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Abstract

We present a dynamic extension of the classic static modBédfand price competition that allows
competing duopolists to undertake cost-reducing investsi@ an attempt to “leapfrog” their rival
and attain, at least temporarily, low-cost leadership. Mioelel resolves a paradox about investing in
the presence of Bertrand price competition: if both firmsudtemeously invest in the current state-of-
the-art production technology and thereby attain the sarugimal cost of production, the resulting
price competition drives the price down to marginal cost prafits to zero. Thus, it would seem that
neither firm can profit from undertaking the cost-reducingstment, so the firms should not have any
incentive to undertake cost-reducing investments if theyBertrand price competitors. We show this
simple intuition is incorrect. We formulate a dynamic modgprice and investment competition as
a Markov-perfect equilibrium to a dynamic game. We show #vain when firms start with the same
marginal costs of production there are equilibria where ohthe firms invests first, and leapfrogs
its opponent. In fact, there are many equilibria, with somuiléria exhibiting asymmetries where
there are extended periods of time where only one of the firmes dnost of the investing, and other
equilibria where there are alternating investments bywwefirms as they vie for temporary low cost
leadership. Our model provides a new interpretation of trecept of a “price war”. Instead of being
a sign of a breakdown of tacit collusion, in our model pricesvaccur when one firm leapfrogs its
opponent to become the new low cost leader.

Keywords: duopoly, Bertrand-Nash price competition, leapfroggitmst-reducing investments, dy-
namic models of competition, Markov-perfect equilibriutagit collusion, price wars, coordination
games, pre-emption

JEL classification: D92, L11, L13

TPreIiminary: This version of this paper is not for generatidbution and quotation. We thank Joseph E. Harringtorfpdr
helpful comments and suggestions, but he is of course nponsgble for any errors or misconceptions in this paper.

iCorrespondence addressDepartment of Economics, University of Maryland, Colleggk® MD 20742, phone: (301)
405-3489, emailj r ust @eni ni . econ. und. edu



1 Introduction

This paper provides a dynamic extension of the static te@ktlertrand-Nash duopoly game by allowing
firms to make investment decisions as well as pricing detssiét any point in time, firms are assumed to
have the option to replace their current production faesgitwith a new state-of-the-art production facility.
If the state-of-the-art has improved since the time the fimmes$ted in its current production facility, the
investing firm will be able to produce at a lower marginal cesboth relative to its own previous costs and
potentially also lower than its rival. We use the term “leagfing” to describe the longer run competition
over investments between the two duopolists when an inedtivy one firm enables it to produce at a
lower cost than its rival and attain, at least temporarilgpaition of low cost leadership.

When the competing firms set prices in accordance with th& @ equilibrium under constant re-
turns to scale production technologies, then in the absehcapacity constraints, the high cost firm will
earn zero profits. The motivation for the high cost firm to utalee a cost-reducing investment is, of
course, to obtain a production cost advantage over its rivia firm that is the low cost leader does earn
positive profits by charging a price equal to the marginat obgroduction if its higher cost rival. How-
ever, if both firms have the same marginal cost of productioth firms set a price equal to their common
marginal cost and earn zero profits. Baye and Kovenock destinis as th@ertrand paradoxX.

A new paradox arises when we try to extend the static Berfpaicd competition to a dynamic context
where the firms are free at any time to invest in the statdwfatrt production technology. Since both firms
have the option to acquire the state-of-the-art technoli@ny time at the same investment cost, there is
no guarantee that investment can bring about anything rmarea temporary period of low cost leadership.
As such, the market we analyze can be regardembatestable (Baumol, Panzar and Willig, 1982), and
each firm can deny the other the opportunity to become the ésivieader by investing at the same time.
However when investment competition leads both firms toshaéthe same time, both will have the same
state-of-the-art marginal cost of production, and theltegsuBertrand price competition will ensure that
post-investment profits will be zero. This would seem to tevittle incentive for either firm to undertake

the investment in the first place. As a result, casual reagombuld suggest th&ertrand duopolists may

IAccording to Baye and Kovenock, Bertrand did not realizet the perfectly competitive outcome emerges as the
equilibrium solution to price competition. The discuss Hdartrand, in his 1883 review of Cournot’'s 1838 book, “ddsed
how, in Cournot’s duopoly environment where identical firpteduce a homogeneous product under a constant unit cost
technology, price competition would lead to price unddingtand a downward spiral of prices. Bertrand erroneously
reasoned that this process would continue indefinitelyetheprecluding the existence of an equilibrium.” (p. 1).



not have any incentive to undertake cost-reducing invegsn&hus, the challenge is to show that there
are equilibria where the firms do have an incentive to invegtn when both behave as Bertrand price
competitors at every instant. We refer to this asBlegtrand investment paradox.

We provide a resolution of the Bertrand investment paradosdiving a dynamic, infinite horizon
extension of the Bertrand model of price competition. Thieeded version of the Bertrand model al-
lows the competing firms to invest in improved technology ddidon to setting prices. We solve for
Markov-perfect equilibria to this dynamic game, includiefensions where where each firm has private
information about idiosyncratic adjustment costs/besefitsociated with undertaking an investment at
any particular point in time. We show that even in compleferimation versions of this model, and even
when firms start with the same marginal costs of productiat,imvesting is never an equilibrium out-
come whenever the gains from investing in the new technodmg\sufficiently high relative to the cost of
acquiring it.

However will these “investment equilibria” display leapfiging behavior? With the exception of
the work of Giovannetti (2001), the main result in the pregiditerature on investment under duopoly
with downstream Bertrand price competition is thegtpfrogging investments cannot occur in equilibrium.
Instead, this literature has shown that all equilibria lmg@re-emption— one of the duopolists undertakes
all cost-reducing investments at times determined to datgteapfrogging investments by the firm'’s rival.
For example a line of work by Gilbert and Newbery (1982), \ik(1986) and Riordan and Salant (1994)
proved that pre-emption is tlanly equilibrium.

Riordan and Salant analyzed a dynamic Bertrand duopoly gdrmpecing and investment very sim-
ilar to the one we analyze here, except that they assumediringt move in an alternating fashion and
technological progress is deterministic and thus pesfeuttdictable. In this framework the equilibrium
strategies consist of a sequence of dates at which firms plapdrade their production facilities. By
paying a fixed upgrade cost at each upgrade date, the inydstimis able to acquire the state-of-the-art
production technology, which Riordan and Salant assumbasacterized as a constant returns to scale
production technology whose marginal cost of productiotlides deterministically over time.

Riordan and Salant proved that “If firms choose adoptiongim@ game of timing and if the down-
stream market structure is a Bertrand duopoly, the equilibradoption pattern displays rent-dissipating
increasing dominance; i.e. all adoptions are by the samediunthe discounted value of profits is zero.”

(p. 247). The rent dissipation result can be viewed as a dingemeralization of the zero profit result in a



static symmetric cost Bertrand duopoly. The threat of imesit by the high cost firm forces the low cost
leader to invest at a sequence of times that drives its digediprofits to zero: “The leading firm has more
to lose from the lagging firm’'s adoption of a new technologgrtihe lagging firm has to gain. Therefore
the leading firm will always preempt the laggard, waiting thee last possible instant to do so.” (p. 255).

We will show that leapfrogging is a possible equilibrium @arne in a game where the duopolists
make simultaneousnvestment and pricing decisions. Riordan and Salant’dysisaassumed the firms
make simultaneous choices of prices, aliernatingchoices of whether or not to invest. They conjectured
that their results did not depend on their alternating meaeiaption about investments “These heuristic
ideas do not rely on the alternating move structure thatlisdeour definition of an equilibrium adoption
pattern. We believe the same limit results hold if firms maveuttaneously at each stage of the discrete
games in the definition. The alternating move sequence t@svexamining mixed strategy equilibria for
some subgames of the sequence of discrete games.” (p. 255).

We show that Riordan and Salant’s conjecture is incorretttlaat the timing of investment decisions is
crucial to the nature of equilibrium outcomes we observé@sé models. We do this by by characterizing
all equilibria to a fully simultaneous move formulation of the game of pricand investment, including
mixed strategy equilibria. We show that generically theeeraultiple possible Markov-perfect equilibria
in these models and that the choice of equilibria in low ctaties affect the set of possible equilibria at
higher cost states.

Further, our model differs from Riordan and Salant (1994) ather related work in this literature
(e.g. Giovannetti 2001) in that we assume innovations insthte-of-the-art production technology ar-
rive stochastically. However it is the simultaneous-move aspect of investmemtisrat the uncertainty
over technological progress that drives our results, sBicannetti (2001) also obtained leapfrogging
outcomes in a model of deterministic technological improgat but where firms make simultaneous de-
cisions about investment.

We show that the multiplicity of equilibria in our model haspacts similar to the literature on equilib-
ria of supergames, even though the Markov-perfect framewan be viewed as an attempt to eliminate
extraneous equilibria that arise in supergames. We viewnrthikiplicity of equilibria as a consequence
of the simultaneity of investment decisions and the fact tha choice of investment strategies by the
duopolists can be viewed aslgnamic coordination gamé.eapfrogging is one of many possible equilib-

rium solutions to this dynamic coordination game. We prdna tvhen the firms start from a symmetric



situation with equal marginal costs of production, the dedliodiscounted expected equilibrium payoffs
for the two duopolists is @riangle whose vertices consist of twasymmetric monopoly pure strategy
equilibria and a thirdzero profit symmetric mixed strategy equilibrium.

Interestingly, we prove that the monopoly equilibria inwlefficient technology adoption strategies
whereas other duopoly equilibria including leapfroggimgl anixed strategy equilibria where there is posi-
tive probability of investment by both firms aireefficient.In contrast, we show that the duopoly equilibria
involving pre-emption in Riordan and Salant's model (thalag of our two efficient monopoly equilibria)
are inefficient. In essence, the threat of investment by igje ¢ost firm forces the low cost leader to invest
at a rate that is faster than is socially optimal (and fastan the rate monopolist would undertake such
investments).

We show that equilibria involving leapfrogging behaviandiuding the symmetric zero profit mixed
strategy equilibrium) that can be efficient or inefficiemt the efficient leapfrogging equilibria, at most one
of the firms invests at any node in the game tree, so the leggfrg equilibrium results in coordination
between the two firms that avoids the inefficiency of dupleainvestments. However we show that there
are alsoinefficient equilibria involving leapfrogging. One source of inefficay is that in some cases
neither firm may invest in a situation where investment itasially optimal (i.e. reduces the expected
discounted value of production and adoption costs) to haxasted. We also characterize situations where
the inefficiency results froraxcessive frequency of investmengs,one or both firms invest in states where
no investment would occur in a socially efficient (cost miizimg) investment strategy.

Simulations of numerical solution of the model reveal ttne hon-monopoly equilibria result in re-
alizations that can involve both simultaneous and altargativestments by the two firms as they vie for
temporary production-cost leadership over their oppandatvever we show that there are also equilibria
where one firm exhibits persistent low cost leadership dsepponent, and equilibria involving “sniping”
where a high cost opponent displaces the low cost leaderctinie the new (permanent) low cost leader,
even though it has spent a long period of time as the high obster.

Our model also provides a new interpretation for the coneeaprice war. Price paths in the equilibria
of our model are piece-wise flat, with periods of significamte declines just after one of the firms invests
and displaces its rival to become the low cost leader. Wetlvallarge drop in prices when this happens a
“price war”. However in our model these periodic price waks@art of a fully competitive outcome where

the firms are behaving as Bertrand price competitors in eperipd. Thus, our notion of a price war is



very different from the standard interpretation of a pric w the industrial organization literature, where
price wars are a punishment device to deter tacitly collgditms from cheating. The key difference in the
prediction of our model compared to the standard model df¢attusion is that price paths are piece-wise
flat and monotonically declining in our model and price waes\ary brief, lasting only a single period in
our model, whereas in the model of tacit collusion, pricesnam extend over multiple periods and prices
are predicted toise at the end of a price war.

We present the model in section 2. Our model has a naturabfhing state” when the improvement
in the state-of-the-art cost of production asymptoticalbhieves its lowest possible value (e.g. a zero
marginal cost of production). We show how the solution todjpeamic game can be decomposed starting
from the solution to what we refer to as the “end game” whersthte-of-the-art marginal cost of produc-
tion has reached this zero cost absorbing state. In sectiomshow that the analysis of this simpler end
game solution leads to key insights into the form of the falliébria of the model which we solve and
illustrate in section 4. In particular we prove that a wedkem of leapfrogging must hold in any mixed
strategy equilibrium in the end gamiire high cost firm always has a higher probability of invegtinan
its lost cost rival.In section 5 we formulate and solve the social planner’sleratand characterize the in-
vestment strategy that maximizes total surplus. We shotwifige the pre-emption equilibria in Riordan
and Salant (1994) the two “monopoly equilibria” are fullyfieifent and equivalent to the positive profit
monopoly outcome under the constraint that the monopadishet charge a price higher than the initial
marginal cost of production of the firm’s competitor. Howewe show that other duopoly equilibria can
be inefficientoften as a result of duplicative investments by the compeiims (such as occur in mixed
strategy equilibria) but also due to investments that faibé undertaken by either firm in states where
investment is socially optimal, and investments that acetiaken by one of the two firms when it is not
socially optimal to invest in new technology.

Thus, unlike the simple static Bertrand model of price catitipa where competition between even
two firms leads to an efficient outcome, in our dynamic geleatbn of Bertrand competition we find
that the duopoly equilibria are often inefficient, even thlothey do result in the benefits of technological
improvement being passed on to consumers in the form of lpwees. We discuss related literature and

offer some concluding comments and conjectures in section 6



2 The Model

Suppose there are two firms producing an identical good. Tives fare price setters and have no fixed
costs and can produce the good at a constant marginal cost(fair firm 1), andc, (for firm 2). Later
we will add time subscripts to these marginal costs, sindgd boms will have the option of replacing
their current production facilities with state-of-thd-@aroduction facilities that have a potentially lower
marginal cost of productiorg. Shortly we will describe dynamics by which the state-a#-#rt marginal
costc evolves over time. In this case, the marginal costs of eaghviill also depend on time, since the
firms may choose to replace their current production féegdlitvith a state-of-the-art one.

We assume the production technology is such that neithefditces capacity constraints, so that effec-
tively, both firms can produce at any given time at what am®tme constant returns to scale production
technology. In the conclusion we will discuss an extensiooun model to allow for capacity constraints,
where investments can be used both to lower the cost of ptioduand/or to increase the production
capacity of the firm. The paper by Kreps and Scheinkman (1888)ved that in a two period game, if
duopolists set prices in period two given capacity invesiingecisions made in period one, then the equi-
librium of this two period Bertrand model is identical to thguilibrium of the static model of Cournot
guantity competition. We are interested in whether thisdegll persist in a multiple period extension.

However we believe that it is of interest to start by considethe simplest possible extension of the
classic Bertrand price competition model to a multiperiettisg under the assumption that neither firm
faces capacity constraints. Binding capacity constrgintside a separate motivation for leapfrogging
investments than the simpler situation that we consideg.hkris considerably more difficult to solve a
model where capacity constraints are both choices and\stgtebles, and we anticipate the equilibria of
such a model will be considerably more complex than the oreend in the simpler setting studied here,
and we already find a very complex set of equilibrium outcames

We note that in most real markets, firms are rarely capacihsttained. To our thinking, the more
problematic aspect of the Bertrand model is not the assomdtiat firms have no capacity constraints, but
rather, the assumption that one of the firms can capture tire emarket by slightly undercutting its rival.
Real world markets involves switching costs and other ighogatic preference factors that lead demand
to be more inelastic than the perfectly elastic demand asdumthe standard Bertrand model of price
competition. We think that one reason why firms are rarelyactyp constrained is that contrary to the

assumption underlying the classic Bertrand model, a firrmgaoapture all of its opponent’s customers



by slightly undercutting its price.

Our model does allow for switching costs and idiosyncraditdrs to affect consumer demand, so that
demand can be less than perfectly elastic in our model. hdhse, when one of the firms undercuts
its rival's price, it does not succeed in capturing all ofriisl’s market share. In these versions of the
model, leapfrogging behavior does not result in the largegsvin market share that occur in the standard
Bertrand model when demand is assumed to be infinitely elasti

However we believe it is of interest to consider whether fieaqging is possible even in the limiting
“pure Bertrand” case where consumer demand is perfectitielarhis represents the most challenging
case for leapfrogging, since the severe price cutting i@ unleashed by Bertrand price competition
in this case leads directly to the “Bertrand investment ghaxa that we noted in the Introduction. The
ability of both firms to acquire (at a cost) the current staft¢he-art production technology, combined with
the lack of any “loyalty” or inertia in their customers thatables one firm to steal all of its opponent’s
customers by slighly undercutting its price means that g sgong form of “contestability” holds in this
case.

In particular, there is never any permanent advantage togkteie low-cost leader: at any time the
high cost follower could invest and acquire a state-ofdheproduction facility that would enable it to
produce at equal or lower cost than the current low cost keallee only reason the high cost firm may
not want to pay the cost necessary to acquire the stateeedsthproduction technology is the fear than
the rival will also do this and the resulting Bertrand pricampetition would eliminate or reduce any
temporary profits that it would need to justify incurring fiteed costs of purchasing a new state-of-the-art
production facility.

In this model, we rule out the possibility of entry and exidamssume that the market is forever a
duopoly. Ruling out entry and exit can be viewed as a worst saenario for the viability of leapfrogging
equilibrium, since the entry of a new competitor providesthar mechanism by which high cost firms can
be leapfrogged by lower cost ones (i.e. the new entrants)alg¢eassume that the firms do not engage in
explicit collusion. The equilibrium concept does not rutg the possibility of tacit collusion, although as
we show below, the use of the Markov-perfect solution coneéfpctively rules out many possible tacitly
collusive equilibria that rely on history-dependent sgiés and incredible threats to engage in price wars
as a means of deterring cheating and enabling the two firmsa@imate on a high collusive price.

On the other hand, we will show that the set of Markov-peréaptilibria is very large, and equilibria



exist that enable firms to coordinate their investments igsataat are in some respects reminiscent of
tacit collusion. For example, we show there are equilibiiieere there are long alternating intervals during
which one of the firms attains persistent low cost leaderahigpthe opponent rarely or never invests. This
enables that low cost leader firm to charge a high price (efguéile marginal cost of production of the
high cost follower) that generates considerable profitenTditer a brief price war in which the high cost
follower leapfrogs the low cost leader, the new low cost éga@hjoys a long epoch of low cost leadership
and high profits.

These alternating periods of muted competition with infiexgt price wars resemble tacit collusion,
but are not sustained by complex threats of punishment fiectieg from a tacitly collusive equilibrium.
Instead, these are just examples of the large number of Mardect equilibria that can emerge in our
model that display a high degree of coordination, even thdug not enforced by any sort of “trigger
strategy” or punishment scheme such as are analyzed inehatlire on supergames.

On the other hand, there are much more “competitive” equalityhere the firms undertake alternating
investments that are accompanied by a series of price watsstitcessively drive down prices to the
consumer while giving each firm temporary intervals of timeeve it is the low cost leader and thereby
the ability to earn positive profits.

The shortcoming of our analysis is that there is nothing inamalysis to suggest which of these many
possible equiibria might be “selected” by firms in any spedftuation. To a large extent the problem of
equilibrium selection is a topic that is outside the scopéhf paper: our main goal is to show how to

compute and characterize the set of all MPE in this model.

2.1 Consumers

As is typically done in the industrial organization litareg, we extend the usual textbook model of com-
petition between producers of homogeneous goods to allove stegree of monopolistic competition or
switching costs. The simplest way to do this is to allow faogyncratic benefits or costs that each con-
sumer experiences when they purchase one or the produetsaffy the two firms. Let the net benefit or
payoff to a customer who buys from firm 1 be= o1, — p; and the net benefit from buying from firm 2 be
U = 0Tz — P2. We can think of the vectdrt, 12) as denoting the “type” of a particular consumer. Assume
there are a continuum of consumers and that the populatstnbdition of(t1,12) in the population has a

Type 1 extreme value distribution and &t 0 be a scaling parameter. Then, as is well known from the



literature on discrete choice (see, e.g. Anderson, dePahdd hisse, 1992), the probability a consumer

buys from firm 1 is
exp{—p1/0}
exp{—p1/0} +exp{—pz/0}
Now, assuming that the mass (humber) of consumers in theetarkormalized to 1, we can define

rl(]:f(pla p2) =

Bayesian-Nash equilibrium prices, profits, market shavedifms 1 and 2 in the usual way. That is, we
assume that in each period of the dynamic game, the two finnmglisineously choose pricgs and p»
that constitute mutual best responses, in the sense of nzaxgmeach firm’s profit taking into account the
price set by the firm’s opponent.

The Bertrand equilibrium pricing rules are defined by thecfioms pf(cy, ¢2) andpg(cy, ¢2) that solve

the following fixed-point problem

p7(c1,c2) = argmax1f(py, p3(C1,C2))(P1—C1)

P1
p3(c1,¢2) = argmax1y(pf(Cy,C2), P2)(P2 — C2). (1)
P2

The classic Bertrand equilibrium arises as a special caseitimit aso | 0. Then we have{(cy,cp) |

p(c1,¢2) andpd(cy,C2) | p(c1,C2) where the equilibrium price(cy, ;) is given by

p(C1,C2) = maxcy, CoJ. (2)

This is the usual textbook Bertrand equilibrium where the fivith the lower marginal cost of production

sets a price equal to the marginal cost of production of tigldri cost firm. Thus, the low cost firm can
earn positive profits whereas the high cost firm earns zeffitr@®nly in the case where both firms have
the same marginal cost of production do we obtain the claesidt that Bertrand price competition leads
to zero profits for both firms at a price equal to their commomgimal cost of production.

It is simple to extend this model to the case where there isudside goodj.e. each consumer has
the option of not buying the good. In this case we assume flgatonsumer receives a utility af =
0To— Yo. For concreteness, We assume thigity,12) has a trivariate Type | (standardized) extreme value
distribution. We assume these types are independentlybditgdd across consumers, and in the dynamic
version of the model, independently distributed over tioreainy specific consumer (thus, referringrtas
indexing the “type” of a consumer is an abuse of terminolaijyce the type of the consumer is changing

over time in an unpredictable way).



Itis not difficult to show that in the presence of the outsided) the probability a consumer buys from
firm 1 is given by the classic logit formula:

exp{—p./0}

exp{—Yo/0} +exp{—p1/0} +exp{— P2/} @)

I_I(f(p]_, p2) =

whereyp is a component of the utility of the outside good that doesvaog over consumers.

2.2 Production Technology and Technological Progress

We now introduce our dynamic extension of the classicalcsBdrtrand model of price competition by
allowing the marginal costs of the two firms vary, endogehouser time. The evolution of their marginal
costs of production will cause the prices charged by the tmosfito vary over time as well. We assume
that the two firms have the ability to make an investment taimecp new production facility (plant) to
replace their existing plant. Exogenous stochastic tdolgieal progress drives down the marginal cost
of production of the state-of-the-art production plantraime. We assume that technological progress is
an exogenous stochastic process: however the decisiorglyrmns of whether and when to adopt the
state-of-the-art production technology are fully endagen

We start with the case where there isn’t an outside good mtiesent. It is not difficult to extend the
analysis to account for the presence of an outside goodngsas the common component of its utility,
Yo, IS time-invariant. Ifyy evolves over time, it would complicate the analysis, simeevalue of this time-
varying variable would have to be carried as one of the sitabies in the game, and we would need to
confront questions as to whether consumers have perfedifiit about its evolution, or whether they are
uncertain about future values but know the probability lawvegning its evolution.

Suppose that over time the technology for producing the guoguioves, decreasing according to an
exogenous first order Markov process specified below. If tiveeat state-of-the-art marginal cost of
production isc, let K(c) be the cost of investing in the machinery/plant to acquiie state-of-the-art
production technology.

We assume that for any value @fthe production technology is such that there are constangimal
costs of production (equal t©) and no capacity constraints. Assume there are no costspbshl of
an existing production plant, or equivalently, the dispassts do not depend on the vintage of the ex-
isting machinery and are embedded as part of the new invastoostK (c). If either one of the firms

purchases the state-of-the-art machinery, then after gened lag (constituting the “time to build” the

10



new production facility), the firm will be able to produce hétmarginal cost of.

We allow the fixed investment cost(c) to depend orc. This can capture different technological
possibilities, such as the possibility that it is more exgiemto invest in a plant that is capable of producing
at a lower marginal cost. This situation is reflected by choosifgto be a decreasing function of
However it is also possible that technological improveradotver both the cost of the plant and the
marginal cost of production. This situation can be captung@llowing K to be an increasing function
of ¢c. Then asc drops over time, so too will the associated fixed costs ofsting in the state-of-the-art
production technology.

If K is a decreasing function @f then asc drops over time, the cost of investing in new production
facilities increase over time. We can imagine that thereamame a point where it is no longer economic
to invest in the state-of-the-art because the degree ottiedun the marginal cost of production is insuf-
ficient to justify the fixed investment cost of the new plante Wl show below via numerical solution of
the model, whether leapfrogging competition will resulsteady price declines to consumers, or whether
investment competition will eventually stop at some poitgpends critically on both the level and slope
of K(c).

Clearly, even in the monopoly case, if investment costsarédigh, then there may be a point at which
the potential gains from lower costs of production are lothan the cost of purchasing the state-of-the-
art production plant at a cost &f(c). This situation is even more complicated in a duopoly, sifhtiee
competition between the firms leads to leapfrogging bemathen neither firm will be able to capture the
entire benefit of investments to lower its cost of productisame of these benefits will be passed on to
consumers in the form of lower prices. dfl of the benefits are passed on to consumers, the duopolists
may not have an incentive to invest fmy positive value oK (c). This is the Bertrand investment paradox
that we discussed in the introduction.

Let ¢, be the marginal cost of production under the state-of-theaduction technology at time
Each period the firms simultaneously face a simple binargstment decision: firmp can decide not to
invest and continue to produce using its existing produdiawility at the marginal costjt. Or firm j can
pay the investment cogt(c) in order to acquire the state-of-the-art production plahicév will allow it to
produce at the marginal cost

Given that there is a one period lag to build the new prodachaility, if a firm does invest at the

start of period, it will not be able to produce using its new state-of-thegsoduction facility until period

11



t+ 1. If there has been no improvement in the technology sinedithe firm 1 acquired its production
machinery, thery; = ¢, and similarly for firm 2. If there has been a technologicalowvation since either
firm acquired their current production facilities, we haye> ¢. Thus, in general the state spa8éor
this model is the following polyhedron iR, S= {(c1,¢,,€)|c; > candc, > candc < ¢p} wherecy > 0
is the initial state of technology.

Suppose that both firms believe that the technology for prioguthe good evolves stochastically
and that the state-of-the-art marginal cost of productioavolves according to a Markov process with
transition probabilityr(c;1|c;). Specifically, suppose that with probabilip(c;) we havec.1 = ¢ (i.e.
there is no improvement in the state-of-the-art technolagty+ 1), and with probability 1- p(c;) the
technology does improve, so tl@t; < ¢ andc.,1 is a draw from some distribution over the inter{@lc; |.
An example of a convenient functional form for such a distiitn is the Beta distribution. However for
the general presentation of the model, making specific foimat form assumptions abomis not required.

For example, suppose the probability of a technologicarawpment is

0o
T 1+.01e”

The timing of events in the model is as follows. At the startimiet each firm learns the current value

p(ct) (4)

of ¢ and simultaneously decide whether or not to invest. Bothsfikmow each others’ marginal cost of
production, i.e. there is common knowledge(of;,cx, ¢ ). that each firm has equal access to the new
technology after paying the prid€(c;) to acquire the current state-of-the-art technology withrgimal
cost of productionc,. Each firmi, € {1,2} also incurs idiosyncratic “disruption costs! = (&l €!,)
associated with each of the choices of not to inve'§1) @nd investing s("lt). These shocks are private
information to each firn.

These costs, if negative, can be interpreted as benefitedsting. Benefits may include things such as
temporary price cuts in the investment cBst), tax benefits, or government subsidies that are unique to
each firm. Leng! be the idiosyncratic disruption costs involved in acqugjrine state-of-the-art production
technology for firm 1, and leje? be the corresponding costs for firm 2, wheres a scaling parameter.

For tractability, we assume that it is common knowledge agrtbe two firms thafel} and {€?} are
independentID Type 1 bivariate extreme value processes with common seaaetem > 0. Firmi
observes its current and past idiosyncratic investmemkm{}:{}, but does does not observe its future
shocks or it's opponent’s past, present or future idiosgticrinvestment cost shocks. After each firm

independently and simultaneously decides whether or novést in the latest technology, the firms then
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make a decision of which prices to sell their products at,r@lpeoduction is done in periadwith their
existing production machinery.

The one period time-to-build assumption implies that evelboth firms invest in new production
machinery at time, their marginal cost of production in periadarecy; andcy, respectively, since they
have to wait until period+ 1 for the new machinery to be installed, and must produceriogeusing their
old machines that they already have in place. However irogér- 1 we havec ;1 = ¢ andcii1 = G,
since in period + 1 the new plants the firms purchased in petiddve now become operational. Notice
that these new plants reflect the state-of-the-art prooluatostc; from periodt when they ordered the
new machinery. Meanwhile further technological progremda have occurred that drives down 1 to a
value even lower thark. That is, continuous technological progress implies thesimility that the new

plant(s) may already be out of date by the time they come enlin

2.3 Solution Concept

Assume that the two firms are expected discounted profit magmand have a common discount factor
B € (0,1). The relevant solution concept that we adopt for this dycagame between the two firms is the
by now standard concept dfarkov-perfect equilibriun{MPE).

In a MPE, the firms’ investment and pricing decision rulesrastricted to be functions of the current
state. In a simultaneous move formulation of the game, thie 36 (cy;,Cx,C). If there are multiple
equilibria in this game, the Markovian assumption resribe “equilibrium selection rule” to depend only
on the current value of the state variable. We will discussiisue further below.

We are interested in exploring how slight variations in teguencing of investment decisions by the
two firms affect the set of MPE. Therefore we introduce a fogtate variableén that can assume three
possible valuesn € {0,1,2}. Whenm, = 0 the two firms make their investment decisions simultanigous
at timet. Whenm = 1 firm 1 moves first and makes its investment decision befame Ziinvests. In this
case, itis common knowledge on the part of the two firms thait fitnvests first and firm 2 invests second,
and can condition its investment decision on the investrdecision by firm 1. We assume there is no delay
in this sequencing of investment decisions: both occumatti However once investment decisions are
made, there is still a one period “time to build” lag before trew plant becomes operational.

Symmetrically to the casex = 1, the final casemn = 2, denotes the case where firm 2 makes its in-

vestment decision first and firm 1 makes its investment dat&iter observing the investment decision by
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firm 2. We assume that regardless of the valumahe firms’pricing decisionsare made simultaneously.
Since we assume that consumer purchase decisions areastdtibere are no switching costs or other
features that could lead to future consequences from dupréring decisions, we assume that in each
periodt the firms’ prices constitute a Nash equilibrium of the siranéous move game where each firm
chooses its price to maximize its profitstagiven the firms’ marginal costs of productidoy,cy), and
taking into account the price of the other firm as given in ¢éigng(1) above.

Definition: A Markov perfect equilibrium to the duopoly investment aridipg game consists of a pair
of strategieg(1}!(cy, c2,¢,m), pf(cy,¢2)), i € {1,2} wherei(cy, ¢, ¢,m) € {0,1} is firm i's investment de-
cision and (cy, ) is firm i's pricing decision. The pricing decision is requiréo be a Nash equilibrium
solution the the firm’s single period pricing/profit maxiation decision given in equation (1) and the
investment decisiorf(cl,cz,c, m) must maximize the expected discounted value of firm i's presel
future profit stream taking into account then investment jamcing strategies of its opponent.

In our formulation of the duopoly game, we allow the stateialZle m to evolve according to an
exogenous Markov chain with transition probabilitym . 1|m ). This allows us to solve versions of the
model where the two firms always move simultaneou$(@|(m ) = 1 for allt), or where firm 1 or 2 always
move first (1jm) =1 or f(2|m) = 1 for all t), or various types of alternating move games, where the
firms may sometimes move simultaneously, or one or the othiredirms may move first depending on
the value ofm.. One goal of our analysis is to show how the equilibria depamdarious assumptions
about the timing of the firms’ moves.

The o parameter entering the equilibrium pricing decision ryssn this definition is the scale pa-
rameter of the extreme value distributed person-specifierbgeneity discussed in section 2.1 above.
As o | 0, the equilibrium pricing rule converges to the usual st8&rtrand-Nash equilibrium solution,
pP(c1,¢2) = p(c1,C2) = maxcy,cp). As we discussed in section 2.2, theparameter in the notation for
the equilibrium investment decision rul?:(cl,cz,c, m) denotes the scale parameter of extreme value dis-
tributed shocks that affect the investment decisions ofitleefirms. These shocks are private information
to each firm, and thus, when> 0 the MPE is also 8ayesian Nash equilibriunto a dynamic game of in-
complete information. Ag | 0, the investment decision rules will converge to decisidesi®(cy, ¢z, ¢, m)
which constitute an MPE for a game of complete information.

To derive the function equations characterizing the Ma#gexfect equilibrium, we now drop the time

subscripts. We will be focusing initially on a symmetric @sfment situation where each firm faces the
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same cosK(c) of investment. However it is straightforward to modify thelplem to allow one of the
firms to have arinvestment cost advantage this case there would be two investment cost functiéis,
andKj, and firm 1 would have an investment cost advantagg (i€) < Ky(c) for all c > 0.

Suppose the current (mutually observed) stat@ijscy,c,m), i.e. firm 1 has a marginal cost of pro-
ductioncy, firm 2 has a marginal cost of productiap, the marginal cost of production using the current
best technology is, and the ordering of the investment decisions is common letdye by the two firms
and given bym (simultaneous movesh= 0, firm 1 moves firstiim= 1, and firm 2 moves first ih= 2).
Since we have assumed that the two firms can both invest inutihent best technology at the same cost
K(c), it is tempting to conjecture that there should be a “symimetquilibrium” where by “symmet-
ric” we mean an equilibrium where the decision rule and vdiuetion for firm 1 depends on the state
(c1,C2,¢,m), and similarly for firm 2, and these value functions and denisules areanonymougalso

calledexchangeablein the sense that
V1(ci,co,c,m €0,1) = V2(Ca,C1,C,M,€0,€1), (5)

where V1(cy,cp,c,m, €0,€1) is the value function for firm 1 when the mutually observedtestis
(c1,¢2,¢,m), and the privately observed costs/benefits for firm 1 forStimg and not investing in the
current state-of-the-art technology aggandey, respectively, an¥? is the corresponding value function
for firm 2. It is important to note that in both functiods' andV?, the first argument refers to firm 1's
marginal cost of production of firm 1, and the second argurteetite marginal cost of firm 2.

What the symmetry condition in equation (5) says, is thavgiee function for the firms only depends
on the values of the state variables, not on their identitidbe arbitrary labels “firm 1” and “firm 2”. Thus
if firm 1 has cost of production; and firm 2 has cost of productian, and if both firms were to have the
same private cost/benefit values of investing/not invgstir{€o, €1), respectively, then the expected profits
firm 1 would expect would be the same as what firm 2 would exmedhe state vectaicy, c1,c,m, €p,€1),
where we switch the order of the first two argumerniteindc,. Conversely if firm 2 had marginal cost of
productionc; and firm 1 had marginal cost of productiog, then firm 2's expected discounted profits in
this state are the same as the discounted profits firm 1 copktce¥ these marginal costs were swapped
(i.e. if firm 1 had marginal cost of productiar and firm 2 had marginal cost of productios).

Unfortunately, we will show below that there are interegtquilibria in the game for which the
symmetry condition doesot hold. In these equilibria, the nature of the equilibriumestibn rules does

confer distinct identities to the two firms, so their “lalefsatter and the symmetry condition (5) does
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not hold. Instead, it is necessary to keep track of the stpamiue functiond/! andV? in order to
correctly compute the equilibria of the game. We will refethiese equilibria agsymmetric equilibrigo
distinguish them fronsymmetric equilibriavhere the symmetry condition (5) holds. We will show that
many “interesting” equilibria of this model, including tiho monopoly equilibria and various types of
equilibria where there is leapfrogging, are asymmetric.

Now, assume that the cost/benefits from investing or notsiivg (gl , €, ) for each firmi = 1,2 are
private information to each firm and ah® over time and are alsbD across the two firms, and both
firms have common knowledge that these shocks have an extadoeedistribution with a common scale

parameten as noted above. Then we can show that the value funciibris= 1, 2 take the form
V' (c1,Co,¢,m, b, €)) = max{vh(cy, G2, ¢, M) 4 Nep, V4 (C1, C2, ¢, M) +Ney] (6)

where\/"o(cl,cg,c, m) is the expected value to firmif it does not invest in the latest technology, and
v"l(cl,cz,c, m) is the expected value to firimf it does invest.

Let ri(ci,c) be the expected profits that firm 1 earns in a single periodliequim play of the
Bertrand-Nash pricing game when the two firms have costsadfymtionc; andc,, respectively. Note
that the static Bertrand-Nash price equilibrissnsymmetric. That is, firm 2's single period profits when
marginal costs of firms 1 and 2 afey,cy), respectively, is given by?(cy,c;) = ri(c,c1). That is, the
profits firm 2 can earn in staie;,c,) are the same as what firm 1 can earn in stegec;). However in
order to maintain notational consistency, we willl§t;,c,) denote the profits earned by fiirwhen the
marginal costs of production of firms 1 and 2 dog,c;), respectively. In the limiting “pure Bertrand”

case (i.e. where consumer demand is infinitely elastic) we ha

0 ifci>co
rt(c1,co) = _ (7)
maxci,Cp] —C;  otherwise

It is easy to verify directly in this case that the symmetrpdition holds for the payoff functions' and
r?, and also it is clear that whem = ¢, we haver!(cy,cz) = r?(cy,c;) = 0.
The formula for firm’s expected profits associated with not invest'wigcl, C,C,m), given in equation

(6) above (where the 0 subscript denotes the decision novést) is given by
Vo(C1,Cp,c,m) =r'(cy1,Cp) + BEV! (€1, C2, €, M, 0), (8)
where EVi(Cl,Cg,C, m,0) is firm i’'s conditional expectation of its next period value funotié' given
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that it does not invest this period; = 0, conditional on(ci,c,c,m) (i.e. the last argument, O, in
EVi(c1,c2,¢,m,0) denotes firni’s decision not to invest).

This version of the conditional expectation which conditi@nly on firmi’s investment decision and
not on the decisiol_; of firm i’s rival, is relevant for the case where the two firms move $iameously,
m= 0, or in either of the sequential move cases={ 1 orm= 2) where firmi is thefirst mover.

However if the firm is thesecond movefi.e. either firm 2 whem = 1 or firm 1 whenm = 2), then the
firm can condition its expectation Wf both its own decisionl;, and the decision of its opponeaht; and we
write the expectation in this case BY' (c1,cp,¢,m,di,d_;). Note that due to our assumption tfe, e}, }
are independent (across firmH) processesEV'(cy,c,,c,m,0) is also the conditional expectation \6f
given (cy,Cp,c,m, gl €,).

The corresponding formula for the conditional expectatidrdiscounted present and future profits

given the decision to invest is
Vil(clv C2,C, m) = ri (C1> CZ) - K(C) + BEVI (Cla Cz,C,m, l)v (9)

where EVi(cy,¢,¢,m,1) is firm i's conditional expectation of its next period value funotld' given
that it invests,di = 1, conditional on(cy,cz,¢c,m) (and (gl,€},) as per the note above). Similar to the
discussion above in cases where firia a second mover, the firm observes the decision of its oppione
d_;j and therefore conditions both on its own decisiha- 1 andd_;j when computing the expectation of
VI EVi(cy,co,c,m 1,d ).

To compute the conditional expectatioBy' (c1,C2,¢,m,d;) (and EVi (c1,C2,¢,m,d;,d_;) when firm
i is a second mover) we invoke a well known property of the extresalue family of random variables
— “max stability” (i.e. a family of random variables closedder the max operator). The max-stability
property implies that the expectation over the idiosyncidD cost shock$ai0, sil) is given by the standard
“log-sum” formula when these shocks have the Type-lll arieevalue distribution. Thus, after taking

expectations ove(el, €)) in the equation fo¥' in (6) above, we have

/ [, V(c1,ca,c.m e, €1)dl(eh)d() ) del dep = nlog [exp{vp(c1, c2,c.m)/n } + exp{vi (c1, cz.c,m) /n}]

o (10)
The log-sum formula provides a closed-form expressiontierdonditional expectation of the value
functionsV'(cy, cp,c,m,ep,€}) for each firmi, whereV' is the maximum of the value of not investing

or investing as we can see from equation (6) above. This miabsve do not need to resort to nu-

17



merical integration to compute the double integral in tHehand side of equation (10) with respect to
the next-period values dEl, €} ). However we do need to compute the two functioh&, c2,c,m) and
v"l(cl,cz,c, m) for both firmsi = 1,2. We will describe one algorithm for doing this below.

To simplify notation, we Ietp(\/"o(cl,cz,c, m),v"l(cl,c2,c, m)) be the log-sum formula given above in

equation (10), that is defingas
@(Vh(C1,C2, €, M), Vi (€1, C2, ¢,m)) = nlog [exp{Vh(C1,C2,c,m) /N } +exp{Vi(c,coc,m)/n}] . (11)
The @ function is also sometimes called the “smoothed max” funmcsince we have
r!iTo(p(VO’Vl) = max|Vop, V1] . (12)

Further, for anyn > 0 we havep(vp, Vi) > maxvo, vi].

Let PY(cy,c2,c,m) be firm 2’s belief about the probability that firm 1 will invei$tthe mutually ob-
served state i$cy, Cp,c,m). Consider first the case wheme= 0, so the two firms move simultaneously
in this case. Firm 1's investment decision is probabiliftoom the standpoint of firm 2 because firm 1's
decision depends on the cost benefits/shgeg1) that only firm 1 observes. But since firm 2 knows the
probability distribution of these shocks, it can calculBteas the following binary logit formula

eXp{V%(C]_,Cz,C, m)/n}
eXp{V%(Cl,CQ,C, m)/n} + eXp{Vé(Cl,Cz,C, m)/n}

Firm 2's belief of firm 1's probability of not investingP!(ci,c,c,m) is of course simply 1-

PY(cy,C2,c,m) =

(13)

P1(cy,C2,¢,m). Firm 1's belief of the probability that firm 2 will invesB?(cy, ¢z, ¢, m), is given by

eXp{V%(C]-?CZvC» m)/n}
eXp{VE(Cl,CQ,C, m)/n} + eXp{V%(C]-?CZvC» m)/n}

If the symmetry condition holds, then we ha®#&(c;, cp,c,m) = P(cp,cp,c,m).

P?(cy,Cz,€,m) = (14)

Now consider the firms’ beliefs in the case where firm 1 makemitestment decision firatp= 1. In
this case firm 2 can condition its investment decision on fisirivestment choice. Lé®? denote firm 1's
belief about the probability firm 2 will invest if firm 1 chocséo invest, and Ieng denote firm 1's belief
of firm 2’s investment probability if it chooses not to inveSimilarly, Ietvﬁ (c1,C2,c,m) denote firm 2's
expected value from taking investment decisian {0, 1} in state(cy,Cp,c,m) given that firm 1 moved
first and took investment decisigne {0,1}. Thensz(cl,cz,c, m), firm 1's belief of firm 2's probability
of investing given firm 1's investment decisignis given by
exp{Vj; (c1, C2,¢,m)/n}

P2 C1,C2,C,M) = ’
( ) = expIVE, (o1,2,0,m)/N} 1 exp(V3,(cr, o, ) )

i (15)
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The value functlon$/2 (c1,C2,€,m) are given by

V2o(C1,Co,c,m) = r2(cy,cp) — K(c) + BEVZ(cy, 2, ¢,m, 1,0)

V2,(C1,6,6,m) = r?(cy,c) —K(c) +BEVZ(cy,Co,c,m, 1,1)

V3o(C1,Co,c,m) = r?(cy,Cp) 4+ BEVZ(cy,Cz,c,m,0,0)

V31(C1,C2,6,m) = r?(cy,Cp) + BEVZ(cy,C,c,m 0,1). (16)

Firm 1 makes its investment decisions {0, 1} taking the reaction by firm 2 to its decision, embodied by

the probabilitiesP?, as given. The values to firm 1 for not investing and investirg respectively,

Vo(C1,C2,6,m) = r(cy,Ca) + BR§(Cy, G2, ¢, MEV(cy, ¢, m, 0, 1)+
(1_ Pg(C]_,Cz,C, m))EVl(C17C2,C7 m, 07 O)
V%(C]_,CZ,C, m) = rl(C17C2) - K(C)+BP]?(C17C27C’ m)EVl(C]_,C27C, m, 17 1)+

(1_ P]?(07C27C7 m))Evl(CLCZ»Cv m, 170) (17)

These values enter the logit probability for firm 1's investrndecision in equation (13).

The value functions in equation (17) are valid when firm 1 &sfirst mover, i.e. in statmm= 1. The
equations need to be slightly modified in case firms 1 and 2 reimaltaneouslym = 0. In that case
firm 1's beliefs about firm 2’s probability of investing are femger conditional on firm 1’s investment
decisiond;. Instead, firm 1 has beliefs about the probability firm 2 willést in the simultaneous move
game of the fornP?(cy, ¢z, ¢, m) that depend on the current state of the gdmec,, c,m) but not on firm
1's investment decisiod;. Notationally, all that is involved to reflect this is to rapk the probabilitieB?
and P12 that condition on firm 1’s investment decisidp= 0 or d; = 1 via the values in the subscripts by
the single probabilityP? that has no subscript, reflecting that firm 1 believes thae#dizedinvestment
decisiond; cannot affect its beliefs about its opponent’s probabditinvesting if it is common knowledge
that the two firms are moving simultaneousty £ 0).

In order to compute the conditional expectations, it is seagy to show how these expectations depend
on the order of decisions in the next period, which we denst® aBelow, we provide formulas for the

conditional expectationgV' (cy,c,¢,m,n, di,d_;), and we use the transition probabilitym’|m) to write
EVi(c1,Cp,c,m,di,d_ ;EV C1,C2,¢,m, . di,d_;) f (m'|m). (18)
Further, itis not difficult to show that once we condition be mover order next periody, the expectation
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of future discounted profits does not depend on mover orgépkriod,m, we we have
EV'(c1,6o,c,mm,di,d_;) = EV(c1,Cp,¢,n, di,d_j). (19)

Now consider the case whemé = 0 (simultaneous moves by the firms) or the case whereifisrthe first

mover. Specifically, consider the formulas for firm 1. We have

EVL(cy,Co.cm,0,0) = /Ccp(v})(cl,cz,c',mr),v}(cl,cz,c',nf))n(c’|c)dd
0

( )

EVl(Cl,Cz,C,IT{,O, l) = /oc(p(Vé(Cl,C,C/,IT{),V%(C]_,C,C/,IT())T[(C/|C)dC[

EVi(ci,co,c,n,1,0) = /occp(v(l)(c,c2,c’,rrf),v%(c,cz,c’,nf))n(c’]c)dd
( )

EVi(cy,co,cm,1,1) = /c(p(v%(c,c,c’,rﬂ),v%(c,c,c’,rr{))n(c’]c)dd. (20)
0

Equation (20) is valid either in the simultaneous move cage; 0, or when firm 1 moves firsty/ = 1.
In the casen’ = 2 then firm 2 moves first in the next period and firm 1 moves secémdhis case the
formulas for the expected values of discounted profits dferdnt since firm 1 has to anticipate whether

firm 2 will invest or not when it makes the first move next period

EVl(Cl,Cz,C,m,O, O)

/OC P2(c1, Ca, ¢, ) Q(VEy (C1, G, &, ), VA (C1, G, & 1))+

(1—P?(cy,co, ) @(Vo(C1, €2, 1), Vig(C1, Co, &, M ))T(C |c)d
EVi(cy,co,cn,0,1) = /OCPZ(cl,c,c’,rr{)(p(vcl,l(cl,c,c’,nf),v%l(cl,c,c’,rr{))Jr
(1—P?(cy,c,¢,m))@(vao(c, ¢, ¢, m), vi(cy,c,c/,m))m(c [c)dd

/0 "P2(c,Ca, ¢, 1)V (G, €, 1) VA4 (€, G i)
(1—P?(c,c2,¢,m))@(Vao(C, C2, ¢, ), Vi (c, 2,/ ,m))i(c [c)d
EVi(cy,cocomf,1,1) = /OCPZ(C,C,C’,rrf)(p(vél(c,c,c’,rrf),v}l(c,c,c’,rrf))+
(1—P?(c,c,c,m))@(vio(c,c,d,m), vip(cy,c.c,m))mc[c)dd.  (21)

EVl(Cla C2,C, IT(, 17 O)

Consider a version of the duopoly game where the firms movelmeously in every period,
f(Ojm) =1, me {0,1,2}. Then we can simplify notation by dropping theargument in the value func-
tions and investment probabilities and write the functi@gpations for the simultaneous move version of

the dynamic duopoly problem as follows

C
v§(c1,Co,0) = rl(C17CZ)+B/O [P2(c1,Co,C)@(Va(Cr,C,C ), Vi(cr,e,C)) +

(1 - P?(c1,C2,C))@(Vg(C1, €2, ¢), Vi(C1, €2, ¢))] T [C).
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vi(c,c,0) = ri(ci,c)—K(c)+ B/OC [P?(c1, ¢, 0)@(vg(c,c,¢),vi(c,c,C)) +
(1—P?(c1,C2,C))@(vg(c,C2,€), Vi (C, Cp, ¢)) ] TH(dC [C). (22)

V3(C1,62,0) = rz(cl,cz)JrB/C PY(c1,Co,C) (V3 (cC, C2,C ), V2(C,Cp,C)) +
(1—P*(c1,2,€))@(V5(c1, €2, €'), Vi(C1, €2, €)) ] T(dC [c).

V(c1,02,0) = r2(cy,ca) —K(0) +B/O [PY(cy, 2, ) p(VE(c,€.¢) V2(c, . C)) +
(1—P*(cy,C2,C))@(V5(c1,c,¢),VE(cy,c,C))] Ti(dC [c). (23)

These are the functional equations that need to be solvashtpute a Markov-perfect equilibrium to the
simultaneous move version of dynamic duopoly investmeoiblpm.

Now consider the special case where firm 1 always moves fifn) = 1, m€ {0,1,2}. In this case
the functional equations become (once again droppingrtaegument in the value functions and choice

probabilities to simplify the notation)

Vi(cL,co.0) = rl(cl,cz)—i—B/C P2(c1, G2, O)@(VA(c1, €, ) Vi (cr, 0. ¢)) +
(1—P§(c1,¢2,0)0(Vg(C1, €2, ¢ ), vi(C1, €2,€)) | TH(dC ).

vi(c,c2,¢) = ri(cy,c) —K(c) +B/O [PZ(c1, ¢, 0)@(vg(c,c,¢),vi(c,c,C)) +
(1- Pf(Cl,CZ,C))(p(V%(C, Cz,C’),V%(C, Cg,C’))] m(dd|c). (24)

Notice that the main difference between the functional &qoa for (v3,v1) in the simultaneous move case
in equation (22) and the case where firm 1 always moves firgjuatéon (24) is that firm 2’s investment
probability P? in the simultaneous move case is replaced by the two investprebabilitiesP? and P?
reflecting that when firm 1 moves first, firm 2 is able to obsema fi's realizedinvestment decision and
condition on it in making its own investment decision. Firnthérefore needs to take this into account
when it makes its investment decisions.

When it comes to firm 2 there are ndaur rather than only 2 functional equations to be solved when
firm 2 is always the second mover, since firm 2 has the extranrdbon on firm 1's realized investment
decisiond; to take into account when making its investment decisiorgapling the recursion equations
(16) above to remove tha argument and substitute the formulas for B (adapting the corresponding

equations foEV! when we assumed it is the second mover given in (21) above)otedno
C
Voo(C1,C2,C) = r?(cy,Co) +P /0 P*(c1,C2,€)@(VGy(C1,C2,¢), Vis(C1,C2, € ) )+
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(1—P*(c1,2,¢))@(VGo(C1, C2,€), Vio(C1, €2, € ) TH(C ) dC

Bilenend) = rene) +B [ Plee)otdilene.d) ilene,d))
(1—PY(cy,c,¢))op(V3o(Cr, ), Vap(cr, ¢, ¢ )T(c |c)dd

Vio(€1,62,0) = r?(ci,C) — K(C)+B/()cpl(Q027C’)<P(V31(C7CzaC/)aVﬂ(Cl’CzaC/))Jr
(1—P(c,c2,¢))P(Vho(C, C2,€), Vig(C, C2,¢ ) (€ c)d

Vii(e,62,0) = r¥(cr,c) - K(C)+B/:Pl((%CaC/)(P(Vtzu((%CaC/)N%l(ClaC’C/))Jr
(1—PYc,c,d))p(V3o(c,c, ), V3g(c,c,c ))T(c|c)dC. (25)

In the most general case whefém'|m) admits positive probability on any of the 3 possible move
orderings, there will be 2 functional equations for firm l&ue function(v(l,,v}) analagous to (24) and
4 functional equations for firm 2’s value functiofg,, v3,,v2,,V2,) analagous to (25) whem = 1, and
additional set of 6 functional equations (2 for firm 2 as th&t finover and 4 for firm 1 as the second mover)
whenm= 2, and 4 additional functiional equations (2 each for firm&d 2) analagous to equations (22)
and (23) wherm = 0, or a system of 16 functional equations to be solved in thetmeneral case where
the designation of mover evolves randomly according to a@&gerMarkov transition probability matrix
over time.

Although we believe there are analytic closed-form sohgito this system of functional equations
in certain polar cases (e.g. whgn= 0 ando = 0, the “pure Bertrand case”), our approach so far has
been to solve the set of functional equations (22) and (28)emically, showing that its is possible using
a recursive algorithm we callstate space recursion algorithto find all possible solutions to the system
of functional equations (22) and (23), and thus all MPE ofdjzeamic duopoly game.

Although the system is a pair of “Bellman equations” (onefion 1 and one for firm 2) and a single
firm Bellman equation typically has a unique solution, irsthase the resemblance is only superficial.
We will show below that the set of functional equations (229 §23) arenot contraction mappings due
to the interdependence of the best response probabmﬁemd Pf. When the contract property fails, far
from having a unique solution, we show that there can be dreannh of different solutions to equations
(22) and (23). The various solutions to these equationgspand to the set of possible equilibria of the
dynamic duopoly game.

Another implication of the fact that equations (22) and (@8not define the equilibrium values of the
two firms as a fixed point to a contraction mapping is that theusethod okuccessive approximations

(also known as backward induction) — is not guaranteed toerge. For example in the specialization
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of the game where the two firms make simultaneous investmenisidns in every periodf(Ojm) = 1,
m e {0,1,2}), we can represent the method of successive approximaa®sgquence of four functions
generated by iterating on the functional equations (22)(@8JL This results in a sequend® } where
vt = (v_1) andv = (v, v, V&, v2,) andl : B4(S) — B*(S) whereB*(S) is the Banach space of 4-tuples
of continuous, bounded real functions frdgn— R andl” = (I'1,2,[3,I4) is the 4-tuple of operators
mappingv € B(S) to w1 € B4(S) via the 4 functional equations in (22) and (23) above.

That s, in the case of simultaneous investment decisioas;am write the equilibria as the solution to

the four functional equations

S

S

S

S So S S
Il
"
S 5 S s
S
So v So S

: (26)

where each of thE; operators depends implicitly on all four value functic(ng,v%,v%,vf) due to the fact
that the probabilities entering the MPE fixed point equation(22) and (23) depend on the probabilities
that firms 1 and 2 invest in the new technoloBy,andP?, and these probabilites depend in turn(gh v1)
and(v3,v2), respectively as we can see in equations (13) and (14) above.

Unless thd"j are contrnction mappings or have some other type of gerteualttsire, there is generally
no guarantee that the method of successive approximatidhgomverge. Indeed, we have found in
numerical experiments that it frequently doesn’t convekg@wever it is not hard to show théitsuccessive
approximations does converge, it converges a fixed pointtefunctional equations (22) and (23), and
thus to a particular equilibrium of the dynamic game.

We have found that the convergence of successive appragimsat very dependent on the starting
valuevyp, and as we show in the next section, there are various versibthel” operator corresponding
to different choices for the state-specific equilibria imeal in evaluating possible values of the response
probabilitiesP? (cy, ¢z, ¢) andPZ(cy, ¢z, €) at different points in the state spa@, c,,c) € S.

Thus while it may not be immediately apparent from inspectbthe system of functional equations
(22) and (23) and the corresponding choice probabilitie3) and (14), the solutions to this system will
depend on thequilibrium selection ruléhat chooses one of several possiblate-specific equilibrian

the simultaneous move investment stage game at each gostal¥(cy,cy,c) € S In the next section
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we introduce a different recursive algorithm (similar td different in important ways to standard back-
ward induction) that enables us to compute and fully cheraall equilibria of this game, and thereby
bound the possible set of payoffs to consumers and the twa.fiffitne wide set of possible equilibria
that can emerge from this simple model is reminiscent of iteeature on thd-olk Theoremn repeated
games, where there are also theorems characterizing tbhemetsible equilibria and bounds on the set of

equilibrium payoffs.

3 Solving the “End Game”

Under our assumptions the exogenously specified Markowepsogoverning improvements in production
technology has an absorbing state, which without loss oéigdity we assume equals the minimum pos-
sible production cost equal to= 0. This will also turn out to be the absorbing state of the gesndhat
once costs of the firms reach zero, they can go no lower and ivsheiv that unless costs of investment
are sufficiently high, in every possible end game state otetbr of the firms will invest to attain this zero
cost marginal cost of production. Since there is no fonggttr physical or knowledge depreciation in our
model that would ever cause costs to rise, it follows thakarmsts attain the zero cost absorbing state,
they will remain at this value in all future periods. The gawilt have effectively ended at that point, even
though we have forumlated as an infinite horizon problem.

We now proceed to analyze the equilibria of this endgame. NWga/gthat once this absorbing state
is reached, once one of the firms has invested in the statesedrt, technology that allows it to produce
at zero marginal cost, the firm will no longer have any incento undertake any further cost-reducing
investments since costs are as low as they can go. If anyefuirttiestments do occur, they would only
be motivated by transitory shocks (e.g one time investmeenttedits, or subsidies, etc) but there is no
longer anystrategicandforward lookingmotivation for undertaking further investments. Howevesre
are states of the fornicy, cz,0) wherec; > 0 andc, > 0 where there are multiple possible investment
equilibria. We will show that the analysis of these equidiis similar in many respects to the analysis of
equilibria of coordination games. In this case the firms waiwbordinate on “good equilibria” that avoids
the chance of both of them investing simultaneously, theesining negative profits from their decision
to invest. The various solutions to this coordination gammestitute the first hint of our resolution of the

“Bertrand investment paradox” that we discussed in th@thiction.
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The main complication of solving dynamic games comparedaticsor one shot games is that in the
former, the entries of the “payoff matrix” are generally mpecifieda priori but rather depend on the
solution to the game, including the choice of the equilibriof the game. Thus, we start this section by
discussing the easiest cases first, showing how we deriveayaffs (which are value functions that are
solutions to the functional equations (22) and (23) givesection 2) simultaneously with determining the

equilibrium decision rules in the endgame.

3.1 The(0,0,0) End Game

The simplest “end game” corresponds to the stat®,0), i.e. when the zero cost absorbing has been
reached and both firms have adopted this state-of-the-@dluption technology. In the absence of random
IID shocks(s‘o,sil) corresponding to investing or not investing, respectivasither of the firms would
have any further incentive to invest since we assume thesenis depreciation in their capital stock, and
they have both already achieved the lowest possible sfdteeeart production technology.

In the absence of privately observed idiosyncratic shot¥sg}), i = 1,2 (i.e. whenn = 0), the
(0,0,0) end game would simply reduce to an infinite repetition of theozrice, zero-profit Bertrand
equilibrium outcome. No further investment would occur. u$hf this state were ever reached via the
equilibrium path, the Bertrand investment paradox willchdiut in a rather trivial sense. There is no point
in investing any further once technology has attained tie$d possible marginal cost of production,
¢ = 0 since in this absorbing state the investment cannot emalglef the firms to gain a production cost
advantage over its opponent.

When there are idiosyncratic shocks affecting investmegisibns, there may be some short term
reason (e.g. a temporary investment tax credit) that woxddde one or both of the firms to invest, but
such investments would be purely idiosyncratic unpretietavents with no real strategic consequence to
their opponent, since the opponent has already achievadittimum cost of production and thus, there is
no further possibility of leapfrogging its opponent. Ingliero-cost absorbing state the equations for the

value functiongVi),v; ) can be solved “almost” analytically.

Vh(0,0,0) = r'(0,0) +BP;(0,0,0)¢(V5(0,0,0),V; (0,0,0))
+ B[1—Py'(0,0,0)]@(V5(0,0,0),4(0,0,0))
r'(0,0) + Be(Vh(0,0,0), V; (0,0,0)) (27)
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wherePfi(O, 0,0) is a shorthand for firni's opponent’s probability of investing,

~ exp{v;’(0,0,0)/n}
exp{V5'(0.0,0)/n} +exp{vy(0.0.0)/n}

Due to the fact that0,0,0) is an absorbing state, it can be easily shown that the valuavesting,

P;1(0,0,0) =

(28)

V4(0,0,0), is given by
v4(0,0,0) = v5(0,0,0) —K(0), (29)

which implies via equation (28) that

~ 1+exp{—K(0)/n}’
Thus, ag) — 0, we haveP;(0,0,0) — 0 andv,(0,0,0) =r'(0,0)/(1— B), and in the limiting case where

the two firms are producing perfect substitutes, tHéd, 0) = 0 andvi(0,0,0) = 0. For positive values of
n we have

Vh(0,0,0) = r'(0,0) + Bep(V5(0,0,0), v, (0,0,0) — K(0)). (31)

This is a single non-linear equation for the single soluﬂ@(rﬁ), 0,0). The derivative of the right hand side
of this equation with respect ug(o, 0,0) is 1 whereas the derivative of the right hand side is strieths
than 1, so ifr'(0,0) > 0, this equation has a unique solutiwziﬂo, 0,0) that can be computed by Newton’s
method.

Note that symmetry property fat(0,0) implies that symmetry also holds in tti6,0,0) end game:
v3(0,0,0) = v3(0,0,0) andvi(0,0,0) = v2(0,0,0).

3.2 The(c,0,0) End Game

The next simplest end game statéds0,0). This is where firm 1 has not yet invested to attain the state-
of-the-art zero cost plant, and instead has an older plaiht a/positive marginal cost of productian
However firm 2 has invested and has attained the lowest pegsi@irginal cost of production 0. In the
absence of stochastic shocks, in the limiting Bertrand,ciass clear that firm 1 would not have any
incentive to invest since the investment would not allovoiteapfrog its opponent, but only to match its
opponent’s marginal cost of production. But doing this vdouhleash Bertrand price competition and zero
profits for both firms. Therefore for any positive cost of istreentk (0) firm 1 would choose not to invest,

leaving firm 2 to have a permanent low cost leader positioheémarket and charge a price pf c.
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In the case with stochastic shocks, just as in t0@,0) endgame analyzed above, there may be
transitory shocks that would induce firm 1 to invest and themmatch the 0 marginal cost of production
of its opponent. However this investment is driven only lyckasticllD shocks and not by any strategic
considerations, given that once the firm invests, it will gatly not be in much better situation than if
it had not invested (that is, even though0,0) > ri(c,0), both of these will be close to zero and will

approach zero as 0). In the general case wheafe> 0 we have

v$(c,0,0) = rl(c,0)+Bo(v3(c,0,0),vi(c,0,0))
vi(c,0,0) = ri(c,0)—K(0)+Be(vs(0,0,0),vi(0,0,0)). (32)

Note that the solution for}(c,0,0) in equation (32) is determined from the solutigu$(0,0,0),v1(0,0,0))
to the(0,0,0) endgame in equations (31) and (29) above. Substitutingethéting solution fox} (c,0,0)
into the first equation in (32) results in another nonlineguagion with a single unique solutiog(c,0,0)
that can be computed by Newton’s method. Note that, as we bbtow, the probability that firm 2 invests

in this caseP?(c,0,0) is given by

_ _exp{-K(O)/n}
PHE00) = I e —K(0)/n) %9

since firm 2 has achieved the lowest possible cost of pramlu@id its decisions about investment are
governed by the same idiosyncratic temporary shocks, adtlie the same formula for the probability
of investment as we derived above in equation (30) for€)8,0) endgame.

It is not hard to see that the symmetry condition holds in(th®,0) end game as well(c,0,0) =

v3(0,¢,0), andv2(c,0,0) = vi(0,c,0), where the solutions for the latter functions are presehéow.

3.3 The(0,c,0) End Game

In this end game, firm 1 has achieved the lowest possible ¢psbductionc = 0 but firm 2 hasn'’t yet. Its
marginal cost of production is> 0. Clearly firm 1 has no further incentive to invest since & hahieved
the lowest possible cost of production. However in the preseof random cost shocks (i.e. in the case
wheren > 0), firm 1 will invest if there are idiosyncratic shocks thanstitute unpredictable short term
benefits from investing that outweigh the cost of investméf@). But since this investment confers no
long term strategic advantage in this case, the equatiorfgrfol’s values of not investing and investing,

respectively, differ only by the cost of investmé€t0). That is,
v1(0,¢,0) = v5(0,¢,0) — K(0). (34)
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The equation fowg(0,c,0) is more complicated however, due to the chance that firm 2 tiiyest,

P2(0,c,0). We have

v§(0,¢,0) =r1(0,c) + PBP(0,c,0)¢(v3(0,0,0),v5(0,0,0) —K(0))
+ B[l_ Pf(ov C> O)](p(V%(O, C> 0)7V%(0> C, O) - K(O)) (35)

The probability that firm 2 will invesin(O, c,0) is given by

- exp{v2(0,c,0)/n}
Pf(o’ ¢ 0) - eXp{V%(Ov c, O)/nl} + eXp{VCZ)(O’ G O)/ﬂ}
B exp{vi(c,0,0)/n} (36)
exp{vi(c,0,0)/n} +exp{vg(c,0,0)/n}’

where we used the symmetry condition thé(O,c,O) = v}(c,0,0), j = 0,1. Using the solution for

v5(c,0,0) andvi(c,0,0)) in the (c,0,0) end game in equation (32) above, these solutions can be sub-
stituted into equation (36) to obtain the probability thatfi2 invests, and then this probability can be
substituted into equation (35) to obtain a unique solut'mn/ﬁ(o, c,0), and finally the value of investing
vi(0,c,0) is given by equation (34).

Once again, it is not hard to see that the symmetry conditioldshin the (0,c,0) end game:

v3(0,¢,0) = v}(c,0,0) andv2(0,c,0) = vi(c,0,0).

3.4 The(cy,c,0) End Game

The final case to consider is the end game where both firms luesivp marginal costs of productioo,
andcy, respectively. We will show that in this end game, asymrmoegguilibrium solutions are possible.
We begin by showing how to solve the equations for the valodsr 1 of not investing and investing,

respectively, which reduce to

V5(C1,2,0) = rt(cy, )  +  BPE(cy,C2,0)9(vg(ce,0,0),vi(cy,0,0))
+ B[1—Pf(cy,C2,0)]@(vg(Cy, C2,0),vi(C1,C2,0))
vi(C1,Cp,0) =r*(c1,c2) —K(0) + BP{(c,C2,0)¢(v5(0,0,0),v4(0,0,0))

+  B[L—Pf(c1,C2,0)]0(v5(0,c2,0),v1 (0,2, 0)). (37)
Given the equation for}(cy, c;, 0) in equation (37) depends on known quantities on the righd Iséte (the

values forvi andv} inside thep functions can be computed in tfi@, 0,0) and(0,c,0) end games already

28



covered above), we can tregt(cy, c;,0) as a linear function oP? which is not yet “known” because it

depends orfiv3(cy, C2,0),v4(c1, C,0)) via the identity:

P2(Cy,Cp,0) = exp{Vi(c1,¢2,0)/n} o)

— exp{V3(c1,C2,0)/n} +exp{V2(cy,C2,0)/n}

We write vi(cy, c,0,P?) to remind the reader that it can be viewed as an implicit foncof P?: this is

the value ol’v} that satisfies equation (37) for an arbitrary vaIuePf)fe [0,1]. Substituting this into the
equation forvé, the top equation in (37), there will be a unique solul‘ié(cl,c2,0, Plz) foranyP; € [0, 1]
since we have already solved for the valgesc;,0,0),vi(c1,0,0)) in the(c,0,0) end game (see equation

(32) above). Using these values, we can write firm 1's prdialoif investing Pll(cl,cz,O) as

exp{vi(c1,C2,0,P?)/n}
exp{vg(c1,C2,0,PF)/n} +exp{vi(c1,c2,0,Pf) /n}

Now, the values for firm 2v3(cy,C2,0),v3(c1,C2,0)) that determine firm 2’s probability of investing in

PL(c1,C2,0,P?) = (39)

equation (38) can also be written as functionsP@ffor any Pll € [0,1]. This implies that we can write

firm 2's probability of investing as a function of its percigpis of firm 1's probability of investing, or as

P2(c1,C2,0,P}). Substituting this formula foP? into equation (39) we obtain the following fixed point
equation for firm 1's probability of investing

i — exp{vi(c1,C2,0,P¢(c1,c2,0,P}))/n} .
exp{V§(c, 2,0, P2(c1, ¢z, 0,P}))/n} + exp{vi(ci, ¢z, 0, PF(c1, 2,0, PE)) /n}

(40)

3.5 End Game Equilibrium Solutions

By Brouwer’s fixed point theorem, at least one solution tofiked point equation (40) exists. Further,
whenn > 0, the objects entering this equation (i.e. the value fansti3(c1,c,,0,P?), vi(cy,cz,0,P?),
v3(c1,C2,0,P}), andv2(cy, ¢p,0,P}) and the logit choice probability functid®) are allC* functions ofP?
andP{, standard topological index theorems be applied to shotfdhalmost all values of the underlying
parameters, there will be an odd number of separated eqgailurther, as) — 0, the results of Harsanyi
(1973) as extended to dynamic Markovian games by DoraszatskEscobar (2009) show thatserves
as a “homotopy parameter” and for sufficiently smalihe set of equilibria to the “perturbed” game of
incomplete information converge to the limiting game of gbete information.

However rather than using the homotopy approach, we foundeve able to directly solve for equi-
libria of the problem in the limiting pure Bertrand case wége= 0 ando = 0. The case = 0 corresponds

to the case where demand is perfectly elastic and all consubuy from the firm with the lower price,
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and the casg = 0 corresponds to the situation where there are no randonksladfecting the returns to
investing or not investing in the state-of-the-art productechnology.

In the remainder of sections 3 and 4, we will focus our analgsi this limiting version of the model
where there are no random unobservable shocks. In this ldasting game is one of complete infor-
mation between the two firms. In subsequent versions of taieipwe will also solve and characterize
the solutions to the incomplete information versions ofrii@del and game. The resuts of Harsanyi and
Doraszelski and Escobar show that for sufficiently sraadindn the set of equilibria to the incomplete-
information “purified” games will be close to the set of eduila we calculate below for the limit game
(which will include mixed strategy equilibria that are noépent in the incomplete-information, “purified”
versions of this game).

We find that there are either 1 or 3 equilibria in {leg, c;, 0) end game, depending on the values of the
parameters. The trivial equilibrium is a no-investmentiigpium that occurs when the cost of investment
K(0) is too high relative to the expected cost savings, and nefitme invests in this situation. However
wheneverK (0) is below a critical threshold, there will be 3 equilibria teetend game: two pure strategy
equilibria and an intermediate mixed strategy equilibrium

It turns out that the investment game is isomorphic woardination game.The two pure strategy
equilibria correspond to outcomes where firm 1 invests amd Zrdoesn’t and firm 2 invests and firm 1
doesn’'t. The mixed strategy equilibrium corresponds tosth&tion where firm 1 invests with probability
1y and firm 2 invests with probabilitye. It is not hard to see that wheq = ¢, the game is fully symmetric
and we havay = . However whert; # ¢, then the game is asymmetric angd=# 1. In general, we
can show that; > ¢, implies thatry > T, i.e. the cost-follower has a greater probability of investingdan
leapfrogging the low-cost leaddfurther, from the standpoint of the firms, the mixed strategyilibrium
is the “bad” equilibrium. In the symmetric casg,= ¢y, the mixed strategy results in zero expected profits
for both firms, whereas each of the pure strategy equililesalt in positive profits for the investing firm.
In the asymmetric case, the low cost leader reaps a posiifg pntil one or the other of the firms invests
in the state-of-the-art production technology, and eaens profits thereafter.

Figure 1 plots the equilibria computed by plotting the besponse function in equation (40) against
the 45 degree line. In this example firm 1 is the low-cost leadth a substantially lower marginal cost of
production than firm 2¢; = 0.714 vs.c, = 2.14. In the mixed strategy equilibrium, the low cost leader,

firm 1, invests with probability @84, whereas the firm 2, the high cost follower, invests withbpbility
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End Game Equilibria
(c,,€,)=(0.714286,2.14286) k=7 beta=0.95

2nd order best response function

01 02 03 04 05 06 07 08 09 1
Firm 1's probability of investing

Figure 1 End Game Equilibria

0.82. Thus, the high cost follower has a significantly highearade of leapfrogging its rival to attain the
position of low cost leadership. This leadership is permafeniess the firms happen to simultaneously
invest) since by assumption, the production technologyréashed the zero marginal cost absorbing state
and there can be no further future improvements in prodocast.

To get further insight into the potentially counterintudifinding that the low cost leader hasoaver
probability of investing than the high cost follower, catesi the payoff matrix for the simultaneous move
game in investment decisions by firms 1 and 2 in statecy,c) below. This matrix is for the special
case of the pure Bertrand case where the two firms producegpestibstitutesa = 0) and there are
no unobserved shocks to the investment decisions Q). Further, we show the payoff matrix in the

asymmetric equilibrium case whecg > cp, i.e. firm 2 is the low cost leader and firm 1 is the high cost

follower.
Firm 2
Invest Don't Invest
_ Invest —K,c1—co—K Bc/(1-B)—K,c1— ¢
Firm 1
Don't Invest | 0,c; —ca+Bc1/(1—B) —K BVi,c1 — o+ BVo

Figure 1: End Game Payoff Matrix in state;, c;,0) with ¢; > ¢

To understand the formulas for the payoffs, it is easiestdd svith the upper left hand corner of

the payoff matrix when both firms decide to invest. In thisegagnce both firms attain the state-of-the-
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art marginal cost ot = 0, Bertrand competition insures that both firms earn zerditpriollowing the
investment, which costk today. Since firm 2 is the low cost leader, it earns a profiti0f ¢, in the
current period, less its investment céstand zero profits thereafter, so its payoftis- ¢, — K. Firm 1 is
the high cost follower so it earns zero profits in the curreartqul, incurs the investment cdst and earns
zero profits thereafter, so its payoff is jusk.

In the upper right hand corner, we have the payoffs in theteilen 1 invests and firm 2 doesn’t. In
this case, once firm 1 has acquired the zero marginal costatdhe-art production technology, it can
charge a price aofy, the marginal cost of production of its rival. Once firm 1 hdaiaed this position, firm
2 will clearly never have an incentive to try to invest in thuufre, so this investment will result in firm 1
having leapfrogged firm 2 to attapermanentow-cost leadership. Since the profits it will earn come with
a one period delay (due to the time to install the new prodaatachinery), firm 1's discounted profits
after the investment cost ae,/(1— ) — K. Firm 2 will earn profits ofc, — ¢z in the current period but
zero profits thereatfter.

In the lower left hand corner are the payoffs when firm 2 irvesid firm 1 doesn’t. In this case firm 2
invests and pre-empts firm 1 from undertaking any futurestments and thereby improves its profitability
and ensures that it has permanent low cost leadership.dfisspare given by, — ¢1 + Bcy/(1—B) — K,
since firm 2 will be able to set a price equal to the marginat ob#s rival, c; and will have 0 marginal
costs of production following its investment. However ie tturrent period, while the new machinery is
being installed and firm 2 is still producing with its exigiimachinery with marginal cosb, firm 2 will
earn profits ofc; — ¢, and will have to pay the investment cdst Firm 1 will earn zero profits in the
current period and 0 profits in every future period after firimnvsts, so its payoff is O.

The remaining case to consider is the lower right hand soofairee payoff matrix, covering the case
where neither firm invests. While it is tempting to write thaypffs as simply 0 for firm 1 (since it is
the high cost follower and earns zero profits in the currenbgy andc; — ¢, for firm 2, this calculation
of the payoffs would be incorrect since it ignores the valtighe future option to investIf both firms
are playing a stationary, mixed strategy equilibrium, tireany future period where neither of the two
firms have invested yet, the firms will continue to have theesatrategy of investing with probability
for firm 1 andmy, for firm 2. LetV;(my, ) denote the expected present value of profits of firm 1 under

this stationary mixed strategy equilibrium avig{Ty, ) be the corresponding expected present value of
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profits for firm 2,in the event that neither firm investor firm 1 we have
Vi =0+pBVs (41)

which implies thatv; = 0. Since firm 1's expected payoffs are zero when it doesnéshvegardless of
whether firm 2 invests or not, this implies that if firm 2 investith probabilityT,, the expected payoff to

firm 1 from investing must also be 0, so we have
—Km+ (1-1m)[Bc2/(1—-B) — K] =0, (42)

or
o — Bco/(1-B)—K
Beo/(1-B)

From this formula we see that firm probability of investingais increasing function of its own marginal

(43)

costc, and a decreasing function of the cost of investmEniyvhich seems eminently reasonable.

For firm 2 we have the following equation g

Vo=mm(c1—C2)+ (1—1m)(cL— C2+ BVa) (44)
which implies that
C1—C
Vo= —7-——. 45
2T 1-B1-m) (45)

In order for firm 2 to be willing to pay a mixed investment sé@y, its expected return from investing must

also be equal tv,, so we have
Vo =my(c1—C—K)+ (1—1h)(c1 — 2+ Bcr/(1—B) — K). (46)

Combining equations (45) and (46) into a single equatioriferunknowr, we can solve this quadratic

equation, taking the positive root and ignoring the negatine.

Lemma 3.1. Suppose) =0. If c; > ¢, > 0and K< % then in the unique mixed strategy equilibrium

of the pure Bertrand dynamic investment and pricing gamesate$c,, c;,0) we havery > To.

The proof of Lemma 3.1 is provided in the appendix. This rgstdvides a first taste of the possibility
of leapfrogging since the high cost leader has a higher jpitityaof investing to become the (permanent)
low cost leader with the state-of-the-art plant with zeragiraal costs of production. However the co-

ordination between the two firms in the mixed strategy elguiim is far from desirable, since it implies
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a positive probability of inefficient simultaneous invesim by the two firms. The question is, can more
efficient coordination mechanisms be established as bggailio the full game?

The desirable solutions, of course, are the two pure straquilibria since they involve the desirable
coordination where only one firm invests and the other firmsdua invest with probability 1. However
which of the two equilibria would the firms choose? One purategy equilibrium gives all surplus to firm
1 and none to firm 2 and the opposite for the other pure straqgyibrium. Since we assume the firms
are risk neutral, a “fair” resolution to this problem would to play acorrelated equilibrium(Aumann,
1987) involving choosing one of the pure strategy equiilwith probability /2. The expected payoff
to firm 1 under this correlated equilibrium (%/2)(Bc,/(1— B) — K) and the expected payoff to firm 2 is
c1—C2+(1/2)(Be1/(1—B) — K). These payoffs Pareto-dominate the expected payoffs ttwinéirms
under the mixed strategy equilibrium which are 0 apnd- c,, respectively.

Thus, if we view correlated equilibria in the end game asazhastic, state-specific equilibrium se-
lection rulethen in the statéc, c,,0) = (0.714 2.14,0), the set of possible equilibrium payoffs for firms
1 and 2 (with firm 1 payoffs on the x-axis and firm 2 payoffs on ykaxis) consists of the triangle with
vertices at the point§0,c; — ¢z), (0,c1 — 2+ Be1/(1—B) — K) and (Bcz/(1—B) — K, c1 —¢2). Using
this approach, we can form equilibrium payoff sets by talkingvex combinations of the set of equilib-
ria payoffs at all equilibria at each end game state, andcetk&pected equilibrium payoffs become the
continuation values for calculating equilibrium payoffishégher cost states, i.e. at states of the form

(€1,C2,¢) € Swherec > 0. We turn to this calculation in the next section.

4 Solving the Full Game

With the end game solutions in hand, we are now ready to pdoediscuss the solution of the full game.
The end game equilibria give us some insight into what capdan the full game, but the possibilities
in the full game are much richer, since unlike in the end gahwoge firm leapfrogs its opponent, the game
does not end, but rather the firms must anticipate additileagifrogging and cost reducing investments
in the future. In particular, forms afynamic coordinationmay be possible that are not present in the end
game, which is closer to a “two stage” game than to an infirsigzbn game.

We will assume initiallydeterministicequilibrium selection rules, i.e. a function that picks one of

the set of equilibria in each possible state of the gaimec,,c). We now wish to analyze how different
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state-contingent equilibrium selection rules can supgarider range of equilibria in the full game, includ-
ing a pattern of dynamic coordination between alternatimg |strategy equilibria that we have referred to
as leapfrogging.

Specifically, the classical notion of “leapfrogging” capends to the following class afternating
investment equilibrian the full game:the high cost follower invests whenever the state-of-theraduc-
tion cost c falls sufficiently below the marginal cost of the Icost leader to justify the investment cost
K(c), otherwise no investment occur§hus, in these equilibria, the two firms invest in “turn” withe
investment, when it occurs, always being done by the highfolewer and never by the low cost leader.
We will show that it is possible to “enforce” this equilibruwithout relying on the types of “incredible
threats” that have been discussed in the repeated gansuditer and in the literature on tacit collusion
in 10. In these tacitly collusive equilibria, various typekcoordination between the two duopolists are
supported by threats of a “price war” if one of the firms desgafrom the collusive “agreement.” One ex-
ample might be if the low cost leader should ever become toeetdy” and invest when it is not “its turn”,
then firm 2 will respond by investing. One way of punishingtsaadeviation is to posit that in the event
of such a deviation, the two firms would then engage in a “pnweg’” or some other “bad equilibrium”
that would be triggered whenever an investment that ocautsof turn” moves the firms to the symmetric
statec; = c, =c.

However in a Markovian game it is not possible to use thisapunishment device since Markovian
strategies do not carry enough memory to determine whichetwo firms invests “out of turn”. For
example, consider an equilibrium where the firms play mixegstment strategies whenewgr= c, = C.
Suppose the current state-of-the-art cost of productieraisd consider two different situations: a) where
C1 > Cy (so that firm 1 is the follower) and b) whetg < ¢, (so that firm 2 is the follower). If firm 1 “moves
out of turn” by adopting the state-of-the-art productiochigology with cost in case a) then the new state
becomegc,cy,c). However if firm 1 does move “in turn” in case b) and investshie state-of-the-art
technology, the state is algo,c,,c). Thus, the ensuing behavior must be the same for both cases in
Markovian equilibrium. This implies that firm 1 cannot be lmed for moving “out of turn” in case a)
without also being punished for doing the correct thing anesting when it is its turn in case b).

It follows that the traditional sorts of state dependentiglument strategies that have been used to

support tacitly collusive equilibria in the repeated gariesature cannot be used given the much more

2We thank Joseph E. Harrington, Jr. for pointing this out to us
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constrained level of history dependence allowed Maakovianequilibrium. Nevertheless, we show that
the set of equilibria in the full game is very large, in a wagttls reminiscent of the Folk Theorem sort of
“anything can happen” (i.e. any feasible payoff higher thi@players’ minimax payoffs) result from the
repeated game literature.

In order to solve the full game, i.e. the pair of functionaliations (22) and (23), it is helpful to rewrite

them in the following way,
V5(C1,C2,€) = ' (c1,C2) + B [P(cy, G2, €)H* (1, €, €) + (1 — P(c1, G2, €) ) H (€1, €2, ) (47)

Vi(C1,C2,€) = r(cy, c2) — K(c) + B [PZ(c1, 2, )H(c, ¢, €) + (1 — PZ(C1, o, €))H (C, €2, 0)| (48)

where the functior ! is given by

H*(c1,¢2,¢) = p(c) /OC(P(V%(CLCLC')’V%(CLCz,C'))f(Cllc)dC”r (1- p(c))@(vg(cL, €2, ), vi(er, €2, C)),
(49)
where p(c) is the probability that a cost-reducing innovation will agcand f(c|c) is the conditional
density of the new (lower) state-of-the-art marginal cdgiroduction conditional on an innovation having
occurred. We assume that the support @ c) is in the interval0, c), as indicated also by the the interval
of integration in equation (49).

For completeness, we present the corresponding equatidinnio2 below.
V§(C1, €2, €) = rt(cp, 1) + B [PL(c1, C2,€)H?(c, 2, €) + (1 — P (c1, €2, C) )H?(C1, €2, 0) (50)
Vi(C1,Cp,€) = rt(cp, 1) — K(c) + B [P(c1, 2, )H?(c, ¢, €) + (1— Pf(c1,C2,€))H2(cy, €, 0)| (51)
where the functiom? is given by

H¥(c1,c2.0) = p(©) [ Q01 €2, ), V{1, 2, €)) F(E]0)AE + (1 () O0VB(Cx,Ca, ), V1, €2, ).
(52)
If we set the argument&;, ¢, C) to Vg in equation (47) tqc,c,c), and similarly in equation (48) for
v1, we deduce that
vi(c,c,c) = vg(c,c,c) — K(c). (53)
Clearly, if the firms have all invested and have in place theesdf-the-art production technology, there is

no further incentive for either firm to invest. For the sam@smns we have
vi(c,C2,¢) = V5(C, C2,€) —K(C). (54)
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Similar to the strategy we used to solve the value functi@x{;&/‘l) i = 1,2 in the end game, we can
substitute equation (53) into equation (47) and use Newtoréthod to compute the unique fixed point
vi(c,c,c). Similarly, we can solve fow}(c,c,,c) by substituting equation (54) into equation (47) and
solving the latter by Newton's method. Finally, to solve ¥gcy, ¢z, c) we note that using the solutions for
v5(c,c,c) andvj(c, cz,c) and equations (53) and (54) to obtai{c,c,c) andvi(c,cy,c), we can compute
v}(cl,cz,c) by substituting these values into equation (48). Then Wetﬂutev}(cl,cz,c) into equation
(47) and use Newton’s method to compugéc, c,, C).

Note that we can assume that the integral term in equationig48nown”. This is because we can
structure a recursive algorithm for solving the game bytisiguwith the end game solution and recursively
solving the equilibria and value functions for positiveuedc’ that are less than the current valugéhat
we are computing. Then for each< c, the value functions‘b(cl,cz,c’) andv"l(cl,cz,c’) will be “known”
for all (c1,¢p) in the rectangleR(c’) = {(c1,¢;)|c < c; < T, < ¢, <T}. This is how the equilibrium
selection rule at “lower cost nodes” of the game tree (i.estates(c;, cy, ') with ¢’ < c) affect the set of
possible equilibria at each nodey, c;,c).

More specifically, following the procedure we used to solwedquilibria in the(cs, c,,0) end game,
the set of all equilibria for the investment “stage game”tates(c;, c;,¢) can be computed by finding alll
fixed points to the following “second order best responsetion” for firm 1:

. exp{vi(c1,Cz, ¢, P2(c1, ¢z, ¢, PH))/n}

pl— . (55)
Y exp{v§(cy, G2, ¢, P2(C1, o, €, P)) /N } + exp{Vi(c1, Ca, €, P2(C1, G2, C, PH)) / }

Depending on the rule we choose to select among the possjbiébeia in each statécy,c,,c) (and
similarly the selection rule for equilibria at all feasilpp@ints in the state spade;,c,,c’) with ¢’ < c)
we can construct a wide variety of equilibria for the ovegalme. The restriction is that any equilibrium
selection rule must be such that the functional equation®dmilibrium (see equations (47) and (48)
above) are satisfied. The following steps are used to solvihéoset of all equilibria at each state point

(c1,C2,C) in the full Bertrand/investment game.

1. For eachP} € [0,1] we compute the value functior{s3(cz, ¢y, ¢, P}),v2(cz, ¢1, ¢, P) representing
firm 2's values of not investing and investing in stétg, cy,c), respectively, by solving the system

(50) and (51) for eacR} € [0, 1].

2. Compute firm 2's “best response”, i.e. its probabilityrfasting,PZ(c1, ¢, ¢, P}), in response to its
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perception of firm 1’s probability of investing, via the equation
eXp{V%(C]_,Cg,C, P]:.L)/n}

eXp{V(Z)(Cla C2,C, P%)/n} + exp{V%(Cl, C2,C, P%)/n}

using the value functions for firm 2 computed in step 1 above.

P]?(Cly C2,C, le_.) =

(56)

3. Using firm 2’s best response probabiliﬂ?f, calculate the value functiona%(cl,cz,c, Pf) and
vi(cy, 2, ¢, P?) representingirm 1's values of not investing and investing in stdtg, c,,c), re-

spectively, by solving the system (47) and (48).

4. Using the values for firm 1, compute firm 1’'s probability mfesting the second order best response

functionfor firm 1, and search for all fixed points in equation (55).

We refer to the recursive algorithm defined in steps [1] todddve as @&tate space recursiosince
it involves a form of “backward induction” in the state spafehe game, starting in the end-game (ab-
sorbing statef = 0 and working “backward” not in time, but in terms of the mowathof the states in the
game from lower values toto higher values. The state-space recursion computes dibegm of the
dynamic game in a single iteration, and as such, there issug iabout “convergence” that is present in
the traditional time-based backward induction/succesapproximations approach to solving the pair of
functional equations (22) and (23). As we noted above, tisare guarantee that a time-domain successive
approximations algorithm will converge and we have fourat thfrequentlydoes notconverge. However
the algorithm described in steps 1 to 4 abovguaranteed to converdgecause it is fundamentalihot an
iterative algorithm.Instead, it is a type of “backward induction algorithm” tlarks via the state space,
using the state-of-the-art marginal cost of productioas the analog of the time index in a traditional
backward induction (successive approximations) algarith

The advantage of the state space recursion algorithm it thiaables us to solve for all equilibria of
the game. When there are a continuum of states, in prindigletare a continuum of possible equilibria
since we are free to choose different equilibria at eachtpnithe state spacécs,c,,c) and there are
a continuum of such points when we assume that is the polghe®i R®. There are issues we have
glossed over that restrict the choice of equilibria, suchwranteeing that the resulting value functions
(V(c1,C2,C), Vi (C1,C2,C)), | € {1,2} are integrable functions (otherwise we cannot guarantaethiese
value functions satisfy the functional equations defintmgyequilibrium, (22) and (23) in section 2 above).

However consider the specialization of the game were wdcesto a finite grid consisting af points

in the interval[0, co] (with 0 andcp included). Then the state space becomkstie that is a finite subset
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of Sand the integrability issues disappear. In the end game treNo = (n— 1) points where possible
multiple equilibria can occur and as we noted in the previseigtion, there are 3 possible equilibria at
each(cs,cp,0) end game state assuming that it is optimal to invest at alian state (i.e. provide (0)

is not too large). As a result there arf® ossible equilibria in the end game alone. Then at the néxt gr
point c above thec = 0 grid point there arén — 2)? interior grid points(cy, ¢z, ) wherec; > c andc, > c.

If there are 3 possible equilibria at each of these states, tere are a total of*3™ possible equilibria.

Continuing, we find that in the game as a whole thereNdrpossible equilibria, where
N* = 3n(n—1)(2n—1)/6. (57)

Thus, forn = 50 there aré\* = 3285 = 9.5402x 103 possible equilibria to this game! Morever this is the
number when we restrict attention deterministicequilibrium selection rules. When we allow stochastic
equilibrium selection rules, then there are a continuumoskgble equilibria to the game.

Obviously we cannot literally computdl equilibria when the number of possible equilibria expand
at this exponential rate, but we can compute any arbitraglgcted equilibrium in the set of all possible
equilibria using our state space recursion algorithm. rligwout that this capability if enough for us to be
able to deduce a considerable amount about the nature abssilgle equilibria of the dynamic duopoly
game.

For example, provided that the investment cost funcdo) is not “too large” we find that there are
always two “pure monopoly equilibria” i.e. pure strategygifpria where one of the firms undertakes all
investments, the other never invests, and this enableswhsting firm to capture all of the benefits from
the cost-reducing investments. By virtue of the way we datelthe equilibria, we can show that it is never
optimal for the high cost laggard to challenge the low caatiés by undertaking a cost-reducing investment
of its own. Consumers never benefit from price reductioneésé equilibria and all of the benefit from the
cost reducing investments flows to the firm that undertakeshthin the form of successively lower costs
of production. It is not difficult to show that the investmelgcision rule in these equilibria are identical
to the optimal investment strategy of an actual monopoltsbse pricing is constrained by the existence
of an “outside good” whose price is the same as the initiabmaf cost of production of the passive, non-
investing firm in the duopoly equilibrium. We will return this topic and establish this result in section
5.

However our calculations also reveal that there are egjiglibvolving leapfrogging behavior where

the firms do compete dynamically by undertaking competingt ceducing investments. This causes
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Realized Equilibrium Path with Leapfrogging
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Figure 2 Equilibrium realization with leapfrogging

prices to fall over time so consumers do benefit from dedljnprices in these equilibria. Figure 2 plots
a realization of the equilibrium play in one such game, whmmth firms 1 and 2 undertake cost reducing
investments leapfrogging each other, though not in a puegnating move fashion with leapfrogging

occurring in every period as in the equilibrium of Giovaringt001).

We can see from figure 2 that firm 1 isdaminant firmand it undertakes cost-reducing investments
most of the time. Starting from a symmetric situation wh@rec,,c) = (5,5,5), firm 1 undertakes the
first two cost-reducing investments, one at time period hefdimulation after the state-of-the-artalls
from 5t0 41667, and a second investment at time period 7 vafaiis again from 41667 to 125. During
this entire time, the prices to the consumer are equal tonikialiprice, 5, since the low cost leader, firm
1, sets a price equal to the marginal cost of its rival, whemains at its initial value of 5. It is not until
period 15, when there is a further technological innovatiat decreasesfrom 1.25 to Q8333 that firm
2 finally invests, leapfrogging firm 1 to become the low-castder. When firm 2 does this, the prices
to the consumer finally drop — tp = 1.25 — since firm 2 now sets a price equal to the marginal cost
of production of firm 1, its higher cost rival. The large pridep in period 15, fromp=5top=1.25
constitutes a price war caused by firm 2 when it invested amgfiegged firm 1 to become the new low
cost leader.

Prices remain ap = 1.25 until periodt = 32 whenc drops again to a value of &25. Now firm 1
leapfrogs firm 2 to regain the position of low cost leader, #redprice to the consumer falls o= 0.8333.

In periodt = 33 c falls again to 04167 and firm 1 invests again to acquire this technology,tmiptice to
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Realized Equilibrium Path with Leapfrogging
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Figure 3 equilibrium realization with leapfrogging

the consumer remains pt= 0.8333. Then there is a long interval where there are no futdwdmological
innovations and the price remains at this level until petieel 105 whenc drops to 02083 and firm 1
invests once again. Finally, by peribg= 188 there is a last technological innovation that decreases
its lowest possible value af= 0, where it remains forever aftérFirm 1 decides to invest one more time
and attain the best possible marginal cost of productiary ef ¢ = 0, and secure a position permanent
low cost leadership over firm 2. The game then “ends” in an rlosg state where firm 1 can produce at 0
marginal cost and sell to consumers at a pricp ef0.8333, which equals the marginal cost of production
of firm 2, the high cost “loser”.

Figure 3 illustrates a slightly different equilibrium ofehmodel. To isolate the effect of the different
equilibrium on the simulated outcomes, we use the samezeehpath of{c;} in figure 3 as we used in
figure 2. This equilibrium realization is almost the sameha&sane shown in figure 2, except that in period
190, whenc; falls from ci1g9 = .2 to C1990 = O, firm 2 doesinvest and leapfrogs firm 1 one final time to
become the permanent low cost leader. This means that mace®rge top = 0.2 in this equilibrium

simulation rather thap = 0.8333 in the equilibrium simulation illustrated in figure 2.

SNote that for these simulations we discretized the possialees thatc could take on 50 possible values over the
interval[0,5]. When a simulated value of was off of this grid, we used the closest grid point instedulsT this discretized
simulation process for the Markov process {ar} can yield the absorbing state= 0 in a finite timet, whereas if the
actual Markov process governing technological progresschatinuously distributed improvements over the curreates
of-the-art (such as i€ 1 is drawn from a Beta distribution on the interv@, c;)), then technological progress will only
asymptotically approach zero marginal cost of production rather than reachingfinite time with probability 1. However
as noted, when; becomes sufficiently small ari(c) does not also tend to zero sufficiently rapidly, there wilineoa point
where the firms no longer have further incentive to invesuslta more accurate simulation of the process would revatl th
investments continue until a small but positive value:aé reached, after which further investment stops. So in thedis,
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Realized Equilibrium Path without Leapfrogging
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Figure 4 equilibrium realization withoutleapfrogging

Figure 4 illustrates a very different equilibrium, againngsthe same realized path f¢ } as in figures
2 and 3 above. In this equilibrium there is no leapfroggind ao investment, except for a single pre-
emptory investment by firm 2 in peridd= 190 when it invests, acquires the zero marginal cost pramtuct
technology, and achieves permanent low cost leadershidiavel. Notice that firm 1 never invests in this
equilibrium realization, and so prices to the consumer né&le and remain at the initial value gf =5
forever. For the first 190 periods of the game, both firms anensgtric Bertrand price competitors and
therefore both earn profits of zero. However firm 2 investsariqul 190, and starting in peridd= 191
onward, firm 1 earns profits of 5 by charging a pricepet 5. It has thus attained an outcome that is very
similar tolimit pricing by a monopolist. Recall that in limit pricing, a monopolistacges the maximum
price it can get away with, subject to the constraint that firice is not too high to induce entry. In this
case, the limit price is determined by the marginal cost ofipction of firm 1, since this firm plays the
same role as a new entrant in the limit pricing model: if firmmi@d to charge more than firm 1's marginal
cost of production, there would be room for firm 1 to underaunh f2, take the entire market, and still earn
a profit. Note that there is also a mirror-image equilibriuntcome when we select another equilibrium
where firm 1 invests at= 190 instead of firm 2.

Figure 5 illustrates another equilibrium where firm 1 unakes nearly all of the cost-reducing in-
vestments and therefore attains a highly persistent rolewotost leader in this equilibrium realization.

Howver in periodt = 190 firm 2 does finally invest, leapfrogging firm 1 to attain anpanent position of

the reader should interpret= 0 as this small positive value ¢f at which further investment is no longer economic.
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low cost leadership. From the standpoint of consumers, dhdilerium outcome in fiure 5 is identical to
the one displayed in figure 4 for the first 190 periods: theeoisgp = 5 in both cases. All of the cost-
reducing investments undertaken by the low cost leader, Ifjrim the first 190 periods accrue entirely to
firm 1 and not consumers. However unlike figure 4, when firm 2lfinavests and leapfrogs firm 1 to
become the new (permanent) low cost leader in periedl90, a price war breaks out that drives prices
from p =5 down top = 0.2, where they remain ever after. Firm 1’s profits fall to zearting in period
t =191 and firm 2 is able to earn a small per profit ¢t for allt > 191.

Figure 6 illustrates yet another equilibrium where therke@pfrogging and an alternating pattern of

low cost leadership that results in more of the benefits of-@ucing investments being passed on to



Equilibrium with persistent leadership and leapfrogging
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Figure 7 equilibrium realization with leapfrogging and alt ernating leadership

consumers. Starting from the symmetric situation where- ¢, = ¢ =5 in periodt = 1, firm 1 moves
first and invests in a new plant that produces at the new lotaig-ef-the-art marginal cost= 4.16667 in
periodt = 3. Then in period = 7 another large technological innovation occurs that reddice marginal
cost of production under the state-of-the-art from 4.16667 toc = 1.25. This large drop induces firm 2
to invest and leapfrog firm1 to become the new low cost leduld#rths does not ignite a serious price war
since prices only fall fronp =5 to p=4.16667. Firm 2 remains a persistent low cost leader, undagak
all subsequent cost-reducing investments until petied190 when firm 1 invests and replaces its high
cost plant with a new state-of-the-art plant with a margi@dt of production ot = 0. At this point a
major price war erupts that drives down prices frpm: 4.16667 top = 0.2.

Figure 7 provides a final illustration of another equilinwith leapfrogging and persistent leader-
ship, but where the low cost leader, firm 1, stops investind) “@anasts” for an extended period of time
after aggressively investing early on in peridds 3 andt = 7, where it drove down its marginal cost of
production successively from= 5 to ¢; = 4.1667 and then t@; = 1.25. However firm 1 decided not
to undertake any further cost reducing investments aftgr timtil in periodt = 190 firm 2 invested and
leapfrogged firm 1 to become the permanent low cost leadés. rmiive ignited a price war that reduced
the price fromp=5top=1.25.

Each of the equilibrium simulations illustrated above espond to different equilibria of the dynamic
game. These are just a few of the many different ones we caaud Bhown. It should be clear that

there are many equilibria with a wide range of investmentamies and prices to consumers. It may be
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surprising that such complexity can be obtained in such glsimxtension of the classical static Bertrand
model of price competition, which of course has a very simpiégque solution.

Although we have yet to systematically characterize theosell equilibria to this model, we have
noted that generically (except for a measure zero set &gt ¢z, ) € S) there will be a odd number of
equilibria. Generally we have found that there are eithar3d possible equilibria, but we do not know yet
whether it is possible to obtain equilibria where there ameerthan 3 equilibria in any statés;, ¢y, ).
However we can state the following propositions based omauk so far.

Proposition 1: If the fixed costs of investing(K) is not too high, no investment by either firm is never
an equilibrium outcome. There always exists a value afag (where ¢ is the initial value for the state-
of-the-art marginal cost of production) at which one or baththe firms has a positive probability of
investing.

The proof of this proposition follows from the existence tlieast 3 possible equilibria in the end game
stateg(c, C2,0) at least wherK (0) is not too large. Of course, K(0) is too large relative to the maximum
gain from investing in an end game stétg, c,, 0) (i.e. if Bcy/(1—PB) —K(0) < 0 andBc; /(1—-B) —K(0) <
0), then no investment will occur in those states. Howevesreiassume thdicy /(1 — 3) — K(0) > 0, then
there are states in which investment by at least one of the fivilhoccur with positive probability. Thus,
Proposition 1 constitutes our resolution to the “Bertramgestment paradox.”

Proposition 2: If investment in a new technology is not prohibitively gpgslo that none of the firms will
invest with positive probability in any possible equiliom of the game), then there will also exist two
monopoly equilibria, where one of the firms always investstae other never invests.

Proposition 3: Under the same conditions as Proposition 2, there will algistea symmetric mixed
strategy equilibrium that results i@ ex ante payoffs to the two firms when the game starts in thalinit
state(co, Co, Co)-

Propositions 1 to 3, combined with the use of stochasticlibgiuim select rules, enable us to charac-
terize the set of possible expected discounted equilibpagoffs to the two firms in the initial state of the
game(co, Co, Cp).

Proposition 4: Under the same conditions as Propositions 2 and 3, the setssilple expected discounted
equilibrium payoffs to the two firms in all possible equiiébof the game is a triangle with vertices at the
points (0,0), (0,Vi) and (Viy,0) where \; = max(Vy(co, Co,Co), Vi, (Co, Co, Co)) is the expected discounted

monopoly payoff to firm i in the monopoly equilibrium wherfiris the monopolist investor and low cost
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leader.

The three vertices of the set of equilibrium payoffs in Psippon 4 represent what we might refer to as
“extreme equilibria” of the game. As we show in the next settihe two monopoly equilibria constitute
the two efficient equilibria of the Bertrand duopoly gamecsi of course they minimize the occurrence
of inefficient duplicative investments by the two firms. Oflicge, these two monopoly equilibria are the
worst from the standpoint of consumers since only the molmsi@End not any of the consumers benefits
from the cost-reducing investments that the monopolisetaées.

The worst equilibria for the two firms is the symmetric mixedategy equilibrium. This equilibrium
involves a high probability of inefficient duplicate investnt by the two firms in nearly every period,
and this intense investment competition results in “regsigiation” similar to the type of rent dissipation
described in Riordan and Salant (1994). Clearly, the firmslevbe best off in terms of expected payoff
if they can agree on a correlated equilibrium that selecesarrthe other of the monopoly equilibria with
some probabilitya € [0,1]. This equilibrium selection rule can be viewed as a coreelaquilibrium to
the overall game that solves the underlying investmentdination problem by designating one or the
other of the two firms to play the role of monopolist investor.

However it may strain credulity to expect the firms to agre@aorfficient equilibrium selection rule.
In practice it does not appear that such outcomes are verynoomIf we assume instead that the firms
have somehow agreed on some other equilibrium in this gdme, denerally all that we can say is that
the initial equilibrium payoffs will lie somewhere in the ya&f triangle described in proposition 4, and
that when there is leapfrogging, the payoffs to the two firnilklve in the interior of this payoff triangle,
for the simple reason that by its nature, leapfrogging cditipe results in price reductions to consumers
over time, and thus some degree of “rent dissipation”.

From figures 2 to 7 above, we have shown that there is a verynaitge of profits and prices that are
consistent with the Markov perfect equilibria of this mad8bme equilibria result in very high prices to
consumers, little investment, and high profits for one offittmes, other equilibria can results in high prices,
little investment and no profits to either firm, whereas stilier equilibria result in active investment by
both firms that gives both modest profits while passing thentgjof the benefits from these cost reducing
investments on to consumers in the form of lower prices.

We have also seen that even when cost-reducing investmetus they do not always result in price

reductions to consumers. Only those investments thattrigsahe firm leapfroggingver its opponent
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to become the new low cost leader result in price reductiom®hsumers. However there are instances
where one firm undertakes a cost-reducing investmentrsgarom a situation where both firms have the
same marginal cost of production. In these situations tls¢-realucing investment generates no benefit
to consumers, similar to the situation where cost-redugimgstments are undertaken by the firm that is
already the low cost leader. Although these investmentotionmediately benefit consumers in the form
of lower prices, they can eventually benefit consumers ibther firm eventually does invest and leapfrogs
its opponent. This point is illustrated most dramaticatlyigure 5 where firm 1 undertakes a large number
of cost-reducing investments that it captures entirelynatréased profits for the first 190 periods of the
game, but when firm 2 finally invests and leapfrogs firm 1 inqubti= 190, the price war that erupts
results in a new permanent low price regime for consumetsatha only possible due to aggressive prior
investments by firm 1. Compare this to figure 4, where abseoast-reducing investments by either firm
in the first 190 periods implies that even when firm 2 finallyeisted at = 190, the prices would remain
forever atp = 5.

A final point to note is that behavior reminiscent of “snigirappears in the equilibrium simulations
(see figure 7). By this we mean a situation where one of the fiemsins passive and takes the role of the
high cost follower for extended periods of time, but thedwaler does eventually “jump in” by investing at
a point when technology improves sufficiently that the firm oavest in a plant that has a sufficiently low
marginal cost of production that it deters its opponent fimmg further attempt to leapfrog to regain the
low cost leadership position in the future. These casestilite the contestable nature of competition in
this model. Being a high cost follower for an extended pedbiime does not necessarily impair the firm'’s
ability to jump in and leapfrog its opponent at any point ie fiature, provided that the low cost leader’s
own investments have not driven down its costs of produd@nlow in the interim. This propensity of
the high cost follower to “come from behind” is, we believelated to our result from section 3 (Lemma
3.1) that in the mixed strategy equilibrium of th&, c»,0) end game, the high cost follower has a greater

probability of investing than the low cost leader.

5 Socially Optimal Investment

It is of interest to compare investment outcomes from duppgoimpetition in pricing and investment

to those that would emerge under the social planning solwiibere the social planner is charged with
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maximizing total expected discounted surplus. In the stngbhtic model of Bertrand price competition,
the duopoly solution is well known to be efficient and coircigith the social planning solution: the firm
with lower cost produces the good, resulting in consumeratehbeing satisfied at the smallest possible
cost of production.

However the static model begs the question of potentialméadncy in production costs when there
are two firms. The static model treats the investment costessary to produce the production plant
of the two firms as a sunk cost, and it is typically ignored ia flocial planning calculation. However
in a dynamic model, the social planner does/should accarnthése investment costs. Clearly, under
our assumptions about production technology (any planuhfisiited production capacity at a constant
marginal cost of production) it only makes sense for theaqaanner to operate only a single plant, and
it would never be optimal to operate two plants as occurs éndilopoly equilibria (except for the two
“monopoly” outcomes where one or the other of the firms doksfdhe investing). Thus, the duopoly
equilibria are typicallyinefficientin the sense that there is redundant investment costs thadwot be
incurred by a social planner.

If we assume that consumers have quasi-linear preferendbsisthe surplus they receive from con-
suming the good at a price @f is u— p, then the social planning solution involves selling the dyad
marginal cost of production, and adopting an efficient ibvesnt strategy that minimizes the expected
discounted costs of production. L&tbe the marginal cost of production of the current productitamt,
and letc be the marginal cost of production of the current statehefdrt production process, which we
continue to assume evolves as an exogenous first order Mprkoess with transition probabilitg(c’|c)
and its evolution is beyond the purview of the social planmdl the social planner can do is determine
anoptimal investment stratedpr the production of the good. Since consumers are in effgktneutral
with regard to the price of the good (due to the quasi-lingaassumption), there is no benefit to “price
stabilization” on the part of the social planner. The soplahner merely solves and adopts the optimal
investment strategy that determines when the current plamild be replaced by a new, cheaper state-of-
the-art plant. The goods produced by this optimal plant eveiged to consumers in each period at a price
equal to the plant’s marginal cost of production.

Let V(ci,c) be the present discounted value of costs of production wherplant operated by the
social planner has marginal cagtand the state-of-the-art technology (which is availablénwine period

delay after incurring an investment costkofc) just as in the duopoly problem above) has a marginal cost
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of ¢ < c¢;. We have
V(c1,) = min [c1+ B/OCV(Cl,c’)n(dd|c),cl+ K(c) +[3/0°v(07 C’)T[(dd|c)] . (58)

The optimal investment strategy can be easily seen to taktm of acutoff rulewhere the firm invests
in the state-of-the-art technology when the current stédtre-artc falls below a cutoff threshold(c; ),
and keeps producing using its existing plant with margimet c; otherwise. The cutoff rulg(c,) is the

solution to the following equation

K(c(cr)) = B /0 " WV (ew, ) - V(e(er), )] rdde(e). (59)

This equation tells us that at the optimal cut(i; ) the social planner is indifferent between continuing to
produce using its current plant with marginal cogbr investing in the state-of-the-art plant with marginal
cost of productiort(cy ). This implies that the decrease in expected discounteduptioth costs is exactly
equal to the cost of the investment wheis equal to the cutoff threshold(c;). Whenc is above the
threshold, the drop in operating costs is insufficientigéato justify undertaking the investment, and
whenc is below the threshold, there is a strictly positive net i¢frem investing.

Proposition 5: The socially optimal investment rubéc; ) is also the same at the profit maximizing invest-
ment decision rule of a monopolist with discount faddathat can charge a price ofgan every period,
where @ is the initial value of the state-of-the-art production heology.

The proof of this proposition is straightforward, sinceh&étmonopolist is constrained to charge a price
of cg every period, it follows directly that the monopolist willaximize the expected discounted value of
profits if and only if the monopolist follows a cost-minimigj technology adoption strategy. The optimal
adoption strategy is to invest in the new technology, raaythe firm’s marginal cost of production from
c1 to c wheneverc > ¢(c;) where the threshold(c; ) is given in equation (59). Proposition 5 now leads to
Proposition 6, which establishes the efficiency of the mohopquilibria in the duopoly game.
Proposition 6: Both of the monopoly equilibria of the duopoly investmerd pricing game involve the
monopolist adopting an efficient investment policy for atreent in new technology.

The proof of Proposition 6 follows from Proposition 5 and flaectional equations defining the
Markov perfect equilibria to the duopoly game in equatiok®)((23) of section 2. Consider the MPE
where firm 1 is the monopolist investor. Then in equation (&é)havePf(cl,cz,c) =0 (since it is never
optimal for firm 2 to invest in this equilibrium) and the eqoas forvj andv} in equation (22) are equiva-

lent to the Bellman equation for the optimal monopoly inuesitt strategy for firm 1 when it cannot charge
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a price higher thaig, which is its opponent’s marginal cost of production. Frorog®sition 5, it follows
that the equilibrium investment strategy for firmi4(c;, co,c), is equal to the optimal investment cutoff
rule in Proposition 5.

While the result in Proposition 6 may seem trivial, we remiihe reader that the existing economics
literature, particularly the work of Riordan and Salant94§ obtained a very different result — namely
that in the equilibrium where only one firm does all of the nevestment in technology the fear of possible
investment by its rival at all points along the equilibriuratip causes it to make pre-emptive investments
that completely dissipate all monopoly rents. That is, thfopolist investor” in the equilibrium in
Riordan and Salant's model makesro expected discounted profisurthermore we now show that the
sequence of investments made by the monopolist in their himdefficient.

To show this, recall that Riordan and Salant used a contmtioe game formulation where the two
duopolists share a common discount natéet K be the cost of adopting a new technology (assumed to
be independent of time) and left) be a deterministically decreasing marginal cost of pradaainder
the state-of-the-art production technology wheiie time. Riordan and Salant’s main result is that if
the two firms are Bertrand duopolists, there are only two iptessgquilibria, with one of the firms (the
“incumbent”) making all of the investments to adopt new tealbgy at a sequence ofdateg(ts,to, ..., tm)

satisfying

c(0)—c(ty) = rK
C(tl)—C(tz) = rK

Cltm1) — Cltm) = TK. (60)

Now consider the optimal investment strategy of a monopaliso can charge a maximum price per
period ofc(0) who can also choose a sequence of d&es. ., s,) to maximize its expected discounted
profits. Similar to Proposition 5, it is easy to show that thenapolist’s optimal strategy is to choose a
sequence of dates for adopting new technologges. . ,s,) that satisfy the following first order conditions

for discounted cost minimization

C0)—cs) = rK—c(sy)[1—exp{—r(sz—su)}]/r
c(st)—c(s2) = 1K —c(s2)[1—exp{—r(ss—2)}]/r
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C(sh-2) —C(sh-1) = 1K —C(sh2)[1—exp{—r(ss—s-1)}/r
c(sh-1) —C(s) = rK—c(s)/r. (61)

Comparing the equations defining the optimal investmenategyy for a firm in a duopoly equilibrium in
equation (60) with the first order condition for a monopdisiptimal investment strategy in equation (61)
we find

Proposition 7 The equilibrium pre-emptive investment strategy in Riordad Salant’s model of Bertrand
duopoly pricing and investment is inefficient: it entaile firm investing more frequently and making a
larger number of investments (i.e. xnn) than occurs under the socially optimal investment ruk #n
monopolist producer would adopt if there was never any thoéamvestment by its competitor.

It follows from Proposition 7 and; > t; ands, > t, and so on, and generally the total number of
times the monopolist would invest, is less than the total number of investmemis that occur in the
pre-emptive duopoly equilibrium of Riordan and Salant @99ntuitively, the threat of entry by the rival
forces the incumbent firm to invest more frequently thanrogtiin order to pre-empt its competitor.

We conclude by analyzing the inefficiency of the duopoly &otia in our model. To illustrate the
nature of the inefficiencies, we solved numerically for thimal investment strategy using the same
parameters that we used to solve for the various duopoliledqaithat we presented in our numerical
analysis and simulation section 4. It turns out for the paféir realization of the state-of-the-art technology
that we used to illustrate the various duopoly equilibri@eation 4, it is always optimal to invest: in this
case the optimal investment threshala; ) is only slightly below the 45 degree line — i.€(c;) < ¢;
but the differences; —T(cy) is small. Thus, in every instance where the state-of-theest improved in
figures 2 to 7 of section 4 investment is socially optimal.

We note that in the leapfrogging equilibria displayed in fegi2 and 3 investments were undertaken
by one of the firms in every instance where an improvementarsthte-of-the-art occurred, so investments
wereex postoptimal in these equilibria. However in figure 4 we showed tiwinvestment occurred until
the state-of-the-art cost had finally dropped to its absgristate of 0. Thus, in this equilibrium there was
anex postinefficiency involvingtoo little investment.

Similarly figures 5 and 6 display equilibria where the pattef investments arex postoptimal,
whereas figure 7 displays another equilibrium where themxipostinefficiency — in the case again
there are states where it is optimal to invest but where eeibh the duopolists invest in the particular

leapfrogging equilibrium we illustrated.
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It is also possible to generate examples where the duopoijilequm involvesexcessive investment
relative to the social optimum, but in &x postsense and in agx ante sensg.e. where there is a positive

probability of investments occurring in states where itas socially optimal for investment to occur).

6 Conclusions

We have developed a model of Bertrand price competition agdential investments in a stochastically
improving technology and resolved tBertrand investment paradex- that is, we showed that it is pos-
sible and indeed generally the case that investment ocouggdilibrium in this model even though by
the nature of the problem the market is contestable and bwotis faiave the option at any point in time
to invest in the state of technology to reduce their margoosk of production. Casual reasoning would
suggest that if both firms realize that if they both investhe state-of-the-art technology with marginal
cost of productiorc, Bertrand price competition will erupt after their simulemus adoption of the new
technology and ensure that neither firm will make positivaips from this investment in new technology.

We have resolved the Bertrand investment paradox by shavaighe equilibria of the duopoly pric-
ing and investment game is isomorphic to a coordination gamnd that there are equilibria involving
leapfrogging investments that enable the firms to implicgtordinate, avoiding the potential losses from
duplicative simultaneous investments.

We have also related our model to the existing literatureemhriology investment adoption under
Bertrand duopoly that argues that the only equilibrium ootes are ones that involve a single firm doing
all of the investing, with investments strategically timtdpre-empt the other firm from investing and
leapfrogging the low cost leader. We have showed that thsislrelepends critically on the assumption
that technology adoption is an alternating move game. Quméwork models technology adoption as a
simultaneous move game and we show that this results in arhutiglicity of equilibria.

We do not take a stand on whether outcomes “in reality” arebapproximated as simultaneous move
or alternating move games. In many respects the model impésr is too oversimplified to be treated as
a serious theoretical model of dynamic competition. As veeuks further below, we find it disconcerting
that even the simplest dynamic models such as the one wedtbdre can have so many equilibria and
details about whether firms move simultaneously or alteipaian have such an important bearing on the

equilibrium behavior predicted by these models.
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Nevertheless we attempted to characterize the set of alliegu of this game and we developed
a state-space recursion algorithm that can calculate alliega of the game. We showed that among
the equilibria are two “monopoly equilibria” where one oktfirms always does the investing in new
technology and the other firm never invests. However unlieedquilibrium in the Riordan and Salant
model, we showed that the firm doing the investing in theselibga earns fully monopoly rents and
adopts a socially optimal (expected discounted cost miing) adoption strategy. This suggests if the
firms could coordinate, the optimal coordination would iweotheir playing a correlated equilibria that
makes one or the other firm the monopolist with some prolighilic [0, 1].

We believe a separate theoretical contribution from oulyaigis a new interpretation for price wars.
In our model price wars occur when a high cost firm leapfrog®jiponent to become the new low cost
leader. It is via these periodic price wars that consumenrefitefrom technological progress and the
competition between the duopolists. However, what we fingriing is that there are equilibria of our
model where cost-reducing investments are relativelyegquent and leapfrogging rarely occurs, so that
consumers obtain little or no benefit from technologicalgpess in the form of lower prices. It remains
an open question as to whether these sorts of equilibriucomés are a theoretical curiosum, or whether
this model can provide insights into a variety of possiblmpetitive behaviors in actual markets.

Our paper is not the first to establish the possibility of feagging equilibria in a dynamic extension
of the classic Bertrand model of price competition. Afteraeenpleted our analysis, we became aware of
the work of Giovannetti (2001), who appears to have provithedfirst analysis of Bertrand competition
with cost-reducing investments in a framework similar tosbuThe main differences between our setup
and Giovannetti’s is that improvements in technology octaierministically in her model, with the cost of
investing in the state-of-the-art production facility tieimg geometrically in each period. She established
in this environment that there are leapfrogging equililmiahich investments occur in every period, but
with the two firms undertaking leapfrogging investment®ralately in every period. Under a constant
elasticity of demand formulation where the demand eldgtisi greater than 1, Giovannetti showed that
these alternating leapfrogging investments by the two finiicontinue forever.

In our model, in the absence of an outside good from which “eeatomers” can be drawn, the
leapfrogging will generally not occur forever, but will eafter a finite span of time with probability one.
This result, however, is dependent on assumptions abouthewost of adopting new technology changes

over time. If this adoption costs also decreases over tinaesafficiently rapid rate and sufficiently many
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new consumers can be drawn away from consuming the outsatt god if technological progress results
in costs only asymptoting to O rather than reaching 0 in agfimihount of time with probability 1, then we

expect it would be possible to show that leapfrogging inmestts could can continue indefinitely in our
model as well.

Giovannetti also found there were equilibria with “persigtleadership” an outcome she ternmied
creasing asymmetryThese equilibria are the analogs of the equilibria we findun model where one
of the firms takes the role of “low cost leader” for extendedgqms of time and does all of the investing
at every point in time where there is a sufficiently large i in the marginal cost of production in
the state-of-the-art technology, relative to its fixed siwgent cost. However Giovannetti’'s analysis did
not trace out the rich set of possible equilibria that we Hawued in our model, including the possibility
of “sniping” where a firm that has been the high cost followar éxtended periods of time suddenly in-
vests at the “last minute” (i.e. when the state-of-the-aatgimal cost is sufficiently low that any further
investments are no longer economic), thereby displacggvidl to attain a permanent low cost leadership
position. This is one of the benefits of being able to solventtoelel numerically, which facilitates the
study of possible equilibrium outcomes.

We also refer the reader to the very important paper by Guoedithd Gordon (2010) that studies
leapfrogging R&D and pricing decisions by the duopolistelrand AMD. This model is considerably
more complex than our model in that AMD and Intel leapfrogheather by undertaking R&D invest-
ments to produce faster microprocessors rather than bylysiimgesting in a cost reducing production
technology that evolves exogenously as in our model. Intaadithe Goettler and Gordon model has
consumers that makdynamicrather than static choices about whether to purchase a neputer with
the latest microprocessor, or keep their existing compwtitir a prior-generation microprocessor. This
creates considerable complexity and added interestingrdias, since the duopolists must consider as a
relevant state variablne entire distributions of holdings of microprocessordhia consumer population.
When a sulfficiently large fraction of consumers have sufiittyeoutdated microprocessors, conditions are
more opportune for gaining a large market share by intraguai newer, faster microprocessor.

The Goettler and Gordon analysis shows that the dynamic R&BDpetition results in a form of
“leapfrogging” that results in lower prices and better coraps for consumers. However, similar to our
finding of investment inefficiency in our simpler frameworkith innovation occurring less frequently

than the socially optimal level in several equilibria we Igmad in section 5), Goettler and Gordon find
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that “innovation would be 8.2 percent higher if Intel were amopoly. Consumer surplus, however, would
be 2.5 percent ($9 billion per year) lower without AMD singe&ps would be higher. To evaluate the effect
of Intel's alleged anti-competitive practices, we perfaraunterfactual simulations in which we vary the
share of the market from which AMD is foreclosed. As the ftwsare share rises, prices and industry
innovation both increase, lending support to the Schurigstdrypothesis. Moreover, consumer surplus
peaks when AMD is excluded from half the market since the dérighnovation more than fully oiffsets
the effect of higher prices on surplus. This finding supptnsFTC’s recent consideration of the dynamic
trade-off between lower current consumer surplus froméduriginices and higher future surplus from more
innovation.” (p. 3).

Our study is not intended to present an empirically realiatialysis of a specific industry such as the
microprocessor industry that Goettler and Gordon analy¥éulle the comments below are not a specific
criticism of the Goettler and Gordon study (which we thinlisimportant contribution both theoretically
and empirically), our analysis can serve as a cautionarg aotthe potential problems that are created
when there are a vast multiplicity of Markov-perfect eduila in dynamic games. This has important
consequences for how these models ought to be applied ardrietied in the empirical 10 literature. We
believe there may be a misimpression in the empirical |Qdttee that the “Markov-perfect” restriction
can be relied on to guarantee that the models will have unéqudibria, facilitating empirical analysis
and comparative dynamic policy analysis. However if in filigtre a vast number of possible equilibria
in many of these dynamic models, the implications for enaplrlO become much cloudier since it is not
clear that economic theory has much to say about which bguith will be “selected” in an particular
empirical context.

Although there have been attempts to empirically selecthibst likely of several possible equilibria
in recent empirical work, our findings suggest that even inveuy simple extension of the basic Bertrand
price competition, the variety of equilibria are so greatt tbssentially “anything can happen” — a result
that is reminiscent of the Folk Theorems in the older regkgeme literature, and one that has largely
limited the empirical relevance and number of empiricall@pgions of this literature to 10.

The new, dynamic, Markov-perfect equilibrium approachest aire transforming empirical work in
the new structural 10 literature may be subject to similaticcems and limitations. One of the impor-
tant strategies for structural estimation in this new éitare involves “nested fixed point algorithms” that

consist of an inner fixed point algorithm that repeatedhaledates the equilibrium to a dynamic game
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for different trial values of the unknown parameters of theded, while an outer optimization algorithm
searches for values of these parameters that maximizelidigd function, or minimize some measure
of the distance between the predictions of the dynamic maadelthe data. If the inner fixed point algo-
rithm is based on an iterative successive approximatioms ¢f algorithm, our results suggest that these
algorithms, when they converge, can be acting as im@apitilibrium selection device# can happen that
small details in how these algorithms are initialized anelcded can affect which particular equilibrium
of the game they converge to.

If the empirical analyst is not aware of these problems, &ildei inner fixed point algorithm is not
converging to the “same” equilibrium for different trialluas of the parameters being estimated, then the
underlying “equicontinuity” and econometric propertibattresearchers in the structural IO literature rely
on to establish the statistical properties of their estimgatnay be called into question. Further, “policy
analysis” of these models, including predicting how theildmium would change as a result of a counter-
factual technological change or policy innovation areezhihto question if the model solution algorithm
is calculating one possible equilibrium prior to the polidyange and a different one after the change.
Then, some of the imputed “behavioral change” may be araattdf an inadvertent selection of a differ-
ent equilibrium of the model, not a true impact resultingrrthe change in the “actual” equilibrium (if
we assume that in reality the players/firms are in fact abgelect and coordinate on particular equilibria
before and after the policy change).

Overall, we were quite surprised by how complex are the variypes of equilibrium behavior that
can emerge from such a simple model. We do not regard thigpiitityy as a good thing, and are currently
looking for reasonable alternative formulations of the eldtat may succeed in limiting the number of
equilibria — ideally to result in a unique equilibrium. Onegsibility is to go back to the alternating move
structure that Riordan and Salant (1994) analyzed. Howseetto not regard the much more limited set
of equilibria in their model to be particularly plausiblanchare considering specifications with randomly
alternating moves to see if it is possible to vastly redueerthmber of equilibria in our model but while
still obtaining leapfrogging behavior, which we believegslistic and occurs commonly in reality.

A final direction we are interested in exploring is add swiitghcost frictions and dynamic consumer
choice as well as capacity constraints to the model and useuhderstand whether it would lead to
results in an infinite horizon setting similar to those folnyKreps and Scheinkman (1983) in a two-stage

game framework. Namely, whether capacity investment\iaid by Bertrand price competition yields an
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outcome identical to the Cournot-Nash equilibrium in a mMedeere firms chooses quantities only.
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7 Appendix: Proof of Lemma 1
Lemma 3.1Suppose) =0. If c; > ¢, > 0and K< fTCZB then in the unique mixed strategy equilibrium of
the pure Bertrand dynamic investment and pricing game itegta, c,, 0) we havery > To.

Proof. First, note that the conditioK < % in Lemma 3.1 ensures that investment is profitable in the

long term even for firm 1 whose potential pay-off is small@j%(< %). In other words, this condition
ensures that for both firms’ investment decisions are ecaadynjustified. Next, observe that wh@n=0

in the(cy, c2,0) end game there is unique pure strategy equilibrium whetheredf the companies invests.
Thus, we only consider the cae> 0.

The value functions of the two firms in tlie;, c;,0) end game when; > ¢, are

VvV, = T[1><<TT2'(—K)+(1—T[2)'<1BTCZB—K>>+
+(1-m) X (Th-0+ (1 —TR) - BV4)

Vo = n2><(nl'(cl—CZ—K)Jr(l—nl)-<c1—02+1BElB—K>>+
+(1-1p) x (T - (€1 — C2) + (1 —Ty) - (c1 — C2 + BV2))

where the definition of the probabilityy, of investment by firm 1 in the mixed strategy equilibrium gve

Bco
1-B

and thus the value function itself becomes the weighted diequml parts, leading to

V]_:'ITZ'(—K)-i—(l—T[z)- <1BTCZB—K> :T[2'0‘|‘(1—T[2)'BV1

Using the second equality in the last expression, we\fing 0, and then using the first equality in the

T[2-(—K)+(1—T[2)-< —K):n2-0+(1—n2)'[3v1

same expression, we find-1mp, = %

The definition of the probabilityr, of investment by firm 2 in the mixed strategy equilibrium, garly

gives

Vo = T[1.(cl—cz—K)_|_(1_T[1),(Cl_cz_i_lBT(?lB_K)
= m-(c1—C)+(1—m)-(cp—Ca+BV2)

Using the second equality in the last expression, we\fne % and using the it once again
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we get

T (cp —C2—K)+(1—Tm) <01—02+1Ble—K> = m(C1—C2)+ (1-Tu)(C1—Ca+PV2)
(Lﬂﬁ@%%A(—mK::u—mmw
C1 K .
B Fam

Combining the two expressions for the value funcbnwe get the following equation

C1—Cp C1 K

1-B-(1-m)  1-B B-(1-m)

Multiplying by 1— 3 and incerting the expression for-1ry,, we have

C1—C 1-™

— s = C— C2
1—|—rBBT[1 1-m
1-m
- _ — X
C1—C 1—|—1TBBT[1
1-—T1t
G-—c < a-¢
1-m
1-1m
> 1
1-m
m = T

The inequalities are due to the fact that0y < 1, 1TB[3 > 0,c1 —Cp > 0, ¢, > 0. The final inequality
is strict unlessy = ™o = 0, which impliesK = % thus leading to a contradiction. We conclude then that

> Th. Ol
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