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Abstract

A financial stability fund set by a union of sovereign countries (e.g. the
European Stability Mechanism), can improve countries’s ability to borrow
and lend, and to share risks, with respect to debt financing. Efficiency
gains arise from the ability of the fund to offer long-term financial con-
tracts, subject to limited enforcement and moral hazard constraints. In
contrast, debt contracts are subject to untimely roll-over and default risk.
We develop a model of the fund as a long-term partnership - with alter-
native regimes, depending on the constraints it accounts for - and quanti-
tatively compare economies where a country can only use debt contracts
with economies within which it has access to different fund contracts. In
particular, we characterize how (implicit) interest rates and asset holdings
vary across these different regimes. We also study how different regimes
react to crisis, the feasibility and possible gains of entering the fund with
different levels of accumulated debt, and we contrast episodes of partial
default with state-contingent realizations of the long-term fund contract.
Of special interest is the case of multi-sided limited enforcement, since
the resulting constrained-efficient policies take into account the limited
capacity, or political will, of sovereign countries to redistribute funds on a
persistent manner. Our simulations show how, even with multi-sided lim-
ited enforcement, there are efficiency gains in establishing a well-designed
financial stability fund. Hence, our theory provides a basis for its design.
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1 Introduction

There is ample experience on how funds, such as the IMF, can help to resolve
sovereign debt problems. Almost surprisingly, little theoretical research has
been done on how a fund set by a group of countries — such as the European
Stability Mechanism — should be designed and operated. We build on the lit-
erature on sovereign debt in economies with incomplete markets (e.g. Arellano
(2008), Aguiar and Gopinath (2006)) and on the literature on dynamic optimal
contracts with enforcement and moral-hazard constraints (e.g. Marcet and Ma-
rimon (2011), Atkeson (1991)) and the related one on price decentralization of
optimal contracts (e.g. Alvarez and Jermann (2000), Krueger et al. (2008)),
to develop a model of long-term contracts with state contingent debt as a pro-
totype contract for a stability fund. The fund is an alternative to standard
debt-financing, but it can operate in different regimes, depending under which
different enforcement and informational constraints must operate. A central
theme of this paper is to characterize (constrained) efficient contracts for these
different regimes and to show their contrasting empirical implications and, in
particular, to compare them with standard debt financing. Our model adresses
three key aspects of sovereign debt: i) debt contracts, while being optimal in
anonymous relationship are inefficient in the context of long-term relationships
among partner countries; ii) even in the context of a fiscal and monetary union,
limited enforceability is a characteristic of sovereign debt and places limits on
the amount of persistent redistribution that member countries are willing to tol-
erate; iii) moral hazard must also be accounted for in guaranteeing solvency. A
main advantage for countries to participate in the fund is that their — possibly,
non sustainable — short-term and not state-contingent debt is transformed into
a state-contingent long-term debt. In this sense, the fund provides a technology
of maturity transformation.

Nevertheless, even if the basic mechanism of maturity transformation is un-
derstood, one needs to asses how a Financial Stability Fund should, and would,
perform. In particular, since as said, several constraints need to be taken into
account. This is precisely the inquiry and contribution of this paper. We de-
velop two basic model economies, one with incomplete markets, where agents
ability to borrow and lend and insure is severely mitigated by the fact that
the unique financial instrument is one-period debt. The other with a Financial
Stability Fund (FSF) and in this one we consider two basic regimes: in one
there is one-sided limited commitment (i.e. the lender is fully committed) and
in the other both the borrower and the lender may quit the fund at any time.
In particular, the lender may be willing to quit when providing insurance and
lending is perceived as a burden, beyond the quid-pro-quo for which the fund
is created. Yet, in spite of these constraints the two-sided limited commitment
FSF economy dominates the incomplete markets economy.

We model the fund as a long-term contract between the borrower and the
lender and build on the theory or Recursive Contracts to characterize the (con-
strained) optimal contract. Then, in order to properly compare these FSF
economies with the incomplete markets economy we ’decentralize’ the contract



generating the appropriate prices. This gives testable implications to our theory
and helps our diagnosis. For example, while the two-sided limited commitment
outperforms the incomplete markets economy without default, there may be
significant interest rates spreads (with respect to the risk free rate) in this FSF
economy; more precisely, the source of these spreads is not the borrower in
stress, but the lender not willing to contribute to the fund beyond a certain
(redistribution) limit. In other words, our normative exercise also has positive
implications. In particular, debt restructuring episodes can be seen as an ex-
post way of making non-contingent debt contracts more contingent: our theory
and corresponding calibrations can help to understand how successful such in-
terventions are. The Financial Stability Fund developed and analyzed here is
not design as a ’rescue fund’ just to address severe debt crisis, on the contrary it
is an efficient design to avoid these extreme — but recurrent — situations; never-
theless, the inquire that this paper opens can also help the study rescue events,
as the European Stability Fund will have to face from its beginnings.

2 Economies with different borrowing possibili-
ties

We consider a standard infinite-horizon representative agent economy, where
the agent has preferences for current leisure, [ = 1 — n, and consumption, c,
represented by u(c,1 — n) and discounts the future at the rate §. The agent
has access to a decreasing returns labor technology y = 6f(n), where f' > 0,
f"” < 0and 0 is a productivity shock, assumed to be Markovian; 6 € (64, ...,0x),
0; < 0;+1. The economy is a small open economy in a world with no uncertainty
with interest rate r satisfying 1/(1 + r) > 3; an inequality that, in general, we
will assume to be strict. In order to borrow and save, the agent, which we
also identify with the government of the country, may have access to different
financial technologies, which will define different regimes, which we also call
different economies. Since we also consider other shocks, in general we denote
by st is the history of the realizations of shocks up to period ¢t and denote
0; = 0(s?),the Markovian productivity component of s* when needed.

2.1 The short-term debt contract

In the incomplete markets (IM) economy the financial technology is one of one-
period non-contingent debt. We consider three different variants of the IM
economy: 4) when there is no possibility of default, in the sense that there are
borrowing limits that need to be respected; ii) when there is default risk — as
in Arellano (2008),— and 4i) when default risk has a moral hazard component,
since the agent, or sovereign government, can influence productivity shocks. In



general, the agent’s problem has the following recursive form:

V¥ (b,0)

max {u(c) +U(1l—n)+ BZpi(I, OV, 01)}

c,I,n -
=1
s.t.
c+q0, < 0f(n)—1+0b,

where ¢ is consumption, n is labour and ¢(0,b’) is the price of debt and I
is good government policy which makes bad shocks less likely to occur. I is
unobservable and it satisfies:

Op; (1,0

%/m([, 6) is increasing in 4, for all I and 6.

We assume that the country can always default on its debt. In this case,
there is a probability 1 — A that the country stays in autarky and a probability
of A that the country comes back to the market. In this case, we assume that
it returns with no debt. We will assume that A is low enough as to not to deter
borrowing (i.e. to avoid Bulow-Rogoff’s problem). The value of autarky is:

N
V% (9) = max {u(ef (n) = I,1=n)+ B> pi(1,0) [(1—X)V*(0;) + AV (0,6,)] }

" i=1
The choice of default is given by:
D(0,b) = 1 if V() > V*(b,0) and 0 otherwise,

which determines the price of borrowing as

N
GO0.0) = =S nl0) (1= DY)
i=1

1—d(6,v)
1+7r

b

where d(6,b') is the expected default rate in state 6 and roll-over debt &’. The
corresponding interest rate is 71(6,b') = 1/q(0,b') — 1 and the spread: r* (s') —1.

2.2 The Financial Stability Fund as a long-term contract

An economy with a financial stability fund (FSF) is modeled as a long-term
contract with a risk-neutral lender, who can freely borrow and lend in the inter-
national market, and a borrower, who is 'the representative agent’ of the small
open economy. In the fund contract, the country (borrower) gets ¢ and the FSF
(lender) gets 6 f (n) — c. We consider four (222) variants of the FSF economy: )
one-sided limited enforcement, or commitment, in which case the borrower may
default on the contract, keeping all the output 6 f (n) and with some probability



is admitted later into the fund, while the lender participates in the contract as
long as it has a present value of Z < 0 at the beginning of the contract; 1) Two-
sided limited enforcement, in which there is limited enforcement on the side of
the borrower but also on the lender side, since the present value lower bound,
Z < 0, must be satisfied in every period, 4ii) we also study both forms of limited
commitment when moral hazard is introduced and the long-term contract mus
also satisfy incentive-compatibility constraints. For the rest of this Section we
consider economies without moral hazard problems (i.e. productivity shocks are
exogeneous and there is no policy I decision).

The outside option of the lender is Z < 0 and the outside option of the
borrower is V@ (s?). This is either financial autarky (if A = 0) or the value of
returning to the fund! with probablity A € (0,1) and of staying in autarky with
probability 1 — A:

Vel (st = max{u(@(st)f(n)) +U(1—n)

6 w(s ) [NV () F AV (],

st+1|gt

where V7 (st+1) is the borrower’s value of starting a new fund contract in state
st*1, which we will now define.

With two-sided limited enforcement, an optimal fund contract is a solution
to the following problem:

max t)}{#boZZBt u(e(s") + U1 —n(s")] +

{c(st),n(s

_H”O;Zt <1—|—r> T St) [e(st)f (Tl(st)) —C(st)]}

st Y N BT (87" [ule(sT) + U1 = n(s")] =V (s,) (1)
r=t s7|st

and ;STZI; (1 —|—r> ) (sr|st) [srf (n(s") —c(s")] > Z, t>0,(2)

where (1) and (2) are the intertemporal participation constraints for the bor-
rower and the lender, respectively, and (py, 14;0) are initial Pareto weights that,
without loss of generality, we normalize p,, = 1 and p; as to satisfy (2) in pe-
riod zero with equality. In fact, the fund contract in an economy with one-sided
limited commitment is a solution to the same problem with (2) only being a
constraint in period zero.

As it is known (see Marcet and Marimon (2011)) we can rewritte the fund
contract problem as:

1Tt could also be a different, but equally modeled, fund. Similarly, one could consider the
alternative to going back to the economy with incomplete markets at some penalty cost.



s {}jzyw b (51) [u(e(s1) + UL = n(s))]

min
{76 (%), (1)} e(s?),n(st)

DONE, T) 7 () 0 (541) [suf (n(s) — els")]

py (871) = my (s7) + 75 (s7) 1y (80) = Iy
py (s71) =y () + 70 () 5y (s0) = pos

where 7, (s') and ~, (s") are the Lagrange multipliers of the enforcement con-
straints (1) and (2), respectively, in state st. That is, with one-sided limited
commitment v, (s*) = 0, V¢ > 0. Let n = 8(1+7), then the first-order conditions
of this problem are:

St+1
(e(s) = fggﬁ%, 3)
U)o
u/(c(st)) - 6( )f( ( )) (4)

We can normalize the multipliers by defining
t+1 ot

z(s) = BE ) (=) and v;(s") = nale) I, b;

py (s™H1) 7t

x(stt1) is the temporary relative pareto weight of the lender, and v,(s?) and
vi(s) are the normalized Lagrange multipliers of the agents. Notice that with
this normalization (3) simplifies to: u/(c(s**1)) = z(s') and that, furthermore:

1 — vp(st) x (s?)

1—u(st) n °

Since we have assumed that exogeneous shock processes are Markovian, it is easy
to see that the first order conditions have a recursive structure, corresponding
to the recursive formulation of the fund contract, which defines optimal policies
- c(z, 8),n(x,s) and vy(x, s),v;(x, s) — satisfying:

z(s'Th =

W ez, 5)) = 2! = %% (5)
and
TR M2 _ g mia ) )



The value function of the fund contract saddle-point problem takes the form:
W(x,s) = zV¥ (x,s) + V¥ (z,s), where

VP (2,5) = ulc(x,s)) + UL = n(x,9) + 8> w(s|s)V (',s)  (7)
s'esS
and

1
Lf _ _ / Uf (o ot
Vii(x,s) =0f(n(z,s)) —c(z,s) + T+7 SIEESW(S |s) VY (2!, s") (8)
The first order conditions (5) and (6), together with the following slackness

conditions
Vb (z,5) >V (s) and vy(z, s) [V (2,8) — V()] =0 9)
and
VY (z,s) > Z and v(z, s) [Vlf(x, s)—Z] =0, (10)
define a recursive solution to obtain ¢(x, s),n(x,s) and wvy(z, s), v;(z,s). Fur-

thermore, with 7(s'|s) they also define (2’, s). Recall that, (xq, so) is defined by
T = 0 = 1y (s0) such that VU (zg,s0) = Z.

3 Decentralization of the fund contract

In this section we show how to decentralize the optimal contract as a compet-
itive equilibrium with endogenous borrowing constraints, which will allow us
to compare the different fund contracts with the debt contract of the economy
with incomplete markets. We build on the work of Alvarez and jermann (2000)
and Krueger, Lustig and Perri (2008).

3.1 The competitive equilibrium

In the market equilibrium, the borrower has a home technology that produces
0(s") f (n(s')) with his own labor. The borrower has access to a complete set of
one period Arrow securities and solves the following problem:

ST (1) ulen(sh) + U= n(s)

t=0 st

s.t. cp(st) + Z q (s" ") ap (s"T1) = 0(s") f (n(s")) + ap(s")

st+1|gt
a (St+1) > A, (St+1)

where ¢ (s7![s") is the price of the one period state contingent claim and
ap (st“) represents the amount of state contingent claims chosen by the bor-
rower and Ay (s"1) is a borrowing limit defined below. The Euler and transver-
sality conditions imply that:

u (e (s"))

u' (e (%))

q (St+1|st) Z Btﬂ_ (St+1|st)



with equality if a, (s'™) > A, (s'7!) and

lim Ztﬁtﬂ (st) o/ (cb (st)) [ab (st) — A (st)} <0

t—oo

The lender also has access to a complete set of Arrow securities and he solves:

{cz(s ) t+1)}2§2(1+r) m Cl( )
s.t. a(sh) + Z g (s1s) ar (s = ay(s")

st+1]gt

ay (st+1) > A (St-i-l)

As above, the Euler and transversality conditions imply:
q (St+1|5t) > ftr (St+1|st)

with equality if a; (s"™™') > A; (s"*1) and

t—o00

. 1!
lim : (1 +T> T (st) [al (st) — A (st)] <0
Market clearing implies that:

b (s) +a(s) 0(s") f (n(s")) for all s
ap (3“’1) + a; (s“‘l) = 0 for all s'*!

The values for the borrower and the lender in the trading arrangement can
be writen recursively as

WP (s7) . 0(s") = ule(s") + UL —n(s") +
B Z t+1|S Wb ( t+1) ’9(5t+1)) (11)
5t+1|5t
Way (s"),0(s")) = a(s')+
1%1« m(s )W (@ (s771) 0 (s71)) (12)
stt+1|st

We assume that the borrowing limits are properly tight in the sense that
satisfy:

I/Vb(Al7 (st) 0(sh)) = V“f(st)

Let



We consider allocations that satisfy the high implied interest rate condition,
namely:

iZQ (st|50) [cb (st) + ¢ (st)] < 00

t=0 st

3.2 Decentralization

Let {c; (s"), ¢ (s'),n* (s")} be the allocations in the optimal fund contract.
We now show that we can decentralize them as a competitive equilibrium with
endogenous borrowing constraints that are not too tight. First, we use the
allocations to define the Arrow security price as follows:

. u/ c* St+1 )
q (st+1|st) = fr (s“‘l\st) W if vy, (stH) =0 and v, (st'H) >0
or v (s”l) = (stﬂ) =0
q (st+1|st) = 1—_}_7“7r (st+1|st) if v (s”l) =0 and vy (stH) >0

Note that the price can be expressed alternatively as follows (see Appnedix
for details):

; (st+1|st>—max{ﬂw<sf+lst> el (S )()} 13

uw (¢ (st) "\1+r

Since we impose borrowing limits that bind exactly when the participation
are binding in the optimal fund contract, g (s'™|s") = ¢* (s"™!|s") satisfies the
Euler conditions in the competitive equilibrium. In what follows, we let

Q (st|50) =q (81|80) q (82|81) g (st|st_1)

Note also that n* (s*) clearly satisfies the optimality condition in the com-
petitive equilibrium with respect to labor.

We can use the intertemporal budget constraints to construct the asset
holdings that make the allocations in the optimal contract satisfy the present
value budget, namely:

Z Z Q (St+n|st) [CZ (St+n) _ 9(5t+7z)f (n*(st+7z))]

n=0 gt+n|gt

a (s = i Z Q (s"™|s") ¢ (s"")

n=0 gt+n|st

IS
SH
—
VA
o+
~—
Il

In this economy, binding participation constraints provide us with the bor-
rowing limits; hence they are only binding when the enforcement constraints



are binding. More precisely,

Ay (s = - Z Z Q (s"[s") [0(s"T") f (n*(s"T))]

n=0 st+n|st
A =z

t+1 when the enforcement

where the first equality refers for future histories s
constraint binds.
The prices q (s“‘l |st) derived from the allocation of consumption and labor

of the optimal fund contracct, also define a price for a one-period riskless

bond:
q’ (s") = Z q (s”l\st)

stt+1|gt

This is the implicit price that we can use to compare with the one-period bond
price in the incomplete markets economy. Alternatively, we can use the implicit
interest rate: rf (s*) = 1/¢/ (st) — 1 or the spread: rf (s*) —r.

Finally, since the technological shock is the only exogenous shock and it is
Markovian, we can identify s* with 6; and rewritte the value functions of the
fund contract (7) and (8) as:

VY (2,0) = ulc(x,0)+UQ1—n(z,0)+p> =(0'0)V* (@0
=

VY (z,0)(x,0) = 0f(n(z,0)) —c(z,0) + IL—H" Zﬂ(9/|9)Vlf(x, 0)(z',0").

9’

but, similarly, since the 6 is also the only shock in the decentralized FSF economy
and agents’ decisions are recursive, we can redefine (11) and (12) as

W (ay,0) = wu(cp(ap,8)) +U(1 - n(ay,0)) + 6271(9/|9)be(@;,, 0"
0/
Wlf(ahe) = ¢fa;,0)+ %H ZW(Q/W)WZf(ag,Q/),
9/

and, being an equilibrium, ¢;(a;, 8) = 0f((ap,0)) — cv(ap, 0) and a; = —ap.These
recursive equations clearly show how the value functions (W%, Wf) are the
mirror image of the value functions (V*/, V) on a different domain, and why
we can use the derived prices to diagnose the properties of the optimal fund
contract. However, notice that, while we have identfied s* with 6,, ¢ (s?) is
misspecified as ¢/ (#), since it exclusive dependence on @ does not convey the
binding participation constraits — that is, the events in which ¢* (s'™|s") #

= ) 7 (s771]s") in (13). In (WPF, W) this information is captured by , in
(VP V) by a; = —ap.




4 Solution Method and Parameterization

The short term contract is a standard incomplete market economy with a fixed
borrowing constraints and we solve it using a standard policy iteration algo-
rithm. In what follows, we discuss the solution method that we use for the long
term contract with two sided lack of commitment as well as the parameterization
for all our economies.

4.1 Solution Method

To solve for the long term contract with two sided lack of commitment, we

assume the following utility for the borrower: log (c)—&—%and the following

production function f (n) = n®. In this version of the model, there is only one
shock so that s = 6. Also, to simplify the algebra, we use as a state the relative
pareto weight of the borrower z = 1. Using the functional forms, the equilibrium

xT
conditions can be rewriten as:

1 o 17Ub(z,0)i_l
c(z,0)  1—uv(z,0nz 2
;1T —w(z,0)
T —Ub(z,e)nz

c(2,0)y(1—n(z0)"" =0an(z60)"""

—n(z,0))—°

1—0

VP (2,0) =log(c(z,0)) + it

+8Y w0V ().

0'eS

1
Lf _ a ! lf /
Vi (2,0) = 0n(z,0)* — c(z,0) + o7 B/EESW(H )V (2, 0").

of (9 — log(On®) + 2072 L g5~ o (0]0) (1 — X) V()
V) = max { 55 OO (0, )

To solve the problem, we use a policy function iteration algorithm that we
describe in the appendix. We also implement the decentralization on the com-
puter. To do this, we first recover the Arrow security prices from the allocations

as follows:
max { B (¢ v (c <Z/’ 6/)) 1 A
{ﬁ <0 |0) uw (c(z,0)) ’ (1+r> (0 |0)}

max WS/SM L (6
{/3 w10 250 () (9|9)}

q(0'10)

10



The price of a one period bond is then equal to:
¢ (0)=> q(0'9)
0'eS

which in turn implies a risk free rate of rf () = qf;w). Finally, we can recover
the asset holdings numerically by iterating to find the asset holding function
that satisfies:

ap(z,0) = Y q(0,0)a, (¢,0) +c(2,0)—0f (n(2,0))
0'esS
a;(2,0) = —ap(z,0)

Moreover, we define the repayment as:

ap (2,0") — Z q(0',0) ay (2,0")

0'esS

4.2 Parameterization

The model period is assumed to be one quarter. To make the different contracts
comparable, we choose the same parameter values across economies. The tech-
nology shock 6 is assumed to be a Markov chain with the following values and
transition matrix:

09 01 0 0 O
01 08 01 0 O

T = |0 0108 01 0
0 0 01 08 0.1
0 0 0 01 09
= [01 03 05 07 09 ]

The discount factor of the borrower is assumed to be equal to § = 0.96 and
the interest rate is set to r = 0.01, implying a different discount factor for the
lender of ?1T = 0.9901, as well as a growth rate for the relative pareto weight
of the borrower of n = 0.9696 in the optimal contract. As stated earlier, we
assume that the utility of the borrower is additively separable in consumption
and leisure, with ¢ = 2 and v = 1. The labor share in the technology of the
borrower is set to a = 0.67. The participation constraint of the lender in the
optimal contract is set to Z = —0.5, and we choose the same value for the
borrowing limit in the short term contract. Finally, the probability that the
borrower comes back to the market upon default in the optimal contract is set
to A = 0.01.

5 Numerical Results

This section discusses the numerical results from our preliminary solution. For
now, we present the results of the optimal contract with both one sided and two
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sided lack of commitment, as well as the results from the short term contract
with incomplete markets but no default.

5.1 Policy Functions

This section briefly discusses the policy functions from our numerical solution.
Figure 1 displays the policy functions for the main variables in the optimal
contract with two sided lack of commitment. The policies are ploted for all the
values of the technology shock 6 as a function of the relative pareto weight of
the borrower, which we denote pareto weight in what follows.

The left panel on the first row depicts the policy function for the borrower’s
consumption. As shown earlier, this follows exactly the law of motion of the
pareto weight z’. The graph reflects that the borrower’s consumption is increas-
ing in the technology shock 6. For a given value of the shock, consumption is
also increasing in the pareto weight inside the region where none of the partici-
pation constraints are binding, while it is flat when the participation constraint
binds for the borrower (for low values of the pareto weight) or for the lender (for
high values of the pareto weight). We also see that the borrower’s participation
constraint is binding for higher values of the pareto weight if the technology
shock is higher, since this increases his autarky value. However, the opposite
happens for the lender, since the lending contract is able to generate more rev-
enue with a higher technology shock even if the borrower consumes more. The
value function of the borrower, which is depicted in the left panel of the second
row, follows closely the borrower’s consumption, with flat regions whenever the
participation constraints are binding.

The right panel of the first row depicts the labor supply of the borrower.
For a given value of the shock, the borrower consumes more and thus works
less as the pareto weight increases. Unlike the consumption, however, labor
supply is not necessarily monotone in the technology shock. This is because of
the interaction of two different effects. On the one hand, it is of efficient from
he production point of view, for more productive workers to work more. This
effect dominates for high levels of the pareto weight, which deliver a relatively
high consumption level to the borrower. On the other hand, for low values of
the pareto weight, the borrower might work more even if he is less productive
in order to compensate for the relatively low consumption.

The value of the lender is depicted in the right panel of the second row. It is
decreasing in the pareto weight but it is not monotone in the technology shock
for similar reasons to the ones just discussed. An interesting observation is that
the value of the lender is almost a mirror image of the implicit borrower’s asset
holdings derived in the decentralization, which are depicted in the right panel of
the third row. To see why this is the case, consider first the case with one sided
lack of committment. As shown in the decentralization of the optimal contract,
the asset holdings of the borrower are equal to the negative of the present value

12



of the lender’s consumption, using the market discount factor:

ap (st) = — i Z Q (3t+"|st) [9(st+")f (n*(st"’")) - (st"’")]

n=0 gt+n|st

Since the lender is always unconstrained with one sided lack of committ-
ment, the market discount factor is always equal to his own. Therefore, the
asset holdings of the borrower are exactly equal to the negative of the lender’s
value function, ap (st) = —V (s*). While the market discount factor is not
always equal to the one of the lender with two sided lack of commitment, the
borrower’s asset holdings and the lender’s value function still follow each other
pretty closely.

Finally, the left panel of the last row depicts the equilibrium bond prices. As
shown before, the bond price is equal to ﬁ for low values of the pareto weight,
implying that the participation constraint is only binding for the borrower.
When the participation constraint of the lender starts binding, the bond price
may increase above 1—}H, dependind on the dynamics of optimal consumption.
Note that, similarly to other (endogenous or exogenous) incomple market model,
the implied risk-free rate can even take negative values.

5.2 Simulations.

In this section, we discuss the simulation results from three different experi-
ments. In the first, denoted by business cycles (Figures 2a and 2b), we assume
that the economy is hit by a series of consecutive expansions and recessions that
last for ten periods, corresponding to two and a half years with our quarterly cal-
ibration. In the second, denoted by crisis (Figures 3a and 3b), we assume that
the economy is hit by the lowest income shock forever. In the third, denoted by
negative impulse response (Figures 4a and 4b), we compute the average impulse
response from 2000 simulations of 100 periods each that start with the lowest
technology shock. In Figures 2a, 3a and 4a, we compare an Autarkic economy,
with two FSF economies, one with one-sided limited commitment (i.e. there the
lender has full commitment) and one with two-sided limited commitment, while
in Figures 2b, 3b and 4b, we compare the same FSF economy with two-sided
limited commitment with the Incomplete Markets economy without default.

The three experiments have several common patterns, that discriminate
across economies, or regimes. The economy with one-sided lack of commit-
ment — the closest to the economy with complete markets and full commitment,
not shown in the figures — is the one with constant bond prices and higher wel-
fare (borrower’s welfare is negatively related to his asset holdings), it is also
the one with smoother consumption over the business cycle and with a lower
drop of consumption when there is a negative (impulse response) shock. In con-
trast, autarky is the economy with the highest volatility of consumption over
the business cycle, the one with the largest drop of consumption after a negative
productivity shock and the one with lowest welfare in the three experiments, as
expected.
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Of particular interest is the FSF economy with two-sided limited commit-
ment. In Figures Figures 2a, 3a and 4a, it shows as an intermediate case between
autarky and one-sided limited commitment, but with an important difference
with respect to the latter: bond prices are not constant and, in particular, re-
spond to the tightening of the fund credit conditions when the lender hits the
participation constraint. In other words, lender’s asset holdings (and, corre-
spondingly, welfare) fluctuates in the one-sided limited commitment FSF econ-
omy, however bond prices are constant since the lender never hits a binding
participation constraint after period zero (see Subsection 3.2). The lender’s un-
willingness to accommodate to the needs of the borrower (e.g. of getting into
a path of persistent transfers), translates into a higher volatility in the two-
sided limited commitment technology. Nevertheless, when this latter economy
is compared with the incomplete markets economy (Figures 2b, 3b and 4b) it
shows the two-sided limited commitment economy displays better performance,
in terms of consumption smoothing and welfare and resilience to crisis.
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6 Appendix

6.1 Asset prices and transverslty conditions

We first show that asset prices can be defined by (5).To see this, notice that the
optimality conditions of the fund contract imply:

Bu(es(s)) _ 1 (I—w(s")
wlep(s=1)  (L+7) (1—wu(s"))

If the participation constraint is not binding for either agent then vy, (s*) =

v (s') =0 and
fi((s) _ 1
w(ep(s=1))  (L+7)

If the participation constraint is binding only for the lender, then vy, (st) = 0
and v; (s') > 0 so that:

B/ (cp(st)) _ 1 1 - 1
u'(ep(st™1)  (L+r) (L —ulsh) = (1+7)

If the participation constraint is binding only for the borrower then vy, (st) >
0 and v; (s) = 0 so that:

Billels) 1 1
v ) - arn L) < qaag

It follows that (5) properly defines the price of the one period state contingent
claim.

We now show that the transversality conditions in the competitive equilib-
rium are satisfied:

lim Ztﬂtﬂ' (s") ' (cg (%)) [ab (s*) — Ab (s")]

t—o0

< Jm XA (6 () [T @I [ ()]
st n=0 gt+n|st
* t
< u' (¢ (s0)) lim Zﬂtﬂ (s") u/ Cf: Z Z (s"7s") [ep (87™) +¢f (s"17)]
—00 p U Cb So n=0 st+n|st
< v (c (30))tlirgloZ:Q $0) Z% t; t (s77st) [eh (s1*™) + ¢ (s*™)] | =0
and
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t—o0
st

<

i 3 (1 ) 7 6 Lo ) - 4 6]

. 1\ >
< i3 () 7[5 5 ae e
st | = O.SH'"\Lst
t oo
< Jim <1i7~) w () 1Y Y Qs [¢ () + ¢ (8]
st _HZO sttn|st
< Jim > Q (') > 5 Q) [ () + i ()] | =0

n=0 gt+n|st

The first inequalities follow from the definitions of a (s!) and A (s'). The
second inequalities follow from the fact that individual consumption is less than
aggregate consumption. The third inequalities follow from the relationship be-
tween ¢ and @ as well as the relationship between ¢ and the marginal rates of
substitution of the agents. The last inequalities follow from the assumption of
high implied interest rates.

6.2 Solution Method
6.2.1 Long term contracts

To solve the model, we assume the following utility for the borrower: log (c) +

l1—0o
%and the following production function 6n®. With these functional

forms, the equilibrium conditions are:

1 1-wuzs)
c(z,s) 1—uvz,s)n

/
=T

c(z,8)y(1—n(z,s)" 7 =0an(z,s)*"

Vo (x,5) = log(c(z, s)) + (- ?(_x,j))l—a + BSE:S sV (2! 2.

Vlf(x, s) = On(z, 3)0‘ ( s) + % Z W(s/‘S)Vlf(x/’ 3/).
s'eS

1 o

Vol (5) = max 4 108(07%) + W2 4 B g (s']s) (1= 2) V(o)
" 85 s m(S[SAVH (@ (5), )
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For simplicity, we rewrite the model differently using as a state variable the
relative pareto weight for the borrower z = %, the system of equations above
can then be rewriten as:

1 _ o l-w(z0) 1 1
c(z,0)  1—uv(z,0n 2
;o 1=wu(z,0)
== l—vb(zﬂ)nz

c(2,0)7 (1 —n(z0)"7 =ban(z,60)* "

V(L —n(z0)'7
1—0

Vb (2,0) = log(c(z,0)) + +B8> w(@ o)V (0.

0'eS

1
1 _ o _ NV (g
V' (2,0) = 0n(z,0)* — c(z,0) + o 0;6377(6? V(0.

n +B grcs m(0'10)AVH (2*(0'),6")

To solve the problem, we use a policy function iteration algorithm that we
describe in what follows:

VI (6) = max { log(6n®) + 20227 1 53, w(@']6) (1 - X) VeI (0) }

e We discretize the shock for the borrower 6 (S values) and the relative
pareto weight for the borrower z (N values).

e For each grid point, we can calculate the value of autarky as follows:

— find the optimal labor in autarky, which solves & =~ (1 —mn)" 7.
— find V7 (2*(6'),0") by first solving for z* (#') such that V' (z* (6") ,6') =
0.

— calculate V2 () from the previous equation

e We then define the region of pareto weights between which none of the par-
ticipation constraints are binding as [z (j + 1),z (I — 1)]. In that region,
the solution is characterized by the first best:

vp(2,0) = v (2,0)=0
7 o= nz
¢(z,0) = mnzand ¢ (z,0) =0n(z,0)" —nz
nzey(1=n(z,0)"7 = 6fan(z 0"
1
lf _ a _ / lf /
Vi(2,0) = 60n(z,0)*—nz+ o7 Z m(0'10)V (2,0
0'eS
-0
V(0 = toglz) + LETEIT 5 S g (00,

0'es
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e For a given shock @, if the value function for the borrower at the worst
possible pareto weight z (1) is higher than his autarky value, then his
participation constraint is never binding and we set j = 0.

e Similarly, for a given shock 6, if the value function for the lender at the
worst possible pareto weight z (N) is higher than his outside option then
his participation constraint is never binding and we set [ = N + 1.

e To find the region for which the participation constraint binds for the
borrower, for each shock 6, we find ¢ (2, 6) = nxp, such that V7 (z,,0) =
verf(9).
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