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Abstract

I study a model in which banks need to borrow to make risky loans whose return is private information known
only by the bank who made the loan. To raise funds, banks can either sell assets or pledge them as collateral. I show
that collateral contracts arise in equilibrium even though all agents would value the asset the same in autarky. The
persistence in the role as borrowers or lenders and the banks’ ability to make a profit from loans imply that banks
will value the asset more than lenders. On top of paying dividends, the asset resolves the banks’ maturity mismatch
problem and, since it is used as collateral, it relaxes a borrowing constraint. The amount that can be borrowed
against the asset is determined in equilibrium. I show that increases in risk may decrease the asset’s debt capacity

and, thus, the level of intermediation in the economy.

1 Introduction

Collateralized debt is a widely used form of financing. Trillions of dollars are traded daily in debt collateralized by
diverse financial assets, such as sale and repurchase agreements (repos) and collateralized over-the-counter derivative
trades. The terms under which collateralized debt is issued affect the availability of funds in the economy and, as
experienced in the 2007-2008 financial crisis, can affect systemic risk. Some of these terms include which assets are
accepted as collateral, and how much can be borrowed against them. There is empirical evidence that these terms
varied substantially during the last financial crisis.!

In this paper, I will focus on the amount that can be borrowed against an asset (i.e., its debt capacity). I provide a
discrete-time, infinite-horizon model in which collateral contracts arise as equilibrium outcomes, even though all agents
would value the asset the same in autarky. There are two types of risk neutral agents, banks and lenders, and one

durable asset which pays dividends each period. Banks can invest in risky loans but they need external funds to do so.

Since the return of the loans is private information known by the bank who invested in them, banks can either sell their
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assets or pledge them as collateral to raise funds. Banks value the asset more than lenders, and, therefore, as shown by
Lacker (2001), choose to use collateral contracts.

In my paper, the difference in valuations arises in equilibrium from the persistence of the roles as borrowers and
lenders. This persistence is consistent with the observation that, in many collateralized markets, different types of
institutions specialize in borrowing or lending. For example, in the repo market, money market funds are usually
lenders whereas hedge funds and specialty lenders are usually borrowers. The larger specialty lenders are either captive
subsidiaries of major manufacturing firms that provide financing for the purchase of the parents’ products or entities
that provide a variety of consumer and commercial business credit lines. Specialty lenders are borrowers in markets
for secured and unsecured debt and they are lenders to consumers, businesses, and households.? Banks in my model
resemble specialty lenders.

In my model, banks have the investment opportunity before the asset’s dividends are paid and, thus, cannot invest
without external financing. This timing implies a maturity mismatch for the bank between the need of funds and their
availability. Lenders do not have access to investment opportunities. Therefore, if left in autarky, both banks and
lenders would value the asset as the expected discounted sum of dividends. When banks can borrow from lenders, they
value the asset not only because of its dividend stream but also because it allows them to invest in the risky loans. This
extra value can be divided in two: a private liquidity premium and a private collateral premium. The private liquidity
premium arises from being able to sell the asset and use the funds to invest in the loans. The private collateral premium
is the additional value banks can obtain by using the asset as collateral instead of selling it.

By solving the model in closed form, I am able to characterize the asset’s debt capacity completely. In the model,
the amount that can be borrowed against an asset depends on the riskiness of the loans, on the asset’s liquidity and
on the asset’s dividend structure: the current level of dividends, and the correlation between the borrower’s ability to
repay and the asset’s future dividend stream. I show that when all banks can invest in the same type of loans, i.e., all
loans have the same correlation with the asset’s future dividends, an increase in this correlation increases the asset’s
debt capacity. The bank has incentives to lie when the return of the loans is high. An asset that has a higher value
when the borrower has incentives to lie makes it easier to motivate the borrower to tell the truth, and hence is better
collateral. Moreover, when the return of the loans are positively correlated with future dividends, a mean preserving
spread on the distribution of the loan’s return decreases the asset’s debt capacity and the amount intermediated in the
economy. When banks can invest in different types of loans, two regimes may arise in equilibrium: one in which all
banks use the asset as collateral and one in which some banks use the asset as collateral and other banks choose to sell
the asset to raise funds. The effect of changes in the correlation structure on the overall amount intermediated in the
economy depends on the distribution of loan types across banks and on the regime the economy is in.

There is a large literature that analyzes collateral contracts. Lacker (2001) shows that in a multiple-good risk-sharing
environment with ex-post private information, collateralized debt is the optimal contract when the borrower values the

collateral good more than the lender. He shows this in a two-good, two-period model with two agents, a risk-averse
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borrower and a risk-neutral lender. The amount of payment good that the borrower receives in the second period, when
the loan repayment is due, is random, and its realization is private information known by the borrower. The lender’s
marginal valuation of capital is exogenous and constant.

In a similar environment with non-pecuniary costs of default, Rampini (2005) studies how default varies with ag-
gregate income when individual income is privately observed by the agents. The optimal risk sharing contract allows
for default. Default penalties ensure that only agents with low realizations of income default. These default penalties
are modeled as transfers of agent-specific goods which are only valued by the agent who is endowed with it, and can be
interpreted as collateral which is only valued by the original holder.

My model resembles these two papers in that the realization of the amount of payment good the borrower has when
he has to repay the loan is private information known by the borrower. In contrast, my model is in infinite horizon, all
agents are risk neutral, and the marginal value of the collateral good both for the lender and the borrower is determined
in equilibrium. In my model, collateral contracts are always optimal since, in equilibrium, the borrower values the
collateral good more than the lender.

Kocherlakota (2001) analyzes optimal repayment contracts in the presence of collateral when there are enforcement
frictions. Collateral contracts are optimal in Kocherlakota’s model, provided that lenders are assumed to be less willing
than borrowers to substitute consumption for collateral goods. In his setup, collateral is used to force the borrower to
share the returns on the project he invested in with the lender.

In the general equilibrium literature, Geanakoplos (2003a, 2003b), and Geanakoplos and Zame (2007) study the use
of durable assets as collateral. They show that when collateral is needed, the set of traded assets will be determined
endogenously. Araujo, Orrillo and Pascoa (1994) and Araujo, Fajardo and Pascoa (2005) assume collateral contracts and
make collateral endogenous by allowing each seller of assets to fix the level of collateral or the bundle used as collateral.
In all these papers, collateral contracts are assumed.

In the macro literature, Kiyotaki and Moore (1997) analyze the effects of collateral constraints on aggregate fluctua-
tions. In their model, the value of collateral is endogenous, and this endogeneity plays a crucial role in generating large
effects of collateral constraints on output. Jermann and Quadrini (2011) find that a tightening of the firms’ financing
conditions contributed significantly to the 2008-2009 recession and to the downturns in 1990-91 and 2001. In their paper,
collateral (borrowing) constraints arise from an enforcement problem: at the time of repayment, the lender can recover
only a fraction of the collateral value. This fraction is stochastic and depends on (unspecified) market conditions. In
these papers, durable assets are used not only as collateral for loans, but also as inputs for production.

In the model presented in this paper, the asset used as collateral is not an input in production and there is perfect
enforcement. The asset is used as collateral as an optimal response to asymmetric information about the resources
available to the borrower at the time of repayment. The amount that can be borrowed against the asset is determined in
equilibrium, and, thus, changes in the collateral constraints faced by banks reflect changes in the economy’s fundamentals.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 defines and characterizes
equilibrium. Comparative statics results are presented in section 4. Section 5 extends the model in section 2, allowing

for heterogeneity among banks. Section 6 concludes.



2 Model

Time is discrete, starts at t = 0, and goes on forever. Each period ¢ is divided in two subperiods, morning and afternoon.
There are two types of consumption, non-storable good, morning and afternoon specific. There is one asset that lasts
forever and which is in fixed supply k. k units of capital yield d;k units of (afternoon) consumption good as dividend at
the end of each afternoon ¢. The dividend d; is known at the beginning of morning ¢. There are two types of infinitely-
lived, risk-neutral agents, banks and lenders. There is a measure 1 of each type and all agents have the same discount
factor 8 € (0,1). Each agent starts his life with an endowment of the asset. Each subperiod lenders are endowed with
a large amount of consumption good, e}’ in the morning and ef in the afternoon. Each morning ¢ banks receive a large
endowment of (morning) consumption good, and each afternoon ¢ banks can make short-term loans on which they can
make profits. Loans are risky: some loans may not be repaid. Thus, one unit of (afternoon) consumption lent by the
bank at the beginning of afternoon ¢ by bank j yields a random payoff 9{ in (afternoon) consumption good at the end
of the period. 6/ € {01,0} . The return of the loans is i.i.d. across banks and time.

There is an underlying unobservable i.i.d. aggregate state w; € (wp,w1) that determines the probability of success of
the investment in loans.> Let p := Pr (0% =0;|lwy = w"), and p; := Pr(wy = w1) py + Pr(w; = wa) p? = Pr (0? = 9i>,
i =L,H V3, ¥Vt > 0.1 assume that F (0%) > 1> 05,Vj, VYt >0, i.e., that the loans are expected to be profitable but

E®)-0r
1

~g, - The return of the loans is private information

that they incur losses if the low state is realized, and that 1 >
known by the bank who made the loans, and it is potentially correlated with the dividend paid by the asset the following

period.? The joint distribution of returns in period ¢ and dividends in period ¢ + 1 is stationary, i.e.,

E (dt+1|9{ - ei) -3 P (wt = wn |6l = 92») E (dys1|wi = w) = d; for i = L, H,¥j, ¥t > 0,
n=1,2

where
Pl Pr(w =wy)

Pr (wt = wn\ﬂg = Oi) =2 7
bi

The dividend is paid after the investment in the loans is made. Therefore, dividends cannot be lent by the bank.
This timing implies that banks need to borrow to make risky loans, and creates a maturity mismatch between the need
of funds (liquidity) and the availability of funds. Moreover, it implies that if agents were left in autarky, they would all
value the asset as the discounted sum of expected dividends.

Each morning, after the dividend level d; is known, an asset market opens. Banks and lenders meet randomly. Trades
made in this market are bilateral and the terms of the transaction are determined through Nash bargaining. At the
beginning of each afternoon, a funds market opens: each bank is randomly paired with a lender and there is a bilateral

funding contract in which all bargaining power is given to the borrower.

The timing is illustrated in figure 1.

3] assume the law of large number, and thus the fraction of successful investmens in loans will also depend on the state realized.
40One can think of the asset as mortgage backed security or as an asset backed security backed by loans made by banks.
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Figure 1: Timing

2.1 Asset Market

At the beginning of each morning, each bank is randomly matched with a lender in the asset market. The terms
of trade, quantity and price, are determined through Nash bargaining. The bargaining power of banks is equal to
v € (0,1].5 Since matches are random both in the asset market and in the loan market, the aggregate state of the
economy is ¢ = (d, FJ*, F'), where FJ* and FJ}' are the distribution of assets in the hands of lenders in the morning,
and the distribution of assets in the hands of banks in the morning, respectively. I assume that banks have enough
consumption good each morning to buy all assets from the non-producer they meet with. By making this assumption,
the model abstracts from borrowing constraints in the capital market. Since the main focus of the paper is to understand
collateralized loan contracts, I believe that considering such borrowing constraints, though interesting and realistic, will
make it harder to disentangle the forces at work without adding much to the analysis.

Let kT (kp,kr;¢), and P (kp,kr;$) be the quantity and price that result from the encounter of a bank with kp
units of the asset and a lender with &k, units of the asset.

Then, the value of a bank in the morning, before entering the asset market, is

Vg (kp;¢) = (/ V& (kg + k" (kp.kL;¢);0) — P (kp, kr; ¢)] dF" (kL)> (1)

where V3 (kp;¢) = [ V& (kp,kr; ¢) dF, (k1) , and V& (kp, kr; ¢) is the value of a bank with assets kg who enters a loan
contract with a lender with assets ky,.

The value of a lender in the morning, before entering the asset market, is
Vit (kr; o) = / (P(kp,kr;¢) +d (kp — k" (k,kr;¢)) + BEy (Vi* (kr — k" (kB kL3 ¢);¢))) dFg (kg)  (2)
Therefore, since the terms of trade are determined by Nash bargaining, P (kg, kr;¢) and kT (kp, kr; ¢) solve

ma (P = dko — BBy (VI (husd') = VI (k1 — ko)) 3)
x (Vi (ks + ko3 ¢) = VE (kp; ¢) — o)’

5If v = 0 both agents value the asset the same in equilibrium and the optimal debt contract is indeterminate.




2.2 Funds (Loan) Market

Every afternoon, a bilateral funds market opens. Each bank is matched randomly with a lender and the terms of the
loan contract are determined by the borrower (the bank)®. Loan contracts are one-subperiod contracts and they consist
of a loan amount in terms of (afternoon) consumption good, ¢, and contingent repayments in terms of (afternoon)
consumption, r;, and in terms of assets, t;, i = L, H."

A contract (q,rp,7m,tr,ty) is feasible at time ¢ when the dividend level is d if

0 < g<e}
0 < ri<dkps+0;q i=LH

0 < t;<kp i=LH

where kp; is the amount of assets held by the bank in afternoon ¢.
Since 6 is only observed by the bank, for contracts to be credible, they must be incentive compatible.

A contract (q,rr,7m,tr,ty) is incentive compatible if
—r+ BEy (VG (kg —t1;¢") |0: = 0n) < —rg + BEy (VB (kg —tu; ¢') |0: = 0n) (4)
and whenever rg < 0, (dkp + q)
—rr+ BEy (VG (kg —t1;¢")|0: =0L) > —ru + BEy (V5 (kg —tu; ¢') [6: = 01) (5)

where V2 (kp — t:d, ') = [V (ki = t,kp;d 0’ ) dFYY (k)

The first constraint states that, in the high state, it is always at least as good for the bank (borrower) to tell the
truth and report that the high state has occurred than to lie and report a low realization of 6. The second constraint
states the analogous for the low state with the restriction that this constraint is only active when lying in the low state
is feasible, i.e., when there are enough resources in the low state to match the contingent repayment in terms of goods in
the high state, rg. I assume that the amount of the loan in equilibrium is never restricted by the amount of consumption
good owned by lenders, i.e., that ¢* < €¢.®

Let V§ (kp, kr; ¢) be the value of a bank with assets kg who is matched with a lender with assets ky, in the loan
market. Then, V5 (kp, kr; ¢) =

sup  E(0)q—pury —prrr +dkp (6)

q,"L,TH,HtL

+BpuEy (VB (kg —tu:¢') 0n) + BprEy (VB (kz —tr;¢') 0L)

s.t.

(¢,70,7H,tL,ty) is feasible and IC

6The shape of the contract is the same if all bargaining power is assigned to the lender.
"One sub-period contracts implement long-term contracts. Say more about this!!!?
81f this was not the case, the incentive compatibity constraints would not bind, the size of the loan would be efficient and debt would be

riskless.



BEy (Vi* (kr;¢')) < —q+para+ BpaEy (V" (kL +tu;¢') |0r)

+prrr + BprEy (Vi (kL +tL;¢') 101) (7)

¢ = H(¢0) (8)

The bank chooses a feasible and incentive compatible contract to maximize his expected utility subject to the

participation constraint (7) and given the perceived law of motion for the aggregate state (8). (7) states that the lender

has to be at least as good participating in the contract as he would be if he didn’t participate in it. The borrower invests

all the loan amount, g, in the risky technology since E () > 1, and gets an expected return E (6) g. He expects to repay

paTH + prrr in terms of consumption good and he gets dividends dkp from his stock of assets at the beginning of the

afternoon. Finally, his expected continuation value in the morning depends on the contingent transfers of assets ¢; and
ty that are part of the contract.

The following three lemmas, and the proposition in this section simplify the bank’s problem in the loan market.
Lemma 1 Without loss of generality, (7) can be replaced by
BEy (Vi" (kr;¢')) = —q+puru +BpuEy (VI" (ki +tu; ') |0m)
+prre + BpLEy (VI (ks +1t1:¢") 101) - 9)

in the bank’s problem.
Proof. Let V* be the solution to the bank’s problem. Let {Vj}j>0 be such that lim; ... V; = V*, where

Vj ZE(G) q; — PHTH; —pLTLj—l—dk‘B (10)

+BpuEy (VB (kp —trj: &) 103 = 0u) + BprEy (V' (ks — t1y5¢') 10 = 01)

for some feasible and incentive compatible {q;,7r;,7m;,tr;, tr; } that satisfies the participation constraint (7). Suppose
that for some j > 0, (gj,7r;,7Hj,tr;,ta;) is such that (7) is slack. Then, one could increase ¢; and increase V; to Vjo
still satisfying all the other constraints. Let {Vj/}jzo be a sequence identical to {Vj},5, if at (q;,72;, 7w, ts,ta;) (7)

holds with equality and Vj0 otherwise. Then, by construction, Vj/ > V; and therefore,
Vi fim Vs =V
Therefore, we can replace (7) by (9) in the bank’s problem. m
Lemma 2 Without loss of generality, the incentive compatibility constraints can be replaced by
—rp + BEy (VF (kg —tr;¢') |0; = 0n) = —ru + BEy (V5 (kg — tu; ¢') |0; = 0rr) -
in the bank’s problem.

Proof. Let V* be the solution to the bank’s problem. Let {Vj}j>0 be such that lim; ., V; = V*, where

Vj :E(H) q; — PHTHj 7pL7"Lj+dkp (11)

+BpuEy (VB (kg —tuj; ¢') |0; = 0r) + Bpr By (VB (kg —tr;;¢') |0) = 01)



for some feasible and incentive compatible {q;,7r;,7rj,tr;,tr;} that satisfies the participation constraint (9) . Suppose

that for some s > 0, no incentive compatibility constraint binds. Then, there exists €5 > 0 such that
BEy (V5" (kg —tus;d') — V5 (kg —trs;¢') |00) < rhs—7rrs+(0n — 01)es < BEy (VB (k — tus;¢') — VB (ks — trs;¢') 10u) -

Replace {¢s,7rs, THs, trss tas} by {gs + €5+ €0,70s + 0165, "Hs + Omes, trj, trj} where g > 0 is such that the par-
ticipation constraint binds. This contract still satisfies all the constraints, but it attains a value V¥ > V.

If rgs > rrs, (4) is the only relevant incentive compatibility constraint. For all s such that rgs > rps and (4) is not
binding, the previous argument applies and a value V2 > V; can be attained.

Now consider those s > 0 such that rys < rps < 0pqs + dkp. If (5) binds, one could keep rgys — rrs, constant by
increasing both rp; and rgs and by increasing g5 to keep the participation constraint binding which would result in an
increase in the objective function. Let this new value be V. If for s > 0, rys < rps = 01qs + dkp, (5) doesn’t bind
unless (4) binds. Suppose (5) binds and (4) doesn’t. Then, one could increase 7 still satisfying incentive compatibility
and relaxing the participation constraint. Therefore, one could increase ¢s which would increase the objective function
and give a value V? > 0. Therefore, once can construct a new sequence {V]’ }jzo’ V! > V; such that Vj’ = Vj is the

J
incentive compatibility constraint in the high state binds and V; = Vjo if it doesn’t. By construction,

lim V; > lim V; = V*.
j—o0

j—o0

Therefore, without loss of generality one can concentrate on those sequences that are feasible in which (4) holds with
equality, i.e.,

THj - T‘L]. = ﬂqu (Véﬂ (kB - tHj;gf)/) - Vén (kB 7tLj;¢/) |0H) for all j (12)

Lemma 3 Without loss of generality, the feasibility constraints on contingent transfers in consumption good can be
replaced by
rp, =0pq+dkg andrg >0

in the bank’s problem.

Proof. By assumption ¢ < e} will not bind in a solution to the bank’s problem. Using lemma 1, the participation
constraint can be assumed to hold with equality, and using this in the objective function one can see that the objective
function is always increasing in the amount of the loan g. Using lemma 2, the incentive compatibility constraint holds
with equality which implies that the upper bound for ¢ is given by the maximum amount that can be repaid in the low
state, i.e., by rr, = 0pq + dkp.

Let V* be a solution to the bank’s problem. Let {V}} be a sequence such that lim;_V; = V* and where

Vi =(E(0) —1)q; + BpuEy (VI (kr +tu;; ') 10 = 0n) + BorLEy (VI" (kp +t1;:¢) |0; = 01) + dkp

+BpuEy (Vi (kg —tuj; ') |0, = 0n) + Bpr By (VB (kg —tr;;¢') |01 = 01) — BEy (V™ (ks ¢')) (13)



for some feasible and incentive compatible that satisfies (12), and (7) with equality, that is that,

riy = ¢ =B (puBy (Vi (ko +tuj; ) QH) +prBy (Vi (ko +t1;;¢') 01))
—Bpr (Ey (V' (kp —tuj; @) = Vi' (ks —t1;5¢') 0n)) + BEy (V" (kz; ¢')) (14)
raj = ¢ —BpaEy (V" (kL +tuj;¢') 0u) +prEy (Vi" (kL +trj;¢')10L))

)
—Bpr (Ey (VB (kg —tr53¢") = VE" (kg —tuj; ¢') 10m)) + BEy (Vi (knp;¢')) (15)

Then, for all j, the contract can be summarized by {q;j,tr;,tm;} . The feasibility constraints for 7, and rg imply the

following constraints

dkp + B (puEy (VI (kr + tu;; ¢') 10n) + prEy (VI (kr +trj;¢') |0L))

% = 1-6,
Bpu (By (VB (kg —trji¢') = VE' (kg —try:¢') 100)) — BEy (VI* (knpid'))
+ ' , (16)
g = PBpuEy (V" (kL +tuj;¢') 0u) + BBy (VI" (kL +1tr5:9") 0L)
+puBEy (VB (kp —tuj;¢') — VG (ks —trj;¢') 0u) — BEy (VI (kr; ') . (17)
o > dkp + BpuEy (Vi (kr +tuj;¢') 10m) + BorEy (Vi (kL +trj;¢') 101)
7= ]. — 0y
prBEy (VE (kg —trj;¢') — Vi (kg — tu;;¢') 0n) — BEy (Vi (kr;¢'))
+ 1—0n (18)
aj > BouEy (VI (kr +tuj;¢')10m) + BorEy (VI* (ko +1t1j:¢") 101)
—pLBEy (V5 (kg —tuj;¢') — Vi (kg —tr;;¢') |0m) — BEy (V" (kr;¢')) - (19)

Construct the following sequence {V]’ } o if {gj,trj,tm;} is such that (16) holds with equality, set V/ = V. If
{aj:trj,tm;} is such that (16) is slack let V] be the value attained by the contract that satisfies (16) with equality. Since
the transfers in terms of consumption good are defined by (14) and (15), this contract is still incentive compatible and

feasible. Moreover, ¢; > ¢; and V] > V;. Therefore,

lim V’ > hm V,=V"*

Jj—oo

and without loss of generality one can concentrate on the sequences {V;} as defined above in (13), such that the loan
quantities {g;} satisfy (16) with equality. Having this constraint hold with equality implies 77; = 65q; + dkp. Since
g; > 0 always, this implies that all contracts along this sequence satisfy r7, > 0 which is the same as satisfying (17) with
strict inequality.

Suppose that for some j (18) holds with equality. This implies rg; = 0gq; + dkp and since rr; = 0r,q; + dkp this
would imply that participation constraint is slack, and that the producer is giving the non-producer all the gains from
the project. From lemma 1, there exists a feasible and incentive compatible contract that attains a higher value that
contract j and therefore, without loss of generality we can ignore sequences in which for some elements j, (18) holds

with equality. =



Proposition 4 The bank’s problem can be rewritten as V& (kp,kr; ¢) =

sup (E(0) —01) (dkp + B (puEy (V" (kr +tu;¢') |0u) + prEy (V" (kr +t1;¢')10L) — By (Vi (kL3 ¢'))))
(tm,tr)€0,kp]? 1-0;
E(0) — ~ )
+%ﬂlm (E¢>’ (Vén (kB - tH;¢/) \()H) _ qu (ng (kB B tL;gb') |0H))

+8pLEy (V5 (kg —tr;¢')10L) + BouEy (VG (kg —tu; ¢') |0n)

subject to
;o= dkp + B (paEy (V" (kr + ta; ¢') |0n) + prEy (VI (kr +tr;¢')10L))
N 1—6r
+5PH (Ey (Vi (kp —tu;¢") = VB (kg —tr;¢') 10n)) — BEy (V™ (kL3 ¢'))
1-06;

¢ > max{0,BpuEy (Vi (ki +tu;¢')10m) + BoLEy (Vi* (kr +tr;¢') |01)

—pLBEy (VG (kg —tu;¢') = VG (kg —t1;¢") 0u) — BEy (VI (knp;d'))}

Proof. It follows from lemmas 1, 2 and 3 using the equality constraints in the objective function. m

3 Equilibrium

Definition 5 A recursive equilibrium in this economy is a pair of value functions for banks, in the morning and in the
afternoon, V' (kp; ¢) and V5 (kp,kr; ®), a value function for lenders V] (kr; ¢), price and quantity functions in the

bilateral asset market, P (kg,kr;®) and kT (kg,kr;¢), a loan contract

(q(kB,kri¢),rr (B, ks @) ,ru (B, kr; @)t (kB kr: @), tu (kB,kL; @)

and a law of motion for ¢, H (¢,w), such that (1), (2),(3), and (6) are satisfied and the law of motion for ¢ satisfies:

Fp ) = o ([ Pt ks ) o) 5 (o)) 4, ([ P O 10 (ks 0) o) P b))

F&(kw_1) = /Fg”(k—kT(k,kL;d,d)))dFi”(ch,w_l)

P! () = ol ([ FB 0ot tr (ks 0) o) (hpoioon) ) 0t ([ 75 Gt (i, ) o) dFE (ko))
P (hs) = [ FY (o 7 (ki d,0) o) AR (ko)

of distributions where w_1 is the realized aggregate state the period before.

3.1 Affine Equilibrium

The mapping that characterizes an equilibrium is not a contraction mapping. Therefore I cannot show that the equi-

librium is unique. Nevertheless, there is a unique recursive affine equilibrium, i.e., a unique equilibrium in which the
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value functions are affine in asset holdings. I will use the guess an verify method to show that such equilibrium exists
and that it is unique.

Assume

Vi (kp;o) = Vi (kp,kr;¢)=cp(d) ks +ap(9)
Vit(kr;¢) = cr(d)kr+ar (o)

¢g (d) and ¢y, (d) are affine in d.

Under these assumption, the terms of trade in the asset market are the solution to
1—
glakx (P() — dko — ﬁCL (d) ko) K X (CB (d) k‘o — P())’Y
0,~0

where d = Eg (d') .Then,
Py = (1 =) cp (d) ko +~ (dko + Ber, (d) ko)

and kT (kp,kr;¢) =
A8, X,y (o8 (@) —d = Fe () ko

which implies k7 (kp,kr;¢) € {—kp,kr}. As it is usually the case with linear value functions, the quantity traded
through Nash bargaining maximizes surplus and thus trades are efficient. Since the bank can wait until the afternoon
and sell the asset in the loan market, by setting t;, = tg = kp, he will never choose to sell in the morning. Selling in
the afternoon, allows the bank to invest the proceeds of the sale in the risky loans which has a higher expected return
than consuming the goods in the morning. Therefore, the terms of trade in the asset market are independent of the
asset stock with which the bank (buyer) enters the market, kg, and k% (kp, kr; ¢) = k1, for all kg, kz, and ¢.

Given this structure, the value functions for lenders and banks in the morning, before entering the asset market are,

respectively,

Vi' (ki ¢) = P (kp, ks ¢) = [(1 =) ep (d) + v (d + Beg (d))] ke
and

Vi (ki) = [en @) — (d+ few (d))] [ KaFY (0) + e @ b
Thus, using the guessed functional form for the value functions gives

cr (d) = (1—7)ep (d) +7 (d+ Ber (d))

and

[ =) ep (d) +d]
e (d) = =3 .

Therefore,

11



Finally, the value of a bank who enters the loan market with kg units of asset and meets a lender with k; units of

assets when the state is ¢ is, using proposition 4,

Vg (kg kr;0) = max (E(0)—1)q¢" +dkp + B (pucr (du)ty +pucr (dr)tr)
tH,tLE[O,kp]2
+Bpuce (dr) (kp —tu) + Bprep (dr) (kg —tr)

+88e (+len (@)~ (& + pew (D) [ karz’ )

dkp + B (pucr (du)ta +prer (dr)tr) — puBep (du) (ty —tr)

st.qt = s (20)
q¢" > max{B(pucr (du)ty +prer (dr)tr) +prBes (du) (tn —tr),0} (21)
e = ¢ —Bpuer (du)ty — Bprer (dr)tr +prBep (du) (tr —tr)
. = ¢ —PBpucr(du)ty — Bprer (dr)tr +puBes (du) (tn —tr)
LOM for F

Rewriting the problem in this way shows that the producer will choose the same contract a planner who is subject
to the asymmetric information problem and put all weight on the borrower would choose. The equilibrium contract is
constrained Pareto efficient.

Given the affine specification of the utility functions, the solution to the producers’ problem in the afternoon will be
in a corner. If the constraints (21) are ignored, there are four possible solutions: t;, = 0 = ty, t; = 0 and tg = kp,
t;, =kp and ty =0, and t;, = kg = ty. If t;, > ty then the constraints on ¢ are satisfied. If ¢;, < tg, (21) might bind.
In the appendix I show that (21) can’t bind in equilibrium. Therefore, ignoring the constraints on ¢*, (21) ,and using

the guessed functional form for V& (kp, knp; @), one can match coefficients and get

cs(d) = %;LGL) <d+ B <pHCL (dg) gtT}; +prer (dr) g;i)) - %pHﬂCB (dm) (gZZ - ;i;)
+0pmes (d) (1 - :;ZI;) + Bpres (dr) <1 - g;;;) (22)

an(6) = BEs (v en (@) = (@ + e1, D)) [ hargs (k)) .
Proposition 6 In the only affine equilibrium, t; =kp and tj; =0 .

The proof of this proposition can be found in the appendix.

3.2 Implementation of the Optimal Loan Contract

Using the results from the previous section, the optimal loan contract (¢*,r}, 7}, t5,t35;) is given by

(d+ Bprer (dr) + Bpucs (du))

q"(d) = 1-0, kg
. 0rq* (d) +d
rp (d) = rp(d)+ Bep(du) ks
t; = kp,ty =0

12



The optimal loan contract only depends on the aggregate state through the current dividend level d. Banks are collateral
constrained: the maximum amount that the banks are able to borrow depends linearly on the amount of assets they
have. The collateral constraint is an equilibrium outcome and it depends on how much the expected holder values the
asset. With probability py the return of the loans is low and the borrower transfers all his asset holdings to the lender
whose expected discounted value of one unit of asset is Sey, (dr). With probability py the return of the loans is high
and the borrower keeps all his assets which he values Scp (dy) per unit.

The optimal loan contract can be implemented using two different debt contracts simultaneously: riskless debt and
collateralized debt. This implementation is not unique. I am going to describe the implementation with the maximum
amount of riskless debt, which is the one that includes riskless debt at 0 interest rate.

The maximum amount that can be repaid independently of the realized state, risklessly, is 75 (d). Therefore, the
amount of riskless debt in this implementation is 7} (d). The remaining part of the loan amount ¢* (d) is repaid in
consumption goods only if the return of the project is high, whereas if it is low, the lender receives an asset transfer
from the borrower. I will refer to this fraction of the loan amount as collateralized debt.

Then, the amount of collateralized debt in this implementation is

qe = q(d) =1y (d) = B(prer (dr) + puces (du)) kp

which is independent of the dividend level. The interest rate on this loan can be computed as

ra(d)—r(d) . _ Ber(dn) —qe
qck B e
_ g (¢ (du) —cr (dL))
qc
~_pr(es(dn) —cr(dr))
~ (prew (dr) + pu (cB (dm)))”
The expected return on collateralized debt is
Brrew (do)ty +pu (ry —rL) . _ Bprec(do) + pafBes (du) 1=0
qc B (prer (dr) +prcs (di)) )

The maximum amount that can be borrowed against the asset, its debt capacity, is given by

D =B (prer (dr) +puces (dm)) .

The asset’s debt capacity depends on the value of collateral for lenders when there is default (insurance) and on the
value of collateral for banks when there isn’t default (incentives). Ceteris paribus, a higher value of collateral for lenders
increases the loan amount since they can recover more when there is default, while a higher value of collateral for banks

decreases the producers’ incentives to lie and therefore allows them to borrow more.

3.3 Premia

The difference between the agents’ valuation of assets and the fundamental value of the asset can be decomposed in
several premia. The borrower values the asset more than the expected discounted dividend stream for two reasons.

The first reason is that the asset serves a liquidity transformation device, it allows the borrower to solve the maturity
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mismatch problem he faces. The extra value due to this function is captured by the private liquidity premium, which I
define as the difference between how much the borrower would value the asset if he chose to sell it to get funds and the
fundamental value of the asset. If the borrower chose to sell the asset in the afternoon, he would get d + Bcr, ((f) per
unit of asset, which is the maximum amount the lender would be willing to pay for it. With this funds, the bank would

(0) GL

be able to invest in loans and he would get the return on equity on them. Therefore, the bank would value each

unit of asset M (d + Ber, (d)), and the private liquidity premium is defined as

EEL;L&L(d—F,BCL (d)) - (d+ﬁlfﬁ) = Eﬁ)eL (d+6 _ﬁ> +E@9L0LB<CL (d) _1—Jﬁ>'

The second reason why the bank values the asset more than the lender is that he expects to use it as collateral the

following period. I define the private collateral premium as the extra value a bank gets from using the asset as collateral
instead of selling it to raise funds. From the characterization of the affine equilibrium, a bank who chooses to use the
asset as collateral values it c¢p (d) per unit. Then, the private collateral premium is

—0r

e (@)~ 5O (a4 e (@) = 20

1-0; Brm (e (dr) —cr (dm)) -

This premium depends on the difference in valuations for the bank and the lender. If both agents value the asset the
same, the private collateral premium is 0. In this case, the borrower would be indifferent between selling the asset and
pledging it as collateral. When the bank values the asset more than the lender, the private collateral premium is positive
and the bank chooses to use the asset as collateral.

Finally, the lender may value the asset more than the expected discounted sum of its dividends if he has some
bargaining power in the capital market. By being able to sell the asset to agents that value the asset more than
themselves, lenders can extract some of this extra value whenever their bargaining power is positive, i.e., v < 1. This

extra value is what I call a liquidity premium and it is defined as

7 _ 1 [ Bpa (es () — e (dr) + (v + 22525 (1= 7)) (d—d) + (d+ 815
cw@-(a+prts) -y SO [ 2 b o ) (0 (i o)
1 1-0p 1_5(’”%&%1—”)

B

As T mentioned above, this premium is 0 when the banks have all bargaining power in the capital market.

4 Comparative Statics

4.1 Different correlation structures

The debt capacity of the asset depends on the correlation between future dividends and the success of the investment
made by banks. In this subsection, I will show that, keeping the (unconditional) expected return of the asset, d, fixed,
an increase in the correlation between the success of the investment made by banks and the future dividends paid by

the asset increases the asset’s debt capacity.
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oD _ 53(1’HCB (dm) +prer (dr))
ddr|g adr|;

(E(0) —0r) Ocr(dr)
> _ﬁpL< 1-60,  od )
( —vB) (E(9 9L)( — Bpu 9) 9L)>
1—75—%ﬁ< — 7 (Bpa + 1))

) oD \ . (E(0) —0r)
s (22) = sign (118~ D031 3 1),

< —fpL

Therefore,

Let f(v):==1—78— 9)70505(1 — v (Bpr +pr)) - Since by assumption (1 - 6155{)7;?) >0, f(y) > 0Vy e 0,1]

and

oD <0< oD
ddr|g Odpr g

This result implies that a higher dy, increases the asset’s debt capacity and it makes it better collateral. The asset

>0

is worth more to the borrower when he has more incentives to default, in the event of a successful investment, and

therefore decreases his incentives to lie.

4.2 Change in risk

Without loss of generality, 81, can be set to 0. Then, the variance of the project is given by

V(0) = puOu—pubu)’ +pr(pubn)’
= pu(1—pu)by
= E(0)0y — E ()

Therefore, one can get a mean preserving spread by increasing 6y and setting

_E(9)
pPH = 0

Proposition 7 If dg > dyin, where dmin < d, an increase in risk decreases the debt capacity of the asset, i.e.

oD
—) > 0.
Opu|E)
Proof. From the definition of debt capacity
oD 0 (prcp (dg) +prer (dr))
e =
I ) Opr|Eo)
der (d
(CB (d) —cr (dr) +pr 8;;7‘2;6)))

1 — Bpu 6) eL

, (Ege_);L (dH — dL) + v (CB (dL) — (dL + Ber, (J))) + oL g;frl(ife)))
1 —5PHE§0,);L9L
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Differentiating the expression for ¢y, (dr) found in the appendix with respect to py keeping F (6) fixed, one can see

that
0
M > 0.
Opr|Eo)
Therefore, if dg > dmin
oD
— >0,
Opr| B o)

where dpin < d and dpin solves

_ _ _ d—pHdmin

E0) -0 —d dmin d— dmin d— dmin aCL

0) 6, —d+ +w<c3< ” >< ” MCL@))WL (=)
1-0g DL PL PL

When the return of the loans and the future dividend level are sufficiently positively correlated, an increase in the
riskiness of the loans decreases the debt capacity of the asset. In this setup, an increase in risk decreases the probability
of success of the project and, therefore, increases the probability of default. This shift in probabilities has a direct and
an indirect effect on the debt capacity of the asset. The direct effect is that now the debt capacity of the asset puts
more weight on the lender’s value of collateral in the event of default at the cost of decreasing the weight on borrower’s
value of collateral in the event of no default. The sign of this direct effect depends on whether the lender values the
asset more in the default state, than does the borrower when he gets to keep it. The indirect effect comes from the
change in the asset’s valuation for the lender. An increase in the probability of default decreases the lender’s valuation
of the asset. When dy — dyp > 0, both effects are negative. If dy — dr < 0, the net effect then depends on which of

these effects is larger. When dgy > dpi,, the increase in the default probability is the dominating effect.

5 Multiple Loan Types - Incomplete

In this section I extend the benchmark model and introduce heterogeneity among banks. Each bank is characterized
by the returns of the loans he is able to invest in. Loans made by different banks differ in their correlation with the
dividends paid by the asset but they share the same success probability and expected return. There are J types of loans
and a fraction p; of banks can invest in loans of type j, j =1,...,J.

In this case, in an affine equilibrium, the marginal value of assets for a lenders is

e (d) =(1-9) ZMCB (d) + 7 (d+ Benp (d)) -

icl
The banks’s problem remains unchanged, though now the value for lenders depends on the average valuation among
banks. Depending on the parameters of the model, two different kinds of regimes might arise. In one, all banks choose
to use the asset as collateral. This is clearly the case when v = 1 since the multiple loan type model and the benchmark
model give the same contract for each agent. The existence of other types of banks only matters through the resale
value of the asset in the asset market. If the sellers don’t get any surplus from this sale, then the price of the asset in
the capital market will be equal to the expected discounted value of dividend and, thus, it would be independent of the

distribution of bank types in the economy.
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If v+ < 1 there might be banks who choose to sell the asset at the beginning of the afternoon and invest those funds
rather than pledging it as collateral. Since the expected price at which lenders can sell the asset in the capital market
depends on the banks’ average valuation of the asset, it may be the case that this average valuation is high enough to
motivate some of the banks who value the asset the least to sell the asset to raise funds. Whether there are some banks
that don’t use the asset as collateral or not depends on the value of . For high values of v everybody uses the asset
as collateral in the only symmetric equilibrium. For lower values of v multiple equilibrium may arise, in principle (I
am still working on this - so the equilibrium with sales might not exist), and some banks may choose to sell the asset

instead of using it as collateral. Complementarity through the price when v < 1.

Remark 8 When v = 1 or the asset’s dividends are uncorrelated with the loans made by banks (e.g. risk free assets)

all banks choose to use the asset as collateral (same as benchmark case).
In both cases, the asset will always be used as collateral by at least one type of bank.
Proposition 9 The banks with the highest marginal valuation of the asset will always use it as collateral.

The proof of this proposition can be found in the appendix. Banks whose loans have the highest positive correlation
with the dividend paid by the asset value the asset the most. The higher this correlation, the larger the amount that
can be borrowed against the asset since it is better at providing incentives to solve the asymmetric information problem.

To be completed.

5.1 Example: Two Regimes(?7?)

TO BE WRITTEN.

5.2 Changes in correlation structure.

In this subsection I present an example to illustrate how aggregate quantities respond to changes in the correlation
structure and risk when there are multiple types of loans in the economy and all banks choose to use the asset as
collateral.

There are J = 2 types of banks. There is a population p; of type j banks, j = 1,2. Let 6’ be the return of the
loans in which a bank of type j can invest. The unconditional probability of success is equal for both types of loans but

conditional on the aggregate state, the success probabilities are given by

= ’/T’

where Pr(wy) = Pr(w2) = 0.5. Let d; = E (d¢41|w;), i = 1,2, where dy > ds.
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Then, the expected value of the dividend conditional on the return of project j is

wdy + (1 —7) da
2pH

(1 —7)dy + wds
2pu )

E (dt+1|9% - HH) -
E(desq|07 =0n) =

Given this correlation structure, an increase in =, increases (decreases) the correlation between the return of type
1 (type 2) projects and the future dividend level while keeping the unconditional probability of success, py, and the
unconditional expected dividend, d, constant.

Let D = pu; D + pyD? be the average debt capacity of the asset. This is the debt capacity a representative bank

would have in this economy.
Proposition 10 An increase in w has the following effects.

o If 1, = poy, the economy’s average debt capacity remains unchanged, type 1 banks collateral constraint is relaxed

and type 2 banks collateral constraint is tightened.
o if by > oy, the economy’s average debt capacity increases, and type 1 banks collateral constraint is relazed.

o if py < o, the economy’s average debt capacity decreases, and type 2 banks collateral constraint is tightened.

This proposition states that, when there are multiple types of loans, the effect of changes in the correlation structure
on how much can be borrowed in the economy depends on the distribution of loan types among banks. When there are
multiple projects, an increase in the correlation between the return of the loan a bank invests in and the future dividend
has two effects. On the one hand, an increase in this correlation makes the asset more valuable for the bank making it
better collateral. On the other hand, this change in correlation decreases the value of the asset for other types of banks
and thus affects the resale value of the asset. The net effect depends on the distribution of types of loans across banks.

INCOMPLETE

6 Conclusion

In this paper I showed that when the roles as borrowers and lenders are persistent, and there is ex-post asymmetric
information about the borrower’s ability to repay, collateralized debt is the optimal way for borrowers to raise funds.
Borrowers would rather offer their asset as collateral than sell it since they value it more than lenders. If they sold it,
they would get at most the valuation of lenders, whereas by offering it as collateral they keep it when there is no default.

This difference in marginal valuations of the asset between borrowers and lenders is an equilibrium outcome. In
autarky, both borrowers and lenders value the asset as the expected discounted sum of the dividend stream. When the
agents are able to trade, the borrower values the asset more then the lender and they both value the asset (weakly) more
than its fundamental value. The borrowers’ excess valuation can be divided in two premia: a private liquidity premium
and a private collateral premium. The first comes from the asset solving a maturity mismatch for the borrower: the

asset pays dividends in the future but the borrower has an investment opportunity today. Being able to sell the asset
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provides the borrower with funds in the moment he needs them. The private collateral premium is the extra value the
borrower assigns to the asset due to its role as collateral. Since the borrower will use collateral contracts in the future,
the asset relaxes a borrowing constraint and thus has more value.

Since collateral contracts are optimal in this setup, and the marginal valuations of both borrowers and lenders are
endogenous, the maximum amount that can be borrowed against the asset, its debt capacity, is also an equilibrium
outcome. I am able to solve the model in closed form which, in turn, allows me to compute some comparative statics
with respect to the correlation structure, and the riskiness of the loans in which banks invest. I find that a higher
correlation between the success of the loans and future dividends makes the asset better collateral since it is better
at motivating the borrower to tell the truth when he has incentives to lie. If the return of the risky loans and the
asset’s dividends are sufficiently positively correlated, an increase in the riskiness of the loans decreases the asset’s debt
capacity.

I finally extended the model to include heterogeneity among banks. (To be completed)

We know from previous literature that changes in financial constraints played an important role in recent crises.”
Having a model that characterizes these constraints as equilibrium outcomes is important both from a positive and a
normative point of view. In positive terms, it is interesting to see where the financial shocks come from and how they
interact with the fundamentals of the economy. From the normative side, policies that aim at stabilizing the cycle and
preventing financial crises should take into account what drives changes in the financing conditions faced by banks,
firms, and households. This paper is an attempt to deliver some of the insights needed to understand collateralized debt

markets better.
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8 Appendix

8.1 Uniqueness

Lemma 11 (21) can’t bind in equilibrium.

Proof. Suppose (21) binds, then,

dkp + 0.8 (pacr (du)ty +prer (dr)tr)

Bep (du) i 23

If 7 = 0 binds,
q" = (Bpucr (du)tm — Bprer (dr)tr) (1 —01) + prdkp
and using the definition of ¢* together with (??) this implies

= prdkp + B (pucr (dg)ty +prep (dr)tr) (1 —prfr)
B 1-0p

Putting these last two equations together gives
B (puer (du)ta +prer (de)tn) (2 —pw —01) 0 = —0rprdkp
which implies pger, (dg)ty + prer (dr) tr, < 0, a contradiction. m
Lemma 12 In equilibrium, t;, # 0

Proof. Suppose t;, = 0 in equilibrium. If the objective function is decreasing in ¢, then it is also decreasing in ty.

Therefore, t;, = 0 implies ty = 0. The coefficients of the value functions in an affine equilibrium would then become

E0) -0
w@ = EOZaypep (a)
(E(6) - 0r) d
cp(d) = 1_(9LL<d+51_/8>,
and
cr(d) = (1—7)ep(d)+7(d+Benp (d))
(1) EDF) 4o yd
cr(d) = g :

The derivative of the objective function with respect to tr, is

(E(0) —0L)
1-46;

(E0) -1

T-0 pupBep (drg) — Bpres (dr) .
—0r

Brrer (dr) +

If t; = 0 and ¢ty = 0 this becomes

(El(ez;LeL) 1/6ipiﬁ ((1 B (1) (El(f)a—Ll)dL N ((EfaszeL) (214980 _7))5> lii>

(£(0)—0L) (E(0) —1) d
+ 1_0LL 10, pHﬁ<dH+ﬁl_ﬁ>

which is > 0 and therefore contradicts ¢, = 0. m
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Lemma 13 t; = kp =ty is not an equilibrium.

Proof. Suppose t;, = kp =ty in equilibrium. Then,

E0)—-06
s = EO=0) (d+ Bewp ()
1—-6r
1-— (6] d +’YCZ
cp(d) = (1—7)03(d)+7<d+5( )1_52 )
Therefore, -
1-— d d
L(d):( v es (d) +7 7
1—~p
and (Ege);oL)g
cp (d) = o
(5 ( s B0 1))
which implies
E(0)—0
@ (7 + EO20e) (1 — V)) P
Cr, =
(=5 (e BT 1)
and
(7 + w (1— py)) d
CB(d)—(E(a)_eL) d—‘r—ﬂ 1-6.
1-46; (E( )=0L) (1 _
1-8(v+ ~0, (1 7)
Thus,
(E(6) — 1) (7 + B2 (1 - )
cr (d) —cep(d) =7~ TT1-64, d+5(1 6( @ (0) 0L)(1 ))>d <0
YT e, W=7
what would imply that the derivative of the objective function is decreasing in ty and, thus, ty = 0, which is a

contradiction. m
Proposition 7?7 In the only affine equilibrium, t; = kg and t}; =0 .
Proof. From the previous lemmas in this section, the only candidate left for equilibrium is t5 = kg and t3; = 0. Assume

t7 = kp and tj; = 0. Then, (22) becomes

CcB (d) = %(dﬁ-ﬁ(}?LcB (dL)+pHCB (dH))), and
M (dg + Bpres (dr))
cp(dn) = ~ Bpg E@—01)

1-0r
Therefore

0)—0
(E(e)faL) d+5(pLCL (dL)+pHM9LL)dH)

cp(d) =
1-0, " BT

(24)

To have t7 = kp and t}3; = 0 be chosen by the producer, the objective function must be increasing in ¢;, and decreasing

in tH, i.e.,
B O en ()~ pnes () + ZO L gprres (am) > 0 (25)
~ 0, -0
and
WB (cL (du) —cp (dm)) <O0. (26)
-0
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Using (24) evaluated at d = dr, and d = dy the derivative of the objective function with respect to t;, becomes

B0 3(1 - B)

1-6r

E0)—-0r
o (E(9) —61) (E(6) — 1) E®) -1
- Bpl % <(1 —B)prer (dr) — (1 - ﬂpH1_9L> rdr — BpLWpHdH + 1—9LpHdH>
E0)—-0r
10 (E(9) - 0r) (E(6) - 6y)
1 5?;% <(1 —B)prer (d) - (1 - ﬂpH1_0L> prdr + (1 — fpr) WPHCZH — pHdH)
E(0)-01
10 (E(9) —01) (E(6) —0y)
1 - BPH% <(1 ~Bprer (dy) = d+ fp I prdr + (1 —fpr) 1_9LpHdH>

d d (E@)—0r) (1—PBpr)ds+ Bprdr
I~ fpn B0 pi(ewan) = (525 ) ) = (a9 ) + G =2 2

Using that
(1—Bpr)du + Bprde = (1 — B+ Bpu) du + Bprdr = (1 — B)dy + Bd
the expression above becomes

oyt (- (00~ (155 25) )+ 05 o (14 1 25)) o

1-6r,

since ¢, (dr) — (d L+0 r%) > 0. Therefore, the derivative of the objective function is positive under this guess which
in turn implies t7, > 0.

The sign of the derivative of the objective function with respect to ¢ty depends on the sign of the difference in
marginal valuations between the borrower (bank) and the lender. Using the definition of ¢, (d) and c¢p (d) this difference

can be rewritten as

— CB (d)

cr. (d)—cp(d) = [(1—7)63(d)+7<d+ﬂ(17)10137(?+’yd>

B (1=7)cp (d) +~d
= ’Y<d+5 13 CB(d)>
_ (E@®)-1), 1-5) (E(6) —0r) pd —0L) 5
- 7( -0, ‘"1 <((17) 1- 0 +7)1 cp (d) + 1—9L d))
(E@-1), , (1=5) ((E®-0) d
= ”(_ 10, ‘”1—7/3( -0 l—ﬂ_CB(d)»
But
0)—0,) d
) > EO-0) T
prer (dr) +pH%dH > % (1 - BPHW)
H(El(ez;LeL) (d f‘%) > %—pm(dm
ot T (i P5) s (o 25) = 755 e (45 ) 2 g - pe )
since%>l.
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Then,

EO-1,  (1-5) ((Ew)—em d >><07

-6, "Mt 1-3 1—0, 1—5_83@

and this implies ¢ty = 0. Therefore, if the contract implied by t; = kg and t7; = 0 is a solution to the bank’s problem

c (dg) —cp(dy) < (—

in the loan market. =

8.2 Value function coefficients with one project.

From section 3, the marginal value of assets for lenders and producers are given by

ce(d) = |(L=7)ecp(d)+~ <d+5(1 _716_37(? +7d>
_ dr) + (E(a)—HL)d
cn (d) (Eie) ; eL) (d + ﬂ (pLCL ( L) fg(e)jgef H))
UL 1- BPHTﬁ‘L

which in turn are all functions of ¢, (dr). Using the equations above, one can get

cr(d) = _(1’Y)CB(dL)+7(dLJrﬁ(l_vicf«s?Jﬂd)

cr(dy) = |(1=7) (CB (J)+W(dLJ))+v<dL+ﬁ(1_7)10137(?+7d>
) E6) -0y 28 E(0) -0, -

i) = [Fgen @+ (0= HEGE w0 )k (5 -0 -0 S5 )

Using the definition of cp (J) gives

((1 -7B) (1 - 5PH(E1(029L9L)> - (1= Wﬂm) cr (dr)
2
= (((1—v)w+v) (1_5PHW> B+ (1 =) <W) ﬁ) d

v (((1 ) B0 ) (1= o BT (- ) - - (220 ﬁpL) "

8.3 Equilibrium with multiple loan types.

Proposition 14 There can’t be an equilibrium in which some type of banks don’t use collateral contracts and some do,

nor one in which no one uses collateral.

Proof. If a bank chooses not to use the asset as collateral, his marginal value of assets is

E(0) -0,

ch )= 2O

(d+ Ber (d)) = 5 (d)

which is independent of the correlation structure of his own project with the dividend paid by the asset. From the

benchmark model, we know that the marginal value of a bank with investment opportunity j that chooses to use the
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asset as collateral is

E(6)—0 j
| E(6) -6, pres (@) +pn 22500 di,
d="""Ldtp .
L= 1~ Bpr P25

JNC

If some banks i € are choosing not to use the asset as collateral, it must be the case that

o (diy) — e (dy) 2 0 for all i € 7V,

This difference in marginal valuations at any d can be rewritten as
NC j NP E (6) -1
e (d) = e (@) = (1=7) Y 1y (s (@) = e§” (&) = 2o (d+ ez (d)) (27)
jeJe L
where JC is the set of all bank types that use the asset as collateral. Thus, using the definition of c’é (d) for j € JC,

this becomes

Yjese by (pLCL (djL) +pi g gy (1 - Ege_)ig_jLﬁpH> cr (CZ))

 EBE@O)-0
cr(d) — ey (d) = 7179LL (1-7)8 1_BpHE§0—)9LL
A (e (1)
E(9) - 0r Sjese by (Eﬁe_)*“ (dhy + Bew (d)) = e (di;))
e (d) —eg®(d) = ‘ﬁf:}gf*(l-—V)ﬁpH ~ pn B0
5 (e (@)
E(0) -0 Syese ity (B () —ee (&) o)1
cr (d) —cp©(d) = 1_79LL (1—7) Bpu I Gom EE‘”;L“ —1 7z o, (d+ Ber (d))
E0) -0 2jesc b ( (dj ) —cL (d%;)) E(0) -
cr (d) —cp©(d) = # (1—=7)Bpu I on 59_);;“ - 0. (d+ Ber, (d))

Setting d = d‘fq and summing over j € J,

b e () e () = 5 L 1 D L) (4]

jeJe jeJe 1=0. Pou E(e
B S (i + e (@)
ieIc
o)) - TRl )
jeJc (1 + E(e 5PH (Yicropi (L=7) — 1))

But this implies

S ny (ch @ =BT @) = 32wy (B (dh) —ex () >0

jeJC jeJe

Z Njcjé (d) > Z Mjcgp

jeJC jeJC

and

The average marginal valuation of banks conditional on them using the asset as collateral is higher than the marginal

valuation of banks choosing not to use the asset as collateral, if there are any. m
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Proposition 15 The banks with the highest marginal valuation of the asset always use it as collateral.

Proof. Let c5** be the marginal valuation of the bank who values the asset the most. Then,

cr (d) — g™ (d Z 1, ( g™ (d)) + 7 (d+ Ber (d) — g™ (d)) for all d.

JjeJ

By definition of ¢§** the first term is (weakly) negative. Moreover, we know that cp>* > M (d + Ber, (d))
d+ Ber, (J) since the bank can always choose to sell the asset in the afternoon and invest the proceeds in the risky loans.
Therefore, the bank with the maximum marginal valuation of the asset chooses not to set transfers of capital to 0 when
the realization of the return of the loans is high.

(Need to show that derivative wrt tL >0 always)

E©) -0 * e () oS pey-1 0 peen(d) 4o S5 d
7Lﬂ PLeL (dJL) R E(0) - + di‘f +8 E(6)—0 :
1-40; 1—ﬂpHW 1-6p 1— Bpu 1_9LL

Mﬁ (E0) - 0
- _ i\ g (1 gy EO) =01) E@O)—0r
T - E0 g, (pL (1-PB)ce (dL) d+(1=Ppr) —— P prdy + Bpr——" 0 prdy
—vL
(E(0)—0Lr)

e, g ; 4 d E@G) -1/ . d
) 1—“551’”;9“5@1%(“(CL(dJL)_(d“Bl—ﬂ))”H e (darts)) 2o

8.4 Value function coefficients with multiple loan types
8.4.1 All banks use the asset as collateral

From sections 3 and 5, the marginal value of capital for a producer of type j is given .

o0 = EG 0 s () o ()

which gives

B0 (i, + Bpres (1))

o (d) =
(E(0)—0L)
1- 1— aLL Bpu
and
] E(9)—6 i

CJ d) = (E('g)*eL) d pLcL (d]) %dﬁi

B()_W + - (E@fL)Bp
Moreover, the marginal value of assets for lenders is

e ( Y e (@) + v (d+ Bewp (d)) .

jeJ

Then,

(=) e 1y (d) +7d
L (d) = 1—p
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and . . _
o0 (d) = (1=98) (1 =7) X ey il (d) + (L= yB8)vd + 7B (1 =) X ;s i (d) +~Bvd
- 1—9p '

Using the definition of cj gives
j E(6)—0
(E(0) — 0r) PrcL (ZjeJ pjdy, ) +pu BRI Sy

(1-=98)ec(d) = (1—-7)8 10, |- B0 9L L Bpn
+((1—7)W+v) (1 =~B)d+~4d).

Rearranging terms and setting d = Eje] ,ujdjL,

(E£(0) —0L) (E£(0) —0L) j
((1 - '75) (1 - 6PH1_0LL> — (1 — ’7) IBPL) Cr, (JEZJ ,qu )
() (o ) ()

1_%51)11 (1- )M—F’y (1—~p8) .
+ ( >( (E(9)10L) 2 ) Zﬂjdi-

—(1=7)pc (,76&) B

jeJ
The guess is correct, the coefficients are affine in the dividend level.

8.4.2 Some banks don’t use the asset as collateral

From previous sections the marginal value of a bank type j € J¢ that uses the asset as collateral is given by

j ( (9) 1)
o= BO o) | e (dj) SO
o 1-0g 1 — B0 gy

The marginal value of a bank type j € JV¥¢ who chooses not to use the asset as collateral is

)= EOZI) [0 ey (@] = e

Moreover, the marginal value of assets for lenders is

. (d)_(1*75)(1*7)2jeJﬂjC{3 (d) + (1= 7B)yd+ 7B (1 =) ey 1565 (d) +7Byd
! 1=75 |
Using the definition of cJ gives
J (E(0)—6L)
E6) -0 Zje.]c H;PLCL dy, ) +pu 72Je10 /JJ
(1=B)ecr(d) = (1_7)( §29 L)*B ( )<E(e ~0s) + > mer (d)
L 1- Bru jeJgNc
E0)—-0 -
+ (v B2 1)) i+ (- v0)a).
Using that
iV, (E@-61) ;
LY. e 0 mer(jdy T icsC Hidi - 7
(1—) B0 (” L ()JZ S S >+(~y+<E§%f“ (1=7)d
er (@) = ,
(@ =8) = (1 =) e e iy BE5EE )
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the coefficients can be recovered using the solution to

_ (E6)-07)
| 4 ZaesNCprL(l- ke Crraati S iege B |+ (1 — ) EO0) (173”*’ 7L ZgeaNe ”j> )
1-Bpu (E(e) 6L> Je 7 1=0. 1-Bpu 7@(8) L) ZjEJC Hjcr (dJL)
(1*7)@79_;L)ﬁpL 1 1 (E(0)—61) (1_61’1‘1 (Ege—);LeL) ZJ'EJNC “j) Ccy, (d)
1-gpy 0 0r) A A 1-gpy Z0 L)
r (E0)-60r)
E(0)—0 . EJCHJ -0 ﬁpHZ GJC,U'Jd
((1 y) BRI 7) 2 jese bidy, + ( fom (E<6>>9L)
= or
_ (1-v E(19>9 oL BPH D e 0 Hjd
E(0)—6 L A
((1_7) ( g_)gLL) +'V)d+ ( 1 2}3(9) 0.)

-0,

The guess is correct, the coefficients are affine in the dividend level.

8.5 Changes in correlation when there are multiple types of loans and everyone uses

collateral

Proposition 10 An increase in 7 has the following effects.

o If 4, = py, the economy’s average debt capacity remains unchanged, type 1 banks collateral constraint is relaxed

and type 2 banks collateral constraint is tightened.
o If y; > o, the economy’s average debt capacity increases, and type 1 banks collateral constraint is relaxed.
o If 11, < o, the economy’s average debt capacity decreases, and type 2 banks collateral constraint is tightened.

Proof. From the characterization of the value function coefficients in the appendix, for all j = 1, 2,

& Mdj
cg(d)zw i+ pres ( ) e H
e 1— B0 gy
and
_ pLc Z ,u,dj MZ /de
(I =9B)er(d) = (1*7)5(E£929L0L) : L( = J1_>( COEAY. o
E6)—-6
+(<1—V>W+v> ((1=B)d+58d),
where

(=8 (1= 8mn EOT) - o) BT g ey (Y ]

jedJ

(1= E052250,) (-9 EL5 Y 09 1 (EL5 ) 5) T,

jeJ
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The debt capacity of the asset for a bank of type j is given by

Di=p8 (pHcB (di,) +prer (di)) .

oD _ Owﬂdyﬂ%@ﬁ

on b
aL) ad] N aCL (di)
1 — 9L on pr on
J
( —0n) it O (dL))

1-0; 2 T PLTon
But,
0)—0r) = E©)-0
(1= 8)en (@ = - EOT Dy (o) OO 10 (12 96y d4450),
—0r —0r

» (pLCL(ZjeJ ”J )+p (E(e) GL) ZaeJ P‘J )

where D = G ), - is the economy’s aggregate debt capacity. Then,
1—TLL DH
oD’ jo1di—d (E(9)—-1) (1-v) (E(0)—01)0D
e ;- (=g, PLa = 1-6, on
But
aD BpL 0 (ZjeJ de%) der (ZjEJ “deL) _(E(0) —6r)
on 1—%6PH on aZjeJdejL 1-0y
2
(E(9 GL) (E((’) 29) (E(9)—01)
_ Bpe () —dy) [ (1 fpu) (A=) +7) (118 - (1= e (H27)
- 9)—6
1= 2 oy 2L (=8 (1~ Bpn %) (1= ) 050 gy, )
E(9)—1
) (4 = d) (1 —~p) EE-Y
2 ((1 —8) (1 - Bm%) — (1) E ) gy, )

An increase in 7 will have no effect whatsoever on the aggregate debt capacity if u; = poy, It will increase it if py > pio,
and it will decrease it if poy > .
Then,

yprL, (Egej LGL)ﬁ Hy— I—Lz)

((1=8) (1= pon ELF2)) - 1 B0 6p,) |

oDi  (E(0)— 1) di — dy
or T 1-6, 2
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