �

 
A�� pxx

�+pA�1
px+p

(px+p)
�1=2

!
@
@x�

"
1R
A�

�
1 + rmin

n
1;

Bu2 (A)
S(A)

o�
(px + p)

1=2 �

 
A� pxx�+pA�1

px+p

(px+p)
�1=2

!
dA

#
To compute denominator we need to establish behavior of Bu

2 (A) =S (A). Given that B
u
2 (A)

is increasing and convex for A � Ar (0) and that A� > Ar (0) it can be show that there are
only possible four cases: (1) Bu

2 (A) =S (A) > 1 for all A � A�, (2) Bu
2 (A

�) =S (A�) < 1 and
Bu
2 (A) =S (A) > 1 for all A > A1 and smaller than 1 otherwise, (3) Bu

2 (A
�) =S (A�) < 1 and

Bu
2 (A) =S (A) intersect 1 three times (at A1, A2 and A3), and �nally (4) B

u
2 (A

�) =S (A�) > 1
and Bu

2 (A) =S (A) intersects 1 twice, at A1 and A2, so that B
u
2 (A) =S (A) > 1 for all A =2

(A1; A2). In the �rst case it is immediate that @x�

@A� =
px+p
px
. I show now that in the remaining

cases we have @x�

@A� <
px+p
px
.
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