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Abstract

The paper studies contributions to wage dispersion in a model that allows for sorting in
firm-worker matches. The model is a general equilibrium on-the-job search model with wage
formation similar to that of Cahuc et al. (2006). Workers differ in their permanent skill level
and firms differ with respect to productivity. As shown in Lentz (2010), in this setting, positive
(negative) sorting results if the match production function is supermodular (submodular).

The model is estimated on Danish matched employer-employee data that cover the entire
worker and firm population at a weekly observation frequency. The data allow a detailed
view of worker and firm conditional spell hazard heterogeneity, which is at the core of the
paper’s identification strategy. In addition the data contain match wages which also enter
the estimation, however, the estimation does not employ the direct strategy of estimating the
correlation between worker and firm wage fixed effects. As shown in previous versions of
this paper as well as de Melo 2008 and Lise et al. 2008, this approach fails to identify sorting
on worker-firm types in models where wages are possibly non-monotone functions of the
fundamental worker skill and firm productivity heterogeneity.

Preliminary estimates point to positive sorting between worker skill and firm productivity,
although with modest efficiency gains if the estimated population of jobs and workers are
allocated efficiently.



1 Introduction

Recent evidence suggests that worker skill and firm productivity heterogeneity are both impor-
tant contributions to dispersion in observed wages.! It is also a well documented fact that at any
point in time the labor market is characterized by a large amount of worker reallocation through
job transitions where workers are chasing higher wages by moving away from jobs with lower
wages into jobs with higher wages.? Hence, by its role in directing labor flows, one can view
wage dispersion as a central component of the labor market’s allocation mechanism. Therefore,
the study of wage dispersion must include an understanding of the actual allocation of workers
to firms that the labor market is implementing. In particular, this includes the issue of sorting.

Sorting may play an important role as a source of wage dispersion. Clearly, a given distribu-
tion of worker and firm types can produce very different output and wage distribution outcomes
depending on how matches are formed. Previous work on the estimation of sources of wage
dispersion in Abowd et al. (1999), Postel-Vinay and Robin (2002), and Cahuc et al. (2006) has
adopted the maintained and identifying assumption that match formation is independent of the
types of the agents involved. The analysis of Abowd et al. (1999) directly estimates individual
worker and firm fixed effects. Subsequent to the estimation the authors test whether the esti-
mated fixed effects are correlated in the data and find little correlation. This has been taken as
evidence that sorting is not an important issue in the labor market. It is however problematic
to test the hypothesis of sorting within a framework where the maintained identifying assump-
tions rule out key mechanisms that can produce sorting in models with production function
complementarities.

This paper puts forth a general equilibrium on-the-job search model with both firm and
worker heterogeneity. The analysis is based on an off-the-shelf model of on-the-job search with
endogenous search intensity as in Christensen et al. (2005) combined with wage determination
as in Cahuc et al. (2006). The model is analyzed in detail in Lentz (2010). Depending on the
production function, the worker’s search intensity can be type dependent and sorting will result.

The subsequent empirical analysis will decompose wage dispersion into 4 sources; worker het-

1See for example Postel-Vinay and Robin (2002) and Abowd et al. (1999).
2Gee for example Christensen et al. (2005), Nagypal (2005), and Jolivet et al. (2006).



erogeneity, firm heterogeneity, friction, and sorting. Postel-Vinay and Robin (2002) decompose
dispersion into the first three components.>

Abowd et al. (1999) perform a decomposition of observed wage dispersion in French matched
employer-employee data into unobserved worker and firm fixed effects. The panel structure
of such data sets allows the continued observation of a single worker matched with different
employers which is the basis of identification of individual fixed effects. The identification of the
fixed effects is done under the maintained assumption that job transitions are not correlated with
either worker or firm fixed effects. This precludes natural sorting mechanisms in job transition
models.

Postel-Vinay and Robin (2002) and Cahuc et al. (2006) make the point that the identification
of unobserved fixed effects in Abowd et al. (1999) can be biased in the presence of frictions.
Specifically, the contribution of worker fixed effect dispersion to overall wage dispersion can
be upward biased if the estimation does not specifically control for the particular properties of
the wage process in an on-the-job search model. In these papers, wage dispersion is explained
through a structural estimation of a general equilibrium on-the-job search model. Friction is
given a role separate from dispersion in worker and firm effects in the explanation of overall
wage dispersion. Both of the papers assume that the distribution of worker types is independent
of the type of the firm. The production function in these papers is supermodular. However, the
matching technology is such that sorting does not arise. This paper proposes a search technology
where sorting may arise in response to production function complementarities. The theoretical

aspects of the model are described in greater detail in Lentz (2010).

2 Model

Following Lentz (2010), the framework of the model is an endogenous search intensity model
with type heterogeneity on both the worker and firm side. Wages are determined through se-
quential bargaining similar to Dey and Flinn (2005) and Cahuc et al. (2006).

There is a continuum of firms and potential entrants with measure m, and a continuum of

3Lise et al. (2008) and de Melo (2008) both study wage dispersion and sorting in a Shimer and Smith (2000) style
partnership model.



workers with measure normalized at unity. A worker is characterized by his or her permanent
innate ability & which is independently and identically distributed across workers according to
the cumulative distribution function ¥(-). Firms differ with respect to their permanent produc-
tivity realization p which is independently and identically distributed across firms according to
the cumulative distribution function ®(-).

Workers can be either employed or unemployed. Regardless of employment state, a worker
can search for a new job. The analysis will allow that the search technology may differ across
the two employment states. Specifically, a search intensity s results in the arrival rate of new job
opportunities of (y + xs)A(0) or sA(6) if unemployed or employed, respectively, where x > 0. If
k > 1 then search is more efficient in the unemployed state. y > 0 represents an arrival of offers
that is unrelated to the search decision of the worker. A () is the equilibrium arrival rate of offers
per search unit and 6 is market tightness. By assumption A'(6) > 0. The cost of a search intensity
s is given by the increasing and convex function,
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where ¢y > 0 is a scale parameter and ¢; > 0 sets curvature.

A match between a type h worker and a type p firm produces value added f(p,h) net of
payments to capital inputs. It is assumed that f,(h, p) > 0 and f,(h, p) > 0 for all (h, p). Hence,
more skilled workers enjoy an absolute advantage relative to less skilled workers regardless of
the firm type p they are matched with. Likewise for the ranking of firms. Hence, the labels by
which types are indexed, I and p, define unambiguous rankings such that a high / indicates a
placement in the top of the worker skill ranking and a high p value indicates a top placement in
the firm productivity ranking. Statements on sorting then become statements about match allo-
cation patterns in terms of worker skill and firm productivity rankings. We adopt the particular

production function specification,

Fhp) = folah® + (1 —w)p?)?, 2.2)

where fy is a scale parameter, and 0 < a < 1. If p < 1, then the production function is super-

modular. It is submodular for p > 1. The production function is modular for p = 1. As shown in



Lentz (2010) if the production function is supermodular, the equilibrium will be characterized by
positive sorting between worker skill and firm productivity. If it is submodular, negative sorting
will result. For p = 1 there will be no sorting between worker skill and firm productivity types.

Match separation occurs as the result of one of three distinct events. First, the worker in the
match may receive an offer from an outside firm with greater productivity than the current firm
which induces a quit. Second, at rate JpA(6) the worker makes a job-to-job transition where the
new job is drawn randomly from the vacancy offer distribution and the outside option in the
new job is unemployment. The process is meant to capture the possibility that some job-to-job
transitions are not up the offer ladder.* One possible explanation is that a, to the econometrician,
unobserved shock has reduced the worker’s valuation of the current match which induces a job-
to-job transition. Nagypal (2005) provides an explicit argument for such a process. It may also
be that the worker has been given notice of a lay-off sufficiently far in advance that the worker
was able to obtain a new job without an actual unemployment spell in between. The model does
not take a stand on the nature of the shock. It simply allows that exogenous match separations
can occur where the worker’s climb up the offer ladder is reset but without the association of an
actual unemployment spell. Third, for reasons unrelated to the job search process, the worker
is laid off and moves into unemployment. The model allows the layoff rate to be worker type
dependent. Specifically, the layoff rate can be high or low, d;;, > J1; > 0. The layoff rate is
modeled as a possibly worker skill correlated random effect, such that worker i’s layoff rate, 6!,
is takes value &;jwith probability A; (h;) = Pr (6] = &j|h; = h).

Employment contracts between workers and employers are set through a Rubinstein (1982)
style bargaining game following the same protocol as in Cahuc et al. (2006). An alternative
bargaining protocol is presented in Yamaguchi (2006). In both cases, it is assumed that the worker
can use a contact with one employer as a threat point in a bargaining game with another. An
employment contract can only be re-negotiated by mutual consent. If the worker is unemployed,
then the value of unemployment will be the worker’s threat point. The detailed bargaining
argument is presented in the appendix.

An employment contract consists of a worker’s wage level and search intensity. Specifically,

“Christensen et al. (2005) and Nagypal (2005) emphasize that this type of separation shock is empirically important.



this implies the assumption that search intensities can be contracted upon. In the current setting
this assumption implements the jointly efficient search intensity level. In the alternative case
where search intensities are chosen by the worker in response to some match surplus split, the
worker’s search intensity will be inefficiently high in the case where the worker is not receiving
the full surplus of the match. As such, one can think of the setup in this paper as describing an
upper bound on the efficiency of search in the model.

For j € I,h, denote by V](h, p,w,s) a skill level h, layoff rate d1j worker’s asset value of a job
with a type p firm and employment contract (w,s). The outcome of the employment contract
bargaining as described in the appendix is such that the agreed upon search intensity maximizes
the joint surplus of the match and the wage then dictates the surplus split. Hence, the search

intensity depends only on the (k, 4y, p) triple,

5i(h,p) = argmax Vi (h, p, f (1, p),s), (2.3)

where j € [, h.
If the worker is unemployed, the outside option in the bargaining is the value of unemploy-
ment. Denote by (w?(h, p),si(h,p)) the employment contract of a skill level /, layoff rate &;

worker who was hired out of unemployment by a type p firm. For j € [, h, it satisfies,

Vi(h, p,w} (b, p),si(h, p)) = BY; (1, p, f(h, p), s (R, p)) + (1 = B)V] (h), (2.4)

where V]-O(h) is the asset value of unemployment for a skill level 4, layoff rate J; worker. 8 is the
worker’s bargaining power.

If an employed worker receives an outside offer, the worker will go to the most productive
firm and the outcome is as if the worker bargains with the most productive firm with a threat
point of going to the less productivity firm and receive full surplus. Denote by p and g the types
of the two firms, where p > g. If the two firms are of equal productivity, the worker stays with

the current firm. Denote the resulting wage by w;(h, g, p). It satisfies,

Vi(h, p,w;i(h, p,q),si(h, p)) = BVi(h,p, f(h,p),s;(h, p)) + (1= B)Vi(h,q, f(h,q),si(hq)). (2.5)

Denote by g;(h, p,w) the highest type a worker who is currently employed by a type p firm

at wage w such that the meeting has no impact on the current employment terms. It is defined



implicitly by,

This implies that,

Vi (b, p,w,si(h,p)) = BV;(h,p, f(h, p),sj(h,p)) + (1= B)V;(h,q, f(h,q),5i(h, ),  (27)

where q = g;(h, p,w). Equation (2.6) also illustrates that any arbitrary wage received in a match
with a type p firm can be viewed as the outcome of bargaining with the type p firm given the
outside option to match with a type g;(h, p,w) firm. Hence, a sufficient statistic for an employed
worker’s state is the record of the types of the two most productive employers that the worker
has met during the past employment spell. Mostly, the value functions in the following will
be stated in these terms rather than through an explicit wage. Specifically define V;(h,q,p) =
Vi(h p,wi(h,q,p),si(h p)).

It is assumed that an unemployed type h worker receives an income stream f(h,b). The

Bellman equation for the value of unemployment is given by,

rV]-O(h) = max {f(h, b) —c(s) + (u+xs)A(0)E [max [0, Vi(h, w?(h, p),p) — Vjo(h)ﬂ }

s>0

_ max{f(h,b) —c(s) + (u+xs)A(6) /ﬁ
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where 7 is the interest rate, I'(p) is the cumulative firm type vacancy distribution, and R;(h) is

the type h reservation productivity level defined by,
V;(h, R;(h), Rj(h)) =V (h). (2.9)

It is straightforward to prove that V;(h, p, p) is monotonically increasing in p which establishes
the reservation property of the model; that a type skill level i worker will agree to match with
any employer above the productivity threshold level, R;(h). Applying integration by parts and

the envelope theorem, equation (2.8) can be restated as,

P Bfp(h,p")[1 =T (p")]dp'
rV].O (h) = max {f(h,b) —c(s) + (u+xs)A(0) /Rj(h) P fﬂsj(h, @A =T ()] } , (2.10)

where §; = dA(0) + ;.



The value of employment with a type p firm at wage w;(h,q, p) and search intensity s;(k, p)
is given by,
rVi(h, g, p) = wi(h,q, p) —c(sj(h )+51][V (h) = Vj(h,q,p)]+

p
si(h, p)A [/p Vi(h,p,p") — Vj(h,q,p)]dT (p") +/q [Vi(h, p',p) — Vi(h,q,p)]dT(p") | +
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Integration by parts and the envelope theorem allows the expression to be re-written as,

(r+6,)V(h,q,p) = w;(h,q, p) — c(s;(h, p)) + OV () +
P BAUL (1 -T()dp
WO [ e @ (= £
| P B p) (- T())dy
si(h, p)A(O) /p r+0;+ Bsj(h, p')A(O) (1 —T(p))

A P (1=B)fp(p) (A =T(p'))dp’
sl PN | ST (212

The detailed derivation of equation (2.12) can be found in the appendix.

2.1 The search choices

The employment state conditional search intensity is found by use of equations (2.3) and (2.8).

Together with equation (2.12), they imply the first order conditions,

/ B Bfp(h,p')(1—T(p"))dp’
d(sj(h) = 9/ VT4 —iﬁshp))\@)(l—r(i?/))

‘o _ P ﬁf (hp")(1-T(p"))dp’
¢ (si(hp)) = A(e)/p r+5j+ﬁsj(h,p')(1—r(p'))' (2.14)

By convexity of c(-), differentiation of equation (2.14) with respect to p immediately yields that

(2.13)

s]-(h, p) is monotonically decreasing in p, Vh. Furthermore, s]-(h, p) =0, Yh. Lemma 1 establishes
that the search intensity is strictly increasing in the worker type / if the production function is
strictly supermodular. Also, if the production function has no complementarities between worker

and firm types, then the search intensity is identical across worker types.

Lemma 1. For any pair (ho,hy) € [h,h] x [k, h] such that hy < hy, and for all p € [b, p),

e fup(h,p) > 0V(h,p) = sj(ho, p) <sj(h1,p) (supermodular).



o fup(h,p) <OV(h,p) = sj(ho,p) > sj(h1, p) (submodular).
o fup(h,p) =0V(h,p) = sj(ho, p) = sj(h1, p) (modular).
For any & € [i,h], sj(h, p) = 0.
Proof. See Lentz (2010). H

The reservation productivity level R;(h) defined in equation (2.9) is characterized in Lemma

2

Lemma 2. For any h € [h,h), if x = 1 and p = & then Rj(h) = b, and if k > 1 and p > & then
p > R;j(h) > b. Furthermore, if for any pair (ho,h1) € [h, h] and for all p € [b, p] fp(ho, p) = fp(h1, p),
then R](l’lo) = R](l’ll)

Proof. See Lentz (2010). O

In the case where x > 1, an obvious question of interest is how R;(h) varies with h. Lemma
2 states that in the absence of production function complementarities, R;(h) is identical across
worker skill levels. If p # 1 the model includes many of the complications associated with the
classic stopping problem as analyzed in Shimer and Smith (2000). Specifically, it is straightfor-
ward to produce examples where R;(h) is not monotonically increasing in & even if the produc-

tion function is supermodular.
2.2 Solving for the wage

With a solution for s;(k, p) in hand, one can immediately obtain values for the Bellman equation

for the following states,

(r +6)Vilh, p,p) = f (1, p) — c(5;(h, p)) + 6;Vo(h) +
Bfy(h,p)) (L =T (p))dp’
50A(9) /R](h) r -+ 5] + ‘Bs](h, p/))\(g) (1 - F(p,))
. P BRnp)(1-T(p))dp

,p > b. (2.15)

The value of the unemployed state is,

PVO(h) = f(h,b) — c(s20)) + (1 + xs)(12) )A(6) /ﬁ Pl p') (1 =T (p)dp’ (2.16)

k) 7+ 0 + sy (h, p)A(8) (1 — L(p))



Given the wage determination mechanism in equation (2.5) combined with equation (2.15), one

obtains,
Vi(h,q,p) = BVj(h,p,p) + (1 = B)Vj(h,q,9). (2.17)

It then directly follows from equation (2.12) that,

e sy e (T BRI
) = V) 0 ~8NO) [ G T

P Bfp(hp) (1 =T (p))dy
OV} (1) = 5i(, PIME) Up r+4; —:ﬁsj(h, p)A(0) (1 —T(p"))
Po(1=B)fp(hp)(1=T(p"))dp’
/ f+5j+55j(h,P’M(9)(1—F(P’))} 219

+

2.3 Vacancy creation

Each firm is characterized by a permanent productivity p that applies to all of its matches. Firm
types are distributed according to the cumulative distribution function ®(-). A firm’s total output

is the sum of the output of all its matches. Hence, a firm with n workers produces,

Y(i", p) = éf(hi,m.

The total wage bill of the firm depends not only on the vector of worker types, but also on the
next best offer of each worker.

At any given time, each firm chooses a vacancy intensity v at cost ¢, (v), where ¢, (+) is strictly
increasing and convex. Given the choice of vacancy intensity, the firm meets a new worker at rate
nv. If a productivity p firm meets a skill # worker currently matched with a productivity p’ < p
tirm, the worker will accept to match with the productivity p firm. The bargaining will award
value Vj(h, p', p) to the worker and the firm will receive value V;(h, p, p) — V;(h, p', p), which is
the full match surplus minus the worker’s share. The vacancy intensity choice is made so as to

maximize the value of the firm’s hiring operation,

7
Jo(p) = m>a(;(|:—c1/ W) +nv ) {[Vj (h,p, p) — Vi (h,R;(h), p)] A? () +
'= jeth/h
p
/Rj(h) Vi (o pp) = Vi (' p)| A (B ) dP'}dh}' (2.19)
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where

Aj (1 —uj)si(h, p)g (1 p)
Yyenn Ay Jy Loyl + w900 vg (W) + (1= uy) [100 + 5y (0, p)gy (W, p)dp' } b’

Aj(hp) =

and
y {ayli ksl (h) + (1= 5) o f{ 5500 )}
e By Jy -yl + w0 (Mog () + (1= wy) [ 60 + 57 (, p))gy (h, p)dp | -

Conditional on a meeting, A; (h, p) is the likelihood of meeting an employed skill level &, layoff

A? (h) =

rate J; worker who is currently employed with a productivity p firm. A? (h) is the likelihood that
conditional on meeting a worker, the meeting is with a skill level &, layoff rate J; worker who is
either currently unemployed or making a job-to-job reallocation, which in either case means that
the worker’s bargaining position is that of unemployment. The expressions reflect a proportion-
ality assumption in matching; a worker is represented in the pool of searchers proportionally to
his or her search intensity. g;(h,p) = [} g;(h q,p)dq is the density of matches between skill ,
layoff rate 6; workers and productivity p firms, where g;(h,q, p) is the joint pdf of matches. u;
is layoff rate conditional unemployment rate and Y;(h) is the CDF of worker skill in the layoff
rate conditional unemployment pool. A; = [, A; (k) d¥ (), j € I, h is the probability that a given
worker has layoff rate ¢;,

It follows from equation (2.19) that the first order condition on the productivity conditional

vacancy intensity choice is,

¢, (v(p) = Zl:h {[ (h,p,p) — ‘(h,Rj (h),Rj(h))]A? (h) +
j€
/R;h) Vi (o pp) = Vi (', P ] A (B P') dp’}dh] : (2.20)

A firm’s hiring rate is the product of the meeting rate and the probability that the worker in

question accepts the firm’s offer,

h
n(p) =nv(p) Z/h I(Rj(h) < p)

jebh/h

P
A? (h) + / Aj (b p') dp’] dh. (2.21)
R;(h)
The expected match separation rate for a type p firm is given by,

Ticn B Jisi (h,p) gj (h, p) dh
d(p)= Y A+ A(0) [L T (p)) 2L 2 :
jelh YietnBj f, g (b, p)dh

(2.22)

11



2.4 Steady state

The steady state condition on the joint CDF of matches, G]-(h, q,p), is,

h uj
3Gyt p) = [ R (H) < @A(O) [F(p) — TR ()] |2+ w0y )+
p P
(SO/R/(h’) /q g, q.p)dp dq]dh_
/h/q A(G){(l—r( ))/qs-(h’ NdG (i, g, p')+
n IRy P Sy S PR

(1-T(q)) / ' si(W,p")aG;(n,q',p") } (2.23)

q

where I(-) is an indicator function that equals one if its expression is true, zero if false. The
equation is a simple statement that the flows in and out of the G;(k,q, p) mass must balance in
steady state. Equation (2.23) implies that the steady state unemployment rate for the population

of layoff rate 4;; workers satisfies,

P TR+ OO
4= M (“ SoM O (R, (7)) + by )‘”f‘“

In steady state, the mass of productivity p firms with n workers m,(p) must be constant.

-1

(2.24)

Hence, the steady state firm size distribution satisfies,

0=1n(p)my_1(p)+d(p) (n+1)mu1(p) — (1 (p) +d(p)n)m.(p), (2.25)

for all n > 1 and p. It can be shown that the firm’s expected labor force composition is indepen-
dent of its size. Hence, the expected destruction rate of matches is d(p) for any firm size. Also,

in steady state the number of firm births must equal the number of deaths,

n(p)mo(p) = d(p)mi(p). (2.26)

Furthermore, it is given that
Z mu(p) = mp(p), (2.27)
where ¢(p) is the firm productivity dlstrlbutlon pdf. Equations (2.25)-(2.27) imply that the type

conditional firm size distribution m,(p)/(m¢(p)) is Poisson with arrival rate #(p)/d(p),

)= (1) Lg (10 g -

forall n > 0.

12



2.5 Steady state equilibrium

The equilibrium vacancy offer distribution is given by,

I-v(p) _ fbpv(p/) dq) (p/)

5 . (2.29)
Jy v(p)ae (p')
In equilibrium, the meeting rates of both workers and firms must balance which implies,
A(8) = 6 (6), (230)
where
p / dq) /
Ljetn & [ i T+ xs? (]AY; () + (1= ;) [y [ 6o +s; (, p)dG; (h, p)]
Define the layoff rate conditional worker skill distribution, ¥; (h), such that for any j € [, h,
A ) /
; Y (h
¥ (h) = & ) (2.32)
fh ") d¥ ( h’)

The layoff rate conditional worker skill distribution is related to the employment state conditional
worker skill distributions by, ¥;(h) = (1 —u;)G;(h, p, p) + u;Y;(h) which together with the steady

state conditions on G;(h, g, p) and u; produce (see detailed derivations in the appendix),

/—\
v

5ol (R;(W'))+31;/ M0 o
Y. (h i srmmrn e TR () .
]( ) f 50F( (h’))+(51]//\() dlI;(h/)' ( ) )
b ST TR ) 8y 7 (0) LT (R

With these conditions, steady state equilibrium can be defined.

Definition 1. A steady state equilibrium is a collection {G;(h, q, p),Y;(h),T (p),uj,s;(h, p),s? (h),Rj(h),y,
wj(h, q, p)}jelh that satisfies equations (2.9), (2.13), (2.14), (2.18), (2.24), (2.23), (2.29), (2.31), (2.32),
and (2.33).

Lentz (2010) provides proof of existence and uniqueness of equilibrium in a somewhat sim-

pler version of the model where vacancy intensities are constant across firm types.

3 Properties of steady state equilibrium

The steady state equilibrium may or may not display sorting depending on the characteristics

of the production function. In this section, we make the simplifying assumption that y = &.

13



Proposition 1 states sufficient conditions for positive sorting to occur. First, define the worker

type conditional CDF of firm types by,

_ Ly 8ihp)dy’
Jy &i(h,p')dp’

One can then state the central characterization of sorting in steady state equilibrium.

Q;(p|h) jelh. (3.1)

5

Proposition 1. For any h € [h,h] and j € 1,h, Q;(b|h) = 0 and Q;(p|h) = 1. Consider any j € I,h
and pair (ho,h1) € [k, h] % [k, h] such that hg < hy. If x = 1 then for all p € (b, p),

o fup(h,p) >0V (h,p) = Q;(plho) > Qj(p|h1) (supermodular).
o fup(h,p) <OV(h,p) = Q;(plho) < Qj(p|h1) (submodular).
o fiplh,p) = 0¥(h,p) = O(plho) = O(plin) (modular).

The result generalizes to any x > 0 as long as R;(h) is weakly increasing (decreasing) in 1 when

the production function is supermodular (submodular).
Proof. See Lentz (2010). O

It is worth emphasizing that the stochastic dominance results in Proposition 1 do not cleanly
extend to the firm productivity conditional worker skill distribution,
h
_ fﬁ &j(H', p)dh’

> ) (3.2)
fﬁ g]'(h’, p)dn

Q;(hlp)

4 Data

Our empirical analysis is conducted using a comprehensive Danish register-based Matched
Employer-Employee (MEE) panel dataset. In this section we describe the data sources and the
selection of the analysis data and present some basic summary statistics. We estimate our struc-
tural model using indirect inference which entails disciplining the structural parameter vector to
tit a wide array of features of the data (in the indirect inference terminology: auxiliary statistics).
To avoid repetition and to save on space we conduct the detailed descriptive analysis of the data

when commenting on the fit of the structural model in section XXXX.

5This proposition is given in Lentz (2010). We state it here for completeness.
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4.1 Data sources

The main building block of our MEE data is a dataset with individual level labor market spells
recorded at a weekly frequency in 1985-2003 and effectively covering the entire Danish population
aged 15-70. Workers and firms are identified via a unique person ID and firm and establishment
IDs.® The spell data are constructed from administrative registers with information on public
transfers, earnings as well as start and end dates for all jobs reported by firms to the Danish Tax
Authorities, and mandatory employer pension contributions.

We use the spell data to identify five labor market states: employment, unemployment, retire-
ment, selfemployment and nonparticipation. Employment spells are split up into firm-specific
job spells. By construction, nonparticipation is a residual state reflecting that an individual is
neither employed nor self-employed nor receiving any kind of public transfer that would cate-
gorize him/her as unemployed or retired. Hence, in addition to genuine out-of-the-labor-force
spells, nonparticipation captures imperfect take-up rates of public transfers, reception of trans-
fers not used in the construction of the spell data and misreported start and end dates of spells.
We explain below how we deal with nonparticipation spells (that are not formally part of our
structural model) in the empirical analysis.

The spell data is supplemented with background information on individuals from IDA, an
annual population-wide (age 15-70) Danish MEE panel constructed and maintained by Statistics
Denmark from several administrative registers.” We are able to merge the spell data with IDA
data through individual, firm and establishment IDs. From IDA we retain information on age,
gender, education, wages and establishment ownership.® Our wage measure is an estimate of the
average hourly wage for jobs that are active in the last week of November. Since we obtain wage
data from the IDA files, job spells that do not overlap with the last week of November in any
year will have no wage information. Likewise, if the worker was unemployed in the last week

of November there is no wage record for that worker in the corresponding year. We amend our

oIn the empirical analysis we take the firm as the employing unit, but establishment IDs are retained to facilitate
the merging of the spell data with other data sources; see below.

"IDA: Integreret Database for Arbejdsmarkedsforskning.

8Ownership allow us to distinguish between public and private establishments. Establishment-level information is
available for all Danish establishments with at least one employee in the last week of November in each year.
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estimation protocol to account for this data structure.

The final source of data that goes into the construction of our MEE analysis panel is a se-
quence of annual surveys on firms’ financial statements collected by Statistics Denmark in 1999-
2003 (the accounting data). These surveys were initiated in 1995 for a few industries and was
gradually expanded until its 1999 coverage included most industries with a few exceptions such
as agriculture, public services and parts of the financial sector (source: Statistics Denmark). The
accounting data is merged onto to the spell data using firm and establishment identifiers and es-
sentially contain the sampled firms’ balance sheets from which we can compute value added and
size of workforce in terms of full time equivalents (FTE). The survey has a rolling panel structure
and covers approximately 9,000 firms which are selected based on the size of their November
workforce.” Accounting data is available only at the level of the firm and cannot be attributed to
establishments or individual employees.

The merging of the three data sources, the spell data, the IDA data and the accounting data,
yields a very comprehensive and long MEE panel with detailed individual- and firm-level infor-
mation on employees and employers, labor market transitions and wages. At this stage, before
selection of the analysis panel, the data contains 112,684,867 observations on 4,954,649 individu-
als, 454,395 firms (of which 21,290 firms carries accounting data at some point during 1999-2003)
and 58,855,003 spells.

4.2 Sample selection and data manipulations

The selection criterias and data manipulations are imposed in order to rid the data of invald
observations and to reduce unmodelled heterogeneity and data features. The following criterias

are imposed:

e We truncate individual labor market histories at age 55 and discard any labor market his-
tory that pre-dates labor market entry. Labor market entry occurs at the end of the month

where the individual graduate from his/her highest completed education. We discard all

9Speciﬁcally, no firms with 0-4 employees were sampled, while 10% of firms with 5-9 employees (included 1 year,
excluded 9 years), 20% of firms with 10-19 employees (included 2 years, excluded 5 years), 50% of firms with 20-49
employees (included 3 years, excluded 3 years) and 100% of firms with 50 or more employees were samples. In
addition, all firms that reported a revenue exceeding DKK 100 mill. (DKK 200 mill. in the wholesale sector) in the
previous year were sampled. Our estimation precedure takes this sampling scheme into account.
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individuals who are observed in education or whose highest completed education code
changes after their designated labor market entry. We also discard individuals with miss-
ing education information or with “too much” education relative to their age (which we

define to mean that age minus years of education is less than 5 years).

We discard individuals ever observed working (employment or selfemployment) in firms
with missing firm ID or missing background information (obviously, firms with missing
IDs have not been assigned any IDA information or accounting data) and individuals with

gaps in their labor market histories.

We recode temporary nonemployment spells as employment. A temporary nonemploy-
ment spell is defined as a combined unemployment and nonparticipation spells of duration
less than 13 weeks in-between employment spells with the same employer. Likewise, we
recode nonemployment spells of duration 2 weeks or shorter in-between two employment

spells (but with different employers) as employment.

We select the period 1994-2003 for analysis. Our structural model relies heavily on firms
and workers being characterized by firm and worker fixed effects. Although firm and
worker characteristics have many very persistent aspects, the fixed effects assumptions are
less restrictive in shorter panels. Of course, shorter panels also makes empirical identi-
fication of the fixed effects harder. We believe a 10 year panel represents a fair trade-off
between these two considerations. We also note that our empirical analysis involves esti-
mating a steady state equilibrium model and that working with a shorter panel ensures a

greater degree of macro economic stability.

We discard all workers ever observed in employment in the public sector, in selfemploy-
ment, in retirement or in an industry for which we do not have any accounting data infor-
mation (since the public sector has already been discarded, we here further lose agriculture
and parts of the financial sector). Hence, our analysis panel contains individual labor
market histories characterized by three states: Employment, unemployment and nonpartic-

ipation.
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Table 1: Summary statistics on the analysis data

All years 1994 2003

Number of observations 8,764,533
Number of individuals 795,180
Number of job spells 1,738,981
Number of unemployment spells 1,268,223
Number of nonparticipation spells 1,250,096
Number of firms 117,941
Number of firms with accounting data information 19,731 -

Number of firm-years

Number of firm-years with accounting data information -

e We trim the annual individual hourly wage and the (non-employment weighted) hourly
value added distributions at the 1st and 99th percentiles. Moroever, we trend hourly wages

and hourly value added to 2003 levels using their implicit deflators.'

Table 1 provides basic summary statistics on the final analysis data and also shows statistics
for the first (1994) and last (2003) annual cross section in the data to assert that the sample
selection rules imposed on the data does not induce a significant amount of nonstationarity on
the sample. As mentioned above, we postpone the presentation of detailed descriptive statistics
on the analysis sample until we discuss how our structural model fit the data in section XXXX.
Before that, the next section describes how we compute the moments of the data that we include
in the estimation, including a detailed discussion of identification of the structural parameter

vector.

10Note that value added is trended using the trend computed from employment weighted hourly value added.
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5 Auxiliary models and structural identification

The auxiliary statistics (or auxiliary models, or simply moments of the data) we use in the esti-
mation fall, broadly speaking, into one of three categories: moments that specifically identifies
the sorting pattern in the data, moments that characterize labor market transitions, and moments
that characterize cross sectional distributions of wages and productivity in the data. We describe
each set of moments in turn, although the tabulation of their empirical values is postponed until

we describe the structural model’s ability to reproduce the moments in section XXX.
5.1 Labor market sorting

A key question of interest is the identification of the production function, in particular the p
coefficient which determines the sign and strength of complementarity between firm productivity
and worker skill in production. In a partnership model, Eeckhout and Kircher (2008) argue that
an identification strategy based on an Abowd et al. (1999) style wage fixed effects equation fails
to identify sorting. Specifically, while one can identify the strength of sorting by comparing
the within firm distribution of worker fixed effects to the full population, the strategy fails to
identify whether sorting is positive or negative.!! The lack of identification in the Eeckhout and
Kircher (2008) setup follows from the result that even though worker skill and firm productivity
map monotonically and strictly positively into match output, the match wage is not a monotone
mapping in worker and firm types. This fundamentally breaks the link between estimated wage
fixed effects and the identification of underlying worker and firm types.

We will argue that the Eeckhout and Kircher (2008) result can be generalized to our frame-
work. The argument again rests on a result that wages may be non-monotone in agent types.
However, it is not a trivial extension since the cause of the non-monotonicity differs substantially
from that of the partnership model. The result provides some credibility to the argument that
the Eeckhout and Kircher (2008) results extend significantly beyond their somewhat specialized
setup. We subsequently offer an identification strategy that within our framework does identify

both the strength and sign of sorting.

Given the maintained identifying assumption of production function supermodularity, de Melo (2008) identifies
the strength of the positive complementarity by the correlation between worker fixed effects within the firm.

19



5.1.1 The wage function

Abowd et al. (1999) assume a log wage equation where worker and firm fixed effects enter
additively,

wit = Xitf + Xi + Qi) T Eits (6.1)

where J(i,t) is the firm ID that worker i is matched with at time f, x; is the set of worker i
characteristics at time f, and x; and ¢; are the worker and firm fixed effects. The identification of
the fixed effects from matched employer-employee data relies on this additive structure. Consider
a class of models where workers differ by skill and firms by productivity. An agent’s type
is permanent. Furthermore, match output is increasing in both skill and productivity. Can the
estimated worker and firm fixed effects from the log-linear wage equation be used as the basis for
identification of the underlying worker skill and firm productivity heterogeneity? In particular,
does the correlation between the estimated worker and firm fixed effects, cor([xi, ¢;; )], identify
sorting in the matching between worker skill and firm productivity? Eeckhout and Kircher (2008)
provide a negative answer for their model. We will generally provide a negative answer as well.
Both answers are based on the insight that for the model structures in question, the log additive
wage equation is fundamentally mis-specified with respect to the worker and firm heterogeneity
contributions to wages. Specifically, wages are generally not monotonically increasing in skill
and productivity.

It is well known that given the wage posting setup in Postel-Vinay and Robin (2002), wages
can initially decrease as a worker moves from a less to a more productive firm if the move is
associated with an expectation of a higher wage growth rate. This is the key intuition for why
worker skill conditional wages can be non-monotone in firm productivity in the model. Firm
productivity conditional wages can furthermore also be non-monotone in worker skill as a result
of differential search intensities across worker skill levels and differential returns to job offer
accumulation that both map into different wage growth expectations.

It is worthwhile to contrast the wage non-monotonicity result in this model with that of the
classic partnership model. In the partnership model, the non-monotonicity extends to the agent’s

match value functions. If for example the equilibrium is characterized by positive sorting, a high
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type agent tends to be matched with another high type agent in equilibrium. A low type agent
may find that even though match output would increase by matching with a high type agent
relative to another low type, the outside option of the high type is so high that the low type
would have to deliver enough surplus to make the match acceptable to the high type, that the
low type agent would actually prefer to match with another low type.

Our model does not exhibit this feature. Any worker regardless of skill level always prefers
to match with a higher productivity firm. Furthermore, a worker would always prefer to have
more skill regardless of the firm they are matched with. This result is stated in Lemma 3. The
non-monotonicity of wages in skill and productivity is a result of the feature that the productivity
of today’s firm impacts the growth rate of future wages which is driven by the accumulation of

outside offers.
Lemma 3. The worker’s valuation of a match V;(h,q, p) is strictly increasing in all three arguments.

Proof. By equation (2.17), the match value satisfies V(h,q,p) = BV (h,p,p) + (1 —B)V(h,q,9). For
notational convenience, define V(h, p) = V(h, p, p). By equation (.2) it is already established that
Vy(h, p) > 0. Hence, to establish the result in Lemma 3, it only remains to establish that V (k, p)

is increasing in h. V(h, p) can be written as,
rV(h,p) = f(h,p) = c(s(h, p)) + [01 + SA(O)T(R(R))] Vo(h) + s(h, p)A(0) /pp V(h,p,p")dr (p')

+ 0o () /RI;) V(h,R(h),p")dL (p') — [80A(6) + &1 +s(h, p)A(0)[1 — T(p)]]V(h, p)
= f(h,p) —c(s(h, p)) + [61 + 60A(0)[1 — B+ BT (R(h))]] Vo (h)
+ 5oA(6 5/ V(h,p")dT(p') +s(h, p)A /3/ (h, p)dT (p')

— [60A(6 )+51+[55(h pIMO) 1 =T(p)]]V(hp

By the assumption of jointly efficient search intensity, this can then be written as,
f(,p) —c(s) +61Vo(h) + BsA(8) [V (h, p)dT (p')
r+ (50)\(9) + 01+ ,35/\(9)[1 — F(p)]

Vo(h) + B X[V (h,p") = Vo(h)]dT (p')
00 (6) r+5o/\(9)R—|—51+,BS/\(9)[1—F(p)] }

V(h,p) =
(h.p) sz(g,rllﬁi)[(hﬂ

(5.2)
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where

s>0,Reb,p|

p
rVo(h) = max {f(h,b) —c(s)+ (u+ KS)A(G)[%/R V(b p') = Vo(h)] dF(p’)}. (5.3)
It is straightforward to show that the fixed point of the mapping in equation (5.3) satisfies,

B F(1,5) — (s) + (u + xs)AO)B [L V (h, p)dT(p')
%“)‘pﬁﬁﬁm{ r+ (i + A@BL - [(R)] }

(5.4)

This then establishes a unique solution to equation (5.3). Furthermore, inspection of equation
(5.5) reveals that if V(h, p) is increasing in h,then Vy(h) is strictly increasing in h. Equation (5.2)
is a contraction. Denote the mapping T : F — F, where F is the set of bounded, continuous
functions. For the purpose of showing that T maps the set of weakly increasing functions into
the set of strictly increasing functions, consider any hy < h; where both hy and h; belong to
the support of worker skill types. Now, take any function V(h, p) that is weakly increasing in h
for any p. Furthermore, let s(h, p) be the maximizer of the right hand side of equation (5.2) for
V(h,p) and any h in the support of ¥(-). Finally, let V() be defined by equation (5.5) for the

value of employment given by V(k, p). It then follows that,

£(ho, p) — c(s(ho, p)) + 1 Vollo) + Bs(lo, p)A(8) [ V (fro, p')aT(p')
r T 30A(8) T o + PsClto, PIA@)[1 —T(p)]
Vo(ho) + B [¥ . [V (ho, p') — Vo(ho)]dT (p')
**“”r+%umf?£mmmmumujnm
_ Slho,p) (o, p)) +61Volt) + B, p)A(E) [7 VI, p)AT ()
r T 00A(8) T o + PsClto, PIA@O)[1 —T(p)]
Vo(hy) + ,szf(ho) [V(hi,p") — Vo(h1)]dr (p’)
F T 30A(8) + o + BsClio, PIA@)1 — T (p)]
_ F0o,p) = <(s(in, ) + 61Valn) + B, pIA() [ Vi, )T ()
< r T 30A(8) T o+ Poin, PIA@)1 —T(p)]
Vo(h) +B [Y., \[V(h,p") — Vo(h)]dT (p')
**“”r+%umf?£mmbmumujnm
— (TV) (I, p).

(TV)(ho, p) =

+ JoA(0)

Hence, by the contraction mapping theorem, since T maps the set of function V(k, p) that are
increasing in & into the set of functions that are strictly increasing in &, it must be that the fixed

point of equation (5.2) is strictly increasing in h. This establishes Lemma 3. O
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Figure 5.1: Wage Function (8 = 0.2)

(a) Supermodular (o = —10) (b) Submodular (p = 10)
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Note: For the given model specification, the production function scale parameter (fp) and the base offer
arrival rate (A) are set such that the the steady state equilibrium solution satisfies u = 0.05 and
E[w(h, p)] = 180.0. The wage function is defined by w(h, p) = [ w(h,q,p)g(h,q, p)dq.

To illustrate the points, we simulate wages for the following model specification: Simplify
vacancy creation so that v(p) =1, ¥p. The model parameters are set as follows; co = 1, c; = 0.5,
r =005 u = 008, & = 0.08, 61 = 0.06, b = 0.1, « = 0.5, and m = 0.1. The worker skill
distribution is a truncated Weibull with support [0, 1], shape parameter 1.5, scale parameter 0.45,
and origin 0.05. The firm productivity distribution is also a truncated Weibull with support [0, 1],
shape parameter 2.0, scale parameter 0.25, and origin 0.1. We will present results for different
values of the worker’s bargaining power. For any given choice of p, the production function scale
parameter fy and the base offer arrival rate A are set so as to obtain an equilibrium steady state

unemployment rate of u = 0.05 and an average wage of w = 180.
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Figure 5.2: Wage Function (8 = 0.5)

(a) Supermodular (o = —10) (b) Submodular (p = 10)
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Note: For the given model specification, the production function scale parameter (fp) and the base offer
arrival rate (A) are set such that the the steady state equilibrium solution satisfies u = 0.05 and
E[w(h, p)] = 180.0. The wage function is defined by w(h, p) = [ w(h,q,p)g(h,q, p)dq.

Figure 5.1 presents wage function results for a worker bargaining power of g = 0.2. The wage
function is defined as w(h, p) = [/ w(h,q, p)g(h,q, p)dq, where g(h,q, p) is the steady state match
pdf. Hence, w(h, p) is the average wage realization for skill & worker with a productivity p firm.
The figure presents the wage function for three different p values, representing the supermodular,
submodular, and modular cases. All three cases illustrate that wages may be non-monotone in
firm productivity. In particular there exists regions where the average wage realization for a
given firm productivity type is decreasing in firm productivity. The higher productivity firm is
valuable to the worker because it increases the worker’s ability to extract surplus from the next

high productivity firm the worker meets. The firm can consequently extract rents from the match
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through a lower wage. The worker accepts the lower wage with the expectation of high future
wage growth and in these cases it so happens that the wage growth tends to be realized through
a move to an even higher productivity firm which keeps the average wage realization with the
current firm type low. The supermodular case also illustrates that wages can be non-monotone in
worker skill. In this case, for relatively low firm productivity types, the search intensity choices
and expected gains from upward movement on the offer ladder are so much higher for high
skilled workers than low skilled workers that a given firm may be so much more valuable to a
high skilled worker than a low skilled worker in terms of increased wage growth expectations
that the firm’s rent extraction actually results in lower current wages for the high skilled worker.

Once the worker’s bargaining power is increased, the non-monotonicity results begin to dis-
appear. In the limit where B = 1, the productivity of the current firm does not impact future
wage negotiations with other firms, because the worker extracts full match surplus regardless. In
this case, the monotonicity results on the value function in Lemma 3 carry through to the wage
function. Figure 5.2 shows the wage functions for the case where f = 0.5. Already at this point,
the wage function is fundamentally reflecting the underlying characteristics of the production
function f(h, p) which is of course monotone in both / and p.

In Figures 5.3 and 5.4 we relate estimates of worker and firm fixed effects from the wage equa-
tion (5.1) to the true underlying worker skill and firm productivity heterogeneity in simulations
of steady state equilibria for different (p, 5) combinations.

Figure 5.3 shows cor[%, k] and cor[@, p]. It is seen that the wage equation firm fixed effect
is strongly correlated with firm productivity regardless of the type and strength of sorting and
worker’s bargaining power. Not surprisingly, higher bargaining power does increase the corre-
lation.

The correlation between the wage equation worker fixed effect and worker skill is on the
other hand quite sensitive to the specification of the model. If sorting is positive and wage de-
termination is primarily set by wage posting, then the correlation is low. In this case, the wage
profiles of more skilled workers are characterized by substantial wage growth over an employ-

ment spell, and consequently, the notion of a wage equation worker fixed effect is misplaced. As
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Figure 5.3: The correlation between wage fixed effects and true agent heterogeneity for given
(p, B) combinations.
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Note: The solid and dashed lines show cor[g, #] and cor[, p], respectively. For the given model specification,
the production function scale parameter (fy) and the base offer arrival rate (1) are set such that the the
steady state equilibrium solution satisfies u = 0.05 and E[w(, p)] = 180.0. The dashed red line at p = 1
divides the model specifications with positive sorting for p < 1 and negative sorting for p > 1.

documented in Figure 5.1 it is in this type of equilibrium also perfectly possible to observe more
skilled workers receive lower wages than less skilled workers within a given firm. In such a case,
the estimation will tend to rank the less skilled worker with a higher fixed effect than the more
skilled worker. This mechanism is strengthened by the assumption that the wage equation has
an iid over time error process, ¢; and the fact that even for the high skilled workers, the wage
process has some permanence to it. Since the more skilled worker’s realized wage growth is
often associated with an actual job-to-job transition, the estimation will be allowed to explain the
substantial observed wage growth of the high skilled worker by increasing the wage equation
tixed effect differential between the two firms involved in the job-to-job transition, thereby laying
a foundation for a negative bias in the correlation between wage equation worker and firm fixed
effects. This tendency towards negative bias in the correlation between worker and firm fixed
effects in the wage equation is a general point emphasized by Postel-Vinay and Robin (????).

Recent work by ?? allows for a match specific effect in the wage equation which could alleviate
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Figure 5.4: The correlation between skill and productivity for given (p, f) combinations.
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Note: The solid line is cor[h, p]. The dashed line is cor[x;, ¢(; )] The blue solid line is cor[x;, X ;]. The green
line shows v as defined in equation 5.6. The wage equation fixed effects are estimated on simulated
data from the given steady state equilibrium. For the given model specification, the production function
scale parameter (fp) and the base offer arrival rate (A) are set such that the the steady state equilibrium
solution satisfies u = 0.05 and E[w(h, p)] = 180.0. The dashed red line at p = 1 divides the model
specifications with positive sorting for p < 1 and negative sorting for p > 1.

the within firm worker effect ranking problem problem somewhat.

In the negative sorting case, low skilled workers are the ones taking temporary current wage
hits with the expectation of future gains. As a result, in this type of equilibrium wages are
monotonically increasing in worker skill within a given firm and the ranking of wage equation
worker fixed effects will be aligned with the skill ranking. This accounts for the strong positive
correlation between the estimated wage equation worker fixed effects and worker skill for the
negative sorting cases, p > 1.

For higher B, where wage determination is to a greater extent set by bargaining rather than
posting, cor[x, h] is higher because wages are moving towards being monotone in worker skill
and firm productivity.

Figure 5.4 presents the correlation between the wage equation fixed effects in relation to
the correlation between the skill and productivity indices in the equilibrium steady state match

distribution. The correlation between /1 and p based on G(h, p) reveals the basic property of
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the model that sorting is positive for p < 1, negative for p > 1, and there is no sorting when
p = 1. The figure also presents indicators for the distribution of worker wage fixed effects within
firms relative to the overall population. One such moment suggested by de Melo (2008) is the
correlation between the worker fixed effect and the average worker fixed effect of the co-workers
within the firm at the time of the match. Worker i’s average co-worker fixed effect at time ¢ is
given by,

= IO = 160/ 2T 01) = 16D 55

A similar moment suggested by Eeckhout and Kircher (2008) is the population variance relative

to the average within firm worker fixed effect variance,

Var;[xi]
E;[Var;[x:|] (i, t) = jl]

It is seen that when B = 0.2 and there is negative sorting, the correlation between wage equation

worker and firm fixed effects, E;[cor[x;, ¢;;s]] is very close to equilibrium steady state cor[k, p].
This is consistent with the results in Figure 5.4 that the estimated wage equation worker and
tirm fixed effects are closely correlated with the skill and productivity indices in this case. When
sorting is positive and B = 0.2, we see that E;[cor[x;, ¢;(;]] and cor[h, p] diverge. In this case,
the worker fixed effects are so poorly related to the skill ranking that the resulting negative bias
drives the correlation between x and ¢ negative. As a result, E;[cor[x;, ¢j(;]] is negative both
when sorting is positive and negative for this case.

In the case where 8 = 0.5, the fixed effects correlation E[cor[x;, ¢;(;)]] does quite well in cap-
turing the steady state match correlation between skill and productivity. There is some negative
bias in the positive sorting case, but in this case, the correlation coefficients share the same signs.

The above results suggest that an observed positive value of E;[cor[x;, ¢j(;]] indicates that
sorting between skill and productivity is positive. In general, the correlation coefficient between
h and p is always greater than E¢[cor[x;, ¢j(;s)]- Itis also worth emphasizing that the oft observed
small and negative correlation between x and ¢ is consistent with anything from mild negative
sorting to strong positive sorting between / and p.

The comparisons of the within firm distribution of yx; relative to the population distribution,

Ei[cor[xit, x—it]] and F, both suggest that a positive observed value indicate the presence of
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sorting between worker skill and firm productivity, but not the sign of the sorting since both
measures are positive for both positive and negative sorting.

Based on the results so far, we are short of an identification strategy for p. Of course, in prac-
tice, should the observed value of E[cor(x;, ¢;(;]] be positive, identification would be obtained.
However, as a general proposition we do not have a one-to-one mapping between empirical mo-
ments and p. In the following section, we propose an identification strategy that will identify not

only strength of sorting but also the sign of it.
5.1.2 Identifying the type of sorting

As argued above, wage observations from matched employer-employee data can identify the
strength of sorting. Only if observed E;[cor[x;, ¢;(; ] is positive does it also identify the type of
sorting. In this section we propose an additional moment that will generally allow the identifi-
cation of the type of sorting, positive or negative.

The identification strategy is focused on the correlation between inferred worker skill and
unemployment durations. If sorting is positive, then high skill workers experience shorter un-
employment spells than less skilled workers, and consequently the correlation between worker
skill and unemployment duration should be negative. In the case where sorting is negative, less
skilled workers search faster out of unemployment and the correlation should be positive. This
argument uses the simple comparative statics of so(h) with respect to / in the model.

Unemployment duration is easily observed in data. However, as shown in detail in the
previous section, worker skill is not. In particular, firm type conditional wages are generally not
necessarily monotone in worker skill. There is however a subset of matches where the observed
wage does reveal the worker’s skill level. Worker’s hired by the most productive firms directly

out of unemployment receive the following wage,

w(h,b,p) = (1= p)rVo(h) + Bf (b, p). (5.7)

Since by Lemma 3 Vj(h) is strictly increasing in h it trivially follows that w(h,b, p) is strictly
increasing in h. Hence, the workers in the group hired directly out of unemployment into top

firms can be ranked according to skill directly through the wage ranking. The identification
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strategy then reduces to correlating the observed wage within this group with the duration of
the previous unemployment spell. Thus, if unemployment duration is negatively correlated with
wages within the group, sorting is positive. And if the correlation is positive, then sorting is
negative.

To implement the identification strategy it then only remains to identify top productivity
tirms. One shortcut could be to simply rely on the wage equation firm fixed effects that seem to
correlate strongly with the firm productivity. However, we do not have a proof that this strategy
always works. Instead, one can use a measure of the firm’s job-to-job inflow relative to the firm'’s

total job-to-job flows. The firm productivity conditional job-to-job inflow is given by,

_ do + fh Jy s(', p")dG (I, p')
i(p) = 171/(19) . . (5.8)
T Ju (1 + so(R)]dY (') +fh Ji 160 +s (k' p)JdG(', p)
The average job-to-job flow out of the firm is,
h
o(p) = mpA/h [0+ [1 =T (p)]s(H', p)ldQy (') = nv(p)A(h, p) = S1mp, (5.9)

where m,, is the firm type conditional steady state expected labor force size.
We can then define the firm productivity conditional job-to-job inflow relative to the total
job-to-job flow by, ((p)/[:(p) + o(p)]. This definition combined with the steady state condition

on m, yields,

i(p) _ ] b + fh S s, p"dG(', p')
(p) +olp) Lol iy so()]dY () + [1+H§,2 | 60+ 5 S st G, p)|

where c(p) = A fhh 00+ [1 =T (p)]s(H',p)]dQyy(K'). Straightforward differentiation yields,

9 up)
ORIk 0. (5.10)

Therefore, this empirical measure can be used to identify the firm productivity ranking of firms.

Figure 5.5 plots steady state equilibrium cor|[g, p] and cor[i(p)/ (1(p) + o(p)), p] for different
(B,p) combinations. It is seen that both empirical measures of the firm productivity ranking
perform well with the wage equation firm fixed effect doing somewhat better than the job-to-job

inflow to outflow measure.
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Figure 5.5: Identification of firm productivity for given (p, f) combinations.
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Note: The solid and dashed lines show cor[i(p)/ (:(p) + o(p)), p] and cor[@, p], respectively. For the given
model specification, the production function scale parameter (fy) and the base offer arrival rate (A) are
set such that the the steady state equilibrium solution satisfies u = 0.05 and E[w(k, p)] = 180.0. The
dashed red line at p = 1 divides the model specifications with positive sorting for p < 1 and negative
sorting for p > 1.

Figure 5.6 plots the correlation between wages and unemployment spell duration for the
group of workers hired directly out of unemployment into the top 5% of firms, where the firm
ranking is done either by the wage equation firm fixed effect or the job-to-job inflow relative to
outflow measure. Furthermore, the figure also shows the correlation between unemployment
duration and the wage equation worker fixed effect. All three measures perform well in terms
of identifying the sign of sorting - the correlation is negative when sorting is positive and vice
versa. The use of the wage equation firm and worker fixed effects to make inference about the
underlying skill and productivity indices works quite well for the cases that we have presented.
But as emphasized before, we do not have proof that this will be the case for any model specifi-
cation. The job-to-job inflow to outflow measure does identify the firm productivity ranking but
in practice it is somewhat noisy.

The moments in Figure 5.6 in combination with the correlation between worker and firm fixed

effects as well as the comparison of the within firm wage equation worker fixed effect relative to

31



Figure 5.6: Identification of type of sorting for given (p, f) combinations.
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Note: The solid black line is the corrrelation between wages and unemployment duration for workers hired
directly into the top 5% of firms ranked by the job-to-job inflow to outflow measure. The solid blue
line present the same correlation but using the wage equation firm fixed effect to identify the top 5%
of the firms. The dashed red line shows the correlation between unemployment duration and the wage
equation worker fixed effect. For the given model specification, the production function scale parameter
(fo) and the base offer arrival rate (A) are set such that the the steady state equilibrium solution satisfies
u = 0.05 and E[w(h, p)] = 180.0. The dashed red line at p = 1 divides the model specifications with
positive sorting for p < 1 and negative sorting for p > 1.

the overall population provide a successful foundation for identification not only of the presence
of sorting between skill and productivity but also the sign of the sorting. Table 2 reports the

empirical sorting moments.
5.2 Labor market transitions

Our on-the-job search model describes a labor market with two labor market states, employment
and unemployment, and three possible labor market transitions: unemployment-to-employment
(UE), employment-to-unemployment (EU) and employment-to-employment (EE). The structure
of the model with endogenous search and vacancy intensity and the implied labor market sorting,
and the presence of reallocation shocks, induces a complicated mapping between the structural
parameter vector and observed labor market transitions. Indeed, we cannot rely on the so-called

unconditional inference techniques of van den Berg and Ridder (2003), to identify and estimate

32



Table 2: Identifying the type of sorting: Empirical moments

Mean duration of preceding unemployment spell (in weeks) 69.68
Standard deviation of duration of preceding unemployment spell 80.56
Skewness of duration of preceding unemployment spell 2.67
Kurtosis of duration of preceding unemployment spell 11.50
Mean hourly starting wage (in log DKK) 5.16
Standard deviation of duration of hourly starting wage 0.32
Skewness of duration of hourly starting wage 0.70
Kurtosis of hourly starting wage 4.53
Covariance, duration of preceding unemployment spell and starting wage —5.03

Correlation, duration of preceding unemployment spell and starting wage —0.20

Table 3: Unconditional quarterly transition probabilities
Unemployment-to-employment transition probability  0.15
Employment-to-unemployment transition probability 0.02
Employment-to-employment transition probability 0.01

the structural parameters related to labor market transitions. Still, we include a rich set of mo-
ments ranging from simple unconditional transtion rates, to more complicated wage dependent
transtion rates. The simplest set of transition moments used in the estimation describes these
transitions via the average quarterly UE-, EU- and EE-trantions rates. We compute the empir-
ical transition rates in flow data. That is, to compute, say, the UE transition rate, we consider
all non-left-censored unemployment spells that are not initiated in the last calender year of the
observation period and report the fraction of those that terminate in a transition to employ-
ment within 3 months. The empirical EU- and EE-transition rates are computed in an analogous
fashion. Table 3 reports the empirical quarterly transition probabilities.

Our structural model also implies an intricate relationship between wages, EE-transitions,
EU-transitions and sorting as described in section XXX. Even though we are not able to show
this formally, our simulations clearly reveals that the strenght and sign of sorting in the labor
market impacts on the wage dependence of the EE transition rates through the compositional
effects it has on the wage distribution: low wage workers are predeominatly made up of workers

of low type-h (with the caveats described in the preceding subsection)!2. Under positive sorting,

2Indeed, it is the fact that wages are not monotonic in worker and firm types that prevents us from obtaining an
analytical relationship between the EE-transition rate and wage paid that can be exploited in a formal identification
analysis of the strength and sign of labor market sorting.
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low type-h workers also search less intensely, which implies that low-wage workers tend to leave
their jobs at a slow rate, inducing a relatively flat relationship between the EE-transition rate and
the wage paid. Under negative sorting, low type-h workers search intensly and we therefore
observe that low-wage workers leave their jobs at a faster rate. This implies a relatively steep and
declining relationhips betwen the EE transition rate and wage paid.

For that reason we condition the structural estimation on a set of nonparametric regressions
of EU- and EE-transition (and total job separation indicators) indicators on wages in the moment
vector. Let (FE and (EU be quarterly EU- and EE-transition indicators and let G(w) be the empirical

distribution function of a wage measure w. We then (nonparametrically) regress :£-

, respectively
FY, onto G(w) and use E(:FE|G(w) = a), respectively E(:FY|G(w) = a), as moments to be
matched where a takes on ten equi-distanced values in [0,0.7].13 Again, these regressions are
computed using flow data, i.e. in the population of all non-leftcensored employmentlast spells
that are not initiated in the calender year of the observation period. We condition on two different
wage measures w: A firm-specific average wage (the “firm-wage”) and a job-specific average
wage (the “job-wage”). The resulting EE- and EU-transition profiles are rendered graphically
in figure XXXX. For completeness we also plot the total job separation rate. We defer further
comments until assessing the model’s ability to fit the observed transition pattern.

The wage heterogeneity implied by the model of course arise as a consequence of worker- and
firm heterogeneity and the sorting or workers to firms implemented by the labor market through
labor market transitions. It is well known that the dynamic selection induced by heterogeneity in
hazard rates introduces duration dependence in unconditional hazard functions. We characterize
the amount of duration dependence using Kaplan-Meier estimates of the unconditional UE-, EU-
and EE-transition specific hazard functions (UE-transitoni specific hazard of course pertains to
unemployment spells whereas EU- and EE-transition specific hazard pertains to employment
spells. The estimated hazard functions are presented in Figure XXX.

To further characterize the relationship between labor market transitions and type hetero-

geneity on both side of the labor market, we also include a set of (parametric) duration models

13By conditioning on é(w), i.e. the rank of the wage measure, we aviod that the location of the wage distribution
affects the fit of the regression. We apply a kernel regression with a standard Normal kernel and bandwidth 0.1.
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in the set of auxilliary models. Specifically, we consider a Exponential hazard model frailty at the
worker level that follows a unit mean Gamma distribution. The hazard model is in fact a para-
metric propotional hazard model with one (firm-specific) regressor, namely the job-to-job flow
index ((p). As argued further above, this statistic identifies a firm’s rank in the type distribution
of employers. Hence, this reduced form duration model captures the two-sided heterogeneity in
the structural model, while imposing the assumption of no duration dependence in the underly-
ing hazard function, an assumption that is also consistent with our structural model. Before we
proceed to a more detailed description of the auxiliary duration model it should be noted that
we estimate the model on the auxiliary dataset described above which implies that we (typically)
observe multiple spells (be it unemployment or employment) per individual.!*

We present the auxiliary duration model for employment spells. The corresponding model
for unemployment durations is constructed analogously, but does not feature competing risks
and does not have regressors. Let j index firms, i index workers, and let n index spells on
worker i, and let T be a nonnegative random variable (duration) with realization t. A duration
may be realized via two competing risks (job-to-job and job-to-unemployment transitions) or via
censoring; that is T = min{Tgy, Teg, Tc }. The censoring process is assumed independent of Tgy;
and Tgg. Suppose that the latent durations Ty and Tgg each follows a (conditional) Exponential

distribtion; that is, it has survivor function

S(tink|ty(imy wik) = exp(—Aygi nyctiktink)

for k € EU,EE and where, J(i,n) = j if the n’th spell of worker i is a job at firm j. Define
Ajx = exp(Axg + Axitj) where Ay and Ay are parameters, 4 is the job-to-job flow index of firm
j and uj is the realization of a random variable Uy which we will refer to as individual frailty.

Frailty is individual specific, unobserved (to the econometrician) and is assumed to follow a unity

14Estimating hazard models in the presence of unobserved heterogeneity is not free from identification problem,
and there is a host of identification results in the econometrics literature, in particular pertaining to the class of Mixed
Proportional Hazard Models in which our auxiliary duration model is also contained (see e.g. van den Berg (2001) for
an overview of these results.). Much of this literature is devoted to establishing conditions under which true duration
dependence can be nonparametrically identified from the dynamic selection induced by heterogeneity. Our duration
model is fully parametric, and as such, is identified even if the concept of identification is somewhat mute here as
the auxiliary duration model is embedded in an Indirect Inference procedure and is inherently mis-specified. We do
require that the auxiliary statistic converges to a unique pseudo-true value (see Gourieroux, Monfort and Renault,
(1993) for details).
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mean Gamma distribution; that is,

;7;<7k M= =iy
fluie) = —( )
where 77, > 0 is a parameter and I'(-) is the imcomplete Gamma function. Frailties u; are taken
to be independent across transitions, across individuals and of ;) -

Since our parameterization of the auxiliary model implies that the competing risks share
no parameters we may estimate transition specific models separately. Consider the likelihood
contributionfrom individual i who is represented by N job spells. Define d;, = 1 if the nth spell

of worker i ends due to a type-k transition (that is, d;,rr = diypy = 0 indicates censoring). It is

straight forward, albeit cumbersome, to show that for k transitions the log-likelihood contribution

)

+1InT < [Z dink
n=1

of worker i is

N
b= Y di [N + Ay | = (14072 In {1 +0f
n=1

+ UE&) —1InT (0,2)

where 02 = 7, !, the variance of Uy such that the case of no frailty arises as ¢ — 0. The fact that
the likelihood function yields a closed form solution implies that estimation of the parameters
of the auxiliary duration models can be carried out without resorting to computational intensive
numerical intergration routines. To further lighten the computation burden in estimating the
parametric duration models we estimate them using only 10 percent of the available workers.
Table report the estimated parameters (A, Ak107) for unemployment spells (k = UE and Aygr =
0) and employment spells.

The final set of transition moments we include in the set of auxiliary statistics are measures of
the number of jobs per employment cycle, an employment cycle being a cycle of job spells with
no intervening unemployment spells, and the average fraction of employment spells in annual
cross sections that terminates with a transition to unemployment. These are reported in Table 5

below.
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Table 4: Parameter estimates, Gamma Mixed Exponential duration models:

Unemployment and employment spells

/\0 /\1 (% 2
Unemployment spells, UE transitions
No worker heterogenety (¢ = 0) —.825
Non-shared Gamma worker heterogeneity —.110 1.139
Shared Gamma worker heterogeneity —.310 1.087
Employment spells, EU transitions
No firm heterogeneity, no worker heterogeneity (A; = ¢ = 0) —2.529
Firm heterogeneity, no worker heterogeneity (0> = 0) —-1.666 —1.609
No firm heterogeneity, non-shared Gamma worker heterogeneity (A1 = 0) —2.101 2.798
Firm heterogeneity, Non-shared Gamma worker heterogeneity —-1.090 —1.949 2515
No firm heterogeneity, shared Gamma worker heterogeneity (A1 = 0) —2.272 2.139
Firm heterogeneity, shared Gamma worker heterogeneity —-1.471 -1.524 1.950
Employment spells, EE transitions
No firm heterogeneity, no worker heterogeneity (A1 = 0> = 0) —1.779
Firm heterogeneity, no worker heterogeneity (0> = 0) —.049 —3.369
No firm heterogeneity, non-shared Gamma worker heterogeneity (A; =0) —1.740 113
Firm heterogeneity, Non-shared Gamma worker heterogeneity —.049 —-3.369 .000
No firm heterogeneity, shared Gamma worker heterogeneity (A; = 0) —1.775 168
Firm heterogeneity, shared Gamma worker heterogeneity 064 3563 .180




Table 5: Jobs per employment cycle and unemployment to employment ratio
Mean number of jobs per employment cycle (incl. left and right censored cycles) 2.20
S.d. number of jobs per employment cycle (incl. left and right censored cycles) 1.17
Mean number of jobs per employment cycle (excl. left and right censored cycles) 1.99
S.d. number of jobs per employment cycle (excl. left and right censored cycles) 1.14

Average fraction of jobs ending in unemployment 0.29

5.3 Wages and productivity

The third set of auxiliary statistics relates to cross sectional heterogeneity in various dimensions,

most importantly in wages, productivity and firm sizes.
5.3.1 Log wage regression

Given our model’s focus on two-sided heterogeneity and sorting, the two-way (firm and worker)
fixed effect model popularized by Abowd et al. (1999) seems to be a natural descriptive model for
wages. However, as shown in section XXX moments from this model that may at first sight appear
central to our analysis, such as the correlation between worker and firm fixed effects, may provide
entirely misleading information on the strenght and sign of labor market sorting. Moreover,
estimation of the the full Abowd et al. (1999) log wage regression is computational intensive
and therefore not ideally suite for an Indirect Inference procedure. Still, we do believe that a
regression model in the spirit of Abowd et al. (1999) provides a parsimonious representation of
wage heterogeneity in the model. These considerations lead us to include a restricted version of
the two-wayfixed effect model of Abowd et al. (1999) in our set of auxiliary models.

Specifically, consider the following log wage regression
Inwiy = a; + Gyin) + €in

where i index individuals, # index observatations on individual i and J(i,n) = j if worker 7 is
employed by firm j in the n’th observations of worker i. Hence, the auxiliary log wage regression
decomposes wages into a fixed worker specific component a;, a fixed firm specific component
¢j, and a residual component ¢;,. When estimating the auxiliry wage regression we impose the
following restrictions: E [¢;,|i,J(i,n)] = 0 and E [(oci —x) (CJ(Z-,”) - E)] = 0. The former is usu-

ally referred to as an assumption of “exogenous mobility” while the latter is sometimes referred
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Table 6: Distribution of firm and worker effects from auxiliary log wage regression

Mean S.d. Skewness Kurtosis %
Log wage 5.21 31 .45 3.54 1.00
Worker effects  5.21 .28 .58 3.73 .83
Firm effects 0 .05 —.17 25.07 .03
Residual 0 12 -.13 7.36 14

to as an assumption of “no sorting”. The notion of “exogenous mobility” and “no sorting” in
a purposefully misspecified auxiliry model embedded in an indirect inference procedure is of
course not meaningful in an economic sense, but the restrictions does have some useful econo-
metric implications. The first restrictions, also imposed in Abowd et al. (1999), allows for least
squares estimation of the parameters of the auxiliary log wage regression (i.e. the worker and
tirm fixed effects). The second restriction was not imposed in Abowd et al. (1999) where it
gives rise to an identification issue related to multicollinearity as discussed in Abowd, Creecy
and Kramarz (2002) and also renders least squares estimation of the fixed effects computational
intensive. However, under E [(ai — ) ((;‘](Z-’n) — E)} = 0, we may ignore firm fixed effect when
computing the worker fixed effects and vice verca. Essentially, in the absence of other regressors
we may treat the worker and firm fixed effects as random effects. We estimate the auxiliary log
wage regresssion on an annual 10 year long panel of wages extracted from the master panel de-
scribed above, and include the first four moments of the distribution of worker fixed effects, firm
fixed effects and residual wages in the set of auxiliary statistics. Notice that this set of moments
include a decomposition of the total log-wage variance as observed in the data. Table 6 reports

the estimated moments.
5.3.2 Productivity, wages and firm size

The auxiliary firm fixed effects estimated from the auxiliary log wage regression captures firm
specific effects in remuneration, such as firm productivity. Our data however also provides direct
information on firm productivity, as measured by value added per worker hour. As described in
section XXX, this piece of information originates from a survey conducted by Statistics Denmark
that is subject to a specific sampling scheme also described in section XXXX. The structural model

allow use to reproduce this sampling scheme in the simulation thus allowing precise replication
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Table 7: Moments of the joint distribution of productivity, wages and firm size

Mean S.d. Skew. Kurt. (1) (2@ (3 &

©)

(1) Value added/FTE 22240 9961 215 1049 1.00 0.62 0.13 0.08
(2) Wage cost/FTE 166.73 4990 226 1727 1.00 0.09 0.10
(3) Value added (mill. DKK) 21.59 105.04 25.31 887.63 1.00 0.95
(4) Wage cost (mill. DKK) 1575 6648 22.02 710.80 1.00
(5) FTE 89.81 39248 2594 99148

0.04
0.04
0.91
0.98
1.00

Table 8: Mean-Min ratios
Mean wage 198.55

Minimum wage (1st percentile) 97.54
Minimum wage (5th percentile)  120.62
Minimum wage (10th percentile) 131.67
Mean-Min ratio (1st percentile) 2.04
Mean-Min ratio (5th percentile) 1.65
Mean-Min ratio (10th percentile)  1.51

of the actual data. We include the first four moments of the distribution of value added per

worker-hour, firm-level wage cost per worker-hour and firm size, measured by the annual work

force size (full time equivalents) and total value added, as well as the correlation matrix of

these four variables. Table 7 reports the empirical moments relating to the joint distribution of

productivity, wages and firm size.

To further tie our model to the data and to address an ongoing discussion related to the

ability of job search models to deliver the amount of wage dispersion that is observed in the

data we include in our set of auxiliary statistics the Mean-Min ratio proposed as a useful and

parsimonious measure of wage dispersion proposed by Hornstein, Krussel and Violante (2011) .

Table 8 reports the empirical Mean-Min ratios for three different minimum wage measurements

(1st, 5th and 10th percentile in the wage distribution).

6 Model Estimation

To be completed.

7 Summary

To be completed.
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Detailed derivations Consider an employed worker of type 1 who is employed with a type
p firm at employment contract (w,s). Denote by g = g(h,w, p), the threshold type such that a
meeting of an outside firm with type less than g has no impact on the worker’s wage. Further-
more, adopt the short hand V (I, g, p) as the value of employment to a type h worker who is
employed with a type p firm subject to an employment contract set through bargaining where
the worker had the threat point to accept outside employment with a type g firm. The value

function, V (h,w, p, s), for the employed worker is,

rV(h pw,s) = w—c(s)+ [0 +T (R (h))0A(®)] [Vo(h) =V (h,q,p)] +

/,, V(hp,p") = V(hqp)]dl(p') +

p[ V(h,p',p) = V(hq,p)]dr(p") +

p

sA(0)

S

oA (0 ,p') = V(hq,p)]dr(p')
[(51+F( (h)) 60A(0)] Vo(h) — [60A(8) + 01 +sA(0) (1 —T(q))] V(h,q,p) +

/p,BVhPP +(1=B)V(hp,p)ldl(p') +

x,\

= w-— c(s

|

A®) [ BV p.p) + (1= BV p' P Jar(p) +
WA® [ [BVOp ) + (= Bomlary)
Integration by parts yields,

(r +60A(0) +01) V(h,p,w,s) = w—c(s)+[01+T (R(h))A(®)] Vo(h) —sA(0)(1—T(q))V(hq,p)+
sA(0)(1 = B)(1=T(p))V(hp,p) +sAO)B(1—T(p))V(h p,p) +
ﬁ/ (1=T("))V,(hp', p)dp +
sA(0)B(T(p) —T(q))V(h, p,p) —sM0)(1 = B)(1 =T (p))V(hp,p) +
SAO)(1~ B)(1~T@)Vg.0) + MO0 B) [ (1= TG V007, )y
oA (0)(1 = B) [1 =T (R (h))] Vo(h) + 60A(6)B [1 — T (R (h))] Vo(h) +

doA(0 ﬁ/ [1=T(@)] V'(hp', p")dp'.
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By V(h,q,p) =BV (h,p,p) + (1 —B)V(hq,q), one obtains.
(r+80M(0) +00) V(b py,s) = Flhp) = c(s) + (EA(6) +61) Va(h) +
ﬁ/ Vil p'p') [L=T ()] dp" +
OB [Vl =Tl +
S0 (6 ﬁ/ V' (il p',p") [1=T(p")] dp’.

By the envelope theorem it follows that,

(r+00A(0) +61)Vy(h,p,p) = fplh,p) —s(h,p)A(0)B(1—T(p))V,(h p,p)
)

! h,
Vithpp) fo(h,p)

7+ 60A(0) + 61+ Bs(h, p)A(6) (1 —T(p))

Hence, equation (D.1) can be written as,

(r +80A(0) + 1) V(h,p,w,8) = w—c(s)+ (6A(0) + 1) Vo(h) +
fp(h, p")[1 =T (p"))dp’
sA0)F /p r 5 30A (@) + 01 1 Bs(h, P IAO)T — T(7)]
fo(h, p))[1 =T (p")]dp’

p
sA(6)(1—B) /q 7+ 60A(0) 4 01 + Bs(h, p)A(B)[1 —T(p')]

fp(h, p) L =T (p")]dp’

SoA(6)B /R(h) r+60A(0) + 61+ Bs(h, p')A(0)[1 —T(p")]

Steady state G(h,gq,p) The steady state condition on G(h, g, p) is given by,

h
(1—u)(5G(h,q,P)+(1—u)A(9)/h /Rih/){(l_r(p))/js(h/'i?')d@(h’,qﬁp’)
—|—(1 —F(q)) /ps(h//p/)dG(h//q/,P/)} _
q

h
[ 1R < )0 - TREIAE [u[ao T sl o) +

p P
1—u)do W,q,v)dp'dq | dn'.
g\, q.,p)apaq
R(H) Jq'
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Evaluate at (i, p, p) and differentiate with respect to & to obtain,
(GoA(8) +61) (1 — u / / e(hq,p)dp'dg = [1— F(R(h))]A(G){u[y + xso(H)]u(H') +

1—u50/ /ghqupdq}
p

(60A(O)T(R(R)) +61)(1 — u) / (h,q',p")dp'dg" = u[l —T(R(h))]A(O)[u + xso(h)]v(h)
R(h)

i o SAO)[1—T(R(h))]
o(1—u) /R(h /q g(h,q',pdp'dq = (5(2))»(9)1"(12(}1))+51”[V+K50(h)]v(h)(--4)

Insert this into equation (.3),

50)‘ G(h,q,p) / / [ / (W, p")dG(K,q',p")

p
(1 T(g) /q s, p)dG (., p')| =

U " / / / / ‘51"‘50/\(9) /
[ IR < pIF) TR+ o) gt Sl (9

Evaluate (.5) at (1, p, p) to obtain,

u h
Mf()e; " - 1—u /h 1-T (R(h/))]<50A((;1)+(50(A ()9)) [+ wso () o ()i’

0

w [P =TRE)] [t rso(H)]
- |/ ST(R()) + 61/ (0) “(h)dh]

-1

0

[ TR [+ rso(H)] ,
“o= /h (H 5oL (R(F)) + 6174 (6) )dY(h)

-1

One then obtains,

/ / [/ [6/2(0) + (1 =T(p)ls(W, P)Ig (W.q',p') dp’

/q 6/A(0) +[1-T <q>]s<hcp/)]g(h’,q’,p’w]dq’dh’ -

5 S IRO) < q)[T(p) = T(RON)] sty dY (W) ©
h 1-T(R(K) Ks ’ ’
A(6) I [ 50r e E{oT/A[)(())]dY(h/)
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Steady state equilibrium solution for Y (/1) Consider the equilibrium condition,
Y(h) =uY(h)+(1—u)G(hp).

Differentiate with respect to & to obtain,

v = wm+1-u [ ghp)dp
(

b
[1 — T(R(W)] [ + xs0 h”} wo (),

60T (R(h)) + 61/ A(6)

_ [1+

where the last equality follows from equation (.4). By the steady state unemployment rate ex-

pression in equation (??), it follows that,

1-T(R(h))][p+xso(h
(h) = [1 +! 50FEREh)g}-&[-PS1//\(()9))}] v )
p(h) = i ROl v () i

[1-
L+ =5 r®Om) +o 7A@

which is an integral equation for Y (%) as a function of ¥ (/). Define,

[T =T(R(h))][p + xso(h)]
A = =5 F R + 8 /A@)

Then restate equation (.7),

y(h)

v(h) = N

1+/;A(hf)u(hf) i

Use equation (.7) to solve for 1+ fhﬁ A (K')v (K')dW. First, some minor manipulation,

h
P+ ) [0 d = [+ m]om)

)
h
o= g f, AW = T
)
h
A(h)v(h)—iwl(j)f(%) [ awyowyan - 7””1@?(%).
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Now, integrate from k to h to obtain,

N o Py ()AL Py )AL
/ﬁA(h)v(h)dh [1_ﬁ NG dh] - /ﬁ NI

b y(h)A (h')dh/

h
1+/ A(WYu(Hydr = 14— 00
L ( ) ( ) 1— hhll’(h) ") ap!

T+A(H)
_ 1
B R
e AL
_ 1
o AW
§i [1 = w2ty G
1

= .
Ji Tragny ¥ () dn’
Hence, one obtains the solution,
D AmIT M)
S LA p () di

v(h) =

which can also be written as,

fh ST (R
Y(h) _ ﬁ_ SoT' (R(K'))+61/A(0

/\

"))+61/A
+[1-T(R(
"))+61/A
+[I-T(R(

/
T4t )

|

(
R(W
(
R(W

/\

— ===

5oT(R
Iy srERTTER AT e

\./

A Firm labor force composition is independent of firm size

Consider a labor force that consists of k types. For the purpose of this argument, a type i worker
is characterized by a hire rate h; and a separation rate d;. Firm entry and exit takes place through
the zero labor force size pool. Each worker i size process is independent. Hence, the distribution
of the number of type i workers employed by the firm will be Poisson distributed,

(#) ew (=)

m =
n!

1
n=

Denote by 71 = (11, ny, ..., nx) the composition of the firm'’s labor force. The mass of size n firms

is formed based on the sum of the individual worker type distributions,
k

m= Y [m
{(i>0C nj=n} i=1

[Zz 1 dll exp ( Y di)

n!

i
n;

7
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which is just a Poisson in the sum of the individual hiring and separation rate fraction. Consider
the expectation of the share of type i workers in the firm’s labor force conditional on the firm

having n workers,

Trk
where the second to last step applies the multinomial theorem. Hence, the share of type i workers
in the firm’s labor force is independent of the size of the firm’s labor force. Consequently, the

firm’s overall worker separation rate is not size dependent.

B Equilibrium market tightness and vacancies

We have the following relationships.

A(8) = 6 (6), B.1)

where

0 = mfb (P/) P )
Ljen & [ T+ xs? (1AY; (h) + (1= w;) [y [ (60 +s; (b, p)IAG; ()|

h rp
¢, (v(p)) =n(1-B) j;h /ﬁ /R " Vi (W, p.p) = Vi (W0, p) [ dn; (W, p') -

The latter can be written as,

/— A L P / !/ / / !/ /
R o e R P |

The hire cost function is specified is a power function, which implies

Clv
=)
v
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It then follows that,
_ m ] e (A0 (p)) d (p')
T jern & [ fy 1+ xs) (0JAY; (B) + (1) f [ 160 +5; (h, p)1aG; (h, )]

91+C1V —

where,
hrp
O =-p Y [ [* (v 0pp) V(00 (0,0
jeLh /b JR;(I)
It then remains only to spell out the calculation of ® (p).

STV () = Vi (B, Ry (), Ri())] [ogln -+ xs2() oy () + (1 — 7)o [ g (h, p') dp'| +
O(p)=1-p) ¥ 8= R0 R 1 — 0 o ;J J
JELR Zj’el,h Aj fh {”j’ 1+ Ksj/(h')]vj/ (n) + (1 - “j/) fb [60 +

C Other stuff

A Y 1 e )
“‘(”a) () /s = cos™™ = ”‘”/Rj(h)r+(sj+ﬁsj<h,p'm<9>[1—rw

erO (h) = f(h,b) —sc’ (s)er/ (14 1)+ (p+xs)c' (s) /x = f(h,b)+x" s (Rj (h)) " (s (Rj (h))) / (1+c1)+ puc
D Employment contract bargaining

At the beginning of an employment relationship, the firm and the worker bargain over a constant
wage and worker’s search intensity that will remain in effect until the relationship terminates or
both parties consent to renegotiation. The bargaining game is an application of the alternat-
ing offers game of Rubinstein (1982) and most resembles the exogenous break down version as
presented in Binmore et al. (1986). The following two subsections present the subgame perfect
equilibrium for the case of an unemployed worker worker and a worker who is renegotiating
subsequent to an outside offer, respectively. The arguments are closely related to the bargaining
games described in Cahuc et al. (2006), although the bargaining is simplified to take place in
artificial time with zero disagreement values and the possibility of meeting another employer
during bargaining is eliminated.

The outcomes of the alternating offers games are identical to that of axiomatic Nash bargain-

ing where the threat point of the firm is always zero for the firm, and the worker’s threat point is
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either unemployment or full surplus extraction from the least productive of the two firms com-
peting over the worker. This is the argument presented in Dey and Flinn (2005). Specifically, the

bargaining outcome of an unemployed worker maximizes the Nash product,
{wolh, p),s(h, p)}y = argmax(V (i, p,w,s) = Vo(h)) T, w, p,s)* P, (D.1)
which yields the worker valuation,
V(1 R(h),p) = BV (1, p, p) + (1= B)Vo(h). (D.2)

The inclusion of the reservation productivity argument implicitly states that the worker will only
accept to bargain with employer types greater than R(h).

The outcome of a worker bargaining with two employer types, g4 and p such that p > g is that
the worker will negotiate an employment contract with the type p firm with a threat point of full
surplus extraction and efficient search intensity with the lower type firm, V(h,q,q). Hence, the

employment contract that results from this bargaining setting is,
{w(h,q,p),s(h,p)} = argmax(V (h,p,w,s) — V(h,q,9)) T(h,w,p,5) 1P, (D.3)

The bargaining outcome is,

V(hq,p)=pV(hpp)+(1-PB)V(hqq). (D.4)

In both cases (D.1) and (D.3), the agreed upon search intensity s(h, p) is the one that maxi-
mizes total match surplus. This is the jointly efficient search intensity level and does not depend

on the specific surplus split dictated by bargaining power and threat points.
D.1 Unemployed worker

Consider an alternating offers game where the worker makes an offer (w,,s,) to the firm. If
the firm accepts, employment starts and the worker receives payoff V (h, p,w,,s.) and the firm
receives J(h, p,we,se) = V(h,p, f(h,p),s.) — V(h, p,we,s.). If the firm rejects the offer, the bar-
gaining breaks down with exogenous probability A. If so, the firm receives a zero payoff and the

worker goes back to unemployment and receives Vy(h). If bargaining does not break down,
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the bargaining moves to the next round where the firm makes an offer (wy,sf) with prob-
ability 1 — B and the worker gets to make the offer (w,,s,) with probability . If the firm
makes the offer and the worker accepts, the worker receives V(h, p,ws,s f) and the firm receives
J(h,p,wy,s¢) = V(b p, f(h,p),sf) — V(h, p,wy,ss). If the worker rejects, the game moves on to
the next round if no break down occurs. And again, the worker will make the offer with prob-
ability B and the firm with probability 1 — . The game continues like this ad infinitum or until
agreement is reached. Disagreement payoffs are zero and the discount rate between rounds is
Zero.

Both the worker and the firm will offer the same search intensity, s, = s = s(h,p), where
s(h,p) = argmaxs V(h, p, f(h,p),s). Furthermore, consider the strategies where the worker ac-
cepts any offer (w,s) such that V(h,p,w,s) > V(h, P, wf,s(h,p)) and rejects any offer such
that V(h,p,w,s) < V(h,p,wys,s(h,p)). Similarly, the firm accepts any offer (w,s) such that
J(h,p,w,s) > J(h,p,we,s(h,p)) and rejects any offer such that J(k, p,w,s) < J(h, p,we,s(h, p)).

By definition the firm'’s payoff satisfies J(h, p,w,s) = V(h,p, f(h,p),s) — V(h, p,w,s). Hence,

a firm accepts any offer such that

Vhp,w,s) < V(p,we,s(h,p) = V(i p, fh,p),s(hp)) + V(b p, f(hp)s).  (DS)

It is seen that the right hand side of the firm acceptance condition (D.5) is maximized for s =
s(h,p) and does not depend on w. Hence, any worker deviation s, # s, = s(h, p) that will be
accepted by the firm must result in a worker payoff V (h, p,w,s,) < V(h, p,w,,s(h,p)), for any w,
which is not profitable.

A similar argument can be made that the firm will not want to deviate from sy = s(h, p). The

worker will accept any offer such that,

J(h, p,w,s) < V(h,p, f(h,p),s) =V (hpwss(hp)). (D.6)

It is seen that the right hand side of the worker acceptance decision (D.6) is maximized for
s = s(h, p) and that it does not depend on w. Hence, any firm deviation s # sy = s(h, p) that
will be accepted by the worker must result in a firm payoff J(h, p, w, s}) < J(h,p,w /8 f), for any

w, which is not profitable.
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It also follows directly from the above acceptance arguments that any strategy that prescribes
se # s(h,p) or sy # s(h,p) cannot be an equilibrium because a deviation to s(h, p) will be
profitable.

Now consider potential deviations in the wage. The worker’s payoff V(h, p,w,s,) is mono-
tonically increasing in w. It follows directly from (D.5) that any worker wage offer deviation w),
that will be accepted by the firm is such that w), < w,. This is not profitable. Any other deviation
will not be accepted by the firm and is therefore also not profitable. A similar argument applies
to possible firm wage offer deviations.

Sub game perfection of the acceptance strategies requires that the worker is indifferent be-
tween accepting the firm’s offer (wy,s¢) and rejecting it. A similar indifference applies on the

tirm side. This disciplines the acceptance levels by,
Py = (1—8)[BY (w.) + (1 B)V(wp)] +AVo(h) 02)
Jwe) = (1—2)[B](we) + (1 B)f(wy)] (D.8)
where V(w) = V(h, p,w,s(h, p)) and J(w) = V(h, p,w,s(h, p)). Equations (D.7) and (D.8) can be
rewritten as,
BlV(ws) = V(we)] = A[Vo(h) =BV (we) — (1= p)V (wy)] (D.9)
(=B J(ws) = J(we)] = A[B](we) + (1= p)f (wy)]. (D.10)

Taking the limit as A — 0, equations (D.7) and (D.8) imply that ws — w,. Denote the common

limit by w. Hence,

W) . Viwp) —V(w)
dw A0 Wy — W,

Jw) _ . Jwp) = J(we)
ow AS0 Wg— We '

Since changes in w only affect the match surplus split, it follows that 0V (w) /0w = —df(w)/ow.
Hence, taking the limit A — 0 in equations (D.9) and (D.10) yields,
B _ Vo) —BV(w)— (1-B)V(w)

1-p Bl (w) + (1 —B)f(w)

V(w) BV (f(h,p)) + (1—B)Vo(h). (D.11)
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Hence, as the break down probability goes to zero, the outcome of the alternating offers game

limits to the outcome of the axiomatic Nash bargaining outcome in equation (D.2).
D.2 Employed worker

Cahuc et al. (2006) provide a strategic bargaining foundation for the axiomatic Nash bargaining
outcome in equation (D.4). The outcome is a subgame perfect equilibrium in a game based on
firms submitting bids for the worker subject to a worker’s option to use the bids as threat points
in a subsequent strategic bargaining game. In the game between two employers of types g and
p, respectively, where g < p, the higher type firm wins by submitting a contract bid (w, s(h, p))

as stated in equation (D.4).
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