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Abstract

While the asset price collapse of the late 80s in Japan might explain the disin�ationary pressures

that followed, it is hard to attribute the persistent de�ation that the country has faced since the mid

90s to that initial shock. We argue that a failure to account for demographic trends when calibrating

monetary policy might explain Japan�s persistent de�ation. The demographic transition, and

in particular the increase in life expectancy, puts downward pressure on the real interest rate.

Monetary policy rules that do not internalize this e¤ect may end up being to restrictive, and lead

to de�ation in equilibrium. We calibrate a stylized model of a dynamic, monetary economy with a

life-cycle structure to japanese data, and �nd that it accounts remarkably well for the low frequency

developments in in�ation and other macroeconomic variables since the early 90s. We also provide

evidence that de�ation was somewhat predictable �an implication of the model �and explore to

what extent di¤erences in the demographic transition help explain cross-sectional di¤erences in

the path of real interest rates across major developed economies.
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�Seemingly, there would be no linkage between demography and de�ation. But it may

not be the case.�Governor Masaaki Shirakawa, opening remarks at the 2012 BOJ-IMES Conference on

�Demographic Changes and Macroeconomic Performance�.

1 Introduction

While the asset price collapse of the late 80s in Japan might explain the disin�ationary pressures

that followed, it is hard to attribute the persistent de�ation that the country has faced since the

mid 90s to that initial shock. We argue that a failure to account for demographic trends when

calibrating monetary policy might explain Japan�s persistent de�ation. The demographic transition

�in particular the increase in life expectancy �puts downward pressure on the e¢ cient real interest

rate (i.e. the real interest rate that would prevail in an economy with �exible prices and no mark-up

�uctuations). Monetary policy rules that do not internalize this e¤ect may end up being to restrictive,

and lead to de�ation in equilibrium.

To make our point, we rely on a stylized model of a dynamic, monetary economy with a life-

cycle structure, bulding on Gertler (1999). The point of departure for our analysis is that, for given

retirement age, an increase in life expectancy lengthens the retirement period. Therefore, while the

dependency ratio increases and consumption of retirees may actually increase, the longer retirement

period increases the incentives to save throughout the life cycle. In practice, this e¤ect may be

stronger if the private sector believes that public pension systems may not be fully sustainable. The

�rst result in the paper is that this aspect of the demographic transition puts downward pressure on

the e¢ cient real interest rate.1

In the baseline New Keynesian model (Clarida et al., 1999; Woodford, 2003), optimal policy (which

coincides with a strict in�ation-targeting regime) implies that the nominal interest rate �tracks�the

e¢ cient real interest rate. The demographic transition generates low-frequency variation in the level

of the e¢ cient real interest rate. While strict in�ation targeting continues to appropriately internalize

such exogenous pressures on equilibrium real interest rates, various interest rate policies may miss

the consequences of the demographic transition. If the central bank sets the interest rate without

taking into account the changes in the e¢ cient real interest rate due to the increase in life expectancy,

monetary policy becomes too restrictive, and may induce equilibrium de�ation.

We calibrate the model to japanese data, and �nd that it accounts remarkably well for the low

frequency developments in in�ation and other macroeconomic variables since the early 90s in Japan.

We then challenge our explanation by looking at two empirically testable implications of our model.

The �rst one is that, because de�ation is (at least partially) driven by demographics trends and

because uncertainty around the latter is relatively small, de�ation would have been forecastable. We

argue that a simple empirical model that forecasts in�ation based on nominal bond yields would have

been able to forecast de�ation in Japan as early as 1995.

The second is that di¤erent patterns in the demographic transition across countries should imply

1This �nding may also bear important asset pricing implications. Favero et al. (2011) �nd that empirical models of
the term structure that include demographic variables outperform traditional macro-�nance frameworks that abstract
from demographics.
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Figure 1: Dependency ratio for Japan. Source: United Nations World Population
Database 2010.

di¤erent paths for equilibrium real interest rates.2 To test this implication of the model we take a panel

of developed countries that experienced di¤erent demographic transitions and feed them through our

model. We then compare the model�s predictions for the path of real interest rates with what we

observe in the data.

The rest of the paper proceeds as follows. Section 2 presents the model, with particular focus on

the life-cycle dimension. Section 3 discusses the main quantitative experiments. Section 4 investigates

if the decline in real interest rates and de�ation could have been forecastes. Section 5 asks whether

accounting for developments in productivity and �scal policy changes our conclusions. Finally, Section

6 concludes.

2 The Model

The economic actors in the model are households, �rms, and the government. Individuals are born

workers and supply inelastically one unit of labor while in the labor force. Retirees consume out

of their savings. Income is either consumed or saved in the three available assets: physical capital,

a nominal government bond, and shares of goods producing �rms. Intermediate goods producing

�rms are monopolistic competitive and produce di¤erentiated goods. Final goods producing �rms are

perfectly competitive and produce the homogeneous consumption good. The government consists of

2The implications for in�ation trends depend on the nature of monetary policy, and thus to look at the cross-section
of in�ation experiences we would have to take a stand on whether the various central banks did or did not pay attention
to low frequency movements in demographic factors. In contrast, the implications of our model for the path of the real
interest rate are somewhat insensitive to di¤erent assumptions about monetary policy.
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a �scal authority and a central bank. The �scal authority takes spending as given and decides the

mix of lump-sum taxes and one-period nominal debt to satisfy its budget constraint. The central

bank sets monetary policy.

We abstract from aggregate uncertainty and consider the e¤ects of unexpected one-time changes in

demographic parameters in an otherwise perfect-foresight environment. The only source of uncertainty

that may potentially a¤ect agents�behavior stems from idiosyncratic retirement and death risk.

2.1 Households and Life-Cycle Structure

At any given point in time, individuals belong to one of two groups: workers (w) or retirees (r). At

time t�1, workers have mass Nw
t�1 and retirees have mass N

r
t�1. Between periods t�1 and t, a worker

remains in the labor force with probability !t, and retires otherwise. If retired, an individual survives

from period t � 1 to period t with probability 
t.3 In period t, (1� !t + nt)Nw
t�1 new workers are

born. Consequently, the law of motion for the aggregate labor force is

Nw
t = (1� !t + nt)Nw

t�1 + !tN
w
t�1 = (1 + nt)N

w
t�1; (1)

so that nt represents the growth rate of the labor force between periods t� 1 and t. The number of
retirees evolves over time according to

N r
t = (1� !t)Nw

t�1 + 
tN
r
t�1: (2)

From (1) and (2), we de�ne the dependency ratio ( t � N r
t =N

w
t ), which summarizes the relevant

heterogeneity in the population and evolves according to

(1 + nt) t = (1� !t) + 
t t�1: (3)

Workers inelastically supply one unit of labor, while retirees do not work.4 Preferences for an

individual of group z = fw; rg are a restricted version of the recursive non-expected utility family
(Kreps and Porteus, 1978; Epstein and Zin, 1989) that assumes risk neutrality

V zt =
�
(Czt )

� + �zt+1 [Et (Vt+1 j z)]
�	 1� ; (4)

where Czt denotes consumption and V
z
t stands for the value of utility in period t. Retirees and workers

3Because retirement is an absorbing state in this model, the probability of retiring is perhaps best interpreted as
the risk of becoming permanently unable to supply labor.

4Gertler (1999) shows how to introduce variable labor supply in this framework without sacri�cing its analytical
tractability. The demographic trends documented in Section 1 should induce individuals to supply more hours and
increase participation rates. The data for all advanced economies, instead, display the opposite tendency, that is,
a more or less pronounced downward trend for both variables (see the appendix of Ferrero, 2010). We thus view the
assumption of inelastic labor supply as a natural benchmark for the purposes of our paper. At the same time, government
policies around the world are attempting to �ght this course, delaying the retirement age. We return to this issue at the
end of the paper.
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have di¤erent discount factors to account for the probability of death

�zt+1 =

(
�
t+1 if z = r

� if z = w

The expected continuation value in (4) di¤ers across workers and retirees because of the di¤erent

possibilities to transition between groups

Et fVt+1 j zg =
(

V rt+1 if z = r

!t+1V
w
t+1 + (1� !t+1)V rt+1 if z = w

This life-cycle model is analytically tractable because the transition probabilities ! and 
 are

independent of age and of the time since retirement. With standard risk-averse preferences, however,

this assumption would imply a strong precautionary saving motive for young agents, which is hard to

reconcile with actual consumption/savings choices. Risk-neutral preferences with respect to income

�uctuations prevent a counterfactual excess of savings by young workers (Farmer, 1990; Gertler,

1999). The separation of the coe¢ cient of intertemporal substitution (� � (1� �)�1) from risk

aversion implied by (4) allows for a reasonable response of consumption and savings to changes in

interest rates.

Households consume a homogeneous �nal good Ct and allocate their wealth among investment

in new physical capital Kt, nominal bonds issued by the government Bt, and shares of intermediate

goods producers xFt. Households rent the capital stock to intermediate goods producers at a real rate

RKt and bear the cost of depreciation � 2 (0; 1). Government bonds Bt pay a gross nominal return
Rt. Shares of intermediate goods producing �rms trade at the price PFt (relative to the price of one

unit of the �nal good Pt) and pay a real dividend DFt.

2.1.1 Retirees

An individual born in period j and retired in period � chooses consumption Crt (j; �) and assets

Kr
t (j; �), B

r
t (j; �)=Pt and x

r
F t(j; �), for t � � to solve

V rt (j; �) = max
�
[Crt (j; �)]

� + �
t+1
�
V rt+1 (j; �)

��	 1� ; (5)

subject to

Crt (j; �) +K
r
t (j; �) +

Brt (j; �)

Pt
+ PFtx

r
F t(j; �)

=
1


t

�
[RKt + (1� �)]Kr

t�1(j; �) +
Rt�1
�t

Brt�1(j; �)

Pt�1
+ (PFt +DFt)x

r
F t�1(j; �)

�
(6)

where �t � Pt=Pt�1 is gross in�ation in period t. Additionally, the optimization problem is also subject

to the consistency requirement that the retiree�s initial asset holdings upon retirement correspond to
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the assets held in the last period as a worker, that is,

Kr
��1 (j; �) = Kw

��1 (j)

Br��1(j; �) = Bw��1(j) (7)

xrF��1(j; �) = xwF��1(j)

At the beginning of each period, retirees turn their wealth over to a perfectly competitive mutual

fund industry which invests the proceeds and pays back a premium over the market return equal

to 1=
t to compensate for the probability of death (Blanchard, 1985; Yaari, 1965). A retiree who

survives between periods t� 1 and t then makes investment decisions right at the end of the period.
Appendix B.1 derives the Euler equations for government bonds, capital and equity that charac-

terize the problem of a retiree. In the absence of aggregate uncertainty, the real returns on the three

assets are equalized
Rt
�t+1

= RKt+1 + (1� �) =
PFt+1 +DFt+1

PFt
: (8)

We de�ne total real assets for a retiree as

Art (j; �) � Kr
t (j; �) +

Brt (j; �)

Pt
+ PFtx

r
F t(j; �): (9)

Due to the equality of real returns, the retiree�s budget constraint (6) can be rewritten compactly as

Crt (j; �) +A
r
t (j; �) =

Rt�1Art�1(j; �)


t�t
: (10)

In Appendix B.1 we show that consumption is a fraction of total wealth

Crt (j; �) = �rt

�
Rt�1Art�1(j; �)


t�t

�
; (11)

where the marginal propensity to consume for a retiree �rt satis�es the �rst-order non-linear di¤erence

equation
1

�rt
= 1 + 
t+1�

�

�
Rt
�t+1

���1 1

�rt+1
: (12)

From (10) and (11), asset holdings evolve according to

Art (j; �) = (1� �rt )
�
Rt�1Art�1(j; �)


t�t

�
:

Finally, the Appendix also shows that the value function for a retiree is linear in consumption

V rt (j; �) = (�
r
t )

�
1��Crt (j; �) : (13)
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2.1.2 Workers

Workers start their life with zero assets. We write the optimization problem for a worker born in

period j in terms of total assets Awt (j) � Kw
t (j) + Bwt (j)=Pt + PFtx

w
Ft(j). Speci�cally, a worker

chooses consumption Cwt (j) and assets A
w
t (j) for t � j to solve

V wt (j) = max
�
[Cwt (j)]

� + �
�
!t+1V

w
t+1 (j) + (1� !t+1)V rt+1 (j; t+ 1)

��	 1� ; (14)

subject to

Cwt (j) +A
w
t (j) =

Rt�1Awt�1 (j)

�t
+
Wt

Pt
� Twt (15)

and Awj (j) = 0, whereWt represents the nominal wage and Twt is the total amount of lump-sum taxes

in real terms paid by each worker. Workers do not turn their wealth over to the mutual fund industry,

and hence do not receive the additional return that compensates for the probability of death.5 The

value function V rt+1 (j; t+ 1) is the solution of the utility maximization problem for a retiree described

above and enters the continuation value of workers, who have to take into account the possibility that

retirement occurs between periods t and t+ 1.

In Appendix B.2 we present the complete solution of a worker�s optimization problem and show

that workers� consumption is a fraction of total wealth, de�ned as the sum of �nancial and non-

�nancial (�human�) wealth

Cwt (j) = �wt

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
; (16)

where Hw
t represents the present discounted value of current and future real wages net of taxation

and is independent of individual-speci�c characteristics

Hw
t �

1X
v=0

(Wt+v=Pt+v � Twt+v)
vQ
s=1

�

t+sRt+s�1

�t+s
=!t+s�1;t+s

� = Wt

Pt
� Twt +

!t+1H
w
t+1


t+1Rt=�t+1
: (17)

As for retirees, workers�marginal propensity to consume �wt also evolves according to a �rst-order

non-linear di¤erence equation

1

�wt
= 1 + ��

�

t+1Rt
�t+1

���1 1

�wt+1
: (18)

The adjustment term 
t that appears in (17) and (18) corresponds to


t � !t + (1� !t)
�
�rt
�wt

� 1
1��

:

In the de�nition of non-�nancial wealth (17), the term 
t+1Rt
�t+1

=!t+1 constitutes the real e¤ective

5Allowing workers access to the mutual fund industry would provide complete insurance against the probability of
retirement, hence shutting down most of the interesting life-cycle dimensions of the model.
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discount rate for a worker. The �rst component of the (higher) discounting captures the e¤ect of

the �nite lifetime horizon (less value attached to the future). The term !t+1 augments the actual

discount factor because workers need to �nance consumption during the retirement period (positive

probability of retiring).

The dynamics of asset holdings can then be obtained from the budget constraint of a worker and

the consumption function (16)

Awt (j) +
!t+1H

w
t+1


t+1Rt=�t+1
= (1� �wt )

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
:

Finally, as for retirees, workers�value function is also linear in their consumption

V wt (j) = (�
w
t )

�
1��Cwt (j) ; (19)

2.1.3 Aggregation of Households�Decisions

The marginal propensities to consume of workers and retirees are independent of individual charac-

teristics. Hence, given the linearity of the consumption functions, aggregate consumption of workers

(Cwt ) and retirees (C
r
t ) have the same form as (11) and (16)6

Cwt = �wt

�
Rt�1Awt�1

�t
+Ht

�
; (20)

Crt = �rt

�
Rt�1Art�1

�t

�
; (21)

where Azt�1 is total �nancial wealth that members of group z = fw; rg carry from period t � 1 into
period t, and the aggregate value of human wealth Ht evolves according to

Ht =
WtN

w
t

Pt
� Tt +

!t+1Ht+1
(1 + nt+1) 
t+1Rt=�t+1

: (22)

The aggregate consumption function Ct is the weighted sum of (21) and (20). If �t � Art=At denotes

the share of total �nancial wealth At held by retirees, the aggregate consumption function is

Ct = �wt

�
(1� �t�1)

Rt�1At�1
�t

+Ht

�
+ �rt

�
�t�1

Rt�1At�1
�t

�
: (23)

Relative to the standard neoclassical growth model, the distribution of assets across cohorts is an

additional state variable which keeps track of the heterogeneity in wealth accumulation due to the

life-cycle structure. Aggregate assets for retirees depend on the total savings of those who are retired

in period t as well as on the total savings of the fraction of workers who retire between periods t and

t+ 1

Art =
Rt�1Art�1

�t
� Crt + (1� !t+1)

�
Rt�1Awt�1

�t
+
WtN

w
t

Pt
� Tt � Cwt

�
: (24)

6An aggregate variable Qz
t for group z = fw; rg takes the form Qz

t �
R Nz

t
0

Qz
t (i) di.
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Aggregate assets for workers depend only on the savings of the fraction of workers who remain in the

labor force

Awt = !t+1

�
Rt�1Awt�1

�t
+
WtN

w
t

Pt
� Tt � Cwt

�
: (25)

The law of motion for the distribution of �nancial wealth across groups obtains from substituting

expressions (21) and (25) into (24)

[�t � (1� !t+1)]At = !t+1 (1� �rt )�t�1
Rt�1At�1

�t
: (26)

Expression (26) relates the evolution of the distribution of wealth �t to the aggregate asset position

At. From expression (9) and its counterpart for workers, total assets equal the sum of the aggregate

capital stock, government bonds and the real market value of intermediate goods producing �rms7

At = Kt +
Bt
Pt
+ PFt: (27)

2.2 Firms and Production

Two types of �rms operate in the economy. A continuum of monopolistically competitive �rms hire

labor from workers and rent capital from both workers and retirees to produce di¤erentiated inter-

mediate goods. Competitive retailers combine these intermediate goods to produce a homogeneous

�nal good, which is then used for both consumption and investment.

2.2.1 Final Goods Producers

Competitive retailers produce a �nal good Yt combining intermediate goods Yt(i), with i 2 (0; 1),
according to a constant elasticity of substitution technology with elasticity � > 1

Yt =

�Z 1

0
Yt(i)

��1
� di

� �
��1

:

Pro�t maximization yields the demand for the ith intermediate good as a function of its relative price

and total demand

Yt(i) =

�
Pt(i)

Pt

���
Yt; (28)

where Pt(i) is the price of good i. The zero-pro�t condition for intermediate goods producers yields

an expression for the price of one unit of the �nal good as a function of the intermediate goods prices

Pt =

�Z 1

0
Pt(i)

1��di

� 1
1��

:

7Without loss of generality, we set the net supply of shares of those �rms equal to one (i.e. xFt = 1).
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2.2.2 Intermediate Goods Producers

Intermediate goods producers combine labor hired from workers and capital rented from both workers

and retirees to produce di¤erentiated inputs according to a standard Cobb-Douglas labor-augmenting

technology

Yt(i) = [XtN
w
t (i)]

�Kt�1(i)
1��; (29)

where � 2 (0; 1) is the labor share and the technology factor Xt grows exogenously at rate xt

Xt = (1 + xt)Xt�1:

Intermediate goods producers operate in monopolistic competition and set prices subject to

(quadratic) adjustment costs (Rotemberg, 1982). As usual, we can split the problem of these �rms

in two steps. The �rst step is to obtain the �rm�s marginal cost from its cost minimization problem.

To this end, �rm i chooses how much labor to hire and how much capital to rent in order to solve

min
Nw
t (i);Kt�1(i)

Wt

Pt
Nw
t (i) +R

K
t Kt�1(i); (30)

subject to its technological constraint (29). The �rst-order conditions for labor and capital are

Wt

Pt
= mct(i)

�Yt(i)

Nw
t (i)

(31)

RKt = mct(i)
(1� �)Yt(i)
Kt�1(i)

; (32)

where mct(i) is the Lagrange multiplier on the technological constraint. Taking the ratio between

the two �rst-order conditions shows that the capital-labor ratio in this economy is independent of

�rm characteristics. Because, via the production function, the ratios of both employment and capital

to output can be expressed as a function of the capital-labor ratio, the �rst-order conditions of the

minimization problem above also imply that the marginal cost is independent of �rm characteristics.

Furthermore, we can use the production function to derive an expression for the marginal cost as a

function of factor prices only

mct =

�
Wt=Pt
Xt

��
(RKt )

1��

��(1� �)1�� : (33)

The second step of the intermediate goods producers�problem is the dynamic price-setting de-

cision. For simplicity, we assume that �rms use the real interest rate to discount future pro�ts. A

generic �rm i solves

max
Pt(i)

1X
t=0

1Qt
s=1Rt+s�1=�t+s

"�
Pt(i)

Pt
�mct

�
Yt(i)�

�P
2

�
Pt(i)

Pt�1(i)
� 1
�2

Yt

#
| {z }

�DFt(i)

; (34)

subject to (28). In a symmetric equilibrium (i.e. Pt(i) = Pt;8i), the �rst-order condition for this

10



problem yields a dynamic Phillips curve that links current in�ation to current marginal cost and

discounted future in�ation

(�t � 1)�t =
� � 1
�P

�
�

� � 1mct � 1
�
+

1

Rt=�t+1

Yt+1
Yt

(�t+1 � 1)�t+1: (35)

2.3 Fiscal and Monetary Policies

The government issues nominal debt Bt and levies lump-sum taxes to �nance a given stream of

spending Gt. The �ow government budget constraint in nominal terms is

Bt = Rt�1Bt�1 + Pt(Gt � Tt): (36)

For simplicity, we assume that the ratio between government spending and GDP is constant (Gt =

gYt). We also impose a �scal rule that requires the government to keep real debt constant as a fraction

of GDP
Bt
Pt
= bYt: (37)

In the baseline analysis, we assume the central bank follows a strict in�ation-targeting rule

�t = 1: (38)

Because of the absence of shocks that create a tradeo¤ between in�ation and marginal costs, this

economy features the �divine coincidence�(Blanchard and Galí, 2007). Therefore, a policy of strict

in�ation targeting replicates the �exible price equilibrium allocation, that is, the same allocation that

would arise if �P were to be equal to zero.

2.4 Equilbrium

Given the dynamics for the demographic processes nt, !t, and 
t and the growth rate of productivity

xt, an (imperfectly competitive) equilibrium for this economy is a sequence of quantities fCrt , Cwt , Ct,
Art , A

w
t , At, �t, Ht, Yt, Kt, mct, It, DFt, V rt , V

w
t , Vt, Bt=Pt, Ttg, marginal propensities to consume

f�rt , �wt , �t, 
tg, prices fRt, RKt , PFt, Wt=Pt, �tg, and dependency ratios  t such that:

1. Retirees and workers maximize utility subject to their budget constraints, taking prices and

wages as given, as outlined in sections 2.1.1 and 2.1.2.

2. Final goods producers maximize pro�ts subject to their technology constraint (section 2.2.1).

Intermediate good producers maximize pro�ts subject to their technology constraint and taking

the demand for their di¤erentiated product as given (section 2.2.2).

3. The �scal authority chooses the mix of debt and taxes to satisfy its budget constraint and the

central bank decides upon monetary policy (section 2.3).
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Table 1: Parameter values and steady state exogenous variables.

Parameter Value Description
! = 0.9948 Probability of remaining in the labor force
x = 0.27% Productivity growth rate
� = 0.623 Labor share
� = 0.025 Depreciation rate
� = 12 Elasticity of substitution among varieties
�P = 133 Price adjustment cost
� = 0.5 Elasticity of intertemporal substitution
g = 0.17 Government spending (% of GDP)
b = 4 Government debt (% of GDP)
� = 0.9982 Individual discount factor

4. The markets for labor, capital and goods clear. In particular, the economy-wide resource con-

straint is �
1� �P

2
(�t � 1)2

�
Yt = Ct + It +Gt; (39)

where investment It is de�ned by the law of motion of capital

Kt = (1� �)Kt�1 + It: (40)

Appendix A.3 lists all the equilibrium conditions. We focus on an equilibrium with constant

productivity growth (i.e. xt = x;8t) and constant probability of retirement (i.e. !t = !;8t). We
calculate the steady state and characterize the dynamics (see Appendix A.4 for details) of variables

expressed in e¢ ciency units (i.e., qt � Qt=(XtN
w
t ) for any variable Qt). We discuss the demographic

variables that drive the transition (the growth rate of the number of workers nt and the probability

of surviving 
t) in the next section.

3 Quantitative Analysis

In this section, we present the results of the main experiment. We feed the model with data on

demographic variables. The initial shock is unanticipated but agents are perfectly aware of the entire

path of the exogenous variables thereafter. Two factors drive the demographic transition in the

model: (i) A decrease in the growth rate of the labor force nt and (ii) An increase in the probability

of surviving 
t. The next section describes the calibration of the parameters and of the exogenous

processes for the demographic variables.

3.1 Calibration

Each period is one quarter. We initialize the model in a steady state which corresponds to 1990.

Individuals are born at age 20. The average duration of employment equals 1=(1� !). We calibrate

the probability of remaining in the labor force ! to 0.9948, which implies an average retirement age
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Figure 2: The continuous blue line is the dependency ratio in the model (number of
retirees divided by number of workers). The dashed red line is the dependency ratio
in the data (number of people 65 and over divided by number of people between the
age of 15 and 64).

of 68, corresponding to the average e¤ective retirement age in Japan between 1990 and 2005 (OECD

Pensions Indicators).

To calibrate the probability of surviving, we use data and projections from the United Nation

World Population Prospects (the 2010 revision) on life expectancy at birth. In steady state, the

expected duration of retirement is equal to 1=(1 � 
). The initial value of 
 (equal to 0.9821) is

calibrated to match an average 14 years retirement period, which corresponds to 79 years of life

expectancy as for Japan in 1990. The �nal value of 
 (equal to 0.9907) is calibrated to match an

average 27 years retirement period, which corresponds to 92 years of life expectancy as projected for

Japan in 2090. As in the data, this transition occurs smoothly in the model over 100 years.8

We calibrate the growth rate of the labor force n using data and projections from the National

Institute of Population and Social Security Research. The annualized growth rate of the Japanese

labor force was 0.8% 1990 and is projected to reach a minimum of -1.82% in 2040 before recovering

somewhat (the projection for 2060 is -1.26%). We smooth the actual projections with a process that

matches the initial value, reaches a minimum of 1.3% in 50 years and slowly recovers toward zero in

the next 75 years.9

In spite of the simple demographic structure embedded in our model, we obtain a pro�le for the

dependency ratio which captures the essence of the aging process in Japan fairly well (�gure 2).

8Data on life expectancy at 20 between 1965 and 2010 (thanks to Naohiro Ogawa and Rikiya Matsukura for providing
us with these data) display no di¤erence with life expectancy at birth plus twenty.

9The actual projections minimum of -1.82 in 2040 is a temporary blip. The forecast equals -1.3% in 2035 and -1.26%
in 2060.
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We calibrate x to match the average quarterly growth rate of labor-augmenting productivity cal-

culated consistently with the methods in Hayashi and Prescott (2002) for the period 1990-2011, equal

to 0.14% (0.56% annualized).10 We adopt the same labor share � (equal to 0.623) and depreciation

rate � (equal to 0.025, or 10% in annualized terms) used to construct the capital stock.

We set � equal to 12 to generate a 9% steady state markup, in line with the estimates for Japan

in Høj et al. (2007). The price adjustment cost parameter �P is chosen so that the linearized Phillips

curve has the same slope of a model with staggered price setting (Calvo, 1983) with four quarters

average frequency of price changes, in line with the evidence for Japan in Higo and Saita (2007). The

elasticity of intertemporal substitution � equals 0.5 (Hall, 2009).

In the baseline exercise, we �x the �scal variables (in percent of GDP) at their average value

between 1990 and 2011 to highlight the key mechanism related to demographics. Government con-

sumption as a fraction of GDP equals 17%. Government debt substantially di¤ers whether we consider

the gross or net series. In principle, the net series would be more appropriate. However, we worry

that some assets on the government balance sheet may be overvalued, possibly because of book-value

accounting. Hence, we take the simple average of the series of gross and net government debt as a

fraction of GDP from the IMF World Economic Outlook database, which yields a value for debt as a

fraction of annualized GDP equal to 100%.

Conditional on the other parameters, we pick the individual discount factor � to match an an-

nualized 4.6% real interest rate in the initial steady state, consistent with the data for Japan in

1990.11

Given our calibration, the model almost exactly matches the initial steady state consumption and

investment ratios to GDP (53.2% and 29.8%, respectively) with their empirical averages over the

period 1980-1990 (54.8% and 29.8%, respectively). The di¤erences re�ect the fact that government

spending over GDP averaged 14% between 1980 and 1990 (while we calibrate this variable to the

post-1990 mean of 17%) and the absence of trade with the rest of the world.12

Section 3 relaxes the assumption of constant productivity growth and �scal variables and studies

their importance relative to demographic forces in accounting for the decline in the real rate and,

more generally, the macroeconomic adjustments during Japan�s lost decade.

3.2 The E¤ects of the Demographic Transition on the Real Interest Rate

The equilibrium under strict in�ation targeting isolates the e¤ects of the demographic transition on

macroeconomic variables, hence constituting a useful benchmark without potential distortions induced

by monetary policy on allocations and relative prices. The main consequence of the demographic

transition associated with the increase in life expectancy is a progressive decrease of the real interest

rate, by about two percentage points between 1990 and 2011. Figure 3) shows that the model captures

10Thanks to Nao Sudo for providing us with the data to compute the productivity series.
11This measure of real interest rate is ex-post and equals the lending rate (from the IMF International Financial

Statistics database) minus the realized in�ation rate of the GDP de�ator (from the World Bank World Development
Indicators).

12We abstract from open economy considerations throughout the analysis. While outside forces may have played
some role, we follow the existing literature in focusing on domestic factors as potential explanations for the Japanese
experience.
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Figure 3: The continuous blue line is the annualized real interest rate in the model
under strict in�ation targeting. Each red dot corresponds to the annual ex-post
realization of the real interest rate in the data (lending rate minus the in�ation rate
of the GDP de�ator).

remarkably well the downward trend in the real interest rate observed in the data over the sample

period.

The longer life expectancy induces households to increase their asset holdings. Both workers

and retirees correctly anticipate a longer retirement period. Absent other forms of compensation,

households need to self-�nance their consumption over an extended life time horizon. The higher

demand for assets decreases the equilibrium real interest rate.

This e¤ect manifests through a reduction in the marginal propensities to consume of both retirees

and workers. An increase in the probability of surviving directly reduces the marginal propensity to

consume of retirees. Furthermore, if � < 1 (as in our calibration), the downward adjustment of the

real interest rate reinforces the direct impact of the increase in life expectancy. Di¤erentiating the

marginal propensity to consume of retirees with respect to the probability of surviving at steady state

highlights these two e¤ects

@�r

@

= ���R��1

264 1|{z}
direct e¤ect

+ (� � 1)"R;
| {z }
general equilibrium e¤ect

375 < 0; (41)

where "R;
 � (@R=R)=(@
=
) < 0 is the elasticity of the real interest rate to the probability of

surviving. Using the implicit function theorem, we can show that the steady state e¤ect of an increase
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in life expectancy on the marginal propensity to consume of workers is also negative

@�w

@

= �

��(
R)��1
�
(� � 1)"R;
 �

�

�!



�
"�r;


�


h
1 + ��(
R)��1

�

�!



�
1
�w

i < 0;

where "�r;
 � (@�r=�r)=(@
=
) < 0 because of (41) above.
In addition to the e¤ects of longer life expectancy, the decrease in the growth rate of the labor

force acts as a negative shock to the growth rate of productivity by diminishing the e¢ ciency use of

capital. This e¤ect reduces the expected return on capital, thus reinforcing the downward pressure on

the real interest rate because of no arbitrage. At the same time, however, the incentives to invest also

decrease because assets are relatively less attractive. On balance, the saving-for-retirement motive

prevails for workers, whose consumption declines driven by the decrease in the marginal propensity

to consume. Conversely, the decreased attractiveness of investment dominates for retirees, whose

consumption increases. The net aggregate e¤ect is a reallocation of resources from consumption to

investment. Interestingly, the changes in these variables as percentage of GDP over the simulation

horizon are quite small, about 1.5 percentage points relative to the initial steady state.13

Contrary to the results in the model, investment and the saving rate decreased after 1990, suggest-

ing that other forces may have played a more signi�cant role than the demographic transition in the

macroeconomic adjustment. In particular, Chen et al. (2006) show that the decline in TFP growth�

which we keep constant in this section� can account for the decline in the Japanese saving rate,

especially since 1990. In section 3, we show that the introduction time-varying productivity growth

and �scal variables better aligns our model with the data while con�rming� in fact, reinforcing� the

result for the real interest rate.

3.3 Interest Rate Policy and Persistent De�ation

Under strict in�ation targeting, the nominal interest rate equals the real interest rate in every period.

By replicating the �exible-price equilibrium, this policy internalizes the e¤ects of the demographic

transition on interest rates. The resulting equilibrium represents the non-stationary version of the

result in the canonical New Keynesian model under optimal policy, according to which the nominal

interest rate should exactly track the e¢ cient real interest rate in each period (Clarida et al., 1999;

Woodford, 2003).

In this section, we show that the failure to internalize the downward pressures of the demographic

transition on the real interest rate may explain the persistent de�ation experienced by Japan since

1990. For this purpose, we assume that the central bank follows a simpli�ed version of the interest

rate feedback rule originally proposed by Taylor (1993)

Rt
R
= �

'�
t ; (42)

13As the number of workers decreases and retirees live longer, the dependency ratio  t (the number of retirees relative
to the number of workers) increases. Consequently, the distribution of wealth shifts in favor of retirees. This change is
large: The fraction of assets held by retirees doubles, increasing from 15 to 30% over the simulation horizon.
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Figure 4: Top panel: Nominal (continuous blue line) and real (dashed red line)
interest rate under Taylor rule. Bottom panel: Real interest rate under in�ation
targeting (continuous blue line) and Taylor rule (dashed red).

where '� > 1. In particular, we assume that '� = 2. Because the response of the nominal interest

rate to in�ation is symmetric and '� is fairly high relative to the standard value used in the literature

(1.5), our explanation of the Japanese experience does not rely on a potentially weak or asymmetric

response of the central bank to de�ationary pressures (Bernanke and Gertler, 1999).

The top panel of �gure 4 compares nominal (continuous blue line) and real (dashed red line)

interest rates under the Taylor rule (42). As mentioned, under in�ation targeting, the nominal interest

rate exactly tracks the real interest rate because in�ation is equal to zero in every period. Conversely,

rule (42) does not respond to movements in the real interest rate associated with the demographic

transition. Holding in�ation constant, the Taylor rule would tend to set the nominal interest rate

systematically too high in an environment of declining real rates. The failure to internalize the

consequences of the demographic transition on the real interest rate in the monetary policy process

creates a perverse general equilibrium e¤ect. The systematic overshooting of the nominal interest rate

for given in�ation rate depresses demand, hence generating de�ation. The Taylor rule endogenously

responds to the de�ationary pressures forcing a lower nominal interest rate in equilibrium than in

case of in�ation targeting.

Interestingly, the bottom panel of Figure 4 shows that the resulting real interest rate is almost

identical in the two cases. Therefore, the model continues to capture well the downward trend in real

interest rates observed in the data also when the central bank follows the Taylor rule. However, under

the interest rate rule regime, the composition of the real interest rate is di¤erent than in the case

of in�ation targeting. The Taylor rule achieves approximatively the same real rate with a decisively
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Figure 5: The continuous blue line is the annualized in�ation rate in the model
under the Taylor rule. Each red dot corresponds to the annual CPI in�ation rate in
the data minus the implicit in�ation target, assumed to be 1.5%.

lower nominal rate and de�ation, as opposed to zero in�ation and a nominal interest rate that exactly

tracks the real interest rate. Figure 5 shows that the magnitude of de�ation obtained in the model

is remarkably comparable to the deviations of CPI in�ation from an implicit in�ation target of 1.5%

(Leigh, 2009) in the data.

The macroeconomics adjustment under the Taylor rule is very similar to the baseline case described

in the previous section. Quantitatively, the di¤erences are minimal. Again, section 3 provides a richer

assessment of the macroeconomic outlook for Japan post-1990 in which productivity growth and �scal

variables also play a role. Before moving to that analysis, the next section presents evidence on one

key implication of the model, that is the forecastability of real interest rate and in�ation.

4 Two Testable Implications of Our Model

Although subject to revisions, demographic trends are typically slow moving and projections are

usually available over long horizons. Our model suggests that declining real interest rates are the

consequence of the demographic transition, independently of the monetary policy rule. Therefore, a

key implication of our story is that countries that faced di¤erent demographic transitions should have

experienced di¤erent paths for real interest rates. One di¢ culty in taking this implication at face

value and confronting it with the data is that while our model focuses on a closed economy, if global

capital markets are fully integrated, real interest rates will be equalized across countries (Ferrero

2010). Nevertheless, one can conjecture that with some impediment to frictionless capital �ows,
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di¤erent demographic transitions should still manifest themselves in di¤erent real rate trajectories.

We thus look at whether this implication holds for a panel of developed countries. To that end we

simulate a di¤erent demographic transition for each country, and compare the model�s implication for

the path of its real interest rate to the country�s actual experience.

A second implication of our explanation of Japan�s persistent de�ation is that, because de�ation is

driven by demographics trends and because uncertainty around the latter is relatively small, de�ation

would have been forecastable if agents had anticipated that the central bank would not take into

account the implications of the demographic transition for equilibrium real interest rates.14 We

provide two types of evidence in support of this hypothesis, the �rst based on survey evidence and

the second relying on a simple statistical model for forecasting in�ation using nominal bond yields.

4.1 Demographic Transitions and Real Interest Rates in the Cross-section

[To be completed]

4.2 Forecastability of De�ation

4.2.1 Survey Evidence

We �rst look at the Consensus Forecasts survey data from Consensus Economics. Figure 4.2.1 shows

actual and one-year-ahead mean CPI in�ation forecasts from the survey. It is clear that professionals

were able to forecast relatively high-frequency in�ation developments fairly well, including periods of

de�ation. However, when we look at a 10-year forecasting horizon (Figure 4.2.1), the mean survey

forecast overpredicted 10 year average in�ation by as much as 1.5 percentage points. Figure 4.2.1

also reveals that nominal yields on Japanese government bonds (JGBs) seem to have moved down

faster, and by more than long-run in�ation forecasts, in the period before sustained de�ation began in

Japan. This is true of di¤erent bond maturities (Figure 4.2.1), and might indicate that �xed-income

markets may have been pricing in the prospect of de�ation at an early stage.

4.2.2 Forecasting Model15

To investigate the possibility that bond markets might have conveyed information about the upcoming

de�ation in Japan, we resort to a simple empirical model to forecast in�ation based on nominal bond

yields. The model is deliberately simple, as we want to check is forecasting de�ation in Japan could

have been as �easy�as our model implies.

We use the nominal yield curve to perform a simple in�ation-forecasting exercise. Using monthly

data from January 1990 through December 1993,16 we estimate a simple OLS regression of 12-month

realized core CPI in�ation on the one-year BBA Yen Libor rate observed in the beginning of each

14Conversely, had agents believed that the central bank would internalize the e¤ects of the demographic transition
on the real interest rate, they would not have been able to forecast de�ation. This would be consistent with the result
in Erceg et al. (2002), that de�ation was not forecastable.

15This subsection is based on Carvalho and Copic (2010).
16We stop the estimation sample in December 1993 in order to be able to start the out-of-sample forecasting exercise

in January 1995 �prior to when in�ation �rst fell below zero in Japan in the 1990s.
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Figure 6: Annual realized in�ation and one-year-ahead in�ation expectations.
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one year. The outbreak of the Asian financial crisis in 1997 added further pressure to Japan’s already weak economy, 
ultimately contributing to a sustained period of deflation beginning in 1998. Similar to Japan, U.S. core rates of CPI 
inflation have also trended lower since the 2008-09 financial crisis, and are currently hovering just below 1 percent on a 
year-on-year basis.  
 

 
 
Bond markets may prove better at anticipating deflation than surveys 
The Japanese experience of sharp disinflation in the first half of the 1990s, followed by a prolonged period of deflation, 
spurs a series of questions that might be informative for policymakers facing below-desired levels of inflation. When, 
relative to changes in inflation data, did deflation expectations take hold? Did market indicators in Japan signal the 
oncoming deflationary environment?  If so, how deep and persistent did the market anticipate deflation would be? 
 
It should be noted at the start that historical inflation expectation data for Japan is extremely limited, with most series 
beginning only in 2004. However, a look at the available survey data on long-run inflation expectations suggests that 
forecasters were slow to recognize the strength of the disinflationary and later deflationary dynamics taking place in 
Japan. Moreover, they seem to have systematically over-predicted long-run (10-yr ahead) inflation by an average of as 
much as 1.5 percentage points. In contrast, nominal yields on Japanese government bonds (JGBs) seem to have moved 
down faster, and by more than long-run inflation forecasts, in the period before sustained deflation began in Japan. 
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Figure 7: 10-year realized in�ation, 10-year-ahead in�ation expectations, and 10-
year nominal bond yields.
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A more detailed look at the behavior of the nominal yield curve in Japan in the 1990s reveals that, at first, yields at the 
short-end of the curve fell faster than 10-year government bond yields. As a result, both the 2-5 and 5-10-year yield 
spreads increased significantly. This process lasted until 1995, when 12-month core inflation turned negative for the first 
time after the collapse of real estate and equity markets. After 1995, yields on 10-year JGBs fell significantly faster than 
shorter-dated maturities, leading to a substantial flattening of the yield curve. This process culminated in September 1998, 
with both the 5- and 10-year yields below 0.8 percent, and the 5- to 10-year yield spread at only 17 basis points. 
Interestingly, this happened only two months after year-over-year core inflation turned negative again, after having 
revisited positive territory in the aftermath of the 1997 consumption tax increase. This evidence based on developments in 
the nominal yield curve in Japan during the 1990s could suggest that bond markets may have anticipated the possibility of 
a prolonged period of low inflation better than survey-based inflation forecasts. While undertaking a comprehensive 
analysis of this conjecture is beyond the scope of this article, below we provide suggestive evidence that this was indeed 
the case. 
 

 
 
We use the nominal yield curve to perform a simple inflation-forecasting exercise. Using monthly data from January 1990 
through December 1993,1 we estimate a simple linear regression of 12-month realized core CPI inflation on the one-year 
nominal rate observed in the beginning of each 12-month period.2 We then use the estimated coefficients to calculate what 
the model would have predicted for 12-month ahead core inflation in the period January 1995 through August 2010, given 
the observed one-year rates.3 We do an analogous exercise to forecast 5-year ahead core CPI inflation, based on a 
regression using 10-year JGB yields, estimated over the period January 1990 through December 1992.4  
 
The results suggest that fixed-income markets may have been pricing in the prospect of deflation as early as 1995. Indeed, 
a forecast of 12-month core CPI based on the regression using 1-year Libor would have pointed to deflation during almost 
the whole forecasting period – starting as early as July 1995. Likewise, a longer-term (5-year) forecast of inflation, based 
on the regression using the 10-year yield, would have predicted essentially zero inflation throughout the whole forecasting 
period. This exercise suggests that in trying to draw analogies between the ongoing economic environment in the U.S. and 
the Japanese experience it might be worthwhile to pay considerable attention to signs emanating from the bond market. As 
of the end of August, a similar exercise for the U.S. produces a forecast for core CPI inflation in the next 12 months of 

                                                      
1 We stop the estimation sample in December 1993 in order to be able to start the out-of-sample forecasting exercise in January 1995 – prior to when 
inflation first fell below zero in Japan in the 1990s. 
2 We use the 1-year BBA Yen Libor rate as the one year yield. 
3 The simple model we use in this exercise lacks a variable that can proxy for expectations of future real interest rates. As such, it leaves to be desired 
when it comes to interpreting the coefficients of the regression. Nevertheless, the reduced-form model is perfectly legitimate as the basis of a 
forecasting exercise. 
4 We stop the estimation sample in December 1992 in order to be able to start the out-of-sample forecasting exercise in January 1998 – prior to when 
sustained deflation began in Japan. 
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Figure 8: Time-series of 2-, 5-, and 10-year nominal bond yields.

12-month period:

�t;t+12 = �+ �it + "t;

where �t;t+12 is core CPI in�ation realized in the twelve months after month t, and it is the one-year

BBA Yen Libor at t. We then use the estimated coe¢ cients (�̂; �̂) to calculate what the model would

have predicted for 12-month ahead core in�ation in the period after January 1995 through August

2010, given the observed one-year rates.17 We do an analogous exercise to forecast 5-year ahead core

CPI in�ation, based on a regression using 10-year JGB yields, estimated over the period January 1990

through December 1992.18

Results are presented in Figure 4.2.2 for the 1-year model, and in Figure 4.2.2 for the 5-year model.

They suggest that �xed-income markets may have been pricing in the prospect of de�ation as early

as 1995. Indeed, a forecast of 12-month core CPI based on the regression using 1-year Libor would

have pointed to de�ation during almost the whole forecasting period �starting as early as July 1995.

Likewise, a longer-term (5-year) forecast of in�ation, based on the regression using the 10-year yield,

would have predicted essentially zero in�ation throughout the whole forecasting period.

[To be added: other forecasting horizons, in-sample �t etc]

17The simple model we use in this exercise lacks a variable that can proxy for expectations of future real interest
rates. As such, it leaves to be desired when it comes to interpreting the coe¢ cients of the regression. Nevertheless, this
simple reduced-form model is perfectly legitimate as the basis of a forecasting exercise.

18 In that case we stop the estimation sample in December 1992 in order to be able to start the out-of-sample
forecasting exercise in January 1998 �prior to when sustained de�ation began in Japan.
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roughly 1 percent. For the 5-year horizon, the estimated model for the U.S. currently predicts average core CPI inflation to 
fall slightly below 1.5 percent.5   
 

  
 
Analysts note important differences, but “stagdeflation” remains a possibility 
Apart from the useful information regarding inflationary expectations derived from a more thorough analysis of the bond 
market, a closer look at monetary policy decisions and additional economic data also provides an important perspective on 
the current situation in the U.S. compared to that experienced by Japan. While market participants continue to debate 
whether the U.S. will suffer a similar fate to that of Japan, many analysts have cited responses in monetary policy and 
labor markets as key differences between the U.S. and Japan. Specifically, analysts noted that the Federal Reserve was far 
more responsive to the deteriorating economic outlook, sharply reducing interest rates by more than five percentage points 
within 18 months. Conversely, the Bank of Japan (BOJ) continued to raise interest rates after both the equity market and 
housing sector collapsed – and then after two years proceeded to reduce rates at a more gradual pace than that employed 
by the Federal Reserve.  
 

                                                      
5 The 12-month model regresses realized 12-month core CPI inflation on the 1-year Treasury yield in the beginning of each 12-month period. The 
estimation sample is January 1995/December 1999, and the forecast period is January 2001/August 2010. The 5-year model regresses realized 5-year 
core CPI inflation of the 10-year Treasury yield in the beginning of each 5-year period. The estimation sample is January 1990/December 1995, and 
the forecast period is January 2001/August 2010. Because the estimated constant is positive in both models, they would fail to predict deflation in the 
U.S., even if faced with very low nominal bond yields. This fact illustrates the limitations of the simple model we use in our forecasting exercise, and 
points to the need to extend it to include variables that may proxy for expectations of real interest rates and/or to take into account the non-linearities 
that are likely to arise in an environment with low nominal bond yields and low inflation. 
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roughly 1 percent. For the 5-year horizon, the estimated model for the U.S. currently predicts average core CPI inflation to 
fall slightly below 1.5 percent.5   
 

  
 
Analysts note important differences, but “stagdeflation” remains a possibility 
Apart from the useful information regarding inflationary expectations derived from a more thorough analysis of the bond 
market, a closer look at monetary policy decisions and additional economic data also provides an important perspective on 
the current situation in the U.S. compared to that experienced by Japan. While market participants continue to debate 
whether the U.S. will suffer a similar fate to that of Japan, many analysts have cited responses in monetary policy and 
labor markets as key differences between the U.S. and Japan. Specifically, analysts noted that the Federal Reserve was far 
more responsive to the deteriorating economic outlook, sharply reducing interest rates by more than five percentage points 
within 18 months. Conversely, the Bank of Japan (BOJ) continued to raise interest rates after both the equity market and 
housing sector collapsed – and then after two years proceeded to reduce rates at a more gradual pace than that employed 
by the Federal Reserve.  
 

                                                      
5 The 12-month model regresses realized 12-month core CPI inflation on the 1-year Treasury yield in the beginning of each 12-month period. The 
estimation sample is January 1995/December 1999, and the forecast period is January 2001/August 2010. The 5-year model regresses realized 5-year 
core CPI inflation of the 10-year Treasury yield in the beginning of each 5-year period. The estimation sample is January 1990/December 1995, and 
the forecast period is January 2001/August 2010. Because the estimated constant is positive in both models, they would fail to predict deflation in the 
U.S., even if faced with very low nominal bond yields. This fact illustrates the limitations of the simple model we use in our forecasting exercise, and 
points to the need to extend it to include variables that may proxy for expectations of real interest rates and/or to take into account the non-linearities 
that are likely to arise in an environment with low nominal bond yields and low inflation. 
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and pensions (bottom) to GDP in Japan. Source: DLX/Haver and IMF World
Economic Outlook Database April 2012.

5 Do Productivity Growth and Fiscal Policy Change the Picture?

So far, we have �xed productivity growth and �scal policy variables in percent of GDP at their post-

1990 averages. While this approach has been useful to highlight the main mechanism we want to

emphasize in this paper, these variables have changed substantially over the last three decades.

On the productivity front, Hayashi and Prescott (2002) argue that the slowdown in TFP growth

was the main cause of Japan�s lost decade. Indeed, productivity growth averaged 4.01% annualized

between 1980 and 1990 before slowing down to an average rate of 0.56% (the value that we have used

in our baseline calibration) between 1990 and 2011.

Figure 11 shows the evolution of government spending, debt, social security bene�ts and pensions,

as a fraction of GDP. Even before the recent recession, government spending increased from about

14% to 18% of GDP. Perhaps most notably, over the same period government debt ballooned from

relatively moderate values to the highest level among industrialized economies.19 Conversely, social

security and pensions have remained fairly stable, around 3.8% and 0.27%, respectively, with the

exception of the increase in bene�ts during the last recession.

In this section, we ask if the developments in productivity growth and �scal policy can substan-

tially alter our main results about the real interest rate and de�ation. For this purpose, on top of

the demographic variables, we also feed the model with exogenous processes for labor-augmenting

19As �gure 11 shows, the increase varies from a factor of 10 for net debt (from 13% in 1990 to 127% in 2011) to a
factor of 3.5 for gross debt (from 67% in 1990 to 229% in 2011). The IMF projections display no sign of consolidation
for the �ve years ahead.

23



productivity growth xt as well as government spending and debt in percent of GDP (gt and bt) that

match the paths observed in the data. Furthermore, the next section extends the model to include

social security bene�ts for retirees, which we calibrate to post-1990 sample average.

5.1 Introducing Social Security Bene�ts

We capture social security bene�ts as simple lump-sum transfers to individuals who leave the labor

force. As a consequence, the only modi�cation in the household problem is that the budget constraint

for a retiree becomes

Crt (j; �) +A
r
t (j; �) =

Rt�1Art�1(j; �)


t�t
+ Ert ; (43)

where Ert denotes social security bene�ts and is not indexed by either j or � because of the lump-sum

nature of the transfer. Appendix B.1 shows that the consumption function that solves a generic

retiree�s optimization problem is

Crt (j; �) = �rt

�
Rt�1Art�1(j; �)


t�t
+ Srt

�
; (44)

where Srt represents the present discounted value of social security bene�ts for a retiree

Srt = Ert +
Srt+1

Rt=(
t+1�t+1)
: (45)

While the budget constraint for a worker does not change, the presence of social security transfers al-

ters her consumption function (see again Appendix B.1 for the derivations) because workers anticipate

the extension of bene�ts after retirement

Cwt (j) = �wt

�
Rt�1Awt�1 (j)

�t
+Hw

t + S
w
t

�
; (46)

where Swt is the present discounted value of social security bene�ts for a worker after retirement

Swt =
(
t+1 � !t+1)Srt+1

t+1Rt=�t+1

+
!t+1S

w
t+1


t+1Rt=�t+1
(47)

Importantly, the presence of social security bene�ts leaves unchanged the expressions for the

marginal propensities to consume of both retirees and workers. Thus, aggregation remains feasible

and follows the same steps as as in the baseline model (see Appendix B.3 for the details). The only

other relevant change in the model is that the government budget constraint now also accounts for

social security as an additional expenditure item

Bt
Pt
=
Rt�1
�t

Bt�1
Pt�1

+Gt + Et � Tt: (48)

We keep the same calibration as in the baseline experiment, except for productivity growth and

�scal variables. The production function (29) implies a series for the level of labor-augmenting pro-
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ductivity according to

Xt =

"
Yt

(Nw
t )

�K1��
t�1

# 1
�

: (49)

We use data on GDP and labor force times hours worked as our measures of output (Yt) and labor

input (Nw
t ), respectively. We construct the capital input (Kt) with the perpetual inventory method,

using the capital stock in 1981 as initial value. Productivity growth averages 4.01% before 1990 and

0.56% thereafter. We feed the model with the realized values of productivity growth between 1990

and 2011. After 2011, productivity growth converges to its post-1990 average over three years.

We calibrate the exogenous processes for government spending and debt as a fraction of GDP

based on �gure 11. In the initial steady state, government spending accounts for 14% of GDP while

debt amounts to 43% of annualized GDP. We feed the model with exogenous processes for these two

variables such that their dynamics match the evolution in the data over the period 1990-2011 and

1990-2017, respectively. We calibrate the ratio of social security bene�ts and pensions to a constant

fraction of GDP, equal to 4%. As mentioned, the rationale for this assumption is that the sum of social

security bene�ts and pensions has remained roughly stable until the recent recession. As �gure 11

shows, social security bene�ts, not pensions, drive the recent increase which is likely to be temporary

and of countercyclical nature.

We adjust the individual discount factor so that the real interest rate in the initial steady state

corresponds to the baseline experiment (i.e. 4.6%).20

We summarize the macroeconomic adjustment in response to demographic forces, variations of

productivity growth, and changes in �scal variables, by comparing the saving rate in the model with

the data (�gure 12). Following Chen et al. (2006), we de�ne the saving rate as

srt �
yt � ct � gt � �kt�1

y � �kt�1
=
kt � kt�1
y � �kt�1

: (50)

Using the neoclassical growth model, these authors show that productivity growth explains the decline

in the Japanese saving rate between 1955 and 2000. Other factors, such as time-varying depreciation

rates, capital income taxes and government spending, play a less important role. The introduction of

time-varying productivity growth and �scal variables in our model leads to a similar conclusion. The

simulation captures fairly well the downward trend in the saving rate observed in the data.21

In our model, on average, workers continue to save (as in the baseline case) due to the prospects of a

longer retirement period. However, in periods of particularly low productivity growth, households tend

to increase their consumption temporarily. This e¤ect is particularly strong for retirees, whose lifetime

horizon is comparatively shorter than for workers. Contrary to the baseline model, consumption for

retirees (as a percentage of GDP) now increases throughout the simulation horizon. In addition, the

trend increase in government spending constitutes an additional force that depresses the aggregate

20We retain the assumption of perfect foresight also throughout this part of the analysis. While this approach may
be less than desirable for �scal policy and especially for productivity growth, we compare our results to contributions
in the literature (e.g. Chen et al., 2006) that have employed the same methodology.

21Our results are not directly comparable to Chen et al. (2006), as we use the most recent vintage of data (93SNA),
available from 1980. Yet, the broad message is the same.
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Figure 12: The Japanese saving rate in the model (continuous blue line) and in the
data (dashed red line) between 1990 and 2011.

saving rate.

Figure 13 shows that, in spite of the declining saving rate, the real interest rate continues to

decrease over the simulation horizon when not only demographic forces but also productivity growth

and �scal variables are time-varying (marked blue line), as in the baseline experiment. Perhaps not

surprisingly then, under a Taylor rule, in�ation also declines. For both variables, the magnitudes are

very much comparable to the case in which productivity and �scal variables are constant at their

1990-2011 average.

The demographic transition continues to be key to obtain a declining pro�le of real interest rates

and in�ation as in the data. Figure 13 shows that productivity growth and �scal variables alone would

imply a slightly increasing path for both variables. As mentioned, the intuition is that on average

workers� who are the marginal savers� continue to be willing to save given the longer expected lifetime

horizon. The presence of time-varying productivity growth introduces some short run �uctuations on

this trend, while the increase in government spending only partially crowds out private consumption,

as Ricardian equivalence fails due to the life-cycle structure of the model In particular, retirees are not

very sensitive to the increase in government consumption and treat government bonds partly as net

wealth. Conversely, the increase in public expenditure a¤ects workers more directly, thus reinforcing

the e¤ect on the real interest rate.

In sum, the explicit consideration of the dynamics of productivity growth and �scal variables

con�rms the main �ndings of the baseline simulations. The demographic transition exerts downward

pressure on the real interest rate. If the monetary authority does not internalize this e¤ect, de�ation

emerges in equilibrium.
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Figure 13: Top panel: Real interest rate. Bottom panel: In�ation rate under
Taylor rule. The marked blue line is the simulation with time-varying demographic,
productivity and �scal variables. The continuous red line is the simulation with time-
varying productivity only. The dashed green line is the simulation with time-varying
�scal variables only.

6 Conclusion

[To be completed].
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A Model Solution

A.1 Retirees

The �rst-order conditions with respect to capital, government bonds and shares are, respectively,

(Crt (j; �))
��1 = �
t+1

�
V rt+1 (j; �)

���1 @V rt+1 (j; �)
@Kr

t (j; �)

(Crt (j; �))
��1 = �
t+1

�
V rt+1 (j; �)

���1 @V rt+1 (j; �)

@(Brt (j; �) =Pt)

PFt (C
r
t (j; �))

��1 = �
t+1
�
V rt+1 (j; �)

���1 @V rt+1 (j; �)
@xrF t (j; �)

:

The envelope conditions, used to obtain the Euler equations for the retiree�s problem, are

@V rt (j; �)

@Kr
t�1 (j; �)

= (V rt (j; �))
1�� (Crt (j; �))

��1 R
K
t + (1� �)


t
@V rt (j; �)

@(Brt�1 (j; �) =Pt�1)
= (V rt (j; �))

1�� (Crt (j; �))
��1 Rt�1


t�t

@V rt (j; �)

@xrF t�1 (j; �)
= (V rt (j; �))

1�� (Crt (j; �))
��1 PFt +DFt


t
:

Combining the two sets of optimality conditions yields the standard Euler equations for bonds,

capital and equity

1 = �
Rt
�t+1

�
Crt+1(j; �)

Crt (j; �)

�� 1
�

= �
�
RKt+1 + (1� �)

� �Crt+1(j; �)
Crt (j; �)

�� 1
�

= �
PFt+1 +DFt+1

PFt

�
Crt+1(j; �)

Crt (j; �)

�� 1
�

;

(51)

To solve the problem of retirees, guess that consumption is a fraction of total wealth

Crt (j; �) = �rt

�
Rt�1Art�1(j; �)


t�t

�
: (52)

Substitution into the Euler equation (51) yields a law of motion for the marginal propensity to consume

of a retiree �rt

�rt+1

�
RtA

r
t (j; �)


t+1�t+1

�
=

�
�Rt
�t+1

��
�rt

�
Rt�1Art�1(j; �)


t�t

�
: (53)

Substitution of the guess (52) into the budget constraint of a retiree (10) leads to the expression below

for the dynamics of asset holdings

Art (j; �) = (1� �rt )
Rt�1Art�1(j; �)


t�t
:

Combining the last expression with the law of motion for the marginal propensity to consume of a

retiree (53) yields the �rst-order non-linear di¤erence equation for �rt (12) in the text.
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Moreover, conjecture that the value function is linear in consumption

V rt (j; �) = �
r
tC

r
t (j; �) : (54)

Then, from (5), it must be the case that

(�rtC
r
t (j; �))

� = (Crt (j; �))
� + �
t+1

�
�rt+1C

r
t+1 (j; �)

��
:

Substituting for consumption at t+ 1 from (51) and simplifying yields

(�rt )
� = 1 + 
t+1�

�

�
Rt
�t+1

���1 �
�rt+1

��
:

From (12), it then follows that the proportionality term in (54) is

�rt = (�
r
t )

�
1�� :

A.2 Workers

The �rst-order condition for workers�asset holdings is

(Cwt (j))
��1 = �

�
!t+1V

w
t+1 (j) + (1� !t+1)V rt+1 (j; t+ 1)

���1�
!t+1

@V wt+1 (j)

@Awt (j)
+ (1� !t+1)

@V rt+1 (j; t+ 1)

@Awt (j)

�
:

The envelope conditions are for the worker�s problem are

@V wt (j)

@Awt�1 (j)
= (V wt (j))

1�� (Cwt (j))
��1 Rt�1

�t

and
@V rt (j; t)

@Awt�1 (j)
=

@V rt (j; t)

@Art�1 (j; t)

@Art�1 (j; t)

@Awt�1 (j)
=

@V rt (j; t)

@Art�1 (j; t)
;

where the last equality follows from (7) �i.e., from the initial conditions of the retirees�optimization

problem.

Combining the �rst order condition with the envelope conditions yields an Euler equation for

workers of cohort j

(Cwt (j))
��1 =

�Rt
�t+1

�
!t+1V

w
t+1 (j) + (1� !t+1)V rt+1 (j; t+ 1)

���1
h
!t+1

�
V wt+1 (j)

�1�� �
Cwt+1 (j)

���1
+ (1� !t+1)

�
V rt+1 (j; t+ 1)

�1�� �
Crt+1 (j; t+ 1)

���1i
: (55)

To solve the problem of workers, conjecture that their value function has the same form as (13)

V wt (j) = �
w
t C

w
t (j) : (56)
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Substituting this guess back into the Euler equation (55) together with (13) leads to

(Cwt (j))
��1 =

�Rt
�t+1

�
!t+1�

w
t+1C

w
t+1 (j) + (1� !t+1)�rt+1Crt+1 (j; t+ 1)

���1
h
!t+1

�
�wt+1

�1��
+ (1� !t+1)

�
�rt+1

�1��i
: (57)

De�ning the adjustment term 
t � !t + (1� !t)
�
�rt
�wt

�1��
, the Euler equation becomes

!t+1C
w
t+1 (j) + (1� !t+1)

�
�rt+1
�wt+1

�
Crt+1 (j; t+ 1) =

�
�
t+1Rt
�t+1

��
Cwt (j) : (58)

The guess for the decision rule of a worker is

Cwt (j) = �wt

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
; (59)

where human wealth Hw
t is de�ned in (22).

From (11), the decision rule for a retiree born in period j who just left the labor force is

Crt (j) = �rt
Rt�1Awt�1 (j)

�t
:

Substituting the last expression into the Euler equation yields

!t+1

�
Awt (j) +

Hw
t+1

Rt=�t+1

�
+ (1� !t+1)

�
�rt+1
�wt+1

�
�t+1A

w
t (j) =

(�
t+1)
�

�
Rt
�t+1

���1 �wt
�wt+1

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
;

where �t � �rt=�
w
t . Using the de�nition of 
t, the last expression becomes

Awt (j) +
!t+1H

w
t+1


t+1Rt+1=�t+1
= ��

�

t+1Rt
�t+1

���1 �wt
�wt+1

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
: (60)

Moreover, from the budget constraint of a worker and the guess (59), we obtain the law of motion for

worker j�s wealth

Awt (j) +
!t+1H

w
t+1


t+1Rt=�t+1
= (1� �wt )

�
Rt�1Awt�1 (j)

�t
+Hw

t

�
:

Substituting this result back into the Euler equation (60), it follows that the marginal propensity to

consume for a worker evolves according to expression (18) in the text.

Finally, the original guess of the value function (19) is valid if

(�wt C
w
t (j))

� = (Cwt (j))
� + �

�
!t+1�

w
t+1C

w
t+1 (j) + (1� !t+1)�rt+1Crt+1 (j; t+ 1)

��
:
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The last equation, combined with (58), yields

(�wt )
� = 1 + ��

�

t+1Rt
�t+1

���1 �
�wt+1

��
:

Expression (18) then implies that

�wt = (�
w
t )

�
1�� :

Hence, the ratio of the proportionality factors in the value function is �rt+1=�
w
t+1 = �

�(1=�)
t and


t = !t + (1� !t) �
1

1��
t :

A.3 List of Equilibrium Conditions

1. Dependency ratio:

(1 + nt) t = (1� !t) + 
t t�1: (61)

2. Aggregate consumption for retirees:

Crt = �rt

�
Rt�1�t�1At�1

�t

�
: (62)

3. Marginal propensity to consume for retirees:

�rt = 1� 
t+1��
�
Rt
�t+1

���1 �rt
�rt+1

: (63)

4. Retirees�welfare:

V rt = (�
r
t )

�
1��Crt : (64)

5. Aggregate consumption for workers:

Cwt = �wt

�
Rt�1Awt�1

�t
+Ht

�
: (65)

6. Marginal propensity to consume for workers:

�wt = 1� ��
�

t+1Rt
�t+1

���1 �wt
�wt+1

: (66)

7. Workers�welfare:

V wt = (�wt )
�

1��Cwt : (67)

8. Aggregate value of human wealth:

Ht =
WtN

w
t

Pt
� Tt +

!t+1Ht+1
(1 + nt+1) 
t+1Rt=�t+1

: (68)
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9. Adjustment factor:


t = !t + (1� !t) �
1

1��
t : (69)

10. Ratio of marginal propensities to consume:

�t = �rt=�
w
t : (70)

11. Aggregate consumption:

Ct = �wt

�
(1� �t�1)

Rt�1At�1
�t

+Ht + �t�t�1
Rt�1At�1

�t

�
: (71)

12. Distribution of wealth

�tAt = (1� !t+1)At + !t+1 (1� �rt )�t�1
Rt�1At�1

�t
: (72)

13. Retirees assets:
Art
At

= �t: (73)

14. Workers assets:
Awt
At

= 1� �t: (74)

15. No arbitrage:
Rt
�t+1

= RKt+1 + (1� �) =
PFt+1 +DFt+1

PFt
: (75)

16. Aggregate welfare:

Vt =
(�wt )

�
1��

�
Cwt +  t�

�
1��
t Crt

�
1 +  t

: (76)

17. Real wage:
Wt

Pt
= mct

�Yt
Nw
t

: (77)

18. Rental rate:

RKt = mct
(1� �)Yt
Kt�1

: (78)

19. Marginal cost:

mct =

�
Wt=Pt
Xt

��
(RKt )

1��

��(1� �)1�� : (79)

20. Phillips curve:

(�t � 1)�t =
� � 1
�P

�
�

� � 1mct � 1
�
+

1

Rt=�t+1

Yt+1
Yt

(�t+1 � 1)�t+1: (80)
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21. Government budget constraint:

Bt
Pt
=
Rt�1
�t

Bt�1
Pt�1

+Gt � Tt: (81)

22. Fiscal rule:
Bt
Pt
= bYt: (82)

23. Government consumption:

Gt = gYt:

24. Monetary policy rule:

�t

�
Yt=Yt�4

XtNw
t =(Xt�4N

w
t�4)

�'y
= 1: (83)

25. Aggregate assets:

At = Kt +
Bt
Pt
+ PFt: (84)

26. Pro�ts of intermediate goods producers:

DFt =

�
1�mct �

�P
2
(�t � 1)2

�
Yt: (85)

27. Law of motion of capital:

Kt = (1� �)Kt�1 + It: (86)

28. Resource constraint: �
1� �P

2
(�t � 1)2

�
Yt = Ct + It +Gt: (87)

A.3.1 Detrending

Lower case letters denote the stationary counterpart of the relevant variable: st � St=(XtN
w
t ). The

equilibrium in terms of detrended variables is characterized by the following list of equations.

1. Dependency ratio:

(1 + nt) t = (1� !t) + 
t t�1: (88)

2. Aggregate consumption for retirees:

crt = �rt
Rt�1
�t

art�1: (89)

3. Marginal propensity to consume for retirees:

�rt = 1� 
t+1��
�
Rt
�t+1

���1 �rt
�rt+1

: (90)
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4. Retirees�welfare:

vrt = (�
r
t )

�
1�� crt : (91)

5. Aggregate consumption for workers:

cwt = �wt

�
Rt�1
�t

awt�1 + ht

�
: (92)

6. Marginal propensity to consume for workers:

�wt = 1� ��
�

t+1Rt
�t+1

���1 �wt
�wt+1

: (93)

7. Workers�welfare:

vwt = (�
w
t )

�
1�� cwt : (94)

8. Aggregate value of human wealth:

ht = (wt � � t) +
(1 + xt+1)!t+1ht+1

t+1Rt=�t+1

; (95)

where wt �Wt=(XtPt) and � t � Tt=(XtN
w
t ).

9. Adjustment factor:


t = !t + (1� !t) �
1

1��
t : (96)

10. Ratio of marginal propensities to consume:

�t = �rt=�
w
t : (97)

11. Aggregate consumption:

ct = �wt

�
(1� �t�1)

Rt�1
�t

at�1 + ht + �t�t�1
Rt�1
�t

at�1

�
: (98)

12. Distribution of wealth

(1 + xt+1 + nt+1)[�t � (1� !t)]at = !t (1� �rt )�t�1
Rt�1
�t

at�1: (99)

13. Retirees assets:
art
at
= �t: (100)

14. Workers assets:
awt
at
= 1� �t: (101)
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15. No arbitrage:

Rt
�t+1

= RKt+1 + (1� �) = (1 + xt+1 + nt+1)
pFt+1 + dFt+1

pFt
: (102)

16. Aggregate welfare:

vt =
(�wt )

�
1��

�
cwt +  t�

�
1��
t crt

�
1 +  t

: (103)

17. Real wage:

wt = mct�yt: (104)

18. Rental rate:

RKt = mct
(1� �)yt
kt�1

(105)

19. Marginal cost:

mct =
(wt)

� (RKt )
1��

��(1� �)1�� : (106)

20. Phillips curve:

(�t � 1)�t =
� � 1
�P

�
�

� � 1mct � 1
�
+ (1 + xt+1 + nt+1)

1

Rt=�t+1

yt+1
yt

(�t+1 � 1)�t+1: (107)

21. Government budget constraint:

(1 + xt+1 + nt+1)bt =
Rt�1
�t

bt�1 + gt � � t; (108)

where bt � Bt=(Xt+1N
w
t+1Pt).

22. Fiscal rule:

(1 + xt+1 + nt+1)bt = byt: (109)

23. Government consumption

gt = gyt:

24. Monetary policy rule:

�t

�
yt
yt�4

�'y
= 1: (110)

25. Aggregate assets:

at = kt + bt + pF;t; (111)

26. Pro�ts of intermediate goods producers:

dFt =

�
1�mct �

�P
2
(�t � 1)2

�
yt: (112)
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27. Law of motion of capital:

(1 + xt+1 + nt+1)kt = (1� �)kt�1 + it: (113)

28. Resource constraint: �
1� �P

2
(�t � 1)2

�
yt = ct + it + gt: (114)

A.4 Numerical solution

[Add description of shooting algorithm]

B Model Solution with Social Security Bene�ts

B.1 Retirees

The �rst-order conditions with respect to capital, government bonds and shares and the envelope

conditions are unchanged. The guess for consumption of a retirees becomes

Crt (j; �) = �rt

�
Rt�1Art�1(j; �)


t�t
+ Srt

�
; (115)

where Srt is the present discounted value of social security bene�ts for a retiree

Srt �
1X
v=0

Ert+v
vQ
s=1

�
Rt+s�1

t+s�t+s

� = Ert +
Srt+1

Rt=(
t+1�t+1)
: (116)

Substitution into the Euler equation (51) yields a law of motion for the marginal propensity to consume

of a retiree �rt

�rt+1

�
RtA

r
t (j; �)


t+1�t+1
+ Srt+1

�
=

�
�Rt
�t+1

��
�rt

�
Rt�1Art�1(j; �)


t�t
+ Srt

�
: (117)

Substitution of the guess (115) into the modi�ed budget constraint of a retiree leads to the expression

below for the dynamics of asset holdings

Art (j; �) = (1� �rt )
Rt�1Art�1(j; �)


t�t
� �rtSrt + Ert :

Combining the last expression with the law of motion for the marginal propensity to consume of a

retiree (117) yields the same �rst-order non-linear di¤erence equation for �rt (12) as in the case without

social security bene�ts. Similarly, the value function for retirees also takes the same form as in the

case without social security bene�ts.
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In the aggregate, the present discounted value of social security bene�ts for retirees is

St = Et +
 tSt+1

(1 + nt+1) t+1Rt=(
t+1�t+1)
; (118)

where St � N r
t S

r
t and Et � N r

t E
r
t . The detrended version of the last equation is

st = et +
 tst+1

(1 + xt+1) t+1Rt=(
t+1�t+1)
: (119)

B.2 Workers

The �rst-order condition for workers�asset holdings and the envelope conditions are the same as in

the case without social security bene�ts. We also conjecture the same value function. The guess for

the consumption function becomes

Cwt (j) = �wt

�
Rt�1Awt�1 (j)

�t
+Hw

t + S
w
t

�
; (120)

where Swt is de�ned as the present discounted value of social security bene�ts for a worker after

retirement

Swt �
1X
v=0

(
t+v+1�!t+v+1)Srt+v+1

t+v+1Rt+v=�t+v+1
vQ
s=1

�

t+sRt+s�1

�t+s

� =
(
t+1 � !t+1)Srt+1

t+1Rt=�t+1

+
!t+1S

w
t+1


t+1Rt=�t+1
(121)

From (115), the decision rule for a retiree born in period j who just left the labor force is now

Crt (j) = �rt

�
Rt�1Awt�1 (j)

�t
+ Srt

�
:

Substituting the guesses (for the value function and for the decision rule) and the last expression into

the Euler equation yields

!t+1

�
Awt (j) +

Hw
t+1

Rt=�t+1
+

Swt+1
Rt=�t+1

�
+ (1� !t+1)

�
�rt+1
�wt+1

�
�t+1

�
Awt (j) +

Srt+1
Rt=�t+1

�
=

(�
t+1)
�

�
Rt
�t+1

���1 �wt
�wt+1

�
Rt�1Awt�1 (j)

�t
+Hw

t + S
w
t

�
;

where �t � �rt=�
w
t . Using the de�nition of 
t, the last expression becomes

Awt (j) +
!t+1H

w
t+1


t+1Rt+1=�t+1
+

!t+1S
w
t+1


t+1Rt+1=�t+1
+
(
t+1 � !t+1)Srt+1

t+1Rt+1=�t+1

=

��
�

t+1Rt
�t+1

���1 �wt
�wt+1

�
Rt�1Awt�1 (j)

�t
+Hw

t + S
w
t

�
: (122)

Moreover, from the budget constraint of a worker and the guess (120), we obtain the law of motion
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for worker j�s wealth

Awt (j) +
!t+1H

w
t+1


t+1Rt=�t+1
+ Swt = (1� �wt )

�
Rt�1Awt�1 (j)

�t
+Hw

t + S
w
t

�
:

Substituting this result back into the Euler equation (122) yields the same expression for the marginal

propensity to consume for a worker as in the case without social security bene�ts. Furthermore, as

for retirees, the value function also coincides with the baseline case.

In the aggregate, the present discounted value of social security bene�ts for workers is

(1 + nt+1) ~St =
(
t+1 � !t+1)St+1= t+1


t+1Rt=�t+1
+

!t+1 ~St+1

t+1Rt=�t+1

; (123)

where ~St � Nw
t S

w
t . The detrended version of the last equation is

~st =
(
t+1 � !t+1)st+1= t+1


t+1Rt=�t+1
+

!t+1~st+1

t+1Rt=�t+1

; (124)

B.3 Aggregate Consumption, Distribution of Wealth, Government Budget Con-
straint and Resource Constraint

In this section we derive the aggregate and detrended conditions that change in presence of social

security bene�ts.

The steps for aggregation are the same as in the baseline case. Aggregate consumption becomes

Ct = �wt

�
Rt�1
�t

(1� �t�1)At�1 +Ht + ~St

�
+ �rt

�
Rt�1
�t

�t�1At�1 + St

�
(125)

The distribution of wealth evolves according to

[�t � (1� !t+1)]At = !t+1

�
(1� �rt )

Rt�1
�t

�t�1At�1 + Et � �rtSt
�
: (126)

Finally, the government budget constraint becomes

Bt
Pt
=
Rt�1
�t

Bt�1
Pt�1

+Gt + Et � Tt: (127)

The detrended version of the last three equations are

ct = �wt

�
Rt�1
�t

(1� �t�1)at�1 + ht + ~st
�
+ �rt

�
Rt�1
�t

�t�1at�1 + st

�
(128)

(1 + xt+1 + nt+1)[�t � (1� !t+1)]at = !t+1

�
(1� �rt )

Rt�1
�t

�t�1at�1 + et � �rtst
�

(129)

bt =
Rt�1
�t

bt�1 + gt + et � � t (130)
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