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Abstract

I study a model in which banks need to borrow to make risky loans whose return is private information known

only by the bank who made the loan. To raise funds, banks can either sell assets or pledge them as collateral. I show

that collateral contracts arise in equilibrium even though all agents would value the asset the same in autarky. The

persistence in the role as borrowers or lenders and the banks�ability to make a pro�t from loans imply that banks

will value the asset more than lenders. On top of paying dividends, the asset resolves the banks�maturity mismatch

problem and, since it is used as collateral, it relaxes a borrowing constraint. The amount that can be borrowed

against the asset is determined in equilibrium. I show that increases in risk may decrease the asset�s debt capacity

and, thus, the level of intermediation in the economy.

1 Introduction

Collateralized debt is a widely used form of �nancing. Trillions of dollars are traded daily in debt collateralized by

diverse �nancial assets, such as sale and repurchase agreements (repos) and collateralized over-the-counter derivative

trades. The terms under which collateralized debt is issued a¤ect the availability of funds in the economy and, as

experienced in the 2007-2008 �nancial crisis, can a¤ect systemic risk. Some of these terms include which assets are

accepted as collateral, and how much can be borrowed against them. There is empirical evidence that these terms

varied substantially during the last �nancial crisis.1

In this paper, I will focus on the amount that can be borrowed against an asset (i.e., its debt capacity). I provide a

discrete-time, in�nite-horizon model in which collateral contracts arise as equilibrium outcomes, even though all agents

would value the asset the same in autarky. There are two types of risk neutral agents, banks and lenders, and one

durable asset which pays dividends each period. Banks can invest in risky loans but they need external funds to do so.

Since the return of the loans is private information known by the bank who invested in them, banks can either sell their

�e-mail: ceciparlatore@nyu.edu, Webpage: www.ceciliaparlatore.com
yI am specially indebted with Ricardo Lagos and Tom Sargent for their advice in this project. I also thank Douglas Gale for very helpful

comments and suggestions. I thank Saki Bigio, Alberto Bisin, V.V. Chari, Gian Luca Clementi, Todd Keister, Emiliano Marambio Catan,

Antoine Martin, Juan Pablo Nicolini and Michal Szkup for their insightful remarks.
1See Gorton, G. and Metrick (2010a; 2010b) and Copeland, Martin, and Walker (2010):
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assets or pledge them as collateral to raise funds. Banks value the asset more than lenders, and, therefore, as shown by

Lacker (2001), choose to use collateral contracts.

In my paper, the di¤erence in valuations arises in equilibrium from the persistence of the roles as borrowers and

lenders. This persistence is consistent with the observation that, in many collateralized markets, di¤erent types of

institutions specialize in borrowing or lending. For example, in the repo market, money market funds are usually

lenders whereas hedge funds and specialty lenders are usually borrowers. The larger specialty lenders are either captive

subsidiaries of major manufacturing �rms that provide �nancing for the purchase of the parents�products or entities

that provide a variety of consumer and commercial business credit lines. Specialty lenders are borrowers in markets

for secured and unsecured debt and they are lenders to consumers, businesses, and households.2 Banks in my model

resemble specialty lenders.

In my model, banks have the investment opportunity before the asset�s dividends are paid and, thus, cannot invest

without external �nancing. This timing implies a maturity mismatch for the bank between the need of funds and their

availability. Lenders do not have access to investment opportunities. Therefore, if left in autarky, both banks and

lenders would value the asset as the expected discounted sum of dividends. When banks can borrow from lenders, they

value the asset not only because of its dividend stream but also because it allows them to invest in the risky loans. This

extra value can be divided in two: a private liquidity premium and a private collateral premium. The private liquidity

premium arises from being able to sell the asset and use the funds to invest in the loans. The private collateral premium

is the additional value banks can obtain by using the asset as collateral instead of selling it.

By solving the model in closed form, I am able to characterize the asset�s debt capacity completely. In the model,

the amount that can be borrowed against an asset depends on the riskiness of the loans, on the asset�s liquidity and

on the asset�s dividend structure: the current level of dividends, and the correlation between the borrower�s ability to

repay and the asset�s future dividend stream. I show that when all banks can invest in the same type of loans, i.e., all

loans have the same correlation with the asset�s future dividends, an increase in this correlation increases the asset�s

debt capacity. The bank has incentives to lie when the return of the loans is high. An asset that has a higher value

when the borrower has incentives to lie makes it easier to motivate the borrower to tell the truth, and hence is better

collateral. Moreover, when the return of the loans are positively correlated with future dividends, a mean preserving

spread on the distribution of the loan�s return decreases the asset�s debt capacity and the amount intermediated in the

economy. When banks can invest in di¤erent types of loans, two regimes may arise in equilibrium: one in which all

banks use the asset as collateral and one in which some banks use the asset as collateral and other banks choose to sell

the asset to raise funds. The e¤ect of changes in the correlation structure on the overall amount intermediated in the

economy depends on the distribution of loan types across banks and on the regime the economy is in.

There is a large literature that analyzes collateral contracts. Lacker (2001) shows that in a multiple-good risk-sharing

environment with ex-post private information, collateralized debt is the optimal contract when the borrower values the

collateral good more than the lender. He shows this in a two-good, two-period model with two agents, a risk-averse

2Financial System Oversight Council annual report, Chapter 5, Financial Developments,

http://www.treasury.gov/initiatives/fsoc/Documents/Financial%20Developments.pdf.
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borrower and a risk-neutral lender. The amount of payment good that the borrower receives in the second period, when

the loan repayment is due, is random, and its realization is private information known by the borrower. The lender�s

marginal valuation of capital is exogenous and constant.

In a similar environment with non-pecuniary costs of default, Rampini (2005) studies how default varies with ag-

gregate income when individual income is privately observed by the agents. The optimal risk sharing contract allows

for default. Default penalties ensure that only agents with low realizations of income default. These default penalties

are modeled as transfers of agent-speci�c goods which are only valued by the agent who is endowed with it, and can be

interpreted as collateral which is only valued by the original holder.

My model resembles these two papers in that the realization of the amount of payment good the borrower has when

he has to repay the loan is private information known by the borrower. In contrast, my model is in in�nite horizon, all

agents are risk neutral, and the marginal value of the collateral good both for the lender and the borrower is determined

in equilibrium. In my model, collateral contracts are always optimal since, in equilibrium, the borrower values the

collateral good more than the lender.

Kocherlakota (2001) analyzes optimal repayment contracts in the presence of collateral when there are enforcement

frictions. Collateral contracts are optimal in Kocherlakota�s model, provided that lenders are assumed to be less willing

than borrowers to substitute consumption for collateral goods. In his setup, collateral is used to force the borrower to

share the returns on the project he invested in with the lender.

In the general equilibrium literature, Geanakoplos (2003a; 2003b) ; and Geanakoplos and Zame (2007) study the use

of durable assets as collateral. They show that when collateral is needed, the set of traded assets will be determined

endogenously. Araujo, Orrillo and Pascoa (1994) and Araujo, Fajardo and Pascoa (2005) assume collateral contracts and

make collateral endogenous by allowing each seller of assets to �x the level of collateral or the bundle used as collateral.

In all these papers, collateral contracts are assumed.

In the macro literature, Kiyotaki and Moore (1997) analyze the e¤ects of collateral constraints on aggregate �uctua-

tions. In their model, the value of collateral is endogenous, and this endogeneity plays a crucial role in generating large

e¤ects of collateral constraints on output. Jermann and Quadrini (2011) �nd that a tightening of the �rms��nancing

conditions contributed signi�cantly to the 2008-2009 recession and to the downturns in 1990-91 and 2001. In their paper,

collateral (borrowing) constraints arise from an enforcement problem: at the time of repayment, the lender can recover

only a fraction of the collateral value. This fraction is stochastic and depends on (unspeci�ed) market conditions. In

these papers, durable assets are used not only as collateral for loans, but also as inputs for production.

In the model presented in this paper, the asset used as collateral is not an input in production and there is perfect

enforcement. The asset is used as collateral as an optimal response to asymmetric information about the resources

available to the borrower at the time of repayment. The amount that can be borrowed against the asset is determined in

equilibrium, and, thus, changes in the collateral constraints faced by banks re�ect changes in the economy�s fundamentals.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 de�nes and characterizes

equilibrium. Comparative statics results are presented in section 4. Section 5 extends the model in section 2, allowing

for heterogeneity among banks. Section 6 concludes.
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2 Model

Time is discrete, starts at t = 0, and goes on forever. Each period t is divided in two subperiods, morning and afternoon.

There are two types of consumption, non-storable good, morning and afternoon speci�c. There is one asset that lasts

forever and which is in �xed supply �k. k units of capital yield dtk units of (afternoon) consumption good as dividend at

the end of each afternoon t. The dividend dt is known at the beginning of morning t: There are two types of in�nitely-

lived, risk-neutral agents, banks and lenders. There is a measure 1 of each type and all agents have the same discount

factor � 2 (0; 1). Each agent starts his life with an endowment of the asset. Each subperiod lenders are endowed with

a large amount of consumption good, emL in the morning and eaL in the afternoon. Each morning t banks receive a large

endowment of (morning) consumption good, and each afternoon t banks can make short-term loans on which they can

make pro�ts. Loans are risky: some loans may not be repaid. Thus, one unit of (afternoon) consumption lent by the

bank at the beginning of afternoon t by bank j yields a random payo¤ �jt in (afternoon) consumption good at the end

of the period. �jt 2 f�L; �Hg : The return of the loans is i.i.d. across banks and time.

There is an underlying unobservable i.i.d. aggregate state !t 2 (!0; !1) that determines the probability of success of

the investment in loans.3 Let pni := Pr
�
�jt = �ij!t = !n

�
, and pi := Pr (!t = !1) p1i + Pr (!t = !2) p

2
i = Pr

�
�jt = �i

�
,

i = L;H;8j; :8t � 0: I assume that E
�
�jt

�
> 1 > �L;8j; :8t � 0, i.e., that the loans are expected to be pro�table but

that they incur losses if the low state is realized, and that 1 > �E(�)��L1��L . The return of the loans is private information

known by the bank who made the loans, and it is potentially correlated with the dividend paid by the asset the following

period.4 The joint distribution of returns in period t and dividends in period t+ 1 is stationary, i.e.,

E
�
dt+1j�jt = �i

�
=
X
n=1;2

Pr
�
!t = !nj�jt = �i

�
E (dt+1j!t = !n) := di for i = L;H;8j;8t � 0;

where

Pr
�
!t = !nj�jt = �i

�
=
pni Pr (! = !n)

pi
:

The dividend is paid after the investment in the loans is made. Therefore, dividends cannot be lent by the bank.

This timing implies that banks need to borrow to make risky loans, and creates a maturity mismatch between the need

of funds (liquidity) and the availability of funds. Moreover, it implies that if agents were left in autarky, they would all

value the asset as the discounted sum of expected dividends.

Each morning, after the dividend level dt is known, an asset market opens. Banks and lenders meet randomly. Trades

made in this market are bilateral and the terms of the transaction are determined through Nash bargaining. At the

beginning of each afternoon, a funds market opens: each bank is randomly paired with a lender and there is a bilateral

funding contract in which all bargaining power is given to the borrower.

The timing is illustrated in �gure 1.

3 I assume the law of large number, and thus the fraction of successful investmens in loans will also depend on the state realized.
4One can think of the asset as mortgage backed security or as an asset backed security backed by loans made by banks.
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Figure 1: Timing

2.1 Asset Market

At the beginning of each morning, each bank is randomly matched with a lender in the asset market. The terms

of trade, quantity and price, are determined through Nash bargaining. The bargaining power of banks is equal to


 2 (0; 1].5 Since matches are random both in the asset market and in the loan market, the aggregate state of the

economy is � = (d; FmL ; F
m
B ), where F

m
L and FmB are the distribution of assets in the hands of lenders in the morning,

and the distribution of assets in the hands of banks in the morning, respectively. I assume that banks have enough

consumption good each morning to buy all assets from the non-producer they meet with. By making this assumption,

the model abstracts from borrowing constraints in the capital market. Since the main focus of the paper is to understand

collateralized loan contracts, I believe that considering such borrowing constraints, though interesting and realistic, will

make it harder to disentangle the forces at work without adding much to the analysis.

Let kT (kB ; kL;�) ; and P (kB ; kL;�) be the quantity and price that result from the encounter of a bank with kB

units of the asset and a lender with kL units of the asset.

Then, the value of a bank in the morning, before entering the asset market, is

V mB (kB ;�) =

�Z �
�V aB
�
kB + k

T (kB ; kL;�) ;�
�
� P (kB ; kL;�)

�
dFmL (kL)

�
(1)

where �V aB (kB ;�) =
R
V aB (kB ; kL;�) dFa (kL) ; and V

a
B (kB ; kL;�) is the value of a bank with assets kB who enters a loan

contract with a lender with assets kL:

The value of a lender in the morning, before entering the asset market, is

V mL (kL;�) =

Z �
P (kB ; kL;�) + d

�
kL � kT (kB ; kL;�)

�
+ �E�0

�
V mL

�
kL � kT (kB ; kL;�) ;�0

���
dFmB (kB) (2)

Therefore, since the terms of trade are determined by Nash bargaining, P (kB ; kL;�) and kT (kB ; kL;�) solve

max
P0;k0

�
P0 � dk0 � �E�0

�
V mL

�
kL;�

0�� V mL �
kL � k0;�0

���1�

(3)

�
�
�V aB (kB + k0;�)� �V aB (kB ;�)� P0

�

5 If 
 = 0 both agents value the asset the same in equilibrium and the optimal debt contract is indeterminate.
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2.2 Funds (Loan) Market

Every afternoon, a bilateral funds market opens. Each bank is matched randomly with a lender and the terms of the

loan contract are determined by the borrower (the bank)6 . Loan contracts are one-subperiod contracts and they consist

of a loan amount in terms of (afternoon) consumption good, q, and contingent repayments in terms of (afternoon)

consumption, ri, and in terms of assets, ti, i = L;H:7

A contract (q; rL; rH ; tL; tH) is feasible at time t when the dividend level is d if

0 � q � eaL

0 � ri � dkBt + �iq i = L;H

0 � ti � kBt i = L;H

where kBt is the amount of assets held by the bank in afternoon t.

Since �t is only observed by the bank, for contracts to be credible, they must be incentive compatible.

A contract (q; rL; rH ; tL; tH) is incentive compatible if

�rL + �E�0
�
�V mB
�
kB � tL;�0

�
j�t = �H

�
� �rH + �E�0

�
�V mB
�
kB � tH ;�0

�
j�t = �H

�
(4)

and whenever rH � �L (dkB + q)

�rL + �E�0
�
�V mB
�
kB � tL;�0

�
j�t = �L

�
� �rH + �E�0

�
�V mB
�
kB � tH ;�0

�
j�t = �L

�
(5)

where �V mB
�
kB � t; ed; �0� = R V mB �

kB � t; kL; ed; �0� dFm0L (kL)

The �rst constraint states that, in the high state, it is always at least as good for the bank (borrower) to tell the

truth and report that the high state has occurred than to lie and report a low realization of �. The second constraint

states the analogous for the low state with the restriction that this constraint is only active when lying in the low state

is feasible, i.e., when there are enough resources in the low state to match the contingent repayment in terms of goods in

the high state, rH : I assume that the amount of the loan in equilibrium is never restricted by the amount of consumption

good owned by lenders, i.e., that q� < eaL:
8

Let V aB (kB ; kL;�) be the value of a bank with assets kB who is matched with a lender with assets kL in the loan

market. Then, V aB (kB ; kL;�) =

sup
q;rL;rH ;tH ;tL

E (�) q � pHrH � pLrL + dkP (6)

+�pHE�0
�
V mB

�
kB � tH ;�0

�
j�H
�
+ �pLE�0

�
V mB

�
kB � tL;�0

�
j�L
�

s.t.

(q; rL; rH ; tL; tH) is feasible and IC

6The shape of the contract is the same if all bargaining power is assigned to the lender.
7One sub-period contracts implement long-term contracts. Say more about this!!!?
8 If this was not the case, the incentive compatibity constraints would not bind, the size of the loan would be e¢ cient and debt would be

riskless.
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�E�0
�
V mL

�
kL;�

0�� � �q + pHrH + �pHE�0
�
V mL

�
kL + tH ;�

0� j�H�
+pLrL + �pLE�0

�
V mL

�
kL + tL;�

0� j�L� (7)

�0 = H (�; �) (8)

The bank chooses a feasible and incentive compatible contract to maximize his expected utility subject to the

participation constraint (7) and given the perceived law of motion for the aggregate state (8). (7) states that the lender

has to be at least as good participating in the contract as he would be if he didn�t participate in it. The borrower invests

all the loan amount, q, in the risky technology since E (�) > 1, and gets an expected return E (�) q: He expects to repay

pHrH + pLrL in terms of consumption good and he gets dividends dkP from his stock of assets at the beginning of the

afternoon. Finally, his expected continuation value in the morning depends on the contingent transfers of assets tL and

tH that are part of the contract.

The following three lemmas, and the proposition in this section simplify the bank�s problem in the loan market.

Lemma 1 Without loss of generality, (7) can be replaced by

�E�0
�
V mL

�
kL;�

0�� = �q + pHrH + �pHE�0
�
V mL

�
kL + tH ;�

0� j�H�
+pLrL + �pLE�0

�
V mL

�
ks + tL;�

0� j�L� : (9)

in the bank�s problem.

Proof. Let V � be the solution to the bank�s problem. Let fVjgj�0 be such that limj!1 Vj = V
�, where

Vj = E (�) qj � pHrHj � pLrLj + dkB (10)

+�pHE�0
�
V mB

�
kB � tHj ;�0

�
j�it = �H

�
+ �pLE�0

�
V mB

�
kB � tLj ;�0

�
j�it = �L

�
for some feasible and incentive compatible fqj ; rLj ; rHj ; tLj ; tHjg that satis�es the participation constraint (7) : Suppose

that for some j � 0, (qj ; rLj ; rHj ; tLj ; tHj) is such that (7) is slack. Then, one could increase qj and increase Vj to V 0j
still satisfying all the other constraints. Let

�
V 0j
	
j�0 be a sequence identical to fVjgj�0 if at (qj ; rLj ; rHj ; tLj ; tHj) (7)

holds with equality and V 0j otherwise. Then, by construction, V
0

j � Vj and therefore,

lim
j!1

V 0j � lim
j!1

Vj = V
�:

Therefore, we can replace (7) by (9) in the bank�s problem.

Lemma 2 Without loss of generality, the incentive compatibility constraints can be replaced by

�rL + �E�0
�
�V mB
�
kB � tL;�0

�
j�it = �H

�
= �rH + �E�0

�
�V mB
�
kB � tH ;�0

�
j�it = �H

�
:

in the bank�s problem.

Proof. Let V � be the solution to the bank�s problem. Let fVjgj�0 be such that limj!1 Vj = V
�, where

Vj = E (�) qj � pHrHj � pLrLj + dkP (11)

+�pHE�0
�
V mB

�
kB � tHj ;�0

�
j�it = �H

�
+ �pLE�0

�
V mB

�
kB � tLj ;�0

�
j�it = �L

�
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for some feasible and incentive compatible fqj ; rLj ; rHj ; tLj ; tHjg that satis�es the participation constraint (9) : Suppose

that for some s � 0, no incentive compatibility constraint binds. Then, there exists "s > 0 such that

�E�0
�
�V mB
�
kB � tHs;�0

�
� �V mB

�
kB � tLs;�0

�
j�L
�
� rHs�rLs+(�H � �L) "s � �E�0

�
�V mB
�
kB � tHs;�0

�
� �V mB

�
kB � tLs;�0

�
j�H
�
:

Replace fqs; rLs; rHs; tLs; tHsg by fqs + "s + "0; rLs + �L"s; rHs + �H"s; tLj ; tHjg where "0 > 0 is such that the par-

ticipation constraint binds. This contract still satis�es all the constraints, but it attains a value V 0s > Vs:

If rHs > rLs, (4) is the only relevant incentive compatibility constraint. For all s such that rHs > rLs and (4) is not

binding, the previous argument applies and a value V 0s > Vs can be attained.

Now consider those s � 0 such that rHs � rLs < �Lqs + dkP : If (5) binds, one could keep rHs � rLss constant by

increasing both rLs and rHs and by increasing qs to keep the participation constraint binding which would result in an

increase in the objective function. Let this new value be V 0s . If for s � 0, rHs � rLs = �Lqs + dkP , (5) doesn�t bind

unless (4) binds. Suppose (5) binds and (4) doesn�t. Then, one could increase rHs still satisfying incentive compatibility

and relaxing the participation constraint. Therefore, one could increase qs which would increase the objective function

and give a value V 0s � 0. Therefore, once can construct a new sequence
�
V 0j
	
j�0, V

0
j � Vj such that V 0j = Vj is the

incentive compatibility constraint in the high state binds and V0j = V
0
j if it doesn�t. By construction,

lim
j!1

V
0

j � lim
j!1

Vj = V
�:

Therefore, without loss of generality one can concentrate on those sequences that are feasible in which (4) holds with

equality, i.e.,

rHj
� rLj = �E�0

�
�V mB
�
kB � tHj ;�0

�
� �V mB

�
kB � tLj ;�0

�
j�H
�
for all j: (12)

Lemma 3 Without loss of generality, the feasibility constraints on contingent transfers in consumption good can be

replaced by

rL = �Lq + dkB and rH � 0

in the bank�s problem.

Proof. By assumption q � eaL will not bind in a solution to the bank�s problem. Using lemma 1, the participation

constraint can be assumed to hold with equality, and using this in the objective function one can see that the objective

function is always increasing in the amount of the loan q. Using lemma 2; the incentive compatibility constraint holds

with equality which implies that the upper bound for q is given by the maximum amount that can be repaid in the low

state, i.e., by rL = �Lq + dkP :

Let V � be a solution to the bank�s problem. Let fVjg be a sequence such that limj!1Vj = V
� and where

Vj = (E (�)� 1) qj + �pHE�0
�
V mL

�
kL + tHj ;�

0� j�it = �H�+ �pLE�0 �V mL �
kL + tLj ;�

0� j�it = �L�+ dkP
+�pHE�0

�
V mB

�
kB � tHj ;�0

�
j�it = �H

�
+ �pLE�0

�
V mB

�
kB � tLj ;�0

�
j�it = �L

�
� �E�0

�
V mL

�
kL;�

0�� (13)
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for some feasible and incentive compatible that satis�es (12) ; and (7) with equality, that is that,

rLj = q� � �
�
pHE�0

�
V mL

�
kL + tHj ;�

0� j�H�+ pLE�0 �V mL �
kL + tLj ;�

0� j�L��
��pH

�
E�0

�
�V mB
�
kB � tHj ;�0

�
� �V mB

�
kB � tLj ;�0

�
j�H
��
+ �E�0

�
V mL

�
kL;�

0�� (14)

rHj = q� � �
�
pHE�0

�
V mL

�
kL + tHj ;�

0� j�H�+ pLE�0 �V mL �
kL + tLj ;�

0� j�L��
��pL

�
E�0

�
�V mB
�
kB � tLj ;�0

�
� �V mB

�
kB � tHj ;�0

�
j�H
��
+ �E�0

�
V mL

�
kNP ;�

0�� (15)

Then, for all j; the contract can be summarized by fqj ; tLj ; tHjg . The feasibility constraints for rL and rH imply the

following constraints

qj �
dkB + �

�
pHE�0

�
V mL

�
kL + tHj ;�

0� j�H�+ pLE�0 �V mL �
kL + tLj ;�

0� j�L��
1� �L

`

+
�pH

�
E�0

�
�V mB
�
kB � tHj ;�0

�
� �V mB

�
kB � tLj ;�0

�
j�H
��
� �E�0

�
V mL

�
kNP ;�

0��
1� �L

; (16)

qj � �pHE�0
�
V mL

�
kL + tHj ;�

0� j�H�+ �pLE�0 �V mL �
kL + tLj ;�

0� j�L�
+pH�E�0

�
�V mB
�
kB � tHj ;�0

�
� �V mB

�
kB � tLj ;�0

�
j�H
�
� �E�0

�
V mL

�
kL;�

0�� ; (17)

qj �
dkP + �pHE�0

�
V mL

�
kL + tHj ;�

0� j�H�+ �pLE�0 �V mL �
kL + tLj ;�

0� j�L�
1� �H

+
pL�E�0

�
�V mB
�
kB � tLj ;�0

�
� �V mB

�
kB � tHj ;�0

�
j�H
�
� �E�0

�
V mL

�
kL;�

0��
1� �H

(18)

qj � �pHE�0
�
V mL

�
kL + tHj ;�

0� j�H�+ �pLE�0 �V mL �
kL + tLj ;�

0� j�L�
�pL�E�0

�
�V mB
�
kB � tHj ;�0

�
� �V mB

�
kB � tLj ;�0

�
j�H
�
� �E�0

�
V mL

�
kL;�

0�� : (19)

Construct the following sequence
�
V 0j
	
: if fqj ; tLj ; tHjg is such that (16) holds with equality, set V 0j = Vj : If

fqj ; tLj ; tHjg is such that (16) is slack let V 0j be the value attained by the contract that satis�es (16) with equality. Since

the transfers in terms of consumption good are de�ned by (14) and (15), this contract is still incentive compatible and

feasible. Moreover, q0j > qj and V
0
j > Vj : Therefore,

lim
j!1

V 0j � lim
j!1

Vj = V
�

and without loss of generality one can concentrate on the sequences fVjg as de�ned above in (13), such that the loan

quantities fqjg satisfy (16) with equality. Having this constraint hold with equality implies rLj = �Lqj + dkP . Since

qj � 0 always, this implies that all contracts along this sequence satisfy rL > 0 which is the same as satisfying (17) with

strict inequality:

Suppose that for some j (18) holds with equality. This implies rHj = �Hqj + dkP and since rLj = �Lqj + dkP this

would imply that participation constraint is slack, and that the producer is giving the non-producer all the gains from

the project. From lemma 1, there exists a feasible and incentive compatible contract that attains a higher value that

contract j and therefore, without loss of generality we can ignore sequences in which for some elements j, (18) holds

with equality.

9



Proposition 4 The bank�s problem can be rewritten as V aB (kB ; kL;�) =

sup
(tH ;tL)2[0;kB ]2

(E (�)� �L)
1� �L

�
dkB + �

�
pHE�0

�
V mL

�
kL + tH ;�

0� j�H�+ pLE�0 �V mL �
kL + tL;�

0� j�L�� E�0 �V mL �
kL;�

0����
+
(E (�)� 1)
1� �L

�pH
�
E�0

�
�V mB
�
kB � tH ;�0

�
j�H
�
� E�0

�
�V mB
�
kB � tL;�0

�
j�H
��

+�pLE�0
�
�V mB
�
kB � tL;�0

�
j�L
�
+ �pHE�0

�
�V mB
�
kB � tH ;�0

�
j�H
�

subject to

q� =
dkB + �

�
pHE�0

�
V mL

�
kL + tH ;�

0� j�H�+ pLE�0 �V mL �
kL + tL;�

0� j�L��
1� �L

+
�pH

�
E�0

�
�V mB
�
kB � tH ;�0

�
� �V mB

�
kB � tL;�0

�
j�H
��
� �E�0

�
V mL

�
kL;�

0��
1� �L

q� � maxf0; �pHE�0
�
V mL

�
kL + tH ;�

0� j�H�+ �pLE�0 �V mL �
kL + tL;�

0� j�L�
�pL�E�0

�
�V mB
�
kB � tH ;�0

�
� �V mB

�
kB � tL;�0

�
j�H
�
� �E�0

�
V mL

�
kNP ;�

0��g
Proof. It follows from lemmas 1, 2 and 3 using the equality constraints in the objective function.

3 Equilibrium

De�nition 5 A recursive equilibrium in this economy is a pair of value functions for banks, in the morning and in the

afternoon, V mB (kB ;�) and V aB (kB ; kL;�), a value function for lenders V
m
L (kL;�) ; price and quantity functions in the

bilateral asset market, P (kB ; kL;�) and kT (kB ; kL;�), a loan contract

(q (kB ; kL;�) ; rL (kB ; kL;�) ; rH (kB ; kL;�) ; tL (kB ; kL;�) ; tH (kB ; kL;�))

and a law of motion for �; H (�; !), such that (1) ; (2) ; (3), and (6) are satis�ed and the law of motion for � satis�es:

Fm0L (k; !i) = piH

�Z
F aL (k � tH (kB ; k; d; �) ; !�1) dF aB (kB ; !�1)

�
+ piL

�Z
F aL (k � tL (kB ; k; d; �) ; !�1) dF aB (kB ; !�1)

�
F aB (k; !�1) =

Z
FmB

�
k � kT (k; kL; d; �)

�
dFmL (kL; !�1)

Fm0B (k; !i) = piH

�Z
F aB (k + tH (k; kL; d; �) ; !�1) dF

a
L (kL; !�1)

�
+ piL

�Z
F aB (k + tL (k; kL; d; �) ; !�1) dF

a
L (kL; !�1)

�
F a0L (k; !i) =

Z
Fm0L

�
k + kT (kB ; k; d; �) ; !i

�
dFm0B (kB ; !i)

of distributions where !�1 is the realized aggregate state the period before.

3.1 A¢ ne Equilibrium

The mapping that characterizes an equilibrium is not a contraction mapping. Therefore I cannot show that the equi-

librium is unique. Nevertheless, there is a unique recursive a¢ ne equilibrium, i.e., a unique equilibrium in which the

10



value functions are a¢ ne in asset holdings. I will use the guess an verify method to show that such equilibrium exists

and that it is unique.

Assume

�V aB (kB ;�) = V aB (kB ; kL;�) = cB (d) kB + aB (�)

V mL (kL;�) = cL (d) kL + aL (�)

cB (d) and cL (d) are a¢ ne in d:

Under these assumption, the terms of trade in the asset market are the solution to

max
P0;k0

�
P0 � dk0 � �cL

�
�d
�
k0
�1�
 � (cB (d) k0 � P0)


where �d = Ed0 (d0) :Then,

P0 = (1� 
) cB (d) k0 + 

�
dk0 + �cL

�
�d
�
k0
�

and kT (kB ; kL;�) =

arg max
k02[�kP ;kNP ]

�
cB (d)� d� �cL

�
�d
��
k0

which implies kT (kB ; kL;�) 2 f�kB ; kLg : As it is usually the case with linear value functions, the quantity traded

through Nash bargaining maximizes surplus and thus trades are e¢ cient. Since the bank can wait until the afternoon

and sell the asset in the loan market, by setting tL = tH = kB , he will never choose to sell in the morning. Selling in

the afternoon, allows the bank to invest the proceeds of the sale in the risky loans which has a higher expected return

than consuming the goods in the morning. Therefore, the terms of trade in the asset market are independent of the

asset stock with which the bank (buyer) enters the market, kB , and kT (kB ; kL;�) = kL; for all kB ; kL, and �.

Given this structure, the value functions for lenders and banks in the morning, before entering the asset market are,

respectively,

V mL (kL;�) = P (kB ; kL;�) =
�
(1� 
) cB (d) + 


�
d+ �cL

�
�d
���
kL

and

V mB (kB ;�) = 

�
cB (d)�

�
d+ �cL

�
�d
��� Z

kdFmL (k) + cB (d) kB :

Thus, using the guessed functional form for the value functions gives

cL (d) = (1� 
) cB (d) + 

�
d+ �cL

�
�d
��

and

cL
�
�d
�
=

�
(1� 
) cB

�
�d
�
+ 
 �d

�
1� 
� :

Therefore,

cL (d) =

"
(1� 
) cB (d) + 


 
d+ �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#
:
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Finally, the value of a bank who enters the loan market with kB units of asset and meets a lender with kL units of

assets when the state is � is, using proposition 4,

V aB (kB ; kL;�) = max
tH ;tL2[0;kP ]2

(E (�)� 1) q� + dkB + � (pHcL (dH) tH + pHcL (dL) tL)

+�pHcB (dH) (kB � tH) + �pLcB (dL) (kB � tL)

+�E�0

�


�
cB (d

0)�
�
d0 + �cL

�
�d
��� Z

kdFm
0

L (k)

�

s.t. q� =
dkB + � (pHcL (dH) tH + pLcL (dL) tL)� pH�cB (dH) (tH � tL)

1� �L
(20)

q� � max f� (pHcL (dH) tH + pLcL (dL) tL) + pL�cB (dH) (tH � tL) ; 0g (21)

rH = q� � �pHcL (dH) tH � �pLcL (dL) tL + pL�cB (dH) (tH � tL)

rL = q� � �pHcL (dH) tH � �pLcL (dL) tL + pH�cB (dH) (tH � tL)

LOM for F

Rewriting the problem in this way shows that the producer will choose the same contract a planner who is subject

to the asymmetric information problem and put all weight on the borrower would choose. The equilibrium contract is

constrained Pareto e¢ cient.

Given the a¢ ne speci�cation of the utility functions, the solution to the producers�problem in the afternoon will be

in a corner. If the constraints (21) are ignored, there are four possible solutions: tL = 0 = tH , tL = 0 and tH = kB ,

tL = kB and tH = 0, and tL = kB = tH : If tL � tH then the constraints on q are satis�ed. If tL < tH , (21) might bind.

In the appendix I show that (21) can�t bind in equilibrium. Therefore, ignoring the constraints on q�; (21) ;and using

the guessed functional form for V aP (kP ; kNP ;�) ; one can match coe¢ cients and get

cB (d) =
(E (�)� �L)
1� �L

�
d+ �

�
pHcL (dH)

@tH
@kP

+ pLcL (dL)
@tL
@kP

��
� (E (�)� 1)

1� �L
pH�cB (dH)

�
@tH
@kP

� @tL
@kP

�
+�pHcB (dH)

�
1� @tH

@kP

�
+ �pLcB (dL)

�
1� @tL

@kP

�
(22)

aB (�) = �E�0

�


�
cB (d

0)�
�
d0 + �cL

�
�d
��� Z

kdFm
0

NP (k)

�
:

Proposition 6 In the only a¢ ne equilibrium, t�L = kB and t
�
H = 0 .

The proof of this proposition can be found in the appendix.

3.2 Implementation of the Optimal Loan Contract

Using the results from the previous section, the optimal loan contract (q�; r�L; r
�
H ; t

�
L; t

�
H) is given by

q� (d) =
(d+ �pLcL (dL) + �pHcB (dH))

1� �L
kB

r�L (d) =
(�Lq

� (d) + d)

1� �L
kB

r�H (d) = rL (d) + �cB (dH) kB

t�L = kP , t�H = 0

12



The optimal loan contract only depends on the aggregate state through the current dividend level d. Banks are collateral

constrained: the maximum amount that the banks are able to borrow depends linearly on the amount of assets they

have. The collateral constraint is an equilibrium outcome and it depends on how much the expected holder values the

asset. With probability pL the return of the loans is low and the borrower transfers all his asset holdings to the lender

whose expected discounted value of one unit of asset is �cL (dL). With probability pH the return of the loans is high

and the borrower keeps all his assets which he values �cB (dH) per unit.

The optimal loan contract can be implemented using two di¤erent debt contracts simultaneously: riskless debt and

collateralized debt. This implementation is not unique. I am going to describe the implementation with the maximum

amount of riskless debt, which is the one that includes riskless debt at 0 interest rate.

The maximum amount that can be repaid independently of the realized state, risklessly, is r�L (d). Therefore, the

amount of riskless debt in this implementation is r�L (d). The remaining part of the loan amount q
� (d) is repaid in

consumption goods only if the return of the project is high, whereas if it is low, the lender receives an asset transfer

from the borrower. I will refer to this fraction of the loan amount as collateralized debt.

Then, the amount of collateralized debt in this implementation is

qc := q (d)� r�L (d) = � (pLcL (dL) + pHcB (dH)) kP

which is independent of the dividend level. The interest rate on this loan can be computed as

rH (d)� rL (d)
qckb

� 1 =
�cP (dH)� qc

qc

= �
pL (cB (dH)� cL (dL))

qc

=
pL (cB (dH)� cL (dL))

(pLcL (dL) + pH (cB (dH)))
:

The expected return on collateralized debt is

�pLcL (dL) t
�
L + pH (r

�
H � r�L)

qc
� 1 = �pLcL (dL) + pH�cB (dH)

� (pLcL (dL) + pHcB (dH))
� 1 = 0:

The maximum amount that can be borrowed against the asset, its debt capacity, is given by

D = � (pLcL (dL) + pHcB (dH)) :

The asset�s debt capacity depends on the value of collateral for lenders when there is default (insurance) and on the

value of collateral for banks when there isn�t default (incentives). Ceteris paribus, a higher value of collateral for lenders

increases the loan amount since they can recover more when there is default, while a higher value of collateral for banks

decreases the producers�incentives to lie and therefore allows them to borrow more.

3.3 Premia

The di¤erence between the agents�valuation of assets and the fundamental value of the asset can be decomposed in

several premia. The borrower values the asset more than the expected discounted dividend stream for two reasons.

The �rst reason is that the asset serves a liquidity transformation device, it allows the borrower to solve the maturity
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mismatch problem he faces. The extra value due to this function is captured by the private liquidity premium, which I

de�ne as the di¤erence between how much the borrower would value the asset if he chose to sell it to get funds and the

fundamental value of the asset. If the borrower chose to sell the asset in the afternoon, he would get d + �cL
�
�d
�
per

unit of asset, which is the maximum amount the lender would be willing to pay for it. With this funds, the bank would

be able to invest in loans and he would get the return on equity E(�)��L
1��L on them: Therefore, the bank would value each

unit of asset E(�)��L1��L

�
d+ �cL

�
�d
��
, and the private liquidity premium is de�ned as

E (�)� �L
1� �L

�
d+ �cL

�
�d
��
�
�
d+ �

�d

1� �

�
=
E (�)� 1
1� �L

�
d+ �

�d

1� �

�
+
E (�)� �L
1� �L

�

�
cL
�
�d
�
�

�d

1� �

�
:

The second reason why the bank values the asset more than the lender is that he expects to use it as collateral the

following period. I de�ne the private collateral premium as the extra value a bank gets from using the asset as collateral

instead of selling it to raise funds. From the characterization of the a¢ ne equilibrium, a bank who chooses to use the

asset as collateral values it cB (d) per unit. Then, the private collateral premium is

cB (d)�
E (�)� �L
1� �L

�
d+ �cL

�
�d
��
=
E (�)� �L
1� �L

�pH (cB (dH)� cL (dH)) :

This premium depends on the di¤erence in valuations for the bank and the lender. If both agents value the asset the

same, the private collateral premium is 0. In this case, the borrower would be indi¤erent between selling the asset and

pledging it as collateral. When the bank values the asset more than the lender, the private collateral premium is positive

and the bank chooses to use the asset as collateral.

Finally, the lender may value the asset more than the expected discounted sum of its dividends if he has some

bargaining power in the capital market. By being able to sell the asset to agents that value the asset more than

themselves, lenders can extract some of this extra value whenever their bargaining power is positive, i.e., 
 < 1. This

extra value is what I call a liquidity premium and it is de�ned as

cL (d)�
�
d+ �

�d

1� �

�
= (1� 
) E (�)� 1

1� �L

0@�pH (cB (dH)� cL (dH)) +
�

 + E(�)��L

1��L (1� 
)
� �
�d� d

�
+
�
d+ �

�d
1��

�
1� �

�

 + E(�)��L

1��L (1� 
)
�

1A :
As I mentioned above, this premium is 0 when the banks have all bargaining power in the capital market.

4 Comparative Statics

4.1 Di¤erent correlation structures

The debt capacity of the asset depends on the correlation between future dividends and the success of the investment

made by banks. In this subsection, I will show that, keeping the (unconditional) expected return of the asset, �d, �xed,

an increase in the correlation between the success of the investment made by banks and the future dividends paid by

the asset increases the asset�s debt capacity.
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@D

@dLj �d
= �

@ (pHcB (dH) + pLcL (dL))

@dLj �d

/ ��pL
�
(E (�)� �L)
1� �L

� @cL (dL)
@dL

�

/ ��pL
(1� 
�) 
 (E(�)��L)1��L

�
1� �pH (E(�)��L)

1��L

�
1� 
� � (E(�)��L)

1��L � (1� 
 (�pH + pL))

Therefore,

sign

�
@D

@dLj �d

�
= �sign

�
1� 
� � (E (�)� �L)

1� �L
� (1� 
 (�pH + pL))

�
:

Let f (
) := 1 � 
� � (E(�)��L)
1��L � (1� 
 (�pH + pL)) : Since by assumption

�
1� �E(�)��L1��L

�
> 0, f (
) > 0 8
 2 [0; 1]

and
@D

@dLj �d
< 0() @D

@dH j �d
> 0

This result implies that a higher dH , increases the asset�s debt capacity and it makes it better collateral. The asset

is worth more to the borrower when he has more incentives to default, in the event of a successful investment, and

therefore decreases his incentives to lie.

4.2 Change in risk

Without loss of generality, �L can be set to 0. Then, the variance of the project is given by

V (�) = pH (�H � pH�H)2 + pL (pH�H)2

= pH (1� pH) �2H

= E (�) �H � E (�)2

Therefore, one can get a mean preserving spread by increasing �H and setting

pH =
E (�)

�H
:

Proposition 7 If dH � dmin, where dmin < �d, an increase in risk decreases the debt capacity of the asset, i.e.

@D

@pH jE(�)
> 0.

Proof. From the de�nition of debt capacity

@D

@pH jE(�)
= �

@ (pHcB (dH) + pLcL (dL))

@pH jE(�)

= �

�
cB (dH)� cL (dL) + pL @cL(dL)

@pH jE(�)

�
1� �pH E(�)��L

1��L

= �

�
E(�)��L
1��L (dH � dL) + 


�
cB (dL)�

�
dL + �cL

�
�d
���

+ pL
@cL(dL)
@pH jE(�)

�
1� �pH E(�)��L

1��L
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Di¤erentiating the expression for cL (dL) found in the appendix with respect to pH keeping E (�) �xed, one can see

that
@cL (dL)

@pH jE(�)
> 0:

Therefore, if dH � dmin
@D

@pH jE(�)
> 0;

where dmin < �d and dmin solves

E (�)� �L
1� �L

� �d+ dmin
pL

+ 


�
cB

� �d� pHdmin
pL

�
�
� �d� pHdmin

pL
+ �cL

�
�d
���

+ pL
@cL

�
�d�pHdmin

pL

�
@pH jE(�)

= 0

When the return of the loans and the future dividend level are su¢ ciently positively correlated, an increase in the

riskiness of the loans decreases the debt capacity of the asset. In this setup, an increase in risk decreases the probability

of success of the project and, therefore, increases the probability of default. This shift in probabilities has a direct and

an indirect e¤ect on the debt capacity of the asset. The direct e¤ect is that now the debt capacity of the asset puts

more weight on the lender�s value of collateral in the event of default at the cost of decreasing the weight on borrower�s

value of collateral in the event of no default. The sign of this direct e¤ect depends on whether the lender values the

asset more in the default state, than does the borrower when he gets to keep it. The indirect e¤ect comes from the

change in the asset�s valuation for the lender. An increase in the probability of default decreases the lender�s valuation

of the asset. When dH � dL � 0, both e¤ects are negative. If dH � dL < 0; the net e¤ect then depends on which of

these e¤ects is larger. When dH > dmin, the increase in the default probability is the dominating e¤ect.

5 Multiple Loan Types - Incomplete

In this section I extend the benchmark model and introduce heterogeneity among banks. Each bank is characterized

by the returns of the loans he is able to invest in. Loans made by di¤erent banks di¤er in their correlation with the

dividends paid by the asset but they share the same success probability and expected return. There are J types of loans

and a fraction �j of banks can invest in loans of type j, j = 1; :::; J .

In this case, in an a¢ ne equilibrium, the marginal value of assets for a lenders is

cL (d) = (1� 
)
X
i2I

�icB (d) + 

�
d+ �cNP

�
�d
��
:

The banks�s problem remains unchanged, though now the value for lenders depends on the average valuation among

banks. Depending on the parameters of the model, two di¤erent kinds of regimes might arise. In one, all banks choose

to use the asset as collateral. This is clearly the case when 
 = 1 since the multiple loan type model and the benchmark

model give the same contract for each agent. The existence of other types of banks only matters through the resale

value of the asset in the asset market. If the sellers don�t get any surplus from this sale, then the price of the asset in

the capital market will be equal to the expected discounted value of dividend and, thus, it would be independent of the

distribution of bank types in the economy.
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If 
 < 1 there might be banks who choose to sell the asset at the beginning of the afternoon and invest those funds

rather than pledging it as collateral. Since the expected price at which lenders can sell the asset in the capital market

depends on the banks�average valuation of the asset, it may be the case that this average valuation is high enough to

motivate some of the banks who value the asset the least to sell the asset to raise funds. Whether there are some banks

that don�t use the asset as collateral or not depends on the value of 
. For high values of 
 everybody uses the asset

as collateral in the only symmetric equilibrium. For lower values of 
 multiple equilibrium may arise, in principle (I

am still working on this - so the equilibrium with sales might not exist), and some banks may choose to sell the asset

instead of using it as collateral. Complementarity through the price when 
 < 1:

Remark 8 When 
 = 1 or the asset�s dividends are uncorrelated with the loans made by banks (e.g. risk free assets)

all banks choose to use the asset as collateral (same as benchmark case).

In both cases, the asset will always be used as collateral by at least one type of bank.

Proposition 9 The banks with the highest marginal valuation of the asset will always use it as collateral.

The proof of this proposition can be found in the appendix. Banks whose loans have the highest positive correlation

with the dividend paid by the asset value the asset the most. The higher this correlation, the larger the amount that

can be borrowed against the asset since it is better at providing incentives to solve the asymmetric information problem.

To be completed.

5.1 Example: Two Regimes(??)

TO BE WRITTEN.

5.2 Changes in correlation structure.

In this subsection I present an example to illustrate how aggregate quantities respond to changes in the correlation

structure and risk when there are multiple types of loans in the economy and all banks choose to use the asset as

collateral.

There are J = 2 types of banks. There is a population �j of type j banks, j = 1; 2: Let �j be the return of the

loans in which a bank of type j can invest. The unconditional probability of success is equal for both types of loans but

conditional on the aggregate state, the success probabilities are given by

Pr
�
�1 = �H j!1

�
= �;

Pr
�
�2 = �H j!1

�
= (1� �) ;

Pr
�
�1 = �H j!2

�
= (1� �) ;

Pr
�
�2 = �H j!2

�
= �;

where Pr (!1) = Pr (!2) = 0:5. Let di = E (dt+1j!i), i = 1; 2, where d1 > d2:
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Then, the expected value of the dividend conditional on the return of project j is

E
�
dt+1j�1t = �H

�
=

�d1 + (1� �) d2
2pH

;

E
�
dt+1j�2t = �H

�
=

(1� �) d1 + �d2
2pH

:

Given this correlation structure, an increase in �, increases (decreases) the correlation between the return of type

1 (type 2) projects and the future dividend level while keeping the unconditional probability of success, pH , and the

unconditional expected dividend, �d, constant.

Let �D = �1D
1 + �2D

2 be the average debt capacity of the asset. This is the debt capacity a representative bank

would have in this economy.

Proposition 10 An increase in � has the following e¤ects.

� If �1 = �2, the economy�s average debt capacity remains unchanged, type 1 banks collateral constraint is relaxed

and type 2 banks collateral constraint is tightened.

� if �1 > �2, the economy�s average debt capacity increases, and type 1 banks collateral constraint is relaxed.

� if �1 < �2, the economy�s average debt capacity decreases, and type 2 banks collateral constraint is tightened.

This proposition states that, when there are multiple types of loans, the e¤ect of changes in the correlation structure

on how much can be borrowed in the economy depends on the distribution of loan types among banks. When there are

multiple projects, an increase in the correlation between the return of the loan a bank invests in and the future dividend

has two e¤ects. On the one hand, an increase in this correlation makes the asset more valuable for the bank making it

better collateral. On the other hand, this change in correlation decreases the value of the asset for other types of banks

and thus a¤ects the resale value of the asset. The net e¤ect depends on the distribution of types of loans across banks.

INCOMPLETE

6 Conclusion

In this paper I showed that when the roles as borrowers and lenders are persistent, and there is ex-post asymmetric

information about the borrower�s ability to repay, collateralized debt is the optimal way for borrowers to raise funds.

Borrowers would rather o¤er their asset as collateral than sell it since they value it more than lenders. If they sold it,

they would get at most the valuation of lenders, whereas by o¤ering it as collateral they keep it when there is no default.

This di¤erence in marginal valuations of the asset between borrowers and lenders is an equilibrium outcome. In

autarky, both borrowers and lenders value the asset as the expected discounted sum of the dividend stream. When the

agents are able to trade, the borrower values the asset more then the lender and they both value the asset (weakly) more

than its fundamental value. The borrowers�excess valuation can be divided in two premia: a private liquidity premium

and a private collateral premium. The �rst comes from the asset solving a maturity mismatch for the borrower: the

asset pays dividends in the future but the borrower has an investment opportunity today. Being able to sell the asset
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provides the borrower with funds in the moment he needs them. The private collateral premium is the extra value the

borrower assigns to the asset due to its role as collateral. Since the borrower will use collateral contracts in the future,

the asset relaxes a borrowing constraint and thus has more value.

Since collateral contracts are optimal in this setup, and the marginal valuations of both borrowers and lenders are

endogenous, the maximum amount that can be borrowed against the asset, its debt capacity, is also an equilibrium

outcome. I am able to solve the model in closed form which, in turn, allows me to compute some comparative statics

with respect to the correlation structure, and the riskiness of the loans in which banks invest. I �nd that a higher

correlation between the success of the loans and future dividends makes the asset better collateral since it is better

at motivating the borrower to tell the truth when he has incentives to lie. If the return of the risky loans and the

asset�s dividends are su¢ ciently positively correlated, an increase in the riskiness of the loans decreases the asset�s debt

capacity.

I �nally extended the model to include heterogeneity among banks. (To be completed)

We know from previous literature that changes in �nancial constraints played an important role in recent crises.9

Having a model that characterizes these constraints as equilibrium outcomes is important both from a positive and a

normative point of view. In positive terms, it is interesting to see where the �nancial shocks come from and how they

interact with the fundamentals of the economy. From the normative side, policies that aim at stabilizing the cycle and

preventing �nancial crises should take into account what drives changes in the �nancing conditions faced by banks,

�rms, and households. This paper is an attempt to deliver some of the insights needed to understand collateralized debt

markets better.
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8 Appendix

8.1 Uniqueness

Lemma 11 (21) can�t bind in equilibrium.

Proof. Suppose (21) binds, then,

dkB + �L� (pHcL (dH) tH + pLcL (dL) tL)

�cB (dH)
= tH � tL: (23)

If rH = 0 binds,

q� = (�pHcL (dH) tH � �pLcL (dL) tL) (1� �L) + pLdkB

and using the de�nition of q� together with (??) this implies

q� =
pLdkB + � (pHcL (dH) tH + pLcL (dL) tL) (1� pH�L)

1� �L
:

Putting these last two equations together gives

� (pHcL (dH) tH + pLcL (dL) tL) (2� pH � �L) �L = ��LpLdkB

which implies pHcL (dH) tH + pLcL (dL) tL < 0; a contradiction.

Lemma 12 In equilibrium, tL 6= 0

Proof. Suppose tL = 0 in equilibrium. If the objective function is decreasing in tL, then it is also decreasing in tH :

Therefore, tL = 0 implies tH = 0. The coe¢ cients of the value functions in an a¢ ne equilibrium would then become

cB (d) =
(E (�)� �L)
1� �L

d+ �cP
�
�d
�

cB (d) =
(E (�)� �L)
1� �L

�
d+ �

�d

1� �

�
;

and

cL (d) = (1� 
) cB (d) + 

�
d+ �cNP

�
�d
��

cL
�
�d
�
=

(1� 
) (E(�)��L)1��L
�d

1�� + 

�d

1� 
� :

The derivative of the objective function with respect to tL is

(E (�)� �L)
1� �L

�pLcL (dL) +
(E (�)� 1)
1� �L

pH�cP (dH)� �pLcB (dL) :

If tL = 0 and tH = 0 this becomes

(E (�)� �L)
1� �L

�pL
1� 
�

�
(1� 
�) (1� 
) (E (�)� 1)

1� �L
dL +

�
(E (�)� �L)
1� �L

+
�

2 � 1 + 
� (1� 
)

�
�

� �d

1� �

�
+
(E (�)� �L)
1� �L

(E (�)� 1)
1� �L

pH�

�
dH + �

�d

1� �

�
which is > 0 and therefore contradicts tL = 0.
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Lemma 13 tL = kP = tH is not an equilibrium.

Proof. Suppose tL = kP = tH in equilibrium. Then,

cB (d) =
(E (�)� �L)
1� �L

�
d+ �cNP

�
�d
��

cL (d) =

"
(1� 
) cB (d) + 


 
d+ �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#
Therefore,

cL
�
�d
�
=
(1� 
) cB

�
�d
�
+ 
 �d

1� 
� ;

and

cB
�
�d
�
=

(E(�)��L)
1��L

�d�
1� �

�

 + (E(�)��L)

1��L (1� 
)
��

which implies

cL
�
�d
�
=

�

 + (E(�)��L)

1��L (1� 
)
�

�
1� �

�

 + (E(�)��L)

1��L (1� 
)
�� �d

and

cB (d) =
(E (�)� �L)
1� �L

0@d+ �
�

 + (E(�)��L)

1��L (1� 
)
�
�d�

1� �
�

 + (E(�)��L)

1��L (1� 
)
��
1A :

Thus,

cL (d)� cB (d) = 


0@� (E (�)� 1)
1� �L

0@d+ �
�

 + (E(�)��L)

1��L (1� 
)
�

�
1� �

�

 + (E(�)��L)

1��L (1� 
)
�� �d

1A1A < 0

what would imply that the derivative of the objective function is decreasing in tH and, thus, tH = 0; which is a

contradiction.

Proposition ?? In the only a¢ ne equilibrium, t�L = kB and t
�
H = 0 .

Proof. From the previous lemmas in this section, the only candidate left for equilibrium is t�L = kB and t
�
H = 0: Assume

t�L = kB and t
�
H = 0. Then, (22) becomes

cB (d) =
(E (�)� �L)
1� �L

(d+ � (pLcB (dL) + pHcB (dH))) ; and

cB (dH) =

(E(�)��L)
1��L (dH + �pLcB (dL))

1� �pH (E(�)��L)
1��L

:

Therefore

cB (d) =
(E (�)� �L)
1� �L

0@d+ �
�
pLcL (dL) + pH

(E(�)��L)
1��L dH

�
1� �pH (E(�)��L)

1��L

1A : (24)

To have t�L = kP and t
�
H = 0 be chosen by the producer, the objective function must be increasing in tL and decreasing

in tH ; i.e.,
E (�)� �L
1� �L

�pLcL (dL)� �pLcB (dL) +
E (�)� 1
1� �L

�pHcB (dH) > 0 (25)

and
E (�)� �L
1� �L

� (cL (dH)� cB (dH)) < 0: (26)
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Using (24) evaluated at d = dL and d = dH the derivative of the objective function with respect to tL becomes

E(�)��L
1��L

1� �pH (E(�)��L)
1��L

�
(1� �) pLcL (dL)�

�
1� �pH

(E (�)� �L)
1� �L

�
pLdL � �pL

(E (�)� �L)
1� �L

pHdH +
E (�)� 1
1� �L

pHdH

�
E(�)��L
1��L

1� �pH (E(�)��L)
1��L

�
(1� �) pLcL (dL)�

�
1� �pH

(E (�)� �L)
1� �L

�
pLdL + (1� �pL)

(E (�)� �L)
1� �L

pHdH � pHdH
�

E(�)��L
1��L

1� �pH (E(�)��L)
1��L

�
(1� �) pLcL (dL)� �d+ �pH

(E (�)� �L)
1� �L

pLdL + (1� �pL)
(E (�)� �L)
1� �L

pHdH

�
E(�)��L
1��L � (1� �)

1� �pH (E(�)��L)
1��L

�
pL

�
cL (dL)�

�
dL + �

�d

(1� �)

��
� pH

�
dH + �

�d

(1� �)

�
+
(E (�)� �L)
1� �L

pH
(1� �pL) dH + �pLdL

(1� �)

�
Using that

(1� �pL) dH + �pLdL = (1� � + �pH) dH + �pLdL = (1� �) dH + � �d

the expression above becomes

E(�)��L
1��L � (1� �)

1� �pH (E(�)��L)
1��L

�
pL

�
cL (dL)�

�
dL + �

�d

(1� �)

��
+
(E (�)� 1)
1� �L

pH

�
diH +

� �d

(1� �)

��
> 0

since cL (dL)�
�
dL + �

�d
(1��)

�
� 0: Therefore, the derivative of the objective function is positive under this guess which

in turn implies tL > 0:

The sign of the derivative of the objective function with respect to tH depends on the sign of the di¤erence in

marginal valuations between the borrower (bank) and the lender. Using the de�nition of cL (d) and cB (d) this di¤erence

can be rewritten as

cL (d)� cB (d) =

"
(1� 
) cB (d) + 


 
d+ �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#
� cB (d)

= 


 
d+ �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
� � cB (d)
!

= 


�
� (E (�)� 1)

1� �L
d+

(1� �)
1� 
�

��
(1� 
) (E (�)� �L)

1� �L
+ 


�
� �d

1� � � cB
�
�d
�
+
(E (�)� �L)
1� �L

�d

��
� 


�
� (E (�)� 1)

1� �L
d+

(1� �)
1� 
�

�
(E (�)� �L)
1� �L

�d

1� � � cB
�
�d
���

But

cB
�
�d
�
>

(E (�)� �L)
1� �L

�d

1� �

pLcL (dL) + pH
(E (�)� �L)
1� �L

dH >
�d

1� �

�
1� �pH

(E (�)� �L)
1� �L

�
pH
(E (�)� �L)
1� �L

�
dH +

� �d

1� �

�
>

�d

1� � � pLcL (dL)

pH
(E (�)� �L)
1� �L

�
dH +

� �d

1� �

�
> pH

�
dH +

� �d

1� �

�
=

�d

1� � � pL
�
dL + �

�d

1� �

�
�

�d

1� � � pLcL (dL)

since (E(�)��L)
1��L > 1:

23



Then,

cL (dH)� cB (dH) � 

�
� (E (�)� 1)

1� �L
dH +

(1� �)
1� 
�

�
(E (�)� �L)
1� �L

�d

1� � � cB
�
�d
���

< 0;

and this implies tH = 0: Therefore, if the contract implied by t�L = kB and t
�
H = 0 is a solution to the bank�s problem

in the loan market.

8.2 Value function coe¢ cients with one project.

From section 3, the marginal value of assets for lenders and producers are given by

cL (d) =

"
(1� 
) cB (d) + 


 
d+ �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#

cB (d) =
(E (�)� �L)
1� �L

0@d+ �
�
pLcL (dL) + pH

(E(�)��L)
1��L dH

�
1� �pH (E(�)��L)

1��L

1A
which in turn are all functions of cL (dL). Using the equations above, one can get

cL (dL) =

"
(1� 
) cB (dL) + 


 
dL + �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#

cL (dL) =

"
(1� 
)

�
cB
�
�d
�
+
E (�)� �L
1� �L

�
dL � �d

��
+ 


 
dL + �

(1� 
) cB
�
�d
�
+ 
 �d

1� 
�

!#

cL (dL) =

�
(1� 
)
1� 
� cB

�
�d
�
+

�
(1� 
) E (�)� �L

1� �L
+ 


�
dL +

�

2�

1� 
� � (1� 
)
E (�)� �L
1� �L

�
�d

�
:

Using the de�nition of cB
�
�d
�
gives�

(1� 
�)
�
1� �pH

(E (�)� �L)
1� �L

�
� (1� 
) (E (�)� �L)

1� �L
�pL

�
cL (dL)

=

 �
(1� 
) E (�)� �L

1� �L
+ 


��
1� �pH

(E (�)� �L)
1� �L

�

� + (1� 
)

�
(E (�)� �L)
1� �L

�2
�

!
�d

+

 �
(1� 
) E (�)� �L

1� �L
+ 


��
1� �pH

(E (�)� �L)
1� �L

�
(1� 
�)� (1� 
)

�
(E (�)� �L)
1� �L

�2
�pL

!
dL

8.3 Equilibrium with multiple loan types.

Proposition 14 There can�t be an equilibrium in which some type of banks don�t use collateral contracts and some do,

nor one in which no one uses collateral.

Proof. If a bank chooses not to use the asset as collateral, his marginal value of assets is

cjB (d) =
E (�)� �L
1� �L

(d+ �cL (d)) = c
NC
B (d)

which is independent of the correlation structure of his own project with the dividend paid by the asset. From the

benchmark model, we know that the marginal value of a bank with investment opportunity j that chooses to use the
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asset as collateral is

cjB (d) =
E (�)� �L
1� �L

0@d+ � pLcL
�
djL

�
+ pH

E(�)��L
1��L djH

1� �pH E(�)��L
1��L

1A :
If some banks i 2 JNC are choosing not to use the asset as collateral, it must be the case that

cL
�
diH
�
� cNCB

�
diH
�
� 0 for all i 2 JNC :

This di¤erence in marginal valuations at any d can be rewritten as

cL (d)� cNCB (d) = (1� 
)
X
j2JC

�j

�
cjB (d)� c

NP
B (d)

�
� E (�)� 1

1� �L


�
d+ �cL

�
�d
��

(27)

where JC is the set of all bank types that use the asset as collateral. Thus, using the de�nition of cjB (d) for j 2 JC ;

this becomes

cL (d)� cNCB (d) =
E (�)� �L
1� �L

(1� 
)�

P
j2JC �j

�
pLcL

�
djL

�
+ pH

E(�)��L
1��L djH �

�
1� E(�)��L

1��L �pH

�
cL
�
�d
��

1� �pH E(�)��L
1��L

�
E (�)� 1
1� �L

�
d+ �cL

�
�d
��

cL (d)� cNCB (d) =
E (�)� �L
1� �L

(1� 
)�pH

P
j2JC �j

�
E(�)��L
1��L

�
djH + �cL

�
�d
��
� cL

�
djH

��
1� �pH E(�)��L

1��L

�
E (�)� 1
1� �L

�
d+ �cL

�
�d
��

cL (d)� cNCB (d) =
E (�)� �L
1� �L

(1� 
)�pH

P
j2JC �j

�
cNCB

�
djH

�
� cL

�
djH

��
1� �pH E(�)��L

1��L

� 
E (�)� 1
1� �L

�
d+ �cL

�
�d
��

cL (d)� cNCB (d) =
E (�)� �L
1� �L

(1� 
)�pH

P
j2JC �j

�
cNCB

�
djH

�
� cL

�
djH

��
1� �pH E(�)��L

1��L

� 
E (�)� 1
1� �L

�
d+ �cL

�
�d
��

Setting d = djH and summing over j 2 JC ,
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But this implies X
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and X
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X
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The average marginal valuation of banks conditional on them using the asset as collateral is higher than the marginal

valuation of banks choosing not to use the asset as collateral, if there are any.
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Proposition 15 The banks with the highest marginal valuation of the asset always use it as collateral.

Proof. Let cmaxB be the marginal valuation of the bank who values the asset the most. Then,

cL (d)� cmaxB (d) = (1� 
)
X
j2J

�j

�
cjB (d)� c
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B (d)

�
+ 


�
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�
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�
� cmaxB (d)

�
for all d:

By de�nition of cmaxB the �rst term is (weakly) negative. Moreover, we know that cmaxB � E(�)��L
1��L

�
d+ �cL

�
�d
��
>

d+�cL
�
�d
�
since the bank can always choose to sell the asset in the afternoon and invest the proceeds in the risky loans.

Therefore, the bank with the maximum marginal valuation of the asset chooses not to set transfers of capital to 0 when

the realization of the return of the loans is high.

(Need to show that derivative wrt tL >0 always)

E (�)� �L
1� �L

�

0@pLcL �djL�� pL
0@diL + � pLcL

�
djL

�
+ pH

E(�)��L
1��L djH

1� �pH E(�)��L
1��L

1A+ E (�)� 1
1� �L

pH

0@djH + � pLcL
�
djL

�
+ pH

E(�)��L
1��L djH

1� �pH E(�)��L
1��L

1A1A
=

(E(�)��L)
1��L �

1� (E(�)��L)
1��L �pH

�
pL (1� �) cL

�
djL

�
� �d+ (1� �pL)

(E (�)� �L)
1� �L

pHd
j
H + �pH

E (�)� �L
1� �L

pLd
j
L

�

=

(E(�)��L)
1��L

1� (E(�)��L)
1��L �pH

�

1� �

�
pL

�
cL

�
djL

�
�
�
djL + �

�d

1� �

��
+ pH

E (�)� 1
1� �L

�
djH + �

�d

1� �

��
> 0

8.4 Value function coe¢ cients with multiple loan types

8.4.1 All banks use the asset as collateral

From sections 3 and 5, the marginal value of capital for a producer of type j is given :
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Moreover, the marginal value of assets for lenders is
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and
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Using the de�nition of cjB gives
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The guess is correct, the coe¢ cients are a¢ ne in the dividend level.

8.4.2 Some banks don�t use the asset as collateral

From previous sections the marginal value of a bank type j 2 JC that uses the asset as collateral is given by
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The marginal value of a bank type j 2 JNC who chooses not to use the asset as collateral is
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the coe¢ cients can be recovered using the solution to26666664
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The guess is correct, the coe¢ cients are a¢ ne in the dividend level.

8.5 Changes in correlation when there are multiple types of loans and everyone uses

collateral

Proposition 10 An increase in � has the following e¤ects.

� If �1 = �2, the economy�s average debt capacity remains unchanged, type 1 banks collateral constraint is relaxed

and type 2 banks collateral constraint is tightened.

� If �1 > �2, the economy�s average debt capacity increases, and type 1 banks collateral constraint is relaxed.

� If �1 < �2, the economy�s average debt capacity decreases, and type 2 banks collateral constraint is tightened.

Proof. From the characterization of the value function coe¢ cients in the appendix, for all j = 1; 2;
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The debt capacity of the asset for a bank of type j is given by
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An increase in � will have no e¤ect whatsoever on the aggregate debt capacity if �1 = �2, It will increase it if �1 > �2,

and it will decrease it if �2 > �1:

Then,
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