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Abstract

This paper introduces pro�tability uncertainty into an in�nite-horizon variation of the clas-

sic Holmstrom and Milgrom (1987) model, and studies optimal dynamic contracting with en-

dogenous learning. The agent�s potential belief manipulation leads to the hidden information

problem, which makes incentive provisions intertemporally linked in the optimal contract. We

reduce the contracting problem into a dynamic programming problem with one state variable,

and characterize the optimal contract with an ordinary di¤erential equation. In the benchmark

case of Holmstrom and Milgrom (1987) without learning, the optimal e¤ort is constant, and

the optimal contract is linear. In contrast, in our model with endogenous learning, the optimal

e¤ort policy becomes history dependent, and decreases over time on average. Moreover, we

show that the optimal contract exhibits an option-like feature in that the incentives rise after

good performance shocks.
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1 Introduction

Many long-term contractual relationships feature uncertainty and learning. Uncertainy may arise,

for instance, when either the project�s quality or the agent�s ability is unknown in long-term em-

ployment contracts. By introducing uncertainty into an in�nite-horizon variation of the classic

Holmstrom and Milgrom (1987) model, this paper studies optimal long-term contracting with en-

dogenous learning.

Without uncertainty, most existing dynamic principal-agent models study repeated stage agency

games with transitory output performance, i.e., the agent�s short-term e¤ort plus some noises.1 In

these models, the history dependence of optimal contracting is fully summarized by the agent�s

continuation payo¤, while incentive provisions are essentially independent across periods. Once we

allow the output to be also a¤ected by an uncertain pro�tability component, both the principal

and the agent need to learn this pro�tability component based on the realized path of output

performance. The dynamic learning renders an interesting link between incentive provisions across

di¤erent times over the course of the contractual relationship.

The intertemporally linked incentive provisions are rooted in the following persistent �hidden

information� problem. Although both parties start with a common prior, and thus along the

equilibrium path the principal knows as much as the agent does, on o¤ equilibrium paths the agent

may enjoy information that is hidden from the principal. This is because only the agent knows his

actual e¤ort (i.e., �hidden action�), while the principal only knows the recommended e¤ort. Imagine

that the agent has followed the recommended e¤ort policy in the past so that both parties share the

same belief today. Suppose that the agent shirks today by choosing some lower-than-recommended

e¤ort, which lowers today�s output on average. However, the principal who anticipates higher e¤ort

would mistakenly attribute today�s output drop to a lower value of the project�s pro�tability. Thus

by shirking today the agent can downward distort the principal�s inference about the project�s

pro�tability from today on, which is long-lasting (i.e., persistent hidden information). We call this

1See, for example, Holmstrom and Milgrom (1987), Spear and Srivastava (1987), Sannikov (2008), etc.
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belief manipulation e¤ect. As a result, the agent will be mistakenly rewarded in the future for

better realized performance, simply because the agent knows that the project is more pro�table

than the principal believes. This gives rise to the agent�s future information rent, and this future

information rent increases with future pay-performance sensitivity. Because this future information

rent tarnishes the agent�s current working incentives, incentive provisions at all dates are interlinked

through this belief-manipulation e¤ect.

It is theoretically challenging to characterize the optimal contract in such a dynamic agency

model of both �hidden action� (i.e., e¤ort) and �hidden information� (i.e., potentially diverging

beliefs about the project�s pro�tability).2 Given any compensation contract, we �rst solve the

agent�s problem by characterizing the optimality condition that is similar to Prat and Jovanovic

(2010). As explained, the belief manipulation e¤ect implies that the agent enjoys information rents,

which can be conveniently expressed as a properly discounted future pay-performance sensitivities.

The higher the future incentives, the greater the information rents, the lower the agent�s current

working incentives.

We then solve the principal�s problem for the optimal compensation contract and the associated

optimal e¤ort policy. Given the stationary nature of learning, there is no time e¤ect, and we

reformulate the principal�s problem into a dynamic programming problem with two state variables:

the agent�s continuation payo¤ and the agent�s information rent. Further, the agent�s ability to

privately save combined with CARA preference (i.e., there is no wealth e¤ect) allow us to separate

the agent�s continuation payo¤ from the principal�s problem. We thus end up with a unidimensional

state variable, which is the agent�s information rent. The optimal contract is characterized by

solving an ordinary di¤erential equation (ODE) in the spirit of Hamiltanian-Jacobi-Bellman (HJB)

equation.

Relative to Prat and Jovanovic (2010) and DeMarzo and Sannikov (2010) who focus on the

2Because of the endogenous persistent hidden information, our model di¤ers dramatically from standard �hidden
action� dynamic agency models where the agent�s unobservable shirking has only a short-lived e¤ect. In the pure
�hidden action�models from each period onwards the principal knows everything (that is payo¤-relevant, including
belief) regarding the agent, which allows for the simple recursive formulation with the agent�s continuation payo¤
being the only state variable. See, e.g., Spear and Srivastava (1987), and Sannikov (2008).
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contract that implements a constant �rst-best level e¤ort, we make a contribution to the literature

by solving for the optimal e¤ort path endogenously jointly with the optimal compensation contract.

Recall that in the Holmstrom and Milgrom (1987) benchmark without learning, the optimal e¤ort

policy is a constant process. In our model with learning, the optimal e¤ort policy exhibits a time-

decreasing pattern. Moreover, the optimal e¤ort policy is stochastic, and incentives in the optimal

contract rise after good performance shocks, exhibiting an option-like feature.

First, the optimal e¤ort policy exhibits a negative drift and thus a time-decreasing pattern.

In fact, we solve the deterministic optimal contract (i.e., focusing on deterministic e¤ort policies

only) in closed form, and show analytically that the optimal deterministic e¤ort policy is decreasing

with the agent�s tenure, i.e., the front-loaded e¤ort policy is optimal. This front-loaded pattern

comes from the belief-manipulation e¤ect. As mentioned, future incentives increase agent�s current

information rent for shirking. In other words, future pay-performance sensitivities hurt the agent�s

working incentives in earlier periods, but not the other way around. Thus, the optimal contract

should implement a lower e¤ort in later periods.3 The force of information rent due to the belief

manipulation e¤ect is general and should apply to any dynamic contracting model with endogenous

learning.

The second result of e¤ort policy being history-dependent is more surprising. With a standard

CARA-Normal setting and stationary learning, the Pareto frontier of the contractual relationship

�uctuates with the project pro�tability. However, without learning but with long-term contract-

ing, the Holmstrom and Milgrom (1987) benchmark shows that a constant e¤ort policy is optimal.

Moreover, with learning but without long-term contracting, Holmstrom (1999) derives a determin-

istic e¤ort policy along the equilibrium path. These two results imply that the history-dependent

e¤ort policy is an outcome of the combination of long-term contracting and learning.

In our model, the optimal contract has an option-like feature in that pay-for-performance rises

following good performance. The intuition comes from reducing the agent�s belief manipulation in

3This implication is similar to models with career concerns Gibbons and Murphy (1992), but through a distinct
mechanism.
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a long-term relationship. As explained, the agent�s current shirking, by downward distorting the

principal�s belief persistently, leads to information rent in the future. For a risk-averse agent, the

amount of information rents not only depends on future pay-performance sensitivities, but also the

agent�s marginal utilities at these future states. Raising incentives after good performance intro-

duces a negative correlation between incentive slope and marginal utility, i.e., allocating greater

belief manipulation bene�ts in states where the agent cares less. Hence, the option-like compensa-

tion contract lowers the agent�s information rent standing today.

The topic of optimal contracting with endogenous learning belongs to the recent literature study-

ing optimal long-term contract with hidden information (Williams, 2009, 2011; Sannikov, 2007;

Zhang, 2009). As mentioned earlier, our paper is closet to Prat and Jovanovic (2010) and DeMarzo

and Sannikov (2010); both restricting attention to the optimal contract that implements a constant

�rst-best level of e¤ort. In contrast, we solve for the optimal e¤ort policy endogenously joint with

the optimal long-term compensation contract, and emphasize the general economic mechanisms

that shape the optimal e¤ort policy in long-term optimal contracting. Learning-wise, DeMarzo and

Sannikov (2010), like ours, consider a framework with stationary learning, while Prat and Jovanovic

(2010) study �parameter uncertainty�which implies that the project pro�tability is an unknown

constant rather than a moving target. Theoretically speaking, the exact learning technology is less

important, as both learning technology lead to long-lasting belief manipulation e¤ect which is the

major challenge in solving for the optimal contract.4 ;5

The rest of the paper is organized as follows. Section 2 lays out the model and solves the agent�s

4On the assumption of the agent�s preference, the agent in DeMarzo and Sannikov (2010) is risk neutral. Prat
and Jovanovic (2010) cover general utility functions for the agent�s problem, but then specialize exponential utility
in deriving the optimal contract.

5There are other papers that are related to learning but do not deal with the belief manipulation e¤ect. Adrian
and Wester�eld (2009) focus on the disagreement about the agent�s ability between the principal and the agent; in
that paper, the agent is dogmatic about his belief (i.e., never updates his posterior belief about pro�tability from past
performance), which eliminates the belief manipulation e¤ect. There, although the agent could distort the principal�s
belief by shirking, the dogmatic agent (who does not realize that the �rm�s pro�tability is in fact above the one
perceived by the principal) will not gain anything from this channel, and as a result there is no belief distortion
e¤ect. And, a recent paper by Cosimano, Speight, and Yun (2011) study the long-term contracting problem with
binary unobservable productivity states, and show that the optimal contract tends to be sticky. They assume that
the agent�s e¤ort is observable but not contractible, and hence both the principal and the agent always have the same
information set, both on- and o¤- equilibrium paths.
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problem. Section 3 reformulates the principal�s problem which allows for dynamic programming.

Section 4 solves for the optimal contract and discusses the implications. Section 5 concludes.

2 The Model

Consider a continuous-time in�nite-horizon principal-agent model with a common constant discount

rate r > 0. The project generates a cumulative output Yt up to time t, which evolves according to

dYt = (�t + �t) dt+ �dBt; (1)

where fBtg is a standard Brownian motion on a complete probability space (
;F ;P), �t is the

agent�s unobservable e¤ort level, and � is the volatility or risk in cash �ows.

Relative to Holmstrom and Milgrom (1987), the novelty is that we introduce the project prof-

itability �t into the output process (1). Equivalently, we can also interpret �t as the agent�s un-

known ability. The project pro�tability �t is unobservable and thus calls for learning. If the project

pro�tability �t is perfectly observable (or without �t), there is no learning and the model can be

reduced to Holmstrom and Milgrom (1987). For tractability reasons, we assume that the unknown

productivity a¤ects the output dYt additively.

We assume that the pro�tability f�tg follows a martingale process whose innovations are mod-

eled by another Brownian motion fB�;tg that is independent to fBtg, i.e.,

d�t = ��dB�;t;

where � is a positive constant. When � = 0, our model is reduced to the benchmark Holmstrom

and Milgrom (1987). Because shocks to �t are permanent, learning �t is important in designing

long-term optimal contract for both parties. At time 0, the principal and the agent share the

common normal prior that �0 � N
�
m0;�

�
0

�
where N indicates normal distribution. Without loss

of generality, we set m0 = 0. For learning to be stationary, we assume the prior uncertainty

��0 = �
2�;

Speci�cally, under ��0 = �
2�, the posterior variance ��t = �

�
0 for all t, and thus Bayesian updating

does not depend on time t.
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Both parties can commit to the long-term relationship. The risk-neutral principal (she later on)

o¤ers the risk-averse agent (he later on) a contract fct; �tg, so that the agent is recommended to

take the e¤ort policy � = f�tg ; and is compensated by the wage process c = fctg. Both elements

are measurable to Yt � F fYs : 0 � s � tg which is the �ltration generated by the output history.

As standard in moral hazard problems, the agent�s actual e¤ort policy is not observable. Also,

we assume that the agent can privately save (i.e., saving is unobservable), thus the wage ct can di¤er

from the agent�s actual consumption. Denote the agent�s actual consumption by bct and actual e¤ort
by b�t. Following Holmstrom and Milgrom (1987), we assume that the agent has an exponential or

CARA (constant-absolute-risk-aversion) preference, so that the agent�s instantaneous utility from

consumption bct and e¤ort b�t is
u (bct; b�t) = �1a exp [�a (bct � g (b�t))] ;

where a is the agent�s absolute risk aversion coe¢ cient, and g (b�t) = 1
2b�2t is the instantaneous

quadratic monetary cost for e¤ort b�t. The agent without any personal wealth has an exogenous
reservation utility of v0 when both parties sign the contract.

We emphasize that our model allows for the agent�s private saving (or hidden saving). It

is a celebrated result that CARA preference does not have wealth e¤ect, and the issue of private

saving can be easily dealt with (for instance, Fudenberg, Holmstrom, and Milgrom (1990), Williams

(2009), He (2011)). In fact, private saving allows us to separate the agent�s continuation payo¤

from another state variable in deriving the optimal contract, which renders the tractability of our

problem.

2.1 Bayesian Learning and E¤ort

Recall that at time 0, the principal and the agent share the common prior: �0 � N
�
m0;�

�
0

�
:

Both parties update their beliefs based on their own information sets respectively. Recall that

Yt = F fYs : 0 � s � tg is the augmented �ltration generated by output path Y . Given any contract

fct; �tg, the principal�s information set at time t can be written as Pt = F fYs; �s : 0 � s � tg, as

the principal knows the recommended e¤ort policy �. However, the agent�s information set also
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includes his actual e¤ort policy b�, i.e., At = F fYs; �s; b�s : 0 � s � tg. Intuitively, relative to

the principal, the agent knows (weakly) more because he knows his actual past e¤ort choices b�
(unobservable to the principal), and they might be di¤erent from the recommended e¤ort policy

� � f�tg. This distinction is important for our analysis.

Under the assumption that the agent indeed follows the recommended e¤ort policy �, the

principal�s posterior belief about �t is fully summarized by the �rst two moments:

m�
t � E [�t jYt; � ] and �

�;�
t � E

h
(�t �mt)

2 jYt; �
i
:

Standard �ltering argument (e.g., Theorem 12.2 in Liptser and Shiryayev (1977)) implies that

dm�
t = ��;�t

dYt � (�t +m
�
t ) dt

�2
= ��dB�t ; (2)

��;�t = �2� for all t (3)

where B�t is a standard Brownian motion under the measure induced by the e¤ort policy �:

dB�t =
dYt � (�t +m

�
t ) dt

�
: (4)

Conditional on the actual e¤ort policy fb�tg, the agent forms his posterior belief as
mb�
t � E [�t jYt; b� ] and ��;b�t � E

��
�t �mb�

t

�2
jYt; b�� :

The superscript b� is used here to emphasize the dependence on the agent�s actual e¤ort policy b�
(which the principal does not know). Similar argument as above yields

dmb�
t = ��;b�t dYt �

�b�t +mb�
t

�
dt

�2
= ��dBb�t ; (5)

��;b�t = �2� for all t (6)

where Bb�t is a standard Brownian motion under the measure induced by the actual e¤ort policy b�:
dBb�t � 1

�

�
dYt �

�b�t +mb�
t

�
dt
�
: (7)

Hence, from the agent�s perspective, the output follows dYt =
�b�t +m�̂

t

�
dt + �dBb�t ; while

from the principal�s perspective the evolution is dYt = (�t +m
�
t ) dt + �dB

�
t . The potential belief

divergence mb�
t �m

�
t gives rise to the agent�s incentive to manipulate principal�s belief, which plays

an important role in understanding the information rents enjoyed by the agent in our model.
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2.2 E¤ort and Belief Distortion

The main di¢ culty of introducing learning into the dynamic moral hazard problem is not learning

per se. Rather, the challenge is to deal with the issue of belief manipulation: the agent, simply

by shirking from the recommended e¤ort today, can distort downward the principal�s future beliefs

about the project pro�tability �. Consider the following thought experiment which is helpful in

understanding later results. Suppose that at time t the agent chooses an e¤ort level b�t below the
recommended e¤ort �t, and thus the output is lower than that is expected by the principal. With

learning, the principal mistakenly attributes the lower output to a lower value of pro�tability �t,

leading to downward belief manipulation. In words, by shirking, the agent makes the principal

(mistakenly) believe that the project pro�tability is lower in the future. This belief manipulation

is bene�cial to the agent � when future output turns out to be high, the agent gets rewarded for

high pro�tability (based on the agent�s correct information set) rather than his e¤ort.

We now formally characterize this e¤ect. When the agent deviates from the recommended e¤ort

path � by choosing e¤ort b�, the principal�s posterior mean estimate about � is distorted, and we
denote this distortion by

�t � mb�
t �m

�
t :

In the Gaussian framework with stationary learning, the variances of the posterior beliefs of both

parties coincide to be a constant ��2. According to (2) and (5), the increment of �t is given by

d�t = dmb�
t � dm

�
t = � (dYt � (�t +m

�
t ) dt)� �

�
dYt �

�b�t +mb�
t

�
dt
�

= � (�t � b�t ��t) dt;
which allows us to solve for �t to be

�t = �

Z t

0
e�(s�t) (�s � b�s) ds. (8)

Here, we have used the fact that both the principal and the agent share the same belief at the

beginning, i.e., �0 = 0 because m�
0 = mb�

0 = m0. Intuitively, (8) says that the current belief
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distortion is the properly-weighted cumulative e¤ort deviation in the past. When � = 0, there will

be no belief divergence, and the issue of belief manipulation is absent.

2.3 Formulating the Optimal Contracting Problem

We now formally state the agent�s problem. Denote by St the balance of the agent�s savings account,

which earns interest at the constant rate r. Given the contract c = fct; �tg the agent�s problem is

max
fbc;b�gEb�

�Z 1

0
e�rtu (bct; b�t) dt� (9)

s.t. dYt =
�b�t +mb�

t

�
dt+ �dBb�t ;

dSt = rStdt+ ctdt� bctdt with S0 = 0;
with the transversality condition limT!1 Eb� �e�rTST � = 0. Here, Eb� [�] indicates that the probabil-
ity measure is induced by the agent�s e¤ort policy fb�tg, and fbctg is the agent�s actual consumption
policy. Denote the optimal solution to (9) by fc?t ; �?t g.

We call the contract fct; �tg incentive-compatible and no-savings if, given the contract fct; �tg,

the solution to the agent�s problem (9) is c?t = ct and �?t = �t, which further implies St = 0 for

any t (i.e., no private savings at any time). In other words, the agent �nds it optimal to consume

his wages and work as recommended. As typical in the literature, the following lemma shows

that it is without loss of generality to restrict our attention to incentive-compatible and no-savings

contracts. The basic idea is similar to revelation principle, as the principal who can fully commit

to the contract and knows the agent�s actual e¤ort policy will perform correct Bayesian updating

based on that policy, and thus can save for the agent.

Lemma 1 It is without loss of generality to focus on contracts that are incentive-compatible and

no-savings.

Proof. See Appendix A.
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The optimal contract solves the principal�s problem:

max
fct;�tg is incentive-compatible and no-savings

E�t

�Z 1

0
e�rt (dYt � ct) dt

�
(10)

s.t. dYt = (�t +m
�
t ) dt+ �dB

�
t ; (11)

E�0

�Z 1

0
e�rtu (ct; �t) dt

�
= v0: (12)

The �rst equation (11) describes the evolution of output performance under the principal�s belief.

Importantly, the principal�s Bayesian updating of m�
t and dB

�
t are based on the correct optimal

e¤ort policy f�tg taken by the agent in the incentive-compatible contract.

The constraint (12) is the participation constraint, as the contract must attract the agent with

a reservation value v0 at t = 0. As standard in the optimal contracting literature with CARA

agents, this participation constraint must bind, and is only enforced at time 0 when the contract

is signed.

2.4 The Agent�s Problem

In this section we analyze the agent�s problem when facing a compensation contract fct; �tg, and

gives the necessary and su¢ cient conditions for the contract fct; �tg to be incentive-compatible and

no-savings.

2.4.1 Continuation Value and Incentive Slopes

Given the compensation contract fct; �tg, denote the agent�s continuation value from the contract

by vt, which is de�ned as

vt � E�t
�Z 1

t
e�r(s�t)u (cs; �s) ds

�
: (13)

According to the standard martingale representation argument (e.g., Sannikov, 2008), we know

that there exists some progressively measurable process f�tg so that the following holds:

dvt = rvtdt� u (ct; �t) dt+ �t (�arvt) (dYt �m
�
t dt) (14)

= rvtdt� u (ct; �t) dt+ �t (�arvt)�dB
�
t .
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Intuitively, �t (�arvt) can be interpreted the incentive loading (in utils) on the agent�s unexpected

performance dYt �m�
t dt. As we show shortly, �arvt > 0 is the marginal utility from consumption

at time t. Therefore, by converting utils to dollars, �t can be interpreted as dollar incentives on

the agent�s unexpected performance. Later we call f�tg the incentive slopes, pay-performance

sensitivities, or simply incentives.

2.4.2 No Savings

We now show that due to the property of translation-invariance (or, absence of wealth e¤ect) of

CARA preference, under no-savings conditions the following holds:

rvt = u (ct; �t) = �
1

a
exp [�a (ct � g (�t))] : (15)

The argument is similar to He (2011). To see this, we �rst present the following lemma.

Lemma 2 At any time t � 0, consider a deviating agent who has some arbitrary savings St and

faces the continuation contract �t. Denote by vt (S; �) his deviation continuation value, then we

have

vt (S; �) = vt (0;�) � e�arS = vt � e�arS, (16)

where we have used the fact that vt (0;�) is the agent�s continuation value vt along the no-savings

path de�ned in (13).

Proof. See Appendix A.

The driving force behind this result is simple. For CARA preference, the agent�s problem is

translation-invariant to his underlying wealth level, as suggested by u (cs + rS; �s) = e
�arSu (cs; �s).

Therefore, for a CARA agent, given the extra savings S, his new optimal policy is to take the optimal

consumption-e¤ort-learning policy without savings, but consume an extra rS more for all future

dates s � t. Therefore with savings S, his deviation value is just the original value, multiplying by

the adjusting factor e�arS as a result of extra consumption.

11



Now by the optimality of the agent�s consumption-savings policy in problem (9), his marginal

utility from consumption must equal his marginal value of wealth:

uc (ct; �t) =
@

@S
vt (S; �)jS=0 = �arvt: (17)

Because au = �uc under CARA preference, (15) follows immediately from (17).

Plugging (15) into (14), we �nd that in equilibrium vt follows an exponential martingale,

dvt = �t (�arvt)�dB
�
t (18)

, vs = vt exp

�
�
Z s

t
ar�u�dB

�
u �

1

2

Z s

t
a2r2�2u�

2du

�
for s > t.

And, from (15), the equilibrium consumption must satisfy ct = 1
2�

2
t �

ln(�arvt)
a .

2.4.3 Incentive Compatibility Constraint

Now we present the �rst key proposition that characterizes the agent�s incentive compatibility

constraint in (19), along with the equilibrium consumption and continuation value heuristically

derived above. In the Appendix we provide rigorous proofs for (19), (20) and (21) based on the

Pontryagin maximum principle. There, we also establish a su¢ cient condition so that the policy

(c; �) satisfying the necessary conditions is indeed optimal.

Proposition 1 For the contract fct; �tg to be incentive-compatible and no-savings, the incentive

slopes f�tg must satisfy

�t = �t|{z}
Instantaneous Incentive

� 1

vt
E�t

�Z 1

t
�e�(�+r)(s�t)�svsds

�
| {z }

Information Rent

(19)

= �t � E
�
t

�Z 1

t
�e�(�+r)(s�t)�s exp

�
�
Z s

t
ar�u�dB

�
u �

1

2

Z s

t
a2r2�2u�

2du

�
ds

�
:

And, the consumption follows

ct =
1

2
�2t �

ln (�arvt)
a

; (20)

and the continuation payo¤ from the contract is

vt = v0 exp

�
�
Z t

0
ar�s�dB

�
s �

1

2

Z t

0
a2r2�2s�

2ds

�
: (21)

Proof. See Appendix A.
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We devote the rest of this section to explain the intuition behind the e¤ort optimality condition

(19). In a standard dynamic agency problem, �t = �t, i.e., the agent�s e¤ort �t at time t should

only depend on the time-t incentive slope �t o¤ered by the contract. With learning and associated

belief-manipulation, the agent�s e¤ort decisions across periods are interlinked, as suggested by the

forward-looking nature of the second downward adjustment term in (19).

This forward looking downward adjustment term represents the information rent to the agent,

which is expected (properly) discounted future incentives f�s : s > tg.6 The discount rate is �+ r

due to the time discounting and stationary learning discounting; and as explained later we also

adjust for marginal utilities (which is proportional to vs) at future states.

The incentive-compatibility condition in (19) is similar to Proposition 1 in Prat and Jovanovic

(2010). Using our notation, and adjusting for the stationary learning, Proposition 1 in Prat and

Jovanovic (2010) states that the agent�s incentive compatibility constraint is

0 = u� (ct; �t) + �tuc (ct; �t)� E
�
t

�Z 1

t
�e�(�+r)(s�t)�suc (cs; �s) ds

�
(22)

= u� (ct; �t) + �t (�arvt)� E
�
t

�Z 1

t
�e�(�+r)(s�t)�s (�arvs) ds

�
:

This result can be heuristically understood as follows. Consider the agent who reduces his e¤ort

to slightly below the recommended e¤ort level �t, say �t� �, only at the time interval [t; t+ dt]. In

other words, given the recommended policy f�sg, the deviation e¤ort policy is

�� =

�
�s for s =2 [t; t+ dt]

�s � � otherwise
:

What is the impact on the agent�s total payo¤ onwards?

Shirking a¤ects the agent�s instantaneous utility u (ct; �t) directly. Moreover, from the continu-

ation payo¤ part, the agent receives his baseline continuation payo¤ vt, plus the impact of shirking

on his future changes of continuation payo¤s. More speci�cally, we write the agent�s total payo¤

6Technically speaking, this term captures the marginal rent that the agent may enjoy by deviating from the
recommended e¤ort slightly, rather than the rent that the agent actually enjoys in equilibrium. It is because in
equilibrium the principal knows the agent�s actual e¤ort and hence the agent does not know more than the principal
does. However, the marginal deviation bene�t (marginal rent) is important in characterizing the agent�s incentive
compatibility condition.
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from time-t onwards as follows (recall (18)):7

u (ct; �t � �) dt+ vt + E
�
t

�Z 1

t
e�r(s�t)dvs

�
(23)

= u (ct; �t � �) dt
Saving e¤ort cost instantaneously

+ vt +

E�t

264�t (�arvt) (dYt (�t � �)�m�
t dt)

Hurting performance instantaneously
+

Z 1

t+dt
e�r(s�t)�s (�arvs)

�
dYs (�s)�m��

s dt
�

Creating belief divergence persistently

375(24)
As the second line in (24) shows, there are two channels that shirking at time t a¤ects future

changes in the agent�s continuation payo¤s. The �rst channel is the instantaneous e¤ect. Write the

performance dYt (�t) over [t; t+ dt] as a function of time-t e¤ort �t. Then, exerting e¤ort �t � �

will hurt the short-term performance over [t; t+ dt] relative to the recommended level, because

dYt (�t � �) = (�t � �) dt+m
�
t dt+ �dB

�
t = dYt (�t)� �dt:

The second e¤ect is the persistent e¤ect due to belief manipulation. We have seen that in (8)

that once shirking creates a positive time-t belief divergence between the principal and the agent,

this belief divergence will persist in the future contractual relation. This e¤ect brings about bene�t

to the agent, because it lowers the principal�s pro�tability estimate m��
s for future performance

in (24). Intuitively, if the principal mistakenly believes that the project is less pro�table than it

should be, the agent�s normal performance will be considered superb and enjoys rent from this

private information.

Now we recover (22) based on (24). The �rst term u� (ct; �t) in (22) is the agent�s instantaneous

marginal utility from shirking at t, which corresponds to the �rst e¤ect in (24), i.e., �reduce e¤ort

cost instantaneously.�The second term in (22) is the marginal cost from hurting his continuation

payo¤ by delivering a lower time-t performance, and it is coming from the second e¤ect in (24), i.e.,

�hurting performance instantaneously.�In standard models (e.g., Sannikov (2008)) without belief

7To see this, de�ne G (t) �
R t
0
e�rsusds + e

�rtvt, and G (1) is the agent�s total payo¤. Due to private savings,
us = rvs, and we have dG (t) = e�rtdvt. Therefore the total payo¤ (in�ated by ert) is E�t

�
ertG (1)

�
= ertG (t) +

E�t
hR1
t
e�r(s�t)dvs

i
, which is u (ct; �t) dt + vt + E

�
t

hR1
t
e�r(s�t)dvs

i
by ignoring utilities occuring before t. Under

equilibrium e¤ort, dvs is martingale increment and E�t
hR1
t
e�r(s�t)dvs

i
= 0.
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manipulation, these two forces fully determine the agent�s trade-o¤ in choosing his optimal e¤ort

at t.

The third term in (22) is due to the agent�s belief manipulation, which corresponds to the third

e¤ect in (24), i.e., �creating belief divergence persistently.�According to (8), because of shirking

at t, the total belief divergence at any future time s > t is

�s = �

Z s

t
e�(u�s) (�u � ��u) du = �e��(s�t) (�dt) : (25)

Intuitively, the belief divergence will be persistent but decay over time, as new information keeps

�owing in. The particular stationary setting assumed in this paper implies that the belief divergence

decays over time exponentially.

From (24) and (25), at date s 2 (t;1), given �s (�arvs) which is the marginal utility sensitivity

to the agent�s performance, the marginal bene�t of distorting the belief ms is

�s (�arvs)�sds = �s (�arvs)�e��(s�t) (�dt) ds:

Thus, a higher future pay-performance sensitivity �s gives rise to a greater information rent, because

the contract is more likely to reward the agent due to downward distorted project pro�tability. Also,

the information rent depends on the agent�s future marginal utility from consumption (�arvs) as

well; as shown in Section 4.2.3, this is the driver for a history-dependent contract to be optimal.

Taking into account of the time-discounting at the rate of r, the total information rent due to belief

manipulation is

E�t

�Z 1

t
�e�(�+r)(s�t)�s (�arvs) ds

�
�dt:

This expression coincides with the third term on the right hand side of (22).

Finally, under CARA preference we have u� (ct; �t) = uc (ct; �t)�t = (�arvt)�t. After dividing

both sides by the time-t marginal utility �arvt in (22) and using (21), we reach the key incentive-

compatibility condition (19).
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3 The Principal�s Problem

For ease of notation, from now on we use dBt to denote the Brownian incremental dB
�
t , and write

E� as E because we now focus on incentive-compatible contracts such that both parties will have

the same information set.

3.1 Rewriting the Principal�s Problem

We �rst rewrite the principal�s problem in (10) in light of Proposition 1. Essentially, Proposition

1 establishes an important link between the recommended e¤ort f�tg and the incentives f�tg in

any incentive-compatible contracts, which allows the principal to choose f�tg (in turn choose f�tg)

to maximize her value. Once we �nd the optimal incentives, denoted by f��t g, the corresponding

optimal consumption process fc�t g and the optimal e¤ort policy f��t g are determined by (20) and

(19), respectively. Therefore we can rewrite the principal�s problem (10) as

max
f�tg

E
�Z 1

0
e�rt (dYt � ctdt)

�
s:t: dYt = (�t +mt)dt+ �dBt and dmt = ��dBt; (26)

ct = g (�t)�
ln (�arvt)

a
; where g (�t) =

1

2
�2t (27)

dvt = �t (�arvt)�dBt, given v0; (28)

�t = �t � Et
�Z 1

t
��se

�(�+r)(s�t) exp

�
�
Z s

t
ar�u�dBu �

1

2

Z s

t
a2r2�2u�

2du

�
ds

�
:(29)

Here, (26) is from Bayesian updating; (27) is from (20); (28) is from (21), with the binding partic-

ipation constraint. Finally, (29) are from (19) in Propositions 1.

We will use dynamic programming technique to solve the above problem. The formulation

above suggests that we need to keep track of two state variables: one is the agent�s continuation

payo¤ (i.e., promised utility in Williams (2011)); and the other is the information rent promised to

the agent, i.e., the second term in the right hand side of (29), which corresponds to the promised

marginal utility in Williams (2011).

We devote the rest of the section to show that intrinsically there is only one relevant state

variable in our model. One property of (29) is crucial, that is, the information rent is independent
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of the agent�s continuation value vt. As we will show now, this property allows us to formulate the

principal�s problem in dynamic programming with only one state variable, which is the information

rent promised to the agent.

We can plug (26) and (27) to rewrite the principal�s objective in a more transparent way. First

of all, on outputs from the project, we have

E
�Z 1

0
e�rtdYt

�
= E

�Z 1

0
e�rt(�t +mt)dt

�
= E

�Z 1

0
e�rt�tdt

�
;

where we use the fact that mt is a martingale with a starting value m0 = 0. Second, for wage costs,

using integration by parts, E
�R1
0 �e�rt 1a ln (�arvt) dt

�
= E

hR1
0

ln(�arvt)
ar d

�
e�rt

�i
can be rewritten

as

� ln (�arv0)
ar

� E
�Z 1

0
e�rt

d ln (�vt)
ar

�
= � ln (�arv0)

ar
+ E

�Z 1

0
e�rt

1

2
ar�2�2tdt

�
;

where the last equality we use Eq. (28). Hence, the total expected wage cost is

E
�
e�rtctdt

�
= E

�Z 1

0
e�rt

�
g (�t)�

1

a
ln (�arvt)

�
dt

�

= � ln (�arv0)
ar

certainty equivalent of outside option v0

+ E

24Z 1

0
e�rt

0@ g (�t)
e¤ort cost

+
1

2
ar�2�2t

risk compensation

1A dt
35

Conveniently, the total compensation cost is the certainty equivalent � ln(�arv0)
ar of delivering the

agent�s outside option v0, plus the total monetary e¤ort cost g (�t) = �
2
t =2 and the total discounted

risk compensation due to incentive provisions. Thus, the certainty equivalent � ln(�arv0)
ar separates

from the problem, and the optimal solution f��t g will be independent of the agent�s initial outside

option v0. This result comes from the translation invariance of CARA preference.

Therefore, the principal�s problem can be simpli�ed to:

max
f�tg

E
�Z 1

0
e�rt

�
�t �

1

2
�2t �

1

2
ar�2�2t

�
dt

�
(30)

s:t: �t = �t � Et
�Z 1

t
��se

�(�+r)(s�t) exp

�
�
Z s

t
ar�u�dBu �

1

2

Z s

t
a2r2�2u�

2du

�
ds

�
;

�t 2 [�M;M ] for some su¢ ciently large M .

We impose the last constraint as the transversality condition on our in�nite horizon problem.

Essentially, we restrict the feasible incentive slopes f�tg to be bounded, i.e., there exists some
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su¢ ciently large constant M so that �t 2 [�M;M ]. Importantly, as we will prove later that the

derived optimal policy is independent of M when M is su¢ ciently high. We devote the rest of the

paper to solve the problem in (30).

3.2 Recursive Formulation of the Problem

3.2.1 Information rent as the unidimensional state variable

In light of the incentive-compatibility constraint in (29), de�ne the information rent pt as

pt � Et
�R1

t ��se
�(�+r)(s�t) exp

�
�
Z s

t
ar�u�dBu �

Z s

t

1

2
(ar�u�)

2 du

�
ds

�
: (31)

As shown shortly, pt serves as the only state variable that summarizes all payo¤-relevant information

we need to determine the principal�s value going forward beyond t. In words, the principal only

needs to keep track of the promised information rent in designing the continuation contract.

The following lemma shows that the information rent pt is bounded if incentives �t is bounded.

Moreover, the boundary for pt is absorbing; and once the absorbing boundary is hit, all future

incentives have to take the same extreme values always. In the next section we use this result to

pin down boundary conditions for the principal�s value function.

Lemma 3 Suppose that �t 2 [�M;M ] whereM is �xed. Then the state variable pt reaches �Mp �

� �M
�+r if and only if �s = �M;8s � t, which implies that �Mp are absorbing states for p.

Proof. See Appendix A.

When the state variable pt 2 (�Mp;Mp) is away from boundaries, Appendix A.5 shows that

the dynamics of pt can be characterized as follows

dpt = [(�+ r) pt + �t (ar��
p
t � �)] dt+ �

p
tdBt; (32)

where �pt is some progressively measurable process derived from the martingale representation. The

policies �pt and �t for pt 2 (�Mp;Mp), combined with the boundary condition that �s = �M; s > t

whenever pt hits �Mp, give the full history of f�t : t � 0g. We later solve for �t and �
p
t as part of

the optimal contract.
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Now we are able to write problem (30) in the standard dynamic programming language. Sub-

stituting �t = �t � pt in the principal�s objective, we have

max
f�t;�ptg

E
�Z 1

0
e�rt

�
(�t � pt)�

1

2
(�t � pt)2 �

1

2
ar�2�2t

�
dt

�
s:t: dpt = [(�+ r) pt + �t (ar��

p
t � �)] dt+ �

p
tdBt for all t > 0, and p0 = p

�s 2 [�M;M ] , pt 2 [�Mp;+Mp] , and pt = �Mp are absorbing.

Here, we are after the optimal policy
�
��t ; �

p;�
t

	
which jointly controls the drift and volatility of the

state pt in (32).

3.2.2 Relaxed problem

Our road map is as follows. We �rst consider the principal�s relaxed maximization problem given

M (and hence Mp =
�M
�+r ), with the value function V (p;M), as

V (p;M) � max
f�t;�ptg

E
�Z 1

0
e�rt

�
�t �

1

2
�2t �

1

2
ar�2�2t

�
dt

�
(33)

s:t: dpt = [(�+ r) pt + �t (ar��
p
t � �)] dt+ �

p
tdBt for all t > 0, and p0 = p

pt is absorbing at�Mp,

�t can exceed M (but remains �nite) when pt 2 (�Mp;Mp) .

Note that this problem in (33) is a relaxed version of the principal�s original problem (30). Es-

sentially, given M , in the original problem (30) we require �t 2 [�M;M ] always independent of

pt; while in problem (33) we only require �t 2 [�M;M ] whenever pt hits the boundaries �Mp in

light of Lemma 3. As later we show that for su¢ ciently large M the value achieved in the relaxed

problem is the same as the value from the original problem, the solution to the relaxed problem is

also the solution to the original problem.

The absorbing property at p = �Mp gives a simple boundary condition for V (p;M). Because

once pt hits �Mp the future incentives �s are absorbing at �M for s > t, in the proof of Lemma 3

we show that V (�Mp;M) is quadratic in M :

V (�Mp;M) = �
M

�+ r
� r
2

�
1

(�+ r)2
+ a2�2

�
M2: (34)
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The Hamilton-Jacobi-Bellman (HJB) equation for (33) is straightforward:

rV = max
�;�P

(� � p)� 1
2
(� � p)2 � ar�

2

2
�2 + Vp

�
(�+ r) p+ �

�
ar��P � �

��
+
1

2
Vpp
�
�P
�2
: (35)

Under the assumption that 1 + ar�2 + a2r2�2 (Vp)
2

Vpp
> 0 and Vpp < 0 that we will verify later in

Proposition 4, the �rst-order optimality conditions are given by:

� =
1 + p� �Vp

1 + ar�2 + a2r2�2
(Vp)

2

Vpp

and �p = �ar�� Vp
Vpp

: (36)

Plugging them back into the HJB equation (35) and dropping M in V (p;M) without confusion,

we have

rV =
1

2

(1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2p
Vpp

� p� 1
2
p2 + Vp (�+ r) p; (37)

with the boundary condition in (34). We will solve the problem in (33) by analyzing the above

ordinary di¤erential equation in (37).

3.3 Observable Pro�tability Benchmark

Before we move on to solve the optimal contract, we consider the benchmark case where the

pro�tability �t is observable. This case is almost the same as the standard Holmstrom and Milgrom

(1987) model, except that the optimal contract always benchmarks the agent�s performance to �t.

Using the incentive constraint �t = �t, the optimal solution is

�HMt =
1

1 + ar�2
;

and the principal�s value is V HM = 1=
�
2r
�
1 + ar�2

��
. The optimal contract can be implemented

by a constant equity share 1=
�
1 + ar�2

�
(with proper benchmarking). Because the principal can

ignore the information constraint, V HM serves as an upper bound for our value function, i.e., we

have V (p) � 1=
�
2r
�
1 + ar�2

��
.

4 Optimal Contracting

We study optimal contracting in this section. As a benchmark, we �rst solve the optimal contract

in closed form with the restriction of deterministic policies. We then study the general optimal
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contract by characterizing the solution to the ODE (37). Relative to the existing literature that

focuses on implementing a constant e¤ort policy, two interesting results emerge. First, due to

the forward looking information rent, the optimal e¤ort policy is decreasing over time. Second,

to reduce the information rent, the optimal contract induces a negative correlation between the

agent�s marginal utility and pay-performance sensitivity. This gives rise to an option-like feature

in the optimal contract in the sense that the agent�s incentives rises after favorable shocks.

4.1 Optimal Deterministic Contract

Before we characterize the optimal contract fully, to gain better intuition we �rst constrain the

incentive slopes f�g to be deterministic. Within the class of deterministic contracts, we solve the

optimal contract in closed form. Moreover, the result in this section allows us to compare our paper

to Prat and Jovanovic (2010) where the optimal contract implements a deterministic (constant)

e¤ort policy.

4.1.1 Time-decreasing optimal e¤ort policy

When f�g is deterministic, we can move the conditional expectation in (31) inside the integral, so

that the information rent pt is simply8

pt = �
R1
t e

�(�+r)(s�t)�sds:

Therefore, deterministic incentives imply deterministic information rents, i.e., the volatility �p is

constrained to zero.

Denote by V d (p) the value function with deterministic policies. Plugging �p = 0 into (35), we

have �d (p) =
�
1 + p� �V dp

�
=
�
1 + ar�2

�
, with the HJB equation as:

rV d (p) =
1

2

�
1 + p� �V d (p)

�2
1 + ar�2

� p� 1
2
p2 + V dp (p) (�+ r) p:

This ODE admits a closed-form solution

V d (p) = �1
2
Adp2 +Bdp; (38)

8 It is because exp
�
�
R s
t
ar�v�dB

�
v � 1

2

R s
t
a2r2�2v�

2dv
�
is a martingale and independent of �s (which is determin-

istic).
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where Bd = 1=�, and

Ad =
1

2�2

 
(2�+ r) ar�2 + r +

r
(2�+ r)2 a2r2�4 + 2ar�2

h
(�+ r)2 + �2

i
+ r2

!
> 0:

We have the following proposition.

Proposition 2 Within the class of deterministic policies, the value function for the optimal con-

tract is given by (38), and it is optimal to set time-0 information rent to be

pd0 = p
d � Bd

Ad
> 0; (39)

where pd satis�es V dp
�
pd
�
= 0. The evolution of information rent p is given by

pdt = p
d exp (��t) ; (40)

where � � ��� r+ 1+Ad�
1+ar�2

� > 0. In the deterministic optimal contract, the incentive slope is given

by

�dt (p) =
1 +Ad�

1 + ar�2
pdt =

1 +Ad�

1 + ar�2
pd exp (��t) ;

and the optimal e¤ort policy is

�dt = �
d
t � pdt =

Ad�� ar�2
1 + ar�2

pdt =
Ad�� ar�2
1 + ar�2

pd exp (��t) :

Proof. See Appendix A.

The above proposition shows that in the optimal deterministic contract, the information rent

pdt , the incentive slope �
d
t , and the optimal e¤ort �

d
t all follow some exponentially decaying paths

(toward zero), with the same rate of ��. Moreover, at t = 0,

�d0 =
Ad�� ar�2
1 + ar�2

pd0 =
1� ar�2pd
1 + ar�2

<
1

1 + ar�2
= �HM0 :

In sum, in the optimal deterministic policy the initial e¤ort level is below the observable pro�tability

benchmark, and the optimal e¤ort path is decreasing over time.

The reason for the front-loaded e¤ort policies being optimal is because of the forward looking

nature of information rent. From the agent�s incentive-compatibility condition in (19), the belief
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manipulation e¤ect implies that giving incentives later will give the agent incentives to shirk earlier,

but not the other way around. This implies that later incentives are more costly than early ones,

and consequently the optimal contract implements higher e¤ort in earlier periods.

4.1.2 Comparison to Prat and Jovanovic (2010)

Now we compare our results to that of Prat and Jovanovic (2010), who focus on contracts that

implement a constant �rst-best e¤ort level 1 which is by de�nition deterministic.9 In this regard,

the optimal deterministic (rather than stochastic) policy derived in Section 4.1.1 allows for a better

comparison between our model and Prat and Jovanovic (2010).

Information rents and front-loaded e¤ort policy Similar to the �ndings in Prat and Jo-

vanovic (2010), front-loaded incentives are also optimal in our model. Because Prat and Jovanovic

(2010) implement a constant e¤ort, the forward looking nature of information rents implies that

the compensation contract has to o¤er front-loaded incentives. Our model allows the optimal con-

tract to adjust the implemented optimal e¤ort policy (under the restriction of being deterministic).

As the agent enjoys information rents from future pay-performance sensitivities, cheaper incentive

provisions in earlier periods naturally push the optimal contract to implement a front-loaded e¤ort

pro�le.

The role of non-stationary learning Another interesting di¤erence between our result and

that of Prat and Jovanovic (2010) is due to the assumption of stationary learning. Prat and

Jovanovic (2010) adopt the setting with non-stationary learning: the underlying project pro�tability

� never changes, and as time passes both parties get to learn the true project pro�tability eventually.

More speci�cally, in Prat and Jovanovic (2010), the posterior updating equations corresponding to

9 In their model, the e¤ort cost is assumed to be linear over the feasible interval [0; 1]; a similar structure is assumed
in DeMarzo and Sannikov (2010)).
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(2) and (3) are

dmt = ��t
dYt � (�t +mt) dt

�2
� ��t
�
dB�t ; (41)

��t =
�2��0

�2 +��0t
; (42)

The most salient di¤erence is between (3)-(42). In the stationary case that we are studying, the

posterior variance is constant over time, while in the stationary case, the posterior variance decreases

over time.

Under non-stationary learning, Prat and Jovanovic (2010) �nd that the Pareto frontier increases

over time.10 Although there is no �exibility in adjusting e¤ort in the model of Prat and Jovanovic

(2010), one tends to extrapolate to a statement that the optimal e¤ort (if allowed to change)

will increase over time. Indeed, non-stationary learning implies that the pro�tability � becomes

perfectly known eventually. Given this, one might think that if a continuum of e¤ort level was

allowed (as in this paper), the contract would have implemented higher and higher e¤ort over time,

approaching to either the �rst best level 1 or the Holmstrom and Milgrom (1987) level 1=
�
1 + ar�2

�
.

This reasoning is potentially �awed. Although both parties learn the pro�tability � perfectly

when t ! 1 so that we are indeed in the Holmstrom and Milgrom (1987) setting, the optimal

contract might not implement a high e¤ort in the distant future, simply because it could leave too

much information rents to the agent in earlier periods.

Nevertheless, because the information quality about pro�tability improves over time, non-

stationary learning does push the optimal e¤ort policy to be back-loaded, an opposite force against

the information rent e¤ect which favors front-loaded e¤ort policies. Which force is stronger, the in-

formation rent e¤ect or non-stationary learning e¤ect? To address this issue, we consider a variation

of our model with non-stationary learning where the posterior variance follows (42), as assumed in

Prat and Jovanovic (2010). We have the following analytical result.

Proposition 3 Restrict attention to the deterministic policies. With non-stationary learning, the
10This result is in contrast to the spot-market solution (Holmstrom, 1999) where the Pareto frontier shrinks over

time. Because only spot wages (no within-job incentive contracts) are allowed in Holmstrom (1999), the equilibrium
e¤ort goes to zero when � becomes close to perfectly known.
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optimal e¤ort policy is decreasing over time.

Proof. See Appendix B.

Thus, under deterministic policies, the optimal e¤ort policy is still decreasing with time, suggest-

ing that the information rent e¤ect dominates the information quality e¤ect (due to non-stationary

learning). We leave future research to investigate the general optimal contract with non-stationary

learning.

4.2 Optimal Contract

4.2.1 Characterizing the value function

We now solve the optimal contract without the restriction of incentives f�tg being deterministic.

Based on dynamic programming technique, we analyze the ODE (37) with boundary conditions

(34), which gives the solution to the constrained problem in (33).

Impose the following parametric condition:

�

r
> a

"
2

�
�

r
+ 1

�3
� ��2

#
: (43)

The following proposition characterizes the properties of the value function under the optimal policy

f��; �p;�g:

Proposition 4 When M is su¢ ciently large, we have the following properties for V (p;M) 2 C2.

1. V (0;M) = 0 and Vp (0;M) = 1=�.

2. V (p;M) is strictly concave over the interval
h
� �M
�+r ;

�M
�+r

i
, and 1 + ar�2 + a2r2�2 (Vp)

2

Vpp
> 0.

3. There exists p 2
�
0; pd

�
so that Vp (p;M) = 0. Under the optimal policy, p is an upper

entrance-no-exit boundary, and 0 is a lower absorbing boundary 0 with V (0;M) = 0. This

implies that under the optimal policy the endogenous state variable p never exits the interval

[0; p].

4. The endogenous upper boundary p is independent of M .
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5. Thus, whenM is su¢ ciently large, the value function V (p;M) = V (p) and associated optimal

policies f��; �p;�g are independent of M .

Proof. See Appendix A.

In the optimal contract, at date 0 the principal sets p�0 = p; afterwards the state variable p�t

evolves according to (32). The optimal control is characterized by (36). Interestingly, property (3)

states that the information rent p�t will never wander out of an endogenous interval [0; p]. Intu-

itively, because the information rent p�t is the (properly) discounted promised future incentives as

in (31), it is suboptimal to promise too much or too little future incentives in optimal contracting.

This result is reminiscent of Holmstrom and Milgrom (1987): without learning, the problem is es-

sentially isolated each period, and the optimal incentives f��t g remains constant. In our model with

learning, incentive provisions are necessarily connected across periods, and the optimal incentives

f��t g become stochastic. Nevertheless, since the model primitives are stationary (CARA-Normal

setting, additive technology in (26), and stationary learning), the (properly) discounted information

rents fp�t g remain endogenously bounded in the optimal contract.

The next theorem shows that for su¢ ciently large M the value achieved in the relaxed problem

is the same as the value achieved in the original problem. Hence, the solution to the relaxed problem

is also the solution to the original problem, which is the optimal contract that we are after.

Theorem 1 For su¢ ciently large M , the solution to relaxed problem in (33) is the solution to the

original problem in (30). Hence the solution in Proposition 4 characterizes the optimal contract.

Proof. See Appendix A.

4.2.2 Asymptotic analysis for a risk-tolerant agent

To achieve more analytical tractability, we perform an asymptotic analysis for agents who are

su¢ ciently risk tolerant (relatively small a). We �rst establish the result for risk-neutral agent, i.e.,

a = 0. In this case, the optimal deterministic policy obtained in Section 4.1 achieves �rst-best (and

hence is optimal among all possible contracts).
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Lemma 4 When a = 0, the deterministic policy in Proposition 2 is optimal with the �rst-best

e¤ort level �o = 1. The corresponding value function, denoted by V o (p), is given by

V o (p) = �1
2
Aop2 +Bop; (44)

where Ao � r=�2 and Bo � 1=�, and the optimal information rent po satis�es V op (po) = 0 so that

pot = p
o =

Bo

Ao
=
�

r
: (45)

Proof. Because the �rst-best level is achieved by the proposed contract, the result is trivial.

When the agent is risk averse (i.e, a > 0), we consider asymptotic expansions around the

benchmark case a = 0. More speci�cally, denote ar � ar, and we solve for the expansions in the

following form:

V (p; a) = Q0 (p) +
PI
i=1 a

i
rQi (p) + o

�
aIr
�
; (46)

p = q�0 �
PJ
j=1 a

j
rq
�
j + o

�
aJr
�
; (47)

where the highest expansion orders I and J are positive integers to be chosen later. We have

Q0 (p) = V o (p) as given in (44), and q�0 = po as given in (45). We solve for Qi (p) and q�i (p) in

closed-form (i.e., they are not asymptotic expansions). Also, given V (p; a) it is easy to derive the

optimal control pair f� (p) ; �p (p)g using (36).

The optimal deterministic contract studied in Proposition 2 is helpful in deriving Qi�s in (46)

and q�i �s in (47). Indeed, by expanding both V
d (p; a) and pd = Bd=Ad in the forms of (46), we

can compare the optimal deterministic policies to those optimal stochastic ones. We choose the

expansion orders I and J to be the lowest orders so that these two expansions start to di¤er. For

instance, we choose J = 3 because the asymptotic analysis reveals that the upper boundary p in

the stochastic optimal contract starts to di¤er from the deterministic counterpart pd in the third

order a3r . The next proposition summarizes our results.
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Proposition 5 When a is relatively small, we have the following approximations:

p = pd � a3r
�5�4

r6

�
1 +

r

�

�3
+ o

�
a3r
�
; (48)

V (p) = V d
�
pd
�
+ a4r

"
�6�6

r8

�
1 +

r

�

�5
+
�5�6

r7

�
1 +

r

�

�3#
+ o

�
a4r
�
: (49)

Furthermore, we show that

� (p) = �d (p)� a2r
�2

�

�
1 +

r

�

�
p (p� po)

�
(p� po) +

�
1 +

r

�

�
p

�
+ o

�
a2r
�
; (50)

�p (p) = ar�

�
1 +

r

�

��
1 + ar

��2

r

�
p (p� p) + o

�
a2r
�
: (51)

Proof. See Appendix C.

4.2.3 Implications of optimal contracting

We study the implication of the optimal contract now. As from now on we are always referring to

the optimal policies, without risk of confusion we omit the superscript �*�.

Value function and optimal policies Figure 1 plots the value function V (p), the optimal

control f� (p) ; �p (p)g based on (50)-(51), and the associated optimal policy �t (p) = �t (p) � p in

solid lines. For comparison, in each panel we also plot the corresponding deterministic counterparts

in dashed lines, and the Holmstrom and Milgrom (1987) benchmark in dotted lines.

The value delivered by the optimal stochastic contract must exceed the one under the determin-

istic counterpart, as shown in the top-left panel in Figure 1. The top-right panel plots the volatility

of the agent�s information rent, �p, which is zero by de�nition when the contract is restricted to be

deterministic. A positive �p in the optimal stochastic contract implies that information rents rise

after a good performance shock, an interesting property that will be discussed shortly.

It is the more e¢ cient e¤ort policy that drives the stochastic contract to be superior. In the

bottom-left panel, we show that the incentive slope � (p) sits above the deterministic counterpart

for almost the entire range (except for low p�s that are close to zero). A similar pattern holds for

the implemented e¤ort � (p) = � (p)� p in the right-bottom panel of Figure 1. Overall, relative to
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Figure 1: Value function and optimal policies in the optimal contract. Solid lines correspond to
the optimal stochastic contract, dashed lines correspond to the optimal deterministic contract,
and dotted lines correspond to the Holmstrom-Milgrom (1987) benchmark. The parameters are
r = 0:5; a = 0:6; � = 1:5; � = 0:022:

the optimal deterministic contract, the implemented e¤ort is getting closer to the Holmstrom and

Milgrom (1987) benchmark level.

Interestingly, though not evident in Figure 1, when p is close to zero both the incentive slope

� (p) and the e¤ort � (p) go below their deterministic counterparts. This result is a robust feature of

the model. Indeed, with the aid of asymptotic analysis in (50), one can analytically verify that the

adjustment term between the deterministic and stochastic contracts is negative by setting p ' 0.

The seemingly counter-intuitive result is rooted in the �option-like�feature in the optimal contract,

to which we turn next.

Option-like incentives in optimal contracting In our model, it is optimal to implement a

history dependent e¤ort policy. With a standard CARA-Normal setting and stationary learning,

the Pareto frontier of the contractual relationship moves stochastically with the project pro�tabil-

ity. However, without learning but with long-term contracting, the Holmstrom and Milgrom (1987)
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benchmark suggests that a constant e¤ort policy is optimal. Moreover, with learning but without

long-term contracting, Holmstrom (1999) derives a deterministic e¤ort policy along the equilib-

rium path. These two facts imply that the history-dependent e¤ort policy is an outcome of the

combination of long-term contracting and learning.

To understand the economic mechanism, we study how the history-dependent e¤ort policies

improve over the deterministic policies. To this end, we investigate the response of pay-performance

sensitivity � and the implemented e¤ort � to unexpected shocks, which is captured by the di¤usion

term of d� (pt) (or, d� (pt)), i.e., �0 (pt)�pdBt (or,
�
�0 (pt)� 1

�
�pdBt). As shown in the top panels

in Figure 2, these di¤usion terms are positive. Thus, in contrast to Holmstrom and Milgrom (1987)

benchmark where the optimal contract features a constant equity share, with learning the optimal

contract has an option-like feature. More speci�cally, a positive loading of incentives on output

shocks implies that the pay-for-performance rises following good performance, i.e., the optimal

contract is convex in output. The same pattern holds for the optimal e¤ort policy.

The optimality of this option-like feature is a result of reducing the agent�s information rents in

a long-term relation, a mechanism requires both learning and long-term contracting. As explained

in Section 2.4.3, the thrust of endogenous learning in dynamic contracting is that the agent can

manipulate the principal�s future belief downward by shirking today, and thus enjoy the potential

information rents:

pt =
1

uc (ct; �t)
Et
�Z 1

t
�e�(�+r)(s�t)�suc (cs; �s) ds

�
:

These information rents are additional future rewards to the agent because the principal mistakenly

attributes the higher-pro�tability-driven good performance to the agent�s e¤ort. This explains

that the future pay-performance sensitivities f�sg enter the agent�s information rent. Equally

important, for a risk-averse agent, the amount of information rents also depends on his marginal

utilities uc (cs; �s) at these future states. Following a positive output shock, the agent becomes

wealthier, which drives down his marginal utility uc;s = �arvs.11 Then, by making the optimal

11Formally, we have the evolution of marginal utility to be d (�arvt) = �ar�t (�arvt) dBt, which has a negative
di¤usion on the performance shock.
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contract option-like, the principal raises incentives after good performance and thus impose a

negative correlation between pay-performance-sensitivity and marginal utility. Hence by allocating

greater belief manipulation bene�ts in states where the agent cares less, the option-like feature

lowers the agent�s information rent standing today.

This option-like feature also explains the seemingly counter-intuitive result in the bottom-left

panel of Figure 1, i.e., when p is close to zero the optimal stochastic contract implements a lower

e¤ort than the deterministic one. Here is the intuition. A positive di¤usion of incentive � (e¤ort

�) implies that the optimal contract allocates lower incentives in the states with poor historical

performance (and hence high marginal utility). Because the information rents are positively cor-

related with performance as indicated by the top panels in Figure 2, the optimal contract impose

lower incentives in the states with p close to zero.

Time-decreasing e¤ort policies We also plot the drift of incentives � and e¤ort � in two

bottom panels in Figure 2. As emphasized in Section 4.1.1, because of the e¤ect of forward-looking

information rents, the optimal e¤ort policy is decreasing over time in the optimal deterministic

contract. Graphically, this result is re�ected by the negative drifts (dotted lines for deterministic

contracts) in the bottom panels in Figure 2. The pattern of front-loaded e¤orts is a robust result

in the optimal contract, as the bottom-right panel in Figure 2 shows that the e¤ort policy in the

optimal stochastic contract exhibits a negative drift as well.

5 Conclusion

We introduce pro�tability uncertainty into Holmstrom and Milgrom (1987) and study the optimal

long-term contracting with endogenous learning. Although along the equilibrium path the principal

and the agent hold the same belief about the project pro�tability, the agent�s potential deviation

by exerting e¤ort below the recommended level leads to potential long-lasting belief divergence be-

tween both parties, leading to the �hidden information�problem. Utilize the convenient property

of CARA preference, we show that the optimal contracting can be reformulated to a dynamic pro-
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Figure 2: Di¤usion and drift for incentives and e¤ort in the optimal contract. Solid lines corre-
spond to the optimal stochastic contract, and dashed lines correspond to the optimal deterministic
contract. The parameters are r = 0:5; a = 0:6; � = 1:5; � = 0:022:

gramming problem with only one state variable, which allows us to characterize the optimal contract

by the solution to an Ordinary Di¤erential Equation. Relative to the benchmark Holmstrom and

Milgrom (1987) model with a constant e¤ort level being optimal, we show that with learning, the

optimal e¤ort decreases with tenure on average. More importantly, the optimal contract exhibits

an option-like feature, in the sense that incentives/e¤ort rise after positive performance shocks.
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A Appendix A: Proofs

A.1 Proof for Lemma 1

The argument is similar to Cole and Kocherlakota (2000) and He (2011). Consider any contract � = fct; �tg which
induces an optimal policy fc?t ; �?t g from the agent with a value v?0 . The principal knows the resulting optimal e¤ort
policy f�?t g and she updates her belief according to f�?t g rather than the recommended e¤ort policy f�tg. From the
agent�s budget equation, we have

St =
R t
0
er(t�s) (cs � c?s) ds;

which gives the agent�s optimal savings path, with the transversality condition limT!1 E
�
e�rTST

�
= 0. Note that

the transversality condition holds for all measures induced by any feasible e¤ort policies.
By invoking the replication argument similar to revelation principle, we consider giving the agent a direct contract

�? = fc?t ; �?t g; notice that 1) the principal will not change his Bayesian updating because she just changed her
�recommended� e¤ort policy which has no e¤ect on the contract at all; and 2) the principal has the same cost to
deliver this contract as � = fct; �tg. Clearly taking consumption-e¤ort policy fc?t ; �?t g is feasible for the agent with
no private-savings. Therefore we only need to show that fc?t ; �?t g is indeed optimal for the agent, because if it is true,
then the principal still correctly knows that the agent�s actual optimal e¤ort policy f�?t g, and her payo¤ is the same
as that under the contract � = fct; �tg.

Suppose, conterfactually, that given the contract �?, the agent �nds that fc0t; �0tg yields a strictly higher payo¤
v00 > v

?
0 in her problem, with associated savings path

S0t =
R t
0
er(t�s)

�
c?s � c0s

�
ds;

which satis�es transversality condition. However, consider the following saving path

S00t = St + S
0
t =

R t
0
er(t�s)

�
cs � c0s

�
ds;

which also satis�es the transversality condition. But this implies that given the original contract �, the saving rule
fS00t g supports fc0t; �0tg but delivering a strictly higher payo¤ v00. This contradicts with the optimality of fc?t ; �?t g
under the contract �.

A.2 Proof for Lemma 2

Fix any constant S. Given any savings St = S and a contract � = fcg, from time-t on the agent�s problem is

max
fbcsg,fb�sg Eb�

�Z 1

t

�1
a
e�a(bcs� 1

2
b�2s)�r(s�t)ds

�
(52)

s:t: dSs = rSsds+ csds� bcsds; St = S; s > t
dYs =

�b�t +mb�
t

�
dt+ �dBb�

s ;

given his information set. Note that the agent will learn actively. Denote by fc?s ; �?sg the solution to the above
problem, and by vt (S; �) the resulting agent�s value.

Now consider the problem with S = 0, which is the continuation payo¤ along the equilibrium path:

max
fbcsg,fbasg Eb�

�Z 1

t

�1
a
e�a(bcs� 1

2
b�2s)�r(s�t)ds

�
s:t: dSs = rSsds+ csds� bcsds; St = S; s > t

dYs =
�b�t +mb�

t

�
dt+ �dBb�

s ;

We claim that the solution to this problem is fc?s � rS; �?sg, and therefore the value is vt (0;�) = earSvt (S; �). There
are two steps to show this. First, this solution is feasible. Second, suppose that there exists another policy

�bc0s; b�0s	
that is superior to fc?s � rS; �?sg, so that the associated value v0t (0;�) > e�arSvt (S; �). Consider

�bc0s + rS; b�0s	,
which is feasible to the problem in (52). But under this plan the agent�s objective is

e�arS �maxEb�t
�Z 1

t

�1
a
e�
(bc0s� 1

2
b�02s )�r(s�t)ds

�
= e�arSv0t (0;�) > vt (S; �) ;

which contradicts with the optimality of fc?s ; �?sg. As a result, vt (S; �) = e�arSvt (0;�).

34



A.3 Proof for Proposition 1

We apply the Pontryagin�s Maximum Principle (MP). For this reason, we �rst consider the following agent�s problem
in �nite horizon with terminal date T ; we then will let T tend to in�nity and impose transversality conditions. To
preserve stationarity, we assume that the agent�s utility function at

U (CT ) = �
1

ar
exp (�arCT ) (53)

which is as if the in�nitely-lived agent is retired at T and consume rCT afterwards. Clearly this treatment is innocuous
as we take T to in�nity. We have the following steps.

Step 1. Describing the optimal policy
We take a guess-and-verify approach. Consider the proposed policy fc?; �?g with the following properties. First,

de�ne the agent�s continuation payo¤ as

v?t � E�
?

t

�Z T

t

e�r(s�t) (u (c?s ; �
?
s)) ds+ e

�r(T�t)U (C?T )

�
:

Then the consumption c?t satis�es
u (c?t ; �

?
t ) = rv

?
t : (54)

And, according to the martingale representation theorem, there exists a progressive process f�?g so that

dv?t = rv
?
t � u (c?t ; �?t ) + �

?
t (�arvt) dB

�?

t = �?t (�arvt) dB
�?

t : (55)

Given �?, we can rewrite the total reward from the optimal policy in its martingale representation form:

Ic
?;�?

T =

Z T

0

e�rtu (c?t ; �
?
t ) dt+ e

�rTU (C?T ) = V
c?;�? (0) +

Z T

0

e�rt�?t (�arv
?
t )�dB

�?

t : (56)

Then the e¤ort �?t satis�es

�?t = �
?
t � E

�?

t

�Z T

t

e�(r+�)(s�t)�?s
v?s
v?t
ds

�
: (57)

The rest of steps is trying to show that the above proposed policy is optimal.
Step 2. Rewriting the objective function.
Consider any alternative policy fc; �g, and de�ne the associated reward process

Ic;�t � E�t
�Z T

0

e�rsu (cs; �s) ds+ e
�rTU (CT )

�
=

Z t

0

e�rsu (cs; �s) ds+ e
�rtvt

where as before vt = E�t
hR T
t
e�r(s�t)u (cs; �s) ds+ e

�r(T�t)U (CT )
i
. De�ne the local e¤ort deviation by �t � �t��?t

and recall that �t = m�
t � m

�?

t = �
R t
0
e�(s�t) (�?s � �s) ds. Let At �

R t
0
e�(s�t)�sds, A

?
t �

R t
0
e�(s�t)�?sds; and

�A
t � At �A?t . Then from (7) and (4) we know that

�dB�?

t = �dB�
t +

h
�t � ��A

t

i
dt: (58)

Therefore, the total reward from an arbitrary policy fc; �g is given by

Ic;�T = Ic;�T � Ic
?;�?

T + Ic
?;�?

T

=

Z T

0

e�rt [u (ct; �t)� u (c
?
t ; �

?
t )] dt+ e

�rT [U (CT )� U (C?T )] + Ic
?;�? (T )

=

Z T

0

e�rt [u (ct; �t)� u (c
?
t ; �

?
t )] dt+ e

�rT [U (CT )� U (C?T )]

+V c?;�? (0) +

Z T

0

e�rt�?t (�arv
?
t )
h
�t � ��A

t

i
dt+

Z T

0

e�rt�?t (�arv
?
t )�dB

�
t ; (59)
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where in the last equality we have used Eq. (56) and Eq. (58).
In Eq. (59), the local deviation of �t will have a short-term e¤ect on �t = �t � �?t and some long-lasting e¤ect

on �A
t =

R t
0
e�(s�t) (�s � �?s) ds. We aim to rewrite Eq. (59) to tease out the total instantaneous e¤ect of �t on I

c;�
T .

To this end, de�ne n?t as

n?t � E�
?

t

�
�
Z T

t

e�(r+�)(s�t)�?t (�arv
?
t ) dt

�
(60)

According to martingale representation theorem, there exists some progressive process f�?t g so that

�
Z T

t

e�(r+�)s�?s (�arv
?
s ) ds = e

�(r+�)tn?t +

Z T

t

�e�(r+�)s�?sdB
�?

s ; (61)

or equivalently �?t is de�ned as the solution to the following equation:

dn?t = [(r + �)n
?
t + �

?
t (�arv

?
t )] dt+ ��

?
t dB

�?

t :

It follows that (where we use (61) in the second equality):

�
Z T

0

�?t (�arv
?
t )��

A
t dt =

Z T

0

�t�e
�t

�
�
Z T

t

e��s�?s (�arv
?
s ) ds

�
dt

=

Z T

0

�t�e
�t

�
e�(r+�)tn?t +

Z T

t

�e�(r+�)s�?sdB
�?

s

�
dt

=

Z T

0

�
�t�e

�rtn?t + �t�e
�t

Z T

t

�e�(r+�)s�?sdB
�?

s

�
dt

Hence, we express the long-lasting e¤ect of �t on �
A
t in terms of instantaneous e¤ect on �t. The second term requires

a bit more manipulation because �dB�?

s = �dB�
t +

�
�t � ��A

t

�
dt as in (58):Z T

0

�t�e
�t

�Z T

t

e�(r+�)s�?s

�
�dB�

s +
�
�s � ��A

s

���
dsdt

=

Z T

0

�t�e
�t

�Z T

t

e�(r+�)s�?s

�
�s � ��A

s

��
dsdt + Zero_mean_under_�

=

Z T

0

e�(r+�)t�?t

�
�t � ��A

t

��Z t

0

�s�e
�sds

�
dt + Zero_mean_under_�

=

Z T

0

e�rt�?t

�
�t � ��A

t

�
�A
t dt + Zero_mean_under_�;

where the third inequality uses integration by parts, and the fourth equality uses the fact that �A
t =

R t
0
�s�e

�(s�t)ds.
Thus, V c;�

0 � V c?;�?

0 , which is the di¤erence between the expected reward from alternative policy and the one
from proposed policy, is

E�0 [I
c;�
T ]� V c?;�?

0

= E�0
�Z T

0

e�rt [u (ct; �t)� u (c
?
t ; �

?
t )] dt+ e

�rT [U (CT )� U (C?T )]
�

+E�0
�Z 1

0

e�rt�?t (�arvt)
h
�t � ��A

t

i
dt+

Z 1

0

e�rt�?t (�arvt)�dB
�
t

�
= E�0

�Z T

0

e�rt [u (ct; �t)� u (c
?
t ; �

?
t ) + �t (�

?
t (�arv

?
t ) + �n

?
t )] dt+ e

�rT (U (CT )� U (C?T ))
�

+E�0
�Z T

0

�e�rt�?t�
A
t

�
�t � ��A

t

�
dt

�
where the last inequality we use the change-of-measure formula in (58) again.

Step 3. Pontryagin�s Maximum Principle (MP)
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Our goal is to maximize V c;�
0 � V c?;�?

0 which is equivalent to maximize V c;�
0 directly. To this end, consider the

following optimization problem:

max
c;�

E�0

( R T
0
e�rt [u (ct; �t)� u (c?t ; �?t ) + �t (�?t (�arv?t ) + �n?t )]

+e�rT [U (C?T + ST )� U (C?T )] dt+
R T
0
�e�rt�?t�

A
t

�
�t � ��A

t

�
dt

)
(62)

s:t:�A
t =

Z t

0

e�(s�t) (�s � �
?
s) ds so that d�

A
t =

�
�t � �

?
t � ��

A
t

�
dt;

dSt = (rSt + c
?
t � ct) dt:

Note that here we treat c?t as the agent�s compensation income from the contract because of Lemma 1; more impor-
tantly, we have imposed the agent�s budget constraint because we have set CT = C?T +ST into the objective function
(i.e., the agent have to clear his private saving account at terminal date T ).

In the following steps, we �rst show that fc?; �?g satis�es the maximum condition in the standard approach of
Pontryagin�s Maximum Principle (MP). We then give su¢ cient condition that the associated Hamiltonian is concave
so that maximum condition is su¢ cient for optimality.

Denote the vector of state variables by xt �
�
�A
t ; St

�T
whose evolution is given by

dxt =

 
�t � �?t � ��A

t

rSt + c
?
t � ct

!
dt

=

  
�� 0

0 r

! 
�A
t

St

!
+

 
�t � �?t
� (ct � c?t )

!!
dt

Denote the adjoint variables by (by; bz). Given the optimal trajectory ��A
t ; St

�
and the optimal control (�t; ct), the

evolution for adjoint variables and their terminal conditions are

d

 bybz
!

= �

8<:
 
�� 0

0 r

!T  bybz
!
+

 
�e�rt�?t

�
�t � �?t � 2��

A
t

�
0

!9=; dt+
 bYbZ

!
�dB�

t (63)

byT = 0bzT = e�rTU 0
�
C?T + ST

�
The Hamiltonian is de�ned as

H (t; (�; c) ; (by; bz)) = e�rt [u (ct; �t)� u (c
?
t ; �

?
t ) + �t (�

?
t (�arv

?
t ) + �n

?
t )]

+�e�rt�?t�
A
t

�
�t � ��A

t

�
+
�
�t � �

?
t � ��

A
t

� byt + (rSt + c?t � ct) bzt; (64)

and the maximum conditions are:

e�rt [u� (ct; �t) + ((�arv
?
t ) + �n

?
t )] + �e

�rt�?t�
A
t + byt = 0 (65)

e�rtuc (ct; �t)� bzt = 0 (66)

Now we verify the proposed policy (�?; c?) satis�es the above conditions with ct = c?t , �t = �?t , �
A
t = 0, and

St = 0.
For the adjoint variable of �

A
, byt = 0 is the solution to for the �rst equation in (63); intuitively, we have written

the long-lasting e¤ect of � directly into the objective function so that the marginal value of �
A
becomes zero. Then,

we need to verify that the proposed policy (�?; c?) satis�es the maximum condition (65):

u� (c
?
t ; �

?
t ) + �

?
t (�arv

?
t ) + �n

?
t

, �?t (arv
?
t ) + �

?
t (�arv

?
t ) + �E�

?

t

�
�
Z T

t

e�(r+�)(s�t)�?t (�arv
?
t ) dt

�
= 0:

where we have used the fact that u� (c?t ; �
?
t ) = ��?tuc (c?t ; �?t ) = �?tarv

?
t given CARA preference, and the de�nition

of n?t in (60). But this is exactly the condition in (57).
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For the adjoint variable of saving St, by taking the transformation zt = bzert and Z = bZert, then we have
dzt = Zt�dB

�?

t with zT = U
0 (C?T ) ; and uc (c

?
t ; �

?
t ) = zt:

where the last condition is from the maximum condition in (66). We claim that

zt = �arv?t and Zt =
1

�
�?ta

2r2v?t dB
�?

t

satisfy the above equations. From Eq. (53) we have zT = �arv?T = U 0 (C?T ) = �arU (C?T ) if we truncate the problem
at T . And, the rest of claim can be easily veri�ed from Eq. (54) and Eq. (55).

Combining the above steps, we have shown that (�?; c?) satis�es the necessary conditions for the agent�s problem
in (62).

Step 4. Su¢ ciency
The incentive compatibility condition is only the necessary condition for the agent�s problem. We now establish

a su¢ cient condition under which the Hamiltonian in (64) is concave and thus the control (c?; �?) is indeed optimal.
It is easy to derive the gradient as

Hx;u =

26664
HS

Hc

H�

H�

37775 =
26664

rbzt
e�rtuc (ct; �t)� bz

e�rt [u� (ct; �t) + (�
?
t (�arv?t ) + �n?t )] + �e�rt�?t�A

t + by
�e�rt�?t

�
(�t � �?t )� 2��A

t

�
� �by

37775
and the Hessian as

H2
x;u =

26664
0 0 0 0

0 e�rtucc (ct; �t) e�rtu�c (ct; �t) 0

0 e�rtu�c (ct; �t) e�rtu�� (ct; �t) �e�rt�?t
0 0 �e�rt�?t �2�2e�rt�?t

37775
The su¢ cient condition is one such that H2

x;u is negative semi-de�nite, or equivalently the following matrix is
negative semi-de�nite:

eH2
x;u =

264 ucc (ct; �t) 0 0

0 u�� (ct; �t)�
u�c(ct;�t)

2

ucc(ct;�t)
�e�?t

0 ��?t �2�2�?t

375
Because ucc (ct; �t) < 0, we only need to derive the condition for the following 2�2 matrix to be negative semi-de�nite:"

u�� (ct; �t)�
u�c(ct;�t)

2

ucc(ct;�t)
��?t

��?t �2�2�?t

#

which is �2
h
u�� (ct; �t)�

u�c(ct;�t)
2

ucc(ct;�t)

i
� �?t � 0.

A.4 Proof for Lemma 3

Suppose that the control variable is constrained such that �t 2 [�M;M ], where M > 0 is an arbitrarily large, but
�xed constant. De�ne Mp � �M

�+r
. Recall the de�nition of pt; and we have

p = E
�Z 1

0

��te
�(�+r)te(�

R t
0 ar�v�dBv�

1
2

R t
0 a

2r2�2v�
2dv)dt

�
� E

�Z 1

0

�Me�(�+r)te(�
R t
0 ar�v�dBv�

1
2

R t
0 a

2r2�2v�
2dv)dt

�
=

�M

�+ r
=Mp;

where the equality is obtained only if �t = M for all t. Thus, at any time the feasible state variable p is bounded.
Similarly, we can show that p � � �M

�+r
= �Mp. Moreover, this result implies that whenever pt = �Mp, we must have

that for 8s � t,
�s = �M;ps = �Mp; and �s = �s � ps = �

rM

�+ r
.
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Therefore, once pt hits �Mp, the state ps will stay there from then on. In this sense �Mp are absorbing boundaries.
This result helps us in deriving the value function at these boundaries. Since

V (p) = Et
�Z 1

t

e�r(s�t)
�
�s �

1

2
�2s �

1

2
a2r2�2�2s

�
ds

�
;

we have

V (Mp) =

Z 1

0

e�rt
 
rM

�+ r
� 1

2

�
rM

�+ r

�2
� 1

2
a2r2�2M2

!
ds

=
1

�
Mp �

r

2�2
M2
p �

a2r�2 (�+ r)2

2�2
M2
p ;

and similarly

V (�Mp) = �
1

�
Mp �

r

2�2
M2
p �

a2r�2 (�+ r)2

2�2
M2
p :

Both of them are concave and quadratic in M . Finally, since Mp (M) can be arbitrarily large, V (�Mp) can be
arbitrarily small.

A.5 Derivation of Evoluation of pt in Section 3.2.1

Let

Pt � v0Et
�R1

t
��se

�(�+r)s exp

�
�
Z s

0

ar�u�dBu �
Z s

0

1

2
(ar�u�)

2 du

�
ds

�
;

then pt = e(�+r)t Pt
vt
. According to martingale representation theorem, there exists some progressively measurable

process �Pt so that
dPt = ��e�(�+r)t�tvtdt+�

P
t dBt:

Recall that dvt = �ar�t�vtdBt; then we have d
�
1
vt

�
= 1

vt

�
ar�t�dBt + (ar�t�)

2 dt
�
. Hence, according to Ito�s

lemma,

d

�
Pt
vt

�
= Ptd

�
1

vt

�
+
1

vt
dPt + d

�
1

vt
; Pt

�
=

Pt
vt

�
ar�t�dBt + (ar�t�)

2 dt
�
� �e�(�+r)t�tdt+

�Pt
vt
dBt +

ar�t�

vt
�Pt dt:

Therefore, we have

dpt = e(�+r)td

�
Pt
vt

�
+ d

�
e(�+r)t

� Pt
vt

= e(�+r)t
�
(�+ r)

Pt
vt
dt+

Pt
vt

�
ar�t�dBt + (ar�t�)

2 dt
�
� �e�(�+r)t�tdt+

�Pt
vt
dBt +

ar�t�

vt
�Pt dt

�
= (�+ r) ptdt+ pt

�
ar�t�dBt + (ar�t�)

2 dt
�
� ��tdt+ e

(�+r)t�
P
t

vt
dBt + ar�t�e

(�+r)t�
P
t

vt
dt

=

26664(�+ r) pt � ��t + ar�t�
�
ar�t�pt + e

(�+r)t�
P
t

vt

�
| {z }

de�ned as �p

37775 dt+
�
ar�t�pt + e

(�+r)t�
P
t

vt

�
| {z }

de�ned as �p

dBt

= [(�+ r) pt + �t (ar��
p � �)] dt+ �pdBt;

which is equation (32).
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A.6 Proof for Proposition 2

We �rst conjecture that the value function for the deterministic policy, V d (p), has the following quadratic form

V d (p) = �1
2
Adp2 +Bdp+ Cd:

Plugging the above conjecture into the following ODE for the deterministic value function:

rV d (p) =
1

2

�
1 + p� �V d (p)

�2
1 + ar�2

� p� 1

2
p2 + V d

p (p) (�+ r) p;

we can easily show that Bd = 1
�
, Cd = 0, and Ad satis�es

�1
2
rAdp2 =

1

2

�
1 + �Ad

�2
p2

1 + ar�2
� 1

2
p2 �Ad (�+ r) p2:

Rearranging the above equation, we have

�2
�
Ad
�2
�Ad�

�
r

�

�
1 + ar�2

�
+ 2ar�2

�
� ar�2 = 0;

which gives the solution for Ad;

Ad =
1

2�

24 r
�

�
1 + ar�2

�
+ 2ar�2 +

s�
r

�
(1 + ar�2) + 2ar�2

�2
+ 4ar�2

35 ;
which is the same as that in the main text. Then, the optimal initial pd0 =

Bd

Ad
follows easily from the �rst order

equation.
The incentive slope, as a function of information rent pt, is

�dt =
1 + pt � V d

p �

1 + ar�2
=
1 +Ad�

1 + ar�2
pt:

Using (32), we can derive the evolution of information rent pt to be

dpdt
pdt

= (�+ r) dt� �dt
pt
�dt =

�
�+ r � 1 +Ad�

1 + ar�2
�

�
dt � ��dt:

To show that � = 1+Ad�
1+ar�2

�� (�+ r) > 0, it is equivalent to show that Ad >
�
1 + r

�

�
ar�2

�
+ r

�2
which always holds

by following the equation (74) in Lemma 5 (to be shown shortly). Finally, the optimal e¤ort can be calculated as
�dt = �

d
t � pdt .

A.7 Proof for Proposition 4

Before we solve the relaxed problem and derive the properties of the value function, we �rst de�ne two useful functions,
which prove to be useful in saving notations.

H1 (p) � 1

�
p� 1

2

r

�2
p2 � a�2 (�+ r)2

2�2
p2;

H2 (p) � 1

r

�
1

2

(1 + p)2

1 + ar�2
� p� 1

2
p2
�
:

We state assumptions required for the proof below.
Assumption 1: The parameters satisfy the following condition:

a

"
2

�
�

r
+ 1

�3
� ��2

#
<
�

r
: (67)
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Assumption 2: The feasible policy space for incentives is bounded given state p, i.e., � (p) <1 (though � (p)
may exceed M given M).

To solve the relaxed problem, we �rst focus on the following key ODE below:

rV (p) =
1

2

(1 + p� �Vp (p))2

1 + ar�2 + a2r2�2
(Vp(p))

2

Vpp

� p� 1

2
p2 + Vp (p) (�+ r) p; (68)

V (�Mp) = H1 (�Mp) :

We proceed our proof with the following four steps.
Step 1: We �rst focus on ODE in equation (68). We show that at p = 0, we have V (0) = 0 and Vp (0) = 1

�
.

Step 2: Under assumption 2, this ODE in (68) satis�es concavity and positivity of the denominator condition.
(a), Prove the concavity and positivity of the denominator at p = 0.
(b), Prove the concavity and positivity of the denominator for general p > 0.
(c), Prove the concavity and positivity of the denominator for p < 0.
(d), Prove that the lower boundary 0 is absorbing and the upper boundary �p is entrance-no-exit.
Step 3: From Steps 2.a-2.d, it follows from a standard veri�cation theorem that the solution to the ODE equation

(68) is the value function of the principal�s relaxed problem. Furthermore, it is never optimal to run outside the
region [0; p] for the relaxed problem.

Step 4: Show that the value function for the relaxed problem is also the value function for the principal�s original
problem and �p is independent of M for su¢ ciently large M .

A.7.1 Step 1: V (0) = 0 and Vp (0) = 1
� .

We proceed to show V (0) = 0 and Vp (0) = 1
�
by following the next three-step scheme.

Step 1.a: We �rst show that there must exist a solution to the following equation:

T (p) � 1 + p� �Vp = 0:

We know that V (0) � 0 which is the value of deterministic policy. We also know that

V (�Mp) = H1 (�Mp) < 0 and V (Mp) = H1 (Mp) < 0.

Then according to the intermediate value theorem, there exists p1 > 0 so that

T (p1) = 1 + p1 � �Vp (p1) = 1 + p1 � �
V (Mp)� V (0)

Mp
> 1;

and there also exists p2 < 0 such that

T (p2) = 1 + p2 � �Vp (p2) = 1 + p2 � �
V (0)� V (�Mp)

Mp
< 0;

for su¢ ciently high Mp. Therefore, we can �nd a point p such that

1 + p� �Vp
�
p
�
= 0: (69)

Step 1.b: Suppose that 1 + ar�2 + a2r2�2
V 2
p (p)

Vpp(p)
6= 0. We aim to show that p = 0 so that equations (69) and

(68) imply V (0) = 0 and Vp (0) = 1
�
. Di¤erentiating the HJB in equation (68) with respect to p at p, we have

rVp
�
p
�
= �1� p+ Vpp

�
p
�
(�+ r) p+ Vp

�
p
�
(�+ r) ;

which, together with equation (69), imply that
Vpp

�
p
�
p = 0:
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Therefore, either p = 0 or Vpp
�
p
�
= 0. We �rst rule out the case of Vpp

�
p
�
= 0. Note that this case implies the

denominator of the �rst term in the right hand side of equation (68) is in�nite, so that V must satisfy

rV
�
p
�
= �p� 1

2
p2 +

�
1 + p

��
1 +

r

�

�
p, (70)

Further, it follows from Taylor expansion that

V
�
p+ �

�
= V

�
p
�
+
1

�

�
1 + p

�
�+ o

�
�2
�

(71)

Vp
�
p+ �

�
=

1

�

�
1 + p

�
+ o (�) .

Thus, evaluating the HJB equation (68) at p+ �, we have

rV
�
p+ �

�
=

1
2
(�� o (�))2

1 + ar�2 + a2r2�2
V 2
p (p+�)

Vpp(p+�)

� p� ��
�
p+ �

�2
2

+
1

�

�
1 + p

�
(�+ r)

�
p+ �

�
+ o

�
�2
�

= �p� 1

2
p2 +

�
1 + p

��
1 +

r

�

�
p� �� p�� 1

2
�2 +

�
1 + p

��
1 +

r

�

�
�+ o

�
�2
�

= rV
�
p
�
+
r

�

�
1 + p

�
�� 1

2
�2 + o

�
�2
�
;

where the second equality uses the fact
V 2
p (p+�)

Vpp(p+�)
goes to in�nity as � goes to zero because the continuity of Vpp

�
p
�

implies that Vpp
�
p+ �

�
is at the order of o (1), and the last equality follows from equation (70). But this is in

contradiction with (71) since they do not match at the second order �2. As a result, p = 0 and thus Vp (0) = 1
�
.

Step 1.c: Now suppose that 1 + ar�2 + a2r2�2
V 2
p (p)

Vpp(p)
= 0, i.e.,

Vpp
�
p
�
= �

a2r2�2V 2
p

�
p
�

1 + ar�2
= � a2r2�2

1 + ar�2
1

�2
�
1 + p

�2
; (72)

which implies that we cannot ignore the term with 1 + p� �Vp. Due to L�Hopital�s rule,

(1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

=
2 (1 + p� �Vp) (1� �Vpp)
a2r2�2

2VpV 2
pp�V 2

p Vppp

V 2
pp

: (73)

Di¤erentiate the HJB equation (68), we have,

rVp =

�
1 + p� �Vp

�
(1� �Vpp)

1 + ar�2 + a2r2�2
V 2
p

Vpp

� 1

2

�
1 + p� �Vp

�2�
1 + ar�2 + a2r2�2

V 2
p

Vpp

�2 �a2r2�2 2VpV 2
pp � V 2

p Vppp

V 2
pp

�
�1� p+ Vp (�+ r) + Vpp (�+ r) p.

Plugging in equation (73) into the above equation, we �nd that the two terms in the �rst line cancel each other, and

0 = �1� p+ Vp�+ Vpp (�+ r) p = Vpp (�+ r) p;

which is the same as before. Therefore, either we have

p = 0, and Vp (0) =
1

�
;

or we have Vpp
�
p
�
= 0 and p = �1 due to equation (72). In the second case, we further have

Vpp (�1) = 0; Vp (�1) = 0, and
V 2
p (�1)
Vpp (�1)

= �1 + ar�
2

a2r2�2
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In Lemma 7 below,12 we will show that for any p; if

Vpp (p) = Vp (p) = 0 and lim
V 2
p (p)

Vpp (p)
! �q;

then q = 0 or 1
ar
. Therefore, the second alternative results in contradiction and we must have p = 0, and Vp (0) = 1

�
.

Now we still need to show that V (0) = 0 under the assumption 1 + ar�2 + a2r2�2
V 2
p (p)

Vpp(p)
= 0. Suppose that

V (0) = v > 0. First, the HJB in equation (68) implies that

lim
p!0

(1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

= 2rv > 0.

Thus, it follows from equation (36) that the policy function � (p) at p = 0 has value

� (0) = lim
p!0

(1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

� 1

1 + p� �Vp

= lim
p!0

2rv
1

1 + p� �Vp
=1:

This contradicts with Assumption 2 that our policy space is restricted to be bounded at p = 0.

A.7.2 Step 2: Prove the concavity and positivity

Step 2.a: Concavity & Positivity of the Denominator at p = 0 : We want to show that under
assumption 1-2, the value function at p = 0 is concave, Vpp (0) < 0; and 1 + ar�2 + a2r2�2 Vp(0)

2

Vpp(0)
> 0. Before we

proceed to the main proof, we �rst show the following two lemmas, which are needed for our main proof.

Lemma 5 Denote

�o � Ao

1=�+Ao
and � �

Ad � a2r2�2(1=�)2

1+ar�2

1=�+Ad
.

Under the condition in equation (43), for a > 0, the following equalities hold:

Ad �Ao >
ar�2

�

�
1 +

r

�

�
>

2a2�2�

r (1 + ar�2)

�
1 +

r

�

�4
; (74)

�o < �:

Proof. Recall the de�nition of Ad and Ao; we have Ao = r
�2
; and

Ad =
1

2�2

�
(2�+ r) ar�2 + r +

q
(2�+ r)2 a2r2�4 + 2�2

�
(�+ r)2 + �2

�
ar + r2

�

=
1

�

0@ r

2�

�
1 + ar�2

�
+ ar�2 +

s�
r

2�
(1 + ar�2) + ar�2

�2
+ ar�2

1A :
Because

r�
r
2�
(1 + ar�2) + ar�2

�2
+ ar�2 > r

2�

�
1 + ar�2

�
+ ar�2, it follows

Ad �Ao > 1

�

�
r

�

�
1 + ar�2

�
+ 2ar�2 � r

�

�
>
ar�2

�

�
1 +

r

�

�
: (75)

12 It is important to point out that the proof for Lemma 7 below does not use any results from step 1 here. Thus,
there is no circular argument.

43



Furthermore, assumption 1 (i.e., equation (43)) implies that

�

r
+ a��2 > 2a

�
�

r
+ 1

�3
,
�
r

�

�3�
�

r
+ a�2�

�
> 2a

�
1 +

r

�

�3
,

�
r

�

�2 �
1 + ar�2

�
> 2a

�
1 +

r

�

�3
, ar�2

�

�
1 +

r

�

�
>

2a2�2�

r (1 + ar�2)

�
1 +

r

�

�4
: (76)

Thus, combining equation (75) and equation (76), we complete the proof for equation (74).

Lastly, we want to show �o < �. First, the equality 2
�
1 + r

�

�3
>
�
r
�

�3
implies that

2a2�2�

r (1 + ar�2)

�
1 +

r

�

�4
>

�
1 +

r

�

�
a2r2�2 (1=�)2

1 + ar�2
.

Combining with the equality in equation (74), we have

Ad > Ao +

�
1 +

r

�

�
a2r2�2 (1=�)2

1 + ar�2
:

Further, notice that

�o � 1 < �� 1, � 1

1 + �Ao
<
�1� a2r2�2(1=�)

1+ar�2

1 + �Ad

Ad > Ao +
a2r2�2 (1=�)2

1 + ar�2
(1=�+Ao)

1=�
, Ad > Ao +

a2r2�2 (1=�)2

1 + ar�2

�
1 +

r

�

�
:

Therefore, the inequality �o < � follows immediately.

Lemma 6 Under Condition equation (43) and for a > 0, there exists a unique root x0 2 (0; �o) to the following
cubic polynomial:

G (x) �
�
Ad � x

�
1

�
+Ad

��
(1� x)2 + 2x

1 + �Ad

��
Ad � x

�
1

�
+Ad

���
1 + ar�2

�
� a2r2 �

2

�2

�
�
�
Ad � x

�
1

�
+Ad

��
+

a2r2

1 + ar�2
�2

�2
: (77)

Proof. Firstly, G (0) = a2r2

1+ar�2
�2

�2
> 0. Secondly, notice that

G0 (x) = �
�
1

�
+Ad

�
(1� x)2 � 2

�
Ad � x

�
1

�
+Ad

��
(1� x)

+
2

1 + �Ad

��
Ad � x

�
1

�
+Ad

���
1 + ar�2

�
� a2r2 �

2

�2

�
� 2x

1 + �Ad

�
1

�
+Ad

��
1 + ar�2

�
+

�
1

�
+Ad

�
.

Evaluate the above equation at p = 0, we have

G0 (0) =
2Ad

1 + �Ad

�
��Ad + ar�2 � a2r2�2

Ad�2

�
�

1
�
+ 2Ad + �

�
Ad
�2

1 + �Ad
< 0;

where the last inequality is due to the following fact

�Ad =
r

2�

�
1 + ar�2

�
+ ar�2 +

s�
r

2�
(1 + ar�2) + ar�2

�2
+ ar�2 > ar�2:
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Thirdly, we proceed to show that G00 (x) > 0 for x � �o. Note that the second derivative of G (x) can be simpli�ed
to the following:

G00 (x) = 4

�
1

�
+Ad

��
1� x� 1 + ar�2

1 + �Ad

�
+ 2

�
Ad � x

�
1

�
+Ad

��
: (78)

From Lemma 5, we have �o < �. Note that � < Ad

1=�+Ad
, it follows that for x � �o < �,

Ad � x
�
1

�
+Ad

�
> 0.

Furthermore, for x � �o; we have

1� x� 1 + ar�2

1 + �Ad
� 1� �0 �

1 + ar�2

1 + �Ad
=

�
Ad �Ao

�
� ar�2

�

�
1 + r

�

�
(1=�+Ao) (1 + �Ad)

> 0;

where the last inequality is due to equation (74). Thus, both terms in equation (78) are positive, and hence G00 (x) > 0.
Below we further show that G (�o) < 0 holds. After tedious algebra, one can show

G (�o) = (1=�) (2�o)

�
Ad �Ao
1=�+Ao

�
�1 + �o

2
+
1 + ar�2

1 + �Ad

�
+
a2r2�2 (1=�)

(1 + ar�2)

�
1

2�o
� 1 + ar�2

1 + �Ad

��
< (1=�) (2�o)

�
Ad �Ao
1=�+Ao

�
�1 + �o

2
+
1 + ar�2

1 + �Ad

�
+
a2r2�2 (1=�)

(1 + ar�2)

1

2�o

�
:

It follows from straightforward algebra that

1� �o

2
� 1 + ar�2

1 + �Ad
=

r
2�
+

s�
r
2�
+ ar�2

(1+ar�2)

�2
+ ar�2

(1+ar�2)2�
r
2�
+ 1
�
+

s�
r
2�
+ ar�2

(1+ar�2)

�2
+ ar�2

(1+ar�2)2

�
r
2�

1 + r
�

>

r
2�

1 + r
2�

�
r
2�

1 + r
�

>

�
r
2

�2
(�+ r)2

.

Together with equation (74), we obtain

G (�o) < (1=�) (2�o)

8><>:� Ad �Ao
1=�+Ao

�
r
2�

�2
�
1 + r

�

�2 + a2r2�2 (1=�)

(1 + ar�2)

1 + r
�

2 r
�

9>=>;
= � (1=�)

�or2 1
�

2
�
1 + r

�

�3
(�
Ad �Ao

�
� 2a2�2�

r (1 + ar�2)

�
1 +

r

�

�4)
< 0.

Now we have G00 (x) > 0 for x � �o, G0 (0) < 0, G (0) > 0 and G (�o) > 0. Hence, there must exist one point
x 2 (0; �o) such that G (x) = 0. We still need to show the uniqueness. We consider two cases: G0 (�o) � 0 and
G0 (�o) > 0. For the �rst case, since G00 (x) > 0 for x � �o, we have G0 (x) < 0 for all x 2 (0; �o), and hence G (x)
is monotonically decreasing in (0; �o). Thus, there is a unique x such that G (x) = 0. For the second case, since
G00 (x) > 0 for x � �o, there is a unique x1 2 (0; �o) such that G0 (x1) = 0. For x 2 (0; x1), G (x) is strictly decreasing
since G0 (x) < 0 for x 2 (0; x1). For x 2 (x1; �o), G (x) is strictly increasing since G0 (x) > 0 for x 2 (x1; �o). Thus,
G (x1) < 0 and there exists a unique x 2 (0; x1) � (0; �o) such that G (x) = 0. We complete our proof.

Given the above two lemmas, now we proceed to the main proof for step 2.a. Recall that the key ODE equation
(68) is

rV =
1

2

(1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

� p� 1

2
p2 + Vp (�+ r) p.
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The value function in the deterministic case V d satis�es the following ODE

rV d =
1

2

�
1 + p� �V d

p

�2
1 + ar�2

� p� 1

2
p2 + V d

p (�+ r) p.

Thus, taking the di¤erence of the above two questions, we have

V � V d =
1

2r

24 (1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

�
�
1 + p� �V d

p

�2
1 + ar�2

35+ ��
r
+ 1

�
p
h
Vp � V d

p

i
For p > 0, dividing both sides by p and letting p go to zero, we have

lim
p#0

V � V d

p
= lim

p#0

1

2rp

24 (1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

�
�
1 + p� �V d

p

�2
1 + ar�2

35+ ��
r
+ 1

�
lim
p#0

�
Vp � V d

p

�
(79)

Because V (0) = V d (0) = 0 , we have

lim
p#0

V � V d

p
= lim

p#0

V � 0
p

� lim
p#0

V d � 0
p

= Vp (0)� V d
p (0) = lim

p#0

�
Vp � V d

p

�
. (80)

Thus, combining equation (79) and equation (80) yields

��
r
lim
p#0

�
Vp � V d

p

�
= lim

p#0

1

2rp

24 (1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

�
�
1 + p� �V d

p

�2
1 + ar�2

35
Dividing both sides again by p and letting p go to zero, we have

��
r
lim
p#0

Vp � V d
p

p
= lim

p#0

1

2rp2

24 (1 + p� �Vp)2

1 + ar�2 + a2r2�2
V 2
p

Vpp

�
�
1 + p� �V d

p

�2
1 + ar�2

35 . (81)

Noting that Vp (0) = V d
p (0) =

1
�
; it follows from L�Hopital�s rule that

lim
p#0

Vp � V d
p

p
= lim

p#0

Vp � (1=�)
p

� lim
p#0

V d
p � (1=�)

p
= Vpp (0)� V d

pp (0) ; (82)

and

lim
p#0

(1 + p� �Vp)2

p2
= lim

p#0

2 (1 + p� �Vp) (1� �Vpp)
2p

= (1� �Vpp (0))2 . (83)

Further, plugging the expression for V d (p), we have

1 + p� �V d
p = 1 + p� �

�
�Adp+Bd

�
=
�
1 + �Ad

�
p. (84)

Substituting the above equations (82), (83), and (84) back into equation (81), we have

��
�
Vpp (0)� V d

pp (0)
�
=
1

2

(1� �Vpp (0))2

1 + ar�2 + a2r2�2 (1=�)
2

Vpp(0)

�
�
1 + �Ad

�2
2 (1 + ar�2)

Let�s de�ne constant x̂ as

x̂ � Vpp (0)� V d
pp (0)

1
�
+Ad

.

Then, after tedious algebraic manipulation, one can show that x̂ is a root of the 3-order polynomial G (x) ; which is
de�ned in equation (77) in Lemma 6. According to Lemma 6, there exists a unique positive root x0 2 (0; �o). Thus,
x̂ = x0 is such a unique root. Further, Lemma 5 implies �o < � < Ad

1=�+Ad
, and hence

0 < Vpp (0)� V d
pp (0) = x0

�
1=�+Ad

�
< �

�
1=�+Ad

�
< Ad:
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Therefore,
Vpp (0) < V

d
pp (0) +A

d = �Ad +Ad = 0:

Furthermore, since x0 < �, we have x0
�
1=�+Ad

�
�Ad < �

�
1=�+Ad

�
�Ad < 0; and hence,

1 + ar�2 + a2r2�2
V 2
p (0)

Vpp (0)
= 1 + ar�2 + a2r2�2

(1=�)2

x0 (1=�+Ad)�Ad

> 1 + ar�2 + a2r2�2
(1=�)2

� (1=�+Ad)�Ad = 0:

Thus, the denominator at p = 0 is always positive.

Step 2.b: Concavity & Positivity of the Denominator at p > 0 : We want to prove for any
p > 0, the following must hold:

1 + ar�2 + a2r2�2
V 2
p (p)

Vpp (p)
> 0 and Vpp (p) < 0.

We prove the above inequalities by contradiction. Suppose that the above two inequalities fail to hold at some points.
Denote the smallest point bp > 0 at which at least one of the two inequalities does not hold. That is,

1 + ar�2 + a2r2�2
V 2
p (p)

Vpp (p)
> 0 and Vpp (p) < 0 for p 2 [0; bp)

while at bp, one of the following three cases holds:
(Case 1) 1 + ar�2 + a2r2�2

V 2
p (bp)
Vpp (bp) = 0 and Vpp (bp) < 0

or

(Case 2) 1 + ar�2 + a2r2�2
V 2
p (bp)
Vpp (bp) = 0 and Vpp (bp) = 0

or

(Case 3) 1 + ar�2 + a2r2�2
V 2
p (bp)
Vpp (bp) > 0 and Vpp (bp) = 0.

We �rst show that Case 1 is impossible. Since Vpp (p) < 0 for p 2 [0; bp), we know that
T (p) � 1 + p� �Vp (85)

is strictly increasing in p and positive. To see this,

T 0 (p) = 1� �Vpp > 0, T (0) = 0:

Therefore, T (bp) > 0 and T 0 (bp) > 0. This implies that
(1 + bp� �Vp (bp))2

1 + ar�2 + a2r2�2
V 2
p (bp)

Vpp(bp)
=1;

which contradicts with the �niteness of V . Also we should use the fact that Vp is bounded due to V 2 C2. By the
same argument, Case 2 is impossible either.

Then we consider Case 3. Note that Case 3 occurs only in the situation that

Vp (p)! 0+ and Vpp (p)! 0� when p " bp
Otherwise, a non-zero Vp (bp) implies V 2

p (bp)
Vpp(bp) = �1, a contradiction to the fact that 1+ar�2+a2r2�2 V

2
p (p)

Vpp(p)
> 0 for all

p < bp. Therefore, we can de�ne a positive �nite number q � 0 such that there exists some subsequence fpn = p̂� �ng
approaching bp from left so that

lim
pn"bpQ (pn) � lim

pn"bp
V 2
p (pn)

Vpp (pn)
= �q � 0:
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Moreover, we must have limp#bp V 2
p (p)

Vpp(p)
= �q � 0 as well because otherwise V (p) will exhibit a jump at bp. Finally, we

must have 1 + ar�2 � a2r2�2q > 0:
Taking di¤erence on the key ODE equation (68) at p = pn and p = p̂; for any sequence fpng ! p̂ we have

(1 + p̂� �Vp (p̂))2 � (1 + pn � �Vp (pn))2

= 2

�
rV (p̂) + p̂+

1

2
p̂2 � Vp (p̂) (�+ r) p̂

��
1 + ar�2 + a2r2�2

(Vp (p̂))
2

Vpp (p̂)

�
�2
�
rV (pn) + pn +

1

2
p2n � Vp (pn) (�+ r) pn

��
1 + ar�2 + a2r2�2

(Vp (pn))
2

Vpp (pn)

�
.

Simplifying the above equation further, we obtain

(1 + p̂) = (1 + p̂)
�
1 + ar�2 + a2r2�2Q (p̂)

�
+ on (1)

+

241
2

(1 + pn � �Vp (pn))2

1 + ar�2 + a2r2�2
V 2
p (pn)

Vpp(pn)

35�a2r2�2Q (p)�Q (pn)
p� pn

�
.

Rearranging the above equation and noticing that 1 + ar�2 � a2r2�2q > 0; we have

arq � 1 = 1

2

1 + p̂

1 + ar�2 � a2r2�2q ar
�
lim
n!1

Q (p̂)�Q (pn)
p̂� pn

�
. (86)

Thus, limn!1
Q(p̂)�Q(pn)

p̂�pn must exist and be �nite.

First, suppose q 6= 0; then we know limn!1
Vpp(pn)

V 2
p (pn)

= � 1
q
; which is �nite. Thus, it follows from Vpp(bp��n)

V 2
p (bp��n) =

� 1
q
+ on (1) that

Vpp (pn) = �1
q
V 2
p (pn) + V

2
p (pn) on (1)

= �1
q
2Vp (bpn)Vpp (bpn) �n + 2Vp (bp)Vpp (bpn) �non (1) ;

where the second equality is due to the mean-value theorem and p̂ � p̂n � pn. Therefore, for any sequence fpng ! p̂

we have
Vppp (bp) � lim

n!1

Vpp (bp� �n)
�n

= lim
n!1

�1
q
2Vp (bpn)Vpp (bpn) + 2Vp (bp)Vpp (bpn) on (1) = 0:

Thus, Vppp (bp) exists, and hence using Q (p) = V 2
p (pn)

Vpp(pn)
the equation (86) implies that

1� arq = 1

2

1 + bp
1 + ar�2 � a2r2�2q

�
ar
V 2
p (bp)
Vpp (bp) Vppp (bp)Vpp (bp)

�
: (87)

Below we show that there is a contradiction for Case 3 by the following three lemmas.

Lemma 7 It must be that either q = 0 or q = 1
ar
.

Proof. Assume that q 6= 0. Recall q is de�ned so that

lim
p"bp

V 2
p

Vpp
= �q < 0;

which implies that

lim
p"bp

V 2
p

Vpp
= lim

p"bp
2VpVpp
Vppp

= lim
p"bp 2Vp �

Vpp
Vppp

= �q;

Hence, we have

lim
p"bp

Vpp
Vppp

= �1; and lim
p"bp

Vppp
Vpp

= 0�

From equation (87) and q 6= 0; we have

lim
p"bp

V 2
p

Vpp

Vppp
Vpp

= 0;

and hence q = 1
ar
. As a result, q = 0 or q = 1

ar
.
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Lemma 8 It is impossible to have q = 1
ar
:

Proof. Suppose q = 1
ar
. By plugging Vp (bp) = Vpp (bp) = 0 and q = 1

ar
into the key ODE equation (68), we obtain

V (bp) = 1

2r
> V HM =

1

2r

1

1 + ar�2
;

which contradicts with the fact that our value function should be below the one derived from Holmstrom and Milgrom
(1987).

Lemma 9 It is impossible to have q = 0 either.
Proof. Suppose that q = 0. From equation (86), we have

�1 = 1

2

(1 + p̂)

1 + ar�2

�
ar lim

n!1

Q (p̂)�Q (pn)
p̂� pn

�
;

which implies that limn!1
Q(p̂)�Q(pn)

p̂�pn < 0. Using this property, we can obtain contradiction. To see this, Q (p̂) =

limn!1
V 2
p (pn)

Vpp(pn)
= �q = 0 at bp. However, because bp is the �rst point so that Vpp (bp) = 0, we know that Vpp (bp�) < 0

which implies that

Q (bp�) = V 2
p (bp�)
Vpp (bp�) < 0.

As a result, limn!1
Q(p̂)�Q(pn)

p̂�pn > 0, which is a contradiction.

Combining the above three lemmas, we obtain that Case 3 is impossible. Thus, we complete the proof for Step
2.b. Since V (0) = 0; Vp (0) = 1

�
> 0, and V (Mp) < 0, and V (p) < 0 for p � 0, it follows that there exists p > 0 such

that V 0 (�p) = 0. The analysis above also implies that Vpp (p) < 0 strictly. Therefore, the function is strictly concave
and with positive denominator for p 2 [0; p). Before we proceed to Step 2.c, we show the following lemma on the
property of �p, which is useful in the subsequent proof.

Lemma 10 p � pd where �pd � �pd0 = B
d=Ad.

Proof. From the key ODE equation (68), we know that at p,

V (p) = H2 (p) =
1

r

�
1

2

(1 + p)2

1 + ar�2
� p� 1

2
p2
�
.

Similarly, under the deterministic policy,

V d
�
pd
�
= H2

�
pd
�
=
1

r

"
1

2

�
1 + pd

�2
1 + ar�2

� pd � 1

2

�
pd
�2#

.

It is straightforward that H 0
2 (p) =

1
r

h
1+p

1+ar�2
� 1� p

i
< 0, and hence to show p � pd; it is enough to prove that

V (p) > V d (p). Let�s de�ne function
H (p) � V (p)� V d (p) ;

then the ODE equation (68) implies

rH (p)� p (�+ r)Hp (p) =
1

2

24 (1 + p� �Vp (p))2

1 + ar�2 + a2r2�2
V 2
p (p)

Vpp(p)

�
�
1 + p� �V d

p (p)
�2

1 + ar�2

35 . (88)

It follows from x̂ =
Vpp(0)�V d

pp(0)

1=�+Ad
> 0 that Vp (0+) > V d

p (0+) ; and hence initially V (p) is above V
d (p), i.e.,

H (0+) > 0 and H (0) = 0.
We show that p < �pd. Suppose it is not true so that p > �pd. Since V is concave over [0; p],

Vp
�
�pd
�
> Vp (p) = 0 = V

d
p

�
�pd
�
;
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and hence,
Hp

�
�pd
�
= Vp

�
�pd
�
� V d

p

�
�pd
�
> 0:

In addition, if p > �pd, then H
�
�pd
�
= V

�
�pd
�
�V d

�
�pd
�
< V (�p)�V d

�
�pd
�
= H2 (�p)�H2

�
�pd
�
< 0. Because H (0+) > 0,

it must be that V crosses V d at some bp before �pd, so that
H (bp) = 0, and Hp (bp) < 0.

As a result, there exists another point p1 2
�bp; �pd� so that

H (p1) < 0, Hp (p1) = 0 which implies that Vp (p1) = V
d
p (p1) .

However, it follows from equation (88) that at p = p1;

rH (p1) =
1

2

24 (1 + p1 � �Vp (p1))2

1 + ar�2 + a2r2�2
V 2
p (p1)

Vpp(p1)

�
�
1 + p1 � �V d

p (p1)
�2

1 + ar�2

35
=

(1 + p1 � �Vp (p1))2

2

24 1

1 + ar�2 + a2r2�2
V 2
p (p1)

Vpp(p1)

� 1

1 + ar�2

35 > 0;
which contradicts with H (p1) < 0.

Step 2.c: Concavity & Positivity of the Denominator at p < 0 : Here we want to show that,
for any p < 0,

1 + ar�2 + a2r2�2
V 2
p (p)

Vpp (p)
> 0 and Vpp (p) < 0.

Again, we prove these inequalities by contradiction, with similar argument as in Step 2.b. Suppose that the above
two inequalities fail to hold at some point. Denote the largest point bp < 0 at which at least one of the two inequalities
does not hold. That is,

1 + ar�2 + a2r2�2
V 2
p (p)

Vpp (p)
> 0 and Vpp (p) < 0 for p 2 (bp; 0]

Because Vpp (p) < 0 for p 2 (bp; 0] and Vp (0) = 1
�
> 0, we have

Vp (p) > Vp (0) > 0 for p 2 (bp; 0]
Vp (bp) � Vp (0) > 0.

Similar to the argument in Step 2.b, one of the three cases below holds at bp:
(Case 1) 1 + ar�2 + a2r2�2

V 2
p (bp)
Vpp (bp) = 0 and Vpp (bp) < 0

or

(Case 2) 1 + ar�2 + a2r2�2
V 2
p (bp)
Vpp (bp) = 0 and Vpp (bp) = 0

or

(Case 3) 1 + ar�2 + a2r2�2
V 2
p (bp)
Vpp (bp) > 0 and Vpp (bp) = 0.

We show that all the three cases are impossible below.
Case 1. We show this case is impossible. Suppose this is true. Then it must be true that

V 2
p (bp)
Vpp (bp) = �1 + ar�2a2r2�2

.

Moreover, for the value function to be bounded, it must be true that

1 + bp� �Vp (bp) = 0.
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Since Vp (bp) � Vp (0) the above equation however implies
bp = �Vp (bp)� 1 � 0;

which contradicts with bp < 0.
Case 2. This case is impossible, because Vp (bp) > 0 and Vpp (bp) = 0 imply limp#bp V 2

p (bp)
Vpp(bp) = �1, which contradicts

with 1 + ar�2 + a2r2�2
V 2
p (bp)

Vpp(bp) = 0.
Case 3. Note that Case 3 occurs only in the situation that

Vp (p)! 0+ and Vpp (p)! 0� when p # bp.
Otherwise, a non-zero Vp (bp) implies V 2

p (bp)
Vpp(bp) = �1, a contradiction to the fact that 1 + ar�2 + a2r2�2 V

2
p (p)

Vpp(p)
> 0 for

all bp < p < 0. On the other hand, as shown above,
Vp (bp) � Vp (0) > 0;

which contradicts with the fact that Vp (p)! 0+ when p # bp.
Step 2.d: Absorbing Lower Boundary 0 and Entrance-no-exit Upper Boundary p :

Lemma 11 The lower bound p = 0 is absorbing. The upper boundary p is entry-no-exit, i.e., �p = 0 and �p < 0.
Therefore, pt 2 [0; p] always.

Proof. We have shown that there exists an upper boundary p such that

Vp (p) = 0.

This implies that � (p) = 1+p
1+ar�2

and �P (p) = 0, and

dp

dt

����
p=p

= (�+ r) pt + �t (ar��
p � �)

= (�+ r) pt � �t� = � (p� � (p)) + rpt

=

�
1� rp 1

�

�
�

(Vpp�� 1)
M:

Since Vpp < 0; the above equation is negative if and only if 1� rp 1� > 0. Hence, it follows from Ad > r
�
1
�

�2
; (where

Ad > 0 is the coe¢ cient on the quadratic term for the deterministic value function), we have

1� r�pd 1
�
= 1� r

�
1

�

�2
1

Ad
> 0.

Therefore, it follows from Lemma 10 that �p � �pd; and thus 1� r�p 1
�
� 1� r�pd 1

�
> 0.

By a similar argument, we can prove that p = 0 is absorbing, since

dp

dt

����
p=p

= �t (ar��
p � �) = 0:

This lemma is important because it implies that V is determined by the policy within the region [0; p]. Because
V is in C2 and Vpp < 0 strictly, we know that the policy function

� (p) =
1 + p� �Vp

1 + ar�2 + a2r2�2
V 2
p

Vpp

is bounded. Therefore, we can pick some arbitrary M to bound it.
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A.7.3 Step 3: Veri�cation

De�ne the auxiliary gain process, as a function of the contract �, to be

Gt (�) =

Z t

0

e�rs
�
(�s � ps)�

1

2
(�s � ps)

2 � 1

2
a2r2�2�2s

�
ds+ e�rtV (p) :

De�ne � as the hitting time of p reaches �Mp, which could be in�nite. Obviously, G� (�) is the actual payo¤ from
the contract �. For given t, it is easy to show that

Et
�
ertdGt

�
=

"
�rV (p) + (�t � pt)� 1

2
(�t � pt)

2 � ar�2

2
�2t

+Vp
�
(�+ r) pt + �t

�
ar��P � �

��
+ 1

2
Vpp

�
�Pt
�2
#
dt+ Vp�

P
t dBt:

Therefore,
dGt = �G (p) dt+ e

�rtVp�
P
t dBt:

Due to construction of ODE in the HJB equation, under the optimal policy �� we have �G (p) = 0 while for other
policies we have �G (p) � 0. Also, we restrict the policy

�
�Pt
	
is well-behaved (square integrable in the usual sense)

so that
R1
0
e�rtVp�

P
t dBt is a martingale. Therefore under the optimal contract E [G� (��)] = G0 (��) = V (p0).

Given any T > 0, we have

E [G� (�)] = E
�
GT^� (�) + 1T��

�Z �

T

e�rs
�
(�s � ps)�

1

2
(�s � ps)

2 � 1

2
a2r2�2�2s

�
ds+ e�r�V (p� )

��
� G0 + e

�rTE
�Z �

T

e�r(s�T )
1

2
ds

�

where E
hR �
T
e�r(s�t) 1

2
ds
i
is the �rst-best project value. Therefore let T ! 1, we have E [G� (�)] � G0 = V (p).

This implies that the proposed conract solves the relaxed problem.

A.7.4 Step 4: �p is independent of M

Now we show that �p is independent ofM . Take some su¢ ciently largeM1, and consider the solution obtained with the
upper entry-no-exit boundary �p1. Note that �p1 < M1 strictly, because V (�p1;M1) > 0 while at Mp;1 =

�
1 + r

�

�
M1

the value is strictly negative. And, for p 2 [0; �p1], we have

V (p;M1) = E
�Z 1

0

e�rt
�
(�t � pt)�

(�t � pt)
2

2
� 1

2
a2r2�2�2t

�
dt

���� p0 = p� :
It is clear that given �p1, this function is independent of M1, because under the optimal policy p 2 [0; �p1], and M does
not a¤ect the �ow payo¤ per se (note that �t is assumed to be unconstrained in the relaxed problem).

Now consider M2 2 (�p1;M1). The next lemma follows.

Lemma 12 V (p;M1) � V (p;M2) for p 2 [0; �p1].
Proof. Denote the corresponding Mp�s as Mp;i. Since M1 > M2 and Mp;1 > Mp;2, the policy space for semi-
constrained problem with M1 is strictly larger than the policy space in problem with M2. To see this, note that for the
problem 1 (with M1), the principal can choose �s =

�
1 + r

�
p
�
for s > t once pt 2 [Mp;2;Mp;1], which is exactly the

constraint for the policy space of problem 2 with M2. As a result, V (p;M2) � V (p;M1) for p 2 [0; �p1].

However, given M2, consider the exact same policy under M1 with endogenous upper entry-no-exit boundary
�p1, which generates the same value as V (p;M1). As a result, the policy under M1 also solves the problem with M2.
Therefore we must have the same solution for both Mi�s, and �p1 = �p2. QED.
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A.8 Proof for Theorem 1

We now show that the relaxed problem solves the original problem. As explained before, our original problem in (33)
has more stringent constraints than the relaxed problem: in the original problem we require �t � M always, while
for the relaxed problem we only require that �t � M whenever pt hits �Mp. As a result, we have V (p) � V C (p)

always. Here, V C (p) denotes the value for the principal�s original problem.
To show our theorem, it su¢ ces to show that in the region [0; p] ; we have V (p) = V C (p), i.e., the relaxed

problem and the original problem achieve the same value for su¢ ciently high M . Take the solution V (p) and its
corresponding incentive policy �M (�); and de�ne

B (M) � max
0�p��p

����M (p)
��� ;

where �M (p) emphasizes the possibility of the dependence of the optimal policy on the parameter value M . If we
can show that we can choose su¢ ciently high M so that B (M) �M holds, then the additional constraints are never
binding in the original problem, and then both problems share the same solution obtained in Proposition 4.

We show that B (M) is independent of M for su¢ ciently high M , which immediately implies our result. To show
this, it is su¢ cient to show that both the relaxed value function V (p) and �p are independent of M . We have shown
that �p is independent of M when M is su¢ ciently high. Moreover, since the endogenous state p never go outside the
region [0; �p], we have

V (p) = E0
�Z 1

0

e�rt
�
(�t � pt)�

(�t � pt)
2

2
� 1

2
a2r2�2�2t

�
dt

���� p0 = p�
to be independent of M . As a result, max0�p��p

���M (p)
�� is independent of M , and our result follows.

B Appendix B: Non-stationary Learning

B.1 Formulating the problem

Suppose that the unknown parameter � is a constant. De�ne �t � ��t=�2, hence

dmt = �
�
t
dYt � (�t +mt) dt

�2
= �t�

dYt � (�t +mt) dt

�
� �t�dB

�
t ; and �t =

�0
1 + �0t

; (89)

where we still use �t without risk of confusion. According to Prat and Jovanovic (2010), the agent�s incentive
compatibility constraint is

�t = �t � Et
�Z T

t

�s�se
�r(s�t)e(�

R s
t ar�u�dBu�

1
2

R s
t a

2r2�2u�
2du)ds

�
= �t �

Z T

t

�s�se
�r(s�t)ds:

where the second equation we invoke the restriction that f�g being deterministic. Thus, the principal�s problem can
be written as (where T can take a value of in�nity)

max
f�tg

Z T

0

e�rt
�
�t �

1

2
�2t �

1

2
ar�2�2t

�
dt

s:t: �t = �t �
Z T

t

�s�se
�r(s�t)ds:

De�ne pt �
R T
t
�s�se

�r(s�t)ds = ert
R T
t
�s�se

�rsds so that

�t = �t � pt, p
0
t = ��t�t + rpt ) �t = �

1

�t

�
p0t � rpt

�
:

Under this transformation, the objective becomes maxfptg
R T
0
L (t; pt; p

0
t) dt, so that

L
�
t; pt; p

0
t

�
� e�rt

 
� 1

�t

�
p0t � rpt

�
� pt �

1

2

�
1

�t

�
p0t � rpt

�
+ pt

�2
� ar�2

2

�
1

�t

�
p0t � rpt

��2!
:

with the constraint that pT = 0.
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B.2 Euler equation and its su¢ ciency for optimality

We have a standard problem of calculus of variation, and the Euler equation for this problem is:

Lp
�
s; ps; p

0
s

�
=
dLp0 (s; ps; p

0
s)

ds
: (90)

Because

Lp
�
s; ps; p

0
s

�
= e�rs

�
r

�s
� 1 +

�
1

�s

�
p0s � rp

�
+ ps

��
r

�s
� 1
�
+ ar�2

�
1

�s

�
p0t � rp

�� r

�s

�
;

Lp0
�
s; ps; p

0
s

�
= e�rs

"
� 1

�s
� 1

�s

�
1

�s

�
p0s � rp

�
+ ps

�
� ar�2

�
1

�s

�2 �
p0s � rps

�#
;

conducting algebraic simpli�cations on the Euler equation (90) yields

0 = � 1

�s

�
2p0s � rp+

1

�s

�
p00s � rp0s

��
� 2ar�2

�
1

�s

��
p0s � rps

�
� ar�2

�
1

�s

�2 �
p00s � rp0s

�
.

Therefore, from the above equality, we obtain that the optimal policy must satisfy:

1

�s
p00s = �2p0s +

1

�s
rp0s + rp

�
1 +

ar�2

1 + ar�2

�
(91)

Combining with pT = 0 one can solve the optimal path using initial condition p0. Then maximizing over p0 one can
�nd the solution to the original problem.

Before we proceed to prove the main result in the next sebsection, we further show that the �rst-order optimality
of Euler equation is su¢ cient for global optimality. Notice Lpp < 0 and Lp0p0 < 0: Furthermore, for any x and y; we
aim to show that

Lppy
2 + 2Lpp0xy + Lp0p0x

2 � 0; (92)

where the equality holds only for x = y = 0. Notice that

ers
�
Lppy

2 + 2Lpp0xy + Lp0p0x
2� = � � r

�s
� 1
�2
+ ar�2

�
r

�s

�2!
y2

+2xy

  
1

�s

�
r

�s
� 1
�
+ ar�2

�
r

�s

�2!!
� x2

�
1 + ar�2

�� 1

�s

�2
:

Thus, it is su¢ cient to show the following:

��
r

�s
� 1
�
+ ar�2

r

�s

�2
<

"�
r

�s
� 1
�2
+ ar�2

�
r

�s

�2# �
1 + ar�2

�
.

The left-hand-side is
�

r
�s

�
1 + ar�2

�
� 1
�2
, while the right-hand-side is

"�
1 + ar�2

�� r

�s

�2
� 2r

�s
+ 1

# �
1 + ar�2

�
=

�
1 + ar�2

�2� r

�s

�2
� 2r

�s

�
1 + ar�2

�
+ 1 + ar�2

=

�
r

�s

�
1 + ar�2

�
� 1
�2
+ ar�2 > LHS.

Thus, equation (92) holds, and Euler equation is both necessary and su¢ cient for optimality (Theorem 2.3 in Chapter
one of Fleming and Rishel (1975)).
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B.3 Time-decreasing e¤ort policy

The following sequence of argument shows that the optimal initial information rent p�0 > 0, and the associated e¤ort
policy ��t is decreasing over time.

Step 1. From Euler equation we show that p never changes sign.
If p (0) = p0 > 0 and p (T ) = 0, but p turns negative somewhere inbetween. Then there there must exist some

point bt so that
p
�bt� < 0, p0 �bt� = 0 but p00 �bt� � 0

This contradicts with the Euler equation (91):

p00
�bt�� 1

�bt
�
= rp

�bt��1 + ar�2

1 + ar�2

�
< 0:

Similarly we can show that if p (0) < 0 and p (T ) = 0 then p < 0 always. Therefore p never changes sign.
Step 2. Now we prove that if p0 > 0 then the optimal e¤ort policy goes down with time. From equation (91),

and �t = �t � pt = � 1
�t
(p0t � rpt)� pt, we have

�0t = �
1

�t
p00t +

1

�t
rp0t � 2p0t + rpt = �rpt

ar�2

1 + ar�2
< 0;

since pt > 0 always. Here we also used the fact that
�
1
�t

�0
= 1 from (89). Similarly, if p0 < 0, the optimal e¤ort

policy goes up with time.
Step 3. We show the optimal p0 > 0. First, note that a positive p0 strictly improve the principal�s value over

p0 = 0. When p0 = 0, it follows that p (t) = 0, 8t 2 [0; T ] satis�es the Euler equation, and hence it is optimal with
zero value. Now suppose that �t = � always where � > 0 is su¢ ciently small, so that

�t = �t �
Z T

t

�s�e
�r(s�t)ds; pt =

Z T

t

�s�e
�r(s�t)ds with p0 =

Z T

0

�s�e
�r(s�t)ds.

Then the value from this policy must be strictly positive, as the bene�t
R T
0
e�rt�tdt is in the order of � while the costR T

0
e�rt

�
� 1
2
�2t � 1

2
ar�2�2t

�
dt is in second order of �2. Because the constant policy might not be optimal, the policy

that satis�es the Euler equation should be better, i.e., V (p0) > 0. Finally we rule out p0 < 0 being optimal. To see
this, we know that when p0 < 0 then the optimal e¤ort policy f�tg is increasing over time. However,

�T = �
1

�T

�
p0T � rpT

�
� pT = �

1

�T
p0T � 0:

The last inequality follows from the fact that pt � 0 for t < T while pT = 0. As a result, the optimal e¤ort policy
f�tg is negative always. Thus, if p0 < 0, then the objective

R T
0
e�rt

�
�t � 1

2
�2t � 1

2
ar�2�2t

�
dt is negative as well.

Combining the above three steps, we complete the proof that the optimal e¤ort policy is decreasing over time.

C Appendix C: Asymptotic Analysis

Expansion in the Deterministic Case

We �rst expand the value function in the deterministic case. We write the value function as ,

V d (p) = V o (p) + arQ
d
1 (p) + a

2
rQ

d
2 (p) + a

3
rQ

d
3 (p) + a

4
rQ

d
4 (p) + o

�
a4r
�
; (93)

pd = po � arqd1 � a2rqd2 � a3rqd3 � a4rqd4 + o
�
a4r
�
; (94)

and based on the HJB equation one can derive that

Qd1 = ��
2

2r

�
1 +

r

�

�2
p2; Qd2 =

�2�4

2r3

�
1 +

r

�

�2
p2;

Qd3 = ��
4�6

2r5

�
1 +

r

�

�2 "
1 +

�
1 +

r

�

�2#
p2;

Qd4 =
�6�8

2r8

�
1 +

r

�

�2 "
r2

�2

�
2 +

r

�

�2
+ 5

�
1 +

r

�

�2#
p2:
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We can also show from the condition V d
p

�
pd
�
= 0 that

qd1 =
�3�2

r3

�
1 +

r

�

�2
; qd2 = �

�5�4

r5

�
1 +

r

�

�2 "
1 +

�
1 +

r

�

�2#

qd3 =
�7�6

r7

�
1 +

r

�

�2 �
1 +

r

�

�2
+

"
1 +

�
1 +

r

�

�2#2!
:

The resulting optimal incentive �d (p) is given by

�d =

�
1 +

r

�

�
p

8><>:
1 + ar

��2

r
� a2r �

3�4

r3

h
r2

�2
+
�
1 + r

�

�i
+a3r

�5�6

r5

�
r4

�4
+ r2

�2

�
1 + r

�

�
+
�
1 + r

�

��
1 +

�
1 + r

�

�2��
9>=>; .

Expansion in the General Case

We consider the following approximations up to the fourth order of magnitude of a. That is,

V (p) = V o (p) + arQ1 (p) + a
2
rQ2 (p) + a

3
rQ3 (p) + a

4
rQ4 (p) + o

�
a4r
�
;

p = po � arq1 � a2rq2 � a3rq3 � a4rq4 + o
�
a4r
�
:

One can derive that

Q1 (p) = Qd1 (p) = �
�2

2r

�
1 +

r

�

�2
p2

Q2 (p) = Qd2 (p) +
�2

2�2

�
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r

�

�2
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r

�

�2
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"
(p� po)2 +

�
1 +

r

�

�
p (p� po)� 1

2

�
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r
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p2 � (po)2
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�
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The detailed derivation is available upon request.
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