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Abstract

We show that the dispersion of private valuation reduces market liquidity and allocative efficiency of a
dynamic OTC market. In this decentralized market, traders have time varying and heterogeneous private
value over the asset and dealers act as competing mechanism designers. We characterize the optimal
liquidity provision with endogenous valuation, outside options and type distributions. Depending on
traders’ value, liquidity can be distorted in three ways, trade breakdown, trade delay or price distortion.
The three distortions coexist in the equilibrium. Trade with small gain breaks down. Trade with
intermediate gain is delayed. And trade with large gain faces largest distortion in price. As the dispersion
of private valuation increases, price dispersion increases and trade is more likely to be delayed or break
down for any type. Welfare loss increases as dispersion of private value increases. Quantitatively, welfare
loss from liquidity misallocation could reach 5%.
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1 Introduction

Evidences show that uncertainty about asset quality may not be so large as to cause a crisis like the recent
one. This is especially true for many financial markets not troubled by heterogeneity in asset quality.
So could inefficient market outcome arise even without lemon in the market? As an attempt to answer
this question, we single out an alternative channel through which financial markets may malfunction during
economic turmoil: as uncertainty arises, dispersion of private value of a homogeneous asset may arise, leading
to market breakdown, delay in trade and price distortion. We show that all the three distortions coexist in
the equilibrium of a dynamic over-the-counter market with random matching friction.

In the over-the-counter market we study, trade is bilateral, search is costly and matching is random,
traders have private value over the asset, and prices and immediacy of trade are posted by profit-maximizing
dealers. We show that dealers’ profit seeking behavior will affect market liquidity under private value. When
dealers know traders’ preference about the asset, delaying trade hurt both parties since future profit and
utility are discounted. The profit maximizing behavior of a dealer has no effect on market liquidity. With
asymmetric information, however, dealers might find it profitable to delay a trader if by doing so, they can
better screen traders of different type. Market liquidity will therefore respond to dispersion in value.

The distortion comes from dealers’ incentive to screen traders to extract surplus from those with large
gain from trade. Traders lose more from delay if the gain from trade is larger. In other words, traders
with large private gain from trade have a less elastic demand for the immediacy of trade. So to screen the
profitable trade, dealers deter them from lying about their preferences by delaying trade with smaller gain.

Applying tools from optimal mechanism design to the dynamic matching market, we solve for the optimal
contract menu and show that the solution is unique. Each contract in the menu specifies price, bid price for
sellers and ask price for buyers, and immediacy of the trade. Traders of different preference over the asset
self select into the contract they prefer. In the optimal contract menu, dealers ask a large pie from trade
with a large gain but finish transaction more quickly, and delay the trade of small gain but ask for a smaller

pie out of it.



We find that value specific liquidity can be distorted in three ways, trade breakdown, trade delay or price
distortion and the three distortions coexist in the equilibrium. If we classify trade by gain from trade, then
roughly speaking, trade with small gain breaks down completely , trade with intermediate gain is delayed
and trade with large gain is executed without delay. In terms of price distortion, more surplus is extracted
from trade with large gain and price distortion is largest when trade is carried out without delay. Therefore,
trade at all level is distorted by the profit seeking motive of dealers, one way or the other.

The result comes from the combination of mechanism design and careful analysis of equilibrium type
distribution, outside options and continuation values. In a typical mechanism design literature, the type
distribution, continuation value and outside option of traders are all exogenous. In the market equilibrium,
each dealer acts as a mechanism designer. All these key ingredients are endogenous and will affect the optimal
contract menu designed by dealers. We show that this has a profound effect on equilibrium allocation and
optimal contract menu. Specifically, when dealers are indifferent between offering a trading term with more
immediacy or less in equilibrium, a bang-bang solution is likely to show up in the mechanism design problem
of a dealer and there will exist multiple equilibria because of the indifference. But in a market equilibrium, the
trading frequencies are uniquely pinned down by integral equations that links equilibrium type distribution
to equilibrium continuation values and outside options. The coexistence of three distortions also rely on the
combination. This is a technical contribution of this paper.

Distortion to liquidity allocation is tightly linked with dispersion of value, search friction and competi-
tion among dealers. As heterogeneity of preference over the asset increases, price elasticity to immediacy
decreases, and trading delay and price distortion weakly increases for all traders. Competition among dealers
drives the allocation close to the efficient one. But the effect of competition is not uniform across trade of
different types. As the degree of competition increases, the distortions to trade with intermediate and small
gain are decreases more. Since dealers derive most of their profit from trade with large gains, distortions to
these trades are least likely to disappear. Search friction has two effects. Costly search itself destroys value.
An indirect effect is through competition. A higher search friction decreases the value from outside option

and increases the monopoly power of each individual dealer. Liquidity misallocation in the market leads to



asset misallocation.

Literature Review

Grossman and Miller (1988) [8] model market liquidity as being determined by supply and demand of
immediacy. Market makers compete to match the supply and demand of immediacy. Some trade is delay
because traders do not have a strong demand for immediacy. Our concept of liquidity is consistent with
theirs.

Most recent papers that study the effect of asymmetric information on liquidity study an environment
with adverse selection of common value, such as Chiu and Koeppl (2011)[3], Carmago and Lestor (2011)[16],
Guerrieri and Shimer (2011)[9] and Chang (2011)[2]. We want to fill the gap to properly study the effect of
dispersed private value on liquidity allocation.

This paper builds on the recent framework of studying liquidity in over-the-counter markets, a prevalent
market microstructure in financial markets and in durable goods markets. Duffie, Garleanu and Pedersen
(2005) [6] and Lagos and Rochetau (2010)[14] studies the effect of search friction on liquidity in OTC markets.
Duffie, Garleanu and Pedersen (2005) Lagos and Rochetau (2010) studies a dealer-driven over-the-counter
market and allows continuous asset holdings. Duffie (2012) [5] gives a detailed review of the progress on
this topic. In this framework, value fluctuates over time and resale is allowed. We believe that friction
from dispersed private value should be properly studied in this rich framework, without making simplifying
assumptions.

Guerrieri, Shimer and Wright (2010)[10] and Chang (2011)[2], combine directed search friction and asym-
metric information. But their models are not about an over-the-counter market with random search frictions,
as modeled by [6, 14]. They show that adverse selection in an environment with directed search friction might
lead to endogenous market segmentation and endogenous trading friction across submarkets. We study a dif-
ferent environment, which has random search friction and private information about a private value, which is
closer to OTC markets. There are also notable differences in terms of findings. Results in Guerrieri, Shimer

and Wright (2010) and Chang (2011) are vulnerable to perturbation to type distribution and the response



to changes in type distribution is not satisfactory. Even if the environment is close to complete information,
the equilibrium allocation will look the same as an environment with severe adverse selection, as long as the
support of distribution remains the same. This is because their model is a signaling game and they select
the a Pareto optimal equilibrium. In contrast, dealers in our environment offer screening contracts and take
the effect of type distribution on their profit into consideration when they optimize the menu of contracts
they offer. The equilibrium allocation will converge to that of a Walrasian market with complete information
as the dispersion of private information diminishes. Also, their results depend on matching functions, while
our results come from optimal mechanism design of dealers and depends on matching frictions only through
the Poisson meeting rate between traders and dealers.

Mechanism design in the random matching market imbeds mechanism design problem into a Nash equi-
librium for games with a continuum of agents. The solution concept is laid out by Mas-colell (1984)[17] and
Schmeidler (1973) [19].

We also contribute to a growing literature on asymmetric information in decentralized and dynamic
markets. Lauermann and Wolinsky (2011)[15], Wolinsky (1990)[20] and Blouin Serrano (2001)[1] study in-
formation aggregation in the lemon market and study social welfare as friction vanishes. Golosov, Lorenzoni,
and Tsyvinski (2009)[7] and Carmago and Lestor (2011)[16] are concerned with trading dynamics. Horner
and Vieille (2009)[12] studies the interaction of strategies of sequentially arriving short-lived buyers in a
dynamic lemon market. Inderst (2005)[13] studies limiting property of a matching market with adverse
selection. Hendel and Lizzeri (1999)[11] studies market for lemons with durable goods. All these papers
study an environment with asymmetric information about common value of the goods or asset traded, while
we study an environment with private values. While most papers focus on limiting results, our focus is to

characterize carefully the equilibrium with frictions.



2 Model

Environment, preference and endowment

Our model builds on the continuous time search model of Duffie, Garleanu and Pedersen (2005). There is a
continuum of infinitely lived traders of total measure 1. And there is a continuum of dealers.! There are an
asset and a numeraire good in the economy.

The asset is a Lucas tree, which bears a unit flow of fruit per unit. The total asset supply is A € (0, 1).
Each trader can hold either zero or one unit of asset. The asset is homogeneous in quality.

Traders’ valuation of the asset is heterogeneous and independent from each other. Given preference z, a
trader enjoys flow utility « from holding one unit of the asset. The asset holding of traders is observable. The
arrival of traders are observable to dealers. But the anonymity of traders implies that the arrival and reentry
of a trader are not discernible. But traders’ value over the asset is their private information. With Poisson
rate J, a trader experiences a preference shock. The shock is i.i.d. After the shock, a trader draws randomly
a preference from a continuous distribution G(-) with a connected support X C Ry. Denote z = infX|
T = sup X.

Dealers’ direct utility from holding the asset is zero.

All agents are risk neutral and derive 1 unit of utility from holding 1 unit of the numeraire good. All
payment in the trade are in terms of the numeraire good. And we assume that agents have enough numeraire
goods in their pockets so they are not constrained when they want to trade the good for the asset. All agents

discount at rate r.

IThe profit of a dealer is constant return to scale. And we use the Law of Large Numbers when calculating dealers’ profit.

So the total measure of dealers does not matter.



Over the counter market between dealers and traders

Dealers and traders match randomly. With Poisson rate «, a trader meets a dealer and starts a long term
relationship.? A trader stays with the same dealer until a shock breaks them apart. At any moment, a
relationship breaks up with Poisson rate 7. The exogenous break-up rate is meant to be a neat way to
capture dynamic competition between dealers.

When dealers and traders meet, the identity of traders is anonymous to dealers. So dealers cannot
condition their strategies on traders’ identity. And dealers cannot use history dependent strategies in the
long run strategies as well. Otherwise, traders will walk away from an existing contract and pretend to be a
new comer. The anonymity assumption is standard in dynamic random matching models.

Dealers are connected with a continuum of traders. So dealers do not care about their profit from a trader
of a specific type, but care about total expected profit from all traders over whom they have bargaining
power. The contract dealers offer is a menu of bid/ask trading terms to dealers. Each trading term or
contract specifies bid /ask price and trading frequency, which is a Poisson rate of finishing a transaction. The
rate at which a transaction is carried out is measures immediacy. Trading frequency, denoted ¢, is bounded
from above, g € [0, g]. This characterizes the highest speed with which dealer can deliver an asset to a trader.
3The contract is contingent on reported type of a trader and whether the trader holds asset or not. The
contracts for asset holders are bid contracts. And the contracts for non asset holders are ask contracts.

Each contract is a commitment for the dealer to deliver the asset at Poisson rate ¢ and if a trading

occasion arises, the dealer is committed to trade at the price specified in the contract. The contract does

2To be accurate, the rate at which traders meet dealers should come from a matching function, and therefore depends on the
search population on both the dealer side and the trader side. But since the measure of dealers are exogenous and the break
up rate of a relationship is exogenous too, we have enough degree of freedom to equivalently impose an exogenous rate for the

random matching.

3This assumption is not essential for our results. Tt is out of technical convenience for analytical solution and numerical
computation of the optimal contract menus. As trading frequencies increases, the marginal return from increasing trading
frequencies decreases dramatically. Without an upper bound on trading frequency, return will be overwhelmed by numerical
errors, causing unnecessary noises. With a bound high enough , equilibrium allocation is not affected much. But on the other

hand, it is not unreasonable to assume that transaction takes time, especially if we are talking about liquidity within a day.



not require commitment from traders’ side. After signing a contract, a trader will only trade if there is gain

from trade ex post, at the price specified in the contract.

Inter-dealer market

The inter-dealer market is competitive and frictionless. Dealers can buy and sell any amounts of asset at
the market price without any delay. Denote the market clearing price to be P. Without capacity constraint

or trading frictions, dealers will not hold any inventory.

3 Equilibrium

3.1 Definition of equilibrium
Actions

Traders can take three actions. When facing a dealer with a menu of contracts, they can choose the contract
that delivers highest expected payoff to them from the menu. The choice depends on their asset holding
and their preference. While trading mechanism can vary, the contract menu can always be equivalently
thought of as a direct mechanism. So traders’ contract choice can be thought of as reporting their preference
type to the dealer, who in turn delivers the contract for the reported type. If no contract in the menu
is more favorable than their outside option, to walk away from a relationship to find another dealer, they
can choose to do so. The third action is an enforcement constraint related to the anonymity of traders.
Since trading opportunities arrive at a Poisson rate specified by a contract, there is a difference between
ex ante individual rationality constraint, whether a contract delivers expected gain from trade, and ex post
individual rationality constraint, whether upon arrival of each trading opportunity, the trading delivers gain
from trade. This second constraint is important if traders are anonymous: traders can choose to walk away
from a contract without incurring search cost. Instead, they will reject the unfavorable trading opportunity,
walk away, and then walk back, pretending to be a new customer, waiting for a better trading opportunity.

Denote the probability of accepting a trading opportunity at moment ¢ to be a; € [0,1]. Denote the



probability of choosing contract m in a dealer’s menu M; to be s;(m) and the probability of choosing the
outside option to be s:(0). s4(0) +>_,,cpq sie(m) = 1,Vt,i € {a,b}.

The most important action of a dealer is to choose the menu of trading terms. Denote trading terms at
moment ¢ to be {(qam¢, Pamt)s (Qome, Pomt) bymex- The menu for asset holders is Myt = {(qbm, Pom) }ymex and
the menu of non-asset holders is My = {(qam¢; Pamt) bymex- Bach contract m in the menu of contracts, M,
specifies two components: price, p;m:, and trading frequency, ¢;m¢, which is a Poisson rate of transaction.
(i € {a,b} denotes whether the contract is for a “bid”, if traders sell to dealers, or an “ask”, if traders buy
from dealers.) To be complete, trading in the competitive inter-dealer market is also dealers’ action. But
the action is mechanical since they act non-strategically in the competitive inter-dealer market.

We focus on symmetric equilibrium, where in equilibrium dealers post the same contract menu.

Traders’ problem

Traders expected payoffs depends on their choice, outside options and continuation values after shocks or
transactions. On the other hand, outside options and continuation values are also expected payoffs that
depends on traders’ payoff from their contract choice and trading.

Denote the expected payoff of an asset holder connected with a dealer at t to be ert(st), with value

x € X, action s € A({0, My }), outside options Uy, V7 > ¢, continuation value Myyr, M1z, V7 > ¢, V2 € X.

Mlzt(st) = St((Z))Ums
j:' xe—r(z—t)dz + e—r(‘r—t)
+f ftoo e~ 0+ (T=t) =[] qum=dz ar (Pomr + Mozr) +SEM,. dr p dsg(m)

Gbmr MaXy

+(1 = ar)Myyr +YU1er

Anonymity of traders implies that traders can get
Likewise, denote the payoff of a non asset holder to be Mo,(s;), with value € X, action s € A({(), M4 }),

outside options Uy,, V7T >t and continuation value Moy, M1.,, V7T > t, Vo € X,



Mogze(st) = s¢(0)Uour
. ar (_pamT + leT) +0E Mo,
+ f uftoo e—(6+’y+r)(‘r—t)—ft Gamzdz Qamr maXa-,— dT dst (m)
+(1 — aT)MOfIJT +7U00zr

The expected payoff of an optimal choice from the contract menu at ¢ is M1,; and My,;. So the contin-

uation value Mj,; and My, can be written as follows.

Mlzt = maXg, Mlmt(st) (3)

MOZL’t = maXs, MOa:t (st)

Given traders’ value when matched with dealers, we can further define the value from outside options

Uizt and Uggt,

Uiyt = ftoo e~ (=) [f; A Sl P aMlITe_T(T_t)] dr

(4)

Ut = ftoo e aMyzre T dr

We can see from the payoff of traders the dynamic features of our model: traders choose optimally from
the contract menu at ¢, taking outside options and continuation values as given; continuation values and
outside options are then pinned down, given payoffs from the optimal choice of contract. The endogeneity of
continuation values and outside options distinguishes our analysis from static or partial equilibrium analysis

of mechanism design.

Dealers’ problem

Each dealer acts as a mechanism designer, offering a menu of contracts to discriminate traders of different
type, in an effort to maximize their profit. Dealers’ expected payoff at ¢, denoted M¢, depends on profit
from each transaction and the distribution of transactions of different types. Denote the population density

of asset holders of type x to be n’,, and the population density of non asset holders of type = to be ng,.
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Mtd = Inax /eir(ﬁrit) / [qam‘r (paxT - Pr)ﬁggl” + dvzr (PT - pbe)ﬁ?f;T] dIdT (5)

subject to

L, = anf,, — 61, + 6g(x)NTF — Vs, — Quails; + Gaxfige;, Vo
= ongy, — 0nf, + 6g(w) NG — YAl + Gaithy — Garify, Vo
{z} € arg max, e A ({0,m}) Mg (s¢), Yo, Y7 >t
{z} € arg max,, e A({o,M}) Mour(s¢), Y,V >t

Paxr S MIZT({x}) - MOZL’T({(E})
DPoxr > Mlx‘r({x}) - MOQ?T({x})
Mut({x}) > Ulgt, Ve

MOxt({l‘}) Z UOzfnvm

The first two constraints define the response of type distribution of the dealer’s customer base to changes
in trading frequencies, ¢;,-,% € {a,b}, in the menu of contracts, assuming that the contract menu is incentive
compatible and individually rational. The population density is affected by inflow of traders from the pool
of unmatched traders, n!,,, preference shock, breakup of dealer-customer match and trading frequencies.

wxt)
N = [#7,dx, Vi € {0,1}. Notice that choice of trading frequencies will affect the type distribution and
therefore payoff. The response of distribution to optimal mechanism is a feature not in partial equilibrium
mechanism design.

The third and fourth constraints are incentive compatibility (IC) constraints for traders to choose the
trading term dealers expect them to choose. The fifth and sixth constraints are enforcement constraints of
contracts. Since the commitment of traders required by a contract is limited, any price with which a trade is
carried out must leave agents with positive gain from trade, so agents will accept the transaction willingly.
The last two constraints are traders’ individually rational (IR) constraint. Since we focus on symmetric

equilibrium and it is costly to search for a new dealer , we would expect that the optimal contract menu

lies in the interior defined by IR constraints. Therefore, when we solve for the optimal mechanisms, IR

11



constraints can be safely ignored.

Note that although the outside options U;,; and customer inflow from the unmatched population n},
are endogenous, individual dealers take them as given when choosing their optimal contract menu. This
is because individual dealers are infinitesimal in the random matching market. Since outside options and
distribution unmatched population is determined only by equilibrium contract menu of other dealers, out of
equilibrium belief about outside options and composition of customer inflow is well restricted. This is the

feature of Nash equilibrium with a continuum of agents.

Laws of Motion

Denote the density of the measure of traders with type iz and matched with a dealer at moment ¢ to be
n",, Vi € {0,1} and those unmatched to be nl,. N{? = [n7l,dz, N} = [n7,dv, NY, = [n},dz,
N§; = [ nizde.

Forces that affect the laws of motion of the population density of unmatched traders are: the rate of

meeting a dealer, the preference shock, and the breakup rate, which determines the speed at which matched

traders switch back to the pool of unmatched traders.

Mype = —aniy, — onfy, +dg(z) Ny +ynl, (©)
Nopt = —aNGy — NGy, + 09(x) NGy + Y,

Forces that affect the laws of motions of the population density of matched traders are: the rate for the
unmatched agents to meet dealers, the preference shock, the breakup rate of a match, and then the trading

frequency, which affect the rate at which traders switch between holding an asset or not.

S — u m m m m m
My = anfyy —ontyy +069(T) N — YnThy — QoatNae + QaatM0y
(7)
ST i u m m m m m
Nogt —  ONggp — 6n0mt + 6g($>NOt — VNt + GbxtM 1zt — QazxtMogt

Since preference shock is independent of the arrival rate of meeting and breaking up with a dealer, we

assume that the total population of traders matched or unmatched with a dealer is stationary.

12



Nt + Nt

Ng, + N,

J
a+y

ol
a+y

Likewise by assuming the distribution of agents with preference type z is stationary, we have,

m m u u
Mgt + Nt + Mgt + Nogt = g((E)

We also have,

Ngt + Ng,

N} + NY,

—1-4

=A

Since the matching and separation of traders and dealers are independent from the asset holding of an

agent,

N, =5

N7 =-2A

R (9)
NG =50 4)

Ngp =555 01— 4)

The restrictions on laws of motion are summarized in the following lemma.

Lemma 1. Laws of motion are constrained by the following restrictions

u U
Nig + N0y

m
Nig

+ ngs
Nii
N1y
N

m
NOt
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Dealers solve for the optimal menu of contracts taking the market price of the asset in the inter-dealer
market as given. The market price is pinned down by the following market clearing condition. Since no
dealers hold inventories, the demand and supply of asset in the inter-dealer market is related to the bid and

ask transaction flow at any moment.

/ QaatNiude = / Qoat oy d (10)

Definition of equilibrium

Definition 1. An equilibrium is value functions, M., Moz, Uret, Uget, and Mﬂ, laws of motion for ni%,,
NGyes MYy and ng,,, the contract menu, Myt = {(qaz;s Paz) byzexs Mot = {(@be,Pbx) }yyex> and market price P
in the inter-dealer market such that

(i) Given {Ui,r, UOM}Vrzw Mozry S+ ({(QazsPaz)}) = 1,a; = 1,¥7 > ¢, solves the problem of a non asset
holder of type  and Mi,r, s+ ({(qba, Poz)}) = 1,ar = 1,V7 > ¢, solves the problem of an asset holder of type
x.

(i) Given {Mi,, M0$T}v7_2t,U1wt7 Uoat, Vt are solved by equations (4).

(iii) Given laws of motion for {n%xT,nng}v$€X7VT2t and {Uizr, UOmT}szta My,, My, V7 > t solves a
dealer’s problem at ¢.

(iv) laws of motions are consistent with the equilibrium contract menus over time, as specified in equations
(21) and (22).

(v) the inter-dealer market clears at any moment ¢, with market clearing condition specified by equation

(10).

3.2 Characterization of stationary equilibrium

To characterize the equilibrium allocation, we focus on the stationary equilibrium.
In a stationary equilibrium, the population distribution rests in the stationary distribution of the Markov

process defined by the equilibrium, so nfmt =0, Vie{0,1},5 € {m,u}, Mzt = Mowe = Uryr = Upwr =

14



Mtd = 0,Vx,t and the equilibrium contract menu is not time varying. So we omit the time index in the

notation.

Trader’s problem

TMIZL’ = maxx + 5(EM1 - Mlz) + qbit(pb:i’ + MOa: - ML'L’) + A/(Ulz - Mlm)

U1y = & + a(Mygy — Ury) + 6(BEUL — Uny)

rMo, = max §(EMy — Moz) + Gos(—Paz + M1z — Moz) + v(Uow — Moz)

rUpy = Oé(Moz — U0$> + (S(EUO — Uow)

What matters for trading decision is not continuation values and outside options themselves, but the
difference a trading will make to the values. So we define d, = M, — My, and e, = Uy, — Up,. Denote
Fe = [e,dG(z), Ed = [d,dG(z), Ex = [ xdG(z), which are expectations conditional on being hit by a

preference shock.

_ r+oEd+ vz Dbz + QazPax + Yz
7+ 0+ qaw + Qo +7

T+ ad; 1) FEx + aFEd
r+a+dé r+a+d r+a

€p =

Enforcement constraint and the threshold type for buying and selling

Lemma 2. There exists a cutoff k such that only types x > r are willing to sell and types x < k are willing

to buy. So qpr = 0,Yz > K and qu, = 0,Vx < K.

Proof. By the enforcement constraint, So py, > M1, — My, for all type x willing to sell. My, — My, > pax

for all type z willing to buy. Since pp, < P < pgz, the proof will be done if we can show there exists a unique

15



type x such that d, = P. This will be true if d, is strictly increasing in x. The rest of the proof is about

the monotonicity of d,.*
Using envelope theorem, we know that M/, = 2 M;,,Vi € {a,b}. So M/, and U], can be written as

follows,

TM(SL = _5M(/)1 + Qaa:d; + 7(U61 - M(SL)

rUéz = a(M(l)x - U(S:v) - 6U61

So d/, and e/, are are as follows,

rd, =1-—08dy — (oo + Gaz)d, + (e, — d.,)
d = 1+~e!,
T T r40+quet+qact+y

rel, =14 a(d, —el)—de,

/ 1+O¢d;
T r4+a-+o

rd, =1—208dy — (2 + qax)dy + V(iizi%s —dy)

1
J _ 1+’YW
z T+0+Qbr +az+Y s

>0

Market clearing rules that there must exist a x such that d,, = P. By monotonicity of d,, « is unique. O

480 the claim in the lemma can also be applied to characterize a non-stationary equilibrium if we assume that dg; is strictly

increasing at any moment in the non-stationary equilibrium.
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Dealer’s problem

Md = max{(QQw7paw)7(qle)pbz)}v:z % f dax (pax - P)ﬁ& + Qo (P - pbx)ﬁﬁdl‘

s.t.
_ P (an“fw + 59(96)N{”) if 2 < Kk
nﬁ =
anf, — 67, + 6g(x) N — YTl + qaeiifl, if &>k
any, — 0ag, + dg(x)Ng* — YA + g} if 2 < a
Am =
e (a”&c + 59(96)]\76”) if 2 >k

Mla::r > Mlmm’avx
MOIJJ > MOIJ;’avx
Mlxm Z Ulmavx

MOa:w Z l]()a:avaj

The response of population density to contract menu choice is simplified by the existence of threshold
type k. Note that since we know that dealers will choose g4, = 0, Vo < k and qp, = 0, Vo > K, we only
need to pay attention to the response of distribution in region z > x for iy}, and = < « for 7y,. So the
information about the response for type 1o when x > k and for type Ox when z < & is redundant for the
optimization problem. We can see that as trading frequencies decrease, the population of that type increases
and thus canceling out the loss of profit from decreasing trading frequencies. What hurts the profit of a

dealer is the delay caused by decreasing trading frequencies.

Laws of motion

The laws of motion of equilibrium population density can also be simplified because of the existence of the
threshold type k.

The laws of motion in a stationary environment is as follows

17



any, —onit + dg(x)N* — ynit — gyl if 2 < K
nyy =

any, —onit + 0g(x)NT" — yniL + qagng, if x>k
' any, —onft + 0g(x)NJ* —ynfl + qpanys if x < K
Moy =

any, —onfl + 0g(x) NI —ynfl — qaanfy, if x>k

By imposing nfmt =0, Vi € {0,1},j € {m,u}, we can derive the stationary distribution. The derivation

is in the appendix.

3.3 Characterization
Assumption 1. equilibrium trading frequency qq. and qp,. are continuous in x.

Theorem 1. Under assumption 1, there exists a stationary equilibrium characterized by the following system
of equations:
(1) Given e, and n¥,, ni., Gaz, Qo in equilibrium contract menu are solved by the following integral

equations,

Cole) =a—r+7(ea—en) +7 [} s ds

Dy(a) = [7 0t (., + Sg(s)NY") ds

4 (Cy(x)Dy(z)) =0,Yz € {2 qvs € (0,7)}
(12)

x 1+'ye
K T+0+gast+y ds

T r+8+qas u m
Da(e) = [ m50 (ang, 4 69(s) N d

Ca(x) :_K+x_7(eﬁ_ea:) r

4 (Cy(2)Do(x)) =0,Y2 € {2 : qusx € (0,9)}

Gaz = 0, v.’,U S lnf {Z ‘ax S (076)}
Gaz = G, Vx >sup {Z Y Gax € (O,Q)}
Qo = 0’ Vo > sup {Z Dbz € (an_)}

Gx =7, Vo <inf{z:qyq € (0,9)}
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(2) Given Ed, e, and P, prices in the equilibrium contract menu can be solved by the following equations,

S quety G & e _ z+6Ed+ve,
Poz = ij {P fz 7'+5+gbs+7ds:| Qb (13)
_ r+d+qast @ 1tvel e+dEd+ves
Paz = * qu . |:P+fn r+5+qa,s+'yd } - Gax =
(3) Given qaz, Qo
nt, = 2t e Ag(r) + Fanth 14)
)
NGy = a5 aty (1= A)g(x) + F5n0s
_a atd+y ;
m 9(x) Aty atd+r+F que 4 if v <n
Ny =
_a |1 addty (1 ;
@555 [1 o (1 A)} Jozn (15)
_a _ a+d+y ;
m 9(*)3%5 {1 atd+y+ 2 gpe A} ifw<n
Moy =
_a at+d+y _ ;
g(a:)a_w at+6+7+2F gus (1-4) fz=n
(4) Given trading terms, value functions are determined by
d. — x+o0Ed+ QvaPbx + GazPazr + Y€z
x = (16)
T+ 0+ Qax + @z + Y
T+ ad, 0 X +aFd
er = (17)
r+a+d r+a+d r+a
P=d, (18)
(5) Given n, and n¥., market clearing condition determines
fl‘Zn 75+3‘f:qaz npdr = fwgn Hfﬁ”qu ntdx (19)

Proof. The proof is left to the Appendix. In the Appendix, we first show part (3) of the theorem, how we
solve for the stationary distribution from laws of motion, in section A . Then we go back to show part (1) of

the theorem in section B, which comes from mechanism design problem of dealers. The results are unique
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to the market equilibrium with endogenous distribution. Part (3) is a by product of the mechanism design
problem. Part (4) and part (5) is obvious. What is left to show is the existence of the equilibrium. This is

an application of Macolell (1984) [17]. O

The theorem is presented in a constructive way to make it clear how we solve the model recursively.
In the following sections, we will first derive some qualitative characterization of the equilibrium and then

characterize numerically the equilibrium allocation in more detail.

4 Liquidity

In this section, we first discuss qualitative predictions of our model on liquidity. And then we further study
quantitatively how the equilibrium allocation of liquidity is affected by frictions in the market, such as search

friction, competition and dispersion of private value.

4.1 Qualitative results

b a

Proposition 1. Distortion to liquidity is type specific, there exist threshold types z°,z°, 2%, % , z < zb <
TP < Kk < 2% < T < T such that

(1) Trade for sellers of type x € [7°, k] and buyers of type x € [k, z°] breaks down.

(2) Trade for sellers of typex € (z°,2%) and buyers of type x € (z, %) is delayed. Trading frequency is
lower than q. Trading frequency for type x decreases as x comes closer to k.

(3) Trade for sellers of type x € [z, 2°] and buyers of type x € [z, 7] is executed without delay. But the bid

price for sellers of type x € [z, 2] is the lowest in the market and the ask price for buyers of typex € %, T]

is the highest.

Proof. The proposition is a direct application of the equilibrium characterization from Theorem 1. The
reason why region mentioned in point (1) and point (3) must exist in equilibrium is that the indifference
condition, equations (12), cannot hold at either the boundary of the support of type distribution or at types

close to k. This is because C;(z) converges to zero as x converges to x while D;(x) converges to zero as z
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converges to x for i = b and to  for ¢ = a. This cannot hold when the indifference condition in equations
(12) requires that C;(z)D;(z) is a constant as long as this constant is nonzero. But since we assume ¢q;
and @y, are continuous functions, C;(z)D;(z) has to be nonzero for certain type, the constant is nonzero.
So dealers strictly prefer offering highest possible trading frequencies for value close enough to the extreme.

And they strictly prefer offering no trade for value close enough to x. This proves the proposition. O

While trade delays or breakdown distorts liquidity allocation directly, bid/ask spread also affect liquidity
allocation indirectly through its effect on the gain from trade. Since dealers take away more profit from

traders with extreme valuation of the assets, this leaves traders less incentive to trade.

Proposition 2. Compared with the efficient allocation, the equilibrium allocation has the following qualitative
properties. As dispersion increases,

(1) bid-ask spread arises and increases

(2) delay due to trading frictions increases

(3) aggregate trading flow decreases

(4) depending on asset supply, dispersion of the private value, liquidity distortion on the seller and buyer

side does not have to be symmetric.

Proof. From Theorem 1, we can show that it must be the case that 2 < x < 2. This means that dealers
must earn positive profit. As long as dealers earn positive profit, there must exists non-trivial bid-ask spread.
No trade takes place for all type x € [Eb, g“], this shows that there must be delay due to endogenous trading
frictions and trading volume must decrease.

Under complete information or perfect competition among dealers, the trading flow is 6(%_71467(/{*),
where x* is the threshold type for efficient allocation. Note threshold type x* differs from threshold type
k. With private value dispersion, the aggregate trade flow is 6(%7146’(5:}’). Market clearing condition
rules that AG(z%) = (1 — A)G(2?), for z° < 2. From feasibility condition of efficient allocation, we have
AG(k*) = (1 — A)G(k*). Since G(x) is a strictly increasing function, contradiction will be reached if x*

does not lie in the interval (z°,2%). Therefore, G(k*) > G(z°), which proves that aggregate trading volume
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Preference Matching

shock arrival rate § 0.01 meeting a 0.1
upper bound z b) breakup v 0.1
lower bound x 15 Market

mean L;g asset supply A 05

standard deviation % trading frequency ¢ 1

discount rate r 0.02

Table 1: Parameter value for benchmark case

decreases because of the existence of dispersed private value.
Depending on asset supply, it is clear that liquidity distortions may not be symmetric, since the allocation

also depends on distribution of preference. This point can be illustrated by numerical examples. O

To sum up, our results are qualitatively different from results in [10, 2]. We now go to numerical
experiments to find out more features of the model. We will claims to label conclusions only tested in

numerical experiments and use propositions, lemmas or corollaries to label conclusions proved rigorously.

4.2 Numerical results

Depending on application, we can calibrate our model with different parameter values. The parameter values
used in the benchmark case are shown in table 1. We use truncated normal distribution with finite support
as type distribution. The mean and standard deviation of the normal distribution are shown in the table.
Without otherwise specified, we will use parameter values in the table for illustration.

Figure 1 illustrates the contract menu with parameter values in table 1.
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Figure 1: Equilibrium contract menu

Response of equilibrium contract menu to increasing dispersion

Claim 1. Both average bid ask spread and maximum and minimum bid ask spread increases with increasing

dispersion. Delay increases uniformly for all types as

We also do some numerical experimentation with changes in distribution and the claim is in general true.

Figure ? illustrates the change of bid-ask spread as we increase the standard deviation from 1.125 to 2.25°

Observed Price Elasticity to Immediacy

Individual investors are infinitesimal, so they take the menu of trading terms as given. The menu of trading
terms implies price for different immediacy of service. So price elasticity for immediacy can be implied from
the optimal contract.

Claim 2. Observed price elasticity to %ﬁ;m immediacy decreases as trading frequency increases.

This is because traders with less elastic demand self select into contracts with higher trading frequency.

So as trading frequencies increases, prices are closer to monopoly price

5More specifically, we change rescale the type distribution and leave the mean of the distribution unchanged.
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Price in the Inter-dealer Market
The effect of private value dispersion on the price in the competitive inter-dealer market depends on the
asset supply.

Claim 3. The market price is suppressed as the dispersion increases if total asset supply is large; the market

price rises as the dispersion increases if total asset supply is small.

Effect of competition

Competition has a nonuniform effect on immediacy of trade for different type of traders. Traders with

extreme value are less affected by competition.

Corollary 1. The equilibrium allocation will not converge to efficient allocation even as -y converge to

infinity.
Proof. This is a corollary of 1. The intervals [z, z%] and [#%, ] will not be empty for any finite value of . [

Claim 4. As v increase, competition will drive the equilibrium allocation close to efficient allocation.

Figure 4 illustrates the point of Claim 4. All parameter values are benchmark value except those pa-
rameters mentioned in the figure. We intentionally raise o to a very high level to highlight the effect of
competition. When « is low, breakup from a dealer not just introduces competition but also increases search
cost. Interestingly, competition has an asymmetric effect on the contract menu for buyers and sellers. In this
example, trading frequency does not weakly increase for all type of traders as competition among dealers

becomes more intensive.

5 Efficient allocation and its decentralization

Before showing the welfare consequences of the liquidity distortions in our model. In this section, we will
study the efficient allocation and what market microstructure can help decentralize the efficient allocation.

The decentralization highlights the effect of imperfect competition among dealers on efficiency.

25



——y=1,a=10
13l =001, =10 a0k Py

820 -

1 T
! 0t e it
D& !
!
= | = 501
0B}
D4t
D2t

(a) trading frequency (b) price

Figure 4: The effect of competition on liquidity

5.1 Social planner’s solution

Suppose the social planner replaces dealers to allocate resources. The constrained efficient allocation with

search friction should be such that when asset holders and non asset holders are in touch with the dealers, .

Definition 2. An allocation is a mapping from the state of an agent to decisions on asset allocation and

allocation frequency, T : (z,a) — (a’, q), which applies to an agent when she meets the planner.

The allocation takes into consideration the fact that asset may be delivered with delay. Let I'(x,a) =

(a'(z,a),q(z,a)), then we have

Definition 3. A feasible allocation is an allocation that satisfies the following restrictions: (1) ¢ < g ; (2)

Ja(z,0) [0 —d'(z,0)] nlydx + [ q(z,1)[1 —d'(x,1)] nIidz >0

An allocation is feasible if the frequency of delivery is lower than the upper bound and it satisfies the
flow resource constraint. We assume that the planner does not keep inventories so that the flow supply of

asset unit will be greater or equal to the total amount of asset allocated.

Definition 4. A constrained efficient allocation is a feasible allocation that maximizes social welfare.
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Let the value of a trader with n asset and value = beV (x,n). Then the social planner solves the following

problem,

maxr f Ma’(m,l)zn;;nl + Ma’(m,O),mn;nldx
5.t q(x,n) < q,Va,n
[ a(@,0) [0~ a'(2, 0)) nhda + [ qla, 1)1 — (2, )] n2da > 0

Proposition 3. The constrained efficient allocation is characterized by a cutoff value k such that G(k) =

(1—A) and

1 ifze>k
a'(z,0) =

0 ife<k

1 ifz>k
a'(z,1) =

0 ifex<k

q ifx>k
q(z,0) =

0 ifz<k

0 ifx>k
q(z,1) =

q ifr<k

Proof. First, we look at social planner’s problem without trading frequency constraint. For any agent with
value higher than k, the allocation from the social planner is first best. And because the social planner’s
resource of asset is used up on agents with value above &, to transform the current allocation to any alternative
allocation, the social planner will have to move some asset from agents with value above k to agents with
value below k. But any such reallocation decreases social welfare.

Since, the social planner knows the first best allocation, then there is no reason for her to delay the

allocation. So all allocation takes place at the highest trading frequency.
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Therefore, the cutoff threshold x can be backed out from the resource constraint of the social planner,
where nlf and n} can be solved from laws of motion given allocation decisions. The description of the
allocation of a social planner’s solution is not complete. The endogenous state distribution is not specified

yet. We defer the specification to the proof for decentralization results in the next subsection. O

The social planner’s solution is first best if she can observe the type of traders. But it is also incentive
compatible for traders to truthfully report their type to the planner under the efficient allocation. So the
allocation is efficient with or without private information. In the next subsection, we will show that the first

best allocation can be decentralized in an economy with private value and trading through dealers.

5.2 Decentralization of the first best solution

In this subsection, our goal is to decentralized the first best allocation in an OTC market. To decentralize the
first best allocation, we must incorporate the following features: (1) there is no delay in trade; (2) all asset
holders with value below x are willing to sell and all non asset holders with value above « are willing to buy.
Another requirement from the market structure of the OTC market is that dealers must earn non-negative
profit.

To satisfy the first requirement, we need the trading to take place as fast as possible. If all trade takes
place at the same frequency, then there is no way for a dealer to price discriminate traders of different type.
So trade must takes place in a pooling equilibrium. Suppose bid/ask in the pooling equilibrium is p® and p®
respectively.

To satisfy the second requirement, the value of no trade for all asset holders with value below « shall be
below the revenue from trade, the bid price of dealers. p® + Myo > My1,Vz < K

And the gain from trade for non asset holders with value above k shall be positive. V(z,1) — p® >
V(x,0),Vz > k.

Therefore, we have p* < M, — M,o,Vx > k, and pb > M1 — My, Vo < k. But for dealers to non-

negative profit, p’ < p®. Therefore, we know that as long as the value function are continuous and increasing
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in value, it must be that p® = p* = M., — M,.0.

And the allocation is incentive compatible. This is because for asset holders with value above k and non
asset holder with value below «, the option value of trade is negative.

The allocation can be decentralized in such an OTC market: every time when a trader meets a dealer,
traders always get the chance to propose a trading term. Expecting that the market price in the inter-dealer
market to be P, traders will always leave zero profit to the dealer. Therefore, trade always take place as

quick as possible at the competitive market price of the inter-dealer market.

Proposition 4. The constrained efficient allocation can be decentralized in an OTC market by the following
trading term: p® = p® = P, ¢® = q® = §. The inter-dealer market is cleared by the price P = p® = p®. The

equilibrium allocation can be characterized by equations in Theorem 1 except that

q ifx>k
Qax =

0 ifz<k

0 ifx>k
Qb =

qg ifx<k

and

pax:P7V$Z"f

DPoe = P,Ve < kK

In the decentralization of the first best allocation, bid ask spread is zero and no delay takes place in trade.
This is not what we usually see. In the next section, we will show how the monopoly power of dealers will
generate an endogenous distribution of bid ask spread, delay in trade and at the same time, bring distort to
the economy, pushing it away from the first best allocation.

The decentralization of the efficient allocation and the allocation from the dealer-proposing market game

we study can be thought as two extreme cases in the bargaining problem between dealers and traders. If
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traders propose with probability 1, the efficient allocation can be decentralized by the market game. If
dealers propose with probability 1, the strategic behavior of dealers leads to distortion in liquidity allocation
in the trading game. In the extensions, we discuss an extension of our model to introduce bargaining power
of traders, by allowing both sides to make take-it-or-leave offer with some probability. The equilibrium
allocation of the extended model would be between the allocation of our model and the efficient allocation.

And characterization of the allocation will remain qualitatively similar.

6 Asset misallocation and welfare

Liquidity misallocation also leads to misallocation of the asset across traders of different value. In this
section, we characterize the equilibrium allocation of the asset and study efficiency loss from both the
liquidity distortion and asset misallocation.

From Theorem 2, we can see that the equilibrium allocation of liquidity is not efficient. So in this section,
we first study how the allocative efficiency of liquidity varies across types of traders. And then we study
quantitatively how efficiency is related to such market conditions as competition intensity between dealers

and total asset supply.

6.1 Allocative efficiency and asset misallocation

Proposition 5. Asset misallocation comes from two sources of liquidity misallocation: trade breakdown and
trade delay
(1) Distortion to asset allocation for x € [z, 2%] are due to trade breakdown.

(2) Distortion to asset allocation for x € (z°,z%) and x € (2%,7%) are due to trade delay.

Figure 5 illustrates the difference between the efficient asset allocation and the actual asset allocation
predicted by our model. The distortion between the two kinks in the actual allocation is due to trade break-
down. Misallocation of asset across agents not matched with dealers is similar. The additional misallocation

for searching agents comes from the fact that searching for a dealer takes time. Preference shock before

30



036 0036

actual allocation

actual allocation

O3F e efficient allcoation Ly efficient allocation
05} Do)
nz2r : B oozt
g : ; 2
= =
GRERS RIETS
o ool b
005} 0005
0 o
5 B 7 8 15 5 B 7 15
* X
(a) misallocation across matched traders (b) misallocation across searching traders
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finding a dealer leads to the additional welfare loss.

6.2 Distortion to aggregate welfare

Lemma 3. In a stationary equilibrium, the social welfare is determined by the efficiency of asset allocation,

the social welfare S can be solved by the following equation

1
S = - /x(nﬁ +nY,)dx (20)

Proof. The utility of agents in the economy is comprised of transfer and direct utility from owning the asset.
Transfers from traders to dealers do not matter for aggregate welfare since they add up to zero. What

matters is only asset allocation. O
So as a corollary of Proposition 1, we know that private value dispersion decreases social welfare.

Corollary 2. The social welfare of the equilibrium allocation with dispersed private value is lower than that

of the efficient allocation.
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Figure 6: Welfare loss as a percentage of the efficient level increases as the dispersion of private value

increases.

Quantitatively, with benchmark parameter values, the social welfare of the equilibrium allocation is 2.5%

lower than the level of the efficient allocation.
Claim 5. As dispersion of privation value increases, welfare loss increases.

Asg illustrated in Figure 6, when we use the benchmark parameter values, as we increase the standard

deviation from 1.125 to 2.25, welfare loss rises from 2.5% to nearly 4.5%.

7 Comparison with complete information counterpart

To see more clearly the effect of private value, we study the complete information counterpart of our model

in this section.
In the complete information model, Diamond Paradox[4] will kick in. So the result is trivial: all surplus

from trade is taken by dealers. And the allocation would be efficient.
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Proposition 6. Under complete information,

_ rx+éFEx
My, = r(r+9)
My, =0

_ rx+éFEx
Ui = r(r+9)
Uor =0

Proof. Under complete information, all gain from trade is taken from traders given continuation value My,

My So traders’ value can be written as follows,

My, :%

O

Proposition 6 shows the forces behind Diamond Paradox: dealers have monopoly power at any moment,
leaving traders no gain from trade. So traders get Autarky values.

Interestingly, the Diamond Paradox will not show up with incomplete information. This is because
dealers, even if they are monopolist, cannot extract all surplus from traders under asymmetric information.
At lease some information rent has be to go to traders. But whenever some rent is left to traders, dynamic
competition between dealers will show up.

In comparison with results in our model, we can see that our results on endogenous delay and bid/ask

spread come solely from the information friction of private value.

8 Extensions

Bargaining power of dealers

Alternatively, we can characterize the competition effect by allowing traders to make a take-it-or-leave-it

offer to dealers with some probability A. Since dealers’ reservation price is P for bidding or asking, traders
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will always propose to trade with price P if they have the opportunity to do so.
At the beginning of a new relationship, traders have all the bargaining power with probability A and
dealers are assigned all bargaining power with probability 1 — A. The party assigned the bargaining power

makes a take-it-or-leave-it contract. In the benchmark model, we assume A = 0.

Competition through on-the-job search

Another way to introduce competition among dealers is to allow on-the-job search. Then each dealer knows
that they only have monopoly power over a fraction of their customer pool. The tradeoff for them is whether
to extract monopoly profit from the fraction or to compete with other dealers by offering a more favorable

menu of contracts so they can attract more customers from the pool.

9 Conclusion

We study in a random matching environment the effect of private value on liquidity, asset allocation and
social welfare. We find that the dispersion of private value could have a large impact on all these dimensions.
This is especially important for an economy in turmoil, when heterogeneity in private value may explode.

As Figure 5 shows, this paper also implies a theory of mismatch between asset holding and private value.
This is worth further exploring.

Depending on interpretation, our model can be applied to many specific markets with similar market
microstructure. We think that the market structure is especially similar to that in a housing market,
where our model implies that even if the housing quality is homogeneous, there might still be misallocation
across agents of different values. If agents hold an asset for liquidity purposes, we can study the effect of
private information on liquidity allocation. Gale and Yorulmazer (2011) study liquidity hoarding of ex ante
homogeneous banks. With modification, we intend to study the trading and liquidity of the market for the
liquidity asset, with ex ante heterogeneous banks. Our results can also be applied to study a durable goods

market, allowing resale and fluctuating tastes.
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A Stationary Distribution

To solve for the stationary distribution, we first write down the laws of motion,

nY, = —ant, —ont, +0g(x)Ni" + ynlL

anf, —onf}, +0g(x)N* —ynil, — qanfl, ifz <k
np, =

any, — onfs + 0g(z)N{* —ynil + qaanfl, f 2>k

anf, — ong;, + 6g(x)NG" — i, + qenly, iz <r
ngL =

angﬂc - 6”8; + 59(;U)N6n - ’Yng; - qaxngé ifz >k

When the economy rests in the stationary distribution, n, = 0, so we have,

(@ +0d)nf, =dg(x)N{ +nf,

(a+d)ng, = dg(x)Ng +yng,

By Lemma 1, we have,

nfy = gty aty Ag(r) + Fsnts
ne = asary (1—A)g(@) + Fng

Substituting equations (23) into equations (22) and also making use of Lemma 1, we have,

. o [%M%MAQ ] —onT: + dg(x )a+a,A A — qent  ifx <k
a [QLM ajrwAg a+6 } —onf}, +dg(x )aJﬂ,A YTy + Qaangy if T >k

o JolRah - A+ gni] - oni +09(0) 5850 = 4) = m +
o [0%5 avv(l — A)g(z) + aléna’;} IngL + dg(x >a+v<1 —A) —ynlt — qaanl,
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S __a_
a+0 a+y

ifx <k

(a:)] + 59(33)0%_714}

1
F et~ o5y {0‘
nys, =
s
o0+ 7Q+5')’{ |:75 - ):| +5g( )ai.‘/A"'_qazng?c} 1f1’>:‘<§
s
5 am{ {*a (1= A)g(z )}+59( )ats (1—A)+quni’;} if 2 < K
ng, =
1 s .
Sty — 255 VT dan {a [a+6 oz+'y(]' —A)g(x )} + dg(x )a_,'_,y(l - A)} ifex>«k
After simplification
g(z) atd+y o .
O 1+ 5+%2 atd (x—‘,—'yA ifz <k
le  —
g(x) a+d+y daz pm o,
1+%+6 ato (¥+’\/A+1i%f5 leL‘ZH
9(z) atdéty o B Tba
nmo = I+54 otd a+'y(1 A) + 15,-@”_55 ifz <k
Oz
g(z) a+d+y .
TF 5+ B ato a5 (1-4) ifz >k
Reorganizing the equations
1+a15 a .
I = if o <r
lz —
dax
Je 2 5 a o .
g( )a+,YA+ 1+%M+%g($)r+,y(l A) lfIZKZ
9bx
g(x)—ao‘v(l —A)+ T ”Z+‘“’Tx9(m)aiw’4 ifr<k
TLg; = o+t
a5 ()75 (1 - A) ifz >k
" —r e >
a a+d+~ .
nm _ g(x)a+,ya+5+,y+a7+5qb 1fx<l§,
le  —
x L[ — ooty 1—A} if >k
90335 |1~ s, (1= A) - (24)
a o a+d+y .
nmo = 9(x) oty [1 a+o+7+2F que A} ifz <k
Oz
o a+d+y . .
g(w)oury OHN;JF,YJFQ;& (1 A) ifx >k

One can check that Lemma 1 holds with these solutions. This proves part (3) of Theorem 1
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B Solution to the mechanism design problem of a dealer

Dealer’s objective is to maximize total expected profit given constraints specified in equations (11). Before
solving the maximization problem, we need to explain: (1) how we solve for the response of customer type
distribution, as shown in equations (11); (2) how we reduce the constrained problem to be an unconstrained

problem.

Response of customer distributions to choice of contract menus

Taking n{, and ng, as given, what is the response of 7. of a dealer to her contract menu?

The laws of motion for 7} are

. anl, — 0 + 0g(z)N™ — ARy — queny,  if o < K
ny =

anly, — ORT + 3g(x) N — Yl + qoenfyl  if x> &
. anll, — 6agL + 0g(x) NG — vt + quenl,  if o < &
gy =

anll, — 0ifL + 0g(x) NG — Yl — qooills, i x> K

From the laws of motion we can solve for 7 in the steady state.

. s (ant, +dg(@) ) if 2 <
Niy =
any, — 0i + 8g(x) N{* — yifl + qooii, if x>k
(25)
and, — onf + 3g(x)NG» — yagh + gy, if o < K
A =
s (Oén“éz + 59(%)1%”) ifz >k

We assume that firms only do local perturbation to their equilibrium menu of contracts, so that when
the perturbation is carried out, the aggregate population of asset holders and non asset holders connected

with the dealer does not change. That is, ]\7{” = QLMA, Né” = O%W(l —A).
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Reducing the number of constraints

We assume that apart from the constraints on the response of customer distributions, only downward incen-
tive compatibility constraints is binding, that is, the constraints for traders with small gain not to pretend
to be traders with larger gain. After we solve the problem, we will verify that this is indeed the case. Since
in equilibrium, it is always better off for agents to stay with the current dealer rather than quit and search
for a new dealer. We only need to verify if IC constraints and enforceability constraints are binding. We
will check that numerically. The monotonicity condition that secures incentive compatibility of the contract
menu holds in the numerical example we use in the paper. For seq,, is increasing in x and g, is decreasing

in x.

d — I+5Ed+qbzpbz+Qa:cpam+’Yem
& r4+0+qaz+qbz+Y
2+0Ed+qazPaztyes . 9
[ R if 2> K (26)

2+ Ed+qpePoxtyes :
P S —— ifr <k

rMi, = maxz + 6(EMi — Miz) + qva (Poe + Moz — Miz) + 7(Ure — Mia)

Moy = max §(EMy — Mog) + Gaz(—Paz + M1z — Mog) + v (Uox — Moz)

Since it is incentive compatible for type 1la to choose (gp, pp:) and for type 0x to choose (qaz, Paz), by

envelope theorem[18], we have

71]\4'(/)1 = _5M(/Jx + qamd/z + ’Y(U(l)x - M(/)x)

From them we can derive,
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A 1+e,
d, z

T r+H0+aqbetqant+y
_Hve e sk (27)
r+0+qaz+y
1+7'ye; ]
Fotaaty LTSHK

Since d, = P by definition, we can use d, as a parameter in dealers’ problem (it will be endogenized

after we solve the whole equilibrium and obtain the market clearing price P),
d, = dy, + / d.ds (28)

From equations (26), (27) and (28), we can express prices in terms of trading frequencies in the whole

contract menu.

bt =P L s L e <
7'+%(f5:;+7 =P+ f: 7'+t15iZ:§+7 ds — iigfg;‘:f; ,Vx 2k
g
P = mgle) | st [f
Paz = T+5:f:z+7 {PJF Iy r+§ix§+vds} - w+6§jjwz
R

1 ’
Ge(P = poa) =@ =K+ ex —en) + (1 + 3+ @ +7) [1 s ds (29)

x 1 e’
Qaz(paz_P) :K_x+7(em_em)+(r+6+qax+’y)fﬁ #ﬁds

Unconstrained optimization

Substituting results in equations (25) and equations (29) into the dealers’ objective function, we now can

solve an unconstrained problem with control variables g, gy, With restrictions that gu., gv: € [0, ], V&
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f an(pax - P)ng; + sz(P - pbx)nﬂdx

= fzzn [H —z+y(en—ex) + (r+0+ quo+7) [ H;i%ds} ngLde

1 !
+ fmgn [:1: —k+y(es —ex)+(r+ 5+ qoe +7) f: H_J_%ds} nidx

T 1+~e” u m
= Josn [t (en =€) (4 8+ tar + ) [ i ds] st (anl, + Sg(0)NGY) da

+ foen [ac —Kkt+(es —ex) + P+ 0+ qa +7) [ Mf;i}fjﬂds] st (onf, + 6g(x)N{") da
In general this is an optimal control problem where the control variables are two functionals. But the
problem for this objective function is particularly simple, we can directly take first order condition with
respect to every value gqgand gp,, Vo such that ¢;, € (0,q).

The first order condition with respect gu. for gq. € (0,q)

14el
—|k—z+y(ex —ex)+r [ r+5+;’:s+,yds] (6+wiqaz)2 (any, + 6g(z)N")

1+vey T r404qast _
T 10t dant)? I T6+qi+yﬂ/ (ang, + dg(s)Ng")ds =0

The first order conditions for q,z, V& € {z: ¢us € (0,4)} can be summarized by the following integral

equation,

0 = Cy(x)Dy(x) + Co(x) Dy ()

T 1 e’
T s

Ca(x) :—/@—FZ‘—'Y(@m_ew)_r nm

= f: C!(s)ds
Do(z) = [T Tta ) (amfl, 4 6g(s)NG™) ds

=— ff D’(s)ds

Colw) = (~ s +1) (14 7¢l)

_ _04Gaxty ’
T r+0+dazty (1 +7eq)

5 axr
Dy(a) = —IEFe (an, + 5g(a)NG")

FOC wrt g, for g € (0,q),
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K 1+~e’. u m
B [a: —rtyles —ex) +r ), r+6+Zb;+v ds} (5+7-1Fqbz)2 (an, +og(x)N{")

e T r45+qpsty u m _
ot Ja ey (anty +3g(s)Nf")ds =0

The first order conditions for gu., Vo € {z: qo € (0,4)} can be summarized by the following integral

equation,

0 = Cy(x)Dy(x) + Co(x) Dy(x)

1 ’
Cb(m) :.’E—H+’y(ez_eﬁ)+rfzm7%t%

Dyle) = [T 40t (apy, 4 Sg(s)NJ") ds

S+ qbe
Cila) = 02 (14 4e))

40 - u m
Dy(x) = it (any, +d9(s)NT")

This proves part (1) and (2) of Theorem 1.
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