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Abstract
We build upon the work of Ingram and Whiteman (1994), De Jong et al. (1993) and Del Negro and
Schorfheide (2004) to propose a methodology of constructing Dynamic Stochastic General Equi-
librium (DSGE) consistent prior distributions for Bayesian Vector Autoregressive (BVAR) models.
Further, motivated by the studies of Del Negro and Schorfheide (2004), Christiano et al. (2010) and
the theoretical results developed by Chernozhukov and Hong (2003) we illustrate how the posterior
moments of the BVAR parameter vector can be used to obtain the posterior inference with respect
to the DSGE model. The moments of the assumed Normal-Inverse Wishart prior distribution of
the VAR parameter vector are derived using the results developed by Fernandez-Villaverde et al.
(2007), Christiano et al. (2006) and Ravenna (2007) regarding structural VAR (SVAR) models and
the prior density of the DSGE parameter vector. Two data driven hyper-parameters unwind the
“intensity” of these theoretical priors avoiding bimodality problems that could possibly arise from
the strong disagreement between “tight” priors and the data (see, De Jong et al., 1993). The com-
bination of the VAR marginal likelihood function — approximated using the “Laplace” transform —
with the prior distribution of the DSGE parameter vector delivers the posterior distribution of the
latter. In line with the results from previous studies, BVAR models with theoretical priors seem to
achieve forecasting performance that is comparable — if not better — with the one obtained using
theory free “Minnesota” priors (Doan et al., 1984). Finally, a small monte carlo experiment and
an empirical exercise reveals very supportive results for the quasi bayesian estimator proposed in

this study relatively to the standard full information bayesian maximum likelihood estimator.
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1 Motivation

Bayesian inference relies on the properties of the posterior distribution of the parameter vector, which
is proportional to the product of the likelihood times the prior distribution. The role of the latter is
to integrate into the estimation scientist’s “knowledge” about the parameter vector. For example, we
want to assess the persistence of a macroeconomic variable by estimating an autoregressive model of
order one — AR(1) — and it is widely accepted that (detrended) macroeconomic series — such as real
consumption, real investment, real wages etc — display high degree of persistence. This information —
stationarity and significant positive autocorrelation — could be summarised using the beta distribution

— defined between zero and one — for the lag coefficient with a mean that reflects this high rigidity.

The importance of the prior distribution further increases as the length of parameter vector expands
and the size of the sample remains relatively small, which is the case when a macro-variable VAR is
estimated. For instance, a five variable VAR with three lags — like the one used in this study — contains
ninety parameters whose estimation poses serious difficulties even with fifty years of quarterly data,
i.e. 2.2 observations per parameter. In these circumstances, priors can be used to shrink the number

of the estimated parameters by focusing on some of them and ignoring others.

Minnesota priors (Litterman, 1980, 1986; Doan et al., 1984) work exactly in this way and this probably
explains why it is always scientists’ first choice when the estimation of a macroeconomic bayesian VAR
model is considered (Kadiyala and Karlsson, 1997; Bandbura et al., 2010). They rely on the stylised
fact that random walk models deliver superior forecasting performance, implying that the prior mean
of all autoregressive parameters, except those on the main diagonal of the first lag, is equal to zero. In
terms of the previous example this means that only five from seventy five autoregressive parameters

are non zero before the estimation.

The above assumption, however, seems inconsistent with the economic theory according to which
macroeconomic variables are functions of common structural shocks and, therefore, are characterised
by high degree of comovement. For example, a real business cycle model with a unit root techno-
logical process and a persistent labour supply shock (see, Hansen, 1985) predicts strong correlation
between model’s real observable series (i.e. consumption, investment, wages, output etc), meaning
that orthogonality among macro variables cannot easily founded on the basis of the economic theory.
This lack of theoretical consistency limits researchers’ intuition and, consequently, complicates the

posterior inference.

The question that naturally arises is if we can construct prior distributions for BVAR models that do
not conflict with the theory. Similar to Ingram and Whiteman (1994) and Del Negro and Schorfheide
(2004), this study illustrates how the relation between VAR and DSGE models can be explored to
deliver theory consistent priors. Why we would like to do this? DSGE models are devices where
stylised facts can be decomposed into agents’ optimisation problems and, consequently, data features
are expressed as functions of structural parameters. For example, the hump shaped real consumption
response after a monetary policy shock observed in VAR studies (Christiano et al., 1998) can be
reproduced by a DSGE model where households form consumption habits (Smets and Wouters, 2007)
and by varying the consumption smoothing parameter the researcher controls the peak — or the
through — of the shock and, consequently, affects the time series properties of the entire vector of

model variables. This mapping between the DSGE parameters and the stylised facts guides model



developers to decide about the prior mean of the structural parameter vector, while the standard
deviation aims to capture most of the values used in the literature. Answering to the previous question,
it seems that the prior distribution of the structural parameter vector is well motivated and, given
the close association between DSGE and VAR models, this information can be used to develop prior
distributions for the time series model, which are clearly not subject to the orthogonality critique

discussed in the previous paragraph.

Certainly, arguing in favour of DSGE driven priors it does not seem rational if we have to sacrifice the
fit or/and the forecasting performance of the VAR in order to get some theoretical consistency. A set
of metrics — marginal likelihood assessment, mean squared forecast error comparison and predictive
density evaluation — is used here to measure the performance of the proposed priors. Similar to the
previous studies, all results indicate that theory consistent priors deliver time series properties that

are comparable — if not better — to the one obtained using theory free priors.

In Section 4 it is illustrated how the mapping between the DSGE and SVAR models — identified by
Fernandez-Villaverde et al. (2007), Christiano et al. (2006) and Ravenna (2007) — and random draws
from the prior distribution of the DSGE parameter vector are used to construct the moments of the
Normal-Wishart prior distribution of the time series model. Since no conjugate priors are used, the
posterior distribution of the VAR parameter vector is approximated by using the monte carlo markov
chain (MCMC) Gibbs sampling sampler, where the conditional posterior moments are expressed as
weighted averages between the ordinary least square (OLS) VAR estimates and the prior moments
(Proposition 4.1). Two hyperparameters — the prior degrees of freedom of the Wishart distribution
and the tightness factor of the prior variance-covariance matrix of the VAR coefficient vector — control
the weights attached to these DSGE derived prior moments (Remark 4.1). This hyperparameter
vector represents scientist’s confidence regarding the data plausibility of the DSGE model, which can
be decided on the basis of “rules of thumb” or data driven techniques such as the marginal likelihood
criterion. Motivated by the work of Del Negro and Schorfheide (2004), the present study adopts the
second strategy, since this allows the norm of this vector to be interpreted as a measure of fit of the
DSGE model.

Del Negro and Schorfheide (2004) illustrate that the hierarchical structure of these theory driven
prior distributions enables the estimation of the posterior distribution of the DSGE parameter vector.
This is achieved by combining the marginal likelihood function of the VAR model with the prior
distribution of the structural parameter vector. In our case the marginal likelihood does not have an
analytic form and it is approximated by using the “Laplace” transform! and replacing the unrestricted
VAR parameters with the one implied by the DSGE model. The small monte carlo experiment and
the empirical exercise undertaken in Section 6, using a version of the model developed by Smets
and Wouters (2007), reveal very encouraging results for the proposed limited information estimation

relatively to the full information maximum likelihood one.

The paper is organised as follows. The notation needed for this paper is developed next, the existing
methodologies of constructing theoretical priors are reviewed in Section 3, the proposed one is described

in Sections 4 and 5.1, an application is considered in Section 6 and the final section concludes.

'See Koop (2003).



2 Notation

The required notation is developed in this section. To be precise, R denotes the real line, da indicates
the dimension of the vector a, R* = R x R x ... x R is the da-cartesian power of the real line,
14, stands for the (da x da) identity matrix, the vec and vech operators transform a matrix with
dimensions da x da to an da? x 1 vector by stacking the columns, and to an (da(da +1)/2) x 1
vector by stacking the elements of and below the main diagonal, respectively. The symbol ® denotes
the Kronecker product operator, while, V,f (a) and V2f (a) represent the matrices of the first and
second derivatives of the vector function f (a) with respect to the vector a, respectively. K, an is a
commutation matrix, such that for any dm x dn matrix G, Kgm, dnvec(G) = vec(G’). The state space

representation of a solved (log) linear approximated DSGE model (M) is given by

v = A& (2.1)
& = B(Y)& + T (V) we (2.2)

where the equation (2.2) describes the evolution of the state vector (§t € ]Rdg) of the model, expression
(2.1) illustrates the relation between the unobserved state of the economy and the observable variables
(yt € Rdy), the vector of the structural shocks (wt € Rd“’) is normally distributed with mean zero and
14, covariance matrix (N ~ (0,Ig,)) and the elements of the matrices A (v), B(v), and Y () are
nonlinear functions of the DSGE paymaster vector, which is also called the structural parameter
vector, v € I'. ¥ (a) implies that the quantity ¥ is expressed as a function of a. The VAR(p) model
(T) is described by

p
Y = Z Aiyi—i + vy (2.3)
i=1

where vy, the vector of the reduced form error, is normally distributed with zero mean and 3, variance-

covariance matrix and its standard regression representation is
Y=AX+U (2.4)

where A = { Ay o A, ] is the dy x pdy matrix of the VAR coefficients, T is the sample size, Y is
the dy x T' data matrix of the observed variables, X is the pdy x T matrix of the lagged data and U is
the dy x T matrix of the VAR innovations. § = vec (A)" and o, = vech(3,)" are the components of the

/

v), € O, which is called the reduced-form parameter vector; I' and ©

VAR parameter vector 6 = (8,0
are compact subsets of R® and R%| respectively. The OLS estimates of ¥, A, 6, o, and 0 are defined
as 8y, A, 0, 7, and 0, respectively. Cyy, = E (Y;Y/), Cow = E (X, X]), Cye = E (¥;X}), Cpy = T1YY",
Coz = T-1XX', éyw = T7'Y X' are data’s population moments and their estimates. N (u,,3q)
stands for the normal distribution, where p, and ¥, denote the mean and the covariance matrix of
the vector «, respectively. The Wishart and its inverse distributions with 1 degrees of freedom and II
scale matrix are defined as W (II, ) and IW (H_l, 77), respectively. p (a) denotes the prior distribution
of a, Ly (Y|0) and my (Y) = [ Ly (Y]0) p(6) df stand for the likelihood and marginal likelihood of

the VAR, respectively, while the same quantities for the DSGE model are given by Laq (Y|y) and
mm (V)= [ Ly (V) p () dy-



3 Existing Methodologies

The methodologies reviewed in this section are grouped into two categories, the analytic type priors
where the mapping between the structural and reduced-form parameter vector has a closed-form and

the regression type priors where this relation is approximated by the OLS estimator.

3.1 Analytic Type Priors
Ingram and Whiteman (1994)

Ingram and Whiteman (1994) were the first to construct theoretical priors for BVAR models based on
a simple Real Business Cycle (RBC, King et al., 1988) model, with two state variables (capital and
technology process) and one stochastic disturbance (the innovation of the technology process). The
simplicity of the model allows them to express the state vector as a linear function of the observed

series — this is acheived through the use of the Generalized Inverse? —

[(A (M A() A (v)'} ve =&, (3.1)

meaning that the DSGE system — equations (2.1)-(2.2) — can be rewritten as a VAR(1)

y = A(7)B(y) [(A (7)’A(7))_1A(7)’} Y1+ A(Y) T (V) &

= A1 (Vg1 +C () (3.2)

with the last expression to illustrate the mapping between the VAR and DSGE parameter vector
/ /
0(7) = (vee (A1 (7)) vee (C(1) € (7))') (3.3)

The existence of this mapping and the properties of the normal distribution — the distribution of a non-
linear function of normal variables can be approximated by the normal distribution — are, possibly, the
reasons behind Ingram and Whitemans’ selection of the normal probability density function (pdf) as
the prior distribution of the DSGE parameter vector. To be precise, the assumption that v is normally
distributed with mean and variance-covariance matrix equal to p, and X, respectively, and the use
of the “Mean Value Theorem” (see, White, 2001) imply that 6 (y) is also normally distributed with
mean and variance-covariance matrix given by pg (v) = 6 (,uy) and g (y) = V40 (“’y) x,V,0 (“7)/’

respectively.

Having derived the prior distribution of the time series parameter vector, the posterior estimation
of the VAR is carried out by adopting single equation “mixed” estimation procedures introduced by
Theil and Goldberger (1961).

Clearly, this procedure is not fully Bayesian and it is not suitable for multivariate analysis, meaning
that measures for, either the fit of the time series model, or/and the forecasting uncertainty of the

entire vector cannot be easily or/and consistently derived (De Jong et al., 1993).

2See, Magnus and Neudecker (2002)



3.2 Regression Type Priors
De Jong et al. (1993)

De Jong et al. identify the shortcuts of the previous methodology — « is normally distributed and single
equation non-bayesian estimation inference — and the problems that arise from them. They proceed
by making an assumption about the functional form of p(f) — conditional Normal-Inverse Wishart
(conjugate) distribution— and derive its moments through stochastic simulation. To be precise, pseudo
data —Y () and X () — of length equal to 1350 is simulated by the DSGE model, a VAR(1) is fitted
to this artificial data set and the OLS estimates of the VAR coefficient vector, its variance-covariance
matrix and the residual variance-covariance matrix are stored. This exercise is repeated 1000 times
and the averages of these three quantities are calculated. Conjugate priors imply an analytic posterior

distribution, namely

pOIY.) = p(8105,3.7) p(0uf60,) (3.4)
p(0V,00,0.7) = N (5, %5) (3.5)
p (0, Y, Gu,y) = IW (II,T+n) (3.6)

S5 = S, (XX +X ()X (7)) (3.7)
B = T | e XX) b+ (57 0 X (1) X (7)) 6 ()] (3.8)

I = 8,0 ' +T5,
+(B-A)X ()X () (XX + X (3) X (7)) XX (B - A)' (3.9)

where the posterior moments of the VAR parameter vector — expressions (3.7)-(3.9) — are written
as weighted averages between the prior moments and the OLS estimates. De Jong et al. do not
account for the fact that priors might strongly disagree with the data and, consequently, should not
be “dogmatically”? imposed since this would damage the posterior inference. Actually, their empirical

exercise reveals this problem where most of the posterior autocorrelation distributions are bimodal.

Del Negro and Schorfheide (2004)

The work of Del Negro and Schorfheide can be viewed as an attempt to provide the theoretical
validation behind the study of De Jong et al. (1993) and to deal with pathologies arising from imposing
priors that are not compatible with the data. Further, Del Negro and Schorfheide illustrate that the
posterior distribution of the structural parameter vector can be obtained by combining the marginal
likelihood of the VAR model with the prior distribution of ~.

To be precise, similar to De Jong et al. the actual data set is augmented with a number of artificial

ApsT _ ApsT
220 and X () ={X (v) .27

which is proportional to the size of the actual sample — A\pgT where Aps € (0,00) — and the VAR

observations simulated by the structural model - Y (v) = {Y (v),

likelihood of this augmented sample is factorised into the likelihood of the true data and the likelihood

of the artificial one
Ly (Y (7),Y|0) = L7 (Y]0) LT (Y (v) |0) (3.10)

3Terminology used by Del Negro and Schorfheide (2004).



with the latter to be interpreted as the prior density of 8. The authors in order to avoid the stochastic
variation, arising by the simulation of the model, replace the non-standarised sample moments of the
likelihood —~ Y (7)Y (7)', Y (7) X ()" and X (v) X (v)" — with their expected values, which are written
as function of the structural parameters and the hyperparameter that controls the size of the simulated
data — ApsTCyy (7), ApsTCysz (v) and ApsT'Cy, (). Since the likelihood can be decomposed into
the product of the conditional Normal times the Wishart distribution (see, Canova, 2005), then (3.10)

can be viewed as the posterior kernel of the VAR parameter vector

p(0]Y) oc L7 (Y10) p (60w, v) p (00]7) (3.11)

with the prior moments be expressed as function of ~

p(ouly) = IW (ApsTE, (v), ApsT — (pdy + 1)) (3.12)
p(lonn) = N(A0),%0® ApsTCo (1)) (3.13)
AM) = Cou (1) Coy () (3.14)
() = Cp(r) = Cr(r)AM) (3.15)

As it has already been mentioned, conjugate priors imply an analytic posterior distribution for 6 —
conditional Normal-Inverse Wishart — and its moments are written as weighted average between the
DSGE implied moments and the OLS estimates

p(U’UD/a avaf)/) = IW (()‘DS + 1) Tiv (’7) ’ ()‘DS + 1) T - (dyp + 1)) (3'16)
p(o0,009) = N(A().3 @ ApsTCu (1)) (3.17)
A(1) = (ApsTCrr () + X'X) ™ (ApsTCra (1) A (3) + X'XA) (3.18)

1

2o (7) [(ApsTClyy (1) + Y'Y) — (ApsTCle (v) + Y'X) A (7)] (3.19)

(Aps+1)T
Del Negro and Schorfheide do alert the readers that the empirical performance of the time series model
crucially depends on the choice of Apg and, therefore, they recommend its selection to be based on

measurers of fit such as the marginal likelihood.

Del Negro and Schorfheide also illustrate that the posterior distribution of the DSGE parameter vector
can be obtained by combining the marginal likelihood of the VAR — in their case it has an analytic

form — with the prior distribution of ~

p (’nya 9, ADS) o my <Y|%§, )\DS) p(7) (3.20)

This is clearly a major improvement over all the earlier methodologies since it enables the posterior
estimation of v to be based on limited information techniques. To be precise, p ('y\Y, /9\, A Ds) consists
of values of v that minimise the distance between the OLS estimated VAR parameter vector and the
one implied by the DSGE model; loosely speaking, this could be viewed as the Bayesian version of the
estimator proposed by Smith (1993).

The theoretical prior moments in the last two methodologies are constructed by fitting a VAR(p)
model in the data simulated by the structural model. This is not exactly the prior distribution
of the reduced-form parameter vector #(v) but the distribution of the OLS VAR estimate /9\/\95 (7)



under the assumption that the DSGE model is the true data generation process. Certainly, the
consistency property of the OLS estimator ensures that @\DS('y) converges in probability to 6(v) as
the size of the pseudo sample tends to infinite — 5,\[,5 (v) — 0() Lt 049 as Aps — oo —, however,
the variance-covariance matrix X, ® (ApsTCyy (’y))_1 does not measure the dispersion of the prior
probability density function of 6(v) — p (6 (7)) — but it reflects the variance of the estimation error
- E <§>\DS (v) — 9(7)) (5)\135 (v) — 9(7)>I, which converges to zero as Apg — oo. This implies that
information captured by the second moments of p(7) is not fully utilised by these approaches. The
variance of 7y reflects scientist’s confidence about p., and, very likely, researchers might be more certain
about some parameters than others, meaning that some VAR parameters should get more prior weight
than others. We believe this is a crucial piece of information that helps researchers to improve the
properties of the DSGE model and, therefore, it should not be ignored. For instance, the prior
distribution of the VAR responses depends on the variance of 6, which under theory driven priors

should also depend on the variance of ~.

Additionally, the functional form of the variance-covariance matrix — £, @ (ApsTCly (7)) ™' — strongly
restricts the covariances among the VAR coefficients. For instance, it implies that ratios of variances
of coefficients on the same variable in different equations are identical (see, De Jong et al., 1993; Sims
and Zha, 1998), this feature does not seem in line with the DSGE model.

4 The Proposed Method

This section describes the proposed methodology, this falls into the analytic type priors category and
it can be seen as a generalisation of Ingram and Whitemans’ work. Briefly, it relies on the mapping
between the DSGE and SVAR models — Fernandez-Villaverde et al. (2007), Christiano et al. (2006)
and Ravenna (2007) — and the prior distribution of the structural parameter vector to derive the prior
moments of the VAR parameter vector. Two hyperparameters ensure well behaved posterior inference
and, finally, it is illustrated how the BVAR posterior moments can be used to obtain the posterior

distribution of the DSGE parameter vector.

4.1 The Prior Moments of 6

The starting point of our methodology is the DSGE model summarised by equations (2.1) and (2.2)
and the prior distribution of the structural parameter vector. From the work of Fernandez-Villaverde
et al. (2007), Christiano et al. (2006) and Ravenna (2007) it is known that when the number of shocks

coincides with the number of the observable variables and the eigenvalues of the matrix

M(v) = [Idf ~TNMAM T AM|BO) (4.1)

are less than one in absolute terms then there is an analytical mapping between the structural and
VAR parameter vector
p:y—0 (4.2)



namely,

6(7); = wvec(A(v);) (4.3
A(y); = AWBOM ) 'TAA® YT ) (4.4)
o(y) = vec([AN)TMIAMNT W) (4.5)

The non-linearity of the mapping and the non-normality of p(y) implies that the functional form of
p (0 (7)) does not have a closed-form and it cannot be approximated using either the “Mean Value
Theorem” — discussed in Ingram and Whitemans’ case — or the “Change of Variable Theorem” — ¢ is

not an injection (Koop, 2003, pp. 334).

The analysis proceeds with the assumption that the pdf of () is the Normal-Inverse Wishart (not
conjugate) distribution and its moments are approximated through stochastic simulation. To be
precise, using equations (4.1)-(4.5) and random draws from p(y) we are able construct a pseudo set of
identically independently distributed (i.i.d) draws of the reduced-form VAR parameter vector, {6, }]521

Then form Theorem 3.1 and Proposition 3.2 of White (2001) it is known that the estimated moments

converge to the true one “Almost Sure”

S

As(y) = ST 6(0); S us(v) (4.6)
=1
JS

() = S o(0); % 1, () (4.7)
j=1

~ 5 !/

Ss(n) = ST (000, —7is) (600, —71s) ¥ 5 (3) (4.8)
j=1

The steps are fully described in the Appendix B.

From the properties of the Inverse Wishart distribution (Poirier, 1995) it is known that the scale
matrix II is related to p, () through the following relationship

1

Ty 1V or L) = (n = dy — DIT (7) (4.9)

o (7) =

where vec (IT* (7)) = p, (7). In order to study the variance of the posterior distribution of ¥, we need
work with the properties of the Wishart distribution since Magnus and Neudecker (1979) provide an
analytic expression for the second moment of the Wishart distribution. The mapping between the
Inverse-Wishart and the Wishart distribution is given by Theorem 3.5.5 of Poirier (1995)

Bot ()= g (T + Kaya) (I ()7 0 (0 () ) (110)

Expressions (4.1)-(4.10) establish the mapping between the moments of p(y) and p(0(7)).

4.2 No “Dogmatic” Priors

It was explained in the introduction that DSGE models should be viewed as devices where stylised

facts can be decomposed to agents’ optimisation problems, meaning that it should not be expected to

10



explain all the features of the observed data. DSGE models, therefore, impose a large — and some times
very severe — amount of restrictions on the data and this subsection explains how these constraints

can be relaxed inside this framework.

Singularity of ¥; (v)

Structural parameters have — by construction — an economic interpretation and they are not arbitrary
added like the VAR ones aiming to fully capture all the structure observed in the real world — we
usually increase the number of VAR lags up to the point where the estimated residuals are i.i.d.. This
implies that the dimension of « is expected to be (much) smaller than § (), meaning that ¥; is a
positive semi-definite matrix. In order to avoid working with singular distributions we need to impose

more structure on Y5 and this has to be a block diagonal matrix.

The length and, consequently, the number of blocks depends on the number of the structural param-
eter, for instance, in the example presented below there are twenty five structural parameters and
seventy five autoregressive coefficients, meaning that the minimum number of blocks is three — twenty
five parameters length, one for each lag — and the maximum one is seventy five — ¥ is a diagonal

matrix.

Assuming that s is diagonal — similar to Minnesota priors — seems a natural choice when we are
not very confident about model’s predictions regarding the cross-moments between the autoregressive

coefficients and we do not wish to impose these restrictions on the data.

Hyper-Parameters

It is clear from the work of De Jong et al. (1993) and Del Negro and Schorfheide (2004) that we need a
device that either unwinds the “strength” of the theoretical priors when they are not compatible with
the data — ensuring well behave posterior inference — or attaches more weight to them when model’s

predictions are inline with the true data generation process.

Notice that in the current framework p; () and p, () represent model’s predictions about the mean
of the VAR coefficient and residual variance-covariance vector, respectively. Since these quantities
can be easily estimated from the data — fi5; and 1, — we need to ensure that the latter lie inside
the support of the distribution implied by the DSGE model, which can be succeeded by varying the

variance around p; () and g, (7).

From equation (4.10) it is clear that by changing the degrees of freedom parameter we can either
“shrink” — 3,-1 (7) = Ogyxdy as 7 — 0o — or “loose” — 3,-1 () = oo as n — dy + 1 — the distribution
around p 1 (7). Unfortunately, such parameter does not exist for X5 (), meaning that we need to

“invent” one
xo (1) = A5 (7) (4.11)

where A € (0, 00).

Remark 4.1 below summarises the role of the hyper-parameter vector A = (\,1/n)’ in the posterior

distribution of # and, consequently, illustrates why its selection should be based on measures of fit.

11



However, before this we need study how the posterior distribution of the VAR parameter vector is

constructed.

4.3 VAR Posterior Estimation

The posterior distribution of 6 does not have an analytic form since no conjugate prior are assumed,
however, Proposition 4.1 states that the posterior kernel of the VAR can be rewritten as the product
of two conditional distributions, meaning that p (9]Y, 5, v, 5\> can be approximated using the MCMC
Gibbs sampling scheme (Canova, 2005).

Proposition 4.1 If the prior distribution of § is the normal one with mean and variance-covariance
matriz equal to s (v) and Xys (7y), respectively, and the prior distribution of ¥, is the Inverse Wishart
with n degrees of freedom and I1 () scale matriz. Then the posterior kernel of 6 can be written as the

product of two condition distributions

p (9|Y,5, - X) o N (115, 55|50) IW (T, T + 5| A) (4.12)
where
_ a1 e
5= [S+Ss (4.13)
Bs = T [Tas () s () + 2519 (4.14)
0 = 0>y +T8, + (A—A)'X’X (A—&) (4.15)
O

The proof can be found in Appendix A.

The following Remark highlights the role of X in p <9|Y, 5, v, 5\>

Remark 4.1 From Proposition 4.1 it can be seen that:

1. The posterior mean of the conditional Normal distribution of the VAR coefficient vector is a

weighted average between the prior mean and the OLS estimate

-1

s _25_1 + s (’Y)_l]

= [P+ 55

[Em (1) s () + S5 15}
-1

N ~ 1—1
5510+ [EM () +E;1} Sas (1) s ()

-1

1 PPN b U a1 _
= AE(s(’y)lJrE(;l] 2515+A[25(7)1+A251} 1% (7) Y s ()

1 e el -1 ya-1]t -1
= |35 0)+E Eyos [25 (V) + A% ] 25 (1) s ()
From the latter expression it can be concluded that

s — 5 as A — 0o (4.16)
s — ps(y) as A—0 (4.17)
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2. Form Theorem A.4.3(b) of Poirier (1995) it is known that

55 = [25_1 + Xxs (7)_1} T S5 — 5 |85 + Sas (7) - s
= S-S [San] T 5 (4.18)
Meaning that
S5() — S as A — oo (4.19)
Y5 (v) — Odsxas as A —0 (4.20)

3. From the properties of the inverse Wishart distribution is know that the posterior mean of ¥, is
(Poirier, 1995)

Fo = iyt O e ()
+T+77—1dy—lvec [(A — 3)/X'X (A ~A }
This implies that
Ly — vec(i\J@) asn—dy—1—0 and A — oo (4.21)
Ao — po(y) asn— o0 (4.22)

4. From Magnus and Neudecker (1979) and Theorem 3.5.5 of Poirier (1995) it is known that
vec(S,-1) = (T+n—dy—1) (g2 + Kayay) I telt)
= (T+n—dy—1) (Iae + Kayay)

[(n—dy—l)ﬂ*+T§U+<A—ﬁ X’X(A-&)]_l

N——
~

-1
~ N\ ~
® [(n—dy—l)l’[*—i—TEU—&- (A—A) X'X (A—A)]
It can be seen that

1 -~ ~
vec(X,-1) — T (Lay2 + Kay,ay) (E;l ® E;1> asn—dy+1and A\ > o0  (4.23)

vec(X5-1) = Odoxdo as n — oo (4.24)

O

From Remark 4.1 it seems clear that A can be interpreted as a “measure of confidence” regarding
the DSGE model. To be precise, when the researcher is highly uncertain about the plausibility of
the structural model — n — dy + 1 and A — oo — then his best strategy is to discount any structural
information and to proceed with the OLS estimates. However, the other extreme scenario, if he
strongly believes that the DSGE model is the true data generation process — n — oo and A — 0 —

then his analysis should be based on 6(v) ignoring any data information.
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Estimation & Interpretation of A

The previous section clearly states the necessity of rationally selecting A to avoid damaging the em-
pirical fit of the time series model. Since worsening the performance of the VAR model is highly

undesirable, data can be used to guide our choice regarding this hyperparameter vector.

The most natural measure for this purpose seems the marginal likelihood of time series model, meaning
that A should be the one that delivers the highest value

)= arg max my (Yh,/@\, 5\) (4.25)
AE(0,00) x (dy+1,00)
In our framework m (Y\’y,g, 5\) does not have an analytic form, however, it can be approximated by
the output of the Gibbs smapler using either the methodology developed by Chib (1995) or Geweke’s
modified harmonic mean estimator (Geweke, 1999), and this increases the complexity of calculating
. To see this, notice that we need to create a two dimensional grid — (0, 00) x (dy +1, o0) — and to

evaluate my (Yh,g, 5\> for all values of A inside this grid, having done this we set A equal to the A
that corresponds to my (Yhﬁ, X) with the highest value; see Chart 1.

This estimation procedure implies that i can be interpreted as a “measure of fit” that assesses both
model’s transmission mechanisms and the prior specification of 7. For example, say that the true data
generation process is a model where households form consumption habits, a fraction of them set their
wages optimally while others use rules of thumb, some of the firms that produce interemediate goods
in this economy form their pricing desicions optimally and the others index their prices on lagged
inflation. Given this assumption, we can think three reasons why i): could possibly be large if another
model is used to derive prior distribution of the VAR parameter vector. The first one is that one or
more of the rigidities are absent, this would imply low order VAR dynamics meaning that some of
the elements of 15(7y) would be zero and this does not reconcile with the data fig. Another reason is
that the values attached to v are not the right one, for instance, the slope of the Phillips curve is not
the right one, meaning that the impact of monetary policy is not well measured or the slope of labour
supply curve is not right misquoting the importance of the substitution effect relative to the wealth
one, clearly, this would imply that uy(y) is very different from fiy. Finally, a combination of the two

— model’s mispecification and wrong calibration — seems the most likely reason for large values of \.

Another interesting feature of the methodology estimating i is that we are able to identify which part
of the VAR parameter vector — § or/and o — failed to be well summarised by the DSGE model. The
curvature of the surface — obtained by evaluating m <Y|7, 5, X) for all values of the A grid — indicates
whose hyperparameter’s small changes can lead to big fit improvements. In the exercise presented
below it seems that this the case for ¥, — extreme curvature for small values of n —dy — 1 and relative
flat with respect to A\s and large values of 7, Chart 1 — and this seems consistent with the Quasi-
Bayesian estimation of the DSGE model, where the posterior estimates of standard deviations and
most of the persistent parameters of the structural disturbances seem smaller than the one obtained

using full information Bayesian maximum likelihood techniques.
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5 DSGE Quasi-Bayesian Estimation

5.1 DSGE Estimation

Before the evolution of the MCMC methodology DSGE models were mainly estimated using classical
limited information (LMI) methods (Smith, 1993; Rotemberg and Woodford, 1998; Christiano et al.,
2005) and this was due to their good small samples properties (Ruge-Murcia, 2007; Theodoridis, 2010),
the lack of the requirement the structural model to be viewed as the true data generation process and
the non-smoothness of the DSGE likelihood.

As it is explained in Theodoridis (2010), the most attractive feature of the LMI methodology is that
you actually observe the targets you are trying to “hit”. This allows you to identify the strengths and
the weaknesses of the model, once the structural parameters have been estimated, and to derive some
useful economic conclusions about the model. This does not seem so obvious in the full information
(FLI) case where the estimated vector minimises the distance between the model and the true data
generation process and, since that the latter is unknow, this means that we have no idea how big this

distance is or/and what this implies about model’s economics.

Canova and Sala (2009) argue that FLI techniques deliver more accurate inference than LMI one.
Their point is that the likelihood of the model conveys substantially more information than the LMI
objective function and this helps the identification of the true parameter vector. However, Iskrev
(2010) illustrates that DSGE models are inherently weakly identified and this symptom applies to
both FLI and LMI — when enough instruments are used so the estimated parameter to be identified —
estimation techniques. Theodoridis (2010) shows that when a sufficient number of instruments, which
fully summarise the likelihood of the model under normality, and the optimal weighted matrix are
used then, in small samples, LMI estimation techniques outperform even Bayesian FLI procedures

with unrealistic tight priors around the true parameter vector.

The studies of Del Negro and Schorfheide (2004) and Christiano et al. (2010) can be viewed as attempts
to incorporate inside the Bayesian framework this long lasting knowledge about selecting structural
parameters based on LMI metrics. The technique presented in this section walks along this path and
illustrates how the structural parameters can be selected in order to minimise the distance between

the posterior moments of the VAR parameter vector and the one implied by the DSGE model.

To be precise, we know from the work of Del Negro and Schorfheide (2004, Section 3.3.1) that the
posterior distribution of v can be obtained by combining the marginal likelihood of the VAR with
the prior distribution of the structural parameter vector — expression (3.20) —, however, in our case
my <Y]’y,5, i) does not have an analytic form. This difficulty is bypassed using the “Laplace” ap-
proximation and the mapping (4.2). To see this, notice that under the assumption that the likelihood

is close to symmetric and highly picked around the mode

0" = argmax Ly (Y1]0) p <6|’y,§> D (lefy,:_\\> (5.1)
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my <Y]’y,5, i) can be approximated by

~\ | —

mr (Y\H*,’y,@, i) = (27r)d'9 ‘—Vz log p (9*\Y,/9\,'y, A)‘

1
2

~

exp B (0 —6") Vilogp (9*\Y,5, 7, A) (0 — 9*)} (5.2)

(see, Canova, 2005, Chapter 9), at this point we apply the same assumption adopted by Del Negro
and Schorfheide and we replace 6 by 6 (v) (4.2), namely

mr (I, 7.8.3) = <2“)d0“Vﬁlogp(‘g*\Yﬁ,%i)‘_;

1 * IR *
exp |5 06) - ) Flogp (#1V:00.3) 0y -0 63)
Consequently, (3.20) in the present framework can be expressed as

and the posterior distribution of 4 can be constructed through the random walk Metropolis Hasting

MCMC resampling scheme.

The theory regarding this type of limited information or Quasi Bayesian estimators is developed in a
series of papers by Kwan (1999), Kim (2002) and Chernozhukov and Hong (2003).

5.2 DSGE Evaluation

The term inside the square brackets of (5.3)

o~

W= (0(y) 0 Vilogp (671,87, 1) (0 (7) — 0%) (5.5)

is a norm that assesses the plausibility of the DSGE model relatively to the estimated VAR. To see
this notice that under the extreme assumption that the structural model is the true data generation
process and — for simplicity — the posterior mode is equal to the posterior mean then the expected

difference between 6 (v) and 6* should be equal to zero
= /9(7)]7 (7|Y;0*777/§7 5\) d7_0* = 0dgx1 (56)

Alternatively, if the model is heavily misspecified then E. (6 () — ) is expected to be large.

Under quadratic preferences, the following expressions

Ew = [wo(sIv.070.0.3) dy (57)

E, W-E,W)* = /(W—EWW)Zp(ﬂY, 6*,+,0, X) dry (5.8)

can be interpreted as the expected loss and risk of using M, respectively (Canova, 2005; Schorfheide,
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2000). Additionally, the overlap between the posterior distribution of W and the postior distribution
of W*

~

MﬁE(HfWYV@%meKayJ)W—Gﬂ (5.9)

provides a more complete measure of the misspecifications of the DSGE model.

6 Application

6.1 Structural Model

To make the paper self-contained, this subsection briefly discusses some of the key linearised equi-
librium conditions, this is a version of the model developed by Smets and Wouters (2007). Readers
who are interested in agents’ decision problems are recommended to consult the references mentioned
above directly. All the variables are expressed as log deviations from their steady-state values, E;
denotes expectation formed at time ¢, ‘—’ denotes the steady state values and all the shocks (w) are

assumed to be normally distributed with zero mean and unit standard deviation.

The demand side of the economy consists of consumption (¢;), investment (i;), capital utilisation (z;)
and government spending ef = pef_| + 04w, which is assumed to be exogenous. The market clearing
condition is given by

Yt = CyCy + iy’it + ZyZt + 5? (61)

where y; denotes the total output and Table (1) provides a full description of the model’s parameters

and the shape of their distribution. The consumption Euler equation is given by

(1—-o0¢) (W'LIC)
ocC ( 1+ )\)

(T’t — Etﬂt+1 + E?) (62)

1
ct—1 + ——Eice41 + (Eley1 — 1)

140 1+ A
S =A
oo (1+ M)

Ct

where [; is the hours worked, r; is the nominal interest rate, m; is the rate of inflation and 6? =
pgsg,l + 04w is the risk premium shock. If the degree of habits is zero (A = 0), equation (6.2) reduces
to the standard forward looking consumption Euler equation. The linearised investment equation is

given by

, . B , 1 ;
= _ E —_ 4 6.3
it 1+Blt 1+1+B tlt+1+(1+/8)s,,Qt+5t (6.3)

where i; denotes the investment and ¢; is the real value of existing capital stock (Tobin’s Q). The
sensitivity of investment to real value of the existing capital stock depends on the parameter S” (see,

Christiano et al., 2005). The corresponding arbitrage equation for the value of capital is given by

@ =B1=0)Eqy1+(1—-5(1~- 5))Etrf+1 - <7”t — Eymin + 52) (6.4)

where rf = — (k; — I;) + w; denotes the real rental rate of capital which is negatively related to the

capital-labour ratio and positively to the real wage.

On the supply side of the economy, the aggregate production function is define as

Yr = ¢p (ki + (1 —a)ly +€f) (6.5)



where £} represents capital services which is a linear function of lagged installed capital (k;—1) and the
degree of capital utilisation, & = k;—1 + 2. Capital utilization, on the other hand, is proportional to
the real rental rate of capital, z; = %rf The total factor of productivity follows an AR(1) process,

ef = pgei_1 + ogwi. The accumulation process of installed capital is simply described as
ke = (1 —0) ky_1 + 0ig + (1 + B) 88"l (6.6)

where the investment shock, e = p,el_; + o;wi, increases the stock of capital in the economy exoge-
nously. Monopolistic competition within the production sector and Calvo-pricing constraints gives the

following New-Keynesian Phillips curve for inflation

ip B 1 (1-8¢) (1-¢,)
T B, T Y T By (6, (9, — 1) ey + 1)

mey (6.7)

where mc; = arf 4+ (1 —a)w; —e¥ is the marginal cost of production. Monopolistic competition in
the labour market also gives rise to a similar wage New-Keynesian Phillips curve
1 B 1+ Biy T
wy = ——wi—1 +—— (Bpwepg + Eem — 7r T
t Wk 1+ﬁ(tt+1 tT41) 148 "ttt
1 (1 - ﬁfm) (1 — gw) Mw
+ 8 (6w (90 = Dew+ 1)

: (6.8)

where puy’ = (allt + ﬁ (et — )\ct_l)) — w; is the households’ marginal benefit of supplying an extra

unit of labour service.

Finally, the monetary policy maker is assumed to set the nominal interest rate according to the
following Taylor-type rule
re = pri—1 + (1 — p) (reme + 1yye) + €4 (6.9)

where €] = p,e;_; + o,w} is the monetary policy shock.

6.2 Monte Carlo Evaluation

This section undertakes a small simulation exercise to investigate the performance of the DSGE Quasi-
Bayesian estimator — QBML — proposed in Section 5.1 against the standard full information Bayesian
maximum likelihood — BML — one. The data generation process is the model described in Section 6.1
and it is assumed that only output, consumption, investment, inflation and nominal interest rates (y,

¢, it, mp and 1y, respectively) are observed in this economy.

The details of this exercise are described in Appendix C, however, we would like to highlight that
the first minimisation required to obtain 6* and V2logp (O*IY, 5,7,?) has been replaced by the
estimation of the VAR model, and the use of the posterior mean and the variance-covariance matrix
of p (9|Y, 5,7,§> instead of 6* and V3logp (0*|Y, 5,7,?), respectively. It is common practice for
applied researchers to approximate the latter quantities from the output of the posterior simulation
(Koop and Poirier, 1993), since thEs reduces the computation effort. We also run the same experiment

using 6* and Vg log p (9*\}/,/9\,7,)\), the results are almost identically — marginally better for the

proposed estimator — and, therefore, not presented here.
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Before turning into the discussion of the results, it should be highlighted that the purpose of this
experiment is not to establish the small properties of the proposed estimator — where a more serious
exercise would be required — but to illustrate that estimator described in Section 5.1 behaves decently
in small samples and we choose the full information maximum likelihood estimator as the benchmark

case.

The prior moments — mean and standard deviation — of the structural parameter vector are presented in
the first two columns of Table 4. The next three display the median — calculated using the Mahanalobis
metric? —, the standard deviation and the bias for the BML estimator after 1000 simulations. Finally,

the remaining columns capture the same information regarding the proposed estimator.

As it can be seen the Quasi-Bayesian estimator performs better than the full information one not only
in terms of bias but also in terms of efficiency. Clearly, these differences are not huge and it would
not be wise to argue in favor of the proposed estimator and against the standard maximum likelihood
one, however, this simulation does illustrate that the QBML estimator performs relatively well even

in small samples.

It is not surprising the fact that in small samples a limited information estimator is less biased than
the full information one (Ruge-Murcia, 2007; Theodoridis, 2010), however, it seems striking that the
former does better in terms of the efficiency as well. Our candidate explanation relies on the asymptotic
theory of minimum distance estimators (Newey and Mcfadden, 1994), to be precise, from (5.3) and
(5.4) it is clear that the posterior distribution of the structural parameter vector consists of the values

of v that minimise the distance between () and 6*. In other words, 8* can be interpreted as the

~

~ -1
set of the instruments used in this estimation and —Vg log p (9*\Y, 0,7, )\) is its covariance matrix.

Loosely speaking, p ('y|Y, 0*, ’y,/é, /5\\) can be viewed as the distribution of an efficient estimator and we
believe that this property shows up in this simulation for the limited information one and not for the
full one — certainly, this property does not hold asymptotically where the BML is more efficient than
the QBML estimator.

6.3 Empirical Exercise

We also investigate the performance of the two estimators using actual macroeconomic data and we
choose for this purpose the set constructed by Smets and Wouters (2007).5 The use of the Hodrick-
Prescott filter to eliminate the zero frequency component of the non-stationary series — real output,
real consumption and real investment — is implied by the absence of any kind of model trend — either
deterministic or stochastic. The model is estimated using data between 1966Q1 and 2004Q4, the
shape of the prior distribution is given by the Table 1, while the prior moments can be found in Table

5.

Fit of M

Chart 7 plots the Kalman filter estimates of the observed series of the two estimators against the data

(black solid line), loosely speaking, these lines represent the one-step-ahead in sample forecasts and,

4The Mahanalobis distance has also been used by Jorda et al. (2010) to construct simultaneous confidence regions for
forecast paths and by Minford et al. (2009) for DSGE model validation.
5This data set is publicly available from the website of the American Economic Association.
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consequently, the above graph illustrates the estimation fit of the two models. It is clear that the in
sample fit of the structural model using the full information Bayesian maximum likelihood estimator
(dashed red line) is really good, however, the one obtained by the Quasi-Bayesian estimator (dotted-
dashed blue line) seems marginally better. Having establish that both models are well, we turn into

the discussion of the results.

Posterior Distribution of ~

The posterior distribution of the BML and QBML estimators along with the prior distribution of the
structural parameter vector are presented in Chart 5; Table 5 summarises the same information. It
seems that the posterior variance for most of the QBML estimates (eighteen out of twenty five) is
smaller — higher peaked mode — than the BML one, this is also reflected in the posterior distribution
of the impulse response function (IRF) exercise — Chart 6 — and, it coincides consistent with the monte

carlo results.

In terms of economics, marginal cost variations have smaller impact on the current inflation in the
QBML (0.079) than in the BML (0.243) economy, additionally, the labour supply curve responds less
to wage and consumption changes under the limited than the full information estimates. The effect of
the current real interest rate to current consumption seems the same in both economies — BMI (0.216)
and QBML (0.1982) —, however, the effect of the expected growth of hours worked is substantially
reduced in the QBML economy (0.079) — BML (0.188). Indexation and Calvo probability parameters
do not look very different, however, the QBML monetary policy maker reacts more aggressively to-
wards inflation than the BML monetary authorities. The QBML standard deviations estimates are
much smaller than the BML ones — except from the interest rate shock —, while the posterior distri-
bution overlap between the two estimates regarding the persistence parameter of the risk premium,

government spending and interest rate shocks is quite small.

Impulse Responses

These parameter differences imply different expectations for the agents of the two economies, as it can
been seen form the IRF comparison exercise — Chart 6. For instance, in the QBML economy, a smaller
and less persistent government spending shock crowds out less consumption and investment than the
one hitting the BML economy. The difference in consumption responses leads to different profiles for
real wages — BML agents supply more labour than it is actually demanded pushing wages down, the
QBML labour supply does not exceed demand — and, consequently, different profiles for marginal cost,
inflation and interest rates. Another example is the investment shock, a similar perturbation leads
to a smaller investment increase and, consequently, to lower level of capital stock in the QBML than
BML economy. The fall of the BML rental rate of capital exceeds the increases in the wages — due
to higher labour demand — pushing and keeping the marginal cost below zero from the fourth period
after the shock. However, this does not happen in the QBML economy where the marginal cost stays
positive for all the duration of the shock, implying different inflation and interest rate profiles from

those observed in the BML economy.

Generally speaking, except from the magnitude differences — mainly due standard deviation discrep-

ancies, Chart 5 — both type of impulse responses look very similar — in terms of the shape and the sign.
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This seems to be justified by the large overlap between the posterior distribution of the behavioural

structural parameters of the two estimators.

Forecast Variance Decomposition

Chart 8 reveals the contribution of each shock to the variance of the h-periods-ahead forecast error of
the observable vector — h = 0o captures the long-run effect. Although both decompositions look very
similar, it is clear that the QBML estimator assigns more importance to the monetary policy shock
and reduces the effects of the productivity disturbance to all series except the nominal interest rate,
where the opposite is observed. This is possibly due to the flatter QBML Philips curve — inflation
is mainly driven by productivity shocks — and the higher inflation weight in the QBML Taylor rule.
Although the effect of the government spending shock to consumption and investment is tiny in the
BML economy, its contribution reduces almost to zero in the QBML one and the latter macroeconomic

series are mainly driven by the risk premium and investment shock, respectively.

DSGE Evaluation

Under the assumption that the BVAR model proposed in this study is a good description of the data
generation process — Table 3 provides some support to this hypothesis — then the metric discussed in
Section 5.2 can be used to assess plausibility the restrictions imposed by the BML and QBML models
on the data.

Table 2 displays the E,)V and \/ E, ()/\/—IEA,VV)2 moments indicating that the expected loss and risk
of using the BML instead of the QBML model is enormous. Given the way the latter model is
estimated — the structural parameter vector is selected in order to minimise the distance between the
VAR parameter vector implied by the DSGE and the one estimated in the data — and the differences

between the posterior estimates, this results should not come as surprise.

The posterior distributions of the BML-W (red dashed line) and QBML-W (blue dashed-dotted line)
are plotted against the posterior distribution of W* in Chart 4. Although, the BML model appears to
be well estimated its VAR predictions seem to be very different from those observed in the data. The
picture looks better for the QBML model, however, the overlap between the posterior distribution of
QBML-W and W* is almost zero. This probably indicates that model’s restrictions are quite severe
even when v has been selected aiming to give the best chance to the DSGE model to reproduce the
estimated VAR dynamics. Again this should not surprise us since the VAR model has ninety well
estimated parameters and the DSGE only twenty five.

6.4 BVAR Analysis

It is time to assess the empirical performance of the analytic type priors proposed in this study. This
is achieved by using two more BVAR models — one with theory free Minnesota priors and one with
Del Negro and Schorfheide (2004)s’ regression type priors — and three metrics — marginal likelihood,
mean square forecast error and predictive density. It should be emphasised that the estimation sample
this time is 1966Q1-1999Q4 and the period 2000Q1-2004Q4 is used for the evaluation of the out of

sample forecasting performance of the BVARs.
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Estimation of )\

As it has been illustrated above the posterior estimates are weighted averages between the prior
moments and the OLS estimates and these weights are controlled by the hyperparameter \ — this is
also true for the Minnesota prior (see, Bandbura et al., 2010). The degree of the tightness parameter
needs to be decided before the estimation and we rely on the marginal likelihood measure to identify
the value that maximises the fit of the time series model. This process is computationally demanding
since it requires the discretisation of the interval where X is defined and the posterior estimation of
the BVAR model for all these grid values.

Charts 3 and 2 provides the graphical representation of the mapping between A and the marginal
likelihood of the Minnesota (M-VAR) and the Del Negro and Schorfheide (2004)s’ (DS-VAR) BVARs,
respectively. Clearly, as Apg increases the fit of the MS-VAR model deteriorates, indicating that DSGE
prior moments are not inline with the data and their contribution should be kept at the minimum.

On the other hand, Minnesota posterior estimates appear robust to A, choices.

The relation between the hyperparameter vector A and the marginal likelihood of the VAR is presented
by Chart 1. We can see again that the compatibility between the DSGE based priors and the data is
not great and, therefore, their role to the posterior inference should be limited. However, we are now
able to identify which part of the VAR parameter vector implied by the DSGE model disagrees more
with the data. To be precise, the significant steepness of the surface with respect to small values of n
indicates that tiny changes to the degrees of freedom parameter lead to enormous changes to the fit
of the model, while the surface is relatively flat with respect to A\s and large values of 7. This seems
to suggest that the prior mean of the residual variance-covariance matrix does not get much support
by the data and — although, ¥, () is a function of all structural parameters — this seems consistent
with the fact we have got very different limited information estimates regarding the shock processes

parameters from the full information ones.

Marginal Likelihood Evaluation

The marginal likelihood is probably the most traditional measure of model’s fit, Table 3 presents these
values for the BML and all three BVAR models. Given the discussion so far it is not hard to see why
the DSGE model has the worst fit. On the other hand, the DS-VAR seems to perform better than
any other model and the explanation is the tiny weight given to theoretical priors — Apg = 0.04 —,
meaning that the economic theory is discounted heavily and the posterior estimates almost coincide
with the OLS one. The other time series model which again uses theory consistent priors — FHT-VAR
— achieves better fit than the VAR model with Minnesota priors — M-VAR.

Impulse Responses & Forecast Variance Decompositions

We use the “sign restriction” methodology (Canova and De Nicolo, 2002; Uhlig, 2005) to identify the
structural shocks from the set of the VAR residuals. The sign restrictions — twenty five in total —
are those implied by the BML estimated DSGE model and Charts 9, 10 and 11 display the posterior
distribution of the impulse responses and the forecast variance decomposition of the M-VAR, DS-VAR
and FHT-VAR model, respectively.

22



Qualitatively, the impulse responses posterior distribution looks very similar for all time series models,
even quantitatively, the differences do not look enormous. To highlight this point and to compare these
VAR identified IRFs with those obtained by the DSGE models we plot all the IRF posterior means
in Chart 12. It can be seen there that in most cases the QBML model produces impulse responses
that are closer to the VAR-IRFs than those implied by the BML model, however, there are also some

important differences that are worthy to be mentioned.

For instance, the DSGE models — especially the QBML — seems to heavily underestimate the invest-
ment crowding out effect after a government spending shock, this leads to different profiles for output
— the VAR models seem to suggest that output gets negative after the second period of the shock —,
marginal cost — the rental rate of capital and wages probably rise further in the economies described
by the VARs — and, consequently, inflation. Another interesting feature is that the QBML model
seems to replicate the VAR-IRFs for the demand components and inflation after a productivity shock,
however, it enormously overestimates the interest rate fall and this is probably due to a stronger
estimate about the persistence of the productivity effect and the inflation reaction coefficient in the

Taylor rule.

Again the VAR forecast error variance decomposition looks very similar for all VAR models, however,
there are some important differences with those obtained by the DSGE models — Chart 8. Unlike with
the structural models the investment forecast is not mainly explained by an investment shock — at
least in the short run — and the contribution of the monetary policy shock to ivestment has increased.
This is also consistent with the IRF picture — Chart 12 — where the VAR investment does not rise —
after an investment shock — as much as the DSGE responses and a much smaller interest rate increase
— after a monetary policy shock — leads to a larger the ivestment fall than the those predicted by the
structural models. Inflation in the VAR world is more demand driven, this squares with the IRFs
where government spending and investment demand shocks seem to have larger effects on inflation.
Again form Chart 12 it can be seen that the interest rate hardly responds to the productivity and
government spending shocks — this is mainly due to the fact that inflation barely reacts to these
perturbations — and this what shows up in its forecast variance forecast decomposition where the risk

premium shock is the main driver.

Forecast Evaluation

Chart 13 plots the mean-square-forecast-error for one, four, eight and twelve-quarters-ahead forecasts.
This univariate measure of forecasting performance seems to suggest that no model delivers superior
forecasts and this is important because Minnesota priors are usually considered as the one that improve
the forecasting fit of the VAR model.

This is also seems to be the case when multivariate measures of forecasting performance are used. To be
precise, under the assumption that the functional form of the multivariate predictive density function
is the normal pdf we are able to construct forecast probability weights that measure the possibility
that the actual vector data outturn is produced by the specific model. The first four subplots of Chart
14 illustrate these probability for the period 2000Q1-2004Q4 for one, four, eight and twelve-quarters-
ahead forecasts, respectively. These time varying weights can be also used to constructed an average
forecast that it is robust to the worst case outcome. The final subplot illustrates the same probability

weight but for the entire period this time. It seems again from Chart 14 that Minnesota priors do not
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deliver superior forecasting performance and all BVAR models do get considerable data support.

7 Conclusion

This paper proposes a methodology of constructing DSGE theory driven prior distribution for BVAR
models eliminating conceptual difficulties that arise from the use of theory free Minnesota prior distri-
bution. Similar to the previous studies, the empirical exercises presented here illustrate that theoretical
consistency does not induce any forecasting-fit cost. We next show how the posterior moments of the
VAR parameter vector can be used to obtain the posterior inference with respect to the DSGE param-
eter vector. Monte carlo simulations and evidences from an empirical exercise seem to suggest some
important gains of using this Quasi-Bayesian estimator. A measure of fit that assesses the plausibility
of the restrictions imposed by the DSGE model on the data relatively to the BVAR model, which can
also be used to rank candidate structural models, naturally arises in the present framework. A step

for future research is to use similar type of methodology for structural VAR model (?).
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A  Proofs

Proof: of Proposition 4.1

p(0V.0,90) x [Bas(y >|—°-5d5exp{—o.5 (22 ()70 6= 5 )] [B2s ()7 (65— s (7))]}
X [T () |05 |52, | ~OB0rFaHY) oxep L —0.5¢r (35T (7)) }
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Similar to Canova (2005, Chapter 10, page: 354) we let ) = [ Ys (fy)_o'5 s (77) (E;O‘5 ® IT) Yy }
/
and X = [ s ()70 (5,9 @ X) } , then (A.1) becomes
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From (A.5), it can be seen that conditioning on ¥,,

—0.5do

p (5|E;15Y’/‘9\57) 5‘) X }25‘ eXp{_05 (6 - laé)/ i(;l (6 - p’ﬁ)} (A6)

meaning that J is normally distributed with mean and variance equal to jig and Ys, respectively.

Alternatively, equation (A.1) can also be written as

p(01.0.7.0) o [Sa ()] exp {—0.5 (23 ()72 6 s ()] [2r6 ()72 (6~ 115 ()] }
x [TL ()57 33, |05 exep { 0.5t (2,11 (4)) }
% |2, 7T exp { —0.5 | 271 <Y - )i£> <Y B Xﬁz
+(a-3) x'x(a-34)

o [Zas ()77 exp {—o.s (236 )72 6= 15 ()] [235 ()02 (6 = s ()] }

% |H (7)’0.577 |2v’—0.5(T+77+dy+1)

) (y) + TS+
exp ¢ —0.5tr | 2

| (a-B)xx (a-R) A

- N/ N
which, conditional on 4, is the the Wishart distribution with II (y) + 7%, + (A - A) X'X (A - A)

scale matrix and T + n degrees of freedom. W
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B 6 Draws

This section explains how the draws of 6 are produced
1. Draw v, from p () and solve the DSGE model

2. If v, satisfies Blanchard and Kahn’s conditions (Blanchard and Kahn, 1980) calculate the M
matrix (4.1) else go to step 1

3. If the eigenvalues of M are less than one in absolute terms calculate ¢; and o; using equations
(4.3)-(4.5) else go to step 1

4. Repeat steps 1 to 3 S times

C Monte Carlo Steps

This section describes the step required to produce Table 4
1. The draws described in Section B are used to construct the prior moments of 6 (4.1 - 4.5)

2. A sample of 200 observations is generated by the model described in Section 6.1 based on the

prior moments of v given by Table 4 for v, ¢, i:, 7+ and ry
3. A BVAR with 3 lags is fitted to this data

4. The posterior median and variance-covariance matrix of 8 are calculated. The former is obtained

using the Mahanolobis metric, namely,

9median

= arg max (@j — Mé)/ 29—1 (9j — ,ug)

where 5 and X5 are the posterior mean and variance-covariance matrix of p (H\Y, 5, P (’y))

5. Given the posterior moments of €, the posterior mode of 7 is obtained by minimising m (y¢|0*, \) p (7),

namely

~* =argmaxm (y|0",\) p ()

6. Steps 2-5 are repeated 1000 times
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Figure 3: M-VAR A
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Figure 5: Prior versus Posterior DSGE Parameter Distribution
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Figure 7: BML One-Step-Ahead Forecasts & FVD
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Figure 11: FHT-BVAR Posterior IRFs & FVD
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Figure 12: IRF Comparison
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Figure 13: Mean Square Forecast Error
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Figure 14: Forecast Probability Weights
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E Tables

Table 1: DSGE Parameter Description & Prior Distribution

Symbols Description Prior Distribution
B Fixed Cost Normal

S” Steady State Capital Adjustment Cost Elasticity Normal

« Capital Production Share Normal

o Intertemporal Substitution Normal

h Habit Persistence Beta

Ew Wages Calvo Parameter Beta

ol Labour Supply Elasticity Normal

&p Prices Calvo Parameter Beta

T Wage Indexation Beta

ip Price Indexation Beta

z Capital Utilisation Adjustment Cost Beta

o Taylor Inflation Parameter Normal

o Taylor Inertia Parameter Beta

by Taylor Output Gap Parameter Normal

P Investment Shock Persistence Beta

Pg Government Spending Shock Persistence Beta

Pa Productivity Shock Persistence Beta

P Premium Shock Shock Persistence Beta

Py Monetary Policy Shock Shock Persistence Beta

o; Investment Shock Uncertainty Inv. Gammma
o4 Government Spending Shock Uncertainty Inv. Gammma
Oq Productivity Shock Uncertainty Inv. Gammma
Op Risk Premium Shock Uncertainty Inv. Gammma
oy Policy Shock Uncertainty Inv. Gammma

Table 2: DSGE Evaluation
Model EW  /E, (W-E,W)’

BML 1257.300 215.452
QBML  224.727 9.178
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Table 3: Marginal Likelihood

Model Value

BML -1100.5
FHT-BVAR -949.679
DS-BVAR -893.533
M-BVAR -995.104

Table 4: Full versus Limited Information Bayesian Monte Carlo Evaluation

Prior Moments BML QBML
Parameters Mean STD Median  Bias STD | Median  Bias STD
Oa 0.462 0.100 0.461  0.002 0.069 | 0.451 0.023 0.013
op 0.182 0.100 0.137 0.245 0.106 | 0.166 0.089  0.087
o 0.609 0.100 0.560  0.080 0.095 | 0.613 0.006 0.018
oy 0.460 0.100 0.465 0.012 0.091 | 0.434 0.056  0.070
oq 0.240 0.100 0.180 0.248 0.097 | 0.268 0.119 0.070
Pu 0.950 0.100 0.948 0.002 0.131 | 0.985 0.036  0.018
O 0.180 0.100 0.113 0.371 0.085 | 0.169 0.061  0.046
Pg 0.970 0.100 0.861 0.112 0.189 | 0.983 0.013  0.009
Pq 0.710 0.100 0.813 0.145 0.097 | 0.698 0.017  0.059
Prm 0.120 0.100 0.084 0.300 0.094 | 0.026 0.782 0.021
S 5.740 1.500 6.356  0.107 1.036 | 5.583 0.027  0.392
o 0.900 0.375 0.888 0.013 0.353 | 0.966 0.074 0.242
h 0.710 0.050 0.684 0.037 0.045 | 0.725 0.021  0.013
Ew 0.700 0.100 0.763 0.091 0.080 | 0.717 0.025 0.017
oy 1.830 0.750 1.841 0.006 0.568 | 1.818 0.007  0.057
&p 0.660 0.100 0.695 0.052 0.089 | 0.712 0.078 0.038
T 0.580 0.150 0.591  0.019 0.063 | 0.595 0.025 0.012
ip 0.240 0.150 0.191  0.205 0.144 | 0.190 0.207  0.065
z 0.540 0.150 0.547 0.014 0.130 | 0.536 0.008 0.029
B 1.600 0.125 1.592  0.005 0.054 | 1.607 0.004 0.013
O 2.040 0.150 2.059  0.009 0.086 | 2.071 0.015 0.033
o, 0.810 0.100 0.749 0.075 0.091 | 0.814 0.005 0.052
by 0.300 0.050 0.291  0.030 0.038 | 0.292 0.026 0.014
Pya 0.050 0.050 0.051  0.024 0.013 | 0.049 0.022 0.001
« 0.190 0.050 0.176  0.072 0.045 | 0.193 0.014 0.018
Total Bias 2.275 1.762
Average Bias 0.091 0.070
Total STD 3.890 1.408
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Table 5: Full versus Limited Information Bayesian Estimation

Prior  Moments BML @QBML
Parameters | Mean STD Median LwB  UpB | Median  LwB UpB
Oa 0.500 0.100 0.832 0.576 1.017 | 0.533 0.384 0.710
Op 0.500 0.100 0.331  0.266 0.395 | 0.237 0.193 0.271
o4 0.500 0.100 0.676  0.605 0.732 | 0.413 0.355  0.462
oy 0.500 0.100 0.679  0.586 0.808 | 0.539 0.432 0.623
o4 0.500 0.100 0.273  0.238 0.305 | 0.265 0.229  0.309
Pa 0.750 0.100 0.797 0.713 0.905 | 0.811 0.729 0.892
Ob 0.750 0.100 0.627 0.504 0.731 | 0.514 0.325 0.615
Pg 0.750 0.100 0.718 0.636 0.818 | 0.517 0.42  0.666
Pq 0.750 0.100 0.433 0.318 0.547 | 0.402 0.314 0.539
P 0.500 0.200 0.373 0.177 0.524 | 0.718 0.611  0.789
S 4.000 1.500 2.241  2.040 3.624 | 2.245 2.019 3.513
o 0.850 0.375 0.719  0.627 0.847 | 0.840 0.725 1.039
h 0.700 0.050 0.731 0.640 0.777 | 0.715 0.653 0.784
¢w 0.500 0.100 0.548  0.465 0.703 | 0.565 0.479  0.697
ol 2.000 0.750 1.870  0.988 3.427 | 2.425 1.096 3.486
&p 0.500 0.100 0.427 0.294 0.563 | 0.541 0.452 0.681
T 0.500 0.150 0.593 0.247 0.839 | 0.520 0.288  0.857
ip 0.500 0.150 0.115 0.036 0.241 | 0.060 0.032 0.172
z 0.500 0.150 0.678  0.428 0.869 | 0.633 0.390 0.875
B 1.250 0.125 1.184 1.030 1.409 | 1.367 1.090 1.495
O 1.750 0.150 1.558  1.367 1.905 | 1.801 1.510 2.159
o, 0.750 0.100 0.790 0.748 0.847 | 0.517 0.501  0.589
o 0.125 0.050 0.247 0.178 0.347 | 0.254 0.165 0.324
Pya 0.100 0.050 0.105 0.064 0.147 | 0.097 0.044 0.148
Q 0.300 0.050 0.192 0.127 0.211 | 0.194 0.164 0.242
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