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Abstract

We show how to formulate and solve the new Keynesian model in continuous time. In
our economy, monopolistic firms engage in infrequent price setting 4 la Calvo. We intro-
duce shocks for preferences, total factor productivity and government expenditure, and
then show how the equilibrium system can be written in terms of 8 state variables. Our
nonlinear and global numerical solution technique uses the collocation method based
on Chebychev polynomials directly computing the continuous-time Bellman equation.
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1. Our Model

We will work with a standard NKE model. The basic structure of the economy is as fol-
lows. A representative household consumes, saves, and supplies labor. The final output is
assembled by a final good producer, which uses as inputs a continuum of intermediate goods
manufactured by monopolistic competitors. The intermediate good producers rent labor to
manufacture their good. Also, these intermediate good producers face the constraint that
they can only change prices following a Calvo’s pricing rule. Finally, there is a government
that fixes the one-period nominal interest rate through open market operations with public
debt, taxes, and consumes. We will have four shocks: one to preferences (which can be loosely
interpreted as a shock to aggregate demand), one to technology (interpreted as a shock to

aggregate supply), one to monetary policy, and one to fiscal policy.

1.1. Households

There is a representative household in the economy that maximizes the following lifetime

utility function, which is separable in consumption, ¢; and hours worked, I;:

9] l1+19
EO/O e_ptdt{logct—wlt_i_ﬁ}dt (1)

where p is the subjective rate of time preference, 9 is the inverse of Frisch labor supply

elasticity, and d; is a preference shock with law of motion:
dlogd; = —pylogdidt + 0,dByy. (2)

The household can trade on Arrow securities (which we will not include to save on nota-
tion) and on a nominal government bonds b; that pays a nominal interest rate of r,. Then,

the household’s budget constraint is given by:
db, = (Ttbt — piCy + prwely + piTy + ptFt)dt, (3)

where w; is the real wage, T; is a lump-sum transfer, and F; are the profits of the firms in
the economy.

Let prices p; follow the process:
dp; = mip,dt (4)

such that the (realized) rate of inflation is locally non-stochastic. We can interpret dp,/p; as

the realized inflation over the period [t,t + dt] and interpret 7, as the inflation rate.



Letting a; = b;/p; denote real financial wealth, we can write the constraint above as:
da; = ((ry — m)ay — ¢ + wely + Ty + F¢) dt (5)

1.2. The Final Good Producer

There is one final good is produced using intermediate goods with the following production

1 e—1 STEl
Y = ( / Yir© di) (6)
0

where ¢ is the elasticity of substitution.

function:

Final good producers are perfectly competitive and maximize profits subject to the pro-
duction function (6), taking as given all intermediate goods prices p;; and the final good price

pi- As a consequence the input demand functions associated with this problem are:

and .

po= ([ i) 7)

1.3. Intermediate Good Producers

Each intermediate firm produces differentiated goods out of labor using y;; = Asl;;where [;; is

the amount of the labor input rented by the firm and where A; follows the following process:

d lOg At = —Pq lOg Atdt —+ UadBa,t- (8)
& dA = —p,Arlog(Ay)dt + 0, Ad B, + %Atozdt

Therefore, the real marginal cost of the intermediate good producer is just:

Wy
Ay

mcy =

Also, note that this marginal cost is the same for all firms.
The monopolistic firms engage in infrequent price setting a la Calvo. We assume that
intermediate good producers reoptimize their prices p; only at the time when a price-change

signal is received. The probability (density) of receiving such a signal h periods from today



is assumed to be independent of the last time the firm got the signal, and to be given by:
se " p>0.

A number of firms ¢ will receive the price-change signal per unit of time. All other firms keep

their old prices. Therefore, prices are set to solve the problem:

> )\T )
max Et/ e (22%7 - chyiT) dr
i A p

Dit t T

—€
s.t. Y = (@) Yr
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where \; is the time ¢ value of a unit of consumption in period 7 to the household. Observe

that e~%~* denotes the probability of not having received a signal during 7 — ¢,
1— / 5e P Dgh =1 — (=07 4 1) = 000, (9)
t

The first-order condition reads:

o0 A . 1—¢ [e’e) A ) —€
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Y Pr Pit Y pr/)  Dit

or

0o 1—¢ fe%e) —€
Et/ )\Te_é(T_t)(l —e€) (ﬁ) Y ar + Et/ Ae T me e (ﬁ) pt&dT =0.
t br Dit t T Dit

We may write the first-order condition as:

g To
=1I; = —= 10
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PitT1t =

in which II} = p;/p; is the ratio between the optimal new price (common across all firms

that can reset their prices) and the price of the final good and where

0o l—¢
Tt = Et/ )\Teié(Tit) (ﬁ) deTa
t Dr

o0 —€&
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Differentiating x;, with respect to time gives:

1 1 e 1 I—¢ 00 1 1—¢ 1
5dx1,t = eétptl_‘e&dEt /t e o7 (—) y.dr + E, /t e o7 (p—f) deT&d(eétptl_e)

1d o0 1\"°
= My + ((56&27%5 + (1 — 5)pt1€—ﬂ) Et/ e 07 (—) y,dr
dt ygs t Pr

1d > e
= _Atyt + (6 + (]_ — 5)&%) Et/ ATe_(S(T—t) (&) deT
t t T

= A+ 0+ (1 —g)m) 1 &
d.fl’t = (((5 — (5 — 1) 7Tt) :L‘l,t — )\tyt) dt (11)

were we identify the actual rate of inflation 7y over the period [¢,t + dt] with dp;/p;. We can

also renormalize \; = e’'m, and get:
dry, = (((5 —(e—=1)m)x1s — eptmtyt) dt
A similar procedure delivers:
dre, = (((5 — ETy) Tay — eptmtmctyt) dt (12)

Assuming that the price-change is stochastically independent across firms gives:

t
ptl—e — / 56—6(t—7')pi17_—5 dT,
making the price level p; a predetermined variable at time ¢, its level being given by past

price quotations. Differentiating with respect to time gives:

t
dp; ¢ = (5pi1t_5 — 5/ 56_6(t_7)pl-17__5d7> dt

—0o0

= (Opy° —op,~%) dt

and
1
dt

e _.dp
dptl :(1_5)pt d_tt

Then

) Y —e
dpe = T (k0 — ) de = m = T (1) = 1), (13)
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Differentiating the previous expression, we obtain the inflation dynamics:

1 1
— — S(IT) 5 —
a4 0(Im)

. e 1 Lot
—= H* - 7
0 (L) 6—1dtd (xu)

dIT;

. e 1 1 Toy 1
— )T Sday, — g
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1.4. The Government Problem

The government sets the nominal interest rates according to the Taylor rule:
th = ((90 -+ (917Tt - 92Rt)dt (14)

through open market operations that are financed with lump-sum transfers 7;.
The lump sum transfers insure that the deficit are equal to zero and finance a stream of

government consumption g:

gt = S¢SgtYt = —1T,

dlog syt = —p,log sy dt + oydBy ;. (15)

1.5. Aggregation

First, we derive an expression for aggregate demand:

Ye = Ct T+ Gt

With this value, the demand for each intermediate good producer is

Dt

yir = (¢t + 1) (12) v (16)



and using the production function is:

Alis = (¢t + 1) (]ﬁ) .

Pt

We can integrate on both sides:
1 1 Dit —€
At/ lltdZ = (Ct + gt)/ (—Z) di
0 0 \Pt

Ay
ctg=y=—l
Ut

v = /01 (%) i (17)

is the aggregate loss of efficiency induced by price dispersion of the intermediate goods. By

and get an expression:

where:

the properties of Calvo pricing v; is a predetermined variable:

t ) —€
Uy :/ de0t=T) (Zﬁ> dr.
—00 Pt

Differentiating with respect to time gives:

1 _ | pir\ ©
—dv, = 6(I})°° §—de 0= (£} g
Tdn = (1) +/_OO e (pt) .

t ) —€ t 1
= ()" -6 / ge00=T) (%) dr + / R T
t

—e () 41
= 0(IL}) —5Ut+/ de 2 p fep; ladpth

= §(II)° + (em — O)u. (18)

— 00

For aggregate profits, we use the demand of intermediate producers in (16):

1 .
Ft = / (Zﬁ - mct) yltdl
0 Dbt
Y (pi pit\
= / (—Zt—mct> <—Zt> de |y,
0 Pt yg;
1 ] 1—e
= / (Zﬁ) di — mevy | Yy
0 ygs

= (1 —mcv)ys. (19)
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1.6. The Bellman equation first-order conditions

Given our description of the problem, we define the household’s value function as:

9] B l1+19
V(ao, do, Ao, $4,0, Ro, Vo, T1,0, T2,0) = {(cfrllgi OEO/O e "d, {IOgCt - ¢1t+19} dt s.t.

(5), (2), (8), (15), (14), (18), (11), (12). (20)

Define the state vector Z; = (ay, dy, As, Sgv, Ry, Vs, T14, T2+). For convenience, the constraints
t ty Wty £ty 9g,ty Ly Uty N2 ,t )

are reproduced below

da; = (Ry —m)ay — ¢ +wily + Ty + F o) dt,

dlogd;, = —pylogdidt + o4dBgy,
dlogA;, = —p,log Aydt + 0,dB, ;,
dlogsy; = —p,logsy.di +o,dByy,

th = (00 + 917Tt - 92Rt)dt,
dvt = ( E'ﬂ't 5)Ut> dt
dz1y = ( p+0—(e—1)m)x1y — € mtyt) dt,

drey = ((p+0 —em) oy — €’ mtytmct) dt.

By choosing the control (¢, l;) € R% at time ¢, the Bellman equation reads:

[+
pV = {gz%dt {logct — w1t+19}
+ (R —mp)ay — o +wly + T, + Fo) Vi,
—(pglogd; — 202)d,Vy + Lo3d Vg
—(pglog Ay — $02)AVa + 202 A7Vau
—(pglog sgr — 502)5g4Vs + 50252 Vs
(0 + (917rt — GgRt)VR

_|_

-+ ( €7Tt 5)7}15) V
+(p+(5 6—1)7Tt):v1t—epmtyt)v
+ ((p+ 0 — emy) 2oy — e”'myyemey) Vi, (21)

A neat result about the formulation of our problem in continuous time is that the Bellman

equation is, in effect, a deterministic differential equation.



The first-order conditions with respect to ¢; and [; for any interior solution are:

d

= 22
r o (22)
dpl? = Vyw, (23)
or, eliminating the costate variable (for 1 # 0):
Wf Ct = Wy

The first-order conditions (22) and (23) make the optimal policy functions functions of

the state variables, ¢; = ¢(Z;) and I, = [(Z;). Thus the concentrated Bellman equation reads:

th 149
PV = dt{logc(Zt)—¢ (1_219 }

+ ((Rt — Wt)at — C(Zt) —+ wtl(Zt) -+ Tt + Ft) Va

—(pglogd; — lafl)dtVd + lafld2Vdd
—(p,log Ay — )AtVA + 02A2VAA
—(p,log sgs — §O'g>Sg7t‘/s + a, gtVss
+(90 + (917Tt — eth)VR

+(0(1 (eme — O)ve) Vi,
+(p+(5 8—1)7Tt)x1t—epmtyt)v
+ ( p+0—em)xoy — € mtytmct) Vi, (24)

Using the envelope theorem, we obtain the costate variable V, as:

Vo = (Re—m)Vo+ (Ry —m)ay — co +wiy + Ty + F 1) Vg
—(palogd; — 50)diVaa + 30307 Vida
—(p,log Ay — l<72)AtVAa + l021421/,4Aa
—(pglog sgr — 302)5¢4Vea + 30557 Visa
+(00 + 017Tt - Q2Rt)VRa
( (emy — 5)%) Via
((p+06—(e—Dm)zre — e”muye) Vara
((

+ o+ 4

p+0—em)xoy — e mtytmct) Visa- (25)

where we applied the envelope theorem also to the SDF which -at the equilibrium value-



cannot be affected by changes in wealth. An alternative formulation is:

(p—R+m)V, = Vyda
+ (dlogdy — 04dBay + £03) diVaa + 3057 Vada
+ (dlog Ay — 0,dBay — 302) AiVaa + 202 A7 Vs,
+ (d logsg: — 0,dBy; + %03) Sg.tVsa + éazsz Vssa
+Vrod Ry + Viyodvy + Vi odar s + Viyedas,

or:

(p - Rt + 7Tt) V + O'ddt‘/dadBdt + UaAtVAadBat + O4Syg, t‘/sang,t
Vaadat + ‘/daddt + Uddt‘/;la + VAadAt + UQAtVAa + ‘/sadsg,t + %O-zsg,t‘/sa
+VRath + V;)advt + Vzladxl,t + ‘/a:gadxlt

Observe that the costate variable in general evolves according to:

dVe = Viedas + Vgadd; + dQVZldadt + VAadAt + U2A2VAAa + Vtsadsgt + 2 g S, t‘/ssa
+VRath + V;)advt + Vﬂ'adﬂ-t + ‘/a:ladxl,t + ngade,t
= (p— R+ m)Vodt + 04d;ViyedBay + 00 A Vaud By + 0454 Viad By (26)

where the last equation inserted (25). Note that (26) determines the stochastic discount

factor (SDF'), which can be used to price any asset in the economy:

1 1V 2 VAa 2 2 ‘/820, 2 2
dlﬂva = Vadva—ﬁv— ddt—§V2 Adt—§V2 ggtdt
Via Via Via
— (p Rt—i_ﬂ-t)dt—}_vo-ddtdBdt—f— V UaAtdBat+ V O'gsgtngt
‘/;10, 2 2 VAa 2 2 ‘/820, 2.2
—§W ddt——v Adt—ﬁvgagsgtdt

For s > t, we may write:

efp(sft)%(zs) — exp —J; (R, du+ fts Vd“add dBdu + [ VA“O'aA dBM + [ Vsaagsg «dBy.,
) S B b et 1)y o,

10



Hence, the implied SDF is (cf. Hansen and Scheinkmann 2009):

M _ opts— ValZs)
my Va (Zt)
and we can pin down my; = e 'V, (Z;).
Using the first-order condition,
“_y,
Ct

we obtain the implicit Euler equation for consumption:
(p - Rt + Wt)vadt + O-ddt‘/dadBd,t + UaAtVAadBa,t + O-gsg,tv;ang,t

d d d\° d d
d (—t) =(p— R+ m) (—t) dt — oy (—t> cadBat — UaAtC—;CAdBa,t — UgSg,tc—;Csng,t
? ?

Cy Cy Ct

in which we used Vg = —d;/ccq, Vaa = —di/cca, and V,, = —d;/cc,.

Hence, by applying [t6’s formula, we obtain the Euler equation for consumption:

d d\ d A? S
d (i) = - (i) (p— Ry +m)dt + (afl—tci +oatch+ aid%%?) dt
ttt

Ct Ct Ct Ct
+0oacadBas + UaAtdt_chdBayt + UgSg,tdt_leng,t
247 5 2 42 2 2'9527t 2
& dep = —(p— R+ m)edt + i Cd + aaAtcAC— + agc—’cs dt
t t t
+0o4cqdidBay + 04 ArcadBay + 0454 1sdByg ¢

—cipglog dydt + ¢;04d By + o5t (27)
2. Equilibrium

The equilibrium is given by the sequence {y, ¢, ly, mey, 1 ¢, Toy, Wi, T, I, vy Ry, dyy Asy Gy Sg,t}fio

determined by the following equations:

e The first order conditions of the household and Euler equation:

2 d s
de; = —(p — Ry + m)epdt + (aﬁ—tc?l + azA?c?A—t + Uzi’tﬁ) dt — cip,log didit
Ct Ct Ct

—|—%Ct0'§dt + O-dcddtdBd,t + UaAtCAdBa,t + O'gsg,tcsng,t + CtO'ddBdﬂg

@/)lfct = Wy

11



e Profit maximization is given by:

Wt
Ay
dzy, = ((p +6—(e—1)m)x1,s — eptmtyt) dt

mcy =

dx?ﬂf = ((p +0— €7Tt> Tot — €ptmtytmct) dt.

e Government policy:
th = (90 -+ 0171',5 - egRt)dt

gt = SgSg,tYt

e Inflation evolution and price dispersion:

o

*\1—
Wt:l——e((nt) E_1)
I = € T

e—1x,

dv, = (6 (IT) ™" + (emy — 6)vy) dt

e Market clearing on goods and labor markets:

which implies together with profit maximization y; = w;l; + F; (income)
e Stochastic processes follow:
dlogd, = —pylogdidt 4+ 04dBay

dlog Ay = —p,log Aydt + 0,d B,
dlog sy = —Py log s4.dt + 0,dB,

3. Numerical solution

In what follows we solve the Bellman equation (24) using collocation method based on the
Matlab CompEcon toolbox (cf. Miranda and Fackler 2002). As an initial guess we use the

solution of the corresponding linear-quadratic deterministic problem (cf. Appendix A.2).

12



3.1. An economy without staggered price setting

Consider the case of 6 — oo (the probability of receiving a signal is one, i.e., there are no
staggered prices, all firms will receive the price-change signal at any time), z1; = 0, 29, = 0,
I} = 1. Suppose that m; = 74 (considering m; as a parameter). Moreover, w; = A;(e — 1) /e
where € > 1, which in turn implies me¢; = (¢ — 1)/e. From (17) we get v; = 1. Finally,
lump-sum taxes are given by 1" = —g,, profits F; = y;/¢, and aggregate output y, = Ayl;.

Thus, the maximized Bellman equation (24) simplifies to:

l1+19
,OV = dt lOg Cy — dtwlt—l——ﬁ + ((Rt — Wss)at — ¢+ wtlt — Gt + yt/g) Va
+305d;Vaa — (pglogdy — 203)diVa+ 102 ATVas — (pylog Ay — 302)AVa
50252 Vs — (pglog g0 — 507)544Vs + (00 + 017, — 02R4) Vi (28)

In order to solve the continuous-time Bellman equation, we need the following measures.
First, the first-order conditions (22) and (23) we obtain the optimal controls given the state

and costate variables:

Ly, Vo (Zy))
UZs, V2(Z+))

(Va(Zy)) "1 d,
(Val(Z) Adle — 1)/ (dpe)) !

X, = X(Zy, Vi(Z)) =

Second, the reward function given the state and the optimal controls:

1+9
lt

f(Zt, Xt) = dt 10g Cy — dtd)l—}——ﬁ

Third, the drift term of the state transition equations:

[ (Rt - Wss)at — Ct + (1 - Sgsg,t) Atlt i
90 + 9177-33 - 92Rt

9(Z,X;) = —(pglogd; — %U?{)dt
—(palog A, — 102)4,

—(pglogsgs — 305)54.

13



Fourth, the diffusion term of the state transition equations:

[0 0 0 0 0 |
00 0 0 0
o(Z,Xy) = 0 0 o4d, O 0
00 0 oA O
00 O 0 04541 |

Steady-state. 1t is useful to consider the non-stochastic steady-state values for our system.

By construction, steady-state values for the shock processes are Ay = dgs = 5455 = 1, and

0 = 90 + 6171-53 - 62Rssa
O - (Rss - 71-&S)af&s — Css + (]- - Sgsg,ss) Asslss = (Rss - 7Tss)ass = Css — (]- - Sg)lss~

where 0y = 02Rss — 01755 (as 7y is set exogenously by the government). From the Euler

equation (27) we obtain the non-stochastic steady-state interest rate as
Ry = P+ Tss.

From the first-order conditions, for ¢ # 0 we obtain (¢ — 1)As, = 5@[)[?8058. Finally, from

the market clearing condition we obtain (1 — s,54 s5) Asslss = ¢ss. Thus, summarizing we get:

les = (e = D) /((1 = s)0e)Y T for ¢ £0, ¢ = (1 — 54)lss, s = 0.

3.1.1. Inelastic labor supply (1) = 0)

Consider the case where ¢ = 0, then the household optimally supplies [; = 1. We may guess
a value function:

V = dt(Cl lOg Qy + f(Rt, dt, At, Sg,t) (29)

and derive conditions under which this actually is the solution of the dynamic control problem.

This candidate value function implies:

Cy = (Cl_latdt, Vo= dt(cl/at

14



and thus the maximized Bellman equation (28) reads:

pdt(C1 log ar = dt log Ct + ((Rt — Wss)at — Cl_la,tdt + (1 — Sgsg,t) Atlt) dtC1/a,t
+105d} faa — (pglogdy — 203)diCylogay — (pglogdy — 2o73)dy fa
+202 A7 fan — (pylog Ay — 202)Asfa + 30257, fss

g°g;t

—(Pg log s¢; — %Ug)sg,tfs + (0o + O mss — 02Ry) fr — pf(Re,di, Ay, 8g,0)
Collecting terms, and using the equation

pf(Rt7 dt7 At) = _dt 10g (Cl + dt log dt + thtC1 — d? + %O-?id?fdd — (pd 10g dt — %UZ)dtfd
+300 A fan — (plog Ay — 500) Aifa+ 50ust  fas — (py 108 g1 — 502)5g.4 [
+(90 + 9177-33 - 92Rt)fR7

we obtain:
pdiCyloga, = diloga; + ((1 — sy544) Ali) diCy/ay — (pglogd, — %aﬁ)dt(cl log a;

which has a solution for the case where s;s,; = 1 (consumption only out of financial wealth)
and C{' = p — %03. It requires to shut down the government shock, p, = o, = 0, and the
reversion in the preference shock, p; = 0. Note, the preference shock now has a unit root.

In summary, the optimal policy functions for interior solutions are

Ct = (p — %UZ)Qtdt, lt =1. (30)

It remains to verify that the transversality condition lim; ., Ege "V (Z;) = 0 holds.

3.1.2. Elastic labor supply (¢ # 0)

Consider the case of elastic labor supply and no government shocks p, = o, = 0 (and 54, = 1).

We may guess:
V = dtcl lOg a; + f(Rt, dt, At), a; > 0. (31)

The first-order conditions (22) and (23) imply:

Ct = Cflatdt, @/)lf = Clwt/ata %(Zt) = dt(cl/afta

15



and thus the maximized Bellman equation (28) reads:

Clltwt/&t
1+
—I—%afldffdd — (pylogd; — %afl)dt(cl loga; — (p,log dy — %afl)dtfd

+302A7 fan — (palog Ay — 302) A fa + (00 — O2Re) fr — pf (Re. dy, Ay, 5q4).

pdtcl lOg ay = dt lOg Ct — dt + (Rta/t — Cflatdt + (1 — Sg) Atlt) dt(Cl/at

Collecting terms, and using the function:

pf(Re,di, Ay) = —dilogCy+ dylogd, + RydyCy — df + S03d; faa — (pglogdy — 2o3)dy fa
"‘%UZA?JCAA — (pylog Ay — %UZ)Ath + (00 — 02Ry) fr,

we obtain:
_ Aylyd,C
(p— Ci' + pylogd; — 303)Cidilog ay = (14 e — sy4(e + ) (1:71%,
which is a solution for s, = (14 d¢)/( + Ve), p; =0, and C;' = p — 52

In summary, the optimal policy functions for interior solutions are

o= (p—1oDad, I =(ce/(e—1)"", e>1, a>0

= ¢ =max{cs, (p— 05)ad ), 1 =max {(ctgw/(g — 1)), 1} . (32)

It remains to verify that the transversality condition lim; .., Eoe "V (Z;) = 0 holds.

3.2. An economy with staggered price setting
Let us replicate the maximized Bellman equation (24):

l1+19
pV(Zy) = diloge, — dtz/}t— + (R —m)ay — e +wly + Ty + F4) Va

1+
+205d;Vaa — (pglogdy — 203)diVa + 102 AFVaa — (p,log Ay — 302)AVa
%azs;t s — (pglogsgy — %a?)sg,t‘/; + (0o + 01y — 02 Ry) VR
+ (0 (T) " + (emy = 8)oe) Vi + ((p + 6 — (e = Vmy)wry — ePmuy) Vi,

+ ((p+ 6 — emy) 2oy — e”'myyemcy) Vi,

where the algebraic equations w; = @Z)lfct, mey = wifAy, Ty = —gr = —545¢.4Yt, Yr = Aele /vy,
F: = (1—mcvy)ys, and the SDF is my = e 'V, = e *'d, /¢; are considered aggregate variables.

In order to solve the continuous-time Bellman equation, we need the following measures.
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First, the first-order conditions (22) and (23) we obtain the optimal controls given the state

and costate variables:

(Zs, Vz(Zy))
UZy, V2(Z+))

(Va(Zy)) " dy

Xi = X(Zy, Vz(Zy)) = (Va(Z) Ag(e — 1)/ (dype))?

Second, the reward function given the state and the optimal controls:

l1+19

f(ZtaXt) = dt 10g Cy — dt@blt_'_—l9

Third, the drift term of the state transition equations:

(Ry —m)ar — ¢ + (1 — s450.0) Aeli /v ]
0o + 017y — 02 Ry
S(IT)™° + (emy — O)vy
(p+9— (e = 1)m)z1s — diAely/ (vect)
(p+ 0 —emy) woy — bd VT vy
—(pqlogd; — %Uz)dt
—(palog Ay — 302) A

~(pglogses — 305)84.

g(Zt> Xt) =

Fourth, the diffusion term of the state transition equations:

00000 0O 0 0
00000 0O 0 0
00000 0O 0 0
00000 0O 0 0

o(Z,X) = 00000 0 0 0
00000 ogedy 0O 0
00000 0 o4 O
00000 0 0 g5

Steady-state. 1t is useful to consider the non-stochastic steady-state values for our system.
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By construction, steady-state values for the shock processes are Ay = dgs = 5455 = 1, and

= (Ros — Tos)ss — Cos + (1 — 8g)lss /s,

= 0o+ 017155 — 02 Ry,

S+ (ems — sy = vy = 6 (IT5) /(6 — emsy),
= (p+0— (e = V)mas)1,ss = Yss/Css,

o o o o o
I

= (P + 5 - 577—33) x2,ss - yssmcss/cssa

where 0y = 03 Rss — 01755 (as 74 is set exogenously by the government). From the definition

of the inflation rate (13) we obtain:
64+ (1 —e)mg =0 (II2,) 7.

From the market clearing condition, we obtain c,s = (1 — s,)l5s/vss. Inserting this into

the steady-state equation for z1; and collecting terms we get for s, # 1:
Tres = (1= 59)(p40 — (6 = D7) ™", @os = (€ — DL 7y 4 /c.
This in turn gives the stationary labor supply from the steady-state equation for zo,:
lss = ((p+ 0 —emys) $2788v58/¢)1/(1+'§) , and [, =1 for ¢ =0.
From the Euler equation (27) we obtain the non-stochastic steady-state interest rate as:
Rys = p+ T
Finally, the steady-state level for financial wealth is:

O = (Rss - 7Tss>ass — Css + wlijﬁcss + Tss + Fss
-~ O - (Rss - 7Tss)a'ss — Css + beli:ﬁcss + (1 - Sg)lss/vss - ¢l;:ﬁcss

= ag = 0.

Note that the TVC requires that lim; .., e " EqV (Z*) = 0.
To avoid the curse of dimensionality, one may use sparse grids, replacing the tensor

operator by the Smolyak operator (cf. Winschel, Kratzig 2010).
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4. Results

This section reports numerical results for the parameterization summarized in Table 1. In

the reported solution we select Chebychev polynomial basis functions for all 8 state variables

at standard Chebychev nodes.

¥ 2

0 0.03
P 6

) 0.25
€ 6

sg 0.25
pa 0.9
P 0.9
pg 0.9
oq 0.025
oq, 0.025
o, 0.025
#1 1.05
A,  0.95
Tss 0.02

Table 1: Parameterization

Frisch labor supply elasticity

subjective rate of time preference
preference for leisure

Calvo parameter for probability of firms receiving signal
elasticity of substitution intermediate goods
share of government consumption
autoregressive component preference shock
autoregressive component technology shock
autoregressive component government shock
variance preference shock

variance technology shock

variance government shock

inflation response Taylor rule

interest rate response Taylor rule
steady-state inflation

19



consumption
o
[6)]

0.06

0.48
0.46
0.44

0.42

consumption

0.4
0.38

0.36 =L
1.2

preference shock

Figure 1: Numerical solution of the new Keynesian model (consumption)

In this figure we show (from left to right, top to bottom) optimal consumption as a function of financial
wealth and the interest rate, optimal consumption as a function of price dispersion and expectation 1,
optimal consumption as a function of expectation x5 and the preference shock, and optimal consumption as
a function of the technology shock and the government shock. For illustration the consumption function has
been sliced at non-stochastic steady state values of the remaining state variables.

interest rate 0.04 -5

1

consumption function

consumption function

Munwy
Ruuw R RN R uwa,
R T
JETRNRRERTRNRRR Y

L
R RN
[RunREN “““\‘\ :

x2

financial wealth

T RO

consumption

20

consumption

consumption function

0.43 <N
NOANNNNS
\\\‘\\\\“\\
SRS (It RSN
RIS
S
0.42

0.41

x1 price dispersion

consumption function

0.417

technology shock

government shock



Figure 2: Numerical solution of the new Keynesian model (hours)
In this figure we show (from left to right, top to bottom) optimal hours as a function of financial wealth
and the interest rate, optimal hours as a function of price dispersion and expectation x1, optimal hours as a
function of expectation x2 and the preference shock, and optimal hours as a function of the technology shock
and the government shock. For illustration the function for optimal hours has been sliced at non-stochastic
steady state values of the remaining state variables.
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Figure 3: Residuals of the Bellman equation
In this figure we show (from left to right, top to bottom) the residuals of the Bellman equation as a function
of financial wealth and the interest rate, the residuals as a function of price dispersion and expectation x1,
the residuals as a function of expectation xs and the preference shock, and the residuals as a function of
the technology shock and the government shock. For illustration the residual function has been sliced at
non-stochastic steady state values of the remaining state variables.
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A. Appendix

A.1. The model
A.1.1. The household’s budget constraint for financial wealth (5)

Nominal wealth is given by p;a; = b;, where b; is the individual’s nominal bond holdings and

p; is the price of the consumption good:

ar = by/py. (A.1)

Use It6’s formula, the household’s real wealth evolves according to:

da; = dbt/pt - bt/pt2 dp,
= (Ribi/pt —ct +wils + Ty + F ) dt — bt/pfﬂtpt dt
= (Re—m)ar — e +wly + T+ F o) dt,

which is equation (5) in the text.

A.1.2. Heuristic derivation of the Bellman equation

For illustration, this heuristic derivation obtains the Bellman equation for a value function
that depends only on two state variables. A multidimensional version can be obtained along

the lines shown below. Splitting up the integral in (20) gives:

At 0o
Eo / e Pdgu(cs, ls) ds + Eq / e Pdgu(cs, ls) ds
0

At

Following Bellman’s idea, the optimal program is:

V(ap, dp) = max {dou(co, lo) At +

co,lo

1+ pAtEov(am’ dAt)}

Multiply by (1 + pAt) gives:

(14 pAt)V (ag, do) = max {dou(co, lo) At(1 4+ pAt) + EqV (ans, dat)}

co,lo

+V (ag, dy) to the right hand side:

Now divide by At and move %

1
pV(ag,dy) = max {dou(co, lo)(1 + pAt) + A [EoV (aat, dat) — V (ao, do)]}
C€o,lo



Letting At become infinitesimally small, the problem becomes:

1
pVi(ag,dy) = mz}x {dou(co, lo) + —tho dV (ao, do)}
C€o,lo

Observe that using It6’s formula together with (2) and (5) we get:

AV (as, dy) = Va(ap,di) das + Valay, di) ddy + 2Vaa(as, di)odi dt
= Vilay, dy) (Ry — me)ar — cp +wely + Ty + Fy) dt
+3Vaa(ar, di)ogd; dt
+Va(az, di) (—pgdy At + 0qd; dBay + Ldio dt) |

using that By, and B, (t) are uncorrelated. Applying the expectation operator gives:

E,dV(a,, di) = Vi(aw, de) (R — m)ar — e +wly + T, + F) dt
+%‘/;ld(a,t, dt)o-?ld? dt
—‘/d(a,t, dt)ﬂddt dt + %‘/d(at, dt)dta'?l dt

Finally, by inserting we obtain the Bellman equation. A multi-dimensional version gives (21).

A.2. Linear-Quadratic control

Because linear-quadratic solution is relatively easy to obtain, a simple approximate solution
to the more general problem is obtained by replacing the state transition function g(Z;, X;)
and objective function f(Z;, X;) of the general model with linear and quadratic approximants,
which is known as the method of linear-quadratic approximation.

Typically, linear and quadratic approximants of g and f are constructed by forming the

first- and second Taylor expansion around the steady-state (Z*, X*),

FEX) ~ 4 fT - + T (K= X)) + 2 - 2 fin( - )
H(Ze = 7)T frx(Xe = X) + 5(X — X7 fix (X — X),
9(Z,Xy) = g"+g7(Ze — Z7) + gx(X; — X)),
where f*, g%, 7, [%: 97, 9% [72: [7x, and fgx are the values and partial derivatives of f and

g evaluated at the steady-state. Thus, the approximate solution to the general problem is

supposed to capture the local dynamics around that stationary value.



Collecting terms, we may identify the coefficient of the linear-quadratic problem as

fo = [ = F T — [ X 30 frpl + T f X+ X fi X
fZ = fz = [72Z" — [7xX7,

fX = f;i_fz*XTZ* — fxx X,
fzz = fu fzx = fox fxx = fxx:

Jo 9 — g 2" —9xX*, Gz =9y Jx = gx-

where
f(Zt7Xt> = fo + szZt + fs—ngt + %ZIfZZZt + ZtTfZXXt + %X:fXXXta (A.2)

and a linear state transition function
9(Z4,X¢) = go + gzl + GxXs, (A.3)

Zy; is the n x 1 state vector, X; is the m x 1 control vector, and the parameters are fy, a
constant; fz, a n x 1 vector; fx, a m x 1 vector; fzz, an n X n matrix, fzx, an n X m matrix;
fxx, an m X m matrix; go, an n x 1 vector; gz, an n X n matrix; and gx, an n X m matrix.

As from (21), the Bellman equation for the (non-stochastic) problem reads

PV (2) = max { (20, %) + Va(Z0) T4(Z0, K1) | (A4)
Observe that we have m first-order conditions, fx + fgxzt + faxX + Gx Vz(Z:) = 0, which
imply

X, = ik | fu+ Pl + 3 Va(20)] (A.5)
i.e., the controls are linear in the state and the costate variables. We proceed as follows.
The solution of the linear-quadratic problem is the value function which satisfies both the
maximized Bellman equation and the first-order condition. We may guess a value function
and derive conditions under which the guess indeed is the solution to our problem.

An educated guess for the value function is
V(Z) = Co+ Ny Zy + 2] App 7, (A.6)

in which the parameters Cy, a constant; Az a n x 1 vector; and Azz, a n X n matrix need to
be determined. This implies that the costate variable, a n x 1 vector (and thus the controls)

is linear in the states
Vi(Zy) = Ag + Mgz Zs (A7)
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Inserting everything into the maximized Bellman equation gives

pCo + pAy Zy + P%ZIAZZZt = fot+t 2%+ [iXi + %ZIfZZZt + Z;erXXt + %Xjfxxxt
+Ay [Go + §2Z¢ + §xXe) + Z) Mgz [Go + 5270 + GxX¢]

where the vector components are
Xi = —fab [Fe+ Az + |flx+31Ae| 2]
Xjfxxxt = [fx +A29X] fxx [fx +9§—grAZ] +2 [fx +A29X} fs& [fzx +9XAZZ]
+Z] [fzxt + Jx AZZ] fext [fgx + Gy AZZ] Ly
Finally equating terms with equal powers determines our coefficients recursively
pCo = fo— f{ fax [ng-i—f]sz/\z] [fx +AZQX] i [JFX‘FQ;AZ]
+Az [570 — Gxfix [fx + fJ;grAZH :
phy = ]Zg - [fx + §;£AZ} fxxfzx + Ay gz + Go Mz — [fX + QXAZ] fxxGx Azz,
Aoz = 3faz— faxFax |Fox + i baz| + 5 | fix + G5 haa| fax | fax + 35A
p3haz = §fun — faxfax | Fox + GxDaz| + 5 | fax + GxAzz fxx Jzx + 9x Azz
+3 0223z + 337 Moz — Azzx iz [fzx + 9x AZZ} :
Rewriting the last condition gives

0 = fuz+ Azz(Gz — %P]In) +(9z — %P]In)TAZZ
— [fzxfs&fgx + fox fan 0 Aoz + Moz foot Fox + Azzﬁxf&@;/\zz] ;

where I, is the identity matrix, which gives Azz and thus recursively, Az and C as a solution

of an algebraic Ricatti equation. The vector of coefficients Az is obtained from
FoF1sT S S R i S S I S ~T T
Az = [Pﬂn + foxfex Ox + AZZQXngXgX - gz] [fz — fx Jxx [fzx + gx AZZ} + 90 AZZ] :

This closes the proof that the guess indeed is the solution.



