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Abstract
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1. Our Model

We will work with a standard NKE model. The basic structure of the economy is as fol-

lows. A representative household consumes, saves, and supplies labor. The final output is

assembled by a final good producer, which uses as inputs a continuum of intermediate goods

manufactured by monopolistic competitors. The intermediate good producers rent labor to

manufacture their good. Also, these intermediate good producers face the constraint that

they can only change prices following a Calvo’s pricing rule. Finally, there is a government

that fixes the one-period nominal interest rate through open market operations with public

debt, taxes, and consumes. We will have four shocks: one to preferences (which can be loosely

interpreted as a shock to aggregate demand), one to technology (interpreted as a shock to

aggregate supply), one to monetary policy, and one to fiscal policy.

1.1. Households

There is a representative household in the economy that maximizes the following lifetime

utility function, which is separable in consumption, ct and hours worked, lt:

E0

∫ ∞

0

e−ρtdt

{

log ct − ψ
l1+ϑ
t

1 + ϑ

}

dt (1)

where ρ is the subjective rate of time preference, ϑ is the inverse of Frisch labor supply

elasticity, and dt is a preference shock with law of motion:

d log dt = −ρd log dtdt+ σddBd,t. (2)

The household can trade on Arrow securities (which we will not include to save on nota-

tion) and on a nominal government bonds bt that pays a nominal interest rate of rt. Then,

the household’s budget constraint is given by:

dbt = (rtbt − ptct + ptwtlt + ptTt + ptzt)dt, (3)

where wt is the real wage, Tt is a lump-sum transfer, and zt are the profits of the firms in

the economy.

Let prices pt follow the process:

dpt = πtptdt (4)

such that the (realized) rate of inflation is locally non-stochastic. We can interpret dpt/pt as

the realized inflation over the period [t, t+ dt] and interpret πt as the inflation rate.
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Letting at ≡ bt/pt denote real financial wealth, we can write the constraint above as:

dat = ((rt − πt)at − ct + wtlt + Tt + zt) dt (5)

1.2. The Final Good Producer

There is one final good is produced using intermediate goods with the following production

function:

yt =

(
∫ 1

0

y
ε−1

ε

it di

)

ε

ε−1

(6)

where ε is the elasticity of substitution.

Final good producers are perfectly competitive and maximize profits subject to the pro-

duction function (6), taking as given all intermediate goods prices pit and the final good price

pt. As a consequence the input demand functions associated with this problem are:

yit =

(

pit

pt

)−ε

yt ∀i,

and

pt =

(
∫ 1

0

p1−ε
it di

)

1

1−ε

. (7)

1.3. Intermediate Good Producers

Each intermediate firm produces differentiated goods out of labor using yit = Atlitwhere lit is

the amount of the labor input rented by the firm and where At follows the following process:

d logAt = −ρa logAtdt + σadBa,t. (8)

⇔ dAt = −ρaAt log(At)dt+ σaAtdBa,t + 1
2
Atσ

2
adt

Therefore, the real marginal cost of the intermediate good producer is just:

mct =
wt

At

Also, note that this marginal cost is the same for all firms.

The monopolistic firms engage in infrequent price setting á la Calvo. We assume that

intermediate good producers reoptimize their prices pit only at the time when a price-change

signal is received. The probability (density) of receiving such a signal h periods from today

3



is assumed to be independent of the last time the firm got the signal, and to be given by:

δe−δh, ρ > 0.

A number of firms δ will receive the price-change signal per unit of time. All other firms keep

their old prices. Therefore, prices are set to solve the problem:

max
pit

Et

∫ ∞

t

λτ

λt
δe−δ(τ−t)

(

pit

pτ
yiτ −mcτyiτ

)

dτ

s.t. yiτ =

(

pit

pτ

)−ε

yτ

where λτ is the time t value of a unit of consumption in period τ to the household. Observe

that e−δ(τ−t) denotes the probability of not having received a signal during τ − t,

1 −

∫ τ

t

δe−δ(h−t)dh = 1 −
(

−e−δ(τ−t) + 1
)

= e−δ(τ−t). (9)

The first-order condition reads:

Et

∫ ∞

t

λτ

λt

e−δ(τ−t)(1 − ε)

(

pit

pτ

)1−ε
yτ

pit

dτ + Et

∫ ∞

t

λτ

λt

e−δ(τ−t)mcτε

(

pit

pτ

)−ε
yτ

pit

dτ = 0.

or

Et

∫ ∞

t

λτe
−δ(τ−t)(1 − ε)

(

pt

pτ

)1−ε
yτ

pit
dτ + Et

∫ ∞

t

λτe
−δ(τ−t)mcτε

(

pt

pτ

)−ε

pt
yτ

pit
dτ = 0.

We may write the first-order condition as:

pitx1,t =
ε

ε− 1
ptx2,t ⇒ Π∗

t =
ε

ε− 1

x2,t

x1,t
(10)

in which Π∗
t ≡ pit/pt is the ratio between the optimal new price (common across all firms

that can reset their prices) and the price of the final good and where

x1,t ≡ Et

∫ ∞

t

λτe
−δ(τ−t)

(

pt

pτ

)1−ε

yτdτ ,

x2,t ≡ Et

∫ ∞

t

λτe
−δ(τ−t)mcτ

(

pt

pτ

)−ε

yτdτ ,
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Differentiating x1,t with respect to time gives:

1

dt
dx1,t = eδtp1−ε

t

1

dt
dEt

∫ ∞

t

λτe
−δτ

(

1

pτ

)1−ε

yτdτ + Et

∫ ∞

t

λτe
−δτ

(

1

pτ

)1−ε

yτdτ
1

dt
d
(

eδtp1−ε
t

)

= −λtyt +

(

δeδtp1−ε
t + eδt(1 − ε)p1−ε

t

1

dt

dpt

pt

)

Et

∫ ∞

t

λτe
−δτ

(

1

pτ

)1−ε

yτdτ

= −λtyt +

(

δ + (1 − ε)
1

dt

dpt

pt

)

Et

∫ ∞

t

λτe
−δ(τ−t)

(

pt

pτ

)1−ε

yτdτ

= −λtyt + (δ + (1 − ε)πt)x1,t ⇔

dx1,t = ((δ − (ε− 1)πt)x1,t − λtyt) dt (11)

were we identify the actual rate of inflation πt over the period [t, t+ dt] with dpt/pt. We can

also renormalize λt = eρtmt and get:

dx1,t =
(

(δ − (ε− 1)πt)x1,t − eρtmtyt

)

dt

A similar procedure delivers:

dx2,t =
(

(δ − επt)x2,t − eρtmtmctyt

)

dt (12)

Assuming that the price-change is stochastically independent across firms gives:

p1−ε
t =

∫ t

−∞

δe−δ(t−τ )p1−ε
iτ dτ ,

making the price level pt a predetermined variable at time t, its level being given by past

price quotations. Differentiating with respect to time gives:

dp1−ε
t =

(

δp1−ε
it − δ

∫ t

−∞

δe−δ(t−τ )p1−ε
iτ dτ

)

dt

=
(

δp1−ε
it − δp1−ε

t

)

dt

and
1

dt
dp1−ε

t = (1 − ε) p−ε
t

dpt

dt

Then

dpt =
δ

1 − ε

(

p1−ε
it pε

t − pt

)

dt⇒ πt =
δ

1 − ε

(

(Π∗
t )

1−ε − 1
)

. (13)
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Differentiating the previous expression, we obtain the inflation dynamics:

1

dt
dπt = δ (Π∗

t )
−ε 1

dt
dΠ∗

t

= δ (Π∗
t )

−ε ε

ε− 1

1

dt
d

(

x2,t

x1,t

)

= δ (Π∗
t )

−ε ε

ε− 1

1

x1,t

(

1

dt
dx2,t −

x2,t

x1,t

1

dt
dx1,t

)

= δ (Π∗
t )

1−ε 1

x2,t

(

1

dt
dx2,t −

x2,t

x1,t

1

dt
dx1,t

)

= δ (Π∗
t )

1−ε

(

1

x2,t

1

dt
dx2,t −

1

x1,t

1

dt
dx1,t

)

= δ (Π∗
t )

1−ε

(

((δ − επt) x2,t − eρtmtmctyt)

x2,t

−
((δ − (ε− 1) πt) x1,t − eρtmtyt)

x1,t

)

= −δ (Π∗
t )

1−ε

(

πt +

(

mct
x2,t

−
1

x1,t

)

eρtmtyt

)

1.4. The Government Problem

The government sets the nominal interest rates according to the Taylor rule:

dRt = (θ0 + θ1πt − θ2Rt)dt (14)

through open market operations that are financed with lump-sum transfers Tt.

The lump sum transfers insure that the deficit are equal to zero and finance a stream of

government consumption gt:

gt = sgsg,tyt = −Tt,

d log sg,t = −ρg log sg,tdt+ σgdBg,t. (15)

1.5. Aggregation

First, we derive an expression for aggregate demand:

yt = ct + gt

With this value, the demand for each intermediate good producer is

yit = (ct + gt)

(

pit

pt

)−ε

∀i, (16)

6



and using the production function is:

Atlit = (ct + gt)

(

pit

pt

)−ε

.

We can integrate on both sides:

At

∫ 1

0

litdi = (ct + gt)

∫ 1

0

(

pit

pt

)−ε

di

and get an expression:

ct + gt = yt =
At

vt

lt

where:

vt =

∫ 1

0

(

pit

pt

)−ε

di (17)

is the aggregate loss of efficiency induced by price dispersion of the intermediate goods. By

the properties of Calvo pricing vt is a predetermined variable:

vt =

∫ t

−∞

δe−δ(t−τ )

(

piτ

pt

)−ε

dτ .

Differentiating with respect to time gives:

1

dt
dvt = δ (Π∗

t )
−ε +

∫ t

−∞

δ
1

dt
de−δ(t−τ )

(

piτ

pt

)−ε

dτ

= δ (Π∗
t )

−ε − δ

∫ t

−∞

δe−δ(t−τ )

(

piτ

pt

)−ε

dτ +

∫ t

−∞

δe−δ(t−τ )p−ε
iτ

1

dt
dpε

tdτ

= δ (Π∗
t )

−ε − δvt +

∫ t

−∞

δe−δ(t−τ )p−ε
iτ εp

ε−1
t

1

dt
dptdτ

= δ (Π∗
t )

−ε + (επt − δ)vt. (18)

For aggregate profits, we use the demand of intermediate producers in (16):

zt =

∫ 1

0

(

pit

pt

−mct

)

yitdi

=

(

∫ 1

0

(

pit

pt

−mct

)(

pit

pt

)−ε

di

)

yt

=

(

∫ 1

0

(

pit

pt

)1−ε

di−mctvt

)

yt

= (1 −mctvt)yt. (19)
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1.6. The Bellman equation first-order conditions

Given our description of the problem, we define the household’s value function as:

V (a0, d0, A0, sg,0, R0, v0, x1,0, x2,0) ≡ max
{(ct,lt)}∞t=0

E0

∫ ∞

0

e−ρtdt

{

log ct − ψ
l1+ϑ
t

1 + ϑ

}

dt s.t.

(5), (2), (8), (15), (14), (18), (11), (12). (20)

Define the state vector Zt ≡ (at, dt, At, sg,t, Rt, vt, x1,t, x2,t). For convenience, the constraints

are reproduced below

dat = ((Rt − πt)at − ct + wtlt + Tt + zt) dt,

d log dt = −ρd log dtdt+ σddBd,t,

d logAt = −ρa logAtdt+ σadBa,t,

d log sg,t = −ρg log sg,tdt+ σgdBg,t,

dRt = (θ0 + θ1πt − θ2Rt)dt,

dvt =
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

dt,

dx1,t =
(

(ρ+ δ − (ε− 1)πt)x1,t − eρtmtyt

)

dt,

dx2,t =
(

(ρ+ δ − επt) x2,t − eρtmtytmct
)

dt.

By choosing the control (ct, lt) ∈ R2
+ at time t, the Bellman equation reads:

ρV = max
(ct,lt)

dt

{

log ct − ψ
l1+ϑ
t

1 + ϑ

}

+ ((Rt − πt)at − ct + wtlt + Tt + zt)Va

−(ρd log dt −
1
2
σ2

d)dtVd + 1
2
σ2

dd
2
tVdd

−(ρa logAt −
1
2
σ2

a)AtVA + 1
2
σ2

aA
2
tVAA

−(ρg log sg,t −
1
2
σ2

g)sg,tVs + 1
2
σ2

gs
2
g,tVss

+(θ0 + θ1πt − θ2Rt)VR

+
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

Vv

+
(

(ρ + δ − (ε− 1)πt)x1,t − eρtmtyt

)

Vx1

+
(

(ρ + δ − επt)x2,t − eρtmtytmct
)

Vx2
. (21)

A neat result about the formulation of our problem in continuous time is that the Bellman

equation is, in effect, a deterministic differential equation.
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The first-order conditions with respect to ct and lt for any interior solution are:

dt

ct
= Va (22)

dtψl
ϑ
t = Vawt (23)

or, eliminating the costate variable (for ψ 6= 0):

ψlϑt ct = wt

The first-order conditions (22) and (23) make the optimal policy functions functions of

the state variables, ct = c(Zt) and lt = l(Zt). Thus the concentrated Bellman equation reads:

ρV = dt

{

log c(Zt) − ψ
l(Zt)

1+ϑ

1 + ϑ

}

+ ((Rt − πt)at − c(Zt) + wtl(Zt) + Tt + zt)Va

−(ρd log dt −
1
2
σ2

d)dtVd + 1
2
σ2

dd
2
tVdd

−(ρa logAt −
1
2
σ2

a)AtVA + 1
2
σ2

aA
2
tVAA

−(ρg log sg,t −
1
2
σ2

g)sg,tVs + 1
2
σ2

gs
2
g,tVss

+(θ0 + θ1πt − θ2Rt)VR

+
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

Vv

+
(

(ρ+ δ − (ε− 1)πt)x1,t − eρtmtyt

)

Vx1

+
(

(ρ+ δ − επt) x2,t − eρtmtytmct
)

Vx2
. (24)

Using the envelope theorem, we obtain the costate variable Va as:

ρVa = (Rt − πt)Va + ((Rt − πt)at − ct + wtlt + Tt + zt)Vaa

−(ρd log dt −
1
2
σ2

d)dtVda + 1
2
σ2

dd
2
tVdda

−(ρa logAt −
1
2
σ2

a)AtVAa + 1
2
σ2

aA
2
tVAAa

−(ρg log sg,t −
1
2
σ2

g)sg,tVsa + 1
2
σ2

gs
2
g,tVssa

+(θ0 + θ1πt − θ2Rt)VRa

+
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

Vva

+
(

(ρ+ δ − (ε− 1)πt)x1,t − eρtmtyt

)

Vx1a

+
(

(ρ + δ − επt)x2,t − eρtmtytmct
)

Vx2a. (25)

where we applied the envelope theorem also to the SDF which -at the equilibrium value-
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cannot be affected by changes in wealth. An alternative formulation is:

(ρ−Rt + πt)Va = Vaadat

+
(

d log dt − σddBd,t + 1
2
σ2

d

)

dtVda + 1
2
σ2

dd
2
tVdda

+
(

d logAt − σadBa,t −
1
2
σ2

a

)

AtVAa + 1
2
σ2

aA
2
tVAAa

+
(

d log sg,t − σgdBg,t + 1
2
σ2

g

)

sg,tVsa + 1
2
σ2

gs
2
g,tVssa

+VRadRt + Vvadvt + Vx1adx1,t + Vx2adx2,t

or:

(ρ− Rt + πt)Va + σddtVdadBd,t + σaAtVAadBa,t + σgsg,tVsadBg,t

= Vaadat + Vdaddt + 1
2
σ2

ddtVda + VAadAt + 1
2
σ2

aAtVAa + Vsadsg,t + 1
2
σ2

gsg,tVsa

+VRadRt + Vvadvt + Vx1adx1,t + Vx2adx2,t

Observe that the costate variable in general evolves according to:

dVa = Vaadat + Vdaddt + 1
2
σ2

dd
2
tVddadt + VAadAt + 1

2
σ2

aA
2
tVAAa + Vsadsgt + 1

2
σ2

gs
2
g,tVssa

+VRadRt + Vvadvt + Vπadπt + Vx1adx1,t + Vx2adx2,t

= (ρ−Rt + πt)Vadt + σddtVdadBd,t + σaAtVAadBa,t + σgsg,tVsadBg,t (26)

where the last equation inserted (25). Note that (26) determines the stochastic discount

factor (SDF), which can be used to price any asset in the economy:

d lnVa =
1

Va
dVa −

1
2

V 2
da

V 2
a

σ2
dd

2
t dt−

1
2

V 2
Aa

V 2
a

σ2
aA

2
t dt−

1
2

V 2
sa

V 2
a

σ2
gs

2
g,tdt

= (ρ− Rt + πt)dt+
Vda

Va

σddtdBd,t +
VAa

Va

σaAtdBa,t +
Vsa

Va

σgsg,tdBg,t

−1
2

V 2
da

V 2
a

σ2
dd

2
t dt−

1
2

V 2
Aa

V 2
a

σ2
aA

2
t dt−

1
2

V 2
sa

V 2
a

σ2
gs

2
g,tdt.

For s > t, we may write:

e−ρ(s−t)Va(Zs)

Va(Zt)
= exp

(

−
∫ s

t
(Ru − πu)du+

∫ s

t
Vda

Va
σddudBd,u +

∫ s

t
VAa

Va
σaAudBa,u +

∫ s

t
Vsa

Va
σgsg,udBg,u

−1
2

∫ s

t

V 2

da

V 2
a

σ2
dd

2
udu−

1
2

∫ s

t

V 2

Aa

V 2
a

σ2
aA

2
udu−

1
2

∫ s

t
V 2

sa

V 2
a

σ2
gs

2
g,udu

)

.
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Hence, the implied SDF is (cf. Hansen and Scheinkmann 2009):

ms

mt
= e−ρ(s−t)Va(Zs)

Va(Zt)
,

and we can pin down mt = e−ρtVa(Zt).

Using the first-order condition,
dt

ct
= Va

we obtain the implicit Euler equation for consumption:

(ρ− Rt + πt)Vadt + σddtVdadBd,t + σaAtVAadBa,t + σgsg,tVsadBg,t

d

(

dt

ct

)

= (ρ− Rt + πt)

(

dt

ct

)

dt− σd

(

dt

ct

)2

cddBd,t − σaAt
dt

c2t
cAdBa,t − σgsg,t

dt

c2t
csdBg,t

in which we used Vad = −dt/c
2
t cd, VAa = −dt/c

2
t cA, and Vsa = −dt/c

2
t cs.

Hence, by applying Itô’s formula, we obtain the Euler equation for consumption:

d

(

dt

ct

)

= −

(

dt

ct

)−1

(ρ− Rt + πt) dt +

(

σ2
d

dt

ct
c2d + σ2

a

A2
t

ct
c2A + σ2

g

s2
g,t

dtct
c2s

)

dt

+σdcddBd,t + σaAtd
−1
t cAdBa,t + σgsg,td

−1
t csdBg,t

⇔ dct = −(ρ− Rt + πt)ctdt+

(

σ2
d

d2
t

ct
c2d + σ2

aA
2
t c

2
A

dt

ct
+ σ2

g

s2
g,t

ct
c2s

)

dt

+σdcddtdBd,t + σaAtcAdBa,t + σgsg,tcsdBg,t

−ctρd log dtdt+ ctσddBd,t + 1
2
ctσ

2
ddt. (27)

2. Equilibrium

The equilibrium is given by the sequence {yt, ct, lt, mct, x1,t, x2,t, wt, πt,Π
∗
t , vt, Rt, dt, At, gt, sg,t}

∞
t=0

determined by the following equations:

• The first order conditions of the household and Euler equation:

dct = −(ρ−Rt + πt)ctdt+

(

σ2
d

d2
t

ct
c2d + σ2

aA
2
t c

2
A

dt

ct
+ σ2

g

s2
g,t

ct
c2s

)

dt− ctρd log dtdt

+1
2
ctσ

2
ddt+ σdcddtdBd,t + σaAtcAdBa,t + σgsg,tcsdBg,t + ctσddBd,t

ψlϑt ct = wt
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• Profit maximization is given by:

mct =
wt

At

dx1,t =
(

(ρ + δ − (ε− 1)πt)x1,t − eρtmtyt

)

dt

dx2,t =
(

(ρ + δ − επt)x2,t − eρtmtytmct
)

dt.

• Government policy:

dRt = (θ0 + θ1πt − θ2Rt)dt

gt = sgsg,tyt

• Inflation evolution and price dispersion:

πt =
δ

1 − ε

(

(Π∗
t )

1−ε − 1
)

Π∗
t =

ε

ε− 1

x2,t

x1,t

dvt =
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

dt

• Market clearing on goods and labor markets:

yt = ct + gt

yt =
At

vt
lt

which implies together with profit maximization yt = wtlt + zt (income)

• Stochastic processes follow:

d log dt = −ρd log dtdt+ σddBd,t

d logAt = −ρa logAtdt + σddBa,t

d log sg,t = −ρg log sg,tdt+ σgdBg,t

3. Numerical solution

In what follows we solve the Bellman equation (24) using collocation method based on the

Matlab CompEcon toolbox (cf. Miranda and Fackler 2002). As an initial guess we use the

solution of the corresponding linear-quadratic deterministic problem (cf. Appendix A.2).
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3.1. An economy without staggered price setting

Consider the case of δ → ∞ (the probability of receiving a signal is one, i.e., there are no

staggered prices, all firms will receive the price-change signal at any time), x1,t = 0, x2,t = 0,

Π∗
t ≡ 1. Suppose that πt = πss (considering πt as a parameter). Moreover, wt = At(ε− 1)/ε

where ε > 1, which in turn implies mct = (ε − 1)/ε. From (17) we get vt = 1. Finally,

lump-sum taxes are given by T = −gt, profits zt = yt/ε, and aggregate output yt = Atlt.

Thus, the maximized Bellman equation (24) simplifies to:

ρV = dt log ct − dtψ
l1+ϑ
t

1 + ϑ
+ ((Rt − πss)at − ct + wtlt − gt + yt/ε)Va

+1
2
σ2

dd
2
tVdd − (ρd log dt −

1
2
σ2

d)dtVd + 1
2
σ2

aA
2
tVAA − (ρa logAt −

1
2
σ2

a)AtVA

+1
2
σ2

gs
2
g,tVss − (ρg log sg,t −

1
2
σ2

g)sg,tVs + (θ0 + θ1πt − θ2Rt)VR (28)

In order to solve the continuous-time Bellman equation, we need the following measures.

First, the first-order conditions (22) and (23) we obtain the optimal controls given the state

and costate variables:

Xt = X(Zt, VZ(Zt)) ≡

[

c(Zt, VZ(Zt))

l(Zt, VZ(Zt))

]

=

[

(Va(Zt))
−1dt

(Va(Zt)At(ε− 1)/(dtψε))
1/ϑ

]

.

Second, the reward function given the state and the optimal controls:

f(Zt,Xt) = dt log ct − dtψ
l1+ϑ
t

1 + ϑ
.

Third, the drift term of the state transition equations:

g(Zt,Xt) =

















(Rt − πss)at − ct + (1 − sgsg,t)Atlt

θ0 + θ1πss − θ2Rt

−(ρd log dt −
1
2
σ2

d)dt

−(ρa logAt −
1
2
σ2

a)At

−(ρg log sg,t −
1
2
σ2

g)sg,t

















13



Fourth, the diffusion term of the state transition equations:

σ(Zt,Xt) =

















0 0 0 0 0

0 0 0 0 0

0 0 σddt 0 0

0 0 0 σaAt 0

0 0 0 0 σgsg,t

















Steady-state. It is useful to consider the non-stochastic steady-state values for our system.

By construction, steady-state values for the shock processes are Ass = dss = sg,ss = 1, and

0 = θ0 + θ1πss − θ2Rss,

0 = (Rss − πss)ass − css + (1 − sgsg,ss)Asslss ⇒ (Rss − πss)ass = css − (1 − sg)lss.

where θ0 ≡ θ2Rss − θ1πss (as πss is set exogenously by the government). From the Euler

equation (27) we obtain the non-stochastic steady-state interest rate as

Rss = ρ + πss.

From the first-order conditions, for ψ 6= 0 we obtain (ε− 1)Ass = εψlϑsscss. Finally, from

the market clearing condition we obtain (1− sgsg,ss)Asslss = css. Thus, summarizing we get:

lss = ((ε− 1)/((1 − sg)ψε))
1/(1+ϑ) for ψ 6= 0, css = (1 − sg)lss, ass = 0.

3.1.1. Inelastic labor supply (ψ = 0)

Consider the case where ψ = 0, then the household optimally supplies lt = 1. We may guess

a value function:

V = dtC1 log at + f(Rt, dt, At, sg,t) (29)

and derive conditions under which this actually is the solution of the dynamic control problem.

This candidate value function implies:

ct = C
−1
1 atdt, Va = dtC1/at

14



and thus the maximized Bellman equation (28) reads:

ρdtC1 log at = dt log ct +
(

(Rt − πss)at − C
−1
1 atdt + (1 − sgsg,t)Atlt

)

dtC1/at

+1
2
σ2

dd
2
tfdd − (ρd log dt −

1
2
σ2

d)dtC1 log at − (ρd log dt −
1
2
σ2

d)dtfd

+1
2
σ2

aA
2
t fAA − (ρa logAt −

1
2
σ2

a)AtfA + 1
2
σ2

gs
2
g,tfss

−(ρg log sg,t −
1
2
σ2

g)sg,tfs + (θ0 + θ1πss − θ2Rt)fR − ρf(Rt, dt, At, sg,t)

Collecting terms, and using the equation

ρf(Rt, dt, At) = −dt log C1 + dt log dt +RtdtC1 − d2
t + 1

2
σ2

dd
2
t fdd − (ρd log dt −

1
2
σ2

d)dtfd

+1
2
σ2

aA
2
t fAA − (ρa logAt −

1
2
σ2

a)AtfA + 1
2
σ2

gs
2
g,tfss − (ρg log sg,t −

1
2
σ2

g)sg,tfs

+(θ0 + θ1πss − θ2Rt)fR,

we obtain:

ρdtC1 log at = dt log at + ((1 − sgsg,t)Atlt) dtC1/at − (ρd log dt −
1
2
σ2

d)dtC1 log at

which has a solution for the case where sgsg,t = 1 (consumption only out of financial wealth)

and C
−1
1 = ρ − 1

2
σ2

d. It requires to shut down the government shock, ρg = σg = 0, and the

reversion in the preference shock, ρd = 0. Note, the preference shock now has a unit root.

In summary, the optimal policy functions for interior solutions are

ct = (ρ− 1
2
σ2

d)atdt, lt = 1. (30)

It remains to verify that the transversality condition limt→∞E0e
−ρtV (Z∗

t ) = 0 holds.

3.1.2. Elastic labor supply (ψ 6= 0)

Consider the case of elastic labor supply and no government shocks ρg = σg = 0 (and sg,t = 1).

We may guess:

V = dtC1 log at + f(Rt, dt, At), at > 0. (31)

The first-order conditions (22) and (23) imply:

ct = C
−1
1 atdt, ψlϑt = C1wt/at, Va(Zt) = dtC1/at,

15



and thus the maximized Bellman equation (28) reads:

ρdtC1 log at = dt log ct − dt
C1ltwt/at

1 + ϑ
+
(

Rtat − C
−1
1 atdt + (1 − sg)Atlt

)

dtC1/at

+1
2
σ2

dd
2
tfdd − (ρd log dt −

1
2
σ2

d)dtC1 log at − (ρd log dt −
1
2
σ2

d)dtfd

+1
2
σ2

aA
2
t fAA − (ρa logAt −

1
2
σ2

a)AtfA + (θ0 − θ2Rt)fR − ρf(Rt, dt, At, sg,t).

Collecting terms, and using the function:

ρf(Rt, dt, At) = −dt log C1 + dt log dt +RtdtC1 − d2
t + 1

2
σ2

dd
2
tfdd − (ρd log dt −

1
2
σ2

d)dtfd

+1
2
σ2

aA
2
tfAA − (ρa logAt −

1
2
σ2

a)AtfA + (θ0 − θ2Rt)fR,

we obtain:

(ρ− C
−1
1 + ρd log dt −

1
2
σ2

d)C1dt log at = (1 + ϑε− sg(ε+ ϑε))
AtltdtC1

(1 + ϑ)εat
,

which is a solution for sg = (1 + ϑε)/(ε+ ϑε), ρd = 0, and C
−1
1 = ρ− 1

2
σ2

d.

In summary, the optimal policy functions for interior solutions are

ct = (ρ− 1
2
σ2

d)atdt, lt = (ctεψ/(ε− 1))−1/ϑ , ε > 1, at > 0

⇒ ct = max
{

css, (ρ−
1
2
σ2

d)atdt

}

, lt = max
{

(ctεψ/(ε− 1))−1/ϑ , 1
}

. (32)

It remains to verify that the transversality condition limt→∞E0e
−ρtV (Z∗

t ) = 0 holds.

3.2. An economy with staggered price setting

Let us replicate the maximized Bellman equation (24):

ρV (Zt) = dt log ct − dtψ
l1+ϑ
t

1 + ϑ
+ ((Rt − πt)at − ct + wtlt + Tt + zt)Va

+1
2
σ2

dd
2
tVdd − (ρd log dt −

1
2
σ2

d)dtVd + 1
2
σ2

aA
2
tVAA − (ρa logAt −

1
2
σ2

a)AtVA

+1
2
σ2

gs
2
g,tVss − (ρg log sg,t −

1
2
σ2

g)sg,tVs + (θ0 + θ1πt − θ2Rt)VR

+
(

δ (Π∗
t )

−ε + (επt − δ)vt

)

Vv +
(

(ρ+ δ − (ε− 1)πt)x1,t − eρtmtyt

)

Vx1

+
(

(ρ+ δ − επt) x2,t − eρtmtytmct
)

Vx2
,

where the algebraic equations wt = ψlϑt ct, mct = wt/At, Tt = −gt = −sgsg,tyt, yt = Atlt/vt,

zt = (1−mctvt)yt, and the SDF is mt = e−ρtVa = e−ρtdt/ct are considered aggregate variables.

In order to solve the continuous-time Bellman equation, we need the following measures.

16



First, the first-order conditions (22) and (23) we obtain the optimal controls given the state

and costate variables:

Xt = X(Zt, VZ(Zt)) ≡

[

c(Zt, VZ(Zt))

l(Zt, VZ(Zt))

]

=

[

(Va(Zt))
−1dt

(Va(Zt)At(ε− 1)/(dtψε))
1/ϑ

]

.

Second, the reward function given the state and the optimal controls:

f(Zt,Xt) = dt log ct − dtψ
l1+ϑ
t

1 + ϑ
.

Third, the drift term of the state transition equations:

g(Zt,Xt) =

































(Rt − πt)at − ct + (1 − sgsg,t)Atlt/vt

θ0 + θ1πt − θ2Rt

δ (Π∗
t )

−ε + (επt − δ)vt

(ρ+ δ − (ε− 1)πt)x1,t − dtAtlt/(vtct)

(ρ+ δ − επt) x2,t − ψdtl
ϑ+1
t /vt

−(ρd log dt −
1
2
σ2

d)dt

−(ρa logAt −
1
2
σ2

a)At

−(ρg log sg,t −
1
2
σ2

g)sg,t

































.

Fourth, the diffusion term of the state transition equations:

σ(Zt,Xt) =





































0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 σddt 0 0

0 0 0 0 0 0 σaAt 0

0 0 0 0 0 0 0 σgsg,t





































.

Steady-state. It is useful to consider the non-stochastic steady-state values for our system.
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By construction, steady-state values for the shock processes are Ass = dss = sg,ss = 1, and

0 = (Rss − πss)ass − css + (1 − sg)lss/vss,

0 = θ0 + θ1πss − θ2Rss,

0 = δ (Π∗
ss)

−ε + (επss − δ)vss ⇒ vss = δ (Π∗
ss)

−ε /(δ − επss),

0 = (ρ + δ − (ε− 1)πss)x1,ss − yss/css,

0 = (ρ + δ − επss) x2,ss − yssmcss/css,

where θ0 ≡ θ2Rss − θ1πss (as πss is set exogenously by the government). From the definition

of the inflation rate (13) we obtain:

δ + (1 − ε)πss = δ (Π∗
ss)

1−ε .

From the market clearing condition, we obtain css = (1 − sg)lss/vss. Inserting this into

the steady-state equation for x1,t and collecting terms we get for sg 6= 1:

x1,ss = ((1 − sg)(ρ+ δ − (ε− 1)πss))
−1 , x2,ss = (ε− 1)Π∗

ssx1,ss/ε.

This in turn gives the stationary labor supply from the steady-state equation for x2,t:

lss = ((ρ+ δ − επss)x2,ssvss/ψ)1/(1+ϑ) , and lss = 1 for ψ = 0.

From the Euler equation (27) we obtain the non-stochastic steady-state interest rate as:

Rss = ρ + πss.

Finally, the steady-state level for financial wealth is:

0 = (Rss − πss)ass − css + ψl1+ϑ
ss css + Tss + zss

⇔ 0 = (Rss − πss)ass − css + ψl1+ϑ
ss css + (1 − sg)lss/vss − ψl1+ϑ

ss css

⇒ ass = 0.

Note that the TVC requires that limt→∞ e−ρtE0V (Z∗) = 0.

To avoid the curse of dimensionality, one may use sparse grids, replacing the tensor

operator by the Smolyak operator (cf. Winschel, Krätzig 2010).
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4. Results

This section reports numerical results for the parameterization summarized in Table 1. In

the reported solution we select Chebychev polynomial basis functions for all 8 state variables

at standard Chebychev nodes.

Table 1: Parameterization

ϑ 2 Frisch labor supply elasticity
ρ 0.03 subjective rate of time preference
ψ 6 preference for leisure
δ 0.25 Calvo parameter for probability of firms receiving signal
ε 6 elasticity of substitution intermediate goods
sg 0.25 share of government consumption
ρd 0.9 autoregressive component preference shock
ρa 0.9 autoregressive component technology shock
ρg 0.9 autoregressive component government shock

σd 0.025 variance preference shock
σa 0.025 variance technology shock
σg 0.025 variance government shock
θ1 1.05 inflation response Taylor rule
θ2 0.95 interest rate response Taylor rule
πss 0.02 steady-state inflation

19



Figure 1: Numerical solution of the new Keynesian model (consumption)
In this figure we show (from left to right, top to bottom) optimal consumption as a function of financial
wealth and the interest rate, optimal consumption as a function of price dispersion and expectation x1,
optimal consumption as a function of expectation x2 and the preference shock, and optimal consumption as
a function of the technology shock and the government shock. For illustration the consumption function has
been sliced at non-stochastic steady state values of the remaining state variables.
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Figure 2: Numerical solution of the new Keynesian model (hours)
In this figure we show (from left to right, top to bottom) optimal hours as a function of financial wealth
and the interest rate, optimal hours as a function of price dispersion and expectation x1, optimal hours as a
function of expectation x2 and the preference shock, and optimal hours as a function of the technology shock
and the government shock. For illustration the function for optimal hours has been sliced at non-stochastic
steady state values of the remaining state variables.
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Figure 3: Residuals of the Bellman equation
In this figure we show (from left to right, top to bottom) the residuals of the Bellman equation as a function
of financial wealth and the interest rate, the residuals as a function of price dispersion and expectation x1,
the residuals as a function of expectation x2 and the preference shock, and the residuals as a function of
the technology shock and the government shock. For illustration the residual function has been sliced at
non-stochastic steady state values of the remaining state variables.
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A. Appendix

A.1. The model

A.1.1. The household’s budget constraint for financial wealth (5)

Nominal wealth is given by ptat = bt, where bt is the individual’s nominal bond holdings and

pt is the price of the consumption good:

at = bt/pt. (A.1)

Use Itô’s formula, the household’s real wealth evolves according to:

dat = dbt/pt − bt/p
2
t dpt

= (Rtbt/pt − ct + wtlt + Tt + zt) dt− bt/p
2
tπtpt dt

= ((Rt − πt)at − ct + wtlt + Tt + zt) dt,

which is equation (5) in the text.

A.1.2. Heuristic derivation of the Bellman equation

For illustration, this heuristic derivation obtains the Bellman equation for a value function

that depends only on two state variables. A multidimensional version can be obtained along

the lines shown below. Splitting up the integral in (20) gives:

E0

∫ ∆t

0

e−ρsdsu(cs, ls) ds+ E0

∫ ∞

∆t

e−ρsdsu(cs, ls) ds

Following Bellman’s idea, the optimal program is:

V (a0, d0) = max
c0,l0

{

d0u(c0, l0)∆t +
1

1 + ρ∆t
E0V (a∆t, d∆t)

}

Multiply by (1 + ρ∆t) gives:

(1 + ρ∆t)V (a0, d0) = max
c0,l0

{d0u(c0, l0)∆t(1 + ρ∆t) + E0V (a∆t, d∆t)}

Now divide by ∆t and move 1
∆t
V (a0, d0) to the right hand side:

ρV (a0, d0) = max
c0,l0

{

d0u(c0, l0)(1 + ρ∆t) +
1

∆t
[E0V (a∆t, d∆t) − V (a0, d0)]

}

1



Letting ∆t become infinitesimally small, the problem becomes:

ρV (a0, d0) = max
c0,l0

{

d0u(c0, l0) +
1

dt
E0 dV (a0, d0)

}

Observe that using Itô’s formula together with (2) and (5) we get:

dV (at, dt) = Va(at, dt) dat + Vd(at, dt) ddt + 1
2
Vdd(at, dt)σ

2
dd

2
t dt

= Va(at, dt) ((Rt − πt)at − ct + wtlt + Tt + zt) dt

+1
2
Vdd(at, dt)σ

2
dd

2
t dt

+Vd(at, dt)
(

−ρddt dt+ σddt dBd,t + 1
2
dtσ

2
d dt
)

,

using that Bd,t and Bp(t) are uncorrelated. Applying the expectation operator gives:

Et dV (at, dt) = Va(at, dt) ((Rt − πt)at − ct + wtlt + Tt + zt) dt

+1
2
Vdd(at, dt)σ

2
dd

2
t dt

−Vd(at, dt)ρddt dt+ 1
2
Vd(at, dt)dtσ

2
d dt.

Finally, by inserting we obtain the Bellman equation. A multi-dimensional version gives (21).

A.2. Linear-Quadratic control

Because linear-quadratic solution is relatively easy to obtain, a simple approximate solution

to the more general problem is obtained by replacing the state transition function g(Zt,Xt)

and objective function f(Zt,Xt) of the general model with linear and quadratic approximants,

which is known as the method of linear-quadratic approximation.

Typically, linear and quadratic approximants of g and f are constructed by forming the

first- and second Taylor expansion around the steady-state (Z∗,X∗),

f(Zt,Xt) ≈ f ∗ + f ∗
Z

>(Zt − Z
∗) + f ∗

X

>(Xt − X
∗) + 1

2
(Zt − Z

∗)>f ∗
ZZ

(Zt − Z
∗)

+(Zt − Z
∗)>f ∗

ZX
(Xt − X

∗) + 1
2
(Xt − X

∗)>f ∗
XX

(Xt − X
∗),

g(Zt,Xt) ≈ g∗ + g∗
Z
(Zt − Z

∗) + g∗
X
(Xt − X

∗),

where f ∗, g∗, f ∗
Z
, f ∗

X
, g∗

Z
, g∗

X
, f ∗

ZZ
, f ∗

ZX
, and f ∗

XX
are the values and partial derivatives of f and

g evaluated at the steady-state. Thus, the approximate solution to the general problem is

supposed to capture the local dynamics around that stationary value.
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Collecting terms, we may identify the coefficient of the linear-quadratic problem as

f̃0 ≡ f ∗ − f ∗
Z

>
Z
∗ − f ∗

X

>
X

∗ + 1
2
Z
∗>f ∗

ZZ
Z
∗ + Z

∗>f ∗
ZX

X
∗ + 1

2
X

∗>f ∗
XX

X
∗,

f̃Z ≡ f ∗
Z
− f ∗

ZZ
Z
∗ − f ∗

ZX
X

∗,

f̃X ≡ f ∗
X
− f ∗

ZX

>
Z
∗ − f ∗

XX
X

∗,

f̃ZZ ≡ f ∗
ZZ
, f̃ZX ≡ f ∗

ZX
, f̃XX ≡ f ∗

XX
,

g̃0 ≡ g∗ − g∗
Z
Z
∗ − gXX

∗, g̃Z ≡ g∗
Z
, g̃X ≡ g∗

X
.

where

f̃(Zt,Xt) = f̃0 + f̃>
Z

Zt + f̃>
X

Xt + 1
2
Z
>
t f̃ZZZt + Z

>
t f̃ZXXt + 1

2
X

>
t f̃XXXt, (A.2)

and a linear state transition function

g̃(Zt,Xt) = g̃0 + g̃ZZt + g̃XXt, (A.3)

Zt is the n × 1 state vector, Xt is the m × 1 control vector, and the parameters are f̃0, a

constant; f̃Z, a n× 1 vector; f̃X, a m× 1 vector; f̃ZZ, an n× n matrix, f̃ZX, an n×m matrix;

f̃XX, an m×m matrix; g̃0, an n× 1 vector; g̃Z, an n× n matrix; and g̃X, an n×m matrix.

As from (21), the Bellman equation for the (non-stochastic) problem reads

ρV (Zt) = max
Xt∈U

{

f̃(Zt,Xt) + VZ(Zt)
>g̃(Zt,Xt)

}

, (A.4)

Observe that we have m first-order conditions, f̃X + f̃>
ZX

Zt + f̃XXXt + g̃>
X
VZ(Zt) = 0, which

imply

Xt = −f̃−1
XX

[

f̃X + f̃>
ZX

Zt + g̃>
X
VZ(Zt)

]

, (A.5)

i.e., the controls are linear in the state and the costate variables. We proceed as follows.

The solution of the linear-quadratic problem is the value function which satisfies both the

maximized Bellman equation and the first-order condition. We may guess a value function

and derive conditions under which the guess indeed is the solution to our problem.

An educated guess for the value function is

V (Zt) = C0 + Λ>
Z
Zt + 1

2
Z
>
t ΛZZZt (A.6)

in which the parameters C0, a constant; ΛZ a n× 1 vector; and ΛZZ, a n× n matrix need to

be determined. This implies that the costate variable, a n× 1 vector (and thus the controls)

is linear in the states

VZ(Zt) = ΛZ + ΛZZZt (A.7)
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Inserting everything into the maximized Bellman equation gives

ρC0 + ρΛ>
Z
Zt + ρ1

2
Z
>
t ΛZZZt = f̃0 + f̃>

Z
Zt + f̃>

X
Xt + 1

2
Z
>
t f̃ZZZt + Z

>
t f̃ZXXt + 1

2
X

>
t f̃XXXt

+Λ>
Z

[g̃0 + g̃ZZt + g̃XXt] + Z
>
t ΛZZ [g̃0 + g̃ZZt + g̃XXt]

where the vector components are

Xt = −f̃−1
XX

[

f̃X + g̃>
X
ΛZ +

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

Zt

]

,

X
>
t f̃XXXt =

[

f̃>
X

+ Λ>
Z
g̃X

]

f̃−1
XX

[

f̃X + g̃>
X
ΛZ

]

+ 2
[

f̃>
X

+ Λ>
Z
g̃X

]

f̃−1
XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

Zt

+Z
>
t

[

f̃>
ZXt

+ g̃>
X
ΛZZ

]>

f̃−1
XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

Zt

Finally equating terms with equal powers determines our coefficients recursively

ρC0 = f̃0 − f̃>
X
f̃−1

XX

[

f̃X + g̃>
X
ΛZ

]

+ 1
2

[

f̃>
X

+ Λ>
Z
g̃X

]

f̃−1
XX

[

f̃X + g̃>
X
ΛZ

]

+Λ>
Z

[

g̃0 − g̃Xf̃
−1
XX

[

f̃X + g̃>
X
ΛZ

]]

,

ρΛ>
Z

= f̃>
Z
−
[

f̃X + g̃>
X
ΛZ

]>

f−1
XX
f̃>

ZX
+ Λ>

Z
g̃Z + g̃>0 ΛZZ −

[

f̃X + g̃>
X
ΛZ

]>

f−1
XX
g̃>

X
ΛZZ,

ρ1
2
ΛZZ = 1

2
f̃ZZ − f̃ZXf̃

−1
XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

+ 1
2

[

f̃>
ZX

+ g̃>
X
ΛZZ

]>

f̃−1
XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

+1
2
ΛZZg̃Z + 1

2
g̃>

Z
ΛZZ − ΛZZg̃Xf̃

−1
XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

.

Rewriting the last condition gives

0 = f̃ZZ + ΛZZ(g̃Z − 1
2
ρIn) + (g̃Z − 1

2
ρIn)>ΛZZ

−
[

f̃ZXf̃
−1
XX
f̃>

ZX
+ f̃ZXf̃

−1
XX
g̃>

X
ΛZZ + ΛZZg̃Xf̃

−1
XX
f̃>

ZX
+ ΛZZg̃Xf̃

−1
XX
g̃>

X
ΛZZ

]

,

where In is the identity matrix, which gives ΛZZ and thus recursively, ΛZ and C0 as a solution

of an algebraic Ricatti equation. The vector of coefficients ΛZ is obtained from

ΛZ =
[

ρIn + f̃ZXf̃
−1
XX
g̃>

X
+ ΛZZg̃Xf̃

−1
XX
g̃>

X
− g̃>

Z

]−1 [

f̃>
Z
− f̃>

X
f̃−1

XX

[

f̃>
ZX

+ g̃>
X
ΛZZ

]

+ g̃>0 ΛZZ

]>

.

This closes the proof that the guess indeed is the solution.
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