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1 Introduction

In this paper we study how capital and labor income should be taxed or subsidized when individuals
face uninsurable idiosyncratic shocks to their labor income. The purpose of this paper is to explore
the basic principles for optimal linear taxation in a dynamic incomplete markets model.

A related question has been extensively studied in the complete-markets/ representative-agent
frameworks.! With incomplete asset markets, it is often argued that capital should be taxed,
because capital tends to be ‘over-accumulated’ in such an economy provided that individuals are
prudent.? In his seminal contribution, Aiyagari (1995) argues that capital should be taxed, and
a number of numerical analyses following up his work also conclude that capital should be taxed,
which appear to reinforce this argument.

This line of reasoning is not correct, however. Notice that over-accumulation of capital here
simply means that capital is accumulated more in a competitive equilibrium of the incomplete-
markets economy than in the first-best allocation (assuming prudence).® The argument asserts the
property of a second-best equilibrium by comparing a sub-optimal equilibrium and the first-best
allocation. On the other hand, whether or not capital should be taxed concerns the property of a
second-best equilibrium, where one must seek for a best scenario within the set of equilibria with
taxes, which typically does not contain the first best allocation. Therefore, one cannot determine
whether or not capital should be taxed by simply comparing the level of equilibrium savings under
incomplete markets with the first-best level.

In fact, Aiyagari’s (1995) result is mute to the common argument above. Above all, he does
not solve the second best problem. Instead, what is done in Aiyagari (1995) is to provide some
conditions under which capital will be accumulated unboundedly unless the tax rate on capital
income is strictly positive in the long run. In particular, two conditions are crucial for this result.
First, consumption goods and leisure are perfect substitutes in the utility function of individuals.®
Second, the government provides public goods in such a way that the before-tax interest rate would
be equal to the time discount rate at a steady state of the optimal-tax equilibrium. But we should
note that under these assumptions it is not clear why capital stock should be bounded, and thus
the existence of a steady state itself is a non-trivial question. In this sense Aiyagari’s (1995) result

does not establish that the optimal capital tax is strictly positive in the long run.

1Examples for the complete-markets/representative-agent setups include, among others, Stokey and Lucas (1983),
Judd (1985), Chamley (1986), Zhu (1992), Chari, Christiano, and Kehoe (1994), Jones, Manuelli, and Rossi (1997).
Examples for the incomplete-markets setups are Aiyagari (1995), Imrohoroglu (1998), Domeij and Heathcote (2004),
Conesa, Kitao and Krueger (2009), etc.

2Ljungqvist and Sargent (2004, pp. 535-536) is an example of this type of argument: “(T)he optimal capital
tax in a heterogeneous-agent model with incomplete insurance markets is actually positive, even in the long run. A
positive capital tax is used to counter the tendency of such an economy to overaccumulate capital because of too

much precautionary saving.”

3With endogenous labor supply decisions, capital may be accumulated less under incomplete markets even if

individuals are prudent. For this, see, for instance, Marcet, Obiols-Homs, and Weil (2007).

4Using a two-period model, Gottardi, Kajii and Nakajima (2009) make it clear that whether or not capital should
be taxed in an incomplete-markets economy has nothing to do with whether or not its equilibrium savings are larger

than in the first-best allocation.

5As demonstrated by Marcet, Obiols-Homs, and Weil (2007), if consumption and leisure are not perfect substi-

tutes, long-run savings remain finite even when the interest rate equals the time discount rate.



In order to understand the nature of optimal-tax equilibrium, the second best problem needs
to be worked out explicitly. However, even numerically, it is in general difficult to solve the second
best problem under incomplete markets because of the curse of dimensionality problem inherent in
such an economy. In this respect, important progress has been made by such studies as Aiyagari
and McGrattan (1998), Imrohoroglu (1998), Domeij and Heathcote (2004), Conesa, Kitao and
Krueger (2009), and Fukushima (2010), among others. Nevertheless, none of them solve the fully
dynamic second best problem. For instance, a typical assumption made in this literature is that
the social planner attempts to maximize only the average welfare at the steady state. The solution
to such a problem ignores welfare gains/losses during transition to the steady state, and can in
principle be very different from the solution to the second best problem which takes them into
account. Among the papers listed above, Domeij and Heathcote (2004) consider transition, but
they restrict fiscal policies so that the tax rates are constant over time.

In this paper, in order to explicitly study the optimal taxation problem, we focus on a highly
stylized but tractable model of incomplete markets. As a result, we show in a very transparent
fashion when and why capital and labor should be taxed/subsidized. It reveals two general princi-
ples about the nature of optimal taxation under incomplete markets, which are different from the
aforementioned common line of argument. Furthermore, because of the tractability of the model,
we obtain a numerical solution to the optimal (linear) taxation problem without making ad hoc
assumptions as in the literature.

Now we shall outline our findings. Our model is an incomplete-markets version of the endoge-
nous growth model studied by Jones and Manuelli (1990), and is closely related to Krebs (2003).
Individuals have access to three types of assets: bonds, physical capital, and human capital. The
first two assets are riskfree, but the accumulation of human capital is subject to idiosyncratic
shocks, which are identically and independently distributed both across individuals and across
periods. As in Aiyagari (1995), we restrict attention to linear taxes on labor and capital income.%
Given that all individuals have identical Epstein-Zin-Weil preferences, we show that the competi-
tive equilibrium can be characterized in a simple way. Our model differs from the standard one in
that there is no labor/leisure choice and the labor productivity of an individual is determined by
his/her investment in human capital. But the individuals exhibit prudence and in the laissez-faire
equilibrium without taxes, the capital/labor ratio is greater than the first-best level in our setup,
like in the standard model.

After setting up the optimal taxation problem formally, we start with a simple case where the
government does not consume goods, and keeps balanced budget in each period. In this case, we
show that, under a set of plausible assumptions, subsidizing the interest income and tazing the
wage income makes everyone better off, starting from the laissez-faire equilibrium. That is, the
government should increase the capital/labor ratio. Notice that this result cannot be understood
with the common argument. But there is a simple economic reason: the welfare will be improved
if risky income is insured, so the first principle of optimal taxation is that the government should

tax risky source of income to subsidize less risky source of income. In our model, it is the labor

SHere we consider only linear taxes for the sake of tractability and clarity. It is, of course, a very important
line of future research to examine how robust our findings are when non-linear taxes are allowed as in Kocherlakota
(2005).



productivity which is risky, and taxing the wage income reduces the after-tax price of labor.”
Under the balanced budget of the government, the revenue from taxing the wage income must be
distributed back to the private sector by subsidizing the interest income.

Next we allow for the government to borrow and lend, and consider a dynamic optimal taxation
problem. The insurance principle above still indicates that the wage income should be taxed other
things being equal, but the government is no longer restricted to use the capital taxation for
subsidizing since it can allocate the tax burdens intertemporally.

We provide two theoretical results. The first result clarifies to what extent government debt
is beneficial: it shows in particular that when the government’s consumption is small enough, the
government should borrow.® To understand this, recall that the optimal capital tax is negative
in the case of balanced budget with no government purchase, and so the after-tax rate of return
on physical capital is greater than its before-tax rate. In addition, because of risk aversion, the
after-tax rate of return on human capital is greater than that on physical capital. As a result,
the average rate of return in the private sector is greater than the rate of return faced by the
government, i.e., the private sector is more efficient. Thus there will be a gain if the government
borrows to reduce taxes at the margin to encourage the private sector to accumulate more wealth.”
By continuity, this continues to be true with a sufficiently small level of government purchases.

The result above indicate that the balanced budget is almost never optimal, but it does not tell
us how much the government should borrow or lend. The second result then describes the condition
that the tax rates must satisfy at the steady state of the optimal tax equilibrium. Roughly speaking,
the condition says that the government’s return must be equated and the private sector returns,
after adjusted for the effect of changing saving rate. Intuitively, such a parity must hold when the
tax burdens are efficiently allocated intertemporally since at the margin, a transfer of wealth from
the government to the private sector results in a direct effect of increasing private sector wealth as
well as an indirect effect through possible change in saving rate.

The condition implies in particular, when the intertemporal elasticity of substitution is unity
and hence the saving rate is invariant of the rate of returns, there should be no difference in the
rates of returns between the government and the private sector at the steady state of the optimal-
tax equilibrium. Since the after-tax rate of return on human capital must be greater than that on
physical capital, the parity of returns holds only when the tax rate on physical capital is strictly
positive. Consequently, the optimal tax rate on physical capital is strictly positive in the long run.
This observation reveals the second principle for the optimal taxation: for efficient intertemporal
allocation of tax burdens, the government should tax riskless asset in the private sector to keep
the returns of the government bond in parity with the average private sector returns.

Finally we calibrate our model to the U.S. economy. Thanks to the tractability of our model,

"Taxing the wage income also has an offsetting pecuniary externality effect: It tends to reduce the aggregate
stock of human capital, which increases the (before-tax) wage rate. In our model, the direct effect dominates the

indirect, pecuniary externality effect so that a tax on the wage income reduces the after-tax wage rate.

8We assume that the amount of taxes paid by each individual in a given period depends only on his/her current
labor and capital incomes. This makes our question here well defined. See Bassetto and Kocherlakota (2004) more

on this issue.

9In our model, one also needs to take into account how the timing of taxes affects the saving rate, in order to
determine the optimal allocation of tax burdens. However, as we shall see, evaluated locally around the equilibrium

obtained under the balanced budget restriction, this effect vanishes.



we are able to obtain a numerical solution to the optimal taxation problem relatively easily. The
parameter for the idiosyncratic income risk is chosen based on the evidence provided by Meghir and
Pistaferri (2004), and the rest of the parameters are set as in Chari, Christiano and Kehoe (1994).
We find that the presence of idiosyncratic labor-income risks significantly affects the optimal tax
rates and the optimal amount of the government debt. They are also very sensitive to the degree
of relative risk aversion. For instance, the steady-state debt-output ratio is about -100 percent
when the coefficient of risk aversion is one, and it is about 200 percent when the coefficient of risk
aversion is 9. Under our baseline calibration with the coefficient of risk aversion equal to three,
the welfare gain of adopting the Ramsey policy amounts to a permanent increase in consumption
of all individuals by 0.85 percent (taking into account of the transition).

The rest of the paper is organized as follows. In Section 2, the model economy is described,
and the benchmark equilibrium is derived. Section 3 discusses the constrained inefficiency of the
benchmark equilibrium. Section 4 analyzes the optimal taxation problem when the government is
required to have balanced budget in each period. Section 5 considers the dynamic optimal taxation
problem and discusses the main result of this paper. Section 6 describes the numerical results.

Section 7 concludes.

2 Model economy

In this section we describe the model economy. Time is discrete and indexed by ¢t = 0,1,2,....
The economy consists of a government, a continuum of individuals, and perfectly competitive
firms that produce a single, homogeneous product. There is no aggregate risk in the model and
so all the aggregate variables are non-random. Consequently, the market clearing prices are non-
random throughout. The government needs to purchase an exogenously given amount of output
in each period, which is financed by issuing debt and collecting taxes. Regarding taxes, we restrict
attention to linear taxes on wages and interests. Negative taxes (i.e., subsidies) are also allowed.
In this section we describe a competitive equilibrium associated with a given fiscal policy. The

optimal fiscal policy is discussed later.

2.1 Firms

In each period, a single commodity is produced by perfectly competitive firms, using physical and
human capital as inputs. All firms have identical production technology, described by a Cobb-

Douglas production function:
y = F(k,h) = Ak*h'~2, (1)

where y is the level of output, A is a constant, k is the input of physical capital, and h is the input
of human capital. In particular, there is no productivity shock in the technology.

Let K; 1 and H;_; denote, respectively, the aggregate stock of physical and human capital at
the beginning of period t. Market clearing requires that the quantities of the factors demanded
by the firms equal to these values. Hence, the aggregate amount of output produced in period ¢ is
therefore given by

Y, = F(K; 1, H;1) = AK® (H! 7}



The profit maximization condition with market clearing implies that the before-tax rental rate of
physical capital in period ¢ equals the marginal product of physical capital in that period, Fj +,

where
OF(Ky—1,H;_1)

0K

Similarly, the before-tax wage rate per efficiency unit of labor in period ¢ is the marginal product

Fk,t =

of human capital:
OF (K1, Hy 1)

F .=
ot 0H;_4

2.2 Individuals

There is a continuum of individuals. In every period, individuals consume the consumption good,
supply one unit of raw labor inelastically, and invest in three kinds of assets: risk-free bond,
physical capital, and human capital. The level of human capital of each individual determines the
“efficiency units” of his/her labor.

Each individual ¢ € [0, 1] has Epstein-Zin-Weil preferences over random sequences of consump-

tion, which are defined recursively by

1-1 P—1
Uip = {(1 - 5)(01‘,75)17% + B [Er(uit41) 7] 1} ,t=0,1,... (2)

where u; ; is the level of utility of individual ¢ in period ¢, F; is the conditional expectation operator
at time ¢, ¢;; is his/her consumption in period ¢, 8 € (0,1) is the discount factor, 1 is the elasticity
of intertemporal substitution, and «y is the coefficient of relative risk aversion.

Let b;1—1, kit—1 and h;;—1 denote, respectively, the quantities of risk-free bond, physical
capital, and human capital that individual 7 holds at the end of period t — 1. To capture the
idea that labor income is subject to uninsurable idiosyncratic shocks, we assume that the human
capital of individual ¢ is affected by a random shock parameter, 6; ., at the beginning of each
period t. We assume that 6;,, ¢ € [0,1], t = 1,..., are identically and independently distributed
across individuals and across periods, with unit mean. Thus the actual amount of human capital
of individual ¢ available at the beginning of each period ¢ is equal to 6; +h; ;1. We further assume
that the law of large number applies, so that the aggregate stock of human capital at the beginning

of period t is not random: that is, the following relation holds with probability one:

1 1
/ Oithit—1 di = / hit—1di = H_q.
0 0

We suppose that both physical and human capital are accumulated by investing output after
the private shock has been observed; that is, the amount of capital is determined first by the time
t shock and then by depreciation, and new investment takes place. Let vx,; and ¢y ;, denote,
respectively, the investment in physical and human capital of individual ¢ in period ¢. Then the

two types of capital evolve as, for t = 1,2, ...,

kit =tk + (1 — k)i (3)
hig=thit+ (1 —0p)0;thii—1 (4)

where d, and J;, are the depreciation rates of physical and human capital, respectively.



We assume that idiosyncratic shocks 60;; are the only sources of uncertainty, hence there is no
aggregate uncertainty in the economy. Consequently, the market returns of production factors are
not random. Both labor and capital income are subject to linear taxes. It follows that the risk-free
bond and physical capital are perfect substitutes and therefore the after-tax rate of return of the
physical capital must be equal to the risk free rate in equilibrium. Let ry; denote the after-tax
rental rate of physical capital (and hence the risk-free rate), and w; the after-tax wage rate. The

after-tax gross rates of return on the two types of capital are given in equilibrium by:

Rii=1—0p+ 7Tk,
Rh,t =1—6p + wy.

Then the flow budget constraint of individual 4 is written as, for t = 1,2, ...,

Citt kit + (1 —0k)kip—1+tnis+ (1 —0n)0ithit—1+bit = R ikit—1+ Rntbithit—1+ Ritbit—1

(5)

Individuals may borrow so that b; ; can be negative, but the holdings of capital are non-negative:
kir > 0 and h; ¢ > 0 are required for all periods and under all contingencies.

Let z;; be the total wealth of individual 7 at the beginning of period ¢ after the time ¢ shock

0;+ has been realized: that is,
it = R p(kig—1 4+ big—1) + Rn10ithii—1
The amount of borrowing is restricted by the natural debt limit:
Tit+1 > 0, (6)

for all periods and at all contingencies.

To sum up, given the initial wealth ;o > 0 and a sequence of prices {ry, w;}72,, each
individual ¢ maximizes the lifetime utility u; o, defined by (2) subject to the flow budget constraints
(7) and the debt limit (6).

This optimization problem can be complex in principle, since individual’s choice variables de-
pend on the history of shocks and individuals have different histories of shocks. But thanks to the
particular form of the utility function (2) as well as the fact that the shocks are permanent and
hence the current wealth is the discounted present value of future individual income stream, there
is a tractable characterization of the utility maximizing choices, which we shall summarize below.

First, equations (3)-(5) can be combined together to obtain:

Tigr1 = (L= Ne,ie) {Rit1(1 = Mnise) + Rui10i,041Mni, } it (7)
where
_ Cit
nc,i,t -
Tt
_ hit
Nh,it =

it + ki + hi

with initial condition z; o > 0. That is, the optimization problem can be equivalently written as
a problem of choosing a sequence of the rate of consumption out of his/her wealth, 7., and the

portfolio between the human capital and the riskless assets (physical capital and risk-free bond),



(Mhi.t» 1—nni.¢) Per unit of investment for every ¢t = 0,1, ..., given x; o. By construction, the original

choice values are given iteratively starting with z; ¢ from the following equations, t = 0,1, ...:

Cit = MNc,tTit
kit +bit = (1= nct)(1 = mne)Tie (8)
hiy = (1- Uc,t)nmtﬂ?m

As is well known,'® the optimal choice of the portfolio in this type of utility maximization
problem is reduced to a static problem which is independent of all the other choice variables.
Specifically, define the certainty-equivalent rate of return p associated with the after-tax rental

rate ri, after-tax wage rate w, as follows:

ol w.1) = { (1= 8+ 1) (1= ) + 61— 8+ wp) 7} )

It can be shown that at any time period, for any level of initial wealth hence for any individual, an
optimal portfolio is given by a solution to the following maximization problem given the prevailing

rates 7, and w:

a LW, ). 10
71;1}%2)5 (T, w,mp) (10)

Since p(r,w,ny) is strictly concave in 7y, the solution to this maximization problem is unique if it

exists. Given this, we have the following simple characterization of utility maximization.

Lemma 1. Given a sequence of prices, {ris,w:}i2o, for any individual i, a utility maximizing
sequence of portfolio and rate of consumption are characterized by the following rule: for the

portfolio, at any time t =1, ...,

Nt = argmax p(Tg ¢+1, Wit 1, M), (11)
77,>0

and for the rate of consumption,

-1

nee =TT (59005) b (12)

s=0j=0
where pi11, t = 0,..., denotes the optimized certainty-equivalent rate of return between periods t
and t + 1 which s
Per1 = WAX P(Th 41, W17 ), (13)

M=

Moreover, the time t utility level is given by
Ust = VtLgt,s

where .

-1

w=0-p7 1+ ST (B%00) ¢ (14)

s=07=0

10See, for instance, Epstein and Zin (1991), and Angeletos (2007).



Notice in particular that since the right hand sides of (11) and (12) are independent of index
1, this result implies that all the individuals in the economy choose the same rate of consumption,
7e,t, and the same portfolio, 1y, +, in each period in equilibrium. The differences across individuals
appear in the level of utility, but notice that the level of utility is the level of wealth of the individual
multiplied by a common constant v;. Thus in particular, the average level of utility is simply the
average wealth multiplied by v;, hence to determine the level of welfare we only need to find the
parameter v; and the average wealth.

Note that from (12) and (14) time ¢ utility per wealth v, and time ¢ consumption share 7., are

related as
T = (1= B)Yv; 7. (15)

Finally, we will need to know how the aggregate supplies of the two capitals change as the
environment changes to study the effects of government policies. Lemma 1 says that the ratio of
the aggregate supplies is determined by a solution to the maximization problem (10). Since p is a
concave function of ny, an interior solution for (10) is characterized by the first order condition.
So define ® : R3 — R by the rule:

O(riw,mn) = B{(1 = 8 +7)(1 = 1) +0(1 = b+ w)m} (16)

x{9(1—5h+w)—(1_5k+rk)}]

Then ®(rg,w,n,) = 0 corresponds to the first order condition. Especially for comparative static
exercises, we will be concerned with the signs of the derivatives of ®, which in general depends on

the property of the shock variable. We shall assume the following throughout the analyses.

Assumption 1. For the function ® : Ri — R defined in equation (16), The derivatives of ® at
® = 0 have the following signs:

oD 0P 0P
— <0, — >0, d — < 0.
ory, ow an onp,

In fact g% < 0 readily follows from the concavity of the certainty equivalent function, so the
main part of this assumption is g% < 0and g—i > 0. It can be shown that these are satisfied when

v < 1. When v > 1, these appear to depend on the distribution of 6;.

2.3 Government

The government purchases an exogenously given amount of output, Gy, in each period ¢t. It is
financed by collecting taxes and issuing debt. Following the common assumption in the literature,
we assume that government purchases do not yield utility to individuals.

Let B;_; be the government debt outstanding at the beginning of period ¢. Denote by 73+ and
T+ the effective tax rates on the returns of physical and human capital at time ¢, respectively. For
a given sequence of aggregate stocks, {Ky, H;},,, the flow budget constraint of the government

in period t is given by
By + 1 Fr K1 +mhiFp i1 = Gy + Ry ¢ By—1, (17)

where the initial stock of debt, B_1, is given with B_1 = fol bi,—1di .



A fiscal policy {7k1, Th,t, B }52, is said to be feasible (under {K;, Hi},- ) if the flow budget

constraint (17) is satisfied for every t = 0,1, ..., and
¢
. 1 _
Jim \ ILAzS | Be=o (19
j=

2.4 Competitive equilibrium

The initial conditions of the economy are {b; _1,k;_1,hi—1,6;0 : i € [0,1]}, K_1 = fol ki —1 di,
B_{ = fol bi,—1di, and H_; = fol h;,—1di. An allocation is a collection of stochastic processes
{CitsTit,big, ki, hie o 0 € [0,1]}52, where for each 4, {c; ¢, %it, kit, hi}52 are stochastic pro-
cesses adapted to the filtration generated by the process of idiosyncratic shocks {6;+}2,.

Given the initial condition and a sequence of government purchases, {G;}:2,, a competitive
equilibrium is defined by a price system {ry ., w;}32,, a fiscal policy {7x.¢, Tht, Bi}ioy, and an
allocation {c; ¢, i, bit, ki, hig @ 0 € [0,1]}72, such that (a) for each ¢ € [0,1], given the price
system, {c;t, ¢, kit, hit}i2o solves the utility maximization problem; (b) profit maximization

occurs (and the prices reflect taxes); that is,
Tkt = (1 - Tk,t)Fk(Kt—lth—l)a and w; = (1 - Th,t)Fh(Kt—laHt—l)v

for all ¢ > 0, where

1
K = / iy di,
0

1 1
Hy 1 = / O;.thit—1 di =/ hit—1di;
0 0

Co+ G+ K +H =(1—0,) K1+ (1 —06p)H—1 + F(Ki—1, Hi—1), (19)
1

By = [ bi,di (20)
0

and (c) all markets clear:

where C; = fol ¢i,t di; and (d) the government policy is feasible.

Recall that by Lemma 1, there is an associated sequence of {Uct;ﬁht}i o for an equilibrium
allocation, which is common across all the individuals. For this reason, the aggregate dynamics of
a competitive equilibrium can be succinctly summarized by the average wealth and the sequence

{Nets M, }fio as follows. Let X; denote the average amount of wealth at the beginning of period ¢:

1
XtE/ X4 di
0

Xt+1 = Rm,t+1(1 — nc,t)Xh t= 0, ].7 2,

Then X; evolves as

where R, ;11 is the equilibrium average rate of return of individual portfolios: for t =0,1,2, ...

Ryt+1 = Rig41(1 —nne) + Rht 4100t
= [1 — 0 + (1 - Tk,t)Fk,t} (1 - nh,t) + [1 —op + (1 - Th,t)Fh,t] Nht-

10



The aggregate amounts of consumption, physical capital and human capital are given, respectively,

as follows: for t =0,1,2,...,

Cy = Uc,tXt,
Ky = (1 =) (1 = nne) Xy — By,
H; = (1 - 77c,t)77h7tXt-

Finally, the average utility level is given for t =0, 1,2, ... by
1
Ut = / Uq,t di = UtXt.
0

2.5 Benchmark equilibrium with no taxes

As a benchmark, let us consider the case in which the government does not purchases goods, and

it does not issue debt nor impose any taxes:
Gi=B =14 =1,, =0, forallt>0, and bj—1 =0, foralliel0,1] (21)

In this case, the competitive equilibrium has a very simple structure. The aggregate economy is
always on a balanced growth path, although each individual’s consumption fluctuates stochastically
over time.

To see these, first notice that in the benchmark economy with (21), from Lemma 1, 7y, ; must
maximize the certainty equivalent function p where the rates must be consistent with profit
maximization and market clearing. This means that if we set 75 = Fr(1 — np¢,mn,) and
wy = Fp(1 — npe,Mne), the first-order condition for maximization of p must be met: that is,

for every t =0,1,2, ...,

o [Fk(l - nh,tanh,t)7 Fh(l - nh,tvnh,t)vnh,t] =0, (22)

where @ is given in (16). Note that Fy(1,0) = F,(0,1) = 0 and Fj(0,1) = Fy(1,0) = +o0, and
that lim,, o0 Fy(1—nn,nn)h = limy,, 1 Fi,(1—np,m5) (1 —n,) = 0. Furthermore, under Assumption
1, %@ [F:(1 — nnymn), Fr(1 — nrymi), me] < 0 whenever & = 0, so it follows there exists a unique
fir, € (0, 1) that satisfies (22). The uniqueness implies that ny, ; = 7y, must hold for every t.

Set £, = Fr(1—=7jp, M), F, = F(1—1p,7r), and let p to be the associated certainty-equivalent

rate of return:
ﬁ=P<(1—5k+Fk)(1 _ﬁh)7(1_5h+ﬁh)ﬁh»"7h> : (23)
The argument above combined with Lemma 1 has shown the following characterization result.

Proposition 2. Suppose that Assumption 1 holds, and consider the benchmark economy with (21).
Let njp, € (0,1) be the solution to (22), and p be the associated certainty-equivalent rate of return
defined in (23). Suppose that

BYpYTt < 1.
Then a unique competitive equilibrium of the benchmark economy is generated by 7y, and 7. =
1 — B¥p¥~1, which are common across i, through (7) and (8). Thus the aggregate variables Cy,
Ky, Hy, and Xy all grow at the same rate g,, which is given by

ga: = (1 - ﬁc)Rz
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where
Ro=(1 =0+ F)(1— ) + (1= 8n + En)in

The level of utility of each individual evolves as
Ui = 0T

where L
0= {(1 _5)1& } o .

1— Bgvpo—1

Note that the uniqueness stated in Proposition 2 that any (interior) equilibrium must be of
the form above. In what follows, this laissez-faire equilibrium without government purchases is
referred to as the benchmark equilibrium, and the value of a variable in the benchmark equilibrium

is denoted by a hat (") over the variable.

3 Constrained inefficiency

In this section we consider the benchmark equilibrium with no government purchases and no taxes
obtained in Section 2.5, and demonstrate that if a social planner can force individuals to invest
less in physical capital and more in human capital, then all individuals are made better off. In
this sense, the competitive equilibrium of our benchmark economy is constrained inefficient, and
it involves over-accumulation of physical capital.!!

Assume that there are no government purchases and no taxes as in (21). Suppose that a social
planner can directly control a deterministic sequence {n.};2, of portfolio choices. Consider a
hypothetical economy where each consumer is constrained to choose {n, 1 }52,, that is, k; ; and h;

must be chosen to satisfy
hit

Kir+hit
but all the other variables are determined as in the benchmark economy, namely, by the utility

Nht = t=0,1,2,..., (24)

maximization, profit maximization, and market clearing conditions. Formally, define an {ns +}22,-
constrained equilibrium as a collection of an allocation {c; ¢, ki ¢, hit, @iy @ € [0,1]}52, and a price
system {rg ., w; }$2, such that (a) for each 4, given {ry ¢, w¢}72, and {np1}520, {Cit, i, Pits it}
solves the utility maximization problem of individual ¢ with the additional constraint given by
(24); (b) the prices satisfy v = F(Ki—1, Hi—1) and wy = Fp(K;—1, Hi—1), where K;_1 and Hy_4
are the aggregate stocks of physical and human capital at the beginning of period ¢; and (c) all
markets clear. The benchmark equilibrium is by definition an {7 }72,-constrained equilibrium.
We say that an {n, ; }32,-constrained equilibrium is constrained efficient if there exist no sequences
{410 such that all individuals are better off in the {nj, ;}72,-constrained equilibrium than in
the {np 1 }52 o-constrained equilibrium.

Given {ny,}i2, the associated constrained equilibrium can be constructed as follows, utilizing

Lemma 1. First, market clearing and profit maximization imply,

Thit1 = Fe(L =M, M), and w1 = Fip(1— N, Mae)- (25)

1 The constrained inefficiency analysis here is closely related to the previous work by Davila, Hong, Krusell, and
Rios-Rull (2005).
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Next, define the common individual certainty-equivalent rate of return between ¢ and ¢t + 1 as

P41 = P(Tk,t+1, Wi+1, 77h,t)a

=p(Fr(1 =0t Mht), Fn(1 = Mnes Mht)s Mhst) (26)

where p(rg, w,n,) is defined in (9). In our environment, even when {n, :}$2, is fixed exogenously,
once the prices are fixed in this way, then the consumers’ problem of choosing {n..}2, is the
same as in the competitive equilibrium. Therefore, a {n +}72,-constrained equilibrium is then

characterized as in the next proposition.

Proposition 3. Consider the benchmark economy with (21). Given {nn+}2, define {pi11}52, as
in (26). Suppose that the associated infinite sum, Y., H;:o (61”;)?;11), 1s well defined and takes
a finite value. Then an associated constrained equilibrium exists: The prices and the certainty
equivalents are determined by (25)-(26), and all the other endogenous variables are determined as
in Section 2.4.

By construction, the benchmark equilibrium given in Proposition 2 is the constrained equilib-
rium associated with 0, = 7, for all t. For each i and ¢, consider infinitesimal changes from

Ui
Mh,t = N + dnnt,

where dny, ; may differ across periods and so 7+ may be time dependent although 7y, is not.

Here we ask whether or not such infinitesimal changes in common portfolios, {dn .}, can make
all individuals better off. To answer this question, first notice in Lemma 1 that each individual’s
lifetime utility in period 0 is given by

Ui, 0 = VoLi,0

where
» oo t
v -1
w=(1-871 1+ 3 [T (8%015))
t=0 j=0
where p;41 is the certainty-equivalent rate of return between periods j and j+ 1, which is common
for all individuals as given in (26).

This relation provides a few observations. First of all, the lifetime utility of each individual
monotonically increases with the realized certainty-equivalent rate of return in each period: that
is,

81}0
Opi+1

Therefore, it follows that a sufficient condition for every individual ¢’s welfare to improve is that the

> 0, for all t > 0. (27)

certainty-equivalent rate of return, p;41, increases for all ¢t. Secondly, for each ¢, p;11 depends only
on Nt as shown in (26). Thirdly, evaluated at n, = 7y, 7+ does not have any first-order effect
on p;+1, since 7y, is maximizing the certainty equivalent in the individual utility maximization
(the envelope property):

Op(Th 441, Wit1, Mht)

= 0.
677h,t

Nh,i,t=Nh

13



Thus, dnp has a first-order effect on p;11 only through its effect on the prices, 71 41 and wy4q.

The next proposition shows that a reduction in 7, ; from 7, makes all individuals better off.!2

Proposition 4. The competitive equilibrium of the benchmark economy is constrained inefficient.
Reducing the proportion of investment on physical capital improves the welfare of all individuals:
for all i € ]0,1] and all t > 0,
dv;
W;fi >0
7 MK, t="Th

That is, the benchmark economy involves over-accumulation of physical capital in the constrained-
efficiency sense.

Proof. 1t is sufficient to show that % > 0, evaluated at 75+ = 7. By the utility maximization
’ 1

in the constrained equilibrium, notice that we can write p;y1 = (E[R1_7 ]) o , where Ry ; 141 =

T, i, t+1
(1 — O + ’I”k,t_,_l)(l — nh,,t) + 0@715_;,_1(1 —op + wt+1)nh7t. It follows that
d . _ dr . dwiq .
% = (pr41)" - E |:(Rx,i,t+1) v {W(l —Tint) + 0t s ﬂh,t}]
Tht Nh,t="h,t dnh’t dnh’t

Since rk41 = Fr(l — npe,nne) and wipr = Fp(1 — npe,mp,e) for any np 4, we have from the

homogeneity of the production function, for any ny, 4,

d’l"k; t+1 dthrl
: 1-— + =0.
d'rlh7t ( nh’t) dnhvt 77h,t
Hence we obtain
d,Oi t+1 ~ ~ _ ~ dwt+1
—_— = -FE|[(Rg; 7.0, - -p—.
™ (Pt+1) [(Reiir1) ™" - (Oier — 1)) - 7n P

Nh,t="h

Under the assumption that E(6; +1) = 1,

E [(Rx,i,t+1)_’y “(Oip1 — 1)] = Cov [(Rx,i,t+1)_7, (Oip41 — 1)] < 0.

Since w1 = Fr(1 — npt, Mnyt), SO ddt;% < 0 holds. Therefore,
dpii1 >0
d'flh,t Nh,t="h,t

This proposition shows that the ratio of physical capital to human capital is too high in the
benchmark incomplete-markets equilibrium: taking the structure of the asset markets as given,
reducing investment ratio in physical capital is welfare improving. This should not be confused
with the simple observation that the physical-human capital ratio is larger than that in the complete
market setting. Indeed, as shown by Hong, Davila, Krusell, and Rios-Rull (2005), and Gottardi,
Kajii, and Nakajima (2009), incomplete-markets economies may involve under-accumulation of

physical capital in general.

12The fact that the benchmark equilibrium exhibits time independence is not important for this result. It can be

readily checked even if it were time dependent, the rest of the argument goes through.
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Proposition 4 has a simple intuition. From the planner’s point of view, individuals are exposed
to too much risk in the benchmark incomplete-markets equilibrium. If the planner changes the
portfolio of individuals, 7 ¢, marginally from the equilibrium level, it affects their welfare through
its effect on prices, 7411 and w41 (because of the envelope property). Now suppose that the
planner increases np,; from the equilibrium level. Then it raises the rental rate 7 ;41 and reduces
the wage rate wyy1. Note that the labor income of each individual is subject to uninsurable
idiosyncratic risk, and his/her capital income is not. It follows that such a change in the factor
prices tend to reduce the amount of risk that each individual faces. In this sense, reducing the
investment in physical capital effectively provides an insurance. This is why increasing 7 ¢ from
the equilibrium level achieves a Pareto improvement in our model economy.

Notice that a similar result on the constrained inefficiency also obtains in a more common
environment where there is no human capital accumulation and the labor productivity of each
individual follows an exogenously specified stochastic process. For instance, Gottardi, Kajii, and
Nakajima (2009) consider such a model with two time periods, and show that a competitive
equilibrium with incomplete markets involves too much physical capital when individuals are ex

ante identical.

4 Taxation: Local analysis around a competitive equilib-
rium

The previous section shows that the laissez-faire equilibrium in our benchmark economy accumu-
lates physical capital too much relative to human capital in the sense of constrained inefficiency,
around a competitive equilibrium. Does that mean that around a competitive equilibrium the gov-
ernment should tax physical capital (interest income) and subsidize human capital (wage income)
to make this ratio smaller?

The answer to this question depends on what kind of fiscal instruments are available to the
policy maker. In this section we consider a relatively simple case where the government has

balanced budget at all times:
B, =0, forallt, and bi—1 =0, foralliel0,1].

In this case we show that the the answer to the above question turns out to be the opposite: The
government should subsidize capital and tax labor.

For the sake of comparison with the previous section, let us start with the case without gov-
ernment purchases:

Gy =0, for all ¢.

The the balanced budget requirement implies that
Tk’tFk,thfl + Ththh’thfl = 0, for all ¢.

where Fj, y = Fy(Ki—1, Hi—1) and Fy 4 = Fj,(K;—1, Hi—1). With the Cobb-Douglas technology (1),

FriKi 1«

Fh,thfl l-a
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holds in equilibrium at any ¢. Therefore the government budget constraint may be replaced by

(67
1—

Thit = — Th s for all .

A competitive equilibrium with balanced budget of the government is characterized as in Section
2.4 under the additional conditions that Gy = B, = 0 and a7, + (1 — )7, = 0 for all ¢.

Now consider the benchmark equilibrium in Section 2.5, which can be viewed as the tax equi-
librium with 74,; = 7, = 0 for all £. And we ask whether or not changing 74 from zero is
welfare improving for each ¢. Note that Assumption 1 guarantees that On,./0rg.41 < 0 and
0N, /0wy > 0 in the utility maximization problem. Given a pair of the tax rates, (7%, 7y), the

associated utility maximizing portfolio ny, (7x, 71,) is defined implicitly as

O [(1—71) Fx(1 — 1, mn), (1 = 70) Fi(1 = 1, mn ), ] = 0, (28)

where the function ® is defined in (16). Using this function 0y, (7x, 7 ), define the induced certainty-

equivalent rate of return as

P(Ti, Th) = p[(1 = 0k + 7% (7ie, 1)) (1 = 0 (Thes 7)) + (1 = Sp + w (T, 7)) 0 (T, 7)1 (29)
where
Tk (T, Th) = (1 = 71) Fie [1 = 1Tk )5 M0 (T, 0]
w(Tk, Th) = (L= 70) Fn [1 = 00Tk, Th), 0 (Th, 7h)] -

With the balanced budget requirement, at, + (1 — a)7, = 0, the effect of 7 on the after tax

return 7 at T = (73, 7,) = 0 is given by

d?‘k

0 a 0
:—Fk-i-(—Fkk-l-Fkh) (nh— 77h>.

dT'k =0 o, 1 faaim

where all derivatives are evaluated at 7 = 0. The first-term (—Fj) reflects the the direct effect
of the capital-income tax, and the second term reflects the indirect effect due to the pecuniary

externality. The following lemma shows that direct effect dominates the indirect effect.

Lemma 5. Suppose that Assumption 1 holds. Then

d
el <.
di 7=0

Proof. Appendix. O

We can define the coefficient for the lifetime utility vy in equilibrium as a function of {(7x ¢, Th.¢) } 720"

oo t ﬁ
¥ —
vo (T, 7n)}220) = (1= B)7 7 Q14+ [T (B p(mhnsg mas)* ™) ¢
t=0 j=0
where p(7g, ) is defined as in (29). Taxing physical capital is welfare improving if this function is
increasing in 75 ; while 75 ¢ is determined to meet the government budget constraint. Interestingly

enough, the following proposition establishes that subsidizing capital makes everyone better off.
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Proposition 6. Suppose that By = Gy = 0 for all t and b; _1 = 0 for all i € [0,1]. Suppose also
that Assumption 1 holds. Then, for all t,

Ovg n dvg @ <0,

aTk7t 8Th7t di =0
where dry/dr, = —af(1 — ). Therefore, if a sequence of taxes {Ti 1, Th 1}y with otk + (1 —
a)The = 0 for all t subsidizes capital, 7, < 0, and hence tazes labor, Thy = —aT, /(1 —a) > 0

for every t, it improves the welfare of all individuals over the benchmark equilibrium, if these taxes

are small enough.

Proof. In the proof here, unless otherwise stated, all derivatives are evaluated at the benchmark
competitive equilibrium with zero taxes, 7, = 7;, = 0. Since the equilibrium in the benchmark
economy is invariant of ¢, the argument is the same for every ¢, hence we shall omit t. Also to
simplify the notation, we write d/dry to mean that 9/97, — /(1 — a)0/O7, i.e., d/dry; takes into
account the government budget constraint. Since the lifetime utility is increasing in p; for each ¢,
it suffices to show that dp/d7, < 0. Note first that for the before tax returns,

dFy, dnn
Yh (g, R Y
di ( hh hk)di
1 —ny dnn
— (Fur — F
(Frp kh) o dm
1 —nudF;
Nh ATy

where we have used the fact that —Fpy + Fpp, = (Fxr — Fen)(1 — ) /mn. Then, evaluated at
T = T, = 0, for after tax returns,

d F.(1—17 dF)

= = Mw + —h

dry, Fnin dry,

1—-1n 1—1nd
I (g ) L

Nn ATy
1—n F;
_ 1o (dk _Fk>
Th dry,

_ _l-imdry (30)
ﬁh di ’
which means in particular jj“jc > 0 by Lemma 5. Using the envelope property, we obtain
dp ~y A _udry _dw
—— =p"E|R ] 1—np)— 4+ 60—
where Rm,gi =1 -0k + 7)1 — M) + (1 — 0y, + w)0;7. Using (30), we have
dp - . _dw
L= VB[R0 - )] i <0,
di P z,O( ) Th di
where the inequality follows from the fact that E[R_ ;(0 —1)] < 0 and dw/dr > 0. O

The intuition for this result is again very simple. Suppose that the government is to change
the tax rates, 7, and 73, marginally from zero under the balanced budget constraint. Due the the

envelope property, such a change in the tax rates affects the utility of each individual only through
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its effects on the after-tax factor prices, rp and w. As we have discussed in the previous section,
individuals are exposed to too much risk in their labor income in the benchmark incomplete-markets
equilibrium. In the constrained inefficiency result, we have seen that reducing the investment in
physical capital lowers such risk by increasing r; and decreasing w. Here, the planner uses taxes
rather than controlling the portfolios of individuals. Then the way to reduce the amount of
idiosyncratic risk that individuals face is to tax the labor income and subsidize the capital income,
that is, to make 7, > 0 and 7, < 0. In this way, the planner can reduce the (after-tax) wage rate.
Thus, Proposition 4 and Proposition 6 are perfectly consistent with each other. Both attempt to
provide an insurance for uninsurable labor income risk using the policy instruments available to
the planner.

Note that Proposition 6 only concerns with the local property, and it does not guarantee
that the optimal tax rate on physical capital is indeed negative under the balanced budget of
the government. In what follows, when needed, we simply assume that it is indeed the case. A
sufficient condition for this is that p(7, —a/(1 —a)7y) defined in (29) has a unique local maximum.

(This property is satisfied in all the numerical examples we have considered.)

Assumption 2. The function p(1i, —a/(1—a)71k) has a unique local mazimum so that the optimal

tax rate on physical capital is negative when Gy = By = 0 for all t.

5 Optimal taxation with government debt

In this section we allow the government to borrow or lend and consider a dynamic optimal taxation
problem. With complete markets, Judd (1985) and Chamley (1986) have shown that the optimal
tax rate on physical capital is zero in the steady state. In addition, Jones, Manuelli and Rossi
(1997) demonstrate that when there is human capital accumulation in such a model, the optimal
tax rates on physical and human capital are both equal to zero in the steady state. In this section
we illustrate how the structure of optimal taxation changes under incomplete asset markets. With
incomplete markets, it is in general beneficial for the government to tax labor and physical capital
even if there are no government purchases. Specifically, we provide two theoretical results in this
section. First, accumulating government debt improves welfare as long as government purchases
are small enough. Second, the steady state optimal taxation on physical capital is strictly positive

under standard preference restrictions, even without government purchases.

5.1 Ramsey problem

Recall that for given an exogenous sequence of purchases, {G;}52,, a competitive equilibrium de-
termines a sequence of aggregate capital stocks, { K, H },-, and a fiscal policy of the government,
as in Section 2.4. The latter is a sequence of taxes and debt, {7y ¢, Th¢, B }52, that satisfies (17)
and (18).

It is convenient to normalize aggregate variables in terms of the total wealth X;, so define for
each t

K, H B G
ktz—t htE—t thit gtEXt-
t—1

18



With these normalized variables, the government’s flow budget constraint can be rewritten as
g+ (1 =0k +75,0)bi—1 = (1 — nei—1) Ry b + Fki—1, hi—1) — me ki1 — wihy—q

We assume that the government takes the sequence of normalized purchases, {g:}32,, as exoge-
nously given throughout the analysis.
As is standard in the literature, in order to rule out a trivial solution, we assume that the tax

rates in the initial period are set exogenously as:
Tk,0 = Tk,0 and Th,0 = Th,0,

hence the initial debt level is given exogenously as well. In other words, in the initial period ¢t = 0,
k_1, h_1, b_1, Ti,0, and 75, ¢ are predetermined. It follows that rj o, wo, and by are predetermined
as well.

The dynamic optimal taxation problem is to choose {biy1, g t+1, Wit+1}i2 as well as all the

other endogenous variables so as to maximize equilibrium utility level

co t ﬁ
_ -1
max vg = (1= )71 1+ > ] (ﬁwpﬂj ) (31)
t=0 j=0
subject to the equilibrium constraints which guarantee that the endogenous variables constitute a
competitive equilibrium (i.e., the intended fiscal policy is indeed part of the competitive equilib-

rium):

/
Nh,t = argmax P(Tk,t+1, Wig1,M),)
,

/
Pry1 = Max p(rk t41, Wiy, 1)
h

Rytv1=0—0k+7ki+1) (1 —nne) + (1 — 0p + wies1) Mne

-1
nee =1+ ST (9v0)

s=0 ;=0
ke = (1= ne)(1 = nne) — by
hy = (1 - nc,t)nm
Ge41+ (1 =0k +rier1)be = (1 = net) Ry pp1ben + Fke, he) — Thopprke — weprhy
t
lim ¢ [T (0= 6k +74,) " (1= 1ej1)Rayj p bt =0

t—o0
J=1

given by. We shall call this maximization problem as the Ramsey problem, and the resulting
equilibrium as the Ramsey equilibrium.

It is convenient to divide the Ramsey problem in two steps. The first step is to find optimal
after-tax prices for a given sequence of debt and a given sequence of rates of consumption, assum-
ing that the given sequences are consistent with a competitive equilibrium with taxes. Then such
conditionally optimal prices will be functions of a sequence of debt and a sequence of rates of con-
sumption. The second step is then to find an optimal sequence of debt and the rate of consumption

taking into account these functional relations, as well as the rest of equilibrium conditions.
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Since there is a one-to-one relation between the rate of consumption and the utility parameter
vy when utility is maximized (see (14) in Lemma 1), the first step is equivalent to choose after-
tax factor prices {7y i1, wit1}52, to maximize the certainty equivalent function given a pair of
sequences {b:,v: }$2,. That is, this step can be expressed as, for each fixed ¢, solving the following
problem:

pbe,bg1,v) = max P(Thet41, W1, Mht) (32)
{Tk, t41,Wet1:7Mc,t,Mn,t }

subject to

ger1+ (1= 0k + The41)br (33)
= (1 =ne,t) Rat41be1 + F (1= 10e,e) (1= nnt) = bes (1= 1e,6)1n,1]
— Tkt+1 [(1 - nc,t)(l - nh,t) - bt] - wt+1(1 - Uc,t)nh,t
Net = (1= 5)11)”1}77’&

Nh,t = argmax P(Tk,t+1, Wiy, M)
MNh

Rypy1 =1 =0k +7ke41) (L —nne) + (1 — 0p + weg1)n
The second step is then to choose {by1,vr41}52, so as to maximize vg given bo:

max v 34
{ve+1,be41382, (34)

subject to the remaining equilibrium constraints
o = (1= B)Y + Bl vl (35)
pe+1 = p(be, bit1,vt) (36)
Regarding the function 5(b, b, v) defined in (32), the following simple observation is useful.

Lemma 7. Assume that g:11 = 0. Consider the function p(b,V',v) defined in (32). If b=V =0,
the first order effect of v is zero everywhere: that is,

%:0, ifb=1"b =0.
Proof. When g1 = 0 and b, = b;41 = 0, notice that the first equation in the constraints
for the maximization problem (32) becomes, taking advantage of the homogeneity of F, 0 =
F{(1=nne)smmt] — riep+1(1 —nnt) — wegann,e. Thus variables v and 7., appear only in the equa-
tion 1., = (1 — ﬁ)“/’vtl_w, hence any change in v is completely absorbed by a change 7.+. So the

value of the objective function remains unchanged when v changes, so the result follows. O

5.2 Desirability of the government debt

Before discussing the solution to the Ramsey problem, we examine the sense in which the govern-
ment debt is welfare improving with incomplete markets. Here we show that starting from zero
government debt, increasing the amount of government debt is welfare improving as long as the

amount of government purchases are small enough.
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To see the welfare effect of the government bond, consider the optimal taxation problem with
the restriction that
b: =0, forall t # 7T + 1. (37)

To simplify the argument, assume also that the (normalized) amount of government purchases is
constant over time:
gt = ¢, for all t. (38)

Let us denote the variables in the optimal tax equilibrium with b; = 0 for all ¢ by the superscript
o, that is, v°, etc. Thus,

1
o (1 B B)d) vt
0= |
1—pe(pe)et
where p° = p(0,0,v°).
Denote the variables in the optimal tax equilibrium under the restriction given by (37) as

v¢(br+1), etc. Thus,

vi(bri1) = {(1-B)Y + 5wl)t+1(bT+1)w_1vt+1(bTJrl)w_l}ﬁ

where
pt+1(bT+1) = ﬁ(bm b1, Ut(bT+1))
with by = 0 for all ¢ # T + 1. Notice that

Ut(bT-i-l) = UO’ vt > T+ 27
pr(bry1) =p% VEFT+1,T+2

where the second equality follows from Lemma 7.
The next proposition states that having a positive amount of debt, bpy1 > 0, is welfare im-

proving as long as government purchases are sufficiently small.

Proposition 8. Suppose that g; = g for all t, and that Assumptions 1 and 2 hold. Consider the
optimal tax equilibrium under the balanced budget requirement: by = 0 for all t. Then increasing
br41 from zero for a given period T + 1 improves the lifetime utility of all individuals if g is

sufficiently small.

Proof. Appendix. O

To obtain an intuition for this result, consider the case where g = 0. Let RS and F}} be the
average rate of return and the marginal product of capital in that equilibrium, respectively. Then,
R? is related to the benefit enjoyed in period 7"+ 1 of increasing by, and 1 — §; + Fy is to
its cost incurred in period T + 2. To see this, consider the optimal tax equilibrium under the
balanced-budget restriction, by = 0 for all ¢. Given equation (31), whether or not increasing by41
from zero is welfare improving depends on how it affects {p;11}. In an optimal tax equilibrium,
pt+1 = p(bt, bry1,v¢), but Lemma 7 says that p is locally independent of v; when b;yq = 0. This
greatly simplifies the argument. We only have to look at the partial derivatives of p(br, bry1,vr)
and p(br41,brye, vry1) with respect to bpyq evaluated at by = brio = 0. Let us denote those

derivatives by pg and p{, respectively. The derivative p§ is positive and measures the benefit in
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T + 1 of increasing the government debt, which is primarily due to an associated tax cut. The
derivative p{ is negative and can be interpreted as the cost of the increase in taxes in period 17"+ 2
that is required to redeem b ;.

Using the homogeneity of F(k,h), let us rewrite the government’s flow budget constraint as

g+ (1 =0k + Fi)by = (1 — ne,t) Ry 141041

+ (Frt41 — Tr41) (L =0 ) (L =i t) + (Fhoppr — wer1) (1 — 0e,e) e

where Fy t+1 = Fi((1=7c,t) (1 =7n,6) = b, (L=c,0)0n,¢), and Fi g1 = Fr((1=7c,) (1 =nn,e) — b, (1
Ne,t)Nht)- 1t follows that the benefit of the increase in bryy, p3, is proportional to the after-tax
average rate of return, RS. This is natural because this is the average rate that individuals earn
using the proceeds from the tax cut in 7'+ 1. The cost of the increase in br41, pf, is proportional
to the (before-tax) rate of return on the government debt, 1 — 0 + F?. Whether or not increasing
bry1 is beneficial depends on the sign of their discounted sum. In fact, we can show that the

benefit of increasing by dominates if and only if
R >1— 6, + Ff. (39)

The reason why (39) holds when g = 0 is simple. As is discussed in Section 4, when g = 0, the
optimal tax rates under the balanced-budget of the government satisfy 70 < 0 and 77 > 0. Note
also that since the investment in the human capital is risky, the after-tax rate of return on human
capital must be greater than the after-tax rate of return on physical capital. It then follows from

risk aversion that

RE=[1=6k+ (1 —m)F] (A =n) +[1—6n+ (1 =) ] np
>1—060+ (1 — 1) Fy
>1*5k+Fko

Thus, when g = 0, (39) holds and having a positive amount of government debt is welfare improv-
ing. Extending the argument to the case where g is sufficiently small is straightforward because of

the continuity.

5.3 Ramsey steady state

Now consider the Ramsey problem given by (31). As we have seen, the Ramsey problem in our
economy can be decomposed into two steps as given by (32) and (34). Here we focus on what
needs to be true at a steady state, i.e., along a balanced growth path.'?

Consider the choice of by11, that is, the (normalized) amount of government debt issued in
period t + 1, keeping by fixed for all s # t + 1. From the structure of the second-step problem
(34) it is straightforward to see that b, affects the initial utility coefficient vy only through its

effect on vy, the utility coefficient in period ¢. In turn, the evolution of the utility coefficients (35)

13 A presumption here is that a solution to the Ramsey problem converges to a steady state. We do not have
a formal proof for this, but in all the numerical results reported later, such a convergence takes place in just one
period. Note also that we use the terms a “steady state” and a “balanced growth path” interchangeably given
the fact that a balanced growth path in the original economy is obtained as a steady state with the adequately

normalized variables.
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shows that b;11 affects v; by changing the product term p;yivir1. Then, given the determination
of the certainty-equivalent rate of return p;y1 as in (36), the effects of an increase in b;41 on vy
are summarized as follows: (i) First, it increases p;11 because an increase in the government debt
issued in period t + 1 implies a reduction in the tax rates in that period. This is a benefit of an
increase in byy1; (ii) Second, it reduces p;12 because the increase in b,y require an increase in
the tax rates in the next period, ¢ + 2. This is a cost of an increase in byy;. (iii) Finally, the
change in b, 1 may also affect the saving rates in periods ¢ + 1 and ¢ + 2. A change in the saving
rate also affects the certainty-equivalent rates of return.!* The optimality requires, of course, the
marginal effect of b1 on v; must be zero. The next proposition shows that, at the steady state,

this condition is characterized by a relatively simple equation.
Proposition 9. In the steady state of the Ramsey equilibrium, the following condition holds:
Ry = (1— 0+ Fy) (1- 5" %) (40)
with p, = %, where p is the function defined in (32).
Proof. Appendix. O

An intuition for this result is given as follows. As shown in Appendix, at the steady state, the

first-order condition for b;y; becomes

S ()
P2t ——5 55—, =0, 41
L—BYp¥=2p,p
where py = %ﬁ(b, b',v) and p; = %ﬁ(b, b',v). This equation shows the three effects of by on vy

described in the above paragraph: The first term po represents the benefit of an increase in by41
on v; (effect i); p1 in the second term is its cost (effect ii); the factor 5¥p¥~! on the second term
represents effective discounting; and finally the factor (1 — 8% p¥~2p,p)~! is the effect due to the
change in the saving rate (effect iii). It follows from the definition of p(b,b’,v) in the first-step
problem (32) that at the steady state

P2 (1 _UC)RQ:
Pe _ A0 Tle/oma 42
p1 1= +Fy (42)

Finally note that the saving rate at the steady state satisfies 1 — . = f¥p¥~!. Then, combining
(41) and (42) yields the condition (40).

As a result, (40) can be understood as follows: the term R, represents the marginal benefit of
increasing the government debt; the term 1 — 0y + F}) expresses its discounted marginal cost; and
the term (1 — 6¢p¢_2pvv)_l shows the effect due to the change in the saving rate. Intuitively,
R, is the average rate of return earned in the private sector, and 1 — J;, + F}, is the rate of return
for the government (that is, the before-tax rate on the risk free asset). Thus, the steady-state
condition (40) says that, after the adjustment due to the change in the saving rate, the rates of
return earned by the private sector and by the government should be equal at the steady state.

Notice that for a special case of ) = 1, vg in (31) becomes

Invy = ZﬁtH In pg41 (43)
=0

l14Remember that this effect through the saving rate is reflected in that the function  defined in (32) has an

argument vt).
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and 7.+ becomes a constant irrespective of the sequence of market rates:
TNe,t = 1- ﬂ

In this case, therefore, the function p defined in (32) becomes independent of v. So in this case
there is no effect of changing rates, so the two returns should be equal with no adjustment. Indeed,
this can be confirmed by setting p, = 0 in (40). More importantly, the resulting equation implies

that the steady-state tax rate on physical capital is positive in our incomplete-markets economy.

Corollary 10. Consider the case of 1» = 1. Then, in the steady state of the Ramsey equilibrium,
the following condition holds:
R, =1-0, + F}, (44)

It implies that the optimal tax rate on physical capital at the steady state is positive:
T >0

Proof. The condition (44) immediately follows from (40). To see 7, > 0, notice that because of
risk aversion, the rate of return on human capital must be greater than the rate of return of the
risk-free assets. That is,

1—0p+re <Ry <1—0p+w

Then condition (44) implies that
T > 0.

O

Corollary 10 can be directly related to the previous results obtained by Judd (1985), Chamley
(1986), Jones, Manuelli, and Rossi (1997), among others, which show that the optimal tax rate on
physical capital at the steady state is zero. In our setup, if shocks to human capital of individuals
were insurable so that human capital is effectively a riskless asset, then the three assets (risk-free

bonds, physical capital, and human capital) must all yield the same rate of return, that is,
175k+?"k:175h+w:R$

It then follows from (44) that

6 Numerical result

In this section we calibrate our model based on some empirical evidence on the U.S. economy, and

examine how market incompleteness affects the structure of the Ramsey taxation.

6.1 Baseline calibration

Suppose that 6;, € {1 + 6,1 — 0}, each occurring with equal probability. Also, suppose that the
normalized amount of government purchases is constant over time, g; = g for all ¢. Then the set
of parameters of our model economy is given by {3,,v, A, a, 0k, 94, g,0}. The baseline values for

these parameters are set as follows. First, we set ©» = 1 and v = 3, that is, the intertemporal
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elasticity of substitution is unity, and the coefficient of relative risk aversion is three. Second, the
capital share of income is set to 0.36, and the depreciation rates of physical and human capital
are both 0.06: o = 0.36 and 0 = J;, = 0.06. To set the values for the remaining parameters,
consider a balanced growth path with 7, = 74+ = 7 and b, = b for all £. They are set so that
the associated balanced growth path replicates the following features of the U.S. economy: (i)
government purchases are 18 percent of GDP; (ii) the government debt is 51 percent of GDP; (iii)
the capital-output ratio is 2.7; (iv) the growth rate of GDP is 1.6 percent; (v) the variance of
the permanent shock to individual labor earnings is 0.0313. Here, the first four facts are based on
Chari, Christiano and Kehoe (1994), and the last fact is taken from Meghir and Pistaferri (2004).'°

The baseline parameter values are summarized in Table 1.

6.2 Results

Table 2 shows the tax rates and the government debt at the Ramsey steady state. For reference, the
third column shows the corresponding values under the baseline policy: the debt-to-output ratio
of 51 percent and the growth rate of 1.6 percent are the values calibrated to the U.S. economy,
which imply the (uniform) tax rate of 19.95 percent. The fourth column describes the Ramsey
steady state under the baseline calibration. The fifth column demonstrates the Ramsey steady
state when there are no government purchases.

As shown in Proposition 10, the capital tax rate at the Ramsey steady state is strictly positive.
Quantitatively, it is not a trivial amount even when there are no government purchases. The wage
tax rate at the Ramsey steady state is also positive. This is due to the fact that taxing the wage
income tends to reduce the idiosyncratic risk that individuals face. As suggested by Proposition 8,
the amount of the government debt at the Ramsey steady state depends on the level of government
purchases. Under the baseline parameter values, the debt-to-output ratio at the Ramsey steady
state is almost zero (0.19 percent). However, when there are no government purchases, this value
increases to 202.6 percent.

The transitional dynamics of the Ramsey equilibrium in our model is very simple. Under the
Ramsey policy, the economy converges to the steady state as quickly as possible. It is illustrated in
Figure 1. It plots the debt-to-output ratio, b;/y;, and the two tax rates, 7 ; and 73 ¢, in the Ramsey
equilibrium (31) where the initial condition by is equal to the value in the baseline steady state.'6
As shown there, the convergence to the steady state in this case is immediate: The government
imposes a sufficiently high tax rates in period 1 so that the level of debt in period 1, by, attains
the steady-state level for the Ramsey equilibrium. Then the economy is on the balanced growth
path afterwards.

How much benefits do individuals in our economy obtain by moving from the baseline polity
to the Ramsey policy. It is measured by the rate of permanent increase in consumption of each
individual that makes him/her indifferent between the two policies. Note that, as can be seen in
Lemma 1, everyone agrees about this ratio, and it is indeed given by the ratio of vy under the policies

in comparison. Table 3 shows the result. When we only compare the steady state associated with

151t is also consistent with the evidence reported by Storesletten, Telmer and Yaron (2004).

16Thus, implicitly, the date 0 tax rates are restricted to be the values under the baseline policy: Tk,0 = Th,0 =
0.1995.
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the baseline policy and the Ramsey policy, the welfare gain of adopting the Ramsey policy amounts
to about 8.7 percent increase in each individual’s consumption. But this number ignores the cost
of transition. When the transition is taken into account, the gain gets substantially smaller, 0.85

percent, which is nevertheless a significant amount.

6.3 Sensitivity analysis

Let us conduct some sensitivity analysis here. Specifically, we examine how the debt-to-output
ratio and the tax rates at the Ramsey steady state vary under different values for the risk aversion
7, the intertemporal elasticity of substitution v, and the idiosyncratic risk . For the purpose of
normalization, when we change the values of these parameters, we adjust the value of the discount
factor B so that the steady-state growth rate under the baseline policy continues to be equal to 1.6
percent.

Figure 2 plots the result for the risk aversion. We can see that the steady-state debt-to-output
ratio is very sensitive to the choice of the degree of risk aversion. It is about -100 percent when
v =1, and about 200 percent when v = 9. Regarding the tax rates, the risk aversion coefficient
affects the capital tax rate 7, much more than the labor tax rate 7.

How the Ramsey steady state is affected by the amount of the idiosyncratic risk is shown in
Figure 3. Again, the steady-state debt-to-output ratio varies a lot. It is -200 percent when there is
no idiosyncratic risk (std(f) = 0), and about 60 percent when std(f) = 0.2 (it is 0.1585 under our
calibration). The two tax rates are very similar when the amount of idiosyncratic risk is moderate
(std(#) < 0.1), but when it gets large (std(f) > 0.1), the labor tax rate 7, becomes much less
sensitive to the change in the amount of idiosyncratic risk.

In contrast to the risk aversion and the amount of idiosyncratic risk, the value of the intertem-
poral elasticity of substitution does not affect the Ramsey steady state much as illustrated in
Figure 4. Any effect that the intertemporal elasticity of substitution has on the Ramsey steady
state is offset by our adjustment of 5 to keep the growth rate under the baseline policy fixed.

7 Conclusion

In this paper we have developed a tractable infinite horizon model with incomplete markets and
examined how labor and capital should be taxed when there are uninsurable idiosyncratic shocks
to the labor income. Our results can be summarized by the two general principles for public policy
in the presence of idiosyncratic income risks. That is, (i) providing (at least partial) insurance
against the idiosyncratic risks; and (ii) allocating tax burdens efficiently over time. Here, the first
principle calls for taxing the wage income, and the second requires taxing the interest income.
For the sake of tractability and clarity, we have made a number of simplifying assumptions in
this paper. As we noted in Introduction, the Ramsey problem is difficult to solve in general, so we
contend that the benefit from deriving an explicit solution exceeds the cost of loss of generality. We
readily admit however that our results might be sensitive to these assumptions, and it is important
to examine the robustness of our findings in more general environments. We therefore conclude
with providing two generalizations of particular interest in this respect, The first is to ask if the
two principles are valid under a more general, non-linear taxes. Allowing non-linear taxes expand

the set of tax equilibria, but typically the first best is not achievable with such taxes. Thus we
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speculate that our findings would have some counterpart when non-linear taxes are available for
the government.

The second is to study the role of income distribution: taxes change the income distribution
across the households, which should have some welfare implication via conflict of interests. We
need to generalize our model to address this important question; in our model, each individual’s
lifetime utility is given by u; o = vox;,0, where x; ¢ is his/her wealth in period 0 and vy is a constant
common across all individuals. The objective of the government is therefore to raise this common

constant vy as much as possible, and hence the income inequality has no welfare consequences.

8 Appendix

Proof of Lemma 5

In this proof, all derivatives are evaluated at the competitive equilibrium with zero taxes, 7, =

7, = 0, unless otherwise stated. First notice that

dr
d—’“ = —Fy+ (—Fyp + Frn) =~ (45)
Tk :

Next, differentiating the function f in (28) and evaluating it at 7, = 0, we obtain

{_frFk: + fwli.tth} dr + {fr(=Fri + Fin) + fo(—Fne + Fan) + fohdnn, =0

Note here that

1 _
- F, = F, "
1- Mh
Mh
—Fpk + Fup = N (Fer — Frn)
It then follows that
17
dnn B (=fr + 52

— = (46)
e (—Fun+ Fon) (—Fr + Fu'52) = 1o

From (45) and (46), we obtain

drk Fify

e (P + Fin) (= fr + f522) =

<0

The last inequality follows from the fact that Fy, > 0, f, < 0, —Fg, + Fxp, > 0, f» <0 and f,, > 0.

Proof of Proposition 8

Suppose that g = 0. Consider the optimal tax equilibrium with the restriction that b; = 0 for
all ¢t # T 4 1. The variables in that equilibrium are denoted as v;(br41), etc. Also, denote the
variables in the optimal tax equilibrium with b, = 0 for all ¢ by the superscript o, that is, v°, etc.

Remember that
vr(brsr) = {(1 = B)Y + BY pa1(brgr)vegr (bra) V177
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where
pr+1(br41) = p(be, bey1,ve(bry1))
with b, = 0 for all ¢t # T+ 1. It follows that

ve(br41) =0v°, Vt>T+2, and pe(bry1) =p° VAT +1,T+2

We need to determine the effect of bryy on vo(bry1), and it suffices to determine its effect on

UT(bT+1)Z

dUO > dUT >
= 0 <=

<

de+1 de+1

For this, first let us see how bp affects vpi1. Recall that the optimality implies the following

relation between vy and vpya:

1
vry1(bri1) = {(1 = B)Y + BY proa(brir)vrga(bri) V1 P (47)
where pria(bre1) = pbre1,0,v:401(bry1)) and vpio(bry1) = v°. Tt follows from Lemma 7 that

3PT+2 _
Ovr41

Then differentiating vr1q with respect to bro in (47) and evaluating it at by = 0 yields

d
L = Y () pe (48)
dbr 41

where p = 9p(b, 0,v°)/0b evaluated at b = 0.

Next, look at the optimality equation between vy and vpyq:

1
vp(bryr) = {(1 - B)Y + ﬂpr+1(bT+1)UT+1(bT+1)w71}¢71 (49)
Again, evaluated at by =0, 85%;1 = 0. Then, given (48), differentiating (49) and evaluating at
bT+1 =0 yields,
d'UT

= B (p") 0" [p5 + B ()" ]
dbr 41
where p§ = 9p(0,b',v°)/9b evaluated at b’ = 0.
Now remember the definition of the function p(b,d’,v) in (32). Let A(b,b’,v) denote the La-

grange multiplier on the flow budget constraint for the government in the maximization problem
there. Then, since dp/dr, > 0 and dp/9dn, = 0, we have A > 0. Thus,

% = AV, 0) [1— 6k + (b, 1, 0)] < 0
@—)\(bb’v)[lf (0,0, 0)] Ry (b, 0) > 0
b/ — , 0, T]c , 0 x\Yy VU

In the optimal tax equilibrium under the balanced-budget requirement, b; = 0 for all ¢:
ne=1-p%(p°)¥!
It follows that
P =-=X(1— 0+ FY)

ps =AY (p°)' 'R
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Therefore, we obtain
dUT

=¢[RY — (1= 0r + FY)] (50)
dbr 41

where £ is a positive constant defined by
£=BY(p°)P 2N BY (7)Y > 0

Under Assumptions 1 and 2, we have

T < 0.

Because the investment in human capital is risky, its expected return must be greater than the

rate of return on physical capital:
1-0r+ (A —=1))F <1=6p4+ (1 —1)Fy
It follows that

Ry =[1—06k+ 1 —m)F](1—np) +[1—0n+ (1—73)Fp]np
>1—6+ (1 —10)F
>1— 0+ F? (51)

From (50) and (51) it follows that dl?;jil > 0 at g = 0. By continuity, this is also the case with

a sufficiently small g.

Proof of Proposition 9

Define the Lagrangian for the problem (34) as
o0
v + Z At {(1 — B)Y + BYp(be, by, o)V of ! — Ul’bfl} :
t=0
The first-order condition with respect to by 41 is
-2~ -1 p—2 ~ —1
)\Zjﬁw/ﬁbﬂ P27t+111f)+1 + )‘}E)—i-lﬁwp;ﬂa P17t+27]:&/)+2 =0, (52)

where g1 = p(b, bey1,v4), P2441 = 0p(be, byt1,v¢)/0bsy1, and P2 = O0p(big1,biy2, Ut+1)/abt+1~

The first-order condition for vy is
ah—1 ah—2 ~h—2 ~ P—1 P—2
X BYBr vty + A1 BY Bs PoataVive — Alpavi, =0, (53)

where ,5v,t+2 = 3ﬁ(bt+1, bt+2,vt+1)/avt+1-
In a steady-state equilibrium, equation (52) becomes

A
2+ ;jlpl =0 (54)
t
whereas equation (53) implies that
A1 _ g P AN
o =B 1= 89" — (55)
t P
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Now notice that from the definition of p(b,¥’,v) in (32), the derivative p with respect to b and ¥’ is
given by the derivative of the first constraint times the corresponding multiplier. Then it follows

in the steady-state equilibrium,

P2 B (1 _nc)Rm
1— 90+ Fy
e @)

_& 1— 06, + Fy

where for the second equality, we used 7, = (1 — )Y v1™% and v¥~! = (1 — B)¥ + B¥p¥—Lo¥—1
from the constraints of (32) and (34), respectively.
Combining (54)-(56) yields

Ry =(1— 6+ F) (1— BY52p,0) " (57)

This completes the proof of Proposition 9.
When ¢ = 1, p, = 0, which implies that equation (57) becomes

R,=1-0, + F}

In this case we have 7, > 0 as shown in the main text. This completes the proof of Corollary 10.
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Table 1: Baseline parameter values

parameter  value  description

P 1 intertemporal elasticity of substitution

vy 3 risk aversion coefficient

A 0.315  coefficient in the production function

« 0.36  share of capital

Ok 0.06  depreciation rate of physical capital

On 0.06  depreciation rate of human capital

B 0.9511 discount factor

g 0.0256 government purchases as a fraction of total wealth
T 0.1955 tax rate in the baseline policy (74t = Tht = T)

0 0.1585 idiosyncratic shock
Table 2: Steady states
model notation | baseline Ramsey Ramsey with g =0
capital tax rate (%) Th 19.95 19.64 11.56
labor tax rate (%) Th 19.95 14.88 4.99
debt-GDP ratio (%) L 51 0.19 202.6
growth rate (%) T g 1.6 2.26 3.25

Table 3: Welfare gain of adopting the Ramsey policy

ignoring transition considering transition

8.7320 0.8494
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Figure 1: Transitional dynamics.
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Figure 3: Different values of the idiosyncratic risk.
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