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Abstract

We obtain a recursive formulation for a general class of contracting
problems involving incentive constraints. These constraints make the cor-
responding maximization (sup) problems non recursive. Our approach
consists of studying a recursive Lagrangian. Under standard general
conditions, there is a recursive saddle point (infsup) functional equation
(analogous to Bellman’s equation) that characterizes the recursive solu-
tion for the planner’s problem and the individual values. Our approach
has been applied to a large class of dynamic contractual problems; such
as: contracts with limited enforcement, optimal policy design with imple-
mentability constraints, or dynamic political economy models.

1 Introduction

Recursive methods have become a basic tool for the study of dynamic economic
models. For example, Stokey, et al. (1989) and Ljungqvist and Sargent (2000)
describe a large number of macroeconomic models that can be analyzed using
recursive methods. A main advantage of such approach is that it characterizes
optimal decisions -at any time t- as a time-invariant functions of a small set of
state variables. However, a key condition in standard dynamic programming
techniques is that only past variables can influence the set of feasible current
actions. Unfortunately, many interesting economic problems do not satisfy such
∗This is a substantially revised version of previously circulated papers with the same title
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condition. For example, in contracting problems where agents are subject to
intertemporal participation, or other intertemporal incentive constraints, the
future development of the contract determines its feasibility. Similarly, in models
of optimal policy design agent’s reactions to government policies are taken as
constraints and, therefore, future actions limit the set of current feasible actions
available to the government.

In this paper we provide an integrated approach for a recursive formulation of
a large class of dynamic models with constraints that depend on expectations of
functions of future control variables. Even though these models are not recursive
in the standard sense, by reformulating them as an equivalent recursive saddle
point problem we obtain a recursive formulation.

We build on traditional tools of economic analysis, such as duality theory (in
optimization problems), fixed point theory (in infinite dimensional spaces), and
dynamic programming. We proceed in three steps. We first study the planners
problem with incentive constraints (PP) as an infinite-dimensional maximiza-
tion problem, for which standard duality theory applies. Second, we show the
equivalence between the planner’s problem and a modified saddle point problem
(SPP). Third, we extend dynamic programming theory to show that the (SPP)
has a recursive formulation in the sense that it satisfies a saddle point functional
equation (SPFE) which generalizes Bellman’s equation.

The resulting saddle point problem (SPP) expands the set of state variables
to include new variables that summarize the evolution of the lagrange multipli-
ers of the original (PP) problem. Such transformation creates some technical
difficulties since the new (co)state variables can not be bounded. Fortunately,
we can exploit the resulting homogeneity properties of the return function and,
in this way, we are able to extend the standard contraction mapping approach
to establish the relationship between SPP and the SPFE.

We show that solving the lagrangean (SPP) is equivalent to solving the
recursive SPFE without concavity assumptions. This is important because in-
centive constraints may not have a convex structure. If concavity is satisfied,
then solving the SPP (and, therefore, the SPFE) is equivalent with solving the
maximization problem PP. In the absence of concavity, as in any application
of lagrangean theory, our SPFE characterization is sufficient but it may not
be necessary for a solution. Our sufficiency results are very general, although
we assume that solutions are unique. Nevertheless, as more recently Marimon,
Messner and Pavoni (2011) have shown, our approach can be easily generalized
to the case where the SPFE has multiple solutions.

As standard recursive methods have proved to be useful to study many
dynamic economic models -specially, but not only, in macroeconomics,- our ap-
proach has a wide range of applications. It has already proved to be useful to
study models such as: growth and business cycles with possible default (Marcet
and Marimon (1992), Kehoe and Perri (1998), Cooley, Marimon and Quadrini
(2000)), social insurance (Attanasio and Rios-Rull (2000)) and optimal fiscal
and monetary policy design with incomplete markets (Rojas (1993), Marcet,
Sargent and Seppala (1996)). For brevity, however, we do not present further
applications here and limit the presentation of the theory to the case of full
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information1. Our approach is related to other existing approaches that study
dynamic models with expectations constraints. In particular, to the pioneer
works of Abreu, Pearce and Stacchetti (1990), Green (1987) and Thomas and
Worrall (1988) and, among others, the more recent contributions of Kocher-
lakota (1996) and Rustichini (1998a). We briefly discuss how these, and others,
works relate to ours in Section 4, after presenting the main body of the theory
in Sections 2 and 3 (while most proofs are contained in the Appendix).

2 Formulating contracts as recursive saddle-point
problems

In this section we briefly present our approach and develop the saddle -point
formulation of problems with intertemporal constraints. We start by considering
problems that have the following representation:

PP sup
{at}

E0

∞∑
t=0

βtr(xt, at, st) (1)

s.t. xt+1 = `(xt, at, st+1), p(xt, at, st) ≥ 0, (2)

Et
Nj+1∑
n=1

βnhj0(xt+n, at+n, st+n) + hj1(xt, at, st) ≥ 0, (3)

j = 1, ..., l; t ≥ 0, x0 = x, s0 = s

at measurable with respect to (. . . , st−1, st).

Standard dynamic programming methods only consider constraints of the
from (??) (see, for example, Stokey, et al. (1989) and Cooley, (1995)). However,
constraints of the form (??) are not a special case of (??), since they involve
expected values of future variables2. We know from Kydland and Prescott
(1977) that, under these constraints, the usual Bellman equation is not satisfied,
the solution is not, in general, of the form at = f(xt, st) for all t and the
whole history of past shocks st can matter for today’s optimal decision. By
letting Nj = ∞ PP covers a large class of problems where discounted present
values enter the implementability constraint. For example, long term contracts
with intertemporal participation constraints take this form3 Alternatively, by

1Antonio Mele (2010) extends our approach to moral hazard problems.
2Notice that expressing (??) in the form v(xt, st) − ψ(xt, st) ≥ 0, where v is the value

function of PP and ψ some exogenously given participation constraint, is not a special case
of (??) since v is not known a priori. On the other hand, combining ??) and (??) accounts
for a broad class of constraints. For example, a nonlinear participation constraint of the form
g(Et

P∞
n=0 β

nh(xt+n, at+n, st+n), xt, at, st) ≥ 0 can easily be incorporated in our framework
with one constraint of the form (??), g(wt, xt, at, st) ≥ 0 (with control variables (wt, at)), and
a constraint of the form (??), Et

P∞
n=0 β

nh(xt+n, at+n, st+n) = wt.
3Examples using related methods can be found in Kocherlakota (1996) and Kletzer and

Wright (1998), and using our approach in Marcet and Marimon (1992), Kehoe and Perry
(1998), Attanasio and Rios-Rull (2000). Sargent and Ljungqvist (2002) provides examples
with different approaches.
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letting Nj = 0 PP covers problems where intertemporal reactions of agents
must be taken into account. For example, dynamic Ramsey problems, where the
government chooses policy variables subject to intertemporal implementability
constraints, have this form4. We consider the two canonical cases Nj =∞ and
Nj = 0, while other intermediate cases can be easily incorporated (without loss
of generality, let Nj =∞, for j = 0, ..., k, and Nj = 0 for j = k + 1, ..., l).

We consider a more general class of problems parameterized by µ,

PPµ sup
{at}

E

 l∑
j=0

Nj∑
t=0

βtµjhj0(xt, at, st) | s


s.t. xt+1 = `(xt, at, st+1), p(xt, at, st) ≥ 0, (4)

Et
Nj+1∑
n=1

βnhj0(xt+n, at+n, st+n) + hj1(xt, at, st) ≥ 0, t ≥ 0 (5)

x0 = x, s0 = s, Nj =∞, j = 0, ..., k,Nj = 0, j = k + 1, ...l
at measurable with respect to (. . . , st−1, st).

It is easy to see that PP is a special case of PPµ. It only requires to identify
the function h0

0 with the function r, set µ = (1, 0, ..., 0) and – provided that r is
bounded – choose a h0

1 for which the corresponding participation constraint is
never binding. It should be noticed that the value function, when well defined,
takes the form Vµ(x, s) = µvµ(x, s).This Pareto-welfare form will play a role
in some of ours characterization results. Notice that PPµ is an infinite dimen-
sional maximization problem which, under relatively standard assumptions, has
a solution in state (x, s) which is a plan5 a ≡ {at}t=0, where at(. . . , st−1, st) is
a state-contingent action (Proposition 1).

An intermediate step in our approach is to transform program PPµ, first,
into a saddle-point problem in the following way. Consider writing the La-
grangean for PPµ when a lagrange multiplier γ ∈ Rl+1 is attached only to the
forward looking constraints in period t = 0 and the remaining constraints are
left as constraints. The Lagrangean then is

L(a,γ;µ) = E

 l∑
j=0

Nj∑
t=0

βtµjhj0(xt, at, st) | s

+ (6)

l∑
j=0

γjE

Nj+1∑
t=1

βthj0(xt, at, st) + hj1(x0, a0, s0) | s

 (7)

If we find a saddle point of L subject to (??) the usual equivalences between this
saddle point and the optimal allocation of PPµ can be exploited. Using simple

4Examples using the “primal approach”can be found in Chari et al. (1995) and Lucas and
Stokey (1983); using related methods in Chang(1998) and Phelan and Stacchetti (1999), and
using our approach in Rojas (1993), and previous working paper versions of this paper.

5We use the bold notation to denote sequences of measurable functions.
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algebra it is easy to show that L can be rewritten as the objective function in
the following saddle point problem6:

SPPµ inf
γ∈Rl+1

+

sup
{at}

µh0(x0, a0, s0) + γh1(x0, a0, s0)

+ βE

 l∑
j=0

ϕj(µ, γ)
Nj∑
t=0

βt hj0(xt+1, at+1, st+1) | s0

 (8)

s.t. xt+1 = `(xt, at, st+1), p(xt, at, st) ≥ 0, t ≥ 0

Et
Nj+1∑
n=1

βnhj0(xt+n, at+n, st+n) + hj1(xt, at, st) ≥ 0, j = 0, ..., l, t ≥ 1

for initial conditions x0 = 0 and s0 = s, where ϕ is defined as

ϕj(µ, γ) ≡ µj + γj if Nj =∞, i.e. j = 0, ..., k
γj if Nj = 0, i.e. j = k + 1, ..., l

The usefulness of SPPµ comes from the fact that its objective function has
a very special form: the term inside the expectation in (??) is precisely the
objective function of PPϕ(µ, γ∗) given the states (x1, s1). This will allow us
to show that if ({a∗t }∞t=0, γ

∗) solves SPPµ at (x0, s0) then {a∗t+1}∞t=0 solves
PPϕ(µ, γ∗) at (x1, s1), where x1 = `(x0, a

∗
0, s1); that is , the continuation

problem that needs to be solved in the next period is precisely a planner problem
where the weights have been shifted according to ϕ.

We then show that, under fairly general conditions, solutions to PPµ are
solutions to SPPµ (Theorem 1), and viceversa (Theorem 2). Also, the usual
slackness conditions will guarantee that if ({a∗t }, γ∗) solves SPPµ

E0

l∑
j=0

γj∗

Nj+1∑
t=1

βthj0(x∗t , a
∗
t , st) + hj1(x, a∗0, s)

 = 0, (9)

so that the values of achieved by SPPµ and PPµ at their solutions will coincide.
If PPµ was a standard dynamic programming problem, then the following

Bellman equation would be satisfied

Vµ(x, s) = sup {µh0(x, a, s) + βE0Vµ(x∗′, s′)} (10)
s.t .(??)

The reason is that in standard dynamic programming if the problem is reop-
timized at period t = 1 given the states (x1, s1), the reoptimization simply
confirms the choice that had been previously made for t ≥ 1. However, with
forward looking constraints (??) as in PPµ this Bellman equation is not sat-
isfied, the reason being that if the problem is reoptimized at t = 1 the choice

6We use the notation µh0(x, a, s) ≡
Pl
j=0 µ

jhj0(x, a, s).
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will violate the forward looking constraint of period t = 0, if (??) is binding at
t = 0. A central element of our approach is that, as suggested by the objective
function of SPPµ, if the solution is reoptimized in period t = 1 with the new
weights ϕ(µ, γ∗) we still have a solution of the original problem PPµ. This
allows the construction of a recursive formulation to our original PPµ problem
where the value function with modified weights is included in the right side of
the functional equation, to capture the terms in (??). More specifically, we show
that under fairly general assumptions solutions to SPPµ obey a saddle-point
functional equation SPFE

SPFE W (x, µ, s) = inf
γ≥0

sup
a∈A
{µh0(x, a, s) + γh1(x, a, s) + β E [W (x′, µ′, s′)| s]}

s.t. x′ = `(x, a, s′), p(x, a, s) ≥ 0
and µ′ = ϕ(µ, γ).

when the value function is W (x, µ, s) = Vµ(x, s)
To simplify the exposition we will only consider problems where policy

choices are uniquely defined and, therefore, associated with a value function
W satisfying SPFE there is a policy function}ψ; i.e. ( a∗, γ∗) = ψ((x, µ, s).

Once we show that Vµ(x, s) satisfies the SPFE (Theorem 3), we show that
if W (x, µ, s) satisfies SPFE, and its solutions are unique, the corresponding
path, {a∗t , γ∗t } generated by ψ, is a solution to SPPµ in state (x, s); that is,
({a∗t }∞t=0, γ

∗
0) solves SPPµ in state (x, s), ({a∗t }∞t=1, γ

∗
1) solves SPPµ∗′ in state

(x∗′, s′), etc. (Theorem 4). More precisely, once we show that the value of PPµ

at (x, s), Vµ(x, s), satisfies SPFE, we can extend the dynamic programming
principle to show that the modified problem PPµ is the ‘correct continuation
problem’ to the planners’ problem, in the sense that, if µ is properly updated,
the solution can be found each period by re-optimizing a version of PPµ.

An implication of this result is that PPµ can be seen as a ”continuation
problem” that insures full commitment to the solution chosen at t = 0, in
the sense that PPϕ(µ, γ∗) is the problem that ’the committed planner should
solve in order to follow the preannounced solution’ if she were given the chance
to reoptimize. The time-inconsistency problem arises from the fact that, if
intertemporal incentive constraints of the form (??) are binding in period t = 0,
a sequential decision reoptimizing PPµ in period 1, state (x∗1, s1), does not
result in the optimal choice

{
a∗t+1

}∞
t=0

. However, we show that
{
a∗t+1

}∞
t=0

is
the solution to a properly modified planner’s problem, namely, PPϕ(µ, γ∗) in
state (x∗1, s1), where γ∗ is the Lagrange multiplier of SPPµ. Therefore, if a
planner re-optimizes using PPϕ(µ, γ∗) in state (x∗1, s1), she chooses to follow the
original plan

{
a∗t+1

}∞
t=0

.
The main results of this paper can be summarized as saying that, under

relatively standard conditions: i) a PPµ problem has a recursive SPFE repre-
sentation, and ii) solutions to PPµ can be obtained by solving recursive saddle
point problems SPFE.

Before we turn to these results in Sections 4 and 5, in the next Section we
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show how our approach is impelemented in a couple of canonical examples.

3 Some applications

In this Section, we illustrate our approach with two examples. In the first,
there are only intertemporal participation constraints (i.e. k = l in (??)); in the
second, there are only intertemporal one-period (Euler) constraints (i.e. k = 0
in (??)). The first is similar to the model studied in Marcet and Marimon
(1992), Kocherlakota (1996), Kehoe and Perri (2002), among others, and it is
canonical of models with intertemporal default constraints; the second is based
on the model studied by Aiyagari, Marcet, Sargent and Seppala (2002) and it
is canonical models with Euler constraints, as in Ramsey models.

3.1 Intertemporal participation constraints.

We consider, as an example, a model of a partnership, where several agents can
share their individual risks and jointly invest in a project which can not be un-
dertaken by single (or subgroups of) agents. Formally, there is a single good and
J infinitely-lived consumers, with preferences represented by E0

∑∞
t=0 β

t u(cj,t);
u is assumed to be bounded, strictly concave and monotone, with u(0) = 0; c
represents individual consumption. Agent j receives an endowment of consump-
tion good yj,t at time t and, given a realization yt, yt =

∑J
j=1 yj,t > 0, agent j

has an outside option vaj (yt). For simplicity we consider that the outside option
is the autarkic solution: vaj (yt) = E [

∑∞
n=0 β

n u(yj,t+n) | yj,t], which implic-
itly assumes that agent j is permanently excluded from the partnership and, if
she defaults, does not have any claims on the capital of the partnership7Total
production is given by F (k, θ), and it can be split into consumption c and in-
vestment i. The stock of capital k depreciates at the rate δ. The joint process
{θt, yt}∞t=0 is assumed to be Markovian and the initial conditions (k0, θ0, y0) are
given. The planner’s problem takes the form:

PP max
{ct,it}

E0

∞∑
t=0

βt
J∑
j=1

αj u(cj,t)

s.t. kt+1 = (1− δ)kt + it, F (kt, θt) + yt −

 J∑
j=1

cj,t + it

 ≥ 0

Et
∞∑
n=0

βn u(cj,t+n) ≥ vaj (yt) for all j, t ≥ 0.

It is easy to map this planner’s problem into our PPµ formulation. Let s ≡
(θ, y); x ≡ k; a ≡ (i, c); `(x, a, s) ≡ (1−δ)k+i; p(x, a, s) ≡ F (k, θ)+

∑
j∈J yj−

7For a model where there is no permanent exclusion and, therefore, the outside option can
not be taken as exogenous, see Cooley, Marimon and Quadrini (2000). Their model requires to
map outside options, taken as exogenous functions, into value functions of the corresponding
recursive contracts, and then find the appropriate fixed point of that map.
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(∑
j∈J cj + i

)
; h0

0(x, a, s) ≡
∑J
j=1 αj u(cj), h

j
0(x, a, s) ≡ u(cj), h

j
1(x, a, s) ≡

hj0(x, a, s) − vaj (yt), j = 1, ..., J, and h0
1(x, a, s) ≡ h0

0(x, a, s) − R, where R

is large enough as to guarantee
∑J
j=1 αj u(cj) − R > 0 . Finally, apply the

convention µ0 = (1, 0, ..., 0) and PP is just PPµ0
. In its original notation,

SPFE takes the form

W (k, µ, y, θ) = inf
γ≥0

sup
c,i
{
J∑
j=1

(
(µ0αj + µj) u(cj)− γj

(
u(cj)− vaj (y)

))
+ γ0

(∑
J

αjuj(cj)−R

)
+ β E

[
W (k′, µ′, y′, θ′) |ω, θ

]
}

s.t. k′ = (1− δ)k + i, F (k, θ) +
J∑
j=1

yj −

 J∑
j=1

cj + i

 ≥ 0

and µ′ = µ+ γ

Letting ψ be the policy function associated with this functional equation, ef-
ficient allocations satisfy (ct, it, γt) = ψ(kt, µt, θt, yt) with initial conditions
(k0, µ0, θ0, y0).

Notice that solutions to SPP satisfy µ0
t = 1. It follows that co-state variables

µ become the weights that the planner assigns to each agent, which evolve ac-
cording to whether or not the participation constraint is binding. Furthermore,
if u is differentiable,

u′(ci,t)
u′(cj,t)

=
αj + µjt+1

αi + µit+1

, for all i, j and t.

Thus, the optimal allocations amount to choosing efficiently the time profile of
the time-dependent weights (αj + µj,t+1), in such a way that the participation
constraints are satisfied. Every time that the participation constraint for an
agent is binding, his weight is increased by the amount of the corresponding
lagrange multiplier. An agent is induced not to default by increasing his con-
sumption not only in the period where he is tempted to default, but also for
many of the following periods; in this way, the additional consumption that
the agent receives to prevent default is smoothed over time. That is, individ-
ual paths of consumption depend on individual histories (in particular, on past
“temptations to default”) not just on the initial wealth distribution and the
aggregate consumption path, as in the Arrow-Debreu competitive allocations.
This also shows that if enforcement constraints are never binding (e.g., pun-
ishments are severe enough) then µt = µ0 and we recover the “constancy of
the marginal utility of expenditure”, and the “constant proportionality between
individual consumptions,” given by u′(ci,t)/u′(cj,t) = αj/αi. In other words,
the evolution of the co-state variables can be also interpreted as the evolution
of the distribution of wealth.

The intertemporal Euler equation of SPPµ is also very informative:
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µit+1u
′(ci,t) = βE

[
µit+2u

′(ci,t+1)
(
Fkt+1 + (1− δ)

)]
where, as with j = 0, ..., k, constraints: µit+2 = µit+1 + γit+1. That is, the
‘stochastic discount factor’, βu′(ci,t+1)/u′(ci,t) is distorted by

(
1 + γit+1/µ

i
t+1

)
,

a distortion which does not vanish unless the non-negative process
{
γit
}

con-
verges to zero. But if intetemporal participation constraints are infinitely often
binding, there will be a non degenerate distribution of consumption in the long-
run; in contrast with an economy where intetemporal participation constraints
cease to be binding, as in an economy with full enforcement.

3.2 Intertemporal implementability (Euler equation) con-
straints

Example 2. A Ramsey problem

We briefly sketch a version of the optimal taxation problem studied by Aiya-
gari, Marcet, Sargent and Seppala (2002) [to be explained better]. A represen-
tative consumer solves

maxE0

∞∑
t=0

δt [u(ct) + v(lt)]

s.t. ct + bt+1p
b
t = lt(1− τ t) + bt

The government must finance exogenous random expenditures g issuing debt
and collecting taxes. Given the technology ct + gt = lt,the budget of the gov-
ernment mirrors the budget of the representative agent and is subject to a
no-Ponzi constraint. In a competitive equilibrium, the following intertemporal
and intratemporal equations must be satisfied:

pbtu
′(ct) = β Etu

′(ct+1)

− v
′(lt)
u′(ct)

= (1− τ t).

Therefore, the Ramsey problem can be formulated as

max
{ct,bt+1}

E0

∞∑
t=0

βt [u(ct) + v(lt)]

s.t. ct + bt+1β Et
u′(ct+1)
u′(ct)

= −lt
v′(lt)
u′(ct)

+ bt

This problem can be represented as a PPµ0
by letting: s ≡ g; x ≡ b; a ≡ (c, y);

p(x, a, s) ≡ l − (c + g), h0
0(x, a, s) ≡ u(ct) + v(lt), h1

0(x, a, s) ≡ u′(ct+1),
h0

1(x, a, s) ≡ h0
0(x, a, s)−R (big); h1

1(x, a, s) ≡ y, where

yt =
−ltv′(lt) + btu

′(ct)− ctu′(ct)
bt+1

.
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In particular, SPPµ solutions satisfy

E
[
(µ1
t+1 − γ1

t+1)u′(ct+1)
]

= 0 (11)

where, as with j = k + 1, ..., l, constraints, µ1
t+1 = γ1

t . As it can be seen,
(??) immediately shows the nature of the distortion – that is, of the ‘time-
inconsistency’ problem – and of its possible resolution: the convergence of the
random variable γ1

t . In particular, Aiyagari et al. show that, in fact, the process{
γ1
t

}
is a non-negative submartingale.

4 The relationship between PPµ, SPPµ, and SPFE

This section proves the relationships between the initial maximization problem
PPµ, the saddle-point problem SPPµ and the saddle-point functional equation
SPFE discussed in the previous Sections. We first describe the basic structure
of the problems being considered.

4.1 Basic Structure

There exist an exogenous stochastic process {st}∞t=0, st ∈ S, defined on the
probability space (S∞,S, P ). As usual, st denotes a history (s0, ..., st) and St
the sigma-algebra of events of st. An action in period t, history st, is denoted
by at(st), where at(st) ∈ A ⊂ Rm; when there is no confusion, it is simply
denoted by at. Given st and the endogenous state xt ∈ X ⊂ Rn, an action at
is (technologically) feasible if p(xt, at, st) ≥ 0. If the latter feasibility condition
is satisfied, the endogenous state evolves according to xt+1 = `(xt, at, st+1).
Plans, a = {at}∞t=0, are elements of A = {a : ∀t ≥ 0, at : St → A and
at ∈ Lm∞(St,St, P ), }, where Lm∞(St,St, P ) denotes the space of m-valued, essen-
tially bounded, St-measurable functions. The corresponding endogenous state
variables are elements of X = {x : ∀t ≥ 0, xt ∈ L

n

∞(St,St, P )}.
Given initial conditions (x, s), a plan a ∈ A and the corresponding x ∈ X ,

the evaluation of such plan in PPµ is given by

f(x,µ.s)(a) = E0

k∑
j=0

Nj∑
t=0

βtµjhj0(xt, at, st)

We can describe the forward-looking constraints by defining g : A → Lk+1
∞

coordinatewise as

g(a) jt = Et

Nj+1∑
n=1

βnhj0(xt+n, at+n, st+n)

+ hj1(xt, at, st)

Given initial conditions (x, s), the corresponding feasible set of plans is then

B(x, s) = {a ∈ A : p(xt, at, st) ≥ 0, g(a) t ≥ 0, x ∈ X ,

xt+1 = `(xt, at, st+1) for all t ≥ 0, given (x0, s0) = (x, s)} .
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Then PPµ can be written in compact form as

PPµ sup
a∈B(x,s)

f(x,µ.s)(a)

We denote solutions to this problem as a∗ and the corresponding sequence
of state variables x∗. When the solution exists we define the value function of
PPµ as

Vµ(x, s) = f(x,µ.s)(a∗) (12)

Similarly, we can also write SPPµ in a compact form, by defining

B′(x, s) = {a ∈ A : p(xt, at, st) ≥ 0, g(a) t+1 ≥ 0; x ∈ X
xt+1 = `(xt, at, st+1) for all t ≥ 0, given (x0, s0) = (x, s)} .

SPPµ inf
γ∈Rl

+

sup
a∈B′(x,s)

{
f(x,µ,.s)(a) + γg(a)0

}
Note that B′ only differs from B in that the forward-looking constraints in
period zero g(a) 0 ≥ 0 are not included as a condition in the set B′, instead
these constraints form part of the objective function of SPPµ.

4.2 Assumptions and existence of solutions to PPµ

We consider the following set of assumptions:

A1. st takes values on a set S ⊂ RK . {st}∞t=0 is a Markovian stochastic process
defined on the probability space (S∞,S, P ).

A2. (a) X ⊂ Rn and A is a closed subset of Rm. (b) The functions p :
X ×A×S → R and ` : X ×A×S → X are measurable and continuous.

A3. Given (x, s),there exist constants B > 0 and ϕ ∈ (0, β−1), such that if
p(x, a, s) ≥ 0 and x′ = `(x, a, s′), then ‖a‖ ≤ B ‖x‖ and ‖x′‖ ≤ ϕ ‖x‖

A4. The functions hji (·, ·, s), i = 0, 1, j = 0, ..., l, are continuous and uniformly
bounded, and β ∈ (0, 1).

A5. The function `(·, ·, s) is linear and the function p(·, ·, s) is concave. X and
A are convex sets.

A6. The functions hji (·, ·, s), i = 0, 1, j = 0, ..., l, are concave.

A6s. In addition to A6, the functions hj0(x, ·, s), j = 0, ..., l, are strictly con-
cave.

A7. For all (x, s), there exists a program {ãn}∞n=0 , with initial conditions (x, s),
which satisfies the inequality constraints (??) and (??) with strict inequal-
ity.

11



Assumptions A1 and A2 are part of our basic structure, described in the
previous sub-section. These asumptions, together with A3-A4, are standard
and we treat them as our basic assumptions. Assumptions A5-A7 are often
made but they are not satisfied in some interesting models; however, these
assumptions are only used in some of the results below. For example, the
concavity assumptions A5-A6 are not needed for many results, and assumption
A7 is a standard interiority assumption, only needed to guarantee the existence
of Lagrange multipliers.

The following proposition gives sufficient conditions for a maximum to exist
for any µ. The aim is not to have the most general existence theorem8, but
to stress that one can find fairly general conditions under which PPµ has a
solution for any µ, which will be crucial in the discussion of how our approach
compares with that of Abreu Pearce and Stachetti, since this ensures that the
continuation problem (namely PPϕ(µ,γ)) is well defined for any γ.

Proposition 1. Assume A1-A6 and that the set of possible exogenous states
S is countable. Fix (x, µ, s) ∈ X×Rl+1

+ ×S. Assume there exists a feasible
plan ã ∈ B(x, s) such that f(µ,x,s)(ã) > −∞. Then there exists a program
a∗ which solves PPµ with initial conditions x0 = x, s0 = s.

Furthermore, if A6s is also satisfied then the solution is (almost sure) unique.

Proof: See Appendix.

4.3 The relationship between PPµ and SPPµ

The following result says that a solution to the maximum problem is also a solu-
tion to the saddle point problem. It follows from standard theory of constrained
optimization in linear vector spaces (see, for example, Luenberger (1969, Sec-
tion 8.3, Theorem 1 and Corollary 1). As in the standard theory, convexity and
concavity assumptions (A5 to A6), as well as an interiority assumption (A7)
are necessary in order to obtain the result.

Theorem 1 (PPµ =⇒ SPPµ). Assume A1-A7 and fix µ ∈ Rl+1
+ . Let a∗ be

a solution to PPµ with initial conditions (x, s).There exists a γ∗ ∈ Rl+
such that (a∗, γ∗) is a solution to SPPµ with initial conditions (x, s).

Furthermore, the value of SPPµ is the same as the value of PPµ, more pre-
cisely

Vµ(x, s) = f(x,µ,.s)(a∗) + γ∗g(a∗)0 (13)

Proof: It is an immediate application of Theorem 1 (8.3) in Luenberger
(1969), p. 217.

The following is a theorem on the sufficiency of a saddle point for a maximum.
8For example, not requiring A6 or the countability of S.
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Theorem 2 (SPPµ =⇒ PPµ). Given any (x, s) ∈ X ×Rl+1
+ × S, let (a∗, γ∗)

be a solution to SPPµ for initial conditions (x, s). Then a∗ is a solution
to PPµ for initial conditions (x, s).

Furthermore, the value of the two programs is the same and (??) holds.

Notice that Theorem 2 is a sufficiency theorem ‘almost free of assumptions.’
All that is needed is the basic structure of section ?? defining the corresponding
infinite-dimensional optimization and saddle-point problems together with the
assumption that a solution to SPPµ exists. Once these conditions are satisfied
assumptions A2 to A7 are not needed.

Proof: The following proof is an adaptation, to SPPµ, of a sufficiency theo-
rem for Lagrangian saddle points (see, for example, Luenberger (1969),
Theorem 8.4.2, p.221).

If (a∗, γ∗) solves SPPµ, minimality of γ∗ implies that, for every γ ≥ 0,

( γ∗ + γ) g(a∗)0 ≥ γ∗g(a∗)0;

therefore, g(a∗) 0 ≥ 0, but since a∗ ∈ B′(x, s), it follows that a∗ ∈ B(x, s);
i.e. a∗ is a feasible program for PPµ. Furthermore, the minimality of γ∗

implies that
γ∗g(a∗)0 ≤ 0g(a∗)0 = 0

but since γ∗ ≥ 0 and g(a∗)0 ≥ 0, it follows that γ∗g(a∗)0 = 0. Now,
suppose there exist ã ∈ B(x, s) satisfying f(x,µ,s)(ã) > f(x,µ,s)(a∗), then,
since γ∗g(ã)0 ≥ 0, it must be that

f(x,µ,s)(ã) + γ∗g(ã)0 > f(x,µ,s)(a∗) + γ∗g(a∗)0

which contradicts the maximality of a∗ for SPPµ.

Finally, using γ∗g(a∗)0 = 0, we have f(x,µ,s)(a∗) + γ∗g(a∗)0 = Vµ(x, s) �

4.4 The relationship between SPPµ, and SPFE

Recall that a function W : X×Rl+1
+ ×S → R satisfies SPFE at (x, µ, s) when

W (x, µ, s) = min
γ≥0

max
a∈A
{µh0(x, a, s) + γh1(x, a, s) + β E [W (x′, µ′, s′)| s]}

(14)

s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0 (15)
and µ′ = ϕ(µ, γ). (16)

In (??) we have substituted inf sup by min max, implicitely assuming that a
solution to the saddle point problem exists, in which case the value, W (x, µ, s),
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is uniquely determined9. In other words, the right side of SPFE is well defined
for all (x, µ, s) and W for which a saddle point exists.

We say that W satisfies SPFE if it satisfies SPFE at any possible state
(x, µ, s) ∈ X × Rl+1

+ × S. Given W,we define the saddle-point policy correspon-
dence (SP policy correspondence) Ψ : X ×Rl+1

+ × S → A×Rl+1
+ by

ΨW (x, µ, s) =
{

( a∗, γ∗) : a∗ ∈ arg max
a∈A, x′∈X

µh0(x, a, s) + γ∗h1(x, a, s) + β E [W (x′, µ∗′, s′)| s]

for µ∗′ = ϕ(µ, γ∗) and (??);
γ∗ ∈ arg min

γ≥0
µh0(x, a∗, s) + γh1(x, a∗, s) + β E [W (x∗′, µ′, s′)| s] ,

for x∗′ = `(x, a∗, s) and (??)}

If ΨW is single valued, we denote it by ψW , and we call it a saddle-point policy
function (SP policy function).

We define the function W ∗(x, µ, s) ≡ Vµ(x, s). The following theorem says
that W ∗ satisfies SPFE.

Theorem 3 (SPPµ =⇒ SPFE). Assume that SPPµ has a solution for any
(x, µ, s) ∈ X × Rl+1

+ × S, then W ∗ satisfies SPFE. Furthermore, letting
(a∗, γ∗) be a solution to SPPµ at (x, s), we have (a∗0, γ

∗) ∈ ΨW∗(x, µ, s).

As in Theorem 2, Theorem 3 is also a theorem ‘almost free of assumptions,’
once the underlying structure and the existence of a well defined solution to
SPPµ at all possible (x, µ, s) is assumed.

Proof: By theorem 2, we have that whenever SPPµ has a solution W ∗ is well
defined. Then, we first prove that, for any given (x, µ, s), if (a∗, γ∗) solves
SPPµ at (x, s) the following recursive equation is satisfied:

W ∗(x, µ, s) = µh0(x, a∗0, s)+γ∗h1(x, a∗0, s)+β E [W ∗(x∗1, ϕ(µ, γ∗), s′)| s]
(17)

To prove ≤ in (??) we write

W ∗(x, µ, s) = f(x,µ,s)(a∗) + γ∗g(a∗)0
= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s)

+βE

 l∑
j=0

ϕj(µ, γ∗)
Nj∑
t=0

βt hj0(x∗t+1, a
∗
t+1, st+1) | s


= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + βE

[
f(x∗1 ,ϕ(µ, γ∗),s1)(σa

∗)| s
]

≤ µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + βE
[
Vϕ(µ, γ∗)(x∗1, s1)| s

]
= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + βE [W ∗(x∗1, ϕ (µ, γ∗, s))| s]

where σa∗ is the original optimal sequence shifted one period; formally,
letting the shift operator σ : St+1 → St be given by σ(st) = (s1, s2..., st),

9See Lemma 3A in Appendix B.
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we define the St+1-measurable function σa∗t by σa∗t (s) ≡ a∗t+1(s). The
first equality follows from the definition of W ∗ and because Theorem 2
guarantees (??), the second equality follows from the definition of f, g
and simple algebra, the third equality follows from the definitions of f , ϕ,
and a∗. The weak inequality follows from the fact a∗ is a feasible solution
for the problem PPϕ(µ, γ∗) with initial conditions (x∗1, s1) and that this
program achieves Vϕ(µ, γ∗)(x∗1, s1) at its maximum, and the last equality
follows from Theorem 2 and (??).

To show ≥ (??) we construct a sequence a+ that consists of the optimal
choice for SPPµ for initial conditions (x, s) in the initial period, but
subsequently is followed by the optimal choices for PPϕ(µ, γ∗(x,µ,s)) for
initial conditions (x∗1, s1). To define a+ formally we explicitly denote by
(a∗(x, µ, s), γ∗(x, µ, s)) a solution to SPPµ for given initial conditions
(x, s) and we let

a+
0 (x, µ, s) = a∗0(x, µ, s)
a+
t (x, µ, s) = σa∗t−1(x∗1, ϕ (µ, γ∗(x, µ, s), s) , s1)

for all (x, µ, s) and t ≥ 1. Also, we let x+ be the corresponding sequence
of state variables.

In what follows, we simplify again notation and we go back to denoting a∗t (x, µ, s)
by a∗t , γ

∗(x, µ, s) by γ∗, and a+
t (x, µ, s)(st) by a+

t ; then, we have:

W ∗(x, µ, s) = f(x,µ,s)(a∗) + γ∗g(a∗)0
≥ f(x,µ,s)(a+) + γ∗g(a+)0
= µh0(x, a+

0 , s) + γ∗h1(x, a+
0 , s)

+βE

 l∑
j=0

ϕ(µ, γ∗)j
Nj∑
t=0

βt hj0(x+
t+1, a

+
t+1, st+1) | s


= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s)

+βE [W ∗(x∗1, ϕ (µ, γ∗) , s1)| s] ,

where the first equality has been argued before, the first inequality follows
from the fact that a+(x, µ, s) is a feasible allocation in SPPµ for initial
conditions (x, s) – but a∗(x, µ, s) is a solution of the max part to SPPµ at
(x, s). The second equality just applies the definition of f and g, the last
equality follows because a+ is optimal for PPϕ(µ, γ∗(x,µ),s) given initial
conditions (x∗1, s1) from period 1 onwards and because Theorem 2 insures
that (??) holds.

Notice that for this step of the proof it is crucial that we use SPPµ in order
to obtain a recursive formulation. The first inequality above only works
because we are considering a saddle point problem. Indeed, the a+ se-
quence (that reoptimizes in period t = 1) is feasible for SPPµ because this
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problem does not impose the forward looking constraints in t = 0. The
sequence a+ would not be feasible in the original problem PPµ, because
by reoptimizing at period t = 1 the forward-looking constraints at t = 0
would be typically violated.

This ends the proof of (??).

To show that W ∗ satisfies SPFE we now prove that the right side of SPFE is
well defined at W ∗ and that (a∗0, γ

∗) is a saddle point of the right side of
(??) or, formally, that (a∗0, γ

∗) ∈ ΨW∗(x, µ, s).

We first prove that a∗0 solves the max part of the right side of SPFE. Given any
ã ∈ A, p(x, ã, s) ≥ 0, letting ã∗t (s

t) ≡ a∗t−1(`(x, ã, s′), ϕ(µ, γ∗), s′)(σ(st))
for t ≥ 1, the definition of ã∗t , and (??) give the first equality in

µh0(x, ã, s) + γ∗h1(x, ã, s) + βE [W ∗(`(x, ã, s′), ϕ(µ, γ∗), s′)| s]
= µh0(x, ã, s) + γ∗h1(x, ã, s)

+βE

 l∑
j=0

ϕ(µ, γ∗)j
Nj∑
t=0

βt hj0(x̃∗t+1, ã
∗
t+1, st+1) | s


= f(x,µ,s)(ã

∗) + γ∗g(ã∗)0
≤ f(x,µ,s)(a∗) + γ∗g(a∗)0
= W ∗(x, µ, s)

the second equality follows by definition, and the inequality because (a∗, γ∗)
solves the max part of SPPµ while the third equality follows from (??).
Now we can combine this with (??) to obtain that for all feasible ã ∈ A

µh0(x, ã, s) + γ∗h1(x, ã, s) + βE [W ∗(x∗1, ϕ(µ, γ∗), s′)| s]
≤ µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + βE [W ∗(x∗1, ϕ(µ, γ∗), s′)| s]

implying that a∗0 solves the max part of the right side of the SPFE.

A similar argument shows that γ∗ solves the min part: for any γ̃ ∈ Rl+1
+ let

now

µh0(x, a∗0, s) + γ̃h1(x, a∗0, s) + βE [W ∗(x∗1, ϕ(µ, γ̃), s′)| s]
≥ µh0(x, a∗0, s) + γ̃h1(x, a∗0, s) +

+βE

 l∑
j=0

ϕ(µ, γ̃)j
Nj∑
t=0

βt hj0(x∗t+1, a
∗
t+1, st+1) | s


= f(x,µ,s)(a∗) + γ̃ g(a∗)0
≥ f(x,µ,s)(a∗) + γ∗ g(a∗)0
= W ∗(x, µ, s)
= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + βE [W ∗(`(x, a∗0, s

′), ϕ(µ, γ∗), s′)| s]
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where the inequality follows from the fact that shifting the policies one
period back of the plan a∗ is a feasible plan for the PPϕ(µ, eγ) problem with
initial conditions (x∗1, s

′) and that W ∗(x∗1, ϕ(µ, γ̃), s′) is the optimal value
of PPϕ(µ, eγ), the second inequality follows because (a∗, γ∗) is a saddle
point of SPPµ and the equalities follow from definitions, Theorem 2 and
(??).

Therefore γ∗ solves the min part of the right side of SPFE.

Therefore (a∗0, γ
∗) is a saddle point of the right side of SPFE, this implies the

first equality in

min
γ≥0

max
a∈A
{µh0(x, a, s) + γh1(x, a, s) + β E [W ∗(x′, µ′, s′)| s]}

= µh0(x, a∗0, s) + γ∗h1(x, a∗0, s) + β E [W ∗(x∗1, ϕ(µ, γ∗), s′)| s]
= W ∗(x, µ, s)

and the second equality comes, again, from (??). This proves that W ∗ satisfies
SPFE.�

The argument used in the proof of Theorem 3 can be iterated a finite number
of times to show the underlying recursive structure of the PPµ formulation. If
PPµ has a unique solution {a∗t }

∞
t=0 at (x, s), then by Theorem 1 there is a SPPµ

at (x, s) with solution ({a∗t }
∞
t=0 , γ

∗), which in turn defines a PPϕ(µ, γ∗) prob-
lem. As it has been seen in the proof of Theorem 3, {a∗t }

∞
t=1 solves PPϕ(µ, γ∗)

at (`(x, a∗0, s), s1) and by Theorem 1 there is a γ∗1 such that ({a∗t }
∞
t=1 , γ

∗
1)

solves SPPϕ(µ, γ∗) at (`(x, a∗0, s), s1). In turn, {a∗t }
∞
t=2 solves PPϕ(2)(µ, γ∗) at

(`(2)(x, a∗0, s), s1) where ϕ(2)(µ, γ∗) ≡ ϕ(ϕ(µ, γ∗), γ∗1, s1) and `(2)(x, a∗0, s) ≡
`(`(x, a∗0, s), a

∗
1, s1). Similarly, let ϕ(n+1)(µ, γ∗) ≡ ϕ(ϕ(n)(µ, γ∗), γ∗n, sn), then

by recursively applying the argument of the proof of Theorem 3 we obtain the
following result.

Corollary 3.1. (Recursivity of PPµ). If PPµ satisfies the assumptions of
Theorem 1 and has a unique solution {a∗t }

∞
t=0 at (x, s), then, for any

(t, x∗t , st),
{
a∗t+j

}∞
j=0

is the solution to PPϕ(t)(µ, γ∗) at (x∗t , st), where γ∗

is the minimizer of SPPµ at (x, s).

The value function has some interesting properties that we would like to
emphasize. First, notice that

W ∗(x, µ, s) = f(x,µ,s)(a∗) + γ∗g(a∗)0
= f(x,µ,s)(a∗)

= E0

l∑
j=0

Nj∑
t=0

βtµjhj0(x∗t , a
∗
t , st),
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therefore, if {a∗t }
∞
t=0 at (x, s) is unquely defined, then W ∗ has a unique repre-

sentation

W ∗(x, µ, s) =
l∑

j=0

µjω∗j (x, µ, s)

= µω∗(x, µ, s)

where, for j = 0, ...k, ωj(x, µ, s) ≡ E0

∑∞
t=0 β

thj0(x∗t , a
∗
t , st), and, for j = k +

1, ...l, ωj(x, µ, s) ≡ hj0(x∗0, a
∗
0, s0). Similarly, the value function of SPPϕ(µ, γ∗)

at (x∗1, s1), x∗1 = `(x, a∗0, s), satisfies

W ∗(x∗1, ϕ(µ, γ∗), s1) ≡ ϕ(µ, γ∗)ω∗(x∗1, ϕ(µ, γ∗), s1).

This representation not only has an interesting economic meaning – for example,
as a ‘social welfare function,’ with varying weights, in problems with intertem-
poral participation constraints – but is also very convenient analytically. In
particular, this reprensentation shows10 that W ∗ is convex and homogenous of
degree one in µ, with W ∗(x, 0, s) = 0, for all (x, s)11. In addition, the fol-
lowing Corollary to Theorem 3 also shows that W ∗ satisfies what we call the
saddle-point inequality property SPI. Lemmas 1 and 2 below show how these
properties are extended to general W functions satisfying SPFE.

A function W (x, µ, s) =
∑l
j=0 µ

jωj(x, µ, s) satisfies the saddle-point inequal-
ity property SPI at (x, µ, s) if and only if there exist (a∗, γ∗) satisfying

µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E [ϕ(µ, γ̃)ω(x∗′, ϕ(µ, γ∗), s′)| s]

≥ µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E [ϕ(µ, γ∗)ω(x∗′, ϕ(µ, γ∗), s′)| s] . (18)

≥ µh0(x, ã, s) + γ∗h1(x, ã, s) + β E [ϕ(µ, γ∗)ω(x̃′, ϕ(µ, γ∗), s′)| s] , (19)

for any γ̃ ∈ Rl+1
+ and ( ã, x̃′) satisfying the technological constraints at (x, s);

that is, in SPI the multiplier minimization is taken in relation to the optimal
continuation values.

Corollary 3.2. (SPPµ =⇒SPI). Let W ∗(x, µ, s) ≡ Vµ(x, s) be the value of
SPPµ at (x, s), for an arbitrary (x, µ, s), thenW ∗(x, µ, s) =

∑l
j=0 µ

jω∗j (x, µ, s)
satisfies SPI.

Proof: We only need to show that (??) is satisfied, but this is immediate from
the following identities

f(x,µ,s)(a∗) = µh0(x, a∗0, s) + β E

 k∑
j=0

µjω∗j (x
∗
1, ϕ(µ, γ∗), s1)| s


γg(a∗)0 = γ [h1(x, a∗0, s) + β E [ω∗(x∗1, ϕ(µ, γ∗), s1)| s]] ,

10See Lemma 2A in the Appendix B.
11A function which is convex, homogeneous of degree one and finite at 0, is also called a

sublinear function (see Rockafellar, 1981, p.29).
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and the definition of SPPµ at (x, s); that is, for any γ̃ ∈ Rl+1
+ ,

µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E [ϕ(µ, γ̃)ω∗(x∗′, ϕ(µ, γ∗), s′)| s]
= f(x,µ,s)(a∗) + γ̃g(a∗)0
≥ f(x,µ,s)(a∗) + γ∗g(a∗)0
= µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E [ϕ(µ, γ∗)ω∗(x∗′, ϕ(µ, γ∗), s′)| s]

�

We now show that, under fairly general conditions, programs satisfying
SPFE are solutions to SPPµ at (x, s). More formally,

Theorem 4 (SPFE =⇒ SPPµ) Assume W , satisfying SPFE, is continuous
in (x, µ) and convex and homogeneous of degree one in µ. If the SP policy
correspondence ΨW , associated withW , generates a solution (a∗,γ∗)(x,µ,s),
where (a∗)(x,µ,s) is uniquely determined, then (a∗,γ∗)(x,µ,s) is also a so-
lution to SPPµ at (x, s).

Notice that the assumptions onW are very general. In particular, ifW (x, µ, s)
is the value function of SPPµ at (x, s) (i.e. W (x, µ, s) ≡ Vµ(x, s)) then (as
Lemma 2A in Appendix B shows) it is convex and homogeneous of degree one
in µ and, if A2 - A5 are satisfied it is continuous and bounded in (x, µ).
The only ‘stringent condition’ is that (a∗)(x,µ,s) must be uniquely determined,
which is the case when W is concave in x and A6s is satisfied ( see Corollary
4.1.)12.

Before proving these results, we show that, as we have seen for W ∗, convex
and homogeneous functions W satisfying SPFE have some interesting proper-
ties, which are used in the proof of Theorem 4. First, without loss of generality
(see F2 and F3 in Appendix C), we can express the recursive equation (??) in
the form

µωd(x, µ, s) = µh0(x, a∗, s) + γ∗h1(x, a∗, s)

+β E
[
ϕ(µ, γ)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
, (20)

where µωd(x, µ, s) = W (x, µ, s), and the vectors ωd and ωd
′
are (partial) di-

rectional derivatives, in µ,of W (x, µ, s) and W (x∗′, ϕ(µ, γ∗), s′), respectively.
Theredfore, the SPFE saddle-point inequalities take the form

µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E
[
ϕ(µ, γ̃)ωd

′
(x∗′, ϕ(µ, γ̃), s′)| s

]
12Marimon, Messner and Pavoni (2010) analyzes the general case with policy correspon-

dences (multiple a∗(x, µ, s)), using the subdiferential approach discussed here. We are spe-
cially grateful to the latter two authors who provided an example showing the problems that
may arise when solutions are not uniquely determined. The proof of Theorem 4 has benefited
from the study of their example. In parallel work, Cole and Kubler (2010) have recently
provided an alternatve solution to the non-uniqueness case, based on ’lotteries’. Marimon and
Werner (2011) furhter study the underlying envelope problem without differentiability.
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≥ µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E
[
ϕ(µ, γ∗)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
(21)

≥ µh0(x, ã, s) + γ∗h1(x, ã, s) + β E
[
ϕ(µ, γ∗)ωd

′
(x̃′, ϕ(µ, γ∗), s′)| s

]
, (22)

for any γ̃ ∈ Rl+1
+ and ( ã, x̃′) satisfying the technological constraints at (x, s).

Second, as we show in Lemma 1, there is an equivalence between this SPFE
property and the saddle-point inequality property, SPI, which substitutes (??)
for

µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E
[
ϕ(µ, γ̃)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
≥ µh0(x, a∗, s)+γ∗h1(x, a∗, s)+β E

[
ϕ(µ, γ∗)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
. (23)

Third, as we show in Lemma 2, if in addition (a∗,γ∗)(x,µ,s) is uniquely
determined, then W is differentiable in µ.

Lemma 1 (SPI ⇐⇒ SPFE). If W (x, ·, s) is convex and homogeneous of de-
gree one, then (??) is satisfied if and only if (??) is satisfied. Furthermore,
the inequality (??) is satisfied if and only if the following conditions are
satisfied, for j = 0, ..., l,

hj1(x, a∗0, s) + β E
[
ωd
′

j (x
∗

1, µ
∗
1, s1)| s

]
≥ 0 (24)

γ∗j
[
hj1(x, a∗0, s) + β E

[
ωd
′

j (x
∗

1, µ
∗
1, s1)| s

]]
= 0. (25)

Proof of Lemma 1: That SPI =⇒ SPFE follows from F4 (see Appendix C).
With respect to W (x∗′, ϕ(µ, γ), s′), F4 takes the form:

ϕ(µ, γ̃)ωd
′
(x∗′, ϕ(µ, γ̃), s′) ≥ ϕ(µ, γ̃)ωd

′
(x∗′, ϕ(µ, γ∗), s′);

therefore (??) together with this latter inequality results in the following
inequalities, which show that (??) is satisfied whenever (??) is satisfied:

µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E
[
ϕ(µ, γ̃)ωd

′
(x∗′, ϕ(µ, γ̃), s′)| s

]
≥ µh0(x, a∗, s) + γ̃h1(x, a∗, s) + β E

[
ϕ(µ, γ̃)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
≥ µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E

[
ϕ(µ, γ∗)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
To see that SPFE =⇒ SPI, let

G(x, a∗, s)(γ, µ) ≡ µh0(x, a∗, s)+γh1(x, a∗, s)+β E
[
ϕ(µ, γ)ωd

′
(x∗′, ϕ(µ, γ), s′)| s

]
,

and

F(x, a∗, s)(γ, µ) ≡ µh0(x, a∗, s)+γh1(x, a∗, s)+β E
[
ϕ(µ, γ)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
,
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Then (??) reduces toG(x, a∗, s)(γ, µ) ≥ G(x, a∗, s)(γ∗, µ) and (??) to F(x, a∗, s)(γ, µ) ≥
F(x, a∗, s)(γ∗, µ). Since G(x, a∗, s)(γ∗, µ) = F(x, a∗, s)(γ∗, µ), the above in-
equalities (??) show that, if f(x, a∗, s)(γ∗, µ) ∈ ∂γF(x, a∗, s)(γ∗, µ), for all
γ ≥ 0, then

G(x, a∗, s)(γ, µ)−G(x, a∗, s)(γ∗, µ) ≥ F(x, a∗, s)(γ, µ)− F(x, a∗, s)(γ∗, µ)
(γ − γ∗) f(x, a∗, s)(γ∗, µ);

that is, f(x, a∗, s)(γ∗, µ) ∈ ∂γG(x, a∗, s)(γ∗, µ).

Let g(x, a∗, s)(γ∗, µ) be an exreme point of ∂γG(x, a∗, s)(γ∗, µ), sinceG(x, a∗, s)(γ, µ)
is homogenous of degree one in γ, by F2 ∃ γk −→ γ∗with G differentiable
at γk and∇G(x, a∗, s)(yk, µ) −→ g(x, a∗, s)(γ∗, µ). By homogeneity of degree
zero of ωd

′
(x∗′, µ′, s′) with respect to µ′

∇G(x, a∗, s)(γk, µ) = h1(x, a∗(x, µ, s), s)+β E
[
ωd
′
(x∗′(x, µ, s), ϕ(µ, γk), s′)| s

]
.

Given the differentiability of ∇G(x, a∗, s)(yk, µ) at γk, continuity of ϕ and ωd
′
,

implies that

g(x, a∗, s)(γ∗, µ) = h1(x, a∗(x, µ, s), s)+β E
[
ωd
′
(x∗′(x, µ, s), ϕ(µ, γ∗), s′)| s

]
,

and, therefore, g(x, a∗, s)(γ∗, µ) ∈ ∂γF(x, a∗, s)(γ∗, µ) – in fact, it is also an
extreme point of ∂γF(x, a∗, s)(γ∗, µ). This shows that ∂γF(x, a∗, s)(γ∗, µ) =
∂γG(x, a∗, s)(γ∗, µ), which, in turn, implies the equivalence between (??)
and (??).

Finally, the proof of the Kuhn-Tucker conditions is standard. First, necessity
of (??) follows from the fact that γ∗ ≥ 0 is finite, which will not be the
case if, for some j = 0, ..., l,

hj1(x, a∗0, s) + β E
[
ωd
′

j (x
∗

1, µ
∗
1, s1)| s

]
< 0.

To see necessity of (??), let γ∗j(i) = γ∗j , if j 6= i, and γ∗i(i) = 0, then (??)
results in:

µh0(x, a∗, s) + γ∗(i)h1(x, a∗, s) + β E
[
ϕ(µ, γ∗(i))ω

d′(x∗′, ϕ(µ, γ∗), s′)| s
]

≥ µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E
[
ϕ(µ, γ∗)ωd

′
(x∗′, ϕ(µ, γ∗), s′)| s

]
,

which, together with (??), implies that

0 ≥ γ∗j
[
hj1(x, a∗0, s) + β E

[
ωd
′

j (x
∗

1, µ
∗
1, s1)| s

]]
≥ 0.
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To see, that (??) and (??) imply (??), suppose they are satisfied and there
exists a γ̃ ≥ 0, for which (??) it is not, then it must be that

γ̃
[
h1(x, a∗0, s) + β E

[
ωd
′
(x
∗

1, µ
∗
1, s1)| s

]]
< γ∗

[
h1(x, a∗0, s) + β E

[
ωd
′
(x
∗

1, µ
∗
1, s1)| s

]]
= 0,

which contradicts (??)�

Lemma 2. If (a∗,γ∗)(x,µ,s) is generated by ΨW (x, µ, s) and (a∗)(x,µ,s) is uniquely
defined then W (x∗t , µ

∗
t , st) is differentiable with respect to µ∗t ; for every

(x∗t , µ
∗
t , st),with (x∗t , µ

∗
t ) realized by13 (a∗,γ∗)(x,µ,s) .

Proof of Lemma 2: By (??) the recursive equation (??) simplifies to

µωd(x, µ, s) = µh0(x, a∗, s) + β E

 k∑
j=0

µjωd
′

j (x∗′, µ+ γ∗), s′)| s

 ,

Assume, for the moment, that (a∗,γ∗)(x,µ,s) is uniquely determined. By
recursive iteration, it follows that

µωd(x0, µ0, s0) = µh0(x0, a
∗
0, s0)

+β E0

 k∑
j=0

µj
(
hj0(x∗1, a

∗
1, s1) + βωd

′′

j (x∗2, µ+ γ∗0 + γ∗1), s2)
)
| s0


= µh0(x0, a

∗
0, s0) + β E0

 k∑
j=0

µj
∞∑
t=1

βthj0(x∗t , a
∗
t , st)| s0

 ;

therefore, uniqueness of (a∗,γ∗)(x,µ,s) implies: i) ωd(x, µ, s) is uniquely
defined: ωd(x, µ, s) = ω(x, µ, s) ≡ ∇µW (x, µ, s); which, in turn, implies
thatW (x, ·, s) is differentiable, and ii) ωj(x, µ, s) = E0

∑∞
t=0 β

thj0(x∗t , a
∗(x∗t , µ

∗
t , st), st),

for j = 0, . . . k (with (x∗0, µ
∗
0, s0) ≡ (x, µ, s), x∗t+1 = `(x∗t , a

∗(x∗t , µ
∗
t , st), st),

and µ∗t+1 = µ∗ + γ∗(x∗t , µ
∗
t , st)), and ωj(x, µ, s) = hj0(x, a∗(x, µ, s), s),

for j = k + 1 . . . l

Given (a∗)(x,µ,s), supose now
(
a∗, γ̃∗

)
(x,µ,s)

is also generated by ΨW (x, µ, s).
Both saddle-point paths must have the same value (see Lemma 3A in

13That is, (x∗0, µ
∗
0) ≡ (x, µ), x∗t+1 = `(x∗t , a

∗
t , st+1) and µ∗t+1 = ϕ(µ∗t , γ

∗
t ).
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Appendix B); in particular, following the same recursive argument:

µωd(x0, µ0, s0) = µh0(x0, a
∗
0, s0) + β E

 k∑
j=0

µjωd
′

j (x∗′, µ+ γ̃∗), s′)| s


= µh0(x0, a

∗
0, s0) + β E0

 k∑
j=0

µj
∞∑
t=1

βthj0(x∗t , a
∗
t , st)| s0

 ,
which proves the differentiablity of W with respect to µ, even when
(γ∗)(x,µ,s) is not uniquely determined (i.e. there may be kinks in the
Pareto frontier)�

An immediate, and important, consequence of Lemma 2 is the following
result:

Corollary: If (a∗)(x,µ,s) is uniquely defined by ΨW (x, µ, s), from any initial
condition (x, µ, s), then the following (recursive) equations are satisfied:

ωj(x, µ, s) = hj0(x, a∗(x, µ, s), s) + β E [ωj(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s] ,
if j = 0, ..., k, and (26)

ωj(x, µ, s) = hj0(x, a∗(x, µ, s), s) if j = k + 1, ..., l. (27)

Furtheremore, (a∗)(x,µ,s) is uniquely defined by ΨW (x, µ, s) whenever
W (·, µ, s) is concave and A6s is satisfied.

Notice that, in proving Lemma 2, uniqueness of the solution paths has im-
plied uniqueness of the value function decomposition: W = µω. This unique
decomposition has implied the recursive equations (??) and (??). Uniqueness
of the value function decomposition is equivalent to the differentiability of the
value function. In fact, once it has been established that the value function is
differentiable, one can obtain equations (??) and (??) as a simple application
of the Envelope Theorem. For example, equation (??) is just14:

∂jW (x, µ, s) = hj0(x, a∗(x, µ, s), s)+β E [∂jW (x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s] .

We now turn to the proof of Theorem 4, where these recursive equations (??)
and (??) play a key role.

Proof (Theorem 4): By Lemma 2, there is a unique representationW (x, µ, s) =
µω(x, µ, s). To see that solutions of SPFE satisfy the participation con-
straints of SPPµ, we use the first order conditions (??) and ??), as well as
the individual recursive equations (??) and ??) of the previous Corollary.
As in the proof of Lemma 2, equation (??) can be iterated to obtain

ωj(x, µ, s) = E0

[ ∞∑
t=0

βthj0(x∗t , a
∗
t , st)| s

]
, if j = 0, ..., k. (28)

14We use the standard notation ∂jW (x, µ, s) ≡ ∂W (x,µ,s)
∂µi

, and also ωj(x, µ, s) ≡
∂jW (x, µ, s)
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Following the same steps for any t > 0 and state (x∗t , µ
∗
t , st), equation(??)

and (??) together with the inequality (??) show that the intertemporal
participation constraints in PPµ – and therefore in SPPµ – are satisfied;
that is,

Et
Nj+1∑
n=1

βn hj0(x∗t+n, a
∗
t+n, st+n) +hj1(x∗t , a

∗
t , st) ≥ 0, ; t ≥ 0, j = 0, ..., l

(29)
Now, to see that solutions of SPFE are, in fact, solutions of SPPµ

we argue by contradiction. Suppose there exist a program {ãt}∞t=0 , and
{x̃t}∞t=0, x̃0 = x, x̃t+1 = `(x̃t, ãt, st+1), satisfying the constraints of SPPµ

with initial condition (x, s) and such that

µh0(x, ã0, s) + γ∗h1(x, ã0, s)

+ βE

 k∑
j=0

(
µj + γ∗j

) ∞∑
n=1

βt hj0(x̃t, ãt, st) +
l∑

j=k+1

γ∗jhj0(x̃1, ã1, s1)| s


> µh0(x, a∗0, s) + γ∗h1(x, a∗0, s)

+ βE

 k∑
j=0

(
µj + γ∗j

) ∞∑
n=1

βt hj0(x∗t , a
∗
t , st) +

l∑
j=k+1

γ∗jhj0(x∗1, a
∗
1, s1)| s

 .
(30)

The following string of equalities and inequalities, which we explain at the
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end, contradict this inequality,

µh0(x, a∗0, s) + γ∗0h1(x, a∗0, s)

+ βE

 k∑
j=0

(
µj + γ∗j

) ∞∑
n=1

βt hj0(x∗t , a
∗
t , st) +

l∑
j=k+1

γ∗jhj0(x∗1, a
∗
1, s1)| s


= µh0(x, a∗0, s) + γ∗0h1(x, a∗0, s) + β E [µ∗1ω(x∗1, µ

∗
1, s1)| s] (31)

≥ µh0(x, ã0, s) + γ∗0h1(x, ã0, s) + β E [µ∗1ω(x̃1, µ
∗
1, s1)| s] (32)

= µh0(x, ã0, s) + γ∗0h1(x, ã0, s)
+ β E [µ∗1h0(x̃1, a

∗(x̃1, µ
∗
1, s1), s1) + γ∗(x̃1, µ

∗
1, s1)h1(x̃1, a

∗(x̃1, µ
∗
1, s1), s1)

(33)

+ βµ∗′(x̃1, µ
∗
1, s1)ω(x∗′(x̃1, µ

∗
1, s1), µ∗′(x̃1, µ

∗
1, s1), s2)| s]

≥ µh0(x, ã0, s) + γ∗0h1(x, ã0, s)
+ β E [µ∗1h0(x̃1, ã1, s1) + γ∗(x̃1, µ

∗
1, s1)h1(x̃1, ã1, s1) (34)

+ βµ∗′(x̃1, µ
∗
1, s1)ω(x̃2, µ

∗′(x̃1, µ
∗
1, s1), s2)| s]

≥ µh0(x, ã0, s) + γ∗0h1(x, ã0, s)
+ β E [µ∗1h0(x̃1, ã1, s1) + γ∗(x̃1, µ

∗
1, s1)h1(x̃1, ã1, s1) + βµ∗′(x̃1, µ

∗
1, s1)ω(x̃2, µ

∗
1, s2)| s]

(35)

≥ µh0(x, ã0, s) + γ∗0h1(x, ã0, s)
+ β E [µ∗1 [h0(x̃1, ã1, s1) + βω(x̃2, µ

∗
1, s2)] | s] (36)

= µh0(x, ã0, s) + γ∗0h1(x, ã0, s) + β E [µ∗1h0(x̃1, ã1, s1)| s]
+ β2 E [µ∗1h0(x̃2, a

∗(x̃2, µ
∗
1, s2), s2) + γ∗(x̃2, µ

∗
1, s2)h1(x̃2, a

∗(x̃2, µ
∗
1, s2), s2)

(37)

+ βµ∗′(x̃2, µ
∗
1, s2)ω(x∗′(x̃2, µ

∗
1, s2), µ∗′(x̃2, µ

∗
1, s2), s2)| s]

≥ µh0(x, ã0, s) + γ∗0h1(x, ã0, s)

+ βE

 k∑
j=0

(
µj + γ∗j

) ∞∑
t=1

βt hj0(x̃,t ãt, st) +
l∑

j=k+1

γ∗jhj0(x̃1, ã1, s1)| s

 (38)

Notice that the first equality (??) is just uses the value function decomposi-
tion, the other two equalities (??) and (??) are simple expansions of the of the
saddle-point value paths (i.e., of (??)) and in these expansions equations (??)
and (??) play a key role. Inequalities (??) and (??) follow from the maximality
property of SPFE. Inequalities (??) and (??) require explanation. Inequality
(??) follows from une of the properties of convex and homogeneous of degree
one functions (i.e. F4: µ̂ω(µ̂) ≥ µ̂ω(µ), see Appendix), given that (??) is sim-
ply µ∗′(x̃1, µ

∗
1, s1)ω(x̃2, µ

∗′(x̃1, µ
∗
1, s1) ≥ µ∗′(x̃1, µ

∗
1, s1)ω(x̃2, µ

∗
1, s2). Inequal-

ity (??) follows from applying the slackness inequality (??), as well as equations
(??) and (??) to the plan generated by SPFE in state (x̃2, µ

∗
1, s2) (i.e. to

{a∗t (x̃2, µ
∗
1, s2)}∞t=2); these inequalities are needed to show that such plan satis-

fies the corresponding SPP constraints (??); that is,
[
hj1(x̃1, ã1, s1) + βωj(x̃2, µ

∗
1, s2)

]
≥
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0, j = 0, ..., l. Finally, since the equality (??) is simply the equality (??) after one
iteration, repeated iterations result in the last inequality (??), which contradicts
(??).

It only remains to show that the inf part of SPP is also satisfied. Reasoning
again by contradiction, suppose there exist a γ̃ ≥ 0 such that

µh0(x, a∗0, s) + γ̃h1(x, a∗0, s)

+ βE

 k∑
j=0

(
µj + γ̃j

) ∞∑
n=1

βt hj0(x∗t , a
∗
t , st) +

l∑
j=k+1

γ̃jhj0(x∗1, a
∗
1, s1)| s


< µh0(x, a∗0, s) + γ∗h1(x, a∗0, s)

+ βE

 k∑
j=0

(
µj + γ∗j

) ∞∑
n=1

βt hj0(x∗t , a
∗
t , st) +

l∑
j=k+1

γ∗jhj0(x∗1, a
∗
1, s1)| s

 .
(39)

Using the value function decomposition representation, this inequality can also
be expressed as

γ̃ [h1(x, a∗(x, µ, s), s) + β E [ω(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s]]
< γ∗(x, µ, s) [h1(x, a∗(x, µ, s), s) + β E [ωj(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s]] ,

but the first order conditions (??) and (??) require that (??) is satisfied, i.e.

γ̃ [h1(x, a∗(x, µ, s), s) + β E [ω(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s]]
≥ γ∗(x, µ, s) [h1(x, a∗(x, µ, s), s) + β E [ωj(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s]] = 0

which contradicts (??)�
Corollary to Lemma 2 implies the followng Corollary to Theorem 4:

Corollary 4.1. Assume W , satisfying SPFE, is continuous in (x, µ), convex
and homogeneous of degree one in µ, concave in x and that A6s is satisfied.
If (a∗,γ∗)(x,µ,s) is generated by ΨW (x, µ, s) then (a∗,γ∗)(x,µ,s) is also a
solution to SPPµ at (x, s).

5 DSPP and the contraction mapping

In this Section we show how our main results –Theorems 3 and 4– can also
be obtained by applying the Contraction Mapping Theorem to the Dynamic
Saddle-Point Problem, corresponding to SPFE. This Section provides more
general sufficient conditions to obtain a solution to the original problem PPµ

starting from SPFE. While these conditions are satisfied whenever the condi-
tions of Theorem 4 are satisfied, they help to better understand the passage
SPFE→PPµ and, in particular, they show how the standard method of value
function iteration extends to our saddle-point problems and, therefore, that
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computing solutions to our original PPµ does not require special computa-
tional techniques. Furthermore, it also shows the interest of using the W = µω
representation in computing recursive contracts (i.e. taking ω as the starting
vector valued function) and how, in contast with the ’APG approach’ to solving
contractual problems, ’promised values’ are not part of the constraints (’promise
keeping constraints’), but an outcome of the recursive contract.

We first define some spaces of “value” functions

Mb ={W : X ×Rl+1
+ × S → R

i)W (·, ·, s) is continuous, and W (·, µ, s) bounded, when ‖µ‖ ≤ 1,
ii)W (x, ·, s) is convex and homogeneous of degree one}

and

Mbc ={W ∈Mb and
iii)W (·, µ, s) is concave}.

Mb is a space of continuous, bounded functions (in x), and convex and ho-
mogenous of degree one (in µ)15, whileMbc is the subspace of concave functions
(in x). Both spaces are normed vector spaces with the norm

‖W‖ = sup {|W (x, µ, s)| : ‖µ‖ ≤ 1, x ∈ X, s ∈ S} .

We show in Appendix D (Lemma 6A) that they are complete metric spaces;
therefore, suitable spaces for the Contraction Mapping Theorem.

Since, whenever W satisfies (ii) it can be represented as W (x, µ, s) =
µω(x, ·, s) (see Lemma 4A), it is convenient to define the corresponding spaces
of functions:

Mb ={ω : X ×Rl+1
+ × S → Rl+1 s.t., for j = 0, ..., l,

i)ωj(·, ·, s) is continuous, and ωj(·, µ, s) bounded, when ‖µ‖ ≤ 1
ii)ωj(x, ·, s) is convex and homogeneous of degree zero}

and

Mbc ={ω ∈Mb s.t., for j = 0, ..., l,
iii)ωj(·, µ, s) is concave}.

Notice that ω ∈ M uniquely defines a function W ∈ M, given by W ≡ µω,
but W ∈ M does not uniquely define a Rl+1 valued function ω ∈ M ; it does
when, in addition, W is differentiable in µ (see Appendix C)16.

15Without loss of generality, we could also require that W (x, 0, s) < ∞ and then replace
(ii) by W (x, ·, s) is sublinear (see footnote 12).

16M denotes either Mb or Mbc.
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As we have seen in Section 417, when W ∗(x, µ, s) = Vµ(x, s) is the value
of SPPµ, with initial conditions (x, s), then W ∗(x, µ, s) =

∑l
j=0 µ

jω∗j (x, µ, s)
with W ∗ ∈Mb, whenever A2 - A4 are satisfied (and W ∗ ∈Mbc if in addition
A5 - A6 are satisfied); furthermore, ω∗ ∈ M is unique whenever (a∗)(x,µ,s) is
uniquely defined.

Given a function ω ∈M , and an initial condition (x, µ, s), we can define the
following Dynamic Saddle Point Problem:

DSPP

inf
γ≥0

sup
a
{µh0(x, a, s) + γh1(x, a, s) + β E [µ′ω(x′, µ′, s′)| s]}

s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0
and µ′ = ϕ(µ, γ),

To guarantee that this problem has well defined solutions we make an interiority
assumption:

A7b. For any (x, s) ∈ X × S, there exists an ã ∈ A, satisfying p(x, a, s) > 0,
such that, for any µ′ ∈ Rl+1

+ , ‖µ′‖ < +∞, and j = 0, ..., l : hj1(x, ã, s) +
βE
[
ωj(`(x, ã, s′), µ′, s′)| s

]
> 0.

Notice that A7b is satisfied, whenever A7 is satisfied and µ′ω(`(x, ã, s′), µ′, s′)
is the value function of SPP(`(x,ea, s′),µ′,s′). In general, A7b is not a restrictive
assumption in the class of possible value functions if the original problem has
interior solutions. Nevertheless, an assumption, such as A7b is needed when
one takes DSPP(x,µ,s) as the starting problem. This is a relatively standard
min max problem, except for the dependency of ω on ϕ(µ, γ). The following
proposition shows that it has a solution. Obviously, solutions to DSPP(x,µ,s)

satisfy SPFE. . An immediate consequence of A7b, is the following lemma:

Lemma 3. Assume A4 and A7b and let ω ∈Mb. There exist a B > 0, such
that if (a∗(x, µ, s), γ∗(x, µ, s)) is a solution to DSPP at (x, µ, s), then
‖γ∗(x, µ, s)‖ ≤ B ‖µ‖.

Proof: Denote by (a∗, γ∗) ≡ (a∗(x, µ, s), γ∗(x, µ, s)) the solution to DSPP at

17See also Lemma 2A in Appendix B.
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(x, µ, s), and let ã be the interior solution of A7b, then

µh0(x, a∗, s) + γ∗h1(x, a∗, s) + β E [µ′ω(`(x, a∗, s), ϕ(µ, γ∗), s′)| s]

= µh0(x, a∗, s) + β E

 k∑
j=0

µjωj(`(x, a∗, s), ϕ(µ, γ∗), s′)| s


+ γ∗ [h1(x, a∗, s) + β E [ω(`(x, a∗, s), ϕ(µ, γ∗), s′)| s]]

= µh0(x, a∗, s) + β E

 k∑
j=0

µjωj(`(x, a∗, s), ϕ(µ, γ∗), s′)| s


≥ µh0(x, ã, s) + β E

 k∑
j=0

µjωj(`(x, ã, s), ϕ(µ, γ∗), s′)| s


+ γ∗ [h1(x, ã, s) + β E [ω(`(x, ã, s), ϕ(µ, γ∗), s′)| s]]

By assumption,

(µ/ ‖µ‖)h0(x, a∗, s)+β E

 k∑
j=0

(µj/ ‖µ‖)ωj(`(x, a∗, s), ϕ((µ/ ‖µ‖), (γ∗/ ‖µ‖)), s′)| s


is uniformly bounded ( A4 and ω ∈Mb imply that there is uniform bound
for the max value), while if (γ∗j/ ‖µ‖) > 0 then

(γ∗j/ ‖µ‖)
[
hj1(x, ã, s) + βE [ωj(`(x, ã, s), ϕ((µ/ ‖µ‖), (γ∗/ ‖µ‖)), s′)| s]

]
> 0;

therefore, there must be a B > 0 such that ‖γ∗‖ ≤ B ‖µ‖�

Proposition 2. Let ω ∈ Mbc and assume A1-A6 and A7b. There exists
(a∗, γ∗) that solves DSPP(x,µ,s). Furthermore if A6s is assumed, then
a∗(x, µ, s) is uniquely determined.

Proof: It is a relatively standard proof of existence of an equilibrium, based on
a fixed point argument; see Appendix D.

The following Corollary to Theorem 3, is a simple restatement of the theorem
in terms of the Dynamic Saddle Point Problem

Corollary 3.3. (SPPµ(x, s) =⇒ DSPP(x,µ,s) ). Assume that SPPµ at (x, s)
has a solution (a∗, γ∗) with value Vµ(x, s) =

∑l
j=0 µ

jω∗j (x, µ, s), then
(a∗0, γ

∗) solves DSPP(x,µ,s).

When DSPP(x,µ,s) has a solution, it defines a SPFE operator T ∗ :M−→
M given by
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(T ∗W )(x, µ, s) = min
γ≥0

max
a
{µh0(x, a, s) + γh1(x, a, s) + β E [W (x′, µ′, s′)| s]}

s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0
and µ′ = ϕ(µ, γ),

When W ≡ µω, with ω ∈ M , and DSPP(x,µ,s) uniquely defines the values
hj0(x, a∗(x, µ, s), s), j = 0, ..., l, then T ∗ defines a mapping, T : M −→ M ,
given by

(Tωj)(x, µ, s) = hj0(x, a∗(x, µ, s), s)+β E [ωj(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s] ,
(40)

if j = 0, ..., k, and

(Tωj)(x, µ, s) = hj0(x, a∗(x, µ, s), s), if j = k + 1, ..., l.

Two remarks are in order. First, as already said, notice that (Tωj) correspond to
the ’promise keeping constraints’ of the ’APG approach’ to solving contractual
problems but in our approach (Tωj) is not a constraint: it is an outcome.
Second, a fixed point of T ∗ does not imply a fixed point of T when ’the planner’
is indifferent to T reallocations (e.g. µi = µj , µi(Tωi)+ µj(Tωj) = constant)
resulting in multiple (indeterminate) continuation values (for i and j)18

Proposition 3. Assume DSPP has a solution, for any ω ∈ M and (x, µ, s),
then T ∗ : M → M is a well defined contraction mapping. Let W ∗ =
T ∗(W ∗) and W ∗ = µω∗, if in addition the solutions a∗(x, µ, s) to DSPP
are unique, then ω∗ = T (ω∗) is unique.

Proof: The first part follows from showing that Blackwell’s sufficiency condi-
tions for a contraction are satisfied for T ∗ (see Lemmas 7A to 10A in
Appendix D), the second part from the definition of T .

Our last Theorem, Theorem 5, wraps up our sufficiency results and is, in
fact, a Corollary to Theorem 4. It shows how, starting from a Dynamic Saddle-
Point Problem and a corresponding well defined Contraction Mapping resulting
in a unique value function, one obtains the solution to our original problem
PPµ. The previous Propositions 2 and 3 provide conditions guaranteeing that
the assumptions of Theorem 5, regarding T , are satisfied.

Theorem 5 (DSPP(x,µ,s) =⇒ SPPµ(x, s)). Assume T : M →M has a unique
fixed point ω∗. Then the value function W ∗(µ, x, s) = µω∗(x, µ, s) is the
value of SPPµ at (x, s) and the solutions of DSPP define a saddle-point
correspondenceΨ, such that if (a∗,γ∗) is generated by Ψ from (x, µ, s),
then (a∗,γ∗) solves SPPµ at (x, s) and a∗ is the unique solution to PPµ

at (x, s).
18Messner and Pavoni’s ’counterxample’ is one of these cases of ’flats in the Pareto frontier’,

when one only considers the T ∗ map and not the T map; see Marimon, Messner and Pavoni
(2010).
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Proof: By assumption SPFE is satisfied. The proof of Theorem 4 is based
on having a unique representation W ∗(µ, x, s) = µω∗(x, µ, s) which, in
that proof, is given by Lemma 2. In Theorem 5 such a unique represen-
tation is assumed, which implicitly also means to assume that the values
hj0(x, a∗(x, µ, s), s) j = 0, ..., l are uniquely determined, which in fact is
all what is needed in the proof of Theorem 4.

6 Related work

Precedents of our approach can be found in Kydland and Prescott (1980) and
in Hansen, et al. (1985). They introduced lagrange multipliers as co-state
variables. Our work provides a formal proof that a stationary optimal policy can
be obtained by properly introducing lagrange multipliers as co-states. There are
special cases, however, where there is a one-to-one relationship between states
and co-states. Obviously, in these cases it is possible to obtain a policy function
that only depends on the state variables, although it may be discontinuous19.
Rustichini (1998) provides a recursive characterization that encompasses these
cases. He focuses on deterministic models with one (default) constraint. In
this class of models, in general, it is possible to reduce the dimensionality of
the policy to its natural states20. Cooley, Quadrini and Marimon (2000) obtain
a similar result in a stochastic model with possible default and risk neutral
agents. Efficient contracts in these models have the special feature that if a state
is reached there can no be different past promises, regarding the value of the
contract at that state, depending on past contractual histories. In deterministic
models past histories may be uniquely determined by the state and in models
with risk neutral agents there is no need for consumption smoothing. However,
in economies with uncertainty and risk-averse agents the effect of intertemporal
(default) constraints must be smoothed and, as a result, since the same state
may be reached following different contractual histories the optimal contract
can not have a unique value associated with such state21.

The pioneer work of Abreu, et al. (1990) -APS, from now on,- character-
izing sub-game perfect equilibria, shows that past histories can be summarized
in terms of promised utilities (we summarize them with the co-state µ). While
the pioneer work of Green (1987) and Thomas and Worral (1988)) -GTW, from
now on- shows that efficient contracts, promising a given initial level of (present
value) utility, can have a recursive structure. These related approaches have

19In particular, discontinuities may arise at points where, given a value of the state variable,
a co-state variable jumps. In contrast, the corresponding policy function of our approach (i.e.,
a function of states and co-states) may well be continuous. An example of such discontinuities
can be found in Benhabib and Rustichini (1996).

20Notice that a similar “reduction” is proposed by the Subspace Method to solve, for ex-
ample, Optimal Linear Regulator problems (see, for example, Hansen and Sargent (2000)).
However, as the Subspace Method shows, even when the “reduction” is possible, can be very
convenient to express policies in terms of state and co-state variables.

21See Marcet and Marimon (1992) or Kocherlakota (1995) for an explanation of how, to
achieve consumption smoothing, idiosyncratic shocks imply increased consumption over the
whole future. This can only be achieved by keeping track of past shocks through µ.
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been widely used in macroeconomics22. In particular, Kocherlakota (1995) has
applied GTW to characterize optimal social insurance contracts with participa-
tion constraints23 and the APS approach has been further developed by Cron-
shaw and Luenberger (1994), to study dynamic games, and by Chang (1998)
and Phelan and Stacchetti (1999), to study Ramsey models.

There are similarities and differences between our approach and the “promised
utilities” approaches. The extent that these approaches duplicate, complement
or dominate, each other will not be fully understood until they are more de-
veloped and applied24. Nevertheless, some conceptual differences emerge. For
instance, our approach provides a common framework that encompasses two-
period (dynamic competitive) constraints as well as discounted sums that may
or may not be discounted utilities (as is the case with some present value budget
constraints). Within this general framework, our approach directly character-
izes efficient contracts, without having to find the whole set of feasible -incentive
compatible- contracts. Presumably one could develop APS or GTW to provide
a similar general framework (and the work of Chang (1998) and Phelan and
Stacchetti (1999) are important steps in this direction), but it may not be the
most efficient way to proceed. There are issues of dimensionality and proper
recursivity that must be taken into account.

By proper recursivity we mean that our SPFE provides a recursive solution
that starts out from pre-set initial conditions25 In the GTW approach initial
promised (present value) utilities must be specified for all -but one- agents and,
therefore, needs to be known that it is feasible. As it is well known from stan-
dard Pareto Optimal problems such approach is very useful when there are two
agents and the Pareto frontier is downward slopping, otherwise it can become
very cumbersome26. Similarly, while the APS approach provides a method to
obtain the set of feasible initial present values27 in many applications may be
a fairly roundabout way to proceed. For instance, one could apply the same
method to solve a simple dynamic model -such as the neoclassical growth model-
where interetemporal constraints are given by Euler equations. That is, given a

22Ljungqvist and Sargent (2000) provides an excellent introduction, and reference, to most
of this recent work.

23A two agents (without capital) version of Marcet and Marimon (1992), recently studied
using our approach by Attanasio and Rios-Rull (2000).

24For instance, our approach needs to be fully developed to incorporate private informa-
tion constraints and its range of applications is yet to be exploited. Similarly, some of our
assumptions -such as the linear additivity of utilities and constraints- need to be relaxed in
order to make its generality at par with some of the developments of Rustichini, APS or GTW
approaches. We leave these issues for future research (see, however, Footnote 2).

25For example, when we transform the problem PP into the problem SPP we set µ =
(1, 0, ..., 0).

26Even with two agents and a downward slopping Pareto frontier, as in Kocherlakota (1996),
one may be interested in finding the efficient allocation that ex-ante gives the same utility to
both agents. While this is trivial with our approach (just give the same initial weights in the
PP problem), becomes very tricky with the GTW approach since the “right promise” must
be made to determine the initial conditions.

27We refer to the self-generation and factorization properties of the operator characterizing
incentive constraints (see, Abreu et al. (1990), and Chang (1998) and Ljungqvist and Sargent
(2000) for macroeconomic applications).
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“promised expected marginal utility” for next period, the Euler equation deter-
mines which current actions and marginal utilities are feasible. Proper iteration
of such a map determines which initial conditions result in paths satisfying
the transversality conditions and, therefore, the initial marginal utility that an
efficient planner must set (given an initial capital and shock). Standard recur-
sive methods, aimed at obtaining directly the value and policy functions, have
proved to be a more useful approach for problems of this type. We think that
the same principle applies to models with intertemporal constraints.

The strength of the APS approach, however, is in the study of models where
one must know the set of feasible payoffs in order to characterize the efficient
ones. In particular, as the work of Abreu (1988) shows, in order to characterize
an efficient sub-game perfect equilibrium it is enough, in general, to know the
extremal points of the set of feasible present value payoffs. More precisely, the
worst equilibrium payoff may be sufficient to characterize the best equilibrium
payoff, and a corresponding equilibrium path. Nevertheless, even in this class
of models, it is often the case that one can separately obtain the worst sub-
game perfect equilibrium payoff. If this is the case, such value plays the role
of an intertemporal participation constraint in our framework. But, even when
the computation of the worst equilibrium is not straightforward, our recursive
approach, as a general method to obtain extremal points, may be a convenient
approach28. In contrast, from a computational point of view, following the APS
approach may not be very convenient general approach. In particular, while
finding the set of feasible equilibrium payoffs may not be a hard computational
problem when there is only one promised utility to consider, when there are n co-
state variables a set in Rn has to be computed, which is not a straightforward
computational problem. As we said, our approach is based on well specified
initial values and deals with the computation of functions, which is a better
understood problem29.

Finally, an interesting -but not exclusive- feature of out approach is that the
evolution of µ often helps to directly characterize the behavior of the model. For
example, in models with participation constraints the µ’s allow to interpret the
behavior of the model as changing the Pareto weights sequentially depending on
how binding the participation constraints become. In Ramsey type models the
behavior of the µ’s is associated with the commitment technology and the extent
that markets are complete. For example, with full commitment and complete
markets the µ’s are constant after period one30 Alternatively, in Aiyagari et al.

28For example, Ljungqvist and Sargent (2000) show how separately compute the worst equi-
librium in dynamic models with only one promised utility and no additional state variables.
That our approach can also be used to obtain other extremal values may be seen by properly
replacing the objective function, etc. Nevertheless we plan to make such application more
explicit in future work.

29For example, consider a version of the model of Chang (1998) with two agents. Certainly,
an additional state variable needs to be introduced. If we use APS, the set of initial values
would be a subset of R2, and it would normally not be an interval, so it is difficult to char-
acterize numerically. But using SPFE we know to set initial values for co-state variables to
zero.

30For these models, our approach provides a recursive, alternative, formulation to the primal
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(2002) the behavior of µ characterizes optimal tax policies as a risk-adjusted
martingale. In summary, having optimal policies dependent of an additional
co-state vector µ is not just convenient from a technical point of view, but
also provides a fairly transparent interpretation of how intertemporal incentive
constraints affect (efficient) economic outcomes.

7 Concluding remarks

We have shown that a large class of problems with implementability constraints
can be analyzed by an equivalent recursive saddle point problem. This saddle
point problem obeys a saddle point functional equation, which is a version of
the Bellman equation. This approach works for a very large class of models
with incentive constraints, restricted budget constraint, optimal policy, optimal
regulation, etc. This means that a unified framework can be provided to analyze
all these models. The key feature of our approach is that instead of having to
write optimal contracts as history-dependent contracts one can write them as
a stationary function of the standard state variables together with additional
co-state variables. These co-state variables are -recursively- obtained from the
Lagrange multipliers associated with the intertemporal incentive constraints,
starting from pre-specified initial conditions. With such approach we aim to
extends the existing set of tools available to study dynamic economies with
intertemporal constraints.

Our current research aims at relaxing several of the assumptions, in partic-
ular that of full information, developing in detail some computational aspects
of this method, and exploring a range of applications to several models, includ-
ing strategic dynamic behavior, optimal policy and borrowing under incomplete
insurance.

approach developed in Lucas and Stokey (1983) and Chari, et al. (1995).
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APPENDIX

Appendix A (Proof of Proposition 1)
The proof of Proposition 1 relies on the following result:

Lemma 1A. Assume A1-A6 and that S is countable, then

i) B(x, s) is non-empty, convex, bounded and σ(L∞, L1) closed; therefore it is
σ(L∞, L1) compact

ii) Given d ∈ R, the set
{
a ∈ A : f(x,µ,s)(a) ≥ d

}
is convex and σ(L∞, L1)

closed

The proof of Lemma 1A builds on three theorems. First, the Urysohn
metrization theorem stating that regular topological spaces with a count-
able base are metrizable31. Second, the Mackey-Arens theorem stating
that different topologies consistent with the same duality share the same
closed convex sets; in our case, the duality is (L∞, L1) and the weak-
est and the strongest topology consistent with such duality; namely, the
weak-star, σ(L∞, L1) and the Mackey τ(L∞, L1) . Third, the Alaoglu
theorem stating that norm bounded σ(L∞, L1) closed subsets of L∞ are
σ(L∞, L1) compact32.

Proof:

Assumptions A2, and A4 - A6 imply that B(x, s) is convex, and closed under
pointwise convergence. Since, by assumption S is countable, Urysohn
metrization theorem guarantees that B(x, s) is, in fact, σ(L∞, L1) closed.
Assumptions A3 and A4 imply that B(x, s) is bounded in the ‖·‖β∞ norm
as needed for compactness, according to the Alaoglu theorem.

Assumptions A5 and A6 imply that B(x, s) and the upper contour sets {a ∈ A : fµ(a) ≥ d} ,
are convex and, together with the previous assumptions (A2, and A4),
Mackey closed and, therefore, σ(L∞, L1) closed33�

Proof of Proposition 1: As in Bewley (1991), the central element of the proof
follows from the Hausdorff maximal principle and an application of the
finite intersection property34. Let Pd =

{
a ∈ B(x, s) : f(x,µ.s)(a) ≥ d

}
,

31See Dunford and Schwartz (1957) p. 24. in our case the metric we use is given by

ρβ∞(a, b) =

∞X
n=0

βn sup
sn∈Sn

| an(s)− bn(s) | .

32See Schaefer (1966) p. 130 and p. 84, respectively.
33See Bewley (1972) for a proof of the Mackey continuity expected utility, without assuming

S being countable.
34See, Kelley (1955) p. 33-34. for the Hausdorff principle and the Minimal principle, and

p. 136 for the theorem stating that ”a set is compact if and only if every family of closed sets
which has a the finite intersection property has a non-void intersection.”
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then by Lemma 1A , Pd is σ(L∞, L1) closed. By the interiority assumption
of Proposition 1, for d low enough, it is non-empty. In fact, we can consider
the family of sets {Pd : d ∈ D} for which Pd 6= ∅, where D ⊂ R. The sets
Pd are ordered by inclusion; in fact, if d′ > d then Pd′ ⊂ Pd and every finite
collection of them has a non-empty intersection (i.e., {Pd : d ∈ D} satisfies
the finite intersection property), but then by compactness of B(x, s) any
family of subsets of {Pd : d ∈ D} -say, {Pd : d ∈ B ⊂ D}- has a non-empty
intersection and, by inclusion, there is Pbd = ∩{Pd : d ∈ B ⊂ D} 6= ∅. In
particular, there is Pd∗ = ∩{Pd : d ∈ D} 6= ∅ which -as the the minimal
principle states- is a minimal member of the family {Pd : d ∈ D}. It fol-
lows that if a∗ ∈ Pd∗ then f(x,µ.s)(a∗) ≥ f(x,µ.s)(a) for any a ∈ B(x, s).
Furthermore, if strictly concavity is assumed then Pd∗ must be a single-
ton, otherwise convex combinations of elements of Pd∗ will form a proper
closed subset of Pd∗ contradicting its minimality�

Appendix B (Some Properties of W ∗)

Lemma 2A. Let W ∗(x, µ, s) ≡ Vµ(x, s) be the value of SPPµ at (x, s), for an
arbitrary (x, µ, s), then

i) W ∗(x, ·, s) is convex and homogeneous of degree one;

ii) if A2- A4 are satisfied W ∗(·, µ, s) is continuous and uniformly bounded,
and

iii) if A5 and A6 are satisfied W ∗(·, µ, s) is concave.

Proof: i) follows from the fact that, for any λ > 0, f(x,λµ.s)(a) = λf(x,µ.s)(a).
To see this, let (γ∗,a∗) satisfy SFPE, i.e.

f(x,µ.s)(a∗) + γg(a∗)0
≥ f(x,µ.s)(a∗) + γ∗g(a∗)0
≥ f(x,µ.s)(a) + γ∗g(a)0,

for any γ ∈ Rl+1
+ and a ∈ B′(x, s). Then (λγ∗,a∗) satisfies

f(x,λµ.s)(a∗) + γg(a∗)0
≥ f(x,λµ.s)(a∗) + λγ∗g(a∗)0
≥ f(x,λµ.s)(a) + λγ∗g(a)0,

for any γ ∈ Rl+1
+ and a ∈ B′(x, s). ii) and iii) are straightforward; in par-

ticular, ii) follows from applying the Theorem of the Maximum (Stokey,
Lucas and Prescott,1989, Theorem 3.6) iii) follows from the fact that the
constraint sets are convex and the objective function concave.�

Lemma 3A: If the inf sup problem, SPFE at (x, µ, s), has a solution then
the value of this solution is unique.
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Proof: It is a standard argument: consider two solutions to the right side
of SPFE at (x, µ, s), (ã, γ̃) and (â, γ̂), then repeated application of the
saddle-point condition implies:

µh0(x, ã, s) + γ̃h1(x, ã, s) + βE [W ∗(`(x, ã, s′), ϕ(µ, γ̃), s′)| s]
≥ µh0(x, â, s) + γ̃h1(x, â, s) + βE [W ∗(`(x, â, s′), ϕ(µ, γ̃), s′)| s]
≥ µh0(x, â, s) + γ̂h1(x, â, s) + βE [W ∗(`(x, â, s′), ϕ(µ, γ̂), s′)| s]
≥ µh0(x, ã, s) + γ̂h1(x, ã, s) + βE [W ∗(`(x, ã, s′), ϕ(µ, γ̂), s′)| s]
≥ µh0(x, ã, s) + γ̃h1(x, ã, s) + βE [W ∗(`(x, ã, s′), ϕ(µ, γ̃), s′)| s]

therefore the value of the objective at both (ã, γ̃) and (â, γ̂) coincides �

Appendix C (Some Properties of convex homogeneous functions)

To simplify the exposition of these properties let F : Rm+ → R continuous,
convex and homogeneous of degree one. The subgradient set of F at y,
denoted ∂F (y), is given by

∂F (y) =
{
z ∈ Rm | F (y′) ≥ F (y) + (y′ − y)z for all y′ ∈ Rm+

}
.

The following facts, regarding F , are used in proving Lemmas 1 and 2:

F1. If F is convex, then it is differentiable at y if, and only if, ∂F (y) consists of
a single vector; i.e. ∂F (y) = {∇F (y)} , where ∇F (y) is called the gradient
of F at y.

F2. If F is convex and finite in a neighborhood of y, then ∂F (y) is the convex
hull of the compact set

{z ∈ Rm | ∃ yk −→ y with F differentiable at yk and ∇F (yk) −→ z} .

F3. Lemma 4A (Euler’s formula). If F is convex and homogeneous of de-
gree one and z ∈ ∂F (y) then F (y) = yz.

F4. Lemma 5A. If F is convex and homogeneous of degree one, for any pair(
f, f̂
)
, if fd(y) ∈ ∂F (y) and fd(ŷ) ∈ ∂F (ŷ), then ŷfd(ŷ) ≥ ŷfd(y).

F1 is a basic result on differentiability of convex functions (see, Rockafellar,
1981, Theorem 4F, or 1970, Theorem 25.1). F2 is a very convenient charac-
terization of the subgradient set of a convex function (see Rockafellar, 1981,
Theorem 4D, or 1970, Theorem 25.6). We now provide a proof of the last two
facts.

Proof of Lemma 4A: Let z ∈ ∂F (y), then for any λ > 0, F (λy) − F (y) ≥
(λy − y)z, and, by homogeneity of degree one: (λ − 1)F (y) ≥ (λ − 1)yz.
If λ > 1 this weak inequality results in: F (y) ≥ yz; while if λ ∈ (0, 1) in
F (y) ≤ yz�35

35Notice that this does not imply that F is linear, which requires that F (−y) = −F (y).
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Proof of Lemma 5A: To see F4 notice that if fd(y) ∈ ∂F (y) and fd(ŷ) ∈
∂F (ŷ), by convexity, homogeneity of degree one, and Euler’s formula:
F (ŷ) = ŷfd(ŷ) and

F (ŷ) ≥ F (y) + (ŷ − y)fd(y)
= yfd(y) + ŷfd(y)− yfd(y) = ŷfd(y).

Appendix D (Proof of Propositions 2 and 3)

Proof of Proposition 2: Given the assumptions of Proposition 2, for any
(x, µ, s), and γ ∈ Rl+1

+ , let

F(x,µ,s)(γ) = arg sup
a

µh0(x, a, s) + β E

 k∑
j=0

µjωj(x′, µ′, s′)| s


s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0

and µ′ = ϕ(µ, γ),

and hj1(x, a, s) + βE
[
ωj(x′, µ′, s′)| s

]
≥ 0, j = 0, ..., l (41)

Since this is a standard maximization problem of a continuous function on
a compact set, there is a solution a∗(x, µ, s; γ) ∈ F(x,µ,s)(γ). Furthermore,
given that the constraint set is convex and has a non-empty interior (by
A2 and A7b), there is an associated multiplier vector; let γ∗j(x, µ, s; γ)
be the multiplier corresponding to (??), for j. In particular, by Lemma 3,
γ∗(x, µ, s; γ) ∈ G(x,µ,s)(a∗), where

G(x,µ,s)(a) = arg inf
{γ≥0:‖γ‖≤B‖µ‖}

{µh0(x, a, s) + γh1(x, a, s) + β E [ϕ(µ, γ)ω(x′, ϕ(µ, γ), s′)| s]}

s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0

The rest of the proof is a trivial application of the Theorem of the Maxi-
mum (e.g. Stokey et al. (1989), p. 62) and of Kakutani’s Fixed Point The-
orem (e.g. Mas-Colell et al. (1995), p.953). First notice that µh0(x, a, s)+
β E

[∑k
j=0 µ

jωj(x′, µ′, s′)| s
]

is continuous in a and, by A2, A4 and
the definition of Mbc, G

∗
(x,µ,s)(·) is also coninuous. Second, let A(x, s) ≡

{a ∈ A : p(x, a, s) ≥ 0}, by A2 and A3 A(x; s) is compact and by A5 is
convex, while Ψ(µ) ≡ {γ ≥ 0 : ‖γ‖ ≤ B ‖µ‖} is trivially compact and
convex. Therefore, F(x,µ,s) : Ψ(µ) → A(x; s) and G∗(x,µ,s) : A(x; s) →
Ψ(µ) are upper-hemicontinuous, non-empty and convex-valued correspon-
dences, jointly mapping a convex and compact set, Ψ×A(x; s), in itself; by
Kakutani’s Fixed Point Theorem there is a fixed point (a∗, γ∗) which is a
solution to DSPP(x,µ,s). Furthermore, F(x,µ,s)(·) is a continuous function,
when A6s is assumed�

Lemma 6A. M is a nonempty complete metric space.
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Proof: That it is non-empty is trivial. Except for the homogeneity property,
that every Cauchy sequence {Wn} ∈ Mbc converges to W ∈ Mbc sat-
isfying i), iii), and the convexity property ii), follows from standard
arguments (see, for example, Stokey, et al. (1989), Theorem 3.1 and
Lemma 9.5). To see that the homogeneity property is also satisfied, for
any (x, µ, s) and λ > 0,

|W (x, λµ, s)− λW (x, µ, s)|
= |W (x, λµ, s)−Wn(x, λµ, s) + λWn(x, µ, s) − λW (x, µ, s)|
≤ |W (x, λµ, s) − Wn(x, λµ, s)| + λ|Wn(x, µ, s) − W (x, µ, s)|
→ 0

�

Lemma 7A. Assume A2 - A6 and A7b.The operator T ∗ maps Mbc into
itself.

Proof: First, notice that by Proposition 2, given W ∈ Mbc, T ∗W is well de-
fined. The correspondences Γ : X → X and Φ : Rl+1

+ → Rl+1
+ , defined by

Γ(x)(µ,s) ≡ {x′ ∈ X : x′ = `(x, a, s), p(x, a, s) ≥ 0, for some a ∈ A} and
Φ(µ)(x,s) ≡

{
µ′ ∈ Rl+1

+ : µ′ = ϕ(µ, γ), for some γ ∈ Rl+1
+

}
, are continu-

ous and compact-valued (by A2, A3 and A5, and the definition of ϕ,
respectively) and, as in the proof of Proposition 2, by continuity of the
objective function, it follows that T ∗W (·, ·, s) is continuous, and given
A3 and A4, and the boundedness condition on W , it follows that T ∗W
also satisfies (i).To see that the homogeneity properties are satisfied, let
(a∗, γ∗) satisfy

(T ∗W )(x, µ, s) = µh0(x, a∗, s) + γ∗h1(x, a∗, s) + βEW (x∗, µ∗, s′)

then, for any λ > 0

λ(T ∗W )(x, µ, s) = λ[µh0(x, a∗, s) + γ∗h1(x, a∗, s) + βEW (x∗, µ∗, s′)]

Furthermore,

λµh0(x, a∗, s) + λγ∗h1(x, a∗, s) + βEW (x∗, λµ∗
′
, s′)

= λ
[
µh0(x, a∗, s) + γ∗h1(x, a∗, s) + βEW (x∗, µ∗

′
, s′)

]
To see that SPFE is satisfied, let γ ≥ 0, µ′ = ϕ(λµ, γ) and a ∈ A(x, s),
x′ = `(x, a, s′), then

λµh0(x, a∗, s) + γh1(x, a∗, s) + βEW (x∗, µ′, s′)
= λ

[
µh0(x, a∗, s) + γλ−1h1(x, a∗, s) + βEW (x∗, µ′λ−1, s′)

]
≥ λ

[
µh0(x, a∗, s) + γ∗h1(x, a∗, s) + βEW (x∗, µ∗

′
, s′)

]
≥ λ

[
µh0(x, a, s) + γ∗h1(x, a, s) + βEW (x′, µ∗

′
, s′)

]
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It follows that,

(T ∗W )(x, λµ, s) = λµh0(x, a∗, s) + λγ∗h1(x, a∗, s) + βEW (x∗, λµ∗
′
, s′)

= λ(T ∗W )(x, µ, s)

Finally, since W ∈ Mbc, it is straightfoward to show that TW is concave
in x (by A5 and A6), and convex in µ�

Lemma 7A (monotonicity) Let Ŵ ∈M and W̃ ∈M be such that Ŵ ≤ W̃ ,
then (T ∗Ŵ ) ≤ (T ∗W̃ ).

Proof Fix (µ, x, s), then for any µ′ satisfying µ′ = ϕ(µ, γ) ≥ 0, for a given
γ ≥ 0,

max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEŴ (`(x, a, s), µ′, s′)}

≤ max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEW̃ (`(x, a, s), µ′, s′)}

It follows that

min
γ≥0

max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEŴ (`(x, a, s), ϕ(µ, γ), s′)}

≤ min
γ≥0

max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEW̃ (`(x, a, s), ϕ(µ, γ), s′)}

�

Notice that if W ∈Mbc and r ∈ R, (W + r)(x, µ, s) = µ(ω+ r)(x, µ, s) =
µω(x, µ, s) + r ‖µ‖.

Lemma 8A (discounting) Assume A4 and A7b. For any W ∈ Mb, and
r ∈ R+, T ∗(W + r) ≤ T ∗W + βr.

Proof First notice that, for any (x, µ, s) and γ ≥ 0,

max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βE(W + r)(`(x, a, s), ϕ(µ, γ), s′)}

= max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEW (`(x, a, s), ϕ(µ, γ), s′) + βr ‖ϕ(µ, γ)‖}

= max
a∈A(x,s)

{µh0(x, a, s) + γh1(x, a, s) + βEW (`(x, a, s), ϕ(µ, γ), s′)}+ βr ‖ϕ(µ, γ)‖ ,

Now, given (x, µ, s) and a ∈ A(x, s), denote by γ+(a) the solution to the
following problem

min
{γ≥0:‖γ‖≤B‖µ‖}

{
µh0(x, a, s) + βE

∑k
j=0 µ

j(ωj + r)(`(x, a, s), ϕ(µ, γ), s′)

+
∑l
j=0 γ

j
[
hj1(x, a, s) + βE(ωj + r)(`(x, a, s), ϕ(µ, γ), s′)

] }

= µh0(x, a, s) + βE
k∑
j=0

µjωj(`(x, a, s), ϕ(µ, γ+(a)), s′)

+ γ+(a)
[
h1(x, a, s) + βEω(`(x, a, s), ϕ(µ, γ+(a)), s′)

]
+ βr

∥∥ϕ(µ, γ+(a))
∥∥
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and let γ∗(a) be the solution to

min
{γ≥0:‖γ‖≤B‖µ‖}

{
µh0(x, a, s) + βE

∑k
j=0 µ

jωj(`(x, a, s), ϕ(µ, γ), s′)∑l
j=0 γ

j
[
hj1(x, a, s) + βEωj(`(x, a, s), ϕ(µ, γ), s′)

] }

= µh0(x, a, s) + βE
k∑
j=0

µjωj(`(x, a, s), ϕ(µ, γ∗(a)), s′)

+ γ∗(a) [h1(x, a, s) + βEω(`(x, a, s), ϕ(µ, γ∗(a)), s′)] ;

therefore,

µh0(x, a, s) + βE
k∑
j=0

µjωj(`(x, a, s), ϕ(µ, γ+(a)), s′)

+ γ+(a)
[
h1(x, a, s) + βEω(`(x, a, s), ϕ(µ, γ+(a)), s′)

]
+ βr

∥∥ϕ(µ, γ+(a))
∥∥

≤ µh0(x, a, s) + βE
k∑
j=0

µjωj(`(x, a, s), ϕ(µ, γ∗(a)), s′)

+ γ∗(a) [h1(x, a, s) + βEω(`(x, a, s), ϕ(µ, γ∗(a)), s′)] + βr ‖ϕ(µ, γ∗(a))‖ .

Piecing things together (denoting, as usual, by a∗ ≡ a∗(x, µ, s) and γ∗ ≡
γ∗(x, µ, s)); that is, γ∗ ≡ γ∗(a∗)), we have:

T ∗(W + r)(x, µ, s)

= min
γ≥0

max
a∈A(x,s)

{
µh0(x, a, s) + βE

∑k
j=0 µ

jωj(`(x, a, s), ϕ(µ, γ), s′)

+
∑l
j=0 γ

j
[
hj1(x, a, s) + βEωj(`(x, a, s), ϕ(µ, γ), s′)

] }

≤ µh0(x, a∗, s) + βE
k∑
j=0

µjωj(`(x, a∗, s), ϕ(µ, γ∗, s′)

+ γ∗ [h1(x, a∗, s) + βEω(`(x, a∗, s), ϕ(µ, γ∗), s′)] + βr ‖ϕ(µ, γ∗)‖

= µh0(x, a∗, s) + βE
k∑
j=0

µjωj(`(x, a∗, s), ϕ(µ, γ∗, s′) + βr ‖ϕ(µ, γ∗)‖

≤ µh0(x, a∗, s) + βE
k∑
j=0

µjωj(`(x, a∗, s), ϕ(µ, γ∗, s′) + βr(1 +B) ‖µ‖

By homogeneity, without loss of generality we can choose an arbitrary
µ 6= 0, such that: ‖µ‖ ≤ (1 + B)−1. The above inequalities show that
T ∗(W + r) ≤ T ∗(W ) + βr�

Lemma 9A (Contraction property): The argument is the standard Black-
well’s argument. We show that the contraction property is satisfied. Let
W, Ŵ ∈Mbc.
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Notice that W ≤ Ŵ +
∥∥∥W − Ŵ∥∥∥, then using the results of Lemmas 7A

and 8A,

T ∗W ≤ T ∗(Ŵ +
∥∥∥W − Ŵ∥∥∥) ≤ T ∗(Ŵ ) + +β

∥∥∥W − Ŵ∥∥∥),

reversing the roles of W and Ŵ , we obtain that∥∥∥T ∗W − T ∗Ŵ
∥∥∥ ≤ β ∥∥∥W − Ŵ∥∥∥ ;

therefore, T ∗ is a contraction mapping�
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Abstract

We extend Marcet and Marimon’s recursive saddle-point method (1998, revised 2011)

to encompass contracting problems with intertemporal incentive constraints with non-

unique solutions. Our approach exploits the subdifferentiability properties of the corre-

sponding value functions, which are convex and homogeneous in the co-state variable.

We provide a unique selection procedure which guarantees that the co-state variable is a

sufficient statistic for past Lagrange multipliers associated with the incentive constraints.
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1 Introduction

Marcet and Marimon (1998, revised 2011) (henceforth M&M) develop an elegant and

flexible recursive saddle-point method, suitable for solving a wide class of dynamic opti-

mization problems. Because of its tractability and computational advantages, through-

out the last years many authors have started applying this approach. The list of papers

which use it includes, among many others, Attanasio and Rios-Rull(2001), Ayagari,

Marcet, Sargent and Seppälä (2002), Cooley, Marimon and Quadrini (2001), Friedman

(1998), Kehoe and Perri (2002), Khan, King and Wolman (2000), Klein and Rios-Rull

(2002), Marcet and Marimon (1992), Seppälä (2002), and Siu (2002). These applica-

tions include default models, optimal Ramsey taxation problems, and moral hazard

models.

One of the key advantages of the M&M method with respect to dynamic program-

ming is that the state space is not itself endogenous but it is predetermined, which is

the usual sense of a recursive state. This can simplify the numerical analysis substan-

tially with respect to the alternative approach –based on the work of Abreu, Pearce

and Stacchetti (1990) – of using promised utilities as state variables, which often re-

quires costly preliminary computations (see, for example, Abraham and Pavoni (2005)

and Chang (1998)). The other key advantage of this method is that the state vari-

ables are simple objects. The dimensionality of the endogenous states only depends on

the number of constraints. In contrast, in the usual techniques the dimensionality of

endogenous states space depends on the number of shocks. In particular, when uncer-

tainty is described by random variables with a continuous support one must maximize

by choosing a function (an infinite dimensional object) even in the recursive formulation

of the problem.

The ’recursive contract’ approach of M&M builds on the duality between solutions

to optimization problems (’Planner problems’; PP) and the saddle-points of the Lan-

grangean associated with them (SPP). M&M essentially extend Bellman’s principle of

optimality to dynamic saddle-point problems, where the state space is enlarged with

co-states acting as sufficient statistics of past Lagrange multipliers.

In duality theory, convexity and interiority assumptions guarantee that optimality

problems have well defined Lagrangean saddle-points; the passage from PP to SPP.

Furthermore, if Lagrangean multipliers exist, saddle-point solution controls are solu-

tions to the original problem; that is, the sufficiency results –guaranteeing the passage

from SPP to PP– are very general. In M&M (2011) SPP is a one-period saddle-

point problem; that is, only the incentive constraints of the initial period are taken

into account. M&M show how the standard duality equivalence (PP⇔ SPP) general-

2



izes. However, the central element of their theory is to obtain a saddle-point functional

equation (SPFE) generalizing Bellman’s optimality principle to dynamic saddle-point

problems and, ultimately, to determine the condition under which there is a dual-

ity equivalence: PP ⇔ SPFE; which in practice requires a sequential formulation of

SPP problems. They obtain such a sequential formulation by assuming uniqueness

of solutions, or by making assumptions on primitives of the models that imply such

uniqueness. While strictly concave return functions can guarantee the required unique-

ness, for most problems it is a strong requirement (even if, once a solution has been

found, may not be too difficult to verify whether is at least locally unique).

In fact, Messner and Pavoni (2004) provided an example where the lack of unique-

ness resulted in dynamic saddle-point (SPFE) solutions which were not a solution to

the original problem (PP) 1. In this paper we revisit this example and we provide

a natural extension of M&M (2011) as to encompass dynamic contracting problems

without unique solutions. To this end, building on M&M (2001), we furhter exploit

the subdifferentiability properties of the value functions, which are convex and homo-

geneous (of degree one) in the corresponding co-state variables. In particular, SPFE

has non-unique solutions –which may not be solutions to the original problem PP- if,

and only if, the value function is not differentiable in the co-state variable. Our third

building block is the recent work on the Envelope Theorem without differentiability

(Marimon and Werner (2010)), which allow us to make a proper selection in the case

of multiple solutions. We first discuss the uniqueness problem.

2 The uniqueness problem

Before we revisit Messner and Pavoni (2004) example it is illustrative to see how ’the

uniqueness problem’ can already be seen in a simple static Pareto optimal problem.

Example 1. A simple Pareto problem

Consider the simple planner’s problem of spliting an endowment among two agents,

but one agent makes the offer subject to the participation constraints of both agents:

PP max
a∈[0,y]

u1(y − a)

s.t. u2(a) ≥ u2

1Messner and Pavoni (2004) was in fact a ’counterexample’ to M&M (1998), since in that version

the uniqueness condition was not explicit.
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Provided that there is an interior solution ã and that u′i > 0, i = 1, 2, this problem has

a well defined saddle-point:

min
γ≥0

max
a∈[0,y]

{u1(y − a) + γ (u2(a)− u2)} ,

with a solution (a∗, γ∗), satisfying: u2(a∗) = u2 and γ∗ = u′1(y−a∗)/u′2(a∗). As a result

the ‘value’ of PP is given by

V (y) = u1(y − a∗) + γ∗ (u2(a∗)− u2)

= u1(y − a∗)

As standard maximization theory shows, when u′′i < 0 i = 1, 2,we obtain the same

unique solution a∗ by solving the following Pareto problem:

PPµ max
a∈[0,y]

{u1(y − a) + µu2(a)} ,

provided that µ = γ∗; in other words, µ = γ∗ is a sufficient statistic for PP when

solving PPµ.

However, when u′′i = 0, i = 1, 2, γ∗ = 1 and any a∗ ≥ 0 is a solution to PPµ;

therefore, with only one exception, the solutions to PPµ are not solutions to PP. This

is the ‘uniqueness problem’: solving PPµ does not guarantee that we obtain a solution

to the original problem PP when PPµ has not unique solutions .

To take a closer look at this problem, we fix y and consider the more general saddle-

point problem SPPµ :

W (µ) = min
γ≥0

max
a∈[0,y]

{u1(y − a) + µu2(a) + γ (u2(a)− u2)} . (1)

Notice that, either in the non-linear case (u′′i < 0 i = 1, 2) for any µ ≥ 0,or in the linear

case (u′′i = 0 i = 1, 2) for any µ ≥ 0, µ 6= 1, W is differentiable, with

W ′(µ) = u2(a∗(µ))

where (a∗(µ), γ∗(µ)) is the unique solution to SPPµ. In particular, in the linear case

if µ < 1, µ + γ∗(µ) = 1, a∗(µ) = u−1
2 (u2) and W ′(µ) = u2, while if µ > 1, γ∗(µ) = 0,

a∗(µ) = y and W ′(µ) = u2(y) .However, in the linear case W is not differentiable at

µ = 1, and γ∗(µ) = 0, while a∗(µ) ∈ [u−1
2 (u2), y]. Nevertheless, since W is convex in µ,

the right-hand and the left-hand derivatives of are well defined for any µ, and given by

W ′+(µ) = lim
t↘0

W (µ+ t)−W (µ)
t

= max
a∗∈A∗(µ)

min
γ∗∈Λ∗(µ)

u2(a∗(µ))

W ′−(µ) = lim
t↘0

W (µ− t)−W (µ)
t

= min
a∗∈A∗(µ)

max
γ∗∈Λ∗(µ)

u2(a∗(µ)),
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where A∗(µ) × Λ∗(µ) is the set of saddle-point solutions to (1) and the order of max-

imum and minimum does not matter2. In particular, in the linear case: A∗(1) ×
Λ∗(1) = [u−1

2 (u2), y]× {0} ; that is, W ′+(1) = u2(y) and W ′−(1) = u2 are the extreme

points of the subgradient set of W at µ = 1, ∂W (1). That is, a solution to SPPµ

at µ = 1 is a selection in ∂W (1) = A∗(1) = [u−1
2 (u2), y] and, naturally, any selection

results in the same value W (1) = y. However, if PPµ is the Pareto problem corre-

sponding to the oiginal PP, only the selection corresponding to W ′−(1) is the solution

to the original PP... as if in order to make the appropriate selection one had to re-

member that in the original problem µ = 0 and, therefore, ‘the direction of arrival’ to

µ = 1 was from the left!

While there is not much sense to talk about ‘the direction of arrival’ in a static

problem this selection criterium becomes a natural one in a dynamic context; therefore,

we turn to the dynamic example of Messner and Pavoni (2004)

Example 2. Messner and Pavoni (2004) .

We consider a dynamic genearlization of the previous example, concentrating the

discussion in the linear case:

PP sup
{at}

∞∑
t=0

βt(y − at)

s.t. at ∈ [0, a], t ≥ 0
∞∑
n=0

βnat+n ≥ b(1− β)−1, t ≥ 0

where y > a > b > 0, 0 < β < 1 and b < βa. Notice that, without loss of

generality, we can add a participation constraint for the planner which will never

be binding, such as
∞∑
n=0

βn(y − at) ≥ 0, t ≥ 0.

In which case, we can rewrite the objective function as

PPµ sup
{at}

∞∑
t=0

βt
[
µ1(y − at) + µ2at

]
,

where the original problem is given by PPµ0
, with µ0 = (1, 0).

The SPFE of this problems is given by (see Appendix for details):

µ1(y − a∗) + µ2a∗ + γ1(y − a∗) + γ2(a∗ − b(1− β)−1) + βW (µ+ γ)

≥ µ1(y − a∗) + µ2a∗ + γ1∗(y − a∗) + γ2∗(a∗ − b(1− β)−1) + βW (µ+ γ∗)

≥ µ1(y − a) + µ2a+ γ1∗(y − a∗) + γ2∗(a− b(1− β)−1) + βW (µ+ γ∗)
2Here we follow Marimon and Werner (2010; Theorem 1), which generalizes Milgrom and Segal

(2002; Theorem 5).
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The value funtion of this problem satisfies

W (µ) = µ1(y − a∗) + γ1∗(y − a∗) + µ2a∗ + γ2∗(a∗ − b(1− β)−1) + βW (µ+ γ∗) (2)

where

W (µ) = (µ1(y − b) + µ2b)(1− β)−1, if µ2 ≤ µ1 (3)

W (µ) = y(1− β)−1, if µ2 = µ1

W (µ) = (µ1(y − a) + µ2a)(1− β)−1, if µ2 > µ1

and the saddle-point policy correspondence (SP policy correspondence) of SPFE,

(a∗, γ∗) ∈ Ψ(µ) is

Ψ(µ) = (b, (0, µ2 − µ1)), if µ2 ≤ µ1

Ψ(µ) = ([b, a], (0, 0)), if µ2 = µ1

Ψ(µ) = (a, (0, 0)), if µ2 > µ1

Following M&M (2011) we can express (2) as

W (µ) = µωd(µ) ≡
2∑
j=1

µjωdj (µ)

where ωdj (µ) is a partial directional derivative. Notice that ωd(µ) = ∇W (µ) whenever

µ2 6= µ1; i.e. ωd(µ) is uniquely defined, since W is differentiable in µ when µ2 6= µ1.

However, while W (µ) is uniquely defined when µ2 = µ1 its decomposition is not. As

in Example 1, a selection from the saddle-point policy correspondence at µ2 = µ1,

corresponds to a selection of the decomposition of W (µ) within the subgradient set:

ω(µ) ∈ ∂W (µ) = [(y − b, b), (y − a), a] (1− β)−1

In particular, when one starts with the orginal problem PPµ0
, with µ0 = (1, 0), then

γ∗(µ0) = (0, 1), a∗(µ0) = b, and µ2
1 = µ1

1. However, if at t = 1 one chooses a∗(µ1) ∈ (b, a]

and, consitently, maintains this choice for t > 1, then

(1− β)ω2(µ0) = b 6= a∗ ∈ (1− β)∂2W (µ1)

This example is a benchmark example in that W is differentiable in µ at µ0 = (1, 0).

Furthermore, for any µ′ = µ+ γ∗ we know that γ∗ = µ′ − µ is the ‘direction of arrival’

to µ′. We take this direction as the ‘natural selection’ criterium. The directional

derivatives allows us to use a version of the Envelope Theorem (see Marimon and
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Werner (2010) and Milgrom and Segal (2002)). Partial directional derivatives are well

defined; for example, the second-partial left derivative is given by

ω−2 (µ) ≡ ∂−2 W (µ) = lim
t↘0

W (µ− te2)−W (µ)
t

, (4)

where e2 = (0, 1). In this example, at µ2 < µ1, ω−2 (µ) = ω2(µ) = b(1 − β)−1and at

µ2 = µ1,

ω−2 (µ) = min {z : z ∈ [b, a]} (1− β)−1 = b(1− β)−1

Therefore, from µ0 = (1, 0) to µ1 = µ0 + γ∗(µ0) = (1, 1), the envelope in the direction

γ∗(µ0) results in the following individual recursive equation

ω2(µ0) = min
a∗∈A∗(µ0)

max
γ∗∈Λ∗(µ0)

{
a∗ + β∂−2 W (µ0 + γ∗)

}
, (5)

where A∗(µ0)× Λ∗(µ0) is the set of saddle-point solutions to SPFE at µ0; that is,

b(1− β)−1 = b+ βb(1− β)−1,

As we see, in this example, with the ‘direction of arrival’ selection citerium (i.e. applying

the Envelope Theorem in the direction γ∗ = µ′ − µ) solutions to SPFE at µ0 are

solutions to PPµ0
(see Appendix).

In the next section we provide the general formulation of our approach and show

how the passage from SPFE to PP is guaranteed with this selection criterium. As

our solution to this example suggests, this passage requires to keep ‘the direction of

arrival’, γ∗, as part of the co-state variable.

3 The Dynamic Saddle-Point Problem

We follow M&M’s (2011) notation and their characterization of the Dynamic Saddle

Point Problem, associated with SPFE. In particular, they consider the following spaces

of “value” functions

Mb ={W : X ×Rl+1
+ × S → R

i)W (·, ·, s) is continuous, and W (·, µ, s) bounded, when ‖µ‖ ≤ 1,

ii)W (x, ·, s) is convex and homogeneous of degree one}

and

Mbc ={W ∈Mb and

iii)W (·, µ, s) is concave}.
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Mb is a space of continuous, bounded functions (in x), and convex and homogenous

of degree one (in µ), whileMbc is the subspace of concave functions (in x). Both spaces

are normed vector spaces with the norm

‖W‖ = sup {|W (x, µ, s)| : ‖µ‖ ≤ 1, x ∈ X, s ∈ S} .

Whenever W satisfies (ii) it can be represented as W (x, µ, s) = µω(x, ·, s): therefore,

it is convenient to define the corresponding spaces of functions:

Mb ={ω : X ×Rl+1
+ × S → Rl+1 s.t., for j = 0, ..., l,

i)ωj(·, ·, s) is continuous, and ωj(·, µ, s) bounded, when ‖µ‖ ≤ 1

ii)ωj(x, ·, s) is convex and homogeneous of degree zero}

and

Mbc ={ω ∈Mb s.t., for j = 0, ..., l,

iii)ωj(·, µ, s) is concave},

ω ∈ M uniquely defines a function W ∈ M, given by W ≡ µω, but W ∈ M does

not uniquely define a Rl+1 valued function ω ∈ M ; it does when, in addition, W is

differentiable in µ.

Given a function ω ∈ M , and an initial condition (x, µ, s), the Dynamic Saddle

Point Problem is given by

DSPP inf
γ≥0

sup
a

{
µh0(x, a, s) + γh1(x, a, s) + β E

[
µ′ω(x′, µ′, s′)| s

]}
s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0

and µ′ = ϕ(µ, γ),

Here we assume that it has a solution3 and therefore the following SPFE operator

is well defined: T ∗ :M−→M given by

(T ∗W )(x, µ, s) = min
γ≥0

max
a

{
µh0(x, a, s) + γh1(x, a, s) + β E

[
W (x′, µ′, s′)| s

]}
s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0

and µ′ = ϕ(µ, γ),

WhenW ≡ µω, with ω ∈M , and DSPP(x,µ,s) uniquely defines the values hj0(x, a∗(x, µ, s), s), j =

0, ..., l, then T ∗ defines a mapping, T : M −→M , given by
3See M&M (2001 for more explicit assumptions guaranteeing the existence of a solution to DSPP.
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(Tωj)(x, µ, s) = hj0(x, a∗(x, µ, s), s) + β E
[
ωj(x∗′(x, µ, s), µ∗′(x, µ, s), s′)| s

]
, (6)

if j = 0, ..., k, and

(Tωj)(x, µ, s) = hj0(x, a∗(x, µ, s), s), if j = k + 1, ..., l.

M&M (2011) consider the case where the T map is well defined. We consider the more

general case, where it may not be. To this end we extend the co-state with the ‘direction

of arrival’, which acts as a recursive indicator of functions in M . More precisely, given

γ∗ = µ′ − µ, let

d(γ∗) = sign
(

µ′

‖µ′‖
− µ

‖µ‖

)
,

where, given z ∈ Rl+1, ‘sign(z)’ is a vector of postive or negative (+1 or −1) indicators,

which in our case determines the partial directional derivatives. More precisely, given

W ∈ M, and a directional vector d, we define (with a certain abuse of notation):

W d(x, µ, s) = W (x, µ, s) but W d(x, µ, s) ≡ µωd(x, µ, s) ≡ µ∂dW (x, µ, s); that is, the

value is independent of the direction, d, but the decompostion is uniquely determined

by the direction. We then consider the following operator:

(T
′∗W )d(x, µ, s) = min

γ≥0
max
a

{
µh0(x, a, s) + γh1(x, a, s) + β E

[
W d′(x′, µ′, s′)| s

]}
s.t. x′ = `(x, a, s), p(x, a, s) ≥ 0

and µ′ = ϕ(µ, γ), d′ = d(γ∗) if γ∗ > 0, d′ = d if γ∗ = 0.

The choice of directional derivatives not only determines the value decomposition

representation but also, consistent with it, the choice of maximizers; that is a∗ is taken

as the limiting value in the d′ direction. With this selection the T
′∗ operator uniquely

defines a mapping, T ′, given by

(T ′ωdj )(x, µ, s) = hj0(x, ad
′∗(x, µ, s), s) + β E

[
ωd
′
j (xd

′∗}(x, µ, s), µ∗′(x, µ, s), s′)| s
]

,

if j = 0, ..., k, and

(T ′ωj)(x, µ, s) = hj0(x, ad
′∗(x, µ, s), s), if j = k + 1, ..., l.

The following lemma is the key step to our main result, which follows 4.

Lemma: If T ∗ : M −→ M is a contraction mapping, with W ∗ = T ∗W ∗, then

W ∗· = T ′∗W ∗· and ω∗· = T ′ω∗·. Furthermore, for almost every µ, ω∗· = ω∗; i.e. it

is independent of d.
4We denote by W ∗· the function W ∗d for an arbitrary value d.
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Proof: That W ∗· = T ′∗W ∗· follows from the fact that the T
′∗ operator only adds to

the T ∗ operator a selection criteria for the decompostion of W ∗, which affects the

choices, but not the contraction property of T ′∗. Since this selection criterium

uniquely determines the T
′∗ map [[this will require a more detailed explanation]

it follows that ω∗· = T ′ω∗·. The last statement follows from the fact that W ∗

is convex in µ and finite, therefore non differentiable in at most countable many

points (Rockafellar, 1970, Theorem 25.3).

Theorem: Assume the functions hj0(x, ·, s), j = 0, ..., l, are invertible and that T ∗ :

M −→ M is a contraction mapping. If (a∗,γ∗) is generated by W ∗·, with

W ∗· = T ′∗W ∗·from (x, µ, s), then (a∗,γ∗) solves SPPµ at (x, s) and a∗ is a

solution to PPµ at (x, s).

Proof (sketch): The proof is basically the same than the one of Theorem 4 in M&M

(2011), once it has been established that the T
′∗ is uniquely determined by the

selection criterium. As Theorem 5 in M&M (2011) stresses this was the missing

piece to kill the ’counterexample’.
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