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Abstract

We consider optimal redistribution in a model where individuals can self-select
into one of several possible sectors based on heterogeneity in a multidimensional skill
vector. We show that when the government does not observe the sectoral choice or
underlying skills of its citizens, the constrained Pareto frontier can be implemented
with a single non-linear income tax. We derive formulas for this optimal tax schedule.
If sectoral inputs are complements, a many-sector model with self-selection leads to
optimal income taxes that are less progressive than the corresponding taxes in a stan-
dard single-sector model under natural conditions. However, they are more progres-
sive than in a multi-sector model without occupational choice or without overlapping
wage distributions, as in Stiglitz (1982).
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1 Introduction

Since Borjas (1987), the Roy (1951) model of self-selection has been a workhorse model in
labor economics. Its essential characteristic is that individuals have a range of sectors to
choose to work in and self-select into the one which affords them the greatest returns. For
example, Borjas (2002) considers the implications of self-selection into the government
versus non-government sectors. This sort of self-selection has obvious implications for
the implementation of redistributive income taxation. It is surprising, then, that these
implications have not been studied formally heretofore. This paper takes a step towards
understanding these implications by studying optimal Mirrleesian income taxation in a
two-sector Roy model.

Incorporating self-selection a la Roy in an optimal income tax framework a la Mir-
rlees raises some challenges. In particular, in the Mirrleesian approach, the government
computing an optimal income tax effectively “screens” individuals based on their un-
observed skill (or wage). When there are multiple sectors in which any given individual
can choose to work, the underlying “skill” is multi-dimensional: any given individual
has a skill for each possible sector. It is well known that multi-dimensional screening
problems are challenging (Rochet and Choné, 1998). We show that the particular screen-
ing problem that is raised by considering optimal taxation in a many-sector model is
tractable, however, despite the fact that the underlying skill is multi-dimensional.

We do this by showing that the most general direct mechanism for allocating con-
sumption and effort to individuals in such a model is to use a single non-linear income
tax. Since income is monotonic in wages, this allows us to use the single-dimensional
screening tools developed by Mirrlees (1971), Diamond (1998) and others, with one im-
portant difference: the wage distribution will, in general, be endogenous when there is
more than one sector to choose from. This is because the productivity of effort in any
given sector will, in general, depend on the aggregate effort expended in that and in other
sectors. (Agriculture will be more productive when there is a well-functioning trans-
portation sector, and vice versa, for example.) We characterize optimal taxes accounting
for this endogeneity and show that under quite natural and general assumptions it im-
plies a force for less progressive taxation relative to a world with a single sector and an
exogenous wage distribution.

The basic intuition for this result can be understood by considering the following sim-
ple framework. There are two sectors in the economy, a “blue collar” and “white collar”
sector, and individuals are free to choose to work in either sector. The government is

choosing an income tax system. It has a strict desire to redistribute from high income to



low income individuals, but it does not care about sectoral choice per se. Moreover, for
administrative, informational, or political reasons, the income tax system chosen by the
government cannot distinguish between the two sectors. Taxes are based only on incomes
earned: a white collar and blue collar worker who earn the same income y will pay the
same tax T (vy).

With a linear production technology (i.e., when white and blue collar work are perfect
substitutes), the fact that there are two sectors would be irrelevant unless the government
has an intrinsic preference for workers in one of the sectors. Individuals would choose to
work in the sector in which they are more productive (as reflected by their wage). With
linear technology, sectoral choices and the wage distribution would be independent of
tax policy. Since the government does not care about sectoral choice per se, the opti-
mal tax would therefore be exactly the same as it would be in a single-sector Mirrleesian
framework with the same wage distribution.

Contrast this with the case in which the two sectors are gross complements. In this
case, sectoral choices and wages are endogenous to tax policy. Raising taxes at income
levels that are dominated by white collar workers, for example, will differentially dis-
courage white collar effort. Under standard assumptions about aggregate productivity,
this will raise the marginal productivity of white collar effort (by diminishing marginal
products within a given sector) and lower the marginal productivity of blue collar effort
(by complementarity across sectors). Such a tax therefore indirectly redistributes from blue
to white collar workers.

Suppose now that the blue collar sector is the low-income sector, in the sense that the
fraction of white collar workers is higher at higher income levels. Then this “indirect
redistribution” channel will lead the government to choose a tax system which is less
progressive than it would choose in a Mirrleesian world with exogenous wages: Lower-
ing taxes on high earners will differentially spur effort in the white collar sector, which
will indirectly redistribute from the disproportionately wealthy white collar workers to
the disproportionately poor blue collar workers by raising blue collar wages and lower-
ing white collar wages. Similarly, raising taxes on lower earners will differentially dis-
courage effort in the blue collar sector, again indirectly redistributing from relatively rich
white collar workers to relatively poor blue collar workers. The presence of this indirect
redistribution channel therefore implies less progressive taxes than in a model with ex-
ogenous wages. For example, it implies an optimal top income tax rate that will generally
be negative when the skill distribution is bounded—i.e., strictly below the well known
zero top rate results.! Note that these conclusions would be further reinforced if the gov-

IThere is no intrinsic difference between the two sectors here except that one is assumed to be the low-



ernment also had a direct preference for redistribution towards blue collar workers, at any
given income level: the indirect redistribution channel would push against any incentive
this provides for increased progressivity.

It is important to note that this result does not say taxes should be regressive. Rather,
it says that optimal taxes will be less progressive than they would be in the alternative
allocation that would obtain if the endogeneity of wages implied by a multi-sector Roy
model were neglected. Deriving this result requires that we further develop a formal
notion for this alternative allocation. We use the notion of a self-confirming policy equi-
librium (SCPE) for this (see Rothschild and Scheuer (2011) for a discussion of an SCPE
in a different context). A SCPE here is a tax system (and allocations of effort and con-
sumption) that would emerge in the same economy if the government naively believed
that it was operating in a standard world with exogenous wages. In such a world, a
government would, following Saez (2001), infer an underlying skill distribution from the
income distribution it observes given an existing tax system. Taking this skill distribution
as exogenous, it would then compute the optimal income tax system. In an SCPE, this
newly computed optimal income tax system would coincide with the existing tax system,
thus “confirming” its optimality. Our results show that taxes in such an SCPE are not,
in fact, optimal in a multi-sector economy, since the wage-cum-skill distribution is not, in
fact, exogenous. In particular, the optimal taxes would be less progressive.

Most closely related to our analysis is Stiglitz (1982), who considers optimal nonlinear
taxation in a two-type model with endogenous wages, but without occupational choice.
He also shows that the optimal top marginal tax rate is negative when the efforts of the
two types are complements and redistribution is from the high to the low wage earners.?
Our model differs in two significant ways. First, our continuous type model allows us to
compare the progressivity of the entire tax schedule across different policy regimes, rather
than just the top marginal tax rates. Second, we show that the general Roy model we
consider gives rise to extra effects, which result from (i) endogenous occupational choice
and (ii) the fact that our model with continuous types generates overlapping wage dis-
tributions in the two sectors, whereas a discrete type model generically — and somewhat
unrealistically — rules out workers in different sectors earning the same wage.

We show that these extra effects mitigate the general equilibrium effects of taxation

found in Stiglitz (1982) and therefore make optimal taxes more progressive than in a dis-

income and the other the high-income sector. In particular, the same results about the shape of the income
tax schedule would obtain if the blue collar sector was the high-income rather than the low-income sector.

2See also Naito (1999), who focuses on the role of sector-specific taxes in such a two-type model. He
points out that manipulating wages can relax incentive constraints and therefore be desirable even if it
introduces production inefficiencies.



crete type model without occupational choice. To understand why, suppose we reduce
taxes at the top to increase the effort of the top earners. This is desirable insofar as it
indirectly redistributes from high to low incomes by raising the wages of workers in the
low wage sector and lowering the wages of workers in the high wage sector. When there
is endogenous occupational choice, however, there is an additional effect: the change in
wages leads some individuals to shift out of the high wage into the low wage sector.
This undoes some of the original increase in aggregate effort in the high wage sector and
blunts the desirable effects of the original reduction in taxes.

Our paper also relates to earlier research on optimal income taxation in models with
endogenous wages and occupational choice, such as Feldstein (1973), Zeckhauser (1977),
Allen (1982), Boadway, Marceau, and Pestieau (1991), and Parker (1999). This literature
has largely restricted attention to linear taxation. An exception is work by Moresi (1997),
who considers non-linear taxation of profits in a model of occupational choice between
workers and entrepreneurs. The occupational choice margin in his model is considerably
simplified, however, and heterogeneity is confined to affect one occupation only, not the
other.

Restricting heterogeneity to affect one occupation only, or tax schedules to be linear,
sidesteps the complexities of multidimensional screening, which emerges naturally in the
present model. In fact, few studies in the optimal taxation literature have attempted to
deal with multidimensional screening problems until recently. In a recent study of the
optimal income taxation of couples, Kleven, Kreiner and Saez (2009) have made progress
along these lines, as have Choné and Laroque (2010). Both papers have significantly dif-
ferent information structures than ours, however. The second dimension of heterogeneity
enters preferences additively in the former, and in the latter it is a taste for labor rather
than a second standard skill type as we employ here.?

More generally, this paper builds on the large literature on optimal income taxation
following the seminal contributions by Mirrlees (1971) and Diamond (1998). Until re-
cently, the focus of the theoretical literature was on deriving results for a given assumed
distribution of skills and social welfare function. Saez (2001) focused instead on inferring
optimal taxes from observed income distributions. Moreover, Laroque (2005), Werning
(2007) and Choné and Laroque (2010) study conditions under which an observer can test
whether an existing set of taxes is or is not Pareto efficient. In the same spirit, we char-
acterize the set of Pareto efficient tax policies rather than focusing on a particular social
welfare function. With multiple complementary sectors, however, the wage distribution

3In Rothschild and Scheuer (2011), we use a similar model to the one considered here to characterize
optimal corrective taxation in the presence of a rent-seeking sector.



is endogenous to the tax code, so earlier tests—e.g., Werning (2007), who infers wage-
cum-skill distributions from income distributions as a test of optimality—are potentially
misleading. One might conclude that the tax code is indeed Pareto efficient given the
inferred skill distribution under the (implicit and incorrect) assumption that the skill dis-
tribution is independent of the tax code. Our concept of a self-confirming policy equi-
librium, described above, is meant to capture this situation. It is closely related to the
recent literature on self-confirming equilibria in learning models (e.g., Sargent, 2009, and
Fudenberg and Levine, 2009).

This paper proceeds as follows. In section 2, we describe the basic model, and show
that a single non-linear income tax implements the most general direct mechanism. In
section 3, we characterize and compare the optimal and SCPE non-linear taxes. In Section
4, we point out the role of occupational choice and overlapping wage distributions by
comparing our results to those in a discrete type model without occupational choice, as
in Stiglitz (1982). Section 5 provides a stylized numerical example and Section 6 extends
our results to an unbounded support of the skill distribution and additional heterogeneity
in tastes for different occupations. Section 7 offers some brief conclusions. Proofs are in

the Appendix.

2 The Model

2.1 Setup

We consider an economy where a unit mass of individuals can choose between work-
ing in either of two sectors. Accordingly, individuals have a two-dimensional skill type
(6,9) € @ x ® with @ = [§,0] and ® = [, 9|. 0 captures an individual’s productivity
when working in the ®@-sector, whereas its skill in the d-sector is @. These skills follow a
distribution in the population described by the two-dimensional cdf F(6, ¢) and density
f(6, ).

Individuals have preferences over consumption c and effort e captured by the utility
function U(c,e) with U, > 0, U, < 0. We denote the consumption, effort, utility, and sec-
tor assigned to an individual of type (6, ¢) by ¢(6, ¢),e(0, ¢), V(0, 9¢) = U(c(6, ¢),e(0, ¢)),
and S(0, ¢) € {©, P}, respectively.

The technology in the economy is described by a constant returns to scale (CRS) ag-
gregate production function Y (Eg, E,) that combines the skill-weighted aggregate effort
in the two sectors to produce the consumption good. Formally, aggregate effort in the



two sectors is given by

Ep = 0e(6, ¢)dF (0, d Ep= 0, ¢)dF (6,
0= ], 00O REO.g) and Ey= [ ge(6,9)dF(0,)

with
P =1{(0,9)[S(6,9) = O}

Since technology is linear homogeneous, the marginal products only depend on the ratio
of aggregate effort in the two sectors x = Ey/E, and are therefore denoted by Yj(x) and

Y, (x). We define an individual’s wage w as the marginal return to effort, so that

(1)

w:{ Yo(x)0 if S(6,¢) =0,
Yo(x)g if S(6,¢)=>.

An individual’s income is then given by y(6, ¢) = we(6, ¢). As is standard, we assume
that U(c, e) satisfies the single-crossing property, i.e. an individual’s marginal rate of sub-
stitution between income and consumption, —U,(c,y/w)/(wlU.(c,y/w)) is decreasing.

2.2 Example: Entrepreneurs and Workers

Our model readily captures the situation where occupational choice is between becoming
an entrepreneur and a worker, and entrepreneurs hire workers. To see this, suppose @ is
the entrepreneurial sector and ® the workers’ sector, and each individual has the accord-
ing skills 8 and ¢ for each activity. Moreover, suppose entrepreneurs combine their own
effective entrepreneurial effort & = fe and the effective labor supply of workers &, = ¢e
in a constant returns to scale production function Y to produce the consumption good.
They hire labor in a competitive labor market, taking the wage @, as given, so that their

labor demand problem becomes, for any given &,

Hence, they hire labor so as to equalize the marginal product of labor to the wage, i.e.

Y, = @, and, by constant returns to scale, profits are just
0(8p) = Y89 + Yoy — Yoy = Y, .

We can therefore view entrepreneurs as facing a wage @y = Yy on their effective en-

trepreneurial effort &. Since all entrepreneurs have the same technology in terms of



effective effort, aggregating to total effective effort Ey = f & and E, = f &y implies
Wy = Yp = Yp(x) and @y = Y, = Y, (x) as before.

2.3 A Mechanism Design Approach

We start with characterizing the implementation of a direct mechanism where individuals
announce their privately known type (6, ¢) and then get assigned consumption c(6, ¢),
income y(6, ¢) and a sector to work in S(6, ¢). Assuming that only income and con-
sumption are observable, but an individual’s sectoral choice is not, the resulting incen-
tive constraints that guarantee truth-telling of the agents are as follows. First, suppose
S(0,p) = O, 1i.e. we want to send type (6, ¢) to the @-sector. Then incentive compatibility
requires that

<

u (6(9, PR 4))) > max {U (6(9’, '), yl(fj(/xq;;)) U (0(9’, o), 2 Gl q)/)) } ve', ¢/

Yo(x) Yo (x)o

since there are two ways for type (6, ) to imitate another type (6’, ¢’), namely by earning

)

(0', ¢")’s income either in the ®- or the ®-sector. Analogously, if S(0, ¢) = P, we need

T R e O e 2 R

The following lemma shows that any incentive compatible direct mechanism in this frame-

work can be implemented by offering a single (non-linear) income tax schedule.

Lemma 1. Suppose that only income y and consumption c are observable, whereas an individual’s
skill type (0, @), effort e and sectoral choice S are private information. Then any incentive com-
patible direct mechanism can be implemented by offering a schedule of c(w), y(w)-bundles with
w = max{Yp(x)8, Yy(x)p} and

O if Yp(x)0 > Yy(x)g,

5(6,¢9) = { D if Ye(x)0 < Y(p(x)q)’

which is equivalent to offering a single (non-linear) income tax schedule.

Proof. In Appendix A.1. O

In other words, if an individual’s sectoral choice is not observable, there is no loss
in considering the set of allocations implemented by offering a single non-linear income

tax schedule and letting individuals choose their preferred income and sector given this.



In particular, any such allocation will treat any two individuals who earn the same wage
(albeit in different sectors) the same, and individuals will work in the sector in which they
can achieve a higher wage. We study these allocations below.

Even though we do not consider it in (this version of) this paper, it is worth observing
that a similar analysis applies if sectoral choice is observable, so that the social planner can
condition taxes on sectoral choice. In this case, any incentive compatible allocation can be

implemented by offering two non-linear income tax schedules—one for each sector.

3 Characterizing Optimal Income Taxes

By Lemma 1, when the income tax does not condition on sectoral choice, individuals will
choose sectors based only on their wage w = max{Yy(x)0,Y,(x)@} and all individuals
with the same wage get the same allocation c(w), y(w) or, equivalently, V(w), e(w). (With
mild notational abuse, we will use c(V, e) to denote the inverse of U(c, e) with respect to
the first argument.)

3.1 Pareto Optima and Self-Confirming Equilibria

We start with observing that, for any given x, the marginal productivities in the two sec-
tors Yp(x) and Y, (x), the two-dimensional skill distribution F(6, ¢) and the implied sec-

toral choice induce a one-dimensional wage distribution characterized by the cdf

Fe(w) =F (%%)

and the sectoral densities

g =g [ (o) e e =g [ (g )

with associated cdfs F¢(w) and F{ (w) and with f,(w) = fZ(w) + f{(w). We also define
the bottom and top wages given x as

w, = max {Yg(x)Q, Ygg(x)f} , Wy = max {Yp(x)6, Yy(x)q} .

If we assign Pareto weights G(6, ¢) in the two-dimensional skill space, we analogously
obtain a distribution of Pareto weights over wages given x, denoted by G,(w), with the

corresponding densities g(w) = ¢%(w) + ¢¥(w) (and cdfs G&(w) and GY(w)). Notin
p g g 8x g X g



that

L @) w)dw

— %‘x _ - = x(x), 2)
/wx me(w)fx (w)dw
we can therefore write the Pareto problem for income taxation in the Roy model as
e /w w V(w)dGy(w) 3)
s.t.
/ ew) _ @
Vi(w) + Ue(c(V(w), e(w)), e(w)) m— 0 Vw € [w,, Wy] 4)
() [ wew) ) — [ we(w) f (w)dw =0 6)
with T'(x) = Y, (x)/xYp(x) and
/ " (we(w) = e(V(w), e(w))) fe(w)dw > 0. 6)

Wy

We refer to the three constraints (4), (5) and (6) as the incentive constraints, the consistency
condition and the resource constraint, respectively.*

We can decompose the Pareto problem (3) to (6) into an inner problem, given x, and
an outer problem, which maximizes over x. Formally, fix some x and let W(x) denote the
value of the objective (3) when maximizing it over V(w), e(w) subject to (4), (5) and (6)
(the inner problem). Then the outer problem is simply max, W (x) 5

For some of the subsequent analysis, it will be useful to restrict attention to the subset
of allocations on the Pareto frontier that result from attaching the same Pareto weight to
any two individuals who end up earning the same wage (and thus income), regardless
of their sectoral choice. These allocations are obtained by solving the Pareto problem us-
ing relative welfare weights ¥ (Fy(w) ) rather than the more general Pareto weights Gy (w).

Intuitively, ¥(.) determines how much social welfare weight is attached to different quan-

“Note that we have made use of the local version of the incentive constraints in (4) and dropped the
additional monotonicity constraint that y(w) = we(w) must be increasing in w (which would guarantee
global incentive compatibility together with (4) an the single-crossing condition). We thus abstract from
issues of bunching.

S5Because W(x) may not be concave, there may be Pareto optimal allocations that do not solve a Pareto
problem for any Pareto weights. The first order conditions for some Pareto problem will be satisfied at any
Pareto optimum, however.



tiles of the wage (and thus income) distribution.® Lemma 2 shows that using the relative
Pareto weights ¥ (.) indeed produces Pareto optimal allocations.

Lemma 2. Any solution {x,e(6,¢),V(0,¢)} to the planning problem (3) to (6) with relative
welfare weights ¥ (Fy(w)) in (3) is Pareto optimal.

Proof. See Appendix B.1 O

To compare Pareto optimal tax schedules to those that would be optimal in a standard
Mirrlees model with an exogenous skill and thus wage distribution, we consider a naive
social planner who incorrectly presumes that the wage distribution is exogenous. We de-
fine a self-confirming equilibrium (SCPE) as a mutually consistent tax schedule and wage
distribution pair where, when the planner designs an optimal tax schedule taking the
wage distribution as given, this tax policy induces the wage distribution that was taken
as given.” In particular, if the government identifies the wage distribution from the ob-
served income distribution and for a given tax schedule, as suggested by Saez (2001), and
designs an optimal tax schedule taking this wage distribution as given, then the optimal-
ity of the tax schedule is confirmed in a SCPE.

Formally, and using relative welfare weights ¥, the inner SCPE problem for a given x
is just

max / Y (w0)d¥ (Eu(w)) @)

xe(w),V(w) Jw,

subject to (4) and (6). The consistency constraint (5) disappears because such a planner
is not aware of the fact that the wage distribution is endogenous and the allocation has
to be consistent with x. But to ensure that the allocation in aggregate is consistent, we
have to require that the value of x implied by the solution to the inner problem equals
x. Formally, the outer problem requires finding a fixed point of the mapping x — ¥*(x),
where ¥*(x) is defined by (2), evaluated at the e(w), V(w) that solves the inner SCPE
problem. To summarize, we define a SCPE as follows:

Definition 1. A self-confirming equilibrium (SCPE) is a value of x and an allocation V(w), e(w)
such that (i) x is a fixed point of ¥*(x) and (ii) V(w) and e(w) solve the inner SCPE problem
given x.

®These allocations would be obtained by considering Pareto weights in the (6, ¢)-space of the form
G(6,9) = Y(F(6, ¢)), so that Gy(w) = ¥ (Fx(w)).

’This definition is analogous to the notion of SCPE introduced in Rothschild and Scheuer (2011) in the
context of rent-seeking.

10



3.2 Inner Problem

We can use the inner problem, for fixed x, to derive formulas for marginal tax rates. We

start with Pareto optimal tax schedules using general Pareto weights G(6, ¢).

Proposition 1. Let u denote the multiplier on the resource constraint (6), let u¢ denote the multi-
plier on the consistency condition (5), and use " (w) and €“(w) to denote the uncompensated and
compensated labor supply elasticities, respectively. For given x and Pareto weights G, marginal
tax rates satisfy

1421+ T() (y e f’?(w))

, B+ 1% fxw)
1-T(y(w)) = . nw) 1+ e (w) (8)
wfx(w) e(w)
where
) — Wi 9x(2) Ue(2) s)\ dy(s) Ndz
)= [ (1-FE 5 e (L (- 5) Wi ) o o
Proof. See Appendix B.2. O

Since the inner SCPE problem differs from the inner Pareto problem because of the
absence of the consistency condition (5), the marginal tax rates for the SCPE can be found
by using relative Pareto weights ¥ and setting ¢ = 0 in Proposition 1, as in the following
Corollary.

Corollary 1. For given x and relative Pareto weights Y, marginal tax rates satisfy

1

1 - T'(y(w)) = (10)
p(w) 11 e (w)
U oh@) e w)
in an SCPE and
Y, (x) £ (w)
1+§(1+r(x))< ¢ _ )
1T (y(w)) = AR an

n(w) 1+ e (w)

wfr(w) & (w)

1+

11



in a Pareto optimum, where

pw) = [ (1= 0EE B e ([ (1- S B fa

These formulas show that the formula for marginal keep shares 1 — T” is adjusted in

the Pareto problem compared to the SCPE problem by a correction factor that depends on
¢ and a comparison between the aggregate income share of the ®-sector, given by
Yo (x) B Yy(x)Ey _ Y(x)E,

Yq;(X) —I—XYQ(X) Y(P(x)Eq;+Y9(x)E9 Y(EQ, E(P),

with its local income share y(w) £y (w) / (y(w) fx (w)) = £ (w)/ fr(w).8

This is intuitive. For instance, suppose ¢ > 0 (we will show below that this corre-
sponds to the case where ® is the low-income sector). Then the marginal keep share is
scaled down in the Pareto problem relative to the SCPE whenever, at the given wage (or
equivalently income) level, the local income share of the ®-sector exceeds its aggregate
income share. This disproportionately discourages ®-sector effort and therefore raises
wages in the ®-sector relative to the ®-sector. Hence, the solution to the Pareto problem
uses this “indirect redistribution” channel through wages in order to redistribute to the
low-income sector, which is desirable for relative Pareto weights with ¥(F) > F for all
F € [0,1]. Note that this implies a force towards less progressivity in the Pareto problem
relative to the SCPE: If ® is the low-income sector, marginal tax rates will be scaled up
in the Pareto problem compared to the SCPE for low income levels, and scaled down for
high income levels.’

Note that, in particular, the top marginal tax rate is not generally zero in a Pareto

optimum. It is given by

81t is important, of course, to keep in mind that the formulas in the preceding corollary are evaluated
at endogenously determined values of x. Since, in general, the level of x in the SCPE and the solution to
the Pareto problem will differ for a given economy, the formulas do not permit a direct comparison of tax
rates at the two solutions. One interpretation of such a comparison is as a comparison of the tax rates in
two different economies that endogenously happen to have the same skill distribution. By comparing the
tax rates with the two formulas, one can infer whether the social planner is solving for an SCPE or a Pareto
optimum.

9The same would be true if ® were the high-income sector. In this case, we will show below that & < 0
and hence marginal tax rates are again higher in the Pareto optimum compared to the SCPE for low income
levels, and lower for high income levels, according to (11).

12



Corollary 2. The top marginal tax rate is zero in any SCPE and given by

¢ Wy X
T'(y(@yx)) = &1 +T(x)) <j]?;((wx)) B Y(p(x;/(ﬁx)l/g(x))

in any Pareto optimum. In particular, if f{ (W) / fx(Wx) = 1 (respectively fY (wx)/ fx(@Wy) = 0),
then T'(y(wy)) = ¢ (respectively T'(y(wy)) = —€T(x)).

It will turn out below that ¢ > 0 if ® is the low-income sector, and vice versa. But if
® is the low-income sector, its local income share at the top of the income distribution is
smaller than its aggregate income share, and vice versa. Hence, by Corollary 2, the top
marginal tax rate will generally be negative in a Roy model with regular Pareto weights.
For instance, consider the special case of a constant elasticity of substitution (CES) pro-

duction function
Y(Eo, Ep) = [wEf + (1 —a)E5) ", (13)

where 1/(1 — p) is the constant elasticity of substitution. Then the top marginal tax rate

in the solution to the Pareto problem simplifies as follows:

Corollary 3. With CES technology, the Pareto optimal top marginal tax rate is

VRN 1—a _ L (wy) 1—a
T(y(wx))_g( (14 * P) (fx(wx)_axp—i—l—a)

and with Cobb-Douglas technology (o = 0),

qo —
I'(y(@) = £ ( S a>> .

With Cobb-Douglas technology, the aggregate income share of the ®-sector is inde-

pendent of x and given by the constant 1 — &, so that we only need to (i) compare the
local income (or population) share of the ®-sector workers among the top wage earners
to 1 — « and (ii) determine the sign of the multiplier ¢ in order to sign the top marginal
tax rate. In order to achieve the second requirement, we consider the outer problem in

the following section.

3.3 Outer Problem

For the following, the substitution elasticity of the production function Y (Ey, E, ), denoted

by o(x), will be useful. The following Lemma provides a simple expression for it.
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Lemma 3. The substitution elasticity of Y (Eg, E,) is given by

o(x) = — with A(x) = -

xA(x)
Proof. See Appendix B.3 O

Using this, we can derive the following decomposition of the welfare effect of a marginal

change in x.

Lemma 4. For any Pareto weights G, the welfare effect of a marginal change in x can be decom-
posed as follows:

W'(x) = — wl(x) (I+R+¢u[Yp(x)Ego(x) + (1+T(x))(S+C)]), (14)
where . . " "
= s o, O () >0 )
Wy ! ¢
SORES-t o)l
™ B @) () @)
R= [, oV@EEE <f£<w> fff(w)>d : 17
and
oo @)W
Proof. In Appendix B.4. O

We provide a heuristic derivation that reveals the intuition behind this result. To that
end, we break the welfare effects of a small change in x into four effects:

1. A direct effect: the effect of changing x on I'(x) in (5), holding wages and sectors of

each individual constant.

2. A direct wage shift effect: the effect arising from the change in wages induced by the

change in x, holding each individual’s allocation and sector constant.

3. An indirect wage shift effect: the effect arising from the change in allocations caused
by the change in wages induced by the change in x, holding the individual’s sector

constant.
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4. A sectoral shift effect: the effect that arises from individuals changing sectors, holding

their wages constant.

Notice first that if technology is linear, so that c(x) = oo, then setting W/(x) = 0
immediately implies { = 0. By Corollary 1, the marginal tax formulas for the SCPE
and Pareto problems coincide. This is intuitive: in this case, wages are exogenous to
the tax code, so the fact that there are two sectors is irrelevant. It is only the wage shift
and sectoral shift effects driven by the endogeneity of wages in the finite o'(x) case that
provide scope for using additional tools for accomplishing redistributive objectives.

Because individual allocations are held constant, the direct wage shift has no effect on
the objective. Because of constant returns to scale, it also has no effect on the resource
constraint. However, it affects both the incentive and consistency constraints. The ef-
fect on the latter can be combined with the direct effect (of changing x on I'(x)) to yield
—Y,(x)E,/x. To wit: re-write the consistency condition (5) as Y, (x) (Eg/x — Ey) = 0,
and consider the effect of a change in x, holding sectors and efforts constant. The terms
Ep and E,, are unchanged, so the effect is just — Y, (x)Eg/x* = —Y,(x)E,/ x.

The term in expression (14) containing I arises from the direct effect of the wage shift
on the incentive constraints. To understand it, consider the effects of a small decrease in
x for a portion of the wage distribution centered at wage w. Such a decrease will raise
O-sector wages and lower ®-sector wages. If the share of ®-sector workers is increasing
locally, this leads to a local compression of wage distribution. Such a compression eases
the incentive compatibility constraints if they are binding in the downward direction (i.e.,
higher wage individuals need to be prevented from imitating lower wage individuals)—
ie., if y(w) > 0. A decrease in x therefore leads to a welfare improvement insofar as
n(w)d (f{(w)/ fe(w)) /dw > 0 (and the magnitude of this improvement will be related to
how steeply increasing the utility distribution is). As we will formalize in the subsequent
section, I can be thought of as a (generalized) Stiglitz (1982) effect: with endogenous
wages, increasing (decreasing) effort at high (low) wages will raise (lower) wages at low
(high) wages.

The sectoral shift and indirect wage-shift effects are effects that are not present in
Stiglitz’s (1982) framework. It is therefore worth elaborating on why they take the form
they do, and in particular, why they reinforce each other whenever ¢'(w) > 0. We con-

sider the sectoral shift effect first.
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Figure 1: Illustrating the computation of the sectoral shift effect

3.3.1 The sectoral shift

To compute the sectoral shift effect, it is useful to write the consistency condition as
[(x)Ip(x) — Ip(x) = 0, where Iy(x) = fwwwe(w)fﬁ(w)dw is the income earned in the
@-sector, and similarly for I,(x). Consider a small decrease Ax in x, holding efforts and
wages constant. This will lead some individuals to shift from the ®- to the ®-sector, as
illustrated in figure 1. Let Aly(x) denote the resulting change in ®@-sector income. Since
there is an equal and opposite change in ®-sector income, the sectoral shift effect can be
written as
S = (I'(x)+1)AIy(x).

Figure 1 illustrates the computation of Aly(x). It considers the mass element of indi-
viduals with @-sector skills between 0 and 6 + df who are in the ®-sector at x but the
O-sector at x + Ax. The height of this element is

0 ) g, (Yé(x)Y(p(J;)(P(—x;/;(x)Y(;(x)) -
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The income earned by each individual in that element is 0Yy(x)e (6Yy(x) ), and the density

of individuals is f (9, 0%). Multiplying the width (d6) by the height, the density, and

the per individual income, and then integrating over 0 gives:

M) — Ax /99 (Yé(x)Yw(?(P(—x;?(x)Y(}(x)) Yo (x)6% (8Y (x)) f (9, 9;:)((5))) 49, (19)

Changing variables to w = 6Yy(x) yields,

B Ax) w w w
Aly(x) = Axm /w w?e (w) f (m,m) dw. (20)

and the sectoral shift term S defined in expression (15) follows directly.

3.3.2 The indirect wage shift effect

There is no simple graphical representation of the indirect wage shift effect, but a similar
heuristic could be used to derive the terms C and R. We omit the algebraic details here,
and instead providing the basic intuition behind those effects. (See Appendix B.4 for a
formal treatment.)

Imagine increasing x by a small amount while holding the tax code constant so that
allocations e(w) and V(w) are an unchanged function of wages. The two types of indi-
viduals at original wage w* are affected differently by the change in x: individuals in
the ®-sector find their (P-sector) wage increases; ®-sector individuals see their wage de-
crease. The ®-sector individuals move down along the (fixed) schedules e(w) and V(w),
and ®-sector individuals move up. Depending on the schedules and the proportions of
the two types at w*, the net effort and utility effect on wage w*-individuals may be posi-
tive or negative. The algebraic manipulations in Appendix B.4 are motivated by thinking
of these shifts in two steps: a level shift of all wage w*-individuals that absorbs the net
shift of effort and utility, and a re-allocation of effort and utility across the two types. The
former involves a particular shift in the e(w) and V(w) schedules, and has zero welfare
effects by an envelope argument (the original schedule was optimal). The re-allocation of
effort and utility in the latter respectively give rise to the terms C and R in Lemma 4.

Because it arises from a re-allocation of utility across individuals at the same w* in-
duced by the change in x, the term R disappears when there is no intrinsic sectoral
preference—i.e., when g (w)/g%(w) = f2(w)/f{(w) for all w. It is straightforward to
show that this will be the case whenever G(6, ¢) takes the form G(6, ¢) = ¥Y(F(6, ¢)) or

with relative welfare weights ¥ (Fy(w)). In contrast, when the social planner has an in-
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trinsic preference for the ®-sector individuals at wage w*, the re-allocation of utility from
the ©- to the ®-sector is welfare reducing.

The term C arises from an analogous re-allocation of effort. If the effort schedule is
increasing (i.e. ¢/(w) > 0), then an increase in x effectively re-allocates effort from the
©- to the d-sector, because @-workers move down and ®-workers up along the e(w)

schedule. This effect therefore reinforces the sectoral shift effect.

3.4 Marginal Tax Rate Results

We can use the decomposition in Lemma 4 to sign the multiplier on the consistency con-
dition ¢ at an optimal x by setting W’(x) = 0:

‘= —(I+R)/o(x) ' 1)

Y, (x)E, + 12(—1;()") (C+5)

We summarize the resulting conditions for the sign of ¢ in the following corollary:

Corollary 4. With linear technology (o(x) = c0), & = 0.
Foro(x) € (0, 00), the following holds for any Pareto optimum with (i) increasing effort (¢ (w) >
0) and (ii) downwards-binding incentive constraints (y(w) > 0 for all w):

1. &> 0if fO(w)/ fx(w) is increasing in w and g8(w) / £ (w) < g¥(w)/ f{ (w) Yw,
2. E<0if fL(w)/ fu(w) is increasing in w and g% (w) / f(w) > ¢¥(w)/ f¥ (w) Vw.
The inequalities in (1) and (2) are strict if n(w) is not identically zero.

Conditions (i) and (ii) are sufficient, but not necessary conditions. The former ensures
that the indirect wage shift term C reinforces the sectoral shift effect. The latter holds
whenever the (average) marginal social value of consumption, given by U.(w)gx(w)/ fx(w),
is decreasing. This is guaranteed with quasilinear-in-consumption preferences and weakly
progressive welfare weights (such that g (w) / fx(w) is increasing), for example. It ensures
that a compression of the wage distribution eases the incentive compatibility constraints.
If f(w)/ fx(w) is increasing in w, then ® is the high-skill sector, and an increase in x,
by raising wages in the ®-sector and lowering them in the ®-sector, has desirable wage
compression effects, as in Stiglitz (1982). This desirable effect is reinforced by R when-
ever g1 (w)/ L (w) > ¢8(w)/ f&(w) Yw. In this case, the social planner puts higher social
welfare weight on ®-sector workers than on @-sector workers at any given wage, and the

wage changes induced by an increase in x also have direct benefits.
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Combining these results from the outer problem with the marginal tax rate results
from the inner problem has crisp implications for the comparison between Pareto op-
timal and SCPE tax schedules. For instance, suppose © is the high-skilled sector, i.e.
L (w)/ fx(w) is decreasing so that & > 0 by Corollary 4. Then the marginal keep share in
the Pareto optimum is scaled down relative to the SCPE if the local income share in the
d-sector is higher than in aggregate. This disproportionately reduces ®-sector effort and
therefore indirectly increases wages in the ®-sector, achieving redistribution to the low-
skilled sector. In particular, since fy (w)/ fx(w) is decreasing, this means that marginal
keep shares are scaled down for low wages and scaled up for high wages and the top
marginal tax rate is negative.

On the other hand, suppose f (w)/ fx(w) is increasing, so that & < 0. Marginal keep
shares will be scaled down whenever fy (w)/ fy(w) is low, i.e. again for high wages. The
top marginal tax rate is also again negative. Le. in both of the two cases the general equi-
librium effects in the Roy model work in favor of less progressive taxation. We summarize

these insights in the following Proposition:

Proposition 2. If o(x) € (0,00), then the top marginal tax rate is negative in any Pareto opti-
mum with

(a) a decreasing i-sector share of workers fi(w)/ fr(w), i € {6, ¢},
(b) an increasing effort schedule e(w),
(c) a decreasing social marginal utility of consumption schedule U (w)gx(w)/ fx(w) and

(d) a weak intrinsic social preference for the i-sector, i.e. ¢'.(w)/ fi(w) > gﬁc )/ f] w) for all
w,j#i€{0 9}

Notably, consider the special case with relative welfare weights Gy (w) = ¥(Fx(w)).
Then gx(w) = P(Fx(w)) fx(w) and hence

g3 (w) = Y(Fe(w)) f(w) and g¥(w) = p(Fx(w))f (w).

This immediately implies ¢%(w)/ f¢(w) = ¢¥(w)/f{ (w) Vw and thus R = 0. With rela-
tive welfare weights, condition (d) can therefore be dropped.

Hence, these results reveal the following intuitive separation: Per Corollary 4, the sign
of the multiplier ¢ on the consistency constraint accounts for the overall redistributive
motive across sectors, i.e. whether we want to redistribute from © to ® or vice versa.

Then conditional on this direction, the nonlinear marginal tax rate correction in the Pareto
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optimum relative to the SCPE is determined by comparing local and aggregate income
shares between sectors, per Proposition 1.

4 The Role of Occupational Choice and Continuous Types

In this section, we relate our results to those in Stiglitz (1982), who considers optimal
nonlinear taxation in a two-type model with endogenous wages, but without occupa-
tional choice. We demonstrate that the general Roy model, with continuous types and
occupational choice, features three extra effects, as captured by S, C and R in the previous
section, that do not appear in any generic discrete type model. The disappearance of the
sectoral shift effect S in a model without occupational choice is obvious. In addition, the
Roy model with continuous types generates overlapping wage distributions in the two
sectors, which gives rise to the effects C and R. In contrast, in a discrete type model, gener-
ically — and somewhat unrealistically — there are no workers in different sectors earning
the same wage.

Moreover, we show that the extra “Roy” effects that emerge in our model do not
change the sign of the general equilibrium effects found in Stiglitz (1982), but they miti-
gate them. In this sense, redistribution in the Roy model, while implying a less progres-
sive optimal tax schedule than a standard Mirrlees model (as captured by a SCPE), leads
to more progressive taxes than a discrete type model without occupational choice.

We start by formulating Stiglitz’s (1982) model in terms of the decomposition into an
inner problem (for fixed x) and outer problem (optimizing over x) as so far. Let there be
two types with skills 6 and ¢ and with fractions fg and f, = 1 — fg in the population. We
put (relative) Pareto weights ¢g and 1, on them such that foyg + fy1p, = 1. Without loss
of generality, we will think of 0 as the high wage sector and ¢ as the low wage sector, so
that regular welfare weights satisfy ¢y < 1 and 1, > 1. As in Stiglitz (1982), we therefore
focus on the case where only the 6-type’s incentive constraint binds.

4.1 Inner Problem

Individuals are paid their marginal products, wy = 68Yy(x), and wy, = @Y, (x). Hence, we

can write the inner problem for fixed x as

W(x) = max fopeVo+ foipVy (22)

6916(/)/ 6s 4
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subject to

Vo> U (c(cq,, v(,,),e(,,zUU—D , (23)
I'(x) fowgeg = fowpeq, (24)
fowgeg + fowgey > foc(Vo,ep) + foc (Vo ep) - (25)

As before, the outer problem is just max, W(x).

We focus on the top marginal tax rate and consider the optimal allocation for the 0-
type. Denoting by u the multiplier on (25) and ¢p on (24), the first order condition w.r.t.
€p is

— fom (9c(Vy, eg) /deg — wg) + fol (x)Epwg = 0. (26)

Using dc/de = —U,/U, = MRS, this simplifies to MRSy = wy(1 + I'(x)¢). By the first
order condition for the worker’s utility maximization problem, i.e., MRS/w =1 — T'(y),
this implies that the marginal tax rate for the high-wage, ®@-sector individual, is —I'(x)¢
as in Corollary 2.

4.2 Quter Problem

We next turn to the outer problem to determine . As before, we can decompose the
welfare effect of a marginal change in x into a direct effect (the derivative with respect to
x, holding wages constant), and wage shift effects (from the direct and indirect effects of

changes in wy and w,). The direct effect is simply

Eul’ (x) fowgeg = EuT" (x)Yy(x)Ey. (27)

We can break the wage shift effects into the effect on the objective and the effects on each of
the 3 constraints. By the envelope theorem, we can hold V; and ¢;, i = 6, ¢, constant. This
makes the effect on the objective identically zero. The effect on the resource constraint

(25) is also zero, since

dw dw
fao 7"+ foep—7" = EaYy(x) + EgYy(x) = 0

by constant returns to scale. To compute the effect on (24), re-write the constraint as

T(x) (foweeo + fowepeyp) — (14T (x)) foweey,
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and observe that the derivative of the first term is zero, by the preceding argument.
Hence, the effect here is

— (1 +T(x))EpYy(x). (28)

Combining (27) and (28) yields —&uY,(x)E,/ x just as in section 3.3.
Finally, putting a multiplier 7 on (23), the effect of the wage shift on the incentive

constraint is

. w
_P[ﬂue <C(P, €¢w—(g) e(p%

= AMx)uqU, <c¢,e¢zvu—:) eg— = A(x)L. (29)

To see why calling this effect [ by analogy to I from the general Roy model is appropriate,
consider the definition of I in equation (16) and take the limit where f¢(w)/ fy(w) is 0 up
until wy, and 1 thereafter. Then the ratio f¢(w)/ fy(w) is a step function, the derivative of
which is the Dirac d-function. Hence, the integral in (16) evaluates to — V' (wy)wgn (wy) =
U, (cg, eg)eg (wg) by the incentive constraint (4). The only difference from [ is that it has
epwy/wy instead of eg and ¢, rather than ¢q (and 77 = 17/ U, is discrete rather than contin-
uous). This difference is a result of the fact that the incentive constraint is discrete rather
than local: in the density limit, the 6-type is imitating an infinitesimally close individual,
whereas in the two-type case, the imitation is at a distance. If we let wy be arbitrarily close
to wy, then we would get ey and cy, as in the limit case of I.
Combining all of the effects gives

W'(x) = —CuYp(x)Eyp/x+Ax)]
- _xal(x) [CuYp(x)Eg(x)or(x) +1] .

4.3 Marginal Tax Rates

At an optimum, W/(x) = 0, so

I/o(x)
C=—v 7o (30)

Yy(x)Ey
which coincides with the general formula (21) if S = C = R = 0 and when we replace
I with [. In particular, the fact that the discrete type model generically rules out two

individuals with the same wage in different sectors implies C = R = 0. The exogeneity of
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sectoral allocations eliminates the sectoral shift effect, so S = 0. Moreover, note that the
sign of [ is opposite of the sign of ;7. This means that & > 0 (and hence top marginal taxes
are negative) precisely when we want to redistribute from the 6- to the ¢-types, so that
the downward incentive constraint binds.

This is analogous to our results in the general Roy model, but the addition of S and
C will make ¢, and hence top marginal taxes, smaller in absolute value. To understand
the intuition behind this, suppose we lower taxes at the top to increase the effort of the
top earners. This is welfare enhancing because it raises the wages of the low wage sector
workers and lowers the wages of high wage sector workers and thus relaxes the down-
ward incentive constraint. However, when there is endogenous occupational choice, the
sectoral shift effect works against this, since this change in wages leads some individu-
als to shift out of the high wage into the low wage sector, undoing some of the original
increase in aggregate effort in the high wage sector. The indirect wage shift effect C is
similar: the increase in wages in the low wage sector leads those who do not shift sectors
to work harder, and the decrease in wages in the high wage sector leads those (again, who
do not shift sectors) to work less hard. This also partially offsets the beneficial impact of
increased effort among high earners.

These additional sectoral shift effects make the regressivity of the tax schedule that is
optimal in the Stiglitz (1982) model less effective. As a result, optimal taxes in the general
Roy model with continuous types, while less progressive than in a standard Mirrlees
model, are more progressive than in a discrete type model without occupational choice.

5 A Numerical Example

In this section, we briefly illustrate our results with a simple numerical example. We
assume quasilinear preferences U(c,e) = ¢ — h(e) with an isoelastic disutility h(e) =
e!*1/¢/(1 + 1/¢) and an elasticity of labor supply e = 0.5. The skill distribution has
support [0,0] x [¢, 9] = [1,16] x [1,6] and is independent across the two dimensions,
so that F(6, ¢) :_Fg(G)F(p(q)). We assume that both Fy and F, are Pareto distributions
with parameters kg = 2 and x, = 8. As a result, there is more mass on lower skills
in the @p-dimension compared to 0, and we take ® as the low skill and © as the high
skill sector in the following. We truncate both distributions at the top and renormalize
accordingly. Moreover, to prevent a kink in the wage distribution at ¢ = 6, we shift f, so
that f,(¢) = 0 and renormalize accordingly.

Technology is given by a CES production function as in (13), so that ¢ = 1/(1 — p)

is the constant substitution elasticity. In particular, we start with the case p = 0 so that
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Figure 2: Marginal and average tax rates as a function of the wage

the substitution elasticity is one and technology is Cobb-Douglas. We set the aggregate
income share of the high skill sector ® to o = .2.

Finally, we assume Pareto weights of the form ¥(F) = 1 — (1 — F)". The parameter r
thus characterizes the magnitude of the government’s desire for redistribution from high
to low wages: With quasilinear preferences, r = 1 implies no redistributive motives, and
r — oo for a Rawlsian social planner. We take r = 1.3, so that there is some intermediate
desire for redistribution.

Figure 2 shows the marginal tax schedule T'(y(w)), the tax schedule T(y(w)), the av-
erage tax rate T(y(w)) /y(w) and the share of ®-sector workers fy (w)/ fx(w) as a function
of the wage w both for the Pareto optimum and the SCPE resulting from our parametriza-
tion. It illustrates the patterns of the optimal tax policy derived so far: the top marginal
tax rate is negative (-9.2%) and the optimal tax schedule is overall less progressive than in
the SCPE. Figure 3 shows the same pattern as a function of income. Since the optimal tax
schedule involves lower marginal tax rates at the top, it induces higher effort and hence
the optimal income distribution extends to higher incomes than under the SCPE policy.

Figure 4 demonstrates that our assumptions are satisfied in the numerical example:

individual effort is increasing in the wage w, and the share of ®-sector workers is mono-

24



Marginal Tax Rate Tax Schedule

0.6 T T 2.5
=== Optimal
0.5¢ ===SCPE | oF
G
0.4f : 1
0.3r
0.21

0.1r

income income
Average Tax Rate Phi-share
0.4 T T 1 T T
03l S 0.8
0.2 0.6
0.1 041
or 0.2r
01 2 4 _ 6 8 10 % 2 4 6 8 10
Income income

Figure 3: Marginal and average tax rates as a function of income

tone. A fortiori, income y(w) = we(w) is increasing in the wage, so that bunching does
not need to be considered.

In figure 5, we plot the marginal tax schedule for varying substitution elasticities ¢ €
{2,1,0.5,0.1}, as a function of quantiles of the wage distribution. It shows that the tax
schedule becomes less and less progressive as we move to lower substitution elasticities.
This is because the general equilibrium effects from the endogeneity of wages become
more pronounced as we move away from linear technology, with ¢ = coc and p = 1. As
a result, the corresponding top marginal tax rates become more negative, moving from
-7.6% to0 -9.2%, -10.8% and -11.9%.

6 Extensions

We consider two extensions here: allowing individuals to face different costs of working
in different sectors, and an extension to unbounded skill distributions.
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Figure 5: Marginal tax rates for varying ¢ as a function of wage quantiles

6.1 Differential Sectoral Costs

In the preceding analysis, individuals based their sectoral choice exclusively on whether
the ©- or ®- sector afforded them a higher wage. It is straightforward to extend the model
to an application in which individuals have different tastes for effort in the two sectors.
Let the types be described by a three-dimensional vector t = (6, ¢, ), where B is
interpreted as an idiosyncratic cost of @-sector effort relative to ®-sector effort and, as
above, 6 and ¢ measure the ®- and ®-sector skills. The type distribution has a general

cdf F(6, ¢, B), with support [6,6] x (o, 9] X [B, B], and cumulative welfare weights are
given by G(6, ¢, B).
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Preferences are separable in effort and consumption, and isoelastic in effort:

el—l—/s

U(c,e;t,P) = u(c) — T 1/e

x (B1p(t)), (31)

where ¢ = £ = ¢“ is the elasticity of effort and P is the set of types working in the ®-sector.

Although there are two dimensions of heterogeneity—6 and p—within the ®-sector,
as in Choné and Laroque (2010), these two dimensions collapse into a single-dimensional
sufficient statistic. In particular, any two individuals with the same § = 6/ ‘Bﬁ have the
same preferences over (c, y)-pairs and thus are observationally indistinguishable if they
both choose to work in the ®@-sector. Moreover, any two types (61, ¢1, 1) and (62, ¢2, B2)
with the same 8; = 6, and @1 = ¢ make the same sectoral choice.

This means that we can “collapse” the policy relevant type distribution into the two-
dimensional distribution of (0, ¢) types, with cdf

F(8,¢) E/(:)/:/(s/é)lsﬂ dF @, ¢, B).

We can define the two-dimensional welfare weights G(8, ¢) analogously. By interpreting
w as an effective wage, 0Yy(x) or ¢Y,(x), the Pareto Optimal (and SCPE) tax rates are char-
acterized exactly as in Section 3. In particular, marginal taxes are given by Proposition 1,
with ¢ as in equation (21), and, as in Proposition 2, top marginal tax rates will be neg-
ative whenever (a) the ®@-sector is the high wage sector, (b) effort is increasing in wage,
(c) marginal social utility of consumption is decreasing in wage, and (d) there is a weak

preference for ®-sector workers at any given effective wage.

6.2 Asymptotics

We focused attention on bounded skill distributions for ease of interpretation and for
comparison with Stiglitz (1982), but none of the analysis relies on this assumption. The
analysis of the outer problem in section 3.3 can be extended in a straightforward way
to unbounded distributions, and the methods developed in Saez (2001) can be used for
asymptotics to extend Proposition 1 with general preferences. The asymptotics for the
inner problem are particularly transparent in the special case considered in the following
proposition.

Proposition 3. Consider any Pareto optimum (respectively, SCPE) such that

el—i—l/e

(i) preferences are quasilinear and isoelastic: U(c,e) = ¢ — 111/e
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(ii) the top earners are all in the ©@-sector: limy_e0 fx (w)/ fr(w) =0

(iii) the ©-sector skill distribution has Pareto tails with parameter x: limqy— e m =K

fr(w)

(iv) Pareto weights are relative and progressive: Gy(w) = ¥ (Fy(w)) with ¥"(x) < 0 and

(vi) zero welfare weight is put on the top earners: ¥'(1) = 0.

Then the top marginal tax rate is

k(14+1/e) — ¢ (x) : k(1+1/¢)
K1/ 1 respectively, K(+1/e) +1)" (32)
and ¢ > 0.
Proof. In Appendix B.5 O

In particular, this implies that asymptotic taxes are scaled down in the Pareto optimum
relative to the SCPE. Figure 6 illustrates this for the baseline calibration from section 5.

7 Conclusion

We view this paper as making a two-fold contribution. The first is methodological: we

provide a technique for solving a multi-dimensional screening problem in an important
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class of contexts. Specifically, we show that the multi-dimensional screening problem
that arises in designing optimal taxation in a multiple-sector economy can be reduced to
a single dimensional optimal income tax problem a la Mirrlees. This basic technique is
likely to be applicable more broadly.

Our second contribution is to derive some of the implications that self-selection into
occupational sectors can have for optimal income taxation. In particular, we show that
the presence of several complementary sectors in an economy provides a force pushing
towards less progressive taxation.

Central to this result is our assumption—we believe quite reasonable—that the gov-
ernment cannot or chooses not to observe the sector an individual is employed in when it
levies taxes. In ongoing research, we aim at relaxing this assumption and characterizing

optimal sector-specific taxation.
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A Proofs for Section 2

A.1 Proof of Lemma1l

We prove the result in the following four steps:

Step 1. It is an immediate consequence of the incentive constraints that the utility of a type sent to a
given sector can only depend on his wage in that sector. Formally, consider two types (6o, ¢o) and (61, ¢1)
with

S(00, po) = S(01, ¢1) = © and Yp(x)fy = Yp(x)01 = w.

Whenever

(w/Yp(x), 900)>

u (c(w/Ye(x)/q’o)/ 4 W/YQ(W) '

# U (c(w/vo(x), gn), L2

either type (w/Yy(x), @o)’s or type (w/Yy(x), ¢1)’s incentive constraint is violated. An analogous argument
applies to types sent to the ®-sector. Since w is the wage of the agent in the sector that he is sent to, we can
thus write utilities as Vy(w) for all types for which S(6, ¢) = @ and V,,(w) for all types with S(6, ) = ®.
Step 2. We now show that the consumption and income allocated to a type who is sent to a given sector
can also only depend on his skill in that sector. To see this, consider again two types (6, ¢o) and (61, ¢1)
with
S(8o, po) = S(61, ¢1) = © and by = 61 = w/Yp(x).

Consider the expression

Heww) = [u (el /a0, o), LB (o v, g, L0 00 )

w’ W
/
- {U <C<w//Y9(x)r(P1)/y(W/Y:)M) —u <C(w/Y9(x),qol),y(w/YZ)M)] ‘
Mechanically, we have
OH (w, w’)

=0,

/
ow W' =w

since the partial derivative of each bracketed term, evaluated at w' = w,is individually zero. On the other
hand, we showed in 1. that

u (e o) o), LDy (et 4y (20, 90), LLEEL D) ),

w’ w’

so that H(w, w") reduces to

H(w,w’) U <C(ZU/Y9(X), (Pl)/ y(w/Ye(x), (Pl)> —u <C(w/Y9(x),(PO), y(w/Y9<x)' (P())) .

w/ w/
Single-crossing implies that

y(@/Yo(x), ¢1)

w w

y(w/Ye(x%W)

Uy (c(w/yeof),qn), ) > U, (C(w/Ye(x)fq)o)r
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whenever

u (c(w/Yg(x),¢1), MW) =U (c(w/yg(x),q,o), Mw)

w w

and c(w/Yg(x), 1) = c(w/Yy(x), ¢o).'° Hence, it must be that

c(w/Yp(x), 1) = c(w/Yp(x), @o) and y(w/Yp(x), p1) = y(w/Yp(x), @o)-

The same argument applies to types sent to the ®-sector. We can thus write allocations as cy(w), yg(w) for
all types with (6, ¢) = ® and ¢y (w), yo(w) for all types with S(6, ) = @.

Step 3. It is also straightforward to see that two types who earn the same wage in different sectors must
get the same utility. Consider two types (6, o) and (61, ¢1) with

S(60, @o) = ©, S(61, ¢1) = ® and Yy(x)bp = Yy(x)p1 = w.

Next, assume w.l.o.g.

u (c@(w), W) > U (cq)(w), ygoz(l)w)) .

w

Then the (61, w/ Yy (x))-type could imitate the (w/Yy(x), po)-type by producing income yg(w) but doing so
in the ®-sector, i.e. using his skill w/ Y, (x). His utility from this deviation would be exactly the LHS of the
above inequality, contradicting incentive compatibility. This shows

Vo(w) = Vy(w) = V(w) Yw.
Step 4. We finally show that the incentive constraints also imply that allocations have to be such that

co(w) = co(aw) = c(w) and yp(w) = yo(w) = y(w) Yoo,

this purpose, consider again the expression

i.e. two types who earn the same wage in different sectors must get the same consumption and income. For
Yo(w Yo(w)
H(w,w/) — [U (Cg(w/), " —-u <C@(ZU>, ;
_ ¢

) )]
- {U <c(p(w’), ygoz(;/(},)) u (c(p(w), Y u(;U)ﬂ .

Now consider again 0H/9w'|,,_,,. On the one hand, this is mechanically zero since the partial derivative

of each bracketed term is individually zero. On the other hand,

u (Ce(w/)/ 97(5],)) =u (cq)(w’), yq,(w’))

w/

10Recall that single crossing implies that —U, /(wl.) is decreasing in w, or equivalently that Uy /U is
increasing in w and hence Uy, U; — UyUcy > 0. Therefore, the change in Uy, from a marginal increase in ¢
and y along w’s indifference curve (i.e. such that dc = — (U, /U.)dy) is dUy = Uwy — (Uy/Ue)Uye > 0.
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by step 3., so

H(w, o) = U (C(p(w), y*"(w)) —u (cg(w), ye(w)) ,

and, by single crossing

o (cq)(w), qu(ZU)) 2 Uy (ce(w), yg(w))

w
whenever U(cy(w), yy(w)/w) = U(co(w), yg(w)/w) and cy(w) 2 co(w). Hence, it must be that c,(w) =
co(w) and yy(w) = yp(w) for all w.

These four steps prove that any incentive compatible direct mechanism in our economy can be imple-
mented by offering a schedule of ¢(w), y(w) bundles with w = max{Yy(x)0, Y,(x)¢@}, which is equivalent
to a single non-linear tax schedule.

B Proofs for Section 3

B.1 Proof of Lemma 2

By changing variables to p = Fx(w), we can write the planner’s welfare in any feasible allocation as

W= [ (e Var() = [ o)V (50) dp

with ¢(F) = ¥/(F). Note that the welfare weights ¢(p) are independent of the allocation and that SW
depends only on the distribution of V in this formulation. It follows that if the distribution of V under
one feasible allocation first order stochastically dominates (FOSD) the distribution of V under a second
feasible allocation, then social welfare is higher under the first allocation. To complete the proof, note
that {xo,e0(6, ), Vo(6, ¢)} cannot maximize social welfare if it is Pareto dominated by a feasible allocation
{x1,€1(6, ¢), V1(6, ¢)}, as the distribution of V; would then FOSD the distribution of V;.

B.2 Proof of Proposition 1
Putting multipliers y on (6), A on (5) and 7/(w)u on (4), the Lagrangian corresponding to (3)-(6) is, after
integrating by parts (4),
L= [T V@)ge@)do — [ V(@) (@)pdw+ [2 Uele(V(w),e(w)), e(w)) Lq (w)pdw
+EUT(x) [y we(w) £ (w)dw — & [ we(w) £ (w)dw
1 we(w) fe(w)dw — 1 [ oV (w), e(w)) fre(w)dw. (33)
Using dc/9V = 1/U, and compressing notation, the first order condition for V(w) is

1 R Uy (w) e(w)
UC(ZU) + ﬂ(w)ﬂ Uc(w) o (34)

7' (w)p = gx(w) — pfrx(w)



Defining 1 (w) = #(w)Uc(w), this becomes

U, (w)
H

— fe(w) +5(w) Uee(w)c'(w) + Uce(ZJIC)E;E;U) + Uee(w)e(w) /w (35)

7' (w) = gx(w)
Using the first order condition corresponding to the optimization problem for an individual worker,
Ue(w)c' (w) + U (w)e' (w) + Ue(w)% =0,
the fraction in (35) can be written as —(dMRS(w) /dc)y’ (w) /w where
MRS(w) = —

is the marginal rate of substitution between effort and consumption. Substituting in (35) and rearranging

yields
- PR )L 0 0) = i) = ety P

T ' (w). (36)

Integrating this ODE gives

pw) = [ () = @ ) exp ([P e L)

y(s)
= [ () Uel2) P gs) dyls)
- R ee (L (- 55) i ) o &
where the last step follows from e(w)oMRS(w)/dc = 1 — &*(w)/e(w) after tedious algebra (e.g. using

equations (23) and (24) in Saez, 2001).
Using dc/de = MRS, the first order condition for e(w) is

pofuteo) (1= M) — g (1) fo0) = f2 )
— _p(w [(—Uec(w)ue(w)/u;(w) + Uee(w)) e(w) n Uez(uw)} ’

which after some algebra can be rewritten as

OMRS(w) e n MRS(w)> @)

wfilw) (1= ) o o (1)) = 2 (0)) = o) (PR

Noting that MRS(w)/w =1 — T'(y(w)) from the first order condition of the workers’ utility maximization
problem and using the definition of #(w), this becomes

P fw) — fw) . gw) (. OMRS@w) e
L= ) _(1_T(y(w))>[l+fo(w) (” R MRS(w))] 39

Simple algebra again shows that 1+ dlog MRS(w)/dloge = (1+ ¢"(w)) /€ (w), and that

T fiw) —flw) _ Yp(x) f(w)

fx(w) C Yp() +xYe(x)  fr(w)
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The Proposition follows from (37) and (39).

B.3 Proof of Lemma 3

The substitution elasticity is defined as

N 1637, R Y, (x)
T oxd(Ye(x)/Ye(x))  d(Ye(x)/Ye(x)) xYp(x)
dx
_ Yo (x)Yp(x) 1 _ 1 _ 1
v NOGE LN | B0 e | A

B.4 Proof of Lemma 4

We first state the following technical lemma—the proof of which involves nothing more than tedious alge-
bra.

Lemma 5.

0 '(x
) 0w + Ou(w) and ) A ) = ()

with

Q"(w)EY9<x>1Y¢<> @ [ w's ( </> Yﬂ;>)dz""

=X

Completely analogous expressions hold for G (w) and GY (w).

This will be useful in the proof of Lemma 4, to which we now turn. Using (33),

Wi = [ i) B gy [ o w),efw >>de< )dw+¢yr’<> () Es

wy dx wy
+uc <F(x) /w%x we(w)df“glfcw)dw/wwY e(w) > +,u/ d + By
with
Br= G (V@080 — eV, o) @) + e (@) + & (Te(@) ~ (e(@s) ) W)
dw

— =2 [Viwo)ga(wy) = ne(V(wy), e(wy)) fe(wy) + 1 (@) +& (D) fe(wy)) — L e(wy)) ) ) woelw,)] -

Integrating by parts the five integral terms yields

W/(x) = By + By — /jx V’(w)dcgiw) dw + /wwx <Z;EI:U§ + MRS(w)e’(w)> dFZiw)dw + &ul’ (x)Yq(x)Eg

Wy (w 9 (w Wy " (w
+ug (/ (we' (w) + e(w)) (d]—",;b(c) — F(x)dpzy(c)> dw) — ;4/ (we' (w) +e(w))dpd§c )dw

Wy Wy
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w 4 (w (W o
By = | V(w) eV, (@) ) | pee(w) (T @) _IE@) ) ey @) |
dx dx .

dx dx dx

By the first order conditions (36) and (38) with respect to V(w) and e(w) from the inner problem, the terms

u [ 2l) [wfxw) <1 - MRj}w)) 2w (T~ f @) — () (M;f(“” ew) MRS(“’))] aE () 4,

w, fx(w) w w dx

and

O V(w) U (w) , OMRS(w) Y (w)] dFy(w)
n ) e [gx<w> 0 g ) — o () — (a0) MR o g y(w)] dw

are both equal to zero. Adding them to (40), using (4) and re-arranging yields

W/ (x) = By + By + &ul” (x)Yp E9+/ V/(w) (fé ;de(w) _de(w))dw

dx dx
W A (w) n(w) d[MRS(w)e(w)] =, V'(w)) 1 dF(w)
—H w, e(w) dx dw—y/wx ( dw +17(w)llc(w)>fx(w) dx dw
Wx ? (w 9 (w ?(w (W
o ((e(w)+we'(w)) (dFdi ) 1Bt )> +we (w) (r(x)f}iéwi —J}’)‘céwD et )> .
(41)
From Lemma 5,
A d00) D) [5:00) ) ) 4 Yy (x) 540 900) 2w
fe(w) dx dx Yo(x) [ fe(w)* ' Yo(x) | fx(w) : )
[ Ya(x) _ Y(;(x) $x(W) Lo w) — o (w
= \%E Y«;(x)) S - stw)]
P @A) () glw)
=R ) ( (o) ;"<w>>
The first integral in (41) is therefore
/ﬂ w V' (w) <§i§2§§ 4 ZS:") = dG;i”) dw = A(x)R (42)

Combining the terms with e(w) on the second and third line of (41) and using lemma 5 and the identity

36



Yg(x)Eg + Yo (x)Ep = 0 gives:

(P 9w
—u/w e(10) =) gy, +§/ (dF r(x)‘%y)dw

Y)(x) [«
Yz(x) /wx we(w) fy (w)dw + (P o, ]

=H

Wy Y/ -
+é‘u/y we(w) (r(x)ye(x)fx(w) st’g if (w )) dw — Fu(14T(x ))/w e(w) Qe (w)dw

=X

= 0.+ & (14 T() Vg — 014 T() [ e(w) ()i )

Wy

The terms with we’(w) in the last line (41) can be written, using Lemma 5 again, as

Vs dF{ (w) dr(w) / f(w) ff(w)) dF(w)
CV we' ( — ()= ) + we' (w) (F(x)fx(w) - fx(ZU)> o
waze o ey 560 o Yo g (L @) f @) () e Yol
—CV w, ( ) l ( ) (x)fx( ) Yqo(x)fX( ) (r( >fx(w) fx(w)) (YQ(X)fX( )+ Yq)(x)fx
—gy(1+r(x))/ww wel (w) Qo (w)dw
@) £ T(x))C — Ep(1 + T(x)) /j we' (1) O (), (44)

X

where the first term in the last step follows after some tedious algebra.
Combining the terms with QO (w) from (43) and (44) gives —¢u(1+T(x)) [ (we(w))' Qx (w)dw, which
can be integrated by parts to yield: '

—By+(1+ r(x))gymi‘)(% /w we(w) f (Y;fx), Y:l()x)> dw = (1+T(x))EuA(x)S,  (45)

with By = (14 T'(x))duwye(wy ) Qx (Wy ) since Oy (w,) = 0.
Finally, use the incentive constraint (4), rewritten as V' (w) /U.(w) = MRS(w)e(w), to write the last line
of (41) as

w)/Uc(w)] =, V'(w) V'(w) 1 dF(w)
_A/ ( w +17(w)wllc(w)+77(w>uc(w)>wfx(w) Fra

or, recognizing the sum of the bracketed terms as d[y(w)wV’(w)/U.(w)]/dw, integrating by parts, and
using the transversality condition (w, ) = 1(wy) = 0 and Lemma 5,

Wy V'(w) d Yi(x) fo(w)  Yo(x) £ (w) B
"o, MO ) 3w (‘ (Yi(x) Fiw) Yo filw) )) o=t 4

Define F(w, x) = Fy(w). Since F(wy,x) = 1 for all x,

dF(wy,x)  OF(wWy,x) = OF(Wy, x) dw,  dF.(Wy)
dx - ox + ow dx  dx A0

dw,
dx

=0. (47)
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Together with an analogous expression at w,, the fact that O, (w,) = 0, and Lemma 5, this yields
Bi + By = —Zutoxe(wx) Qx(Wx) = Bs.
Using (42), (43), (44), (45) and (46) in (41) yields
W/(E) = A(x) (I+R+Zp [Yy(x)Egor(x) + (1 +T(x))(S+C)]), (48)

where we have used (I (x)Yp(x) + (14 T(x))Y§(x)) Eg = =Yy (x)Ey/x.

B.5 Proof of Proposition 3

Yy (x) fa(f(w)
1+C(1+r(x))< 9 _ >
lim 1— T (y(w)) = lim Yq'()x) +xYp(x)  fa(w)

w—s00 w—co q(w

1+ &(1+T(x) (M_z}%<;éz; >
e (140 i, (B0 (FEE) R

1HE+TE) (Y¢(x;f¢<x> <x>)

_ 144y .
1+<1+1>K

The first equality is from (11). The second uses (iv) and (i), which implies 17(w) = ¥ (Fx(w)) — Fx(w). The
third line uses (ii) to simplify the numerator, and (iii) and (v) to take the limits of the two terms in the
denominator. The final step is simple algebra. The top tax rate result for the Pareto optimum follows with
a little re-arranging. Setting ¢ = 0 yields the result for the SCPE. Corollary 4 and (iv) imply ¢ > 0, since
¥ (x) < 0implies that ¢y (w) / fx(w) = ¥/ (Fx(w)) is decreasing in w.
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