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Abstract

We show how realistic occasionally binding collateral constraints increase
macroeconomic volatility. Collateral constraints imply that the effect of
consumers’ choices on the price of collateral feeds back into the set of feasi-
ble choices, thus giving rise to multiple equilibria. We characterize how the
possibility of multiple equilibria depends on aggregate wealth. We find that
for low levels of wealth the economy is vulnerable to changes of consumer
confidence (sunspots) which increase the volatility of prices and consump-
tion.
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1 Introduction

The recent recession in the US has been preceded by a period of high lever-
age among households (see, for example, Mian and Sufi, 2011, and Mian et al.,
2011). During the 2007-2009 recession house prices fell by 30%, sharply reduc-
ing the value of housing collateral. Consumer spending especially for durables
fell by 15% and output contracted by 7% during the same period (see also Heath-
cote and Perri, 2011, and Ohanian, 2011).

In this paper we construct a model which links these facts. In particular, we
show how low levels of wealth can amplify macroeconomic fluctuations due to
an occasionally binding collateral constraint. This constraint implies that the
effect of consumers’ choices on the price of collateral feeds back into the set of
feasible choices, thus giving rise to multiple equilibria. The resulting extrinsic
uncertainty due equilibrium multiplicity increases macroeconomic volatility,
similarly as in recent research by Perri and Quadrini (2011) and Heathcote and
Perri (2011). We characterize how the possibility of multiple equilibria in our
model depends on aggregate wealth. We find that for low levels of wealth the
economy is vulnerable to changes of consumer confidence (sunspots) which
increase the volatility of prices and consumption as the economy switches be-
tween high and low demand equilibria. Since individual agents do not inter-
nalize the effect of their choices on the evolution of aggregate wealth, and thus
the likelihood of extrinsic uncertainty due to sunspots, there is scope for policy
intervention to mitigate macroeconomic fluctuations.

Most closely related to our research are the papers by Perri and Quadrini
(2011) and Heathcote and Perri (2011). Compared with Perri and Quadrini (2011),
collateral constraints in our model are not restricting the financing opportu-
nities of firms (see also Kiyotaki and Moore, 1997, or Mendoza, 2010) but the
spending of consumers. Furthermore, whereas the possible resale values of col-
lateral in Perri and Quadrini (2011) are exogenous, in our model these values are
endogenously determined.!

As in Heathcote and Perri (2011) we find that extrinsic uncertainty due to
equilibrium multiplicity is more important in economies with low aggregate
wealth.?2 Whereas the analysis of the dynamics in Heathcote and Perri (2011)
is local around the stable steady state, as in the classic sunspot literature sur-
veyed in Benhabib and Farmer (1999), in our model extrinsic uncertainty, due
to random coordination on one of the multiple equilibria, directly enters in the

IThe effect of leverage on fluctuations has also been analyzed in the literature on leverage
cycles. In this literature ex-ante heterogeneity of agents allows to endogenously determine the
amount of leverage. See, for example, Geanakoplos (2009) and the references therein.

2See also the empirical evidence in Gourinchas and Obstfeld (2012) on the positive associa-
tion between credit market booms and financial crises for developed and developing countries.



recursive formulation of consumers’ maximization problem as in Cole and Ke-
hoe (2000).

The rest of the paper is organized as follows. We present the model and its
recursive formulation in Section 2 before we discuss the method used for the
solution in Section 3. In Section 4 we study a two-period version of our model
to provide analytic results and intuition for the role of equilibrium multiplicity
before we conclude.

2 Model

The representative consumer with a (finite or infinite) time horizon 7" derives
utility from housing h; and consumption ¢;, where the period utility U(c, h;)
is assumed to be concave in ¢ and h. Whereas all idiosyncratic risk is insured,
the representative agent cannot perfectly insure aggregate income shocks. The
timing is as follows. After the draw of uncertain exogenous labor income y;, the
agent chooses consumption ¢; and the endogenous assets in the next period,
i.e., the amount of housing h;,, and the financial risk-free asset a;,,. The agent
then derives utility from consumption and housing before the returns of the
assets accrue. The financial asset earns risk-free return r, taken as given in the
small-open economy, and p;, is relative price of housing.’

Markets are incomplete since no assets exist with payoffs that condition on
the aggregate shock realization and the agent cannot borrow more than the lig-
uidation value of the housing collateral, denoted by the fraction 1 € [0,1) (see
Kiyotaki and Moore, 1997, for a discussion of the microfoundations). As a con-
sequence, the history of the aggregate shocks matters for the level of the en-
dogenous state variables.

The representative agent maximizes the following problem:
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3For simplicity we abstract from depreciation of the housing stock.



Besides the standard budget constraint, borrowing is constrained by the col-
lateralizable value of housing, up;h:.1, and housing is restricted to have a min-
imum size h,,;, > 0. The timing assumption in the collateral constraint is mo-
tivated by existing regulation which allows households to borrow a fraction p
against the current value of the chosen housing stock. This assumption, as in
Jeanne and Korinek (2011) or Brumm et al. (2011) p.10, corresponds to a margin
requirement where the price p; is determined by the choices of all households
in equilibrium.*

As we will see below, household face uncertainty both because of intrin-
sic uncertainty due to stochastic income, where log-income follows an AR(1)-
process with first-order autocorrelation p, and because of extrinsic uncertainty
due to possible random switches between multiple equilibria. The existence of
multiple equilibria depends on the state space and households rationally form
expectations by predicting the aggregate states A;,; and H,.;. The latter predic-
tion is trivial since we assume fixed housing supply and normalize the aggregate
housing stock to unity.’

2.1 Recursive formulation of the household problem

We carefully define auxiliary state variables when formulating the recursive prob-
lem in order to simplify the numerical solution of the dynamic stochastic maxi-
mization problem with multiple equilibria. The state variables of the consumer
consist of the individual state variables and aggregate state variables. We define
the equity which the consumer holds voluntarily, beyond the margin require-
ment, as

Ty = (1 + T)&t + upi—1hy.

The collateral constraint requires z;,; > 0. Formulating the recursive problem
with voluntary equity as a state variable has the advantage that we can sepa-
rately solve for constrained (z;,; = 0) and unconstrained (z;,; > 0) equilibria
in the numerical algorithm which takes advantage of the endogenous gridpoint
method. The cost of choosing voluntary equity as state variable is that we need
to condition on the price of the previous period p; ; as an additional auxiliary
variable for the solution (see also Diaz and Luengo-Prado, 2008, or Bajari et al.,
2010).

4Alternatively, the timing assumption may be motivated with a moral-hazard problem in
which the creditor can observe during the period of loan origination whether the borrower de-
cides to cheat and default in the next period (see Jeanne and Korinek, 2011). Under this “time
to cheat” assumption, the creditor can appropriate the collateral good and resell it at current
prices until the end of the period if the borrower cheats.

>Changes in the aggregate housing stock take time and we are interested in the behavior of
the economy at business cycle frequency.



We denote as 7; the sunspot variable that is independently and uniformly
distributed on the unit interval. The realization of 7, is a state variable since it
determines the equilibrium on which agents coordinate in the presence of mul-
tiple equilibria. We summarize the aggregate state variables as s; = (v, Xy, Hy, m)
where the aggregate housing stock is normalized to H; = 1, for all ¢. Since the
equilibrium price in the current period p;, is a function of the aggregate state, the
recursive consumer problem is

Vg (T4, ey Pi—1; St) (D
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The last two constraints require that the consumer rationally predicts the evolu-
tion of the aggregate state variables and thus the occurrence of multiple equilib-
ria. Note that F, is the expectation operator conditional on information avail-

able at time ¢ and expectations are formed for intrinsically and extrinsically un-
certain events.

2.2 Period utility and derivatives

For later reference we now derive the first-order conditions making common
parametric assumptions for the utility function:
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2.3 Envelope conditions

We denote the derivative of the value function with respect to the first argument
as

vy aU(Ct; hy = 1) 0(1—0)—1
A wr T , 2
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and the derivative with respect to its second argument as
aUt . aU(Ct, ht = 1) aU(Ct, ht = 1)
3ht N 8ht * aCt <pt luptil)
= (1=0) "7 + 0" (py — ppia) - (3)

2.4 First-order conditions

Assigning the multiplier «; to the collateral constraint, the first-order condi-
tions, which characterize equilibrium decisions of problem (1), are

U (¢i,hy =1 0
(14 1) + % _ (1”)5&831 @
+
for a;,1, and
U (¢, hy = 1 Ov o
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for h; .1, where we use that, in equilibrium, h; = H; = 1 > h,;, for all ¢.

2.5 Equilibrium definition

Since the infinite horizon problem is stationary, we drop time indices and de-
note lags with “_;” and leads with a prime “'”.

An equilibrium consists of a value function v, policy functions «’ and /’, price
function p and an equation of motion for aggregate voluntary equity X’ such

that:

e v is the value function of the representative consumer with maximizing
choices a’ and //,

e the price p clears the housing market,
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¢ individual choices are consistent with aggregates: +' = X’ and »' = H' =1,

¢ and the lagged price which enters the recursive consumer problem is the
equilibrium price of the previous period p = (p_;)’".

3 Numerical solution with multiple equilibria

We solve the model by applying the endogenous gridpoint method. More specif-
ically, we extend the algorithm developed in Hintermaier and Koeniger (2010)
for our model with endogenous house prices. The endogenous gridpoint method
has the major advantage that it conditions on the grid of the future endogenous
state variable. This allows to solve separately for the unconstrained and con-
strained equilibria since 2’ = 0 if the consumers are constrained and 2’ > 0
if they are not. Numerical solution of models with multiple equilibria is very
cumbersome instead with methods that condition on the grid of current en-
dogenous state variables (see Feng et al., 2011).

For the numerical implementation with the endogenous gridpoint method,
we start with an exogenous grid for the future endogenous state variable 2/,
Gy = {2, 2}, ..., 2} }, the state p_1, G, , = {p-11,P-12, --» P-1.7}, and discretize
the stochastic process for y on the grid G, = {y1, y2, ..., yx } using the Rouwen-
horst method described in Kopecky and Suen (2010).

3.1 Unconstrained choices

Since x = 0 in the unconstrained case, equations (2), (3), (4) and (5) imply that
the price is given by

on ac
Pik = U (c;h=1) (6)
dc

BE (8U(cgcsz =1) I 8U(ciakc,,h :1)p,)

U (c},,,h'=1)
B ((1-0) ()" +0(c)" ")
(1+1)E (60 ()

BE aU(c;k,h':l)+8U(cgk,h’:1)p,)

This is a root-finding problem since ¢}, (z}, h’ = 1, pi; s’). For each income state
we find the smallest price of the unconstrained solution at 2, = 0. We call this
price p,. Positive marginal utility of consumption and housing imply that the



relative price p > 0 (this follows by backward induction, starting from the last
period in which p’ = 0).
Using (4), we then get

147 Qv]ocat
Cz‘k—[ 7 5E@] (7)

A

and use the definition of voluntary equity to determine

T — WPk
The budget constraint then implies
Tiji = Qg + Cigg + PP—1,j — Yk- 9)

3.2 Constrained choices

The lowest price p, for the unconstrained choices, computed above for each
income state at 2; = 0, by continuity is also the highest price of the constrained
choices. We specify the grid G, = {p1.p2 -, Pi—1, Di» Di+1, -, Dy} fOr prices
p € (0,p,] that support constrained choices. For 2} = 0 in the constrained case,
it then follows from the collateral constraint that

/ I
= — . 10
ay L (10)

Combining equations (4) and (5) by substituting out the current marginal utility
of consumption, the multiplier of the collateral constraint is given by

K1kl (11)
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Equation (4) implies for the period utility assumed above that
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The budget constraint then determines the endogenous grid of the current en-
dogenous state variable x:

!
T1jkl = Gy + Cip + UP—1,5 — Yk-

4 Multiple equilibria

Having discussed the numerical solution, we now discuss equilibrium multi-
plicity more in detail in this section. We first derive analytic results for specific
preferences in a two-period model before we illustrate equilibrium multiplic-
ity for more general preferences. Finally, we give an example for how equi-
librium multiplicity enters the recursive problem of consumers in a dynamic
model with more than two periods. For the purposes of this section, we have to
reintroduce time indexes in the notation.

4.1 Analytic example

We show analytically how multiple equilibria may arise if we restrict the model
to two periods, 7'and T — 1, and assume quasi-linear preferences. This allows
insights into the key mechanisms of the model. We assume that period utility is
given by

U(Ct7 ht) = —g(E — Ct)2 + hty

so that O (eyo o — 1)
Ctéctt - _ G(E _ Ct)
and
aU(Ct,ht = 1) 1
Ohy -

The preferences would imply in a static setting that, at an interior optimum with
h; > 0 and ¢, > 0, all additional income is spend on housing h;. As usual, we
assume that ¢; < ¢ to ensure a positive marginal utility of consumption. The
quadratic utility function for consumption ¢, requires restrictions on the para-
meter or state space so that 0 < ¢, < ¢ with probability 1 (that is the constraints
¢ > 0 and ¢; < ¢ are not binding for any possible contingency).

Since all is consumed in the last period, pr = 0, ar,; = 0and hry; = 0, so
that the budget constraint with Ay = 1 implies ¢ = x1 — upr_1 + yr, where we
restrict our attention to the state space where ¢y > 0. Given our assumption
about preferences, the following proposition provides explicit analytic expres-
sions for the constrained and unconstrained choices in the algorithm described
in the previous section.



Proposition 1 Ifpreferences are given byU (c;, hy) = —%(¢—c¢;)*+hy, t € {T —1,T},

unconstrained choices in period T — 1 with xy > 0 are characterized by

—a(l+7r)(€—or — Ep_1yr) + \/a2(1 +7)(c—axr — ET_lyT)2 +4a(l+r)p

pr-1= 2a(1+r)p '
cro1=[1= B +7r)]e+ B +r) (vr + Eroiyr — upr-1),
an — T — UPT—1
T 1‘+'T »
resulting in
rr_1 = C— [1—ir + B(1 + T)M] pr—1+ ppr—2 — yr—1 — S +7) (€ — Er_1 (yr))

+{1—1H“+”B(1+T)] T,

Constrained choices in period T — 1 with xr = 0, for pr_, € [QT_l,T?T_l] and
Pr_1 > p,_, >0, are characterized by

s _
= — (1 Er_ -1 — ,
A s e (L+7)Er_y (a(€+ ppr—1 — yr))
_ B(1+r) 1 _
L =c— — uEp_ . ,
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The proof in the Appendix also shows which prices pr—1 € [p,._ ,pr_,] map
into z7_; > 0. The analytic expressions in the previous proposition, besides
being of interest in their own right, allow us to derive an explicit condition for
equilibrium multiplicity in period 7" — 1.

In order to establish the existence of multiple equilibria in period 7" — 1, we
need to find values for z1_; which are attained both by constrained and uncon-
strained choices when mapping back from the exogenous grid for z,. That is, we
need to show that there is an overlap of the intervals of z_; that are attained by
constrained and unconstrained choices, as is done in the following proposition.

Proposition 2 If constrained and unconstrained equilibria exist for somexp_, >
0, there exist parameter values for which multiple equilibria occur in a non-
empty interval of xr_,. At most one of the equilibria is unconstrained.

The proof in the Appendix shows that existence of multiple equilibria does
not depend on the state variables pr_, and yr_; since they affect zr_; in the
same way for constrained and unconstrained choices. Figures 1 and 2 illustrate
equilibrium multiplicity for parameter values that are not meant to be realis-
tic but are entirely chosen for illustration purposes (see the notes in the Fig-
ure). Figure 1 illustrates that a necessary condition for multiple equilibria is
that the function zr_ (pr_1, ...) for constrained choices is non-monotonic (with
continuity this condition is also sufficient). This is because for the assumed
utility function, as shown in the proof of the proposition, p;_1(zr_1, ...) is a pos-
itive monotonic function for unconstrained choices. The non-empty interval of
xp_1 in Figure 1, in which there are two constrained equilibria and one uncon-
strained equilibrium, requires that the price is very elastic as demand increases
and the loan-to-value ratio  needs to be such that a low-demand-constrained
and high-demand- (un)constrained equilibrium can coexist for a given value of
the state variable z,_,.°

Figure 2 illustrates this further. Multiplicity arises for intermediate values of
p but not for i close to 0 or 1. If 4 = 0, there is no feedback from the price
pr—1 on borrowing opportunities since the collateral constraint is ar > 0 in this
case. For large 1 close to 1, prices become positive monotonic in xy_; also for
constrained choices. Since more demand for housing does not constrain con-
sumption choices if housing can be fully collateralized, the response of the price
pr-1 to changes in voluntary equity zr_; for constrained choices is then similar
to the response of prices for unconstrained choices.

6Jeanne and Korinek (2011) offer a preliminary discussion of possible equilibrium multiplic-
ity before focussing on parameter values that imply equilibrium uniqueness.
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Figure 1: z7r_; as a function of pr_;. Notes: The values of the parameters are
w=0.7r=0040=0.01,a=1,¢= 2. Furthermore, E7_yr = 1, yr_1 = 0.97,
pr—2 = L.
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Figure 2: The size of the interval fo z7_; in which multiple equilibria exist, as a
function of the loan-to-value ratio u. Notes: The values of the parameters are
uw=0.7r=0.040=0.01,a=1,¢= 2. Furthermore, Ey_yr = 1, yr_1 = 0.97,
pr—2 = 1.
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Figure 3: Policy and price correspondences for different values of financial as-
sets ar_1, for 31 income states yr_;. Notes: red loci are constrained choices;
green loci are unconstrained choices. The values of the parameters are 1 = 0.95,
r = 0.01, 5 = 0.99, 0 = 1, § = 0.8. Furthermore we assume that log income
follows a first-order Markov process with 31 states, persistence p = 0.98 and a
standard deviation of the innovations o, = 0.0062.

4.2 More general preferences

After these analytic results, we now illustrate equilibrium multiplicity for the
more general preferences introduced in Section 2. Although there are no closed
form solutions for these preferences, commonly used utility functions with re-
alistic non-linear marginal utility of consumption and the complementarity be-
tween housing and consumption generate equilibrium multiplicity for more
plausible parameter values.

Figure 3 illustrates that, due to the multiplicity of equilibria, the policies and
the price are correspondences and not functions of the endogenous state vari-
able. Note that we have reduced the state space by replacing the two auxiliary
variables x7_; and pr_,, which are used for convenience in the numerical solu-
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tion, with a;_, in order to simplify the visual presentation.” The price and pol-
icy correspondences are plotted for each of the 31 income states. As in standard
models with persistent income shocks, larger income draws increase borrow-
ing, consumption and the price of housing for most values of ar_;. For low lev-
els of financial wealth, however, equilibrium multiplicity arises for constrained
choices (which are plotted in red in the figure) and low levels of financial wealth.
The extent of extrinsic uncertainty resulting due to multiple equilibria thus de-
pends on the aggregate endogenous state variable financial wealth. This implies
that shocks may be propagated endogenously through changes of extrinsic un-
certainty. Moreover, there is scope for policy intervention not only due to mar-
ket incompleteness but also because individual consumers do not internalize
the aggregate effect of their choices on extrinsic uncertainty.

Let us now interpret the different equilibria further which arise for low lev-
els of financial wealth. For the example plotted in Figure 3, consumers are at
the collateral constraint in both equilibria. In the high-demand equilibrium,
the relatively higher consumption and housing are financed with more borrow-
ing. This is feasible since the higher demand drives up the price of the housing
collateral which in turn increases the borrowing limit. In the low-demand equi-
librium, consumption and housing demand are lower resulting in a lower price.
Thus, the value of the collateral is lower and the borrowing limit tighter restrict-
ing demand to its lower level.

4.3 Beyond two periods

Since multiple equilibria arise in period 7' — 1, the extrinsic uncertainty due to
multiple equilibria and its dependance on the state space, enters the recursive
problem which consumers solve in period 7' — 2. To clarify the role of extrinsic
uncertainty, consider the example in which there are at most two equilibria and
there is only extrinsic uncertainty (due to random coordination on one of the
equilibria) and no intrinsic uncertainty (due to income shocks). The aggregate
state then simplifies to s, = (X;, H;, 7). Further assume that , is identically
distributed on the unit interval across periods. Without loss of generality, for
realizations of m; below threshold 7*(Xr_1,pr—2) € [0;1] agents coordinate on
the first equilibrium whereas they coordinate on the second equilibrium if =, >
7 (Xr_1,pr—2). Thus, if there exists only the first equilibrium at state variables
Xr—y and pr_s, 7 (Xr_1,pr—2) = 1 and the probability of the first equilibrium
n(Xr_1,pr—2) = 1. If both equilibria exist, then 0 < 7*(X7;_1,pr2) < 1 and

"Substituting the definition of x7_; into the budget constraint and solving for ar_1, we have
ar—1 = (ar +cr—1 —yr—1) /(1 + 7).
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0< U(XTfl,pT72) < 1.8 Then

UT—2($T—2, hr_2, pr—3; ST—Q)
= max [U(ECsz + (pr—2 — ppr—3) hr—2 + yr—2 — ap—1 — pr—ahr_1, hr_2)

ar—_1,hr_1 ~-
CcT—2

+5{77(XT—1, pT—2)UT—1(1’T—1, hr_1, pr—2; :XT—h Hp_q,mpq <7° (XT—1, pT—Z)/)

~
ST—1

+(1 = (Xr_1, pr—2))vr_1(2r_1, hT—laPT—Q?:XT—lv Hp_y,mr_1 > 7 (Xr_1,pr—2))}-

ST—1
where 7 is the probability with which one of the possible equilibria occurs.
Note that  depends on the aggregate endogenous state variable which agents
rationally predict for given state variables in 7' — 2. Importantly, the individual
consumer takes the law of motion for the aggregate state and prices as given.

5 Quantitative application

To be completed.

6 Conclusion

We have shown how collateral constraints can generate equilibrium multiplic-
ity, especially for low levels of aggregate wealth. The resulting extrinsic uncer-
tainty in certain parts of the state space, due to random coordination on equilib-
ria, introduces the possibility of a propagation mechanism for aggregate shocks
which has the potential to amplify macroeconomic fluctuations. Since individ-
ual agents do not take into account how their actions affect extrinsic uncer-
tainty, just as they take prices as given, there is scope for policy intervention
to mitigate the size of macroeconomic fluctuations.

Appendix

Proofs of Propositions

Proof of Proposition 1
We follow the structure of the algorithm described in Section 2. First we de-
rive the explicit expressions for unconstrained choices and then consider the

81f 7, is uniformly distributed, n(X7_1,pr_2) = 7™ (X1_1,pr_2).
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constrained choices. Finally, we characterize the interval of feasible prices pr_;
which support constrained choices.

Unconstrained choices
For given z1 and x = 0 in the unconstrained case, the first-order condition
for financial assets (7) implies

a(¢—cr_1) = +r)Er_q (a(c—cr)).

Since all is consumed in the last period, pr = 0, ary; = 0 and hr,; = 0, so that
the budget constraint with h; = 1 implies

cr =Ty — Ppr—1 + Y- (13)
Solving the first-order condition for ¢4, we get

g(l +7)Er_1 (a(C — 0 + ppr—1 — yr)) (14)

=[1 -8 +n)e+ B +r)(vr+ Erayr — upr-1),

Cr_1 = Cc—

where Er_,zr = xp since the agent knows that pr = 0 in the last period.
The asset-pricing equation (6) can then be solved for the price pr_;, using
pr = 0 and the parametric assumption on the utility function:

g

pro=-—>
@ — o)

Bla
c—[1=pA+r)e—pQA+r)(xr+ Eryr — ppr-1)
1 1

a(l+71)¢—xr+ ppr—1 — Er_ayr

Rearranging this equation to
a(l+7)pr_1 (¢ —xp + ppr—1 — Er_1yr) = 1
we get a quadratic equation
a(l+7)pu(pra)* +a(l +7) @ —xr — Brayr)pra—1=0

with solution(s)

—a(l+7r)(C€—xr— Er_1yr) £ \/a2(1 +7)2 (¢ — 27 — Er_yyr)” +4a(l +1r)p
2a(1+7r)p '

Pr—1 =
(15)
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The root is a real number for 1 € [0,1) and only the positive root results in a
positive price pr_;.° Note that for 4 = 0 the equation which determines the
price is no longer quadratic (since the marginal rate of substitution no longer
depends on py_4) so that

1
(1(1 + T) [E — T — ET—lyT]

Pr-1 =

which also equals the limit lim,,_., pr_;, applying LHopital’s rule to equation
(15).
We then rearrange the definition for = to

T — UPT-—1
1+7r
and use the budget constraint to find x1_; for each x1, pr_» and yr_1:

ar =

T — Hpr—
Tr_1 = T +cr1+ pupr—2 — Yr-a1
_ T — Upr—1

T+ r +[1 =B +r)e+B(1+7r)(zr + Er—1yr — upr—1)

- (pT—l - MPT—z) —Yr—

=cC— L i ; + 5(1 + 7“),&} Pr—1+ Upr—o — Yr—1 — 5(1 + 7") (E_ Er (?/T))

+

{1+r+6(1+r)} T (16)

Note that (15) implies that py_; is a function of z7.

Constrained choices
If consumers are constrained, z7 = 0 in the last period and

cr = —ppr-1 + yr. (17)

The combinations of debt and prices that are attainable at the constraint,
where z7 = 0, are

ar =

1+ PP

9We get two candidate solutions for pr_; because the price pr_; affects the marginal rate
of substitution between housing and consumption in a non-linear way; and the marginal rate
substitution in turn determines the price. For a given z, a larger pr_; implies lower ¢;. Note
that there is no multiplicity arising in the mapping from = to pr_; since only one solution turns
out to be relevant (the one which results in a positive price). For an arbitrary utility function
one needs to check that there is not more than one z_; that can be attained for a given xr if
consumers are unconstrained.
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For the assumed utility function and given that pr = 0, it follows from equa-
tion (11) that the multiplier « is
k[1+7r— pyl (18)

:51

Pr—1

— (1+7)Er_y (a(e¢ —cr))

The right-hand side of this equation decreases in p;_; and we denote the highest
price level at which the collateral constraint is binding as p,_,. We characterize
the feasible prices for constrained choices further below.

Equation (4) then implies for the assumed utility function that

G(E — CT—l) = 6(1 + T)ET_l ((I(E — CT))

+ lﬁ—(f-l:_—rl, |:p;_1 — (]. + T)ET_l (CL(E — CT)):|
_6(1+7“)[1+7’—u]—ﬁ(1~|—7“)2 _ p(l+r) 1
— ]__|_/r=_lu ET—l (CL(C CT))+ 1—|—r—lupT_1
= f+1) L — al(c—c

S A L e e

For pr_1 <pr_,and p € [0, 1) theright-hand side of this equation is positive and
cr—1 < ¢ so that the marginal utility of consumption is positive.

Recalling (17), we then solve the previous equation for ¢;_; as a non-linear
function of the states of period 7', x; = 0, yr and pr_1:

o Ba+n)
e all+r—py

[ L B (e cT))} . (19)
Pr—1
Positive consumption, cr_; > 0, implies a lower bound p,, | which we charac-
terize further below.

We then use the budget constraint to map zr = 0 into zr_,, for all admissible
prices pr_; at the collateral constraint. The budget constraint with A = 1 and

ar = _T-% pr—1 implies

Tp_1=Cpr_1— Pr—1+ Upr—2 — Yr—1.

1
1+r

Substituting out ¢4, using (19), we get

= — _ o — Yp_ 20
Tr_q 1+TPT 1+ Upr—2 — Yr—1 (20)

B(1+r7) 1

-
all+r—u] |pra

— pEr 1 (a(c—cr))|,
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where
cr = —pupr—1 +yr < C.

Plugging the expression for ¢ into (20), we get

. 2
Tr_1 = — T+ rpT—l + pupr—o — Yyr—1
_ B+ 1 _
_ — uEn -
+c a[l—{—r—u] Pr_1 pL 1(a(c—|—lupT 1 yT))
B B _ . BA+r)
— 1—{—7“pT_1+'upT_2 Yr—1 +C+ 1—|-7“—,LL'MC
1+7r 1+7r 1+7r 1
LA b B B
1+r—p 1+r—p all+r—p]pra
_ [ B +7) 1 pB(l+7)
= — _ Lo — Yp_ - ‘(e—Ep_
C+[1+T_MM 17 Upr—1 + pUpr—2 — yr 1+1+T—M<C -1 (yr))

(21)
B+ 1
all+7—plpra

Note that for 4 = 0 the equation simplifies to
g 1

Tp-1=C—Yr-1— — .
apr—

The interval of feasible prices for constrained choices

We now characterize the feasible prices which support constrained choices.
We denote the highest price level at which the collateral constraint is binding as
Pr_1. At this price level, k = 0 so that, by equation (18),

_ 1
Pr—1 = (1 + T)ET,1 ((Z(E _ CT)). (22)

If the consumer is constrained, i.e., for k > 0,

— (1 + ’I“)ET_l (CL(E — CT>) Z 0, (23)
Pr-1
the marginal utility of an additional unit of housing (in terms of consumption
1/pr_1) needs to be at least as high as the financing cost, including interest, in
terms of marginal utils of consumption.
Note thatp,._, is also the smallest price attainable with unconstrained choices
at x¢ = 0 since pr_; in (15) is positive monotonic in z7, as shown below in (30).
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Positive consumption in (19), ¢y_; > 0, implies a lower bound p,_, SO that

B(l+r) 1
C—
all+r—pl [pra

— ,uET_1 (G,(E — CT)) > 0. (24)
Thus, (17), (23) and (24) result in two equations which determine bounds for the
price pr_;. The upper bound p,_, is given by

1

Pr—1

— (1 + T’)ET,l (a(E+ uwpr—1 — yT)) =0
and the lower bound p , | is given by

B0
all+r—py

1
[ — pEr_y (a(e+ ppr_1 — ?/T))] = 0.
Pr—1

Both equations can be rearranged to standard quadratic equations

—a(1+ ) (pr_y)’ = a1 +7) (€= Er_1yr) pry +1 =0 (25)
and
B(1+ 2 (_ B+ Bl +r1)
%lﬁ (BT—1> + (C + ﬁ” [c— Er <yT)]> Pp .y — a[l—i——riu] =0
(26)

with admissible solutions (only the positive roots are relevant)

—a(l+7)(@— Er_1yr) + \/[a(l +7) (= Er_1yr)]” + 4a(1 4+ r)p
2a(1+7)p

Dr—1 =

and

alr—pu]?

— r — — r - 2 2 r 2
(e )+ (e e B (o)) A
Pp_y = B(1+r) :

2 1+r—uu 2
Only the positive roots (i) ensure positive price bounds if¢— Er_1y7 > 0, which is
required to guarantee positive expected marginal utility in the parameter space
that includes px = 0 (recall ¢y = —pupr_1 + yr), and (ii) ensure that lim, o py_,
and lim,, o p,._, approach the value of the bounds at . = 0.

For the price interval to be non-empty, it needs to be the case thatp <

Pr—, which results in a restriction on parameters. For = 0 and 5(1 + r) < 1 the
price interval is non-empty, for example, since

5} 1
D =—=< -
=I-1  q¢ a(l+r)(C€— Er—yr

) = Pr_1-

21



Note that these bounds for the price pr_; do not guarantee a mapping into
xr_1 > 0. In fact (21) implies that at Py TT-1 = —Yr—1, and at pp_q, xp1 =
(1 -3 +r))e+ (B(1+r)Er_yyr — yr—1). Thus, forpy = 0and g(1 +r) < 1,a
sufficient condition for a constrained equilibrium supported by a positive price
is high enough expected income growth E;_1y /yr_; > [3(1 +7)] "

Let us now determine more generally the interval of prices pr_; which guar-
antees that ¢ maps into zr_; > 0. To achieve this, we need to find the critical
value(s) of pr_; at which the right-hand side of equation (21) is zero. This results
in the equation

A (pT—1)2 + Bpr—1 +C =0,

with
1 1
1+r—p I1+r
_ pB+r)
B = o—Yyp 1+ ———2(c— Ep_ 0,
C+ pupr—2 — Yr 1+1+T—M(C -1 (yr)) >
1
7=

Note that A = 0if x = 0and 0A/0u < 0 at u = 0 so that A is negative for small
values of i. Clearly A > 0 for some parameter values: for example 3(1 +r) =1
and 4 = 1limply A = 1/r — 1/(1 + r) > 0. Thus, while C' < 0 implies that the
function zr_;(pr_1) has a negative intercept, the slope and curvature depends
on parameter values and hence also .

The solutions of the quadratic equation are

—B+ B2 —-4AC
Pr-1 = 9A .

A non-empty interval of positive prices pr_; for which zr_; > 0 requires the
square root to be well defined and thus

B? —4AC > 0.

Note that for A < 0 there may be two positive real roots whereas there is only
one positive root for A > 0.

Proof of Proposition 2

If a constrained equilibrium exists, then x;_; > 0 is attained for constrained
choices. Analogously, if an unconstrained equilibrium exists, then z7_; > 0
is attained for unconstrained choices. We proceed in the following steps. We
first derive the largest 1 _; that is attained with constrained choices, denoted
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by z%_,. We go on by deriving the smallest z7_; that is attained with uncon-
strained choices, denoted by z% _,. The positive monotonicity of the mapping
xp_1(zr,...) for the unconstrained choices, derived below, then implies that a
condition for equilibrium multiplicity is 7$_, > z¥ ,. Furthermore, it follows
from the positive monotonicity of pr_;(x7, ...) and zr_; (zr, ...) forunconstrained
choices, derived below, that p;_; (zr_1, ...) is positive monotonic for unconstrained
choices. Thus, if there is equilibrium multiplicity, there is at most one uncon-
strained equilibrium.

Derivation of T5_,
Consider first the case in which A < 0. Let us compute the price at which the
right-hand side of equation (21) attains its maximum by

0 [right-hand-side of equation (21)]
Opr—1
B +7) 1 Bl +r) 1
B 1+T—MM_1+T1 all+r—pul (pr_y)?

27)

= 0.

This implies

,[B(lJrr)}
max all+r—p
p =
1 B+r)
[H—r - 1+r—u'u’ H

Only the positive root implies a positive price and the root is a real number since
A < 0implies
L+r—p>pB(l+r)?

and thus that the denominator is positive. For a non-empty range of feasible
prices, p,, | < Pr_, We get

P = max {BT—l’ min {p™>, ]_?T_l}} , (28)

since p™** may not be in the interval of feasible prices.
The upper bound for zr_; in a constrained equilibrium with A < 0 is thus

I

T—1 = m—= Hpp=y + €+ Upr—2

1+r—p 1+7r
uB(L+r) Bl+r) 1
—yr g+ (e — Bp - :
e 1+7“—u( 71 (ur) all+r— plppy

since zr_; attains its maximum at p;*.
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Now consider the case A > 0. The maximum of z7_; is then attained at p,_;
since z7_; is monotonically increasing in pr_; if A > 0. Hence, for A > 0,

—C B(+r) 1 — _ pB(l+r) _
= - o —Yr—1 + ——=(c— Er_
T-1 1—1—7"—/1“ s ppr—1 + ¢+ ppr-2 — yr 1+1—I—7‘—,u(c -1 (yr))
Bl+r) 1

Call Py

Derivation of z¥_,

In order to find z¥_,, we need to find the value of the exogenous grid zr
which maps into the smallest zr_;. The mapping x7_; (z7, ...) for unconstrained
choices is given in closed form by equation (16). We now show that the right-
hand side of equation (16) is monotonically increasing in z7 so that z{_, is at-
tained at the smallest gridpoint 27 = 0. Formally,

a{ =B +ne+ [+ B0 +n)]or — [f5 + B0 +r)p—1] pro }
+pupr—2 + B(1+71)Er1yr — yr
(29)
afL’T

1 I Opr—1(v7)
- 4801+ — |-E 180 _q| Prtr)
B4 - [ s .

We now show that this derivative is positive. Equation (15), with the relevant
positive root, implies that

opr—1(x7, ...) _ 1 a(l+7r)(¢—xzr — Er_yyr)
Orr 2 2u\/a2(1 +7)2(¢— 2 — Er_qyr)’ + 4a(1 +1)p

(30)

\/a2(1 +7)2(E— 27 — Er_ayr)® +4a(l + 1) — a(l +7) (@ — 27 — Br_yr)

2u\/a2(1 +7r)2(c—ar — ET,lyT)2 +4da(l+7r)p

>0

We distinguish two cases to sign (29). First consider the case

"
= 1 —1>0,
1+T+/3( +7)p

which is equivalent to

Bl +7)u— (14+7—p) >0,
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and implies A > 0. Noting that

apT_l(xT, ) < i
oxr — 2

we can substitute dpr_i(zr,...)/0xr = 1/(2p) into (29) to check whether the

derivative (29) is always positive (even at the largest value of Opr_1(zr, ...)/0zr).

This yields

1
1 - |— 1 -1 —
1+r (1+7) 1+T+6( Frw 20
1 1 1
- D Ly,
2(1+r) 2 241

Let us now consider the case

1
£ 1 —1<0.
T 7 +B(1+7)p

Since Opr_1(x7,...)/0xr > 0, the derivative (29) is also positive in this case.
Given that the derivative (29) is positive, we know that the smallest value of
xp_ is attained by unconstrained choices for 7 — 0. That is,

== B4 e | A B0 = 1] 0 (L) Er -

(31)
where the smallest price for unconstrained choices, z_#, 1 1s equal to the largest
feasible price for the constrained choices:

—a(l+7r)(— Er_1yr) + \/@2(1 +7)2(E— Ep_yr)® + 4a(l + r)p
2a(1+7)p

v _
Pr_y =

The condition for z5_, > 25 |
Multlph(:lty arises in the interval [z¥_ ;7% ,]. This interval is non-empty if

—C
TE > 2, e,
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1) |14 ] e B ) @

>

Bl+r) 1
all+r—pp_,
+[ 1 B(1+7) 1_0

1+T_1+7"—u'u =1
H U
S I 1 ,
[1+T+6( +T)u] Pr_,

where
—_c max {p , min {pma",]—)Tfl}} ifA<0
Proi=9§ _ -1 . .
Pr—1 ifA>0

Since p | = py_, for z; = 0, the condition for 75, > 2, simplifies to

B+r) [1 + ﬁ} (€= Er-1(yr)) (33)
>
p(l+r) 1
all+r—plps,
+ % []_9%71 - ]_?T—l}
_BA+r) 5 ¢
1+r—p =1

— B(1+ 1) upr_;-

Since p;_, > p%_,, the last three terms of the right-hand side of the inequality
are certainly negative. Thus, a sufficient condition for multiple equilibria is that
the left-hand side equals the first term on the right-hand side of (33). Note that
the inequality (33) does not depend on the state variables pr_» and y;_; since
they affect z_; in the same way for constrained and unconstrained choices.
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