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Abstract

We develop a nonlinear state-space model to capture the joint dynamics of con-
sumption, dividend growth, and asset returns. Building on Bansal and Yaron (2004),
the core of our model consists of an endowment economy that is, in part, driven by a
common predictable component for consumption and dividend growth. The measure-
ment equations of our state-space model are set up to allow the use of mixed-frequency
data, i.e., annual consumption data from 1929 to 1959, monthly consumption data af-
ter 1959, and monthly asset return data throughout. Our Bayesian estimation provides
strong evidence for a small predictable component in consumption growth (even if as-
set return data are omitted from the estimation); our measurement error specification
implies that consumption is measured much more precisely at annual than monthly
frequency; and the estimated model is able to capture key asset pricing facts of the
data.



1 Introduction

Financial economists seek to understand the sources underlying risk and return in the econ-
omy. In the context of equilibrium models this endeavor hinges on the joint dynamics for
cashflows, which in an endowment economy correspond to consumption and dividends. There
are many equilibrium models that appeal to low frequency components in these cashflows as
well as important time variation in the fundamentals (e.g., models of long-run risk (LRR)
as in Bansal and Yaron (2004), and models of rare disasters as in Barro (2009)). Identifying
both of these components is challenging. To measure the small persistent component in,
say, consumption and dividend growth one would want the longest span of data. On the
other hand, to estimate the time variation in second moments of cashflows one would ideally
like to use high frequency data. The empirical analysis is constrained by the availability of
consumption data. For the U.S.; the longest span of available data for consumption growth
is at the annual frequency starting at 1929. The highest frequency consumption data is
available at the monthly frequency from 1959. To exploit all the available information in
mixed-frequency data, this paper develops a Bayesian state-space model which prominently
features stochastic volatility and time-aggregates consumption whenever it is only observed

at a low frequency.

Our state-space model is designed to capture the joint dynamics of consumption, dividend
growth, and asset returns. Building on the work of Bansal and Yaron (2004), the core of our
model consists of an endowment economy that is, in part, driven by a common predictable
component for consumption and dividend growth. The economy delivers a stochastic dis-
count factor that is used to price equities and a risk-free asset. Our model distinguishes
itself from the existing LRR literature in several important dimensions. First, our state-
space representation contains measurement equations which time-aggregate consumption to
the observed frequency yet allow us to maintain the likelihood representation (see Bansal,
Kiku, and Yaron (2012b) for a GMM approach using time aggregation). Our measure-
ment error specification accounts for different types of measurement errors at monthly and
annual frequency while respecting the constraint that monthly growth rates have to be con-
sistent with annual growth rates. Second, we generalize the volatility dynamics of Bansal
and Yaron (2004)’s model specification by allowing for three separate volatility processes
— one capturing long-run consumption innovations, one capturing short-run consumption

innovations, and a separate process for dividend dynamics. We do so since our estimation
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procedure, which focuses on many joint distribution of consumption, dividends, and asset

prices, requires separate stochastic volatility processes to fit the data.

The estimation of the state-space model generates several important empirical findings.
First, we find strong evidence for a small predictable component in consumption growth. This
evidence consists of two parts. We begin by estimating the state-space model on cashflow
growth data only. Our carefully specified measurement error model for cashflow data allows
us to measure this component which otherwise is difficult to detect. We then proceed by
adding asset return data to the estimation and, in line with the existing LRR literature, find
even stronger evidence for this predictable component. The Bayesian approach allows us to
characterize the uncertainty about the persistence of the conditional mean growth process.
We find that in spite of using a prior with a mean of 0.9 and a standard deviation of 0.5 our
estimation yields a posterior distribution that is tightly centered around 0.99. Second, our
estimated measurement errors for consumption growth are consistent with the common view
(see Wilcox (1992)) that consumption growth is measured more precisely at annual than at

monthly frequency.

Third, all three stochastic volatility processes display significant time variation yet behave
distinctly differently over time. It is important to note that, as emphasized by the LRR
literature, the volatility processes have to be very persistent in order to have significant
quantitative affects on asset prices. The volatility processes partly capture heteroskedastic-
ity of innovations and in part they break some of the tight links that the model imposes
on the conditional mean dynamics of asset prices and cashflows. More specifically, an im-
portant feature of our estimation is that the likelihood focus on conditional correlations
between risk-free rate and consumption — a dimension often not directly targeted in the
literature. We show that because consumption growth and its volatility determines the risk-
free rate dynamics, one requires another independent volatility process to account for the
weak correlation between consumption growth and the risk-free rate. Fourth, it is worth
noting that the median posterior estimate for risk aversion is 7-8 while it is 1.5-2 for the
intertemporal elasticity of substitution (IES). These estimates are consistent with the pa-
rameters highlighted in the LRR literature, see Bansal and Yaron (2004), Bansal, Kiku, and
Yaron (2012a), and Bansal, Kiku, and Yaron (2012b). Fifth, at the estimated preference
parameters and those characterizing the consumption and dividend dynamics, the model is

able to successfully generate many key asset pricing moments. In particular, as in the data,
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the posterior median for the equity premium genereated by the model is 7.5%.

Our paper also contains a number of technical innovations. First, in the specification of our
state-space model we follow the stochastic volatility literature and assume that volatilities
evolve according to exponential Gaussian processes which guarantee nonnegativity. While
the cashflows in our state-space model evolve exogenously, the law of motion of the financial
variables is determined endogenously from the economic structure. In order to express
the financial variables as functions of the cashflows and volatilities, we have to solve the
LRR model. We do so, by approximating the exponential Gaussian volatility processes by
linear Gaussian processes such that the standard analytical solution techniques that have
been widely used in the LRR literature can be applied. However, the approximation of the
exponential volatility process is only used to derive the coefficients in the law of motion
of the asset prices. Second, we use a Markov chain Monte Carlo (MCMC) algorithm to
generate parameter draws from the posterior distribution. This algorithm requires us to
evaluate the likelihood function of our state-space model with a nonlinear filter. Due to the
high-dimensional state space that arises from the mixed-frequency setting, this nonlinear
filtering is a seemingly daunting task. We show how to exploit the partially linear structure

of the state-space model to derive a very efficient sequential Monte Carlo (particle) filter.
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o Financial economists seek to understand the sources of underlying
risk and return in the economy
o This endeavor hinges on the joint dynamics for cashflows

@ There are many (endowment economy) equilibrium models, e.g.,
(Bansal and Yaron (2004), Barro (2009)), that appeal to

@ low frequency variation in the cashflows

@ important time variation in second moments

@ Identifying both of these components is challenging because

@ one would want to use the longest span of data

@ but with high frequency data to estimate the time variation in
second moments of cashflows

© high frequency consumption data are contaminated by measurement
errors (Wilcox (1992))
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@ The empirical analysis is constrained by the availability of
consumption data

© the longest span of available data — annual frequency from 1929

@ the highest frequency is available at the monthly frequency from 1959

@ Building on the work of Bansal and Yaron (2004), we develop a
Bayesian state-space model which

@ prominently features stochastic volatility
@ carefully specifies measurement error model for cashflows

© exploits all the available information in mixed-frequency data

to identify long-run consumption growth and time-varying
uncertainty
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Preview of Results - We find...

@ strong evidence for a small predictable component in consumption
growth, even without asset returns data;

@ our estimated measurement error specification implies that
consumption is measured much more precisely at annual than at

monthly frequency;

© the estimated model is able to capture many key asset pricing
moments of the data;

@ volatility processes display significant time-variation, need multiple
volatility processes to fit data.
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@ The Long-Run Risks (LRR) model
o Household Preferences and Cashflow Dynamics
e Solution
@ Taking the LRR model to the Data
o Measurement Error Model for Monthly Consumption Series
o Justification of Measurement Error Model
e Measurement Error Assumptions and Release Schedule
© Bayesian Estimation
o State-Space Representation
o Particle Filter MCMC Algorithm

o Empirical Results: Without/With Asset Returns



LRR Model: Household Preferences

@ Agents maximize life-time utility, which is defined recursively:

0

vi= [ senyt]”

@ ~ is risk aversion; 0 = 1 1/w and ) is intertemporal elasticity of
substitution.

@ Budget constraint:
Wt+1 = (Wt - Ct)Rc,H—l

where W, is the wealth of the agent, R, is the return on all
invested wealth.
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LRR Model: Cashflow Dynamics

@ Define consumption growth gyy1 = In Cei1/ G
@ Introduce dividend growth gq ¢11.

@ Exogenous cashflow processes:

8t+1 = M+ Xt + 0Ny
gdt+1 = fd + OX¢ + TONey1 + O tUsr1
Xt11 = PXt + Oet€ri1

nt+l7 ut+17 et+17 Wh,l’+l7 Whe,t+17 th,t+1 ~ N(O; 1)

hey1 = prhe + opWher1, or = Gexp(hy)
he,t+1 = phehe,t + OhWhe,t+1, Oejt = Pel eXP(he,t)
hatr1 = phhae+ OnyWhyt+1, 0Odr = padexp(hg ;)

@ Xx;: a common predictable component.
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LRR Model: Solution

@ The Euler equation for the economy is
0 .
E; |exp | flogd — @gH-l + @ —Dreepr+riena )| =1, i€{c,m}

@ Campbell and Shiller (1988) approximation: assume
fepyl = Ko+ KiZep1 — Ze + el

Imitrl =  Kom + K1,mZm,t+1 — Zm,t + &d,t+1
where z; and z, ; are state variables and returns are Gaussian.

@ In addition, we approximate the exponential Gaussian vol-processes
by linear Gaussian processes

J? = 5 exp(2hiy1),  hey1 = puhe + OhWh,t+1
Gio1 = (1= pn)+ pubi + (25°0h)Wh,e11-

@ Given &, law of motion of z and z,, can be derived analytically; 's
are constants of log-linearizations which depend on the endogenous
mean of z and z,.
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Taking the LRR Model to the Data

@ LLR model delivers law of motion for cashflows and asset returns.

@ We use measurement equations to link LRR model variables to
observables.

@ Challenges:
o Consumption data: annual prior to 1959 and monthly post 1959.
e Monthly consumption data are subject to measurement errors

o Ignoring the measurement errors in monthly consumption makes it
impossible to detect the x; process without asset returns.

@ For now we will focus on measurement error model for
consumption...
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Measurement Error Model for Monthly Consumption Series

@ To economize on notation, suppose that consumption data is
released at monthly and/or quarterly (instead of annual) frequency.

@ Express the monthly time index t as

=3(g—1)+m, ¢g=1,2,3,4,5..., me{l,23}
@ Measurement equations for g =1,2,3,4,5,...:
gao(q_1)+3 = 83(q—1)+3 T €3(q—1)+3 — €3(qg—1)+2
83(g-1)r2 = 83(q-1)+2 F €3(q-1)42 ~ €3(g-1)41
83(q-1)+1 = 83(q-1)+1 T E3(g-1)+1 — €3(q-2)+3

3
1 Q Q
+§ g (63(q—1)+m - E3(q—2)+m) T €39 = €3(¢-1)
m=1

@ Here, ¢;'s are monthly measurement errors and 63Qq’s are quarterly
measurement errors.
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Measurement Error Model for Monthly Consumption Series

@ Average quarterly growth rates can be defined as

1 2 3
,Q
g3oq = 383(g-1)+3 T §g30(q*1)+2 + §g§(qfl)+1

3
2 1,
T383(g-2)+3 T 383(9-2)+2
1 2 3
= §g3(q71)+3 + §g3(q71)+2 + §g3(q71)+1
2 1
+583(g-2)+3 + 383(a-2)+2

3
Q Q
€3 ~ €3(g-1)

@ Monthly measurement errors average out!

Schorfheide, Song, and Yaron Long-Run Risks



Conceptual Justification of Measurement Error Model

Data Construction

Quarter Month Quarterly Indicator Interpolated Adjusted
Release Monthly Release
1 - c? (600) ZR (75)
2 1 Z (30 G-ct%  (e0) =0 Eﬁo = (220)
. 12 . m:[l3 2
2 zZ (28 B=C% (200 G= c;zcic (183.3)
3 z (38 G=Ct% (80 G=§ fo = (256.7)
1 m=1 2
2 - CR (660) Z2 (90) CR=Y°_,Cy (720

o Write (" instead of c3(q_1)4m: Cf is quarterly consumption in g.

@ We omit o superscript for observed values.
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Measurement Error Assumptions

Observed consumption variables are denoted by C°.

@ True consumption is denoted by C.

@ Measurement errors are denoted by eg, €q-
@ Measurement errors are of multiplicative forms
Cf"o = Cf exp(e?)
cme  — CQ Zl;n
q q 71 2 3
Z;+ 27+ 23
Zl = aClexp(e])
@ Log-linear approximations for monthly growth rates, e.g., m =2
2 Loy _ 2 1
g§(q71)+2 = In(Cq’o) — In(Cq Y= In(Zq) — In(Zq)

= G112 T €~ &
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Empirical Justification for Measurement Error Model

@ Our model implies
8t+1 = PBtT0tNt41+0e t—16t—por_1Ne+€rr1—(1+p)er+per_1

@ SIC selects an ARMA(1,2) for monthly consumption series:
ARy =0.92, MA; = —1.16, MA, = 0.31

Real Monthly Consumption Growth  Real Quarterly Consumption Growth  Real Annual Consumption Growth

Sample Autocorrelation
Sample Autocorrelation
Sample Autocorrelation

Monthly Data  Quarterly Data  Annual Data
1959-2011 1947-2011 1930-2011
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Bayesian Estimation: Outline

@ State-Space Representation

o Partially Linear State-Space Model

o Particle Filter MCMC Algorithm

@ Empirical Results
o Filtered States, Persistence Parameters

o Without Asset Returns, Estimation Sample 1959-2011

o With Asset Returns, Estimation Sample 1929-2011

o Decomposition of Consumption
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State Space Representation: Release Schedule

@ Measurement equations for g =1,2,3,4,5, ...

83(q-1)+3 = B3(q-1)+3 T €3(q-1)+3 ~ €3(g-1)42
83(g-1)+2 = 83(q-1)+2 T 3(g-1)42 ~ 3(q-1)+1
83(g-1)r1 = 83(q—1)+1 T €3(q-1)+1 ~ €3(g-2)+3

3
1
Q Q
+§ Z (63(q71)+m - f3(q72)+m) T €39 ~ €3(¢-1)
m=1

o For a fixed q, say g = 2, three monthly consumption series are
released when m = 3
N/A N/A 83(q—1)+3
NA | — | WA | — | 8

N/A N/A 83(g-1)+1
~—_—— ~—_——
m=1 or (t=4) m=2 or (t=5) m=3 or (t=6)

Recall: we express the monthly time index t as

t=3(¢g—1)+m, ¢g=1,2,3,4,5..., me{l,2,3}
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State-Space Representation: Bayesian Estimation

Partially Linear Structure:

o Conditional on volatility states, the system becomes linear and
Gaussian

@ Measurement equation can be written as
Yiv1 = Meyq (D +Z51+2ZYSY + Et+1> , Eiy1 ~ N(O,R)

where M, is a selection matrix that accounts for the deterministic
changes in the data availability

@ The state-transition equation is
Stt1 = PS5 + Vi
stochastic volatilities are contained in

7 2 2 2 2 2 2 !
St+1_[o—e7t+17 Oetr Ot+10 Oty 0411y O—d,t}
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ayesian Estimation: Particle filter MCMC Algorithm

1. Draw ©77! ~ (67, %g)

(a) Transform volatility parameters and obtain pseudo-volatility process, see Ap-

pendix B.2

(b) Solve the model, see Appendix C
2. Particle filtering conditional on ©7+1

N
(a) Propagate particles {Ht(ﬂ} from (A.3) in Appendix B.1

(b) Run Kalman filter using the state-space form in Appendix B.3, conditional on

each particle H, ,(jr) 1

o y 0]

o Draw 5%, ~N(F[5t+1‘t+1] V[Si21j014]) where F‘[ASH”H]] and V[bt+w+]] are
the mean and variance of the non-volatility state vector Syy1 given Y41 and
1)

t+1

e Evaluate likelihood p (Vi \St(fl, Ht(j»)l) via the prediction-error decomposi-

tion
(c) Update and re-sample the particles, {S‘Hl s Hf(lrl D (Vi \Sf 19 rJr1)} , using the
probabilities, W,@1 see (A.8) in Appendix B.4
(d) Evaluate posterior density

§O Wi o S (£ w0l L 04 ) 4 ()

3. Accept ©F! with probability min {% 1} Repeat Ny, times.

Schorfheide, Song, and Yaron -Run Risks



Empirical Results: Without Asset Returns, Post 1959
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Empirical Results: Without Asset Returns, Post 1959
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Empirical Results: With Asset Returns, Post 1929

i E loga,;
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Empirical Results: With Asset Returns, Post 1929

1000

[— ‘()
9001
——h,
800

=== P

mo-—e—h,
600

500

400~

300~

200~

100~

|
1.005

Schorfheide, Song, and Yaron Long-Run Risks



Empirical Results: Posterior Estimates

Prior BKY SSY

(Mean,Std.Dev) ~ (Mean) 5% 50% 95%
0 G(0.9994,0.0001) 0.9989 0.9983  0.9989  0.9997
P G(1,0,5) 2.05 1.6199  1.6689  1.7359
v G(81) 7.42 6.0512  6.4568  6.6750
p N(0.9,0.5) 0.9812 0.9895  0.9904  0.9908
6 G41) 4.45 3.8306 4.6788  5.1564
Pe G(0.03,0.05) 0.0306 0.0491 0.0645  0.0861
©d G(4,1) 5.00 3.8667  4.0844  4.2238
o 1G(0.003,1) 0.0073 0.0030  0.0036  0.0038

4 N(0.0015,0.0005) 0.0012 - 0.0016 -
i N(0,0015.0.0005) 0.0020  0.0028 0.0031  0.0032

T N(0,1) 0.49 - 0 -
0. 1G(0.001,0.1) - 0.0017  0.0020  0.0021
oae 1G(0.001,0.1) - - 0 -
olf 1G(0.001,0.1) - - 0.0024 -
Ph N(0.9,0.5) 0.9983 0.9947  0.9981  0.9998
oh 1G(0.03,0.01) 0.0246 0.0296  0.0406  0.0520
ph, N(0.9,0.5) - 0.9790  0.9820  0.9903
op,  1G(0.03,0.01) - 0.0077  0.0144  0.0217
pr,  N(0.9,0.5) - 0.9896  0.9950  0.9987
on,  1G(0.03,0.01) - 0.0167  0.0213  0.0231

Premium - 6.8368  9.5911 13.8781

Posterior - 11054.4 112139 11296.1

Schorfheide, Song, and Yaron Long-Run Risks



Ion

s}
o
=
=)
w0
c
(@)

)

G
(@)
c

.0

=t
(7]
(@)
o
£
(@)
O
[

(@)

Empirical Results

Ttljt+1

s

Je+-

g

Tt

vs

Ge+1

1970 1280 1990 2000 2010

1960

!

Tt + o0y 0

Vs

Jt+1

q

1970 1980 1290 2000 2010

1960

Vs

Je+1

1970 1980 1990 2000 2010

1960

1970 1980 1990 2000 2010

1960

5
&
g
e
]
&
5
%2
T
2
S
]
3



Empirical Results: Decomposition of Consumption

Table: Variance Decomposition: Measurement Errors

Quarterly Release Scheme: 1959:M1-2011:M12
Without Asset Returns With Asset Returns

5%  50% 95% 5% 50% 95%

A CrirstMonth 30.28 4442 57.09 31.30 38.87 46.22
A CremainingMonths  36.60  47.90  58.07 25.82 3272 4158
ACQuarter 119 844 2035 081 451 16.75

Annual Release Scheme: 1959:M1-2011:M12
Without Asset Returns With Asset Returns

5%  50%  95% 5% 50%  95%

A CFirstMonth 40.22 5228 65.33 3286 43.86 58.37
A CRemainingMonths  37.82  48.12  57.99 29.79 37.59 44.45
ACyear 0.10 0.95 450 009 106 4.73
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Conclusion

(to be written)
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