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Abstract

A large positive literature emphasizes the role of technological change in driving
the demand for skill and talent. We consider the normative implications of such tech-

nical change for policy design.

1 INTRODUCTION

Technical change is inherently redistributive, complementing the effort of some while
substituting for that of others. However, while the positive literature documenting the
redistributive nature of technical change is extensive, normative work exploring the pol-
icy implications of such change is not. Our paper fills this gap. We make theoretical
and quantitative contributions. On the theoretical side we relate existing models of op-
timal taxation to the assignment framework used by Acemoglu and Autor (2011), Autor
and Dorn (2013) and Costinot and Vogel (2010) and others to analyze the implications of
technical change. In this way, we show how the key technological parameters empha-
sized by the positive literature shape the (labor demand) elasticities central for optimal
tax analysis. We show how a parametric assignment model can be brought to the data;
we estimate the key parameters and derive the implications of technical change from the
1970s to the present day for policy. We find, consistent with other positive studies, evi-

dence of increasing comparative advantage of high talent workers in complex tasks and

*We thank participants at the Larry Jones 60" Birthday Conference and, especially, our discussant Marco
Bassetto for very useful comments.
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of polarizing shifts in demand from middle-ranked to low and high complexity tasks. We
show that the optimal policy response is to reduce marginal income taxes on low and
middle talent workers, but leave those on higher talent workers intact. Transfers to the
lowest talents should be phased out.

To formalize the impact of technical change on the distribution of workers across oc-
cupations and wages several recent studies have adopted an assignment framework.! In
this framework differently talented workers sort themselves across tasks differentiated
by complexity; highly talented workers are assumed to have a comparative advantage in
complex tasks and, sometimes, an absolute advantage in all tasks.> Despite this work’s
implication that imperfect substitutability of talent across tasks exposes workers to the
risk of technical change, it has made little contact with the normative literature on optimal
taxation. Moreover, most contributions abstract from workers” intensive effort margin. In
contrast, normative work focusses on the incentive to supply effort and largely ignores
the role of the demand for talent in shaping income inequality. An exception is Stiglitz
(1982) who allows for imperfect substitutability between the effort of different talents. He
shows, in a two talent model, that this assumption has important implications for the
design of optimal taxes. In particular, he identifies a wage compression motive for sub-
sidizing high and taxing low talents. By doing so the wage of high talents is compressed
relative to low and the former’s incentive constraints are relaxed.

The starting point of our analysis is a generalization of Stiglitz (1982) from two to
K talents with an aggregate production function defined directly upon the (imperfectly
substitutable) effort of these talents. Stiglitz (1982)’s wage compression channel remains
operable, but now takes a more complex form: the motive to tax a given talent type k at
the margin depends, in part, on the elasticity of the relative wages of all pairs of adjacent
talent types (ordered by wages) with respect to k’s effort. This analysis suggests that the
implications of an assignment framework for policy will depend upon that framework’s
implications for the interaction of the effort of different talents. We next enrich an as-
signment model with various elements from the normative literature: an intensive effort

margin, standard concave preferences over consumption and effort and a Paretian gov-

1Costinot and Vogel (2010), Acemoglu and Autor (2011) and Autor and Dorn (2013) are prominent
examples.

The assignment framework is not new, originating with Roy (1950) and being extended by Sattinger
(1975) and Teulings (1995). It has proven to be a rich laboratory for analyzing the role of talent-task dis-
tributions and the productivity of task-talent matches in shaping the wage distribution. Over the last few
years there has been a renewed emphasis on comparative statics in this framework and on its use as a lens
to view the implications of technical change. Acemoglu and Autor (2011) emphasize the value of the as-
signment framework for analyzing many issues over what they call the canonical model in which workers
are locked into imperfectly substitutable tasks.



ernment that can tax incomes. In this model workers sort themselves efficiently across
tasks conditional on the effort of other workers. This induces an indirect production function
over the effort of different talents and, hence, micro-founds such a function. The wage
distribution and demand elasticities necessary for tax analyses are, thus, related to the
technological parameters emphasized in the positive literature. In particular, a perturba-
tion of one talent type’s effort raises the supply of labor in that type’s current assigned
task. This depresses the associated (shadow) task price, causing this type to migrate into
neighboring tasks. This in turn raises the labor input in these tasks, causing the talent
types occupying them to migrate. Thus, a ripple effect is created and since the relative
wages of adjacent talents depend upon their task assignments,’® an adjustment in one tal-
ent type’s effort can affect relative wages of all talent types, in the process relaxing and
tightening many incentive constraints. The degree to which this migration occurs and
the degree to which it affects relative wages when it does depends upon the pattern of
comparative advantage of talents across tasks and the pattern of demand for different
tasks.

Analytical characterization of the implications of technical change for policy in such
settings is complicated. We present some simple two talent examples and use them to
highlight such implications analytically and numerically.

We then take the model of the data. Our main data source is the Current Population
Survey (CPS). This dataset contains detailed information on the occupation, income and
hours worked of respondents. We treat this data as if it were generated by an equilibrium
of our assignment model and use parametric assumptions and equilibrium restrictions to
recover estimates of key technological parameters for the 1970s and the 2000s. In particu-
lar, we order occupations by the average wage paid and, hence, relate them to sets of tasks
ordered by complexity. We recover an empirical proxy for the assignment of tasks to tal-
ents from the distribution of workers across occupations (ordered by wages). We separate
the estimation of parameters determining the demand for tasks from those determining
the comparative advantage of talents across tasks by assuming a Cobb-Douglas technol-
ogy for final goods as a function of tasks. This enables us to identify the demand parame-
ters with occupational compensation shares. The parameters determining the productiv-
ity of talent-task matches and, hence, comparative advantage of high talents for complex
tasks are then recovered from the empirical assignment function and the distribution of
wages across tasks. After obtaining these estimates and supplementing them with cali-
brated preference parameters, we calculate optimal tax policies for the 1970s and 2000s

3More precisely, it depends on their relative comparative advantage in the task threshold that demar-
cates them.



and, hence, evaluate the implications of 40 years of technical change for policy design.

LITERATURE As noted above, our paper bridges the normative optimal taxation liter-
ature and a positive literature that analyzes the role of technical change in driving the
wage distribution. Both literatures are large. In addition to the papers referenced above,
we mention two that are quite related to ours. Rothschild and Scheuer (2013) also develop
implications for optimal tax policy in an assignment framework. In contrast to us, they
focus on the two task-many talent case with, in their theory, essentially no restrictions on
the distribution of talent across tasks. In this setting they provide an interesting charac-
terization of optimal taxes and contrast such taxes with those obtained in self-confirming
equilibria in which governments do not recognize their ability to influence the wage dis-
tribution. We focus on many task-many talent cases, but place much stronger restrictions
on the task-talent distribution. This allows us to relate our model to those used to analyze
technical change in the positive literature and to undertake comparative static exercises
which Rothschild and Scheuer (2013) do not do. In addition, Rothschild and Scheuer
(2013) draw a sharp distinction between their conclusions and those of Stiglitz (1982) by
identifying Stiglitz (1982)’s model with one in which talents cannot be substituted across
tasks. In fact, Stiglitz (1982) is silent on tasks and his model is consistent with the (in-
direct) aggregate production function over effort derived from Rothschild and Scheuer
(2013)’s (or our) framework.

Salanié (2011) suggests applying the logic of Stiglitz (1982) to capital taxation. This is
done by Slavik and Yazici (2012) who introduce two sorts of capital, buildings and ma-
chines. Following the skill premium literature, they assume a machine-skill (or machine-
talent) complementarity. Thus, machines raise the marginal product of the talented rela-
tive to the untalented and, as in Stiglitz (1982), this dilutes incentives. It is socially desir-
able to deter the accumulation of machines. In quantitative work, Slavik and Yazici (2012)

show that this creates a rationale for quite high rates of (machine) capital taxation.

2 FACTS ON TECHNICAL CHANGE AND TAXATION

Before illustrating our theoretical framework we document some of the key facts that
motivate our analysis. Our many data source is the Current Population Survey (CPS)*
Our sample is from 1975 to 2011. In the bulk of the paper we group observations into two
time periods. We will call “the 70s” observations relating to the years 1975-1979 and we
will call the “00s” observation relating to the years 2000-2011.

4Refer to Appendix E for additional details on the data and our sample selection.
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The CPS reports information regarding both the sector and occupation of each worker.
We begin by looking at the behavior of sectors over time. Original information on sector
is provided at the 3-digit level, for a total of approximately 300 sectors. In Figure 1 we
display the changes in the relative size of sectors (in terms of share of national income)
aggregated at the 1-digit level of detail.” What we observe is a well documented fact:

Relative Size of Sectors: Share of Income

T T T T
1980 1990 2000 2010

Year
—®— Manufacturing —®&— Nondurable Goods —— Transport. Utilities
—A— Wholesale and Retail——— Finance, Ins., and Real Estate——— Services

—6— Professional

Figure 1: Changes in Share of National Income by Sector Over Time. Source: CPS.

over time there has been a large shift in the relative importance of sectors. In particular
we see sectorial “polarization” occurring. A groups of sectors (Services, Financial and
Professional) is growing over time while another group of sectors (Manufacturing, Non-
durable goods, Wholesale and Transportation) is shrinking over time.

Since these two groups of sectors use different occupations with different relative in-
tensities we would expect to observe some degree of polarization also occurring when
looking at occupations. In the CPS information on occupations is also provided at the
3-digit level. In Figure 2a, we display the changes in the share of national income of
different occupations over time. In this case also we see the evidence of “polarization”
with managerial and service related occupations growing in importance over time while
others, for example: operators and fabricators (mostly employed in manufacturing) are
shrinking over time. What is interesting is the fact that the two occupations growing over
time are positioned, on average, at the opposite end of the income distribution. Hence
occupations that are growing over time are both those with very high and with very low
income per capita. This peculiarity of technical change has been pointed out by Acemoglu

SNot shown are primary sectors and public administration.



Relative Size of Occupations: Share of Incc Relative Size of Occupations: Share of Workforce
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(a) Share of National Income. (b) Share of Employment.

Figure 2: Changes in Size of Occupations Over Rime. Source: CPS

and Autor (2011) when looking at the share of employment (shown in Figure 2b).®

The picture that emerges from the CPS is one in which high wage and low wage oc-
cupations are growing relative to middle ones. This phenomenon raises a potential ad-
ditional redistributive motive from the part of the policy makers. A natural channel for
this redistribution is income taxation which we analyze next. Our goal is to determine
the degree of “progressivity” of the tax code over time. We begin by looking at the profile
of average tax rates. Within CPS we can compute effective tax rates for the entire income
distribution. To compute effective average tax rate we encode the information provided
on CPS into the NBER TAXSIM simulator.” For each individual we use information on
the year, state of residence, dependents, marital status, total and individual income. In
Table 1, we display the effective tax rate of state and federal tax, with and without payroll
taxes (note that we are assuming that the burden of the payroll tax falls entirely on the

worker).

®In Autor and Dorn (2013) this feature of the data is mapped to the behavior of preferences. Over time
a higher weight in the utility function is given to those low skilled service jobs and high skilled managerial
occupations.

7 Gouveia and Strauss (1994) emphasize the usage of effective tax rates as opposed to statutory tax rates
to correctly capture the differences between market and taxable income as well as the worker’s economic
response to statutory tax rates.



Table 1: Average Tax Rates on Real Labor Income. Source: CPS And TAXSIM 9.6.

Taxes Included Decad Percentiles of Income
axes Include ecade 10 o5t soth 75th gpth ggth

70s 10.8 159 195 219 256 354
00s 26 118 182 222 26.1 35.0
70s 261 309 340 350 356 409
00s 23.7 33.1 389 417 419 413

State + Federal

State + Federal + FICA

Between the two time periods we observe that the changes in effective tax rates are
quantitatively small especially for people above the median income. Overall, the reduc-
tion in tax rates seems to point to a small increase in progressivity.® To provide an objec-
tive measure of the changes in progressivity over time we look at the aggregate residual
income elasticity (formally defined below). This measure was first proposed by Musgrave
and Thin (1948) and was later axiomatized by Jakobsson (1976) and Pfingsten (1986). It
has been shown to have numerous desirable properties relative; in particular, Jakobsson
(1976) establishes that:

[...] if one tax code is, according to the measure, more progressive than another, then it should
also be unambiguously more redistributive than the other.

Thus, the measure establishes a partial order over tax codes, with one code ranked more
progressive than another if it induces after-tax Lorenz curves that dominate those induced
by the other code. Denote with y;; the income of individual 7 at time ¢ and T(y;;) the
amount of tax paid by individual i at time t. We define the individual residual income

elasticity of i at t as:

dlyi — Te(yir)] i
= —— : 2 : 1
it dyi Vit — Te(Yis) )

Re-expressing (1) in terms of the marginal (7;) and average (f;) tax rate of individual i

gives:
-1y
C1-—ty

it

8This contrasts with the conclusions ofPiketty and Saez (2007) who emphasize a reduction in progres-
sivity. The difference stems from their focus on marginal tax rates at the very top of the income distribution
within the top percentile.



Let there be N; individuals at time ¢, then the residual income elasticity is defined as
1
Hi:= — i fe 2
TN, ; it )

The progressivity of the tax code is decreasing in H; with a value less than one denoting a
progressive code. We compute the value of H; for the US over the period 1975-2011 using
CPS data and plot the results in Figure 3.

Residual Elasticity Over Time
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Figure 3: Residual Elasticity Over Time: Source CPS and TAXSIM.

These calculations indicate that the joint state and federal tax code is overall progres-
sive and that, as expected, payroll taxes reduce the degree of progressivity. They show
that the degree of progressivity implied by state and federal taxes shows very little trend
over the last 40 years, with, perhaps, a modest increase in progressivity after accounting
for payroll taxes. Thus, successive tax reforms have tended to only temporarily increase
or decrease the degree of progressivity around a stable level.’

In summary, we have documented a significant occupational restructuring of the US
economy. This is suggestive of technical change that has enhanced the demand for labor
and talent in some activities and suppressed it in others. Despite the potential redis-
tributive implications of these long run, secular changes, we find little evidence of any
sustained policy response in the direction of either more or less redistribution in the US.

9This is consistent with Kasten, Sammartino, and Toder (1994) who find little evidence of changes in the
progressivity of the US tax code between 1980 and 1993 despite the enactment of five major tax reforms.



3 A GENERALIZED STIGLITZ MODEL OF TAXATION

Mirrlees (1971)’s classic model of optimal taxation assumes that final output is a weighted
sum (or integral) of agent effort, with the weights given by private productivities. Stiglitz
(1982) allows for a more general production function that is constant returns to scale in
agent effort. He restricts attention to workers of two types and assumes directly that both
before and after the implementation of taxes one type has a higher marginal product than
the other. In this section, we generalize Stiglitz (1982) to K-types.!”

3.1 PHYSICAL ENVIRONMENT

AGENTS A continuum of agents has identical preferences over consumption ¢ € R
and effort e € [0,¢] described by a utility function U : Ry x [0,] — R. The function
U is assumed to be concave, twice continuously differentiable on the interior of its do-
main, with for each e € [0,¢], U(+, e) increasing and for each ¢ € R4, U(-,¢) decreasing
and strictly concave. First and second partial derivatives of U are denoted U; and U,
with I,m € {c,e}. U satisfies the Inada conditions: for all ¢ > 0, lim,|oUe(c,-) = 0
and lim,z Ue(c, -) = oo. In addition, U satisfies the Spence-Mirrlees single crossing prop-

erty: —U,(c,y/w)/{wl.(c,y/w)} is decreasing in w.!!

Agents are partitioned across
K € N\{1} types with a fraction 71} of agents in type group k € {1,...,K}. I = Z;?:l Tk
is the fraction of agents with type less than or equal to k.

Agents sell their labor to firms and pay taxes on the income that they earn. Let T :
R+ — R denote an income tax function. Throughout this section, income tax functions
are assumed to be piecewise-differentiable with directional derivatives less than one. An

agent of type k receiving wage wy solves the problem:

sup Ulc,e) st ¢ <we— T(wge). 3)
R+X[O,E]

TECHNOLOGY A representative competitive firm hires agents of all types. The firm uses
a production function G : RX — R defined directly on the labor inputs of the different

19Much of the optimal tax literature is cast in terms of a continuum of types. This literature maintains the
linear production function assumption. Although versions of the results that we give below are available for
continuum (of type) economies, for general constant returns to scale production functions, their derivation
requires stepping outside of the framework of optimal control and maximizing an infinite-dimensional
Lagrangian directly. To avoid technical complications that do not generate additional economic insight we
do not do this.

g given U, consumption is a normal good, then this condition is assured.



types. The firm solves:

K
max G(e1mmy, ..., ex7k) — Y WyTtey,

R k=1
where ¢; is the common effort level of agents of type k. G is assumed to be a continuously

differentiable, linearly homogeneous function with G(0) = 0 and k-th partial derivative
Gy.

TAX EQUILIBRIUM Let P be a fixed public spending amount. Given P, a tax equilib-
rium is an income tax function T : R4 — R, an allocation {c, e}~ _; and a wage profile
{wi}X_| such that (i) for each k = 1,...,K, (ck, ¢) solves (3), (ii) for each k = 1,...,K,
wy = Gi(eymy, ..., exmk) and (iii) the goods clearing condition holds: P + Zszl g <
G(eymy, ..., exmk). We keep P fixed throughout and vary T. Let & denote the set of tax
equilibria (for the fixed spending amount P).

Remark 1. This definition restricts attention to equilibria in which all agents of a given
type make the same effort and consumption choice given the tax schedule. In addition,
we restrict attention to deterministic tax schedules. The literature has considered richer
tax mechanisms that randomize over tax rates, see Stiglitz (1982) and Brito, Hamilton,
Slutsky, and Stiglitz (1995). Recently, Hellwig (2007) has given sufficient conditions on
preferences for deterministic tax mechanisms to be optimal. We assume these conditions
hold in our setting. Finally, we make the usual assumption in public economics that the

government cannot directly communicate with firms about a worker’s type.

3.2 OPTIMAL PoLICY

A government attaches Pareto weight g; to type group k, X | ¢; = 1, and selects a tax

equilibrium to solve:
K

sup ) U(ck, ex)gx- (PP)
& k=1

Let T* and {c}, e}, w} }X | denote an optimal tax equilibrium. If ¢f > 0, then we call:

 Ue(cg,ef)
wile(cy, ef)

*

T = -1
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the marginal tax rate at income gf = wje; > 0.1> An optimal tax equilibrium satisfies a

no binding downward incentive constraint condition if:
Uk, ex) > U(ckyr, Grga/wi)- (NDIC)

The following proposition extends results in Stiglitz (1982) to the K-type setting.

Proposition 1. Let T* and {c}, e}, w}}X_, denote an optimal tax equilibrium with agent types
indexed so that wi = Gy(eimy, ..., exmk) is increasing in k.'> Assume that {c}, e}, w; }]Ile
satisfies the no downward binding condition (NDIC). Optimal marginal tax rates satisfy:

=R Ul o) + Hi— e —— Y @

*
-1 m w4 Tk

where Awy 1 := Wi — wy, Py is given by:

q*
U, ( c¥, =
o= Y ¥i(1-1I) (54, (91,0101} oo
kT =) =7 5T 1P~ P
= Ue(ci ex) ! T g,

w

with ¢y ; = w—’}a—’(el, cex),

Uc(CZIEz) U, <ck, ﬂ) Ue(c,t,e}:) — U, (Ckrz_k1> wy 1

He =4 — +
Awk“ e cUc(c;, ef) Awk“ e fUe(ctef) Wi 4
and
TZ _ i 1_g]uc(C]-*,€j) Uc(c,i,ek H l,‘]] /w]_|_1) Tt ,
j=k ﬂjX UC(C]' s €5 —k (CZ' 1€ ) 1- ITk
with x* equal to the shadow price of resources (i.e. the multiplier on the goods market clearing
constraint).
Proof. See Appendix C. O

2The optimal program (PP) only determines T* at the points {g;}. However, T* may be chosen so
that 7/ is the left derivative of T* at gq;; if T* is differentiable at gq;, then it is the derivative of T*. The Inada
conditions on agent utilities ensure that absent taxes agents would always choose to work. Consequently, in
a tax equilibrium, a wedge between an agent’s marginal rate of substitution and its wage is due to taxation
and not to a boundary condition on effort.

13The ordering of agents types’ marginal products is not given exogenously. The labeling of agent types
can always be modified to reflect their marginal product ranking at the optimal allocation.
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The second term in (4) is the discrete analogue of the terms found in continuous-type
models with exogenous productivity (e.g Mirrlees (1971) and Saez (2001)). If preferences
are quasi-linear in consumption, U(c, e) = c + h(e), this term reduces to:

x T
rele) e (af) wp | sy Db u)

Aw} * * —
Elethe(er) Wkt Dk 1—1II

()

For small variations in wages, the first component of (5) is approximately the compen-
sated elasticity of labor supply, the second component is the rate of wage growth across
types (this equals the reciprocal of the agent’s productivity in models in which types are
continuous and wages exogenous). The next component is the hazard function of the type
distribution, while the final component captures the government’s redistributive motive.
Interpretations of these components in the continuous setting are given in Salanié (2011),
while Saez (2001) relates the continuous version of the more general second term in (4)
to labor supply elasticities, the type distribution and the government’s redistributive mo-
tive.

The first term in (4), however, does not appear in standard optimal tax equations that
are derived from models with linear production functions and exogenous wages. In set-
tings with non-linear production functions, such as ours, the effort of the k-th agent type
can affect the marginal rate of transformation and, hence, the ratio of wages between the
j and j + 1-th types. In doing so it can relax or tighten incentive constraints. To mimic
the j-th productivity type, the j + 1-th type must reproduce the j-th type’s income. The
effort cost of doing this depends on the relative wage ratio between the types: more com-
pressed wage ratios relax incentive constraints and to the extent that the effort of a given
type leads to such compression it should be encouraged through taxation. Stiglitz (1982)
identifies this wage compression channel in a two type model. In that case there is only
one binding incentive constraint and ®] and ®; reduce to:

qi‘)
Ue (€, 25 ) 5o,%
* * e<1/w§ €W 1
= —¥i(1-m)

ctel) efw; EF
1/61) 610y ¢

e(cq
Ue ( S > ejwy 1
Q5 :=—¥i(1—m) e
? it ue(cy,e3) e3ws £,
where &7, —L_— is the elasticity of substitution between the two labor

4’1 1 ¢1 2 4’2,1 —¢3,

wy/wy dey/e . .. .. .
types (1.e. “e7er aw 7wy ). Assuming this is positive, compression of wages between the

12



two types, requires that the effort of the high (resp. low) type should be relatively encour-
aged (resp. discouraged). Since the second term in (4) is zero for k = K = 2, this trans-
lates into an optimal marginal income subsidy for high types and an enhanced marginal
income tax for low types.!* If G were assumed to be a CES production function, related
results would obtain. In this case, marginal rates of transformation between the adjacent
types are affected only by the efforts of these types. Consequently, the ®; terms would
have the form:

a )
u ct — * g%
* e ( k’ wk+1 ekwk 1
—‘Y (1 — Hk) o/
k ue(cs,ef) efwr, &
e\~ k’ "k k™ k+1

with £ the constant elasticity of substitution. More generally, however, the relative wages

of adjacent types could depend on other types and elasticities could be non-constant.'®

Remark 2. Proposition 1 reports optimal tax formula in the absence of binding downward
incentive constraints; in our later numerical calculations in Section 5 we verify that such
constraints do not bind. Here we follow many contributors who focus on tax formulas in
the absence of such binding constraints and verify their absence in numerical calculations,
see, e.g. Saez (2001), Rothschild and Scheuer (2013). However, the proof of Proposition 1
indicates how the optimal tax formula would generalize if such constraints were to be
binding. Binding downward incentive constraints give rise to bunching with agents who
earn different wages working and consuming the same amount. Proposition 1 permits
the opposite phenomenon of agents earning the same wage (but being of different talent
types) and working and consuming different amounts. This may occur because the efforts
of differently talented agents have the same marginal product, but different implications
for relative wage elasticities.

4 ALLOCATIONS WITH ASSIGNMENT

We now consider optimal taxation in a framework with optimal task assignment. As

noted in the introduction, assignment-based frameworks have been used in the positive

14The motive for this is to compress the relative wage. Moreover, this policy does not imply that high
types have lower average taxes.

15Galanié (2011) makes a similar point. He argues that a CES in effort production function is a poor
assumption, because the substitutability of similar agent types is most likely quiet different from that of
dissimilar types. Consequently, he restricts his analysis to the two type case.
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literature to formalize the impact of technical change on the wage and occupation dis-
tribution. As we show below, however, they imply an indirect production function over
agent efforts. Consequently, they micro-found such production functions and relate their
parameters to deeper, structural parameters that capture the impact of technical change
on tasks.

41 PHYSICAL ENVIRONMENT

As before agents are partitioned across types 1,...,K with a fraction 7, being of type
k. We now explicitly label types as talents. In addition, there is a continuum of tasks
v € [v,7] differentiated by complexity. A k-th talent agent faces a wage schedule wy :
[0,7] — R. The agent solves the problem:

sup U(c,e) st ¢ < wi(v)e— T(w(v)e). (6)

Ry x[0,e] X [v,7]

Technology The productivity of a talent k in task v is given by a;(v) € R . The produc-
tivity functions {ax}, ax : [v, ] — R+ satisfy the following condition.

Assumption 1. The functions ay : [v,9] — Ry, k € {1,...,K}, are continuously differentiable
and satisfy for each k € {1,...,K—1}, alo%gkﬂ > 813551,('

The latter assumption implies that a is weakly log super-modular function of talent
and task and that higher talents have a weak comparative advantage in more complex
tasks. We sometimes strengthen this assumption by requiring that a is strictly log super-
modular in task and talent: k € {1,...,K — 1}, alogg“ LIS algg”k. We also sometimes

supplement Assumption 1 with the absolute advantage condition a1 > a;. Task output

is linear in effective labor input. Let Ay be the distribution of talent group k across tasks
with (i) Ax([v,7]) = ¢ and (ii) density Ay defined at almost every v. If members of talent
group k exert effort ey, then for almost every task v, task output is:

K
y(v) = Y Ax(0)ar(v)ey.
k=1

Final output Y is produced from task output y : [v,7] — R4 using a CES-technology:

€

A {f;b(v)y(v)%dv}% e € Ry\{1},

i Aexp {f;b(v) lny(v)dv} e=1,

(7)
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where A > 0, b : [v,0] — Ry is a continuous function satisfying B(v) = 1, B(v) :=
[ b(v")dv'.

Remark 3 (Interpreting a and b). The function a captures the idea that different workers
may be more or less effective at performing specific tasks or using task-specific capital.
Specifically, more complex tasks are more talent intensive and more talented agents have
a comparative advantage in these tasks. The formulation of production here follows that
in the assignment literature, e.g. Costinot and Vogel (2010), with the important addi-
tion of an intensive effort margin. Note that analogous to this literature, talent refers to
relative ability in complex tasks. Unless the comparative advantage assumption is sup-
plemented with an absolute advantage condition, "talented" agents need not have greater
productivity in all tasks and need not earn higher wages in equilibrium.!®

Later we allow for the possibility that 4 may change over time. That is we allow
for Harrod-neutral technical progress at the level of a talent-task match and we allow

this technical progress to depend upon both talent and task complexity. In particular
dloga

to the extent that — 5~ increases, the technical progress is talent-biased; to the extent
that algf ® increases it is complexity-biased. In addition, if this technical change leads
0?loga

g0 to increase it is biased towards high talent-high complexity matches. In the latter
case, it enhances the comparative advantage of talent in complex tasks and reduces the
substitutability of a talent across tasks.

The function b weights task output in the final good aggregator. Variations in b may
be interpreted as stemming from technological or preference-based variations in demand
for different task outputs. We do not explicitly model capital. However, the model is
easily extended in this direction, in which case the production functions in (7), under
the assumption B(7) € (0,1), may be interpreted as indirect production functions for
labor across tasks after the substitution of optimal capital. The parameter b(v) is then
interpreted as the sensitivity of final output with respect to the labor input in each task.
It is influenced not only by variations in demand for different tasks, but also variations
in the capital/labor intensity of tasks. Such variations are stressed by Acemoglu and
Autor (2011) who emphasize the automatization of middle complexity tasks. A further
possibility is that b captures the extent to which workers purchase task output in the
market or produce it at home. Shifts in b for some occupations may reflect the substitution

of market for home production as in Buera and Kaboski (2012).

A representative firm hires workers of all talents to perform tasks and combines task

16The assignment literature refers to a worker’s innate productive attribute as "skill". Since skills are
endogenous, we prefer the word talent. Our model could be reinterpreted as one in which agents exert
effort partly or wholly in acquiring skills rather than working.
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t.17

output to produce final outpu The firm pays a wage wi(v) per unit of effort to an

agent of talent k in task v and solves:

e=1 e—1

17 K B v K
max A /vb(v){lg)\k(v)ak(v)ek} dv —/U Zwk(v)/\k(v)ekdv. (8)

Ae

TAX EQUILIBRIUM Let P be a fixed public spending amount. Given P, a tax equilibrium
is an income tax function T : Ry — R, an allocation {cy, ¢, Ak}kK:1 and a wage profile
{wi K| such that (i) for each k = 1,..., K, (c, ex) and v in the support of Ay solves (6) at
T and wy, (ii) {Ak, ex} solves (8) at {wy}, (iii) the final goods market clears:

e-1 =1
K 17 K €
P+) <A / b(v) {Z Ak(v)ak(v)ek} dv , 9)
k=1 [ k=1
and (iv) the labor markets clear, forallk =1, ..., K,
7
T = / )\k(Z))dU. (10)
0

Again, let & denote the set of tax equilibria. The government’s problem, as before, is
to select a tax equilibrium that maximizes a Paretian payoff:'®

K
su Z U(ck, ex)Sk- (PPA)
& k=1

The following proposition characterizes tax equilibria.

Proposition 2. Let {ck, e, Ay }X_, and a wage profile {cwy}X_, denote a tax equilibrium. Then

7The organization of the production process could be further disaggregated into final goods producers
who combine task output into final output and intermediate producers who use labor to produce a single
task and sell their output on an intermediate tasks market. Alternatively, producers of tasks could sell
directly to consumers with aggregation of task output an aspect of agent preferences. These alternatives are
irrelevant for the results and questions we focus upon.

18 As before, we constrain the set of mechanisms available to the government to ones that deterministi-
cally condition upon agent incomes. This assumption is standard in the literature and to a first approxima-
tion describes current tax codes. In our setting, it implies that the government cannot observe the task an
agent performs or the amount of task output. The former may reasonably reflect the inherent difficulties
in distinguishing between a worker’s formal job description and the tasks that the worker actually per-
forms. The latter assumption is relaxed in Ales, Kurnaz, and Sleet (2013), where taxation of task output is
permitted. This introduces a motive for indirect taxation. We also limit attention to tax equilibria in which
agents of a given type work the same amount and agents of a given type distribute themselves across tasks
according to a density.
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there is a tuple of threshold tasks {0y }1_ such that:

0 0 < Or_q
Ap(v) = b(v)a(0)*!

Bic(Tr_1,0¢ )¢ e UE (51(—1/ 6]()

v > U,

~ 1
where By (Tx_1,Ty) := [fg:il b(v)sak(v)s_ldv] °. All workers of talent k earn a common wage

wy = wi(v), v € [Ox_1, T|. Relative wages are given by:

5.5 1
Wi41 _ ak+1(ﬁk) _ Bk+1(vk1 vk+l)/{7'[k+1€k+l}s (11)

@k %(9%) Bk(ﬁk—lrﬁk)/{ﬂkek}%

In particular, conditional on effort, the equilibrium allocation of talent to tasks maximizes output
and is efficient.

Proposition 2 implies that, given effort, the assignment of talents to tasks is output-
maximizing and, consequently, output is given by the following indirect production func-

tion over efforts:

K e—1 ﬁ
G(7T1€1, ceey 71'1(61() = sup {A { 2 Bk(ﬁk—lrﬁk) {ekﬂ'k}f}

k=1

S.t.Qﬁﬁl...SﬁK_l SE}

(12)
Once G is determined, Proposition 1 continues to hold. Thus, the government’s problem
can be decomposed into two steps. In the inner step, G is determined in assignment prob-
lem (12); in the outer step a generalized Stiglitz tax problem as in Section 3 is solved using
this production function. The inner assignment problem is similar to those considered in
Rosen (1978), Teulings (1995) and the more recent papers of Costinot and Vogel (2010)
and Acemoglu and Autor (2011) (with the important difference that the effort and, hence,
the labor allocation is determined in the outer step rather than being pinned down para-
metrically). Solving for G at an effort allocation {e;}X_; requires obtaining an optimal
sequence of task thresholds {7} }X_, satisfying the discrete boundary value problem:

ko~ 1
By (5, 01.1) /(i snein b

. T
Bk(UZflfvi)/{ﬂkek}f

(13)

with 0] = vand 0y_; = ©. In the assignment setting, the elasticity terms ¢ ; — ¢ ;11 from
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the optimal tax formulas in Proposition 1 are given by:

dlog(wjr1/w;) 9 log(ajy1/a;) dlogd;
dlog ey N dlogd; dloge;

ki — Prjr1 = —

Thus, these elasticities depend upon the local comparative advantage of talent j + 1 rel-
ative to talent j at the threshold 7; and the sensitivity of the threshold to the effort of the

k-th talent. The former depends entirely upon the functions {a; } at the relevant threshold.

dlog(ajy1/a;)
dlog7;

tivity of the task thresholds to effort is much more complicated. The following lemma

For example, if, as assumed later, aj(v) = D;exp ajv, then = a0;. The sensi-

characterizes them.

Lemma 1. The threshold sensitivities satisfy:

dlog 7;

1
dloger (Ojk—1— ‘Sj,k)gr

where:

) ()T (~ 338 ) moamia /mca 1< <k<K-1
ik = 5 0B, )
(~1)itk - (le By ) meami/ng1 K—1>j>k>1,

forj=1,..., K—-1, (5]-,1( = (Sj,o = 0, the n; satisfy the recursion, i =2,...,K—1,

n; = { 271' a(aiJr}/ai) . 5,’ 8Bi~+1 LU Uz aB }ﬂ L+ (Uz aB ) (51'1 ?Bz ) iy

ﬂi+1/ﬂi a?}i Bi+1 a?)i B a B avl Bi 801;1

01 a(lfl2/a1) U1 aBz + 01 aBl

with ng = 1 and n; = Br o and the m; satisfy the recursion, i =

a,/a;  07q Bz [
K—-2,...,1,:
. _{ 0; d(ai1/a;) 0 9B Lo 3Bi}m, . (5i+1 3Bi+1> ( b 33i+1> —_
= — — — + o == Mit - - +2-
l aiy1/a;  97; Biy1 0%;  Bjog; | Biy190i11 ) \ Biy1 99; 1
with my_q = Ok—1_9(ag/ak—1) _ Ok—1 9Bk IR SRSy mg = 1.

ag/ax—1  90x_1 Bg d0x_1 = Bk 100k 1

To better understand these formula, consider the simplest case in which K = 2 and

01 9(ap/aq)
uz/al aﬁl

given by, fork = 1,2,

= a?. In this case, there is only one threshold and its effort sensitivities are

Y -1 k+1 1
azl - ( 8) ~ 71 0By U1 aBz : (14)
k [le—i_B_lW_ B, 99,

Consider a small increase in, say, the low talent’s (talent 1’s) effort. Other things equal,
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this raises output in the tasks in which low talents work, placing downward pressure
on shadow prices for the output of these tasks and, hence, the low talent’s wage. Low
talents respond by populating more complex tasks. This moderates the effect of their
effort increase on the shadow prices of the tasks that they previously worked in and on
their wage. However, it does not fully offset the impact and as @ rises low talents move
into tasks in which they have a comparative disadvantage relative to high talents. Thus,
their relative wage falls. If their comparative advantage falls sharply with tasks (« is
large), then the adjustment in ¢; will be small. In the limiting case of x = oo, ‘g% =
and the wage compression elasticity in (4) reaches its lowest value of 1/¢: talents are as
substitutable as the tasks into which they are locked. At the other extreme, « = 0, no
talent has a comparative advantage, the allocation of tasks is indeterminate and if low
complexity tasks are assigned to low talent agents and high complexity tasks to high
talents, while the task threshold is sensitive to agent efforts, relative wages are not: they
are pinned down by absolute advantage.

For intermediate values of «, the demand for tasks and the b function are relevant for
both task thresholds and relative wages. Suppose that b and, hence, demand for tasks
in a neighborhood of 7; is low, then a larger adjustment in 7; is needed to absorb the
impact of the effort rise. In terms of (14), dB;/9dv; and —dB,/0v; will be close to zero,
the right hand expression in the formula will be larger and the task threshold will be
more sensitive to effort. Thus, threshold sensitivities and, hence, the wage compression
elasticities from (4) depend on the structure of demand across tasks. In the more general
many talent framework, an adjustment of one talent’s effort causes a ripple effect as first
local and then non-local task thresholds adjust, with the size of the adjustment depend-
ing in part on demand conditions in the neighborhood of the thresholds. Since relative
wages between adjacent talents are determined by productivity ratios at thresholds (i.e.
by a;,1(9;)/a;(7;)), an effort change by talent k workers can affect relative wages across
the whole spectrum of talents and be a motive for encouraging or discouraging that ef-
fort’s talent.

A REMARK ON ROTHSCHILD AND SCHEUER (2013). This section assumes K talents
and a continuum of tasks. Following the assignment literature, we also impose some
structure on a given talent’s "productivity path" across tasks, it is given by the function
ax : [v,7] — R4, and hence, the distribution of possible productivity profiles. This allows
us to relate our analysis to recent positive work on technical change. In Appendix D,
we extend this approach to models with a continuum of talents and tasks. In contrast,

Rothschild and Scheuer (2013) suppose a continuum of talents and only two tasks. They
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directly define an agent’s type to be its productivity profile, in this case just a pair of
productivities a = {ay},-12 € ]Ri, but within this setup, allow for any (well behaved)
distribution of productivity profiles. Their model also implies an indirect production

function over labor inputs:

G)= max H( / al(a)1(a)da, / uzl(a){l—l(a)}da), (15)

I:R% —{0,1}

where H : R — Ry is a constant returns final output production function and, respec-
tively, [(a) = e(a)f(a), e(a) and f(a) are the labor input, effort and density of the a-th pro-
ductivity type. Rothschild and Scheuer (2013) contrast their results with a model in which
the productivity distribution is degenerate at two points, (a1,0) and (0,a,) with a; > 0,
and no reallocation of types across tasks is possible. They interpret the latter model as
a version of Stiglitz (1982). However, while Stiglitz (1982) is silent on the possibility of
labor reallocation, it is not inconsistent with it either. As noted previously, Stiglitz writes
down a production function over labor inputs directly. Like us, Rothschild and Scheuer
(2013), implicitly micro-found this production function (and extend it to many talents).
Stiglitz’s analysis is applicable to the indirect production function derived by Rothschild
and Scheuer (2013).

4.2 TECHNICAL CHANGE IN THE TWO TALENT MODEL

In this section we use a simple two talent-many task assignment framework to highlight

implications of technical change for tax policy.

PHYSICAL ENVIRONMENT We place some additional restrictions on the environment of
the preceding sections. The number of talents is restricted to K = 2 which, for concrete-
ness, we label low (L) and high (H). Low and high talents have productivities a1 (v) and

ap(v) in task v, where:

and

B 1 oy A
ap(v) = ay (1 T oxp(—a (v — ﬁ))> = ZGXP(IXO(U —0))ar(v),
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with ag > g, a9 € Ry U {+00} and ¢ € [v,7]. Consequently, a;(v) is weakly log super-

modular in talent and task: al%%aH (v) — 61%%% (v) = ap > 0. In particular, if g > 0, then

high talents have a comparative advantage in more complex tasks. The limiting cases
ag = 0 and ayp = oo are important benchmarks. In the first case, high talents have an
absolute advantage in all tasks, but no comparative advantage for more complex tasks:
g — i—lz Thus, each type is perfectly substitutable across tasks. In the second case,

ar

xp ifo<?o 0 ifo<?d
ar(v) = g . ~and  ap(v) = ' )
0 ifo>09 ay ifo>19,

and there is an extreme lack of substitutability of a given talent type across tasks either
side of 9. In all other respects, technologies are as in the preceding section. Preferences
are restricted to be of the form:

el+’y

U(c,e) =u(c) — 1+

where u is twice continuously differentiable, increasing and concave and v > 0. The
government’s objective is Paretian with weights g;, j € {L, H}.

GOVERNMENT’S FULL INFORMATION PROBLEM We first consider the implications of
technological change for full information optima. This provides a useful benchmark for
our subsequent analysis of optimal tax equilibria (in which taxes condition only upon
incomes). Full information optima can be attained in a decentralized economy with
lump sum taxes that condition directly upon talent. However, we analyze them directly
as the outcomes of a full information planning problem in which the social objective
ZkK:1 U (ck, ex)gx is maximized subject to the final good and labor market clearing con-
ditions. The following lemma is the analogue of Proposition 2 for this setting.

Lemma 2. Let {c],e/,Af}, j € {L, H} denote a solution to the planner’s problem with full
information. There is a threshold task % € (v, D) such that:

MoyaLol o ify < of 0 ifo <
OE and Ay (0) = Lo ; (19

0 ifZJ>Z7F ~ Bu(af)e  H ifo>

<

<
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1

1
where By (0 [f b(v Ve 1dU}S,BH(77)I [f b(v Ve 1dv} and o satisfies:

e 1 1+
wy _ ag(") <BH(5F)> THye <8H> T+7e (ﬂ) T W)
wr, ar, (51:) BL ('(71:) 9L T :

Proof. See Appendix C. O

Relative to Proposition 2, Lemma 2 explicitly solves for the optimal effort levels and
substitutes them into (17), which then determines the task threshold and, in the decentral-
ization, the relative wage between high and low talents (the talent premium) as a function
of technological and individual and societal preferences parameters. We assume in the re-
mainder of this section that this premium is greater than one, i.e. that the parameters a;,
ay, € and -y satisfy:'

1+

L < au(@) (BH(?F)> s (8H> o (ﬂ)”” (18)

ar (") B(3") 3L TTH

Figure 4 illustrates the determination of ' and, hence, the talent premium for particu-
lar configurations of parameters. The red curve gives the function M ( By (3) /BL(7)) %,
M := (gn/gr) e (nL/ﬂH)%. The blue curves give the function ay () /ar(7) for two
values of the comparative advantage parameter ag: &y = 0and &y > 0. 9" is determined at
the intersection of the red and blue curves (see eq. (17)). The function ay (%) /a;,(0) passes
through the point (9, ap /a1 ) regardless of the value of ag. Increases in a cause the graph
of this function to pivot around (9, i—’;) ; it is horizontal for ap = 0 and upward sloping
for ap > 0. Consequently, increases in the comparative advantage parameter Xp move
the intersection of the functions ap (%) /ay(¢) and M{By(?)/BL(7 }1+7€ and, hence, the
threshold complexity o' towards 9. In the figure, M{ By (0) /BL(0) } e > n/ar and the
intersections of the M{ By (%) /B (0 }1+7€ and H curves lie to the right of 9. In this case,
increases in ag imply decreases in the threshold complexity ¢f. Intuitively, this is a case
in which demand (for labor) is biased towards more complex tasks (v > 9). This demand
can be met by moving low talents into such tasks or inducing high talents to work harder.
At larger «p values, the relative productivity of low talents falls off more rapidly with
increases in complexity. Consequently, greater levels of high talent effort, rather than low
talent participation are relied upon to meet demand in high complex tasks. For config-

9Since absolute advantage of high talents in all tasks is not assumed, the model permits a talent pre-
mium less than one if demand is biased towards simple tasks and low talents have an absolute advantage
in these tasks.
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Figure 4: Determination of ¢ in the Full Information Planning Problem.

e
urations of parameters satisfying M{ By (9) /B (7) } #7% > ay/ar, increases in a raise
ap(0")/ar(0F) (see Figure 4) and, hence, the talent premium. A ("complexity-biased")
shift in the b function that everywhere lowers B, leads to an unambiguous increase in 9,

the talent premium.

TAX EQUILIBRIA We now consider the implications of technical change for optimal tax
equilibria. In the current setting, the optimal marginal tax equations (4) reduce to:

T[:k B E[]/uc(c*)]g_L_ > B (wi)l—w{ _;}
1-1 a ( 1/uc(Ci) 198 {1 Wt 1 5(6}‘{/62) >0 (19)
and

T (1 _ M&H) (ﬁ)””g(; <0, (0

1—-1, Vuc(cgy) mu/) \d5 ¢ii/er)

with the elasticity of substitution given by:

__Ologql 1 [(bu(0len/er)\, (br(olen/er)) \
Blen/en) = “5iogmi =iy (Bastreny) + (ienrey) | 2¢ @
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To highlight some implications of technical change for policy we proceed in two steps.
First, we impose quasi-linear preferences and analytically derive implications of shifts in
the B function; then we numerically calculate the implications of shifts in B and aq for

non-quasi linear preferences.

TECHNICAL CHANGE UNDER QUASI-LINEAR PREFERENCES Let U(c,e) = c—e!t7/(1+
7). Quasi-linearity allows us to pin down the incentive multiplier as a function of param-
eters and determine the first (redistributive motive) terms in (40) and (41) as g1, / tp — 1
and 1 — g /7ty respectively. Implications of complexity-biased shifts in demand for pol-

icy are described in Proposition 3.

Proposition 3. Assume quasi-linear preferences. If g € (0,00), € > 1, £ > 1 and (locally)
constant or if oy = oo and € > 1 then (small) increases in By (v)/BL(v) everywhere raise the
talent premium. If € > 1 such increases lead to increases in optimal marginal taxes on low talents.

If oy = 0O, then changes in By / By, have no impact on the talent premium or optimal taxes.
Proof. See Appendix C. O

It follows from Proposition 3 that if tasks are gross substitutes, the elasticity of substi-
tution of talents across tasks locally constant and talents are not perfect substitutes, then
complexity-biased shifts in demand raise both the talent premium and optimal marginal
taxes on low talents.

The impact of changes in the comparative advantage of high talents in complex tasks
on optimal taxes is more subtle. The direct impact of a rise in «( is to reduce the elastic-
ity of substitution £(ey/er) at all effort ratios. This is a force for higher marginal taxes
on low talents. However, there may be an offsetting adjustment in the task threshold
0*. Moreover, our previous analysis of the first best case implies that, absent incentive
considerations, increases in & can raise or lower the talent premium depending on the

degree of complexity-bias in demand. We present a numerical example.?’

A NUMERICAL EXAMPLE. Figures 5 to 7 illustrate some of the effects discussed above.
They show optimal talent premia, threshold tasks, taxes and components of tax formulas
for economies in whichu =log, vy =1,v=0,7=1,0 =05, A=¢=1,a9 = 0or 20 and:

b(v) = B1+ B2v,

200ne case in which more definitive answers are available is the comparison of the ap = 0 and ay = oo
cases. Here the talent premium is greater if xy = oo provided demand is sufficiently complexity-biased (a
sufficient condition is given in the Appendix C) and the marginal taxes on low talents rises.
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2
with B = —% so that B(v) = 1. Increases in 8, imply reductions in B everywhere and
correspond to complexity-biased shifts in demand. For comparison talent premia and
thresholds are included for economies with zero taxes.

ag=0
4 T T T
:|‘3’---N0Taxcs
)
1k ‘
02 04 06 08 1 12 14 16 18
8,
(10—20
4 T T T T
—— Optimal -
:|‘3’---NOTaxes ______
S A
1t 02"
02 04 06 08 1 12 14 16 18 02 04 06 08 1 12 14 16 18
39 B2
(a) Talent Premia. (b) Threshold Tasks.

Figure 5: Optimal talent premia and threshold tasks for economies with low (xg = 0) and high (ag = 20)
values of w and various values of the parameter b, in b(v) = 1 + Bov. Talent premia and threshold tasks
for these parameter values in a market equilibria with no taxes are also shown.

Figure 5 shows that when oy = 0 and talents are highly substitutable complexity-
biased shifts in demand induce large adjustments in the allocation of talents across tasks
(the threshold task adjusts considerably in Figure 5b), but no adjustment in the talent
premium (Figure 5a). When talents are much less substitutable across tasks (¢y = 20)
these effects are reversed. In the latter case, they, and particularly the impact on the talent
premium, are much more muted under optimal than under no taxation, a reflection of
the role of optimal taxes in compressing the talent premium. The smaller adjustment of
the threshold task in this case reflects the corresponding stimulus to high talent effort and
discouragement of low talent effort under the optimal arrangement.

Figure 6 shows the implications of changes in the technological parameters for opti-
mal marginal taxes. When talents are perfectly substitutable, optimal marginal taxes are
21% on low talents, 0% on high talents and independent of the pattern of task demand. In
contrast, when ag = 20 and talents are less substitutable, optimal marginal tax rates de-
pend on by. As b; rises and the demand for complex tasks increases, marginal tax rates on
low talents rise from 17 to 28%, while marginal subsidies on high talents fall from nearly
4% to close to 0. Inspection of Figures 5b and 7 show that in the former case this rise is
mainly associated with a rise in the talent premium and the redistributive motive, with

some modest offset from the endogenous increase in the elasticity of substitution. In the
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latter case, the fall in the subsidy is mainly associated with a fall in the relative income of
low talents.
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Figure 6: Optimal marginal tax rates on low and high talents for different configurations of ag and b,.
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Figure 7: Components of marginal tax formulas (40) and (41) for ay = 20 and different values of by. Ry, k =

L, H, give the redistributive components of the formulas: R} = Egl/uuic((ci*))] 7% —landRy =1- }51[1/2”7@(5*))] %
c\Cp c\"H

SUMMARY Technical change that increases the talent wage premium and reduces the
substitutability of talents is associated with higher optimal marginal taxes on low talents.
Change that increases the talent income premium and the substitutability of talents is as-
sociated with lower marginal subsidies on high talents. However, in general, the technical

parameters ay and b influence both talent premia and talent substitutability often in, from
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the perspective of taxation, offsetting ways. This complicates the task of unravelling the
implications of technical change for optimal policy. The analysis is still more complicated
in settings with multiple talents. Such settings seem essential, however, for exploring
the implications of recently documented changes in the patterns of wage premia across
talents and skills. In particular, recent analysis in labor economics has emphasized the
non-monotonic implications of technical change for the pattern of wage premia across
talents and skills: Autor and Dorn (2013) analyze the compression of mid-to-low skill
wage premia and the expansion of high-to-mid skill wage premia. To capture the policy

implications of such facts a model with more than two talents is required.

5 QUANTITATIVE ANALYSIS

We now describe how we bring the model of Section 4 to the data. Our main data source is
the Current Population Survey (CPS). Further details of our use and treatment of the data
are given in Appendix E. We proceed as if the data were generated by a (sub-optimal)
tax equilibrium and use parametric assumptions and equilibrium restrictions from our
model to identify and estimate the key technological parameters a and b in the 1970s and
2000s. In the subsequent section, we calculate optimal tax equilibria at these estimated

parameters.

5.1 DETERMINING TYPES AND TASKS

MAPPING EMPIRICAL OCCUPATIONS TO ORDERED SETS OF TASKS The CPS categorizes
workers into M = 304 distinct occupations; it also provides information on worker earn-
ings and hours worked from which a measure of wages can be imputed. Our model
involves an interval of tasks ordered by complexity. To relate empirical occupations to
modeled tasks, we utilize the model’s implication that equilibrium wages are rising in
task complexity. We normalize the task space to [v,9] = [1, M] and sub-divide this in-
terval into M sub-intervals of unit length: V,, = [v,,-1, 7). We calculate the imputed
average wage in each occupation using 1970’s data and rank occupations according to

this wage. The m-th ranked occupation is then mapped to the m-th subinterval V,,.2!

RECOVERING THE EMPIRICAL ASSIGNMENT FUNCTION ¢ The model in Section 4 fea-
tured a finite number of talents; this facilitated the derivation of analytical results. How-

ever, for the remainder of the paper we find it convenient to treat agent talent symmet-

21 This approach is essentially that taken by Acemoglu and Autor (2011).
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rically with task complexity and to assume that agents are distributed uniformly across
an interval of talents, § € ©® := [,0].*> Thus, an agent’s talent should now be an inter-
preted as an index (and a rank), the implications of which for productivity are captured
by a function: a : [,0] X [v,7] — R. In particular, we shall restrict a so that higher
talent-indexed agents have a comparative advantage in higher complexity-indexed tasks
(occupations).?® The set © is normalized to [0, 1].

The continuous analogue of the task thresholds {7} is a task assignment function:
d:[0,8] — [v,7]. This function is strictly increasing in our model; denote its inverse by 6.
Under the assumption that agents are distributed uniformly across talent indices, 8 is the
distribution of workers across tasks. Consequently, we treat the distribution of workers
across ordered occupations as the empirical counterpart of § and @ to be the inverse of
this.

5.2 ESTIMATING b

To facilitate identification of the 2 and b functions, we restrict the elasticity of substitution
between task outputs to be one. Then b(v) is simply the elasticity of final output with
respect to task v output and, hence, the share of total compensation paid to workers in
task v. Consequently, estimates of b may be be calculated from compensation shares
independently of knowledge of the a’s.

Precisely, under the Cobb-Douglas restriction, the firm’s first order conditions from
the continuous-talent version of (8), imply for almost all (6, v):

0,v)b(v) .

_
w(f,v) =Y (o) (22)

In the continuous talent setting, task output is given by y(v) = a(0(v),v)e(0(v))0,(v),
with 8, the derivative of §. Combining this with (22) and integrating over V,, gives total

labor income in occupation m in terms of the b-function:

/ W(B(0), 0)e(@(0))8y(0)dv = Y [ b(o)do.

m Vm

22The convenience is two fold. First, since occupational (task) data is discrete, assuming a continuous set
of talents avoids having to deal with talent groups that are distributed across adjacent occupations. Second,
it allows us to apply numerical optimal control methods to solve the problem.

Z3Note that although the distribution over the (ordinal) talent index is uniform, the distribution over
(cardinal) productivities is not. It is induced endogenously by a and by the assignment of talent to tasks.
It is, however, natural to ask how this talent index relates to other observables such as education and
experience in the data. We discuss this briefly in Appendix G.
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Average income in occupation m is then obtained by dividing both sides by the mass of
workers in the occupation, S;:
5 Y

w(0(v),v)e(0(v),v)0,(v)dv = 5o ), b(v)do.

l —_—
m Sm Vm
Consequently, the average value of b in occupation m, by, := f:ﬂi”ﬁl b(v)dv, may be mea-
sured as: ]

Simim

b= "%, ¥m=1..,M (23)

We identify Y with average per capita labor income per decade.?* A smooth estimate of
the b-function is obtained by fitting a LOWESS model to {v,,,log by, } data.*® Figure 8
displays estimates of b for the 1970’s and the 2000’s. The figure shows that b rises for low

Evolution of b(v)

1 1.2 1.4 1.6 1.8 2
v

Figure 8: Evolution of log(b(v)) across decades.

and high v-occupations, but falls for intermediate ones. The picture is consistent with
the phenomenon of job polarization as discussed in Section 2. This polarization feature is
robust to different sample selection assumptions, see Appendix F for further details.
Figure 9 sharpens intuition concerning the relation of different v’s to the data by show-
ing the location of different sectoral occupations in the space of v’s. The figure overlays
the values of b(v) with a bar graph displaying the employment shares of occupations

belonging to particular sectors. Figure 9a does this for services, Figure 9b for manufac-

24Tn 2005 dollars we have Yyps = $ 34,206 and Yo, = $ 39,204. M is 304.

BLOWESS is an acronym for locally weighted scatterplot smoothing. The method builds up a smooth
curve through a set of date points by fitting simple linear or quadratic models to localized subsets of data.
We use a smoothing parameter of 0.4.
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turing and Figure 9c for finance insurance and real estate.® It emerges that the service
sector is associated mostly with “low” v occupations (the bar on the right in Figure 9a
refers to managers and administrative support). While manufacturing is mostly middle v
occupations (although with a wider range), finance insurance and real estate is comprised
mostly of “high” v occupations.

log[b(v)]
log[b(v)]
log[b(v)]

14 1.6 1.8 2
v

(a) Services. (b) Manufacturing. (c) Finance/Ins./Real E.

Figure 9: Smoothed values for log(b(v)) over time (left axis). Share of occupations over v (right axis).

5.3 ESTIMATING a

It is convenient to re-write the productivity function as a(6,v) = e*(2) In our benchmark
quantitative environment we set:2”

a(0,v) = 1160 + a0 - v. (24)

Our goal will be to determine a structure of a by estimating the parameters {a;}? ;. Recall
that the degree of comparative advantage is given by:

0?Ina(6,v)

o000 ¥

Let w(f) = w(6,7(0)) denote the wage received by talent 6 given the (equilibrium) as-
signment function 3. Combining (24) with the continuous talent analogue of the efficient

26Not shown are occupations that constitute less than 2% of the workforce of each sector.
2’Note that under our Cobb-Douglas assumption multiplicative terms depending only on v are absorbed

into TFP. Thus, if a(6,v) = D(v) exp*(??) is assumed in place of &, then the only change is rescaling of TFP
by expf b(v)InD(v)dv_
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assignment condition (11) gives:

dlnw(d dlnw(d dlna(f
mZ(Qe(v)): lnwéee(v),v): 1na(£)9(v),v):a1+a2,u (25)

We construct an empirical counterpart for dlna;—g)(v)) in three steps. First, we use informa-

tion on weeks and usual hours worked in the previous year and self reported yearly labor
income in the CPS to impute workers” average hourly wages. Second, averaging over m
and over decade we construct empirical counterparts of w(8(v)). Third, we utilize this,
our previously constructed estimate of § and a LOWESS smoother to obtain a smooth

dinw(6(v))
dao

approximation to w. From this is obtained and, hence, estimates for a1 and ay;

these are reported in Table 2.

Table 2: Estimation of a; and a, from Equation (25). Standard Errors in Parenthesis.

Decade Parameters
X1 x2
70s 0.59 0.79
(0.27) (0.18)
00s -3.00 2.93
(0.15) (0.10)

To complete the parametrization of the production function it remains only to determine
TFP, A. This is obtained by dividing aggregate per capita income by the approximation

to exp{f;b(v) In{a(A(v),v)e(0)0,(v)}dv}:

Y
—exp{XM by In{e(tr+a2vn)ine,, 5, 1}

where e, are usual hours worked by workers in occupation m and «; and a; are our

previously estimated productivity parameters.

54 DPARAMETERS DETERMINED EXTERNALLY
We assume the following parametrization for preferences:

Cl—a 31+7

u(c) +h(e) = —¢ 1
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We set ¢ = 2 and v = 2. Note that the choice of o and -y has no impact in the estimation
of b(v) and a(6,v).

6 (PRELIMINARY) RESULTS

In this section we discuss our quantitative results. We begin by displaying the optimal
income tax codes for the 1970s and the 2000s. We then compare these to actual taxes in
the US over the corresponding decades. Next, we compare the optimal distributions of
workers across wages and occupations with their empirical counterparts. Finally, we use
optimal tax formulas and counterfactuals to decompose the impact of technical change

on taxes.

6.1 OPTIMAL TAXATION

We begin by looking at the optimal income tax codes for both the “70s” and the “00s”.

Figure 10 displays optimal average rates over these decades.

Average Income Tax

04

-———
~

0.3}

0.2¢

0.1y

Average Income Tax

-0.1-— : : : :
20 40 60 80 100
Labor Income (000s of 2005%)

Figure 10: Average Tax Rates.

Figure 11 supplements Figure 10 by displaying optimal marginal tax rates. We observe
that the optimal tax codes are progressive for low incomes (approximately for values
below thirty thousand dollars.)”® Above this value they become regressive, with dimin-
ishing marginal tax rates. Small transfers available to the lowest incomes in the 1970’s are
phased out in the 2000’s. Marginal income taxes are cut for incomes below the median in

the 2000’s and overall workers pay lower average taxes by the 2000s’.

28 All dollar denominated values are in $ 2005 dollars.
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Marginal Income Tax
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Figure 11: Marginal Tax Rates.

We now compare the optimal tax code with the empirical one. For this comparison
we exclude payroll taxes as this gives the closest proxy to income taxes in our model.
Table 3 gives optimal end empirical average tax rates across percentiles of the income
distribution. and decades

Table 3: Average Tax Rates on Real Labor Income.

Percentiles of Income

Source Decade 10t S5t St St 90t 99t
. 70s -2 3.3 16.3 29.9 34.8 33.9
Optimal
00s -5 0.9 8.8 23.6 31.5 30.5
7 10. 15. 19. 21. 25. 4
Data: State + Federal Os 08 29 95 ? 26 3
00s 2.6 11.8 18.2 22.2 26.1 35.0

For the “70s” the optimal average tax rates implied by the model are lower than ac-
tual average tax rates for incomes below the median and higher for those above. Optimal
average taxes fall at all income levels in the”00s", with especially striking reductions for
mid-level incomes. Actual average tax rates fell, at lower incomes, but were largely un-

changed for incomes above the median.

6.2 Accounting for Taxes

In this section we decompose our optimal taxes following the formulas derived in Sec-
tions 3 and 4.
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To be Completed.

6.3 Counterfactuals

In this section we display the impact of polarization and the change in comparative ad-
vantage in determining the optimal tax rates. We do this by computing the allocation by
either keeping the b function or the a function fixed at it’s values in the “70s”.

To be Completed.

7 CONCLUSION

To be Completed.
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APPENDIX

A GENERALIZED STIGLITZ MODEL

We first formalize a planning problem in a space of simple direct mechanisms and then
recover an optimal tax equilibrium from its solution.

IMPLEMENTATION VIA SIMPLE, DIRECT MECHANISMS A simple, direct mechanism is a
tuple {cx, ex}X_; of message-contingent consumptions and effort recommendations and
a severe penalty. The mechanism implicitly defines a set of shadow wages and incomes:
wy = Gy(mey, ..., mgex) and g = wieg. The planner and the agents play the following
game. First, the planner selects a mechanism. Second, each agent sends a message k &
{1,...,K}, exerts an effort and generates a publicly observable income g4. Third, if an
agent sends the message k and generates the income gy, she receives the consumption
cx. Otherwise she receives the severe penalty. The latter is assumed to be sufficient to
deter an agent who has sent message k from generating an income g # gx. Without loss
of generality, attention is restricted to mechanisms that induce agents to report truthfully
conditional on almost all other agents doing so. Thus, the mechanism is constrained to
satisfy, forallk € {1,...,K} and j € {1,...,K}\{k},

U(cx, ex) > Ulcj, g;/wy). (26)
The planner’s problem is then:
K
sup ) U(ck, ex)gx (27)
k=1

s.t. forallk € {1,...,K}and j € {1,...,K}\{k}

G'(€17T1,...,€K7T1<) )
U(cy,er) > U | c;, ] e; 28
( £ k) (] Gk(elﬂ'l,...,eKﬂK) ] ( )
and
K
P+ Z ity < G(€17T1,. . .,€K7'CK). (29)

k=1

Let {c}, ef }X | denote a solution to (27) with corresponding shadow wages {w} }X |, wf =
Grlejmy, ..., exmk). Agent types may be ordered according to their shadow wages and
relabeled accordingly.”’ Consequently, there is no loss of generality in assuming that a
k-th type has the k-th highest wage; we make this assumption below. A (k, j)-th incentive
compatibility constraint (28) is local if j € {k — 1,k 4+ 1}. Lemma A.1 below is a well
known consequence of the Spence-Mirrlees single crossing property and the structure of

YFormally, letx : {1,...,K} — {1,...,K} denote a permutation of 1,. .., K such thatfork = 1,...,K -1,

W (k+1) = W (- Then types may be relabeled according to K =x=1(k).
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the incentive constraints in settings with exogenous wages; it continues to hold in the
present setting.>’

Lemma A.1. Assuming types are labeled according to their ranking in the wage distribution, then
(i) Cxr1 > cx and g1 > qx, (i1) only "local” incentive constraints bind.

Proof of Proposition 1. Let x* denote the optimal multiplier on the resource constraint and
UM j the optimal multiplier on the (k, j)-th incentive constraint. In light of the previous

lemma only local incentive constraints are potentially binding and, hence, only the 17,2‘ 1
and 7}, , ; are potentially non-zero. The first order condition for ¢ reduces to:

—Ue(ct, e;)
X wy Ty

/.
& wi1) Wy

q*

UE (Ck 7 *k
Wy

*

€k

* * 1 k * *
8k k1 ™ Mtk UG ) W T ket~ ek U gy T AT PRt AT
where:
K—1 p* ue (C‘>!< ‘7]*> * oy
_ , =
; y Tj+1,j " ®in { o — } ¢ %
T )] ,j+1 *. % 7
= Ue(cy, e;) CRWr g
and
U, ( c*t i
K-1 ]7*_1 . e ]'/ w]* 1 e w
Y; ::_Z ! {‘Pk] (Pk] 1} ! ]
* 4 4
j=1 X Ue(ck,ek) €k ] 1

The first order condition for c,’; reduces to:

*
Ue(cf,ef) = X Tk

qf a o\
(et ) (et )

8k F k1 = Motk Uce) T Mokt ~ M1k Ta(ciep)

Define the consumption-effort wedge:

(o Cwplle(cgep)

1-1 Ue(c}, ef)

30We omit the proof. It can be shown as an application of Theorems 3 and 4 in Milgrom and Shannon
(1994).
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Combining expressions gives:

* ‘7;; u * ‘7;
T Ue(cy,e5) U U (ck, w; ) e (ck, wy ) wy
k _ HAe\bgr G * * k+1,k k+1 k+1 k
D+ Y+ ”

- Ue(ci, e;) Ue(ct ep) Wiy
A u C*‘i_k> u (C*‘i_k>
+;7k*1,k ‘ ( krwp ) TR wi wlt .
X* Ue(cy ) Ue(ci,ep)  wi_4

Absent bunching, for all k, 77, ., = 0, Y; = 0 and the previous expression reduces to:

* * %k * U (C*,Z—;> U, <C*,Z—Z) *
T uc(ck’ek) {CI);‘F ﬂk+1,k{ Tk wp, C\ R wg, ) Wy

1—1f Tk

*

Ue(cfep) Ue(ci ) Wip

Again absent bunching, the first order equation for ¢;_ ; implies the following recursion
for 17y 4 4
+1,k

Tt
. X * U (cf : >
Mes1k (1 3 gk+1u0(ck+1'ek+1)) T Mok 7° < KL Wiy
X X Tt Ue(Ck i1 C4) Xt Ue(egir i)

with 77+ 1 k+ = 0. Iterating on this recursion, setting ¥ := 7 1k and using the definition
of H; in the proposition gives (4). A standard appeal to the taxation principle establishes
that the solution to the planning problem is an optimal tax equilibrium allocation and
that 77 is the optimal marginal tax rate for the k-th type. O

B K-TALENT ASSIGNMENT MODEL

Proof of Proposition 2. Let T, {ck, ex, A }X_; and {w }X_, denote a tax equilibrium at spend-
ing level P. Since agents of a given type select the highest possible wage, it follows that
for each k there is a wy < oo such that for each v € Supp Ay, wi(v) = wy and for v ¢ Supp
Ay, wr(v) < wg. Without loss of generality, assume that the firm’s first order conditions
hold at each k and v € Ay (v):

wi(v) = b(o) (y(l)) " (o).

1
If v € [0,5]\UE_, Supp(Ax), then y(v) = 0 and for each k, wi(v) = b(0) (y(L)) ‘i (0) =

oo > wy. Since this a contradiction, [v, 6]\U£:1 Supp(Ax) is measure zero and almost all
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tasks are performed. For all v and v’ in Supp Ay withv > ¢/,

= ; < b) <y(_1;)>11”k+f(v) _ @kj(0)
) ) 50 ) ) A

It follows that v ¢ Ay jand sosup A < inf Ay;. Since the supports A essentially cover
[v,7], it follows that they partition [v, 7] into sub-intervals [y, 71], [01, 2], - .., Tx—1, Tk],
with 99 = v, g = 0 and clAy = [Jx_1,Tk]. By assumption each Ay has a density A
(concentrated on [7y_1, Fk]). Since wy = wi(v), v € (Tx_1, Tx), we have for all such v:

wr(v) b(v) (ﬁ)gak(v)

1= wi (V')

1
€

Y
we =b0) | ————= ] a(v). 30
k= )(ﬂk(v)ek/\k(v)> ) 0
Hence, from the labor supply condition:
= [ aeto = L [ boyao)
Or_1 Wik Jop_q
And so: )
o Y o\
Wi = By (01, 0) (%) , (31)

_ 1
where By (0r_1, %) = [f;{"_l b(v)sak(v)g’ldv] °. Substituting (31) in (31) gives for v €
(?7](—1/ 5]()/ .
b(v)ax(v)*~
M(0) = 5
+(0) By (Ok—1, 0¢)*
And for v < x_q and v > T, Ar(v) = 0.
1
Now for v € (Tx_1,Tk), Wry1 > wir1(v) = b(v) (3%) a1 (v) and wy = wi(v) =
1

b(v) (y(—};)> © ax(v). Hence:
Wi+t1 > ﬂk+1(0).
Wi ax(v)

1
Conversely, for v € (T, Tx11), Wrr1 = wir1(v) = b(v) (%) “ap1(v) and wy > wi(v) =
1

b(v) (}%) * ax(v). Hence:
Drt1 ak+1(v).
Wy ai(v)

By continuity of a; and a1,
Wiyt A1)

Wy ar(vg)
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Combining the last equality with (31) gives the desired expression in the proposition.
Finally, given the effort allocation {ek}]If:1 consider assigning agents so as to maximize
output, i.e. solving;:

€

max [/U b(0) {Ar(v)era(0)} © do| .

subject to for each k, 7y = [ Ax(v)dv. This is a strictly concave maximization whose
unique solution is determined by the first order conditions. Straightforward manipula-
tion of these conditions establishes that the A solved for above attains the solution to this
problem. O

Proof of Lemma 1. Given an (equilibrium) effort profile {ek},{(:l, (equilibrium) production
maximizing task thresholds {7y} are determined by the conditions, k =1,...,K—1,

By (0x—1, 0x) _ Byt 1 (T, Okt1) ar(x)
{me}e {Mesrepiq e e (0k)

with 9y = v and 9x = 0. Hence, there are K — 1 unknowns (and K — 1 equations). The
threshold sensitivities may be computed by taking logs in the preceding equations and
totally differentiating with respect to log e,. This leads to the equations:

FAvk = Ek,
where:
5 019By | 71 9By _ 0 9By
X101~ 8,35, t B, a5, B, 95, 0
71 9By _ 029B3 | 030By _039Bs
.= B, 971 X202 B§ 070> By 97, 3 B3 973 } }
' 0 02 9By qafn — 239Bs  T30By 04 9By
B3 07, 3 By 973 B3 073 By 07,
Avg = (8o 9losv - 9108%k-1yr anq F, = (0...— 1 1 ... 0) with non-zero elements
k = \Qloge; " " dloge, " ~dloge k= e et
in the k — 1 and k-th rows. Thus,
Avg =T, 'Ey.
and in fact:
dlogv; 1

oger (k-1 = 0jx)

where ; is the (j, k)-th element of T/ 1. Since Ty is a tridiagonal matrix, explicit formulas
for its inverse are available. Applying these formulas gives the expression in the text. [
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C TECHNICAL CHANGE IN THE TWO TALENT ASSIGNMENT
MODEL

C.1 ANALYSIS OF THE FULL INFORMATION CASE

Proof of Lemma 2. The planner’s full information problem is:

sup Y {ule) — e/ (1+))g (FP)
je{LH}

subject to: /\j(v) >0,¢ € 0,¢], cj >0,

je{L,H} =

Y, <A /Ub(v) { Y. )Lj(v)aj(v)ej} do , (32)
and:

Let x and x; denote the multipliers on the resource and j-th labor supply constraint; let ¢;
denote the multiplier on the constraint A; > 0. The first order condition for Af (v) is:

)cb(v)aj(v)e]1~T ( Y F> o Kj +9;(v) = 0.

Y.je{LH) Aﬁ(v)aj/ (v)e].,

For almost every v such that /\}-E (v) > 0:

(0)eF Y .
Xo) (zj/e{L,H} HETHOE Y

Hence, for almost every v such that Af (v) > 0and AL, (v) > O

ap(v)ep _ K

ag(v)el,  Kku'

However, since a; /ag is a strictly decreasing function, the previous equality can hold

_ ) ) - ~F ag(v)ef
only at a single point. Denote this point ¢°. For v < 7", an o)k,

> L and it is (weakly)

optimal to set AL (v) = 0. Conversely, for v < 97, it is weakly optimal to set AT (v) = 0. In
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addition, the first order conditions for /\]F reduce to:

X\ plo)e e-ly T
Vo) = { (B) b @@e) Y o<
0 v > of
and
AE(0) 0 v < of
v) = €
H (%) b(v)E (apr(v)en)elY v > oF.
Substituting these expressions into the labor supply conditions (33) gives
1 &1 r _1 1 e=1 r _1
kp = xYee;f B(¢7)m, ¢ and kg = xYeey By(0")my, (34)
~ 1 _ 1
where By (9) = [f;b(v)gaL(v)g_ldv} “and By (9) = [f;b(v)gaH(v)g_ldv] *. And so:

b(v)tar (v)e ! : ~F ifv < of

M) =4 e T ST g AR ©0) = Lyt e o
ifo>of ~ By TH ifo > 9",

Also, from the definition of 3 and (34):
ar (o) _ xLek, _ B (3%) By (oF)
ag(of)  xpel  (mpeb)Ve ) (myel)l/e”
The first order conditions for effort are then:
1

1 1
. Y\ et _ Y \ ¢ et
e; g1 = xBr(7") (;) m° and eygy = xBu(3") (;) Tt

L H

Using the first order conditions for consumption: } e (7 m uc(c][-T )gj = x and so, for k €

.
F F p YE e
e = ) ue(c;)gj | Br(") T, :
je{LH) 8k

Combining the first order conditions for effort:

{L,H},

=1

efy _ <BH(5F)/gH (@> e )

ef B(oF)/gL \ 7L
Hence: e : -
ap (o) _ <BH<5F>) <g_H> (ﬂ)

ar(9F) By (3%) SL TTH
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C.2 ANALYSIS OF THE PRIVATE INFORMATION CASE

In this section we solve for an optimal tax equilibrium in an economy with two types. As
noted in the text, this problem can be decomposed into an outer "generalized Stiglitz" step
and an inner "assignment problem" step. This decomposition is useful relating our model
to the existing literature. Here, however, we first combine the steps and simultaneously
solve for the consumption-effort allocation and the assignment of talent to tasks. We
proceed by solving a planner’s problem in the space of simple, direct mechanisms and
recovering from this optimal marginal taxes. Under the additional restriction of quasi-
linear preferences, we then derive Proposition 3.
The planner’s problem is:

sup Y {ule) — e/ (1+7))g (A2)
je{LH}

subject to: /\j(v) >0,¢ € [0,¢], cj >0,

m
‘ i
i
m
i
L

— €

Y, <A /U b(v)q Y, Ai(v)aj(v)e do , (35)

je{L,H} = je{L,H}

forj e {L,H},

7
T = / Aj(v)dv. (36)
v
and for each j, k € {L, H}, v" in the support of A; and all ¢/,
b(v") o\ T
o a(v
ci — 6]- ! > 0 — {Xie(Lh) )‘I(U")ﬂz(v”)&}% k( ) ei‘*"r -
] 1+’}’ = “k b(z;//) 1aj(v/) 1+’)/

ieqr,m M@ )ay(v')e } €

Lemma C.1. Assume g > 0. Let {cj,e;,A;}, j € {L, H} denote an incentive-compatible mech-
anism. There is a threshold task 0 € [v,D] such that:

b(v) ar (0)! 5 0 0< T
AL(v) = {0 By L Z§Z and  Ag(v) = {b(v)ga (0)1 (38)

. w ‘.
The talent premium It is:

wy _ Bu(9) B(0) _ an(9)
wy, {nHeH}% {7TL€L}% ar.(9)

(39)
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Proof. It is immediate from the incentive constraint that for all v in the support of A; and
all o'

b(v b(v'
©) 40y > 20
y(v): y('):
If v’ is not in the support of either A, then for a given j, yéjzf,—gll)/sa j(v") = co. But the support
of A; cannot be empty and so there is a v with co > ]%aj(v) > yé’é,—v)/l)/gaj(v’). It follows

/

that, in fact, all v’ belong to the support of at least one A ;. If v and v’ are in the support of

Ar and ag > 0, then:
b(o) [ b(®) _a(®) _ an(¥)
y()e/ y@): @) )

1
and so v is not in the support of Af. Consequently, any incentive-compatible mechanism
admits a threshold task ¢ below (resp. above) which high (resp. low) talents do not work.
Since the shadow wage of high (resp. low) talents must equal a common value above
(resp. below) 7, it follows that:

e—1

b =
w_; _ b(v)la (v) = @L(z})l, Yo € (3,7
y(o)¢ {An(v)ente
and )
w b(v b(v)ar(v) = N
TL _ ( )l IZL(U) — ()L—()l' Yo € [Q,v)
y(v): {AL(v)er}
Combining these expressions with the labor supply constraints gives Ay = b(zg;a(g)(z;il TTH
e e—1
(forv > 0), AL = b(gz{% mtp (for v < 7) and
WL _ BL—(ﬁ) and PH _ By (9)

Y {eLT(L}l/S T - {eHT[H}l/S.

Forallv < 9, wy > ylziz;)% ay(v) and wy = yb(g)% ar(v) and so:
v aulo)

wr ~ ap(v)

Conversely, for all v > 7, wy =

By continuity of ayy and ay:




O]

Lemma C.2. Given condition (18) and g1, > 7ty low talents strictly prefer to reveal their type in
any optimal mechanism.

Proof (Sketch). Recall that under our assumption, the shadow wage of high talents exceeds
that of low talents at the first best. Consider imposing only the incentive constraint on the
high talents. It is easily verified that if the solution to this problem involves an increase in
low talent effort, a reduction in high talent effort and, if #y > 0, an increase in ¥ and, hence,
an increase in the shadow wage relative to the first best. At this solution, if g; > 7, low
talents are strictly better off reporting their type and so the low talent incentive constraint
does not bind. O

Lemma C.3. Optimal marginal tax rates are given by:

() ()t
T _( Vuelet) m {1 Wi ! E(epy/ef) =0 @0

and

, :_<1_Eu/uc<c*>1g_H) (q_)g(; <0, @1

1—1f Vuc(cyy) 7mn/) \aqy eri/er)

Proof. In this proof we simultaneously solve for the optimal effort-consumption allocation
and the optimal task threshold. Thus, 7 is a choice variable and the constraint (39) is
explicitly imposed. The first order conditions for consumption are:

0=uc(c)gr — x* L — nue(c) (42)
0 =uc(cy)gy — X Ty + nuc(cy). (43)

Hence, x* = [Sje () m/uc(e))] ™ and o = g1 — x*mu/ue(et) = x*ma/uelcly) - g
The first order condition for ef is:

*y * ook Yr\e et
0= —e; gL+ X"BL(7") <¥) s (44)

1 1
. (e— 1) ( BL(6")/{ej m} ) T Bue) 1

s -
I3 BH(ﬁ*)/{el*an}% ef I3 {ezﬂL}% ez’

where u* is the optimal multiplier on (39). The first order condition for 7* is:

o o () - (25}

1 1+
o Bu(@)/{epm}e . b(0)\° | (bu(*)\\ _
o <BH<6*>/{ean}ieL> {(Bmﬁ*)) *(BHW)) }—0' )




Combining (44) and (45) and using the definitions of w};, w; and & (ey/er) gives 22 in the
main text:

—e; g + X wimp + 1 wp ) -1 lpmr_y (46)
L L wi Ele;/er) ) E

The first order condition for high talent effort is:

L (Y\E e
0= —e;/gu+ x*Bu(v") (g) T (47)

€

3k * 1 1+’Y * ~k ~
+17* _e}ill—l-’y_'_ 1 ( BL(U )/{€L7TL}£1 ei) i+]/[_ BH(TJ ) LQH(U )
By (%) /{et,my}

Combining (47) with (45) gives:

—elqu + X whny — el +n* wi 1+7—1 ie”:o (48)
HgH H/tH n H n w}k_l g(eﬂ/ei)efq L :

Tax implementation of the optimal second best allocation is achieved if 1 — Tj*, where T]* is
the marginal income tax on the j-th talent, equals the optimal consumption-effort wedge.

For low talents this is given by:

*y *
e P

wiuc(cy) gL —n* (%)H’Y {1 - m}

LA 1_(@0{)”7{1_;} > 0.
-1 g.—7n* wi E(ey;/e})

Substituting for r7* from (42) then gives the formula in the proposition. The optimal
consumption-effort wedge for high talents is:

Hence:

T gn+ 1’
H Tk ) T w1+ :
wiyte(Cy) AR
W gatr ()
Hence: -
T __ T (ﬁ) 1y
L=t gmtn" \ap/)  Eley/ef)
Substituting for #* from (43) then gives the formula in the proposition. O

Proof of Proposition 3. Under quasi-linear preferences (u(c) = c), the first order conditions
for consumption and the fact that the lower (zero) bounds on consumption are non-
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binding give: x* = 1 and
n"=8L— ML= TH — §H.

Case 1: a9 = 00, & > 1. Substituting the previous expressions into (46) and (48) and
using & (e};/e]) = e when xy = oo gives:

*Y winL

e =
L * 1+')/
e—1 (WL
8L — (8L — L)% (@)

and
*y ZUT_IT[H

e = .
H 1 1
my — (g — gy) L wp \ Y ()Y
H H— &H) wy, el

If ap = oo, then 7" is fixed at & and writing B; for B;(?), the talent premium is given by

* *
wy _ ﬁ TTHe
wy By \ mref

using this expression for the talent premium gives:

1
) *. Dividing the previous two equations for e]’-"y into one another and

B, ) I+ (ef ) (1+7) 5t

e+1 e— 1
i WT: ﬂ L TlﬂH_(”H—gL)g (E o
g Bu/) \7n el (w_i)”7

8L — (8L —7m) % (@t

After further rearrangement and substitution:

wi\ " (BT ()
ZUf BH 7T,
B (7TL>£_€1 g — (g — gr) (ﬁ

TTH

(49)

The left hand side is increasing in wj;/wj and Br/By; with ¢ > 1, the right hand side
is decreasing in w; /wj and By /By. It follows that an increase in By /B, (caused, for
example, by a tilting of demand towards more complex tasks) causes the talent premium
to rise and, by our optimal tax formulas, an increase in marginal taxes on low talents.
Note that the right hand side of the equality must remain positive and so if B; /By — oo,
then wi;/w; — 0. On the other hand, as B;,/By — 0, wj;/w; — oo. Thus, for the
talent premium in this case to exceed that when «y = 0 (i.e. to exceed ap/ay) requires
By (9)/BL(9) to be large enough.
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Case2: a9 € (0,0),& > 1,€ > 1and locally constant. In this case, substituting into
(39) gives:

e 1+y
ag(0") _ (BH(ﬁ*))”” (ﬂ) e
ar(0*) BL(7*) TH
1
ap (7* (I47)(e=1) o —(1+7y)e y T+
nH—(ﬂH—gH)%(af((ﬁ*D (BH( )>

g (g - m) (212)7 (£02)

Holding & constant, the left hand side function is increasing in *, while the right hand
side function ins increasing in 7* so there is at most one solution to the equation. If
By (v)/Br(v) increases at all v, then the right hand side of the equation must rise at all v
and, consequently, holding £ constant, 3* and the talent premium must rise. Thus, if £ is
(locally) constant, (small) increases in By /By, at all v lead to increases in 7" and the talent
premium. [

B (%)

X (50)

D CONTINUOUS TALENT-CONTINUOUS TASK MODEL

In this appendix, we briefly describe the continuous talent (and continuous task) version
of the model from Section 4. In our quantitative work, we treat the data as a discrete ap-
proximation to a continuous model and use optimal control methods to solve it.3! Agents
are now distributed across talents an interval of talents § € @ := [f,0] according to a
distribution function F : ® — R, with strictly positive and continuously differentiable
density f. As before there is a continuum of tasks ranked by complexity v € V := [v,7].
The productivity of talent-task combinations is given by a functiona : @ x V. — R4
satisfying the following assumption.>?

Assumption 2. (i) a is twice continuously differentiable on the interior of ® x V with first

derivatives a;, i € {0,v} and second derivatives a;j, i,j € {0,v}. (ii) (absolute advantage)
2

ag > 0, (iii) (comparative advantage, log supermodularity) % > 0.

Otherwise technologies and preferences are as in the main text. An allocation is a
triple of measurable functions ¢ : [0,0] — R4, v : [6,0] — [v, 0] and e : [0,0] — R4
describing the consumption, task and effort assignments of each talent type.>® As before,
task output is linear in labor input. The task output density y : [v,7] — R satisfies for

31 Thus, we solve for effort and the task assignment simultaneously rather than utilizing the two step
effort-assignment decomposition described in the main text.

320ur treatment of talent and task complexity follows that in the assignment literature. As there, we
assume that the different attributes of talent can be compressed into a single index that captures the value
of talent in production and that the mapping of these attributes into the index is stable over time.

33The implicit assumption that all talents are assigned to a specific consumption, task and effort is with-
out loss of generality. It may be shown, along the lines of Proposition 2, that assignment of talents to tasks
is strictly increasing in talent given strict comparative advantage.
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all 6,

v(0) 6
/ y(u)du = / alt, v(D)]e(t) £ (£)dt. (51)
v (2
If v is differentiable with derivative v, then (51) can be re-expressed as, for all 6:
6
y(v(®)) = ale,v(0)]e(0) L0, 62)
vp(6)

Heuristically, the numerator is total output of type 8, while the denominator gives the
tasks over which the type 6 agents are "spread". Throughout the remainder of the pa-
per, we restrict planners and policymakers to smooth allocations and mechanisms. This
permits the application of optimal control techniques.

FIRST BEST ALLOCATIONS We briefly describe the first best solution in this case. To
permit a simple handling of the resource constraint, define the (state) variables ¢ : ©@ — R

: ) o1
)= [ (A T ot 53)
and ]
x(0) := /9 c(H)f(t)dt. (54)
The planner’s first best (optimal control) p;oblem may then be stated as:
0
su;g ; U(c(8),e(0))g(0)deo (55)
subject to:
20(0) = {(0)alo,v(©))e(0)} 7 vo(6) b(v(6)) (56)
xg(0) = c(6)f(6) (57)

and the boundary constraints &(8) = 0, x(0) < ¢ (0)1 and 0 < v(8) < v(#) < 7. Define
the shadow wage of talent 0 in task v as:

o=

0[6,9] = b(o) (y(T”))_ a[0,0]. (58)

The first order and co-state equations from (55) imply:
Uc(c(0),e(6))w[6,v(0)] = —Ue(c(6),e(6)) (59)
wy[6,v(0)] = 0. (60)
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The first of these conditions is quite standard®*. The second condition is the efficient as-
signment condition. It states that each agent’s task assignment (locally) maximizes her

. Wyly . . . . .
shadow wage. Re-expressing (60) as —¢ = 0 and evaluating gives the efficient assign-
ment condition:

eg(6) vep(6) | agl6,v(0)] | ao[0,v ()]
im_kﬁm ia(m]+aav wﬂ

a[0,v(0)] )
61
~{isien * o
This is simply the continuous analogue of (13). The right hand side of this condition
decomposes the proportional effect of a small adjustment v4(6) to a 0-talent’s task as-
signment task upon her shadow wage. The first term is an output effect stemming from
variation in the effective labor input; the second term captures the direct effect of the

adjustment on the agent’s productivity. The final term captures variation in the relative
valuation of task output induced by the b term.®

SECOND BEST ALLOCATIONS We describe direct implementation in a many talent-many
task economy in which both talent and task are private information; we then detail the tax

decentralization. We strengthen the assumptions on 4 by assuming that ag > 0 (absolute

2
advantage) and algg—gy’v] > 0 (strict log supermodularity). Mechanisms are analogous to

the simple case considered previously. Each agent reports its talent 6 and, conditional on
this, is assigned a consumption c, task v and effort e. The combination of mechanism and
truthfully reported talent imply utility and normalized shadow wage and income levels
for each type:

p(6) = U(c(6),¢(6))
¢(8) = w6, v(6)]/Y*
0(0) = p(0)e(0).

In addition, let w(6,v) = w[h, v]/Y*. An agent claiming to be type 6’ must reproduce the
observable income level p(6’). Incentive-compatibility thus requires for all 6, 6’ and v':

U(c(8),(6)) > U (c(@’L%) - (62)

*Though not normally found in assignment models which typically lack an intensive margin.
$Further analytical characterization is not possible without strong additional assumptions. One case in

which it is occurs when U(c,e) = u(c) —e!™7 /14, e = 1, b to a constant function and F to the uniform
e(0) _ 1 a9[6,0()]
I v alf,0(0)]

[(127) wo]v(8)ve(8) = 0 with () = v and v(f) = T. This boundary value problem has an analytical
solution in which v(#) = Dy tan (agD1 (6 — 0)) for parameters D;, j = 0, 1. Thus, an increase in comparative

distribution. In this case

and, after substitution, (61) can be reduced to: —vgy(6) +

advantage «( or the Frisch elasticity of labor supply % leads agents to downgrade their tasks, tasks to
upgrade their workers and relative wages to decline.
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Letd = {(u,e) € Rx[0,e] : u = U(c,e) forsomec € Ry} and letC : U — Ry be
defined according to u = U(Clu,e],e).

The next proposition gives simpler necessary and sufficient conditions for incentive-
compatibility.

Proposition D.1. Let (v, ¢, c) be a smooth mechanism that induces a smooth task output function
y. The mechanism is incentive-compatible if and only if: (i) (Monotonicity) vg > 0 and pg > 0
hold and (ii) (Envelope) the envelope conditions for utility and shadow wages hold:

9o(6) = — UL (C[1(6), e(6)], e(6)) e(@)% ©3)
gal6) = 9l0) 200 (64

Proof. (Necessity). Let (v,e,c) be a smooth incentive-compatible mechanism. Incentive
compatibility implies that w6, v(0)] > w[b,v(0")] and w[d',v(0")] > w[#’,v(6)]. Since

w(B,v] =b(v) (y(v)/Y)~ ¢ alf,v] and ais strictly log supermodular, it follows that if 6 >
¢’, then 1/(9' ) (9) Hence, v is increasing. To verify (64), we apply (envelope) Theorem
4.3 of Bonnans and Shapiro (2000) to the maximization max, 5 U (c(8"), p(6") /w(6,7") ).

This requires U to be continuously differentiable, w(-, v) to be continuously differentiable
and w(0, -) to be continuous. The first two properties hold by assumption (and the def-
inition of w and w, see (58)), the latter holds if y is continuous. Suppose that y is dis-
continuous at v and, without loss of generality assume y(v) > y(v,) for some sequence
vy, — v. Let 0, = v—1(v,), then for n large enough, w[0,, v,] < w|[f,, v], which is a contra-
diction. Then Theorem 4.3 and Remark 4.14, p.273-4 in Bonnans and Shapiro (2000) and
the definition of w imply that the function ¢, ¢(0) = max,c|,z w[0, 7], is differentiable
with g9 = ¢ > 0.
Let p(6) = ¢(0)e(0) and:

Y[6,0') = U (c(e’),p(el)> .

Incentive-compatibility requires that: Y[0,60] > Y[60,0'] and Y[¢,0'] > Y[¢/,0]. Hence,

p(0) n @) p®) \ _ rn ) _
u (0(9), (P(e)) u ( (6,6 G )> > U ( (9), (P(G’)) u (c(Q ), <P(9’))' The assumed Spence
Mirrlees condition and the increasingness of ¢, then imply that p and ¢ are increasing
also. Additionally, since (v, ¢, c) is continuous by assumption and w is continuous, The-
orem 4.3 in Bonnans and Shapiro (2000) can again by applied to show that: (0) =

maXy ¢ (7| Y (6,0") is differentiable with:

ag[6,v(0)]

$0(6) = ~Ue (Clp(0), ()], ¢(0)) e(6)"_Tas = —Ue (Clp(0), (6)],e(8)) e(6) T~ o

Sufficiency. Let (v, e, ¢) be a smooth mechanism satisfying the conditions in the propo-
sition. The definition of ¢, the envelope condition for wages (64) and the smoothness
of v imply the first order condition: w,[0,v(6)]vy = 0. The smoothness of the various
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functions also implies that w, exists and is given by:

w o] = bv(v)_lyv(v) av[(),v] wlo. v
ol6,2] {Mw sﬂw+aﬁﬂ}[a] (©9)

An agent’s optimization over v and @’ is separable: regardless of the report choice of
¢, it is optimal for the agent to select a task v that maximizes its wage w6, v]. Let 6*
denote a non-decreasing measurable selection from v~!. Then, using (65), the first order
condition wy [0, v(0)]vy = 0 and log supermodularity, for o > v(6),

w[6, 0] — w]6, v(8)] = / ;) w,[0, 0|40’
[P [b(v)  1ye(v) | au6,7] -
_/1/(9) { b)) e y(0) + 20,07 }w[@,v]dv

P o)), alo o\
—ﬂ@{‘awvwm@+anq}wm”“”<a

and similarly for ¥ < v(6). Consequently, the mechanism induces a 6-agent to choose the
task assignment v(0).

Let 6, > 61, then by the envelope condition for wages, for 8’ € [61,60], ¢(6') =
w0, v(0")] > w[h,v(61)] = ¢(01). Combined with the monotonicity and concavity of
U, this implies —U, (c(8"),e(6")) e(6") + U, (c(()’), %e(@’)) %6(9/) < 0. The enve-
lope condition for reports and the smoothness of the mechanisms imply:

16,6180 = { UL (c(6),€(6))co(6) + Ue(c(6),(0))e0) ) b .

The definitions of Y and p and the preceding discussion then imply:

6>
Y[61,05] — Y[6s, 0] = / Y, (61, 0']de’
61

6> 9/) 0 (9/
_ / ! ! 0 /
_/91 {uc(c(e ),e(e))c9(9)+ue( 91)) 0 }de
2 (6) ) wlo’,v(6")] Pe ()
— — U, (c(6'),e(6")) e(0 +u< o ) L e(0) VO e < o,
[ e et et + e (e, EE ) S e e <
A similar inequality obtains for §; > 6, and so the mechanism induces a 6-agent to make
a truthful report 0. O

It is convenient to define:

0
g@:Acmmwwmw (66)
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Together 1, ¢ and { along with ¢ and v form a set of state variables for the optimal control
formulation of the planning problem with private information. The envelope conditions
(63) and (64) supply laws of motion for ¥ and ¢. Equations (53) and (66) give laws of
motion for ¢ and {:

Co(6) = e(0)9(0)f(6) (67)
Co(6) = Clyp(6),e(0)] £ (0). (68)

Finally, the definition of ¢(0) implies:
w(® = (graany ) SOl @), ©9)

The additional monotonicity conditions on mechanisms needed to ensure incentive-compatibility
are omitted and checked ex post. The planner’s problem becomes:

8
lP,(ll’)];’lgv),(@,e/g ¥(0)g(0)do (70)

subject to the laws of motion (63), (64) and (67) to (69) and the boundary constraints:

¢(9)
0:@() ZE(Q) v="0(0) v(0) =0

In this problem there is one control (e) and five states (¢, ¢, {, v, ¢). Routine manipulation
of the first order and co-state equations yields the following expression for the optimal
effort-consumption wedge:

) o [R0) ale @) pe) [ Uz
0l Olgse 1= "TO) | o) T a6 | 70 (‘u:w)) &
L1 FO) g50) [ (. (OUEON UNO) . . F()
O o | (1‘ 3i0) >u:<t>M O DT F@y™

where U/ () := U;(c*(0),e*(0)) I € {c, e} and similarly for U}, (#), Z*(0) := —%w[z;v(;()e)]

is the elasticity of the 0-talent wage with respect to effort holding the task allocation fixed,

N = {— LLI[% u—e*f}e* +1is (1+&,)/E, where &, and &, are, respectively, the uncom-
pensated and compensated labor supply elasticities, M*(6,t) = exp{ fe P UC*E }

-1
p** = E [ fQ ﬁ f(#")dt" } is the optimal shadow resource multiplier and p9"* is the

optimal co-state on the shadow wage ¢. In the decentralization of the optimal allocation,
this wedge determines the marginal income tax. The second term on the right hand side
of (71) is familiar from standard analyses of optimal taxes (see, inter alia, Saez (2001) and
Salanié (2011)). The main modification is the incorporation of endogenous wage growth
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¢;(0) /9*(6) (which in typical Mirrlees models is given simply by 1/6). The first term on
the right hand side of (71) is entirely new. This term captures the net benefit of adjust-
ments to the 6-agent’s shadow wage stemming from a small effort change. Absent private
information, the law of motion for shadow wages is consistent with the efficient alloca-
tion of tasks and attains a zero co-state. In the second best, it is desirable to distort the
shadow wage schedule to relax incentive constraints. The second best co-state function
p?* reflects this.

IMPLEMENTATION VIA TAXES Under certain conditions the solution to the planner’s
problem can be established as a market equilibrium in an economy with a smooth income
tax function T : R — R.

WORKERS A 0-talent worker chooses her task, consumption and effort to solve:
sup U(c, e) (WPyp)

subject to:
c < wlf,v]e— T[w[b,vle], (72)

and w[f,v]e € Q, where Q is an interval of admissible incomes, w : [0,0] x [0,7] — R+
is a measurable wage function and T : R4+ — R is a twice differentiable tax function
with slope less than one. Since T has a slope less than one, a worker’s after tax income
is increasing in pre-tax income and, consequently, the worker will choose the occupation
that maximizes her wage.36 Enforcement of incomes within the admissible set O may
be via the income tax or some unmodeled enforcement technology. Consistent with our
treatment of direct mechanisms and without loss of generality, we focus on symmetric
equilibria in which (almost all) agents of type 6 make the same deterministic choice. For
a given wage function w, letc : [0,0] — Ry, e:[0,0] — [0,e] and v : [8,0] — [v, 7] denote
a measurable selection from the policy correspondence describing solutions to the family
of problems (WP).

FIRMS A representative firm combines tasks to create final goods. The firm pays piece
rates p : [v,7] — Ry to workers for the tasks they perform. The firm chooses task outputs
y € )Y to maximize profits:

su 5bv vg_eldvsel— ’ )y (v)do.
yp[/v (0)y(0) ] /UP()y() 73)

MARKET CLEARING AND EQUILIBRIUM The implied wage of a 0-talent working in task
vis w[f,v] = p(v)ald,v]. Goods market clearing requires that output of final goods

36We assume that even workers who exert no effort still associate with the occupation that offers them
the greatest wage.
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weakly exceeds total consumption plus the total net transfer to the government:

€

0 6 7 B =1
| c@rs@do+ [ T, o)) < [ / b<v>y<v>sdv] 74)

Labor market clearing requires that for each 0:

v(0) 6
/ y(0)do' = /9 al0/, v(0)]e(6) £(6')d0. 75)

Definition 1. An equilibrium of an assignment market economy with tax function T and
admissible income set Q is a tuple of measurable, non-negative functions {y, c,e,v, p, w}
such that (i) y solves (73), (i) (c,e,v) solves (WPy), (iii) {y, ¢, e, v} satisfy the final good
and labor market clearing conditions (74) and (75) and (iv) w[f, v] = p(v)a[b, v].

We now show that if the optimal mechanism admits an increasing shadow income
function, then it can be implemented as an equilibrium of a market economy with taxes
and admissible income set p*(0), p*(0)].

Proposition D.2. Let (c*,e*, nu*, y*) be a smooth solution to the planner’s problem with private
information over types and tasks satisfying with strictly increasing shadow income function p*.
Then (c*,e*,nu*,y*) is an equilibrium allocation of a market economy with admissible income
set: [0*(0), p*(0)] and smooth taxes on income T[q] = q — c*(0*~1(q)).

Remark 4. Incentive-compatibility in the private types and tasks setting only ensures that p
is non-decreasing. The strictness ensure that types are measurable with respect to income
and, hence, consumption is measurable with respect to income. Alternatively, one can
assume the latter directly as is sometimes done, e.g. Kocherlakota (2005).

Proof. Given the allocation (c*,e*,v*,y*) and implied output of final good Y*, define the
price function p* as:

=

pe) =00 (52) 7, vefal 76

Since p* is strictly increasing by assumption, an agent’s talent 6 is measurable with respect
to her (shadow) income g. T : [p*(8), p*(6)] — R can then be defined according to:

Tlg) =q—c" (0" (q9)), g€ [p(8),0(0))

By construction the allocation, prices p and taxes T satisfy market clearing and the
agent’s budget constraint. It remains to check that the allocation (c*, e*, v*,y*) is optimal
for firms and agents given (p, T). The firm’s problem is strictly concave and, by (76), y*
satisfies the firm’s first order conditions given p. Consequently, y* is optimal for the firm.

It is convenient to rewrite the agent’s market problem as:

max U <q — Tlq], q ) , (77)

q,0 ZU[G,Zﬂ
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where g gives the agent’s labor income and market wages are w[f, v] = p*(v)alf, v]. Since
eacg U(c, -) is decreasing, the household’s utility is increasing in w|6, v] for all q. It follows
that the optimization in (77) can be decomposed into two steps. In the first v is chosen to
solve w*(#) = sup, w[f, v]. This maximization is independent of the choice of g (and of

the tax function T). In the second step g is chosen to maximize U (q —Tlq], WL@)

Now, the schedule of market wages for talent 6, w|[6, -], is exactly equal to the schedule
of shadow wages in the incentive problem and since v*(6) was optimal for the agent in
the latter, it remains optimal for the agent in the latter. Thus, regardless of her income
(or effort) choice, a 6-talent will select the task v*(0). Given this choice the schedule of
consumption and efforts available to the agent via a choice of g € [p*(8), p*(9)] is:

q Ry wlo* " Hq),v*(0* ' (g))]
(=T gy = (e 0 =)

This is exactly the same set as in the mechanism and so the optimal income choice for a
f-talent is p*(6) or, equivalently, (c*(0),e*(0)). Thus, the allocation is implemented in the
market economy. O

The equilibrium is characterized by a group of first order conditions. First, the firm’s
market problem and the market clearing condition for tasks imply:

Y\t Y ‘
p(v) = b(v) (M) = b(v) (f(@)a[G/,z(}é)G)]E(G)) ' (78)

It is immediate from the agent’s problem in this economy that for 6 € (6,6), optimal
marginal income taxes satisfy:

Tylp*(6)]

1oy 0O

E DATASET

Our many data source is the Current Population Survey (CPS) administered by the U.S.
Census Bureau and the U.S. Bureau of Labor Statistics. We focus on the March release of
the survey.®” Data is available continuously from 1968 to 2012. On average each year of
data contains about 150,000 observations, from the year 2001 the sample size has increase
to approximately 200,000. The CPS contains detailed information on demographics and
work characteristic of each individual. For additional details on the CPS refer to Heath-
cote, Perri, and Violante (2010) and Acemoglu and Autor (2011). The CPS data includes
a self reported estimate of hours worked from 1976 onwards. This question as well as

37Data is taken from: Miriam King, Steven Ruggles, J. Trent Alexander, Sarah Flood, Katie Genadek,
Matthew B. Schroeder, Brandon Trampe, and Rebecca Vick. Integrated Public Use Microdata Series, Current
Population Survey: Version 3.0. [Machine-readable database]. Minneapolis: University of Minnesota, 2010.
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question on income are for the previous calendar year. Hence our sample will be cover-
ing the years 1975 to 2011 (interviews from 1976 to 2012). In the body of the paper we
group observations in two groups. We will call “the 70s” observations relating to years
1975-1979 (i.e interviewed in years 1976-1980), we will call the “00s” observation relating
to years 2000-2011 (interviews in 2001-2012). The model analyzed is highly stylized. In

Distribution of Labor Income

Density

T T T T T T
4 6 8 10 12 14
Log of 2005%

Figure 12: Smoothed Distribution of Log-Labor Income Over Time. Source: CPS.

order to make data and model compatible (and to reduce the likelihood of measurement
error) we further restrict our sample. We drop individuals for which income, age, sex,
education, sector, occupation data is not reported. We consider individuals of working
age: between the ages of 25 and 65 included (dropping 301,144 observations). Given the
changing nature of female labor participation over the time period considered, we only
focus on male workers. We drop individuals with no formal education (7,180 observa-
tions). Our objective is to link individual type and productivity with the task in which
he is employed. Given this we drop individuals unemployed (dropping an additional
137,213 observations). Following (Heathcote, Perri, and Violante 2010) we also drop un-
deremployed individuals: with the estimates of average hours worked in the previous
year we drop individuals who work less than a total of 250 per year (dropping an ad-
ditional 35,663 observations). Our final sample comprises of 1,228,933 individual/year
observations. All variables will be weighted with the provided weights and dollar de-
nominated variables deflated using CPI to 2005$.%% In Figure 12 we display the evolution
of the distribution of Log labor income between the “70s” and the “00s”. The main fea-
ture that emerges is the widening of the distribution in the “00s” relative to the “70s”. The
“00s” are also characterized by a much fatter tail.

38CPI for all urban consumers, all goods.
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F ROBUSTNESS

FE1 SAMPLE SELECTION

In this section we explore the impact of the sample selection on the estimated values of
b(v). As a first case we replicate the sample selection of Acemoglu and Autor (2011). In
their paper they consider all observation for individuals who worked at least one week in
the previous year and that are of at least 16 years of age. The estimated values of b(v) are
in Figure 13a. As it can be seen the polarization behavior is still apparent. However for
low v occupations we observe little change between the two decades. In Figure 13b we
display the effect on b(v) when looking at the entire CPS sample. In this case the values
are not dissimilar to the previous case. This is not a surprise given the fact that the sample
selection of (Acemoglu and Autor 2011) is not restrictive

We next analyze separately the effect of two of hours sample selection: gender and
minimum hour worked. In Figure 13c we only consider males (without applying any
other sample restriction). In Figure 13d we only impose as a sample selection criterion
the requirement on hours worked per year. In both case we observe that the polarization
phenomenon is robust.

F2 SEMI-PARAMETRIC ANALYSIS OF a

A key parameter in the analysis is the degree of comparative advantage. We found the
degree of comparative advantage to be positive and increasing over time. In this section
we follow a Semi-parametric approach to determine the sign of the interaction term and
it’s evolution over time.3 From the continuous talent version of equation (22) we have:

Inw(6*(v),v)) —Inb(v) +Iny(v) —InY = &g + 210" (v) + axv + a36*(v) - v. (79)

Integrating between v,,_1 and v, and dividing by Av,, we have

1 Inw(6*(v),v) +Iny(v)]do — Inb,, —InY =
Avm Vm

1
xo + &0 + Ao (0107 (V) + a36™(v) - v]do.

m JVy,

substituting 6*(v) = 8y, for all v in V,, and let the average log-wage rate in occupation m
be defined as:

1
E[lnw|V,] = Aoy ), Inw*(6%(v),v)dv;

define f,, = E[Inw|V,,| —Inb,, —InY. Also let
1

8(Um) = a0y — m v, [Iny(v)]do.

39 Also refer to Sperlich, Tjestheim, and Yang (2002) Yatchew (2003) Linton and Nielsen (1995).
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Figure 13: Estimated values of log(b(v)) for different sample specifications.

We then have:
fm :“1§m+“3§m Em +g(vm), Vm - 1,...,M. (80)

To estimate Equation (80) we approximate g(v,,) with a first order fractional polynomial:
i.e we approximate g(v;) with a polynomial comprised of v;,, 1/v,, and log(vs,) and a
constant. Results are in Table 4. We observe that as in our previous specification the
interaction term is positive, denoting the presence of comparative advantage and growing
over time.

G Empirical Talent Types and Observables

It is to connect the imputed talent index with observables available in the data. To do this
for each occupation V), and each decade t, we compute: the average number of years of
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Table 4: Estimation of Equation (80).

Decade Interaction Term: a3
70s 4.148
00s 4.706

education completed by each worker: edu; ,;; and the attained level of experience exp; .
Experience is equal to the age minus 18 for non college graduates and equal to the age
minus 22 for college graduates. We then evaluate the following linear relationship:

Ot = 1o+ 11 - edupm + 12 - eXPtm + 113 - edilg - €XPt (81)
our estimates are in Table 5.

Table 5: Estimation of Equation (81). Robust Regression. Standard Errors in Parenthesis.

Decade Parameters
1o m 2 3
70s 0.75 0.12 -0.0006 -0.15
(0.26) (0.024) (0.006) (0.007)
00s 0.62 0.13 -0.004 -0.011
(0.3) (0.031) (0.006) (0.007)

From Table 5 we observe that average education attainment is significant in explaining
one’s type (as opposed to experience). However for both decades the R-squared are low
and diminishing over point to education being a poor proxy for productivity type.
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