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Abstract

I study bargaining between workers and large firms when commitment to long-term contracts
is feasible. The marginal surplus associated with a match is split in a pre-determined ratio,
analogously to generalized Nash bargaining. Commitment avoids the over-hiring inefficiency
identified by Stole and Zwiebel (1996a,b) and Smith (1999). However, even under the Hosios
(1990) condition, the equilibrium is still not constrained efficient since large firms search too
intensively relative to small firms. If workers can direct their search to firms by size, or if
firms can hire workers instantaneously at constant marginal cost, the equilibrium is constrained
efficient if the Hosios condition applies. The pattern of growth rates of firms by size can be used
to identify how firms bargain with workers.
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1 Introduction

There has been increasing recent interest in using models with matching frictions in the labor market
to account for the dynamics of firm and establishment growth. A class of familiar stylized facts,
for example, that large firms pay higher wages (Brown and Medoff, 1989; Davis and Haltiwanger,
1991), or that younger and faster-growing firms pay higher wages (Brown and Medoff, 2003), have
been recently augmented by new information on the pattern of vacancy posting and of hiring per
vacancy across firms from new data sources such as the Job Opening and Labor Turnover Survey
for the United States (Davis, Faberman and Haltiwanger, 2010). In addition, models in which large
firms employ multiple workers in a frictional labor market have found use in studying regulation,
trade, and technological change.

Mechanisms of wage determination and firm behavior in such an environment have, however,
been under-studied. Accordingly, in this paper I study a bargaining model of a labor market
in which firms wish to employ multiple workers. The production technology operated by firms
exhibits decreasing returns to labor. Matching is frictional, so that workers are employed by the
firm sequentially, and so that firms and workers cannot sign contracts before they have undergone a
costly matching process. However, once a worker has been matched with an employer, the two are
able to commit jointly to a long-term contract governing future wage payments and employment
continuation. This is the key innovation of this paper relative to the previous benchmark modeling
framework in this literature, due to Stole and Zwiebel (1996a,b), Smith (1999), and Cahuc and
Wasmer (2001), where firms and workers were assumed unable to commit to any form of long-term
contract." The marginal surplus associated with a new match is divided between the firm and the
new employee in a predetermined ratio, analogously to generalized Nash bargaining. I characterize
equilibrium in this economy, including employment, unemployment, and wage payments to workers.

The main focus of the paper is on studying the efficiency of equilibrium. It is possible for the
equilibrium allocation in this environment to be constrained efficient, but, perhaps surprisingly, the
familiar Hosios (1990) condition does not by itself suffice for this. The reason is that when search
is random and firms are heterogeneous (which they are in the model if hiring is time-consuming, so
that firms differ in size and in the marginal product of labor), then the Hosios condition does not
suffice to make low marginal-product firms internalize the congestion externality associated with
their vacancy-posting activity. If the bargaining power of a worker is independent of the size of the
firm she negotiates with, then firms of different sizes and productivities will not face the correct
incentive to hire additional workers. Firms with a high marginal product of labor face too low
an incentive to hire, so that they post too few vacancies and grow too slowly; firms with a low
marginal product of labor earn too high a return from hiring an additional worker, so that they
post too many vacancies and grow too fast. This inefficiency vanishes only if the value function of
firms is linear in the relevant range for employment, which occurs only if either there are constant

returns to labor in production, or constant returns in the vacancy-posting technology. Alternatively,

Stole and Zwiebel (1996a) termed their assumption ‘extreme employment-at-will’ (p. 377).



efficiency obtains if the bargaining power of workers varies with a firm’s marginal product in a very
specific manner (workers’ bargaining power must be higher when they negotiate with large firms),
or if workers can condition their search on the size of the firm and the Hosios condition applies.
This last assumption brings an element of directed search to the environment I study, and clarifies
exactly why constrained efficiency obtains in the directed search model of Kaas and Kircher (2010),
developed contemporaneously with the current paper.

I then use a calibrated version of the model to study quantitatively how large is the welfare cost
of the inefficiency I identify. It turns out to be of the same order of magnitude as the over-hiring
inefficiency arising in models of bargaining without commitment (Stole and Zwiebel, 1996 a,b; Smith,
1999; Cahuc and Wasmer, 2001), at least when the decreasing returns to labor in production are
not too severe. In a calibration modeled on Shimer’s (2005) calibration of the Mortensen-Pissarides
model in which decreasing returns arise from managerial span-of-control concerns (Lucas, 1978),
the welfare cost of the inefficiency I identify is 0.7 percentage points of steady-state consumption,
relative to the constrained efficient allocation, even when the Hosios condition holds. (Bargaining
without commitment induces a welfare cost of 2.3 percentage points.)

The value of comparing equilibrium allocations with their constrained efficient counterparts is
to understand the effect of policy interventions on welfare. Constrained efficiency can be restored
in equilibrium in my model in the presence of an appropriate tax and transfer scheme that corrects
the inefficiencies arising from bargaining. However, for a benevolent planner to be able to impose
the correct Pigouvian tax requires that the planner be able to identify the structure of the economy,
and in particular, whether the economy is already constrained efficient, and whether bargaining
between firms and workers proceeds under commitment, as in my model, or in its absence, as in the
model of Stole and Zwiebel (1996a,b) and Smith (1999). When firms grow slowly, these economies
can be distinguished from each other by the pattern of firm growth. A companion paper, Hawkins
(2011) shows that identifying the nature of bargaining is even more difficult in the case of constant
returns in the vacancy-posting technology: in that case, data on firm profitability is required for
identification.

I commence the paper by presenting the economic environment in Section 2. In Section 3 I
introduce my model of bargaining, and discuss its implications for wage dynamics (which are of
course not unique in a model with full commitment), and in Section 4 I characterize and prove the
existence of equilibrium. I discuss conditions under which equilibrium allocations are constrained
efficient in Section 5. Section 6 and Section 7 study the case in which the bargaining power of
workers does not vary with firm size in more detail, first theoretically and then in a calibrated
model. The remainder of the paper is devoted to understanding better where the constrained
efficiency result arises from. I draw a contrast with directed search models in Section 8. In
Section 9 I discuss the limiting case of the model in which hiring more workers can be done by
the firm instantaneously and at a constant marginal cost per worker hired. In this case the Hosios
condition suffices for constrained efficiency, but identification of the wage bargaining process is

more difficult. I examine the role of the full commitment assumption (in Section 10) and place



the paper in the context of the burgeoning literature on large firms operating in frictional labor

markets concludes the paper (in Section 11). Section 12 concludes briefly.

2 Benchmark Economic Environment

In this section I introduce the underlying production and matching technologies that characterize
the economic setting I study in my benchmark model. The setting studied here could be significantly
generalized, for example, to allow for aggregate and idiosyncratic productivity shocks, as well as
exogenous separations of workers from firms; however, none of these features would alter the main
message of the paper. For the sake of simplicity I therefore do not incorporate them in my model.

Time is continuous. All agents are risk neutral and discount the future at rate r. There are two
types of agents, workers and firms. There is a fixed measure 1 of workers, who can at any time be
either unemployed (in which case they produce flow unemployment income b) or employed by some
firm. The flow output of a firm employing n > 0 workers is given by y(n); the production function y
is strictly increasing and strictly concave; I normalize y(0) = 0 and assume that y(n) —y(n—1) < b
for n sufficiently large so as to guarantee that firm size is finite in equilibrium. Employment n can
take any non-negative integer value.

There is a large measure of potential entrant firms. At any moment a potential entrant firm
has the option of paying an entry cost k > 0 and becoming active. An active firm, at any moment,
has the option of posting arbitrarily many vacancies; posting v vacancies requires payment of
a flow cost of c¢(v). I assume that c¢(-) is strictly increasing and strictly convex, and normalize
c(0) = 0.2 T also assume that c(-) satisfies the standard Inada conditions that lim, o ¢/(v) = 0 and
limy 00 ¢/ (v) = +00.

A matching function M (u,v) maps the measures of unemployed workers and the total measure
of vacancies posted by firms to a flow rate at which these agents are matched in pairs. Each
unemployed worker is matched to a randomly-chosen vacancy at Poisson rate M (u,)/u and each
vacancy is matched to a randomly-chosen unemployed worker at Poisson rate M (u,v)/v. 1 assume
that M (u,v) exhibits constant returns to scale in (u, ). Define § = v/u, the labor market tightness
or vacancy-unemployment ratio. The assumption of constant returns to scale implies that the

Poisson vacancy-filling rate and the Poisson job-finding rate for a worker can be written as functions

2Given that Davis, Faberman and Haltiwanger (2010) argue that patterns of vacancy posting across firms are
consistent with increasing, rather than decreasing, returns to scale at the establishment level, it is perhaps necessary
to justify the relevance of the assumption of decreasing returns here. Three types of defences can be offered. First,
the argument of Davis, Faberman and Haltiwanger (2010) applies only if vacancies as measured in JOLTS data are
a good proxy for the vacancies considered here, which should more properly be considered as a generalized measure
of recruiting intensity. (What matters here is that doubling the Poisson rate of arrival of new hires should more
than double the recruiting cost. This need not literally arise from decreasing returns in the technology for posting
advertisements: for example, firms could advertise more intensively per vacancy, relax hiring standards, or screen
workers less intensively.) Second, if there are indeed increasing returns to scale but only locally (for example, because
there is a fixed cost of establishing a recruiting department within the firm), the inefficiency I focus on will still be
present. Finally, in Section 9 I show that if the vacancy-posting technology as I model it exhibits even constant
returns to scale, let alone increasing returns, then the dynamics of hiring at the firm level take a ‘bang-bang’ form,
which would be inconsistent with patterns of time-consuming growth at the establishment level being caused by labor
market frictions.



of # alone. Specifically, the rate at which a firm posting v vacancies contacts a worker is vg(f) =
vM(u,v)/v = vM(6~1,1), and the rate at which an unemployed worker receives a job offer is
f(0) =0q(0) = M(u,v)/u= M(1,0). I assume that ¢ is monotonically decreasing in 6 and satisfies
the Inada conditions limy_,o ¢(6) = +00 and limy_,, ¢(f) = 0. T also assume that f is monotonically
increasing in # and satisfies f(0) = 0 and limy_,~ f(#) = co. All these assumptions are satisfied if
M is Cobb-Douglas in (u,v), as Petrongolo and Pissarides (2001) cannot reject in US data.

Existing firms are destroyed at a Poisson rate § > 0; in this case all the existing workers return
to unemployment, and the firm is destroyed; there is no scrapping value. I assume that firms and
workers can voluntarily terminate any existing match at any time.

The unemployment rate is a state variable of the model; its law of motion is given by
w=0(1—u)— f(O)u. (1)

In this paper I consider only steady-state allocations, so I will always impose the constraint that
u = 0.
I assume that
max _ [y(n) — (r + 8)K] > b 2)
so that positive entry is efficient and occurs in equilibrium; if (2) fails then no firms enter and all
workers remain unemployed forever.
This completes the description of the basic economic environment. To close the model requires

specifying how wages are determined. This is the subject of the next section.

3 Bargaining with Commitment

In this section I outline a theory of how firms and workers bargain in an environment where
commitment to binding long-term contracts is possible. As foreshadowed in the Introduction, I
assume that, when a firm and a worker meet, they negotiate over a long-term, state-contingent
contract which governs wages and the continuation of employment. I assume that the firm and the
worker are able to negotiate a contract committing them to continue their employment relationship
when it is jointly efficient to do so: that is, when the continuation value of the relationship exceeds
the sum of the values of the firm’s outside option, which is to continue with one fewer worker, and
of the worker’s outside option, unemployment. When matching occurs, the surplus associated with
the match has to be divided between the firm and its workers somehow; I assume that this surplus
is divided in a predetermined ratio.

Formalizing this notion is in general cumbersome, since writing the value of a firm requires
keeping track of the various commitments it has made to its incumbent workforce regarding future
wage payments. However, because of the assumption of full commitment to the contract governing
the employment relationship by both the firm and the worker, the timing of wage payments within

the employment relationship is indeterminate. It simplifies notation to assume that in continuing



relationships, workers receive payments that make their value the same as if they returned to
unemployment.® I assume that any payment in excess of this amount that is due to the worker
during an employment relationship is paid at the time of hiring as a lump-sum payment. This
means that the only state variable for a firm is the number of incumbent employees, n. Under
this assumption, denote by Ji¢(n) the value of a firm in an ongoing relationship with n incumbent
employees at time ¢t. Write hy(n — 1) for the value of the payment due to a newly-hired worker at
the conclusion of her negotiations with the firm with n — 1 incumbent workers with which she has
just been matched at time ¢, and V;* for the value of an unemployed worker at time ¢. I assume

that h(n) is chosen to maximize a standard generalized Nash product,
hi(n) = arg max (Jy(n + 1) — x — Jy(n)) 770 g7, (3)

The first-order condition for this problem is necessary and sufficient, and can be rearranged to
establish that

hi(n) = n(n) [Je(n +1) = Ji(n)]. (4)

n(n) is the bargaining power of a worker when negotiating with a firm with n incumbent workers;
(n(0),n(1),...) are structural parameters of the model. The benchmark case to consider is that
n(n) = n is independent of n, but more generally I allow for a worker’s bargaining power to depend
on the size of the firm she is negotiating with.

The ‘hiring bonus’ payment h;(n) will be positive exactly when the surplus generated by forming
the match, given by [(x + V") — V}*] + [(Je(n + 1) — x — Je(n)] = Je(n + 1) — J¢(n), is positive. In
this paper I abstract both from idiosyncratic and from aggregate shocks, so that it will therefore
never be efficient to terminate an ongoing employment relationship. This is because no match
associated with a negative surplus can arise when firms anticipate that wage payments in ongoing
matches will be as described in this paragraph.*

I term the bargaining protocol introduced in this section bargaining with commitment. In
summary, this amounts to the assumption that a worker who is newly-matched at time ¢ with a
firm which had n incumbent employees receives a payment h¢(n) characterized by (4) immediately.
Thereafter, the relationship continues until the firm is exogenously destroyed (recall that this occurs
at Poisson rate §). Until this happens, at any date ¢ 4+ 7, the worker receives a flow payment of
VA

In Section 10 below I discuss further the nature of contracting and the roles of the assumptions
on the commitment power of firms and workers and on the timing of payments. I now proceed to

characterizing equilibrium under bargaining with commitment.

30f course, because workers have committed to the employment relationship, this indifference condition is purely
formal. However, under this assumption on the timing of payments, the assumption that workers can commit is not
binding. This contractual form is the same as what Shimer (1996) terms ‘simple contracts.’

“More generally, in a stochastic environment, the payment timing specified above would not lead to any dis-
agreement about when to terminate an ongoing employment relationship, so that separations would remain privately
efficient.



4 Equilibrium

I now return to the benchmark payment timing and define and characterize equilibrium under
bargaining with commitment. I restrict to considering only steady state equilibria, so I do not
index variables by time. In steady state, the Hamilton-Jacobi-Bellman equation for the value of a

firm with n employees takes the form
(r+96)J(n) =yn) —nrvV* —c(v(n)) + qu(n) [J(n+ 1) — J(n) — h(n)]. (5)

The flow output of the firm is y(n), of which rV* is paid to each incumbent employee and c(v(n))
is spent on posting vacancies to attract new workers. A new worker is contacted with Poisson rate
proportional to the number of vacancies posted, as well as to the hiring rate per vacancy ¢ = ().
When a worker is matched with the firm, employment is always agreed on (since bargaining is
privately efficient and since the firm would not post vacancies were it not ex post efficient to
consummate the hire), a lump-sum payment h(n) is made to the new hire, and the firm experiences
the capital gain J(n + 1) — J(n). Because of the assumption characterizing the sharing of surplus
in (4), h(n) =n(n)[J(n+ 1) — J(n)], so that (5) can be rewritten more simply as

(r+0)J(n) =y(n) —nrV* —c(v(n)) + (1 = n(n))qu(n) [J(n+1) — J(n)]. (6)
v(n) denotes the optimal vacancy posting policy of the firm, defined by

v(n) = argmax {—c(v) + qu(1 = n(n)) [J(n + 1) = J(n)]} . (7)

Since ¢(+) is strictly convex and satisfies Inada conditions, the solution for v(n) is unique. If

J(n+1) —J(n) > 0, then v(n) satisfies the necessary and sufficient first-order condition

d(v(n)) = q(L —n(n)) [J(n+1) = J(n)], (8)

while if J(n+ 1) < J(n), then v(n) = 0.
The fact that any inactive firm can become active by paying the entry cost k establishes that
J(0) < k. Since I assumed in (2) that the economy is sufficiently productive, in fact this must hold

with equality in steady state, so that in equilibrium,
J(0) = k. (9)

The HJB equation for an unemployed worker is

2 o 9(n)v(n)h(n)
2o 9(nu(n)

When a worker contacts a firm with n incumbent employees, she receives a lump-sum payment

rV% =0b+ f(0)

(10)

h(n). She contacts some firm at Poisson rate f(f); the probability that the firm contacted has



n incumbent employees is proportional to the measure of such firms, g(n), and to the measure
of vacancies posted by each such firm, v(n). Note that the assumption that search is random is
embodied by the form of (10): the worker would like to meet a firm which pays a high signing
bonus h(n), but cannot do anything to influence the chance of this occurring. Instead, conditional
on matching, she is randomly matched with an arbitrary vacancy drawn from the unconditional
distribution of vacancies across firms.

Denote by g(n) the measure of firms with employment level equal to n. The firm size distribution
g(n) evolves according to the simple differential equation (where the dot denotes the derivative with

respect to time)

i) = —(04+qu(0))g(0) + ¢ n=0 (1)
—(0+quv(n))g(n) + qu(n —1)gln —1) n=1

Here e denotes the flow measure of firms paying the entry cost k£ and becoming active. The measure
of firms with 0 employees increases with entry by newly-active firms, and decreases as incumbent
firms with no employees are either exogenously destroyed or succeed in hiring a new employee.
Firms with a positive number n of employees increase in number as firms with n — 1 employees
succeed in hiring, and decrease in number as a result either of exogenous destruction or successful

hiring by a firm with n incumbent employees. In steady state, g(n) = 0 for all n, so that

(04 qv(0))g(0) = e (12)

and
(0 + qu(n))g(n) = qu(n — 1)g(n — 1). (13)

The unemployment rate also evolves according to (1); in steady state this implies that
(1 —u) = f(O)u. (14)

Market tightness must be consistent with the vacancy-posting policy of firms and with the measure

of unemployed workers:
Ou = Zg(n)v(n) (15)
n=0
This allows me to make the following definition of equilibrium.

Definition 4.1 (Steady-state Equilibrium). A steady-state equilibrium is a market tightness 6, an
unemployment rate u, an entry rate e, a firm size distribution (g(0),g(1),...), a vacancy-posting
policy (v(0),v(1),...), a value of unemployment V¥, a sequence of values of firms (J(0), J(1),...),
and a sequence of payments (h(0),h(1),...), such that

e J(n) satisfies the HJB equation (6);

e h(n) satisfies (4) for each n;



e v(n) satisfies (7) for each n;

the free entry condition (9) holds;

V¥ satisfies (10);

the evolution of the firm size distribution and of the unemployment rate follow (12), (13),
and (14); and

o 0 satisfies (15).

Establishing the existence of a steady-state equilibrium is straightforward. Conditional on the
value of market tightness 6 and of an unemployed worker V¥, the firm’s HJB equations can be
uniquely solved, and this solution implies a vacancy-posting policy v(n). Using v(n) and equations
(12) and (13), I can solve for the firm size distribution. I then need to verify whether the guessed
values for § and V" are consistent with (9) and (10); this reduces the problem to a fixed-point
problem which I can show has a solution (the details of this argument, along with other omitted

proofs, are in the Appendix.)

Proposition 4.2 (Existence of Equilibrium under Bargaining with Commitment). A steady-state

equilibrium under bargaining with commitment exists.

While in numerical examples, the equilibrium appears to be unique, the presence of two off-
setting effects makes it difficult to prove uniqueness in theory. When the posited value of an
unemployed worker V' is high, firms post relatively few vacancies, which makes jobs difficult to
find and drives down the value of an unemployed worker given by the right side of (10); on the
other hand, it means that the firm size distribution implied by (12) and (13) is more concentrated
on firms with relatively low numbers of employees. Such firms pay higher hiring bonuses h(n),
all else equal, which increases the value of the right side of (10). These offsetting effects make it
difficult to apply the kind of argument that proves the uniqueness of equilibrium in the benchmark
MP model.

5 Constrained Efficient Allocations

Suppose that there is a benevolent planner for the economy; this planner takes as given the frictional
matching process of the economy and the production technology, and subject to these constraints,
attempts to maximize social welfare. Since all agents are risk-neutral, this is equivalent to maximiz-
ing the present discounted value of output. The planner’s key choice variables are a vacancy-posting
strategy for each active firm, and a time path for the flow rate at which potential firms become
active in order to maximize the present discounted value of output. (The choices of these two
variables then endogenously determine market tightness, the distribution of firms by size, and the
unemployment rate.) This problem is in general high-dimensional, but characterization of the op-

timum is straightforward in steady state. This is because the planner optimally requires all firms



with current employment n > 0 to post the same number of vacancies, because the strictly concave
production function y(-) and weakly convex vacancy-posting cost function are common to all firms.
This reduces the planner’s problem to a choice of sequences of the labor market tightness 6y, the
unemployment rate wu;, the flow entry rates e; of new firms, measures g;(n) of incumbent firms
with current employment n, and vacancy posting policies v¢(n) for such firms. I will characterize
optimal steady state allocations only, so I assume that in fact all these sequences are constant. The

maximization problem for the planner then takes the form characterized as follows.

Definition 5.1 (Constrained Efficient Allocations). The constrained efficient allocation solves

e,g(-r)r,l&?;ﬁ,u/o e " |bu — ek + nz:()g(n) [y(n) —c(v(n))]| dt (16)
subject to
0=0u-— Zg(n)v(n) (17)
n=0
0= gy { O AOREI) £ 4B~ gl — 1) nz1 )
—(6+q(0)v(0))g(0) + e n=
O=1i=—f(0)utds» ng(n) (19)
n=0

Flow output is the sum of the income generated by unemployed workers and the output of firms,
less entry costs and vacancy posting costs. Equation (17), the analog to the equilibrium condition
(15), requires that labor market tightness 6 be equal to the ratio of the measures of vacancies posted
by firms and of unemployed workers. Equation (18) is the analog to the equilibrium condition (11)
and requires that the evolution of the firm size distribution be consistent with the hiring and firm
destruction process.

The characterization of efficient allocations in Definition 5.1 allows comparison with equilibrium
allocations, using Definition 4.1 and Proposition 4.2. Consider any equilibrium allocation which
involves positive vacancy posting by some firms; then # > 0. In this case I can rewrite the constraint

on an efficient allocation (17) in an equivalent form by multiplying by ¢(€) to obtain

0= f(O)u—a(0) 3 gn)u(n) (20)
n=0

Denote by A(n) the multipliers on the constraint (18), by A" the multiplier on (19), and by
the multiplier on (20). Intuitively, I can interpret \" as the shadow value to the planner of an
unemployed worker, A(n) = A(n) — nA" as the shadow marginal value of having n employees
matched to a single firm rather than being unemployed, and i = p — A" as the shadow value of a

new match. With this notation I can state the following result.



Theorem 5.2 (Efficiency of Equilibrium). Steady-state equilibrium under bargaining with commit-

ment is constrained efficient if and only if for each n,
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The proof of Theorem 5.2 given in the Appendix relies on manipulating the first-order conditions
for a constrained efficient allocation to show that if an equilibrium allocation is efficient, then in fact
A(n) = J(n) for each n, and \* = V*. That is, efficiency requires that the private value of a firm
with n employees is the same as the marginal increase in value it provides to the planner (relative
to the alternative where the firm is destroyed and the n employees returned to unemployment),
and likewise that the private value of future income of an unemployed worker is the same as her
marginal value to the planner. This can only be achieved if the value of the bargaining power 7(n)
takes a specific value for each n. If the bargaining power of workers n(n) is too high for some n,
firms with n incumbent workers have too little incentive to post vacancies and hire workers, while
if n(n) is too low, such firms post too many vacancies as they do not internalize the congestion
externality they exert on other firms. In addition, if the bargaining power of workers is too high,
entry is insufficient, while if it is too low, entry is excessive.

A somewhat mathematical intuition for why (21) gives the appropriate value for the bargain-
ing power can be seen from the first-order conditions that characterize the values taken by wv(n),
the measure of vacancy posting by firms with n workers, in the efficient allocation and in the

decentralized equilibrium. In the equilibrium, according to (8), vacancy posting satisfies
d(v(n)) = (L=n(n) [J(n+1) = J(n)], (22)
while in the efficient allocation, I show in the proof of Theorem 5.2 that
d(w(n)) = An+1) = An) — ji. (23)

Intuitively, the term on the right side of (22) is the private incentive of a firm to post vacancies,
measured by the increase in value obtained by acquiring an (n+1)st worker less the fraction n(n) of
this value which must be paid to that worker according to the assumed bargaining process. On the
right side of (23), by contrast, is the marginal increase in the value for the planner when a firm with
n workers is matched with an additional worker, which arises from the value of a firm with n + 1
workers less the value of a firm with n workers and also less the value of a representative match.
In order for the equilibrium to generate the efficient pattern of vacancy posting across firms, these
values must coincide. However, if A(n) = J(n) and \* = V*, so that the equilibrium values of firms
and of unemployed workers are the same as their values to the planner, then the two conditions

can coincide only if

AMn+1) = A(n) == (1—nm) [J(n+1) - J(n), (24)
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which can be rearranged to give (21) under the assumption that J(-) = A(:). In a constrained
efficient allocation, the shadow value of vacancy posting is equated across firms, taking into account
the effect that more intense vacancy posting by one group of firms makes matching more difficult
for other groups of firms through congestion. The marginal increase in congestion caused by a firm
posting more vacancies, however, is independent of the particular firm that is posting vacancies:
this can be seen mathematically in that the term /i occurring in (23) and (24) does not vary with
n. Vacancy posting in the equilibrium can only coincide with the constrained efficient allocation
if the payment firms make to workers happens to equal ji, independently of n. Since the marginal
surplus J(n + 1) — J(n) is decreasing in n because of decreasing returns to labor, this can only
happen if the bargaining power increases with n, and (26) gives the precise way in which this has
to occur.

The discussion thus far has focused on the conditions required to generate efficient vacancy
posting by firms of different sizes relative to each other. In fact efficiency requires more than this:
it requires also that the average level of vacancy posting across firms, and not just the relative
vacancy posting of different firms, be efficient. In the benchmark MP model, the Hosios condition
that the bargaining power equal the elasticity of the matching function is required for this. The
following Corollary to Theorem 5.2 establishes that, in an appropriately-defined average sense,
bargaining power must also satisfy the Hosios condition in order to ensure efficient entry also in

the multi-worker environment studied in this paper.

Corollary 5.3 (Hosios Condition). If the equilibrium is constrained efficient, then

>one09(n)o(n) _ 0q'(6)
s~oo gmuln) OR

n=0 7n(n)

(25)

The intuition for this result is the same as in the single-worker case of the benchmark MP model.
When firms wish to hire a single worker, if the average level of bargaining power is appropriate, the
private cost to a firm of hiring (that is, the payments it must make to the hired worker) exactly
equals the congestion externality its vacancy-posting imposes on other firms, so that it effectively
internalizes the externality and decides to post vacancies only to the extent that this is efficient.
Here, if (21) held but the value of i was, for example, too low, then each firm would realize too high
a private benefit from vacancy-posting and would impose a congestion externality on other firms.
(21) would ensure that it was not especially large firms, or especially small firms, that were imposing
an excessive congestion externality on other firms, but that all firms were equally doing so. In order
to ensure constrained efficiency, the level of ji therefore needs to be determined appropriately. The
condition for this, according to Corollary 5.3, is exactly that the Hosios condition hold in the
appropriate average sense. More precisely, (25) shows that the elasticity of ¢(6) with respect to 0
must equal a weighted harmonic mean of the bargaining powers 7(n), weighted by the measures
of vacancies posted by firms with n incumbent employees, which is g(n)v(n). It should already be
clear from the previous discussion that the converse to Corollary 5.3 is not true in general: even

if the bargaining power of firms is correct in an average sense, it still need not be true that the
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relative intensity of vacancy posting by firms of different sizes is what the planner would like it to
be. Note that —0q'(0)/q(0) = u/M (u,v) X %M(u, v) is just the elasticity of the matching function
with respect to unemployment, as usual.

The Hosios (1990) condition can be criticized since there is no reason to expect that the bar-
gaining power, which is a structural parameter of how firms and workers split a bilateral surplus,
should equal the elasticity of the matching function, which is a completely unrelated object.” To
summarize the results of this section thus far, in the environment I study, this criticism is doubly
powerful. Not only does a Hosios-type condition need to hold on average for the equilibrium allo-
cation to be constrained efficient, but the bargaining power needs to vary with firm size, and that
in a way that is characterized by (21). Moreover, the terms appearing in that equation, namely the
multipliers X(n) and [, depend not only on the matching function, but also on the production func-
tion, the vacancy posting cost function, and other parameters of the model in a complicated way.
For example, the first-order condition for the optimal steady-state value of g(n) can be rewritten
as

(r+ 5);\(n) =y(n) —nrA" —c(v(n)) + qu(n) [S\(n +1)— X(n) K (26)

so that the production function y(-), the vacancy-posting cost function v(n), and other primitives of
the model enter into the equations defining the terms occurring on the right side of (21). Therefore
the required set of bargaining power parameters (7(0),7(1),...) would need to be different across
economies which differed in any model primitive. (For the derivation of (26), refer to the proof of
Theorem 5.2.) Moreover, even within a given economy, a worker’s bargaining power would need to
be greater the larger the firm he was bargaining with, which seems less plausible than the reverse
assumption. Thus, that (21) holds may be regarded by some readers as somewhat implausible.
Therefore I now proceed in the next section to study the special case in which workers’ bargaining

power is independent of the size of the firm.

6 Constant Bargaining Power

In this Section I study bargaining with commitment when workers’ bargaining power is a constant.
In addition to the plausibility reasons given in the previous paragraph for considering this case,
the assumption of constant bargaining power is also the usual benchmark imposed by authors
studying bargaining without commitment.® It is therefore interesting to investigate this case also
when studying bargaining with commitment. I first show that equilibrium is inefficient in this
environment except in trivial cases. This should not be surprising in view of Theorem 5.2. 1

then show that the inefficiency manifests itself in the pattern of vacancy-posting across firms.

50f course, in an environment where search is directed and not random, the Hosios condition is necessarily satisfied
since the competitive posting of contracts by market-makers generates an equilibrium relationship between the two
quantities (Moen, 1997; Shimer, 1996). This carries over to this environment (Kaas and Kircher, 2010).

SExamples of papers studying bargaining without commitment and assuming that the bargaining power of workers
is independent of firm size include Stole and Zwiebel (1996a,b), Smith (1999), Cahuc and Wasmer (2001), and
Acemoglu and Hawkins (2010), for example.
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Unproductive (large) firms post too many vacancies, and the largest firms are inefficiently large.
First, it is immediate from Theorem 5.2 that equilibrium will be inefficient in this case unless

An + 1) — A(n) is independent of n. However, intuitively, A(-) inherits the strict concavity of

the production function, so that when firms hire more than one worker, this cannot happen. The

following Proposition formalizes this result

Proposition 6.1 (Inefficiency of Equilibrium under Constant Bargaining Power). Suppose that

n(n) = n for all n.

o Any steady-state equilibrium in which v(1) > 0 is constrained inefficient.

o Any steady-state equilibrium in which v(1) = 0 is constrained efficient if and only if n =

— 2 and A(2) = A1) — 1 < 0.

That is, any efficient equilibrium in which bargaining power does not vary with the employment
level of the firm is trivial, in the sense that no firms ever hire more than a single worker. In this
case the model is essentially identical to the MP model, so it is unsurprising that the Hosios (1990)
condition is sufficient to guarantee efficiency. (It must be noted that the condition that bargaining
power is constant in employment if firms only ever hire a single worker isn’t exactly difficult to
satisfy!)

How does the inefficiency show up in an economy in which worker’s bargaining power is constant
and equal to the Hosios value —0q’(0)/q(0)? Intuitively, the Hosios condition guarantees that entry
is efficient conditional on the behavior of firms after entry. However, the fact that bargaining
power is independent of n means that firms with a high marginal value of hiring (that is, where
J(n+1) — J(n) is large) have to pay too large a payment to any worker they hire (since h(n) is
proportional to J(n + 1) — J(n) when n(n) = n is constant). On the other hand, firms with a low
marginal value of hiring, where J(n + 1) — J(n) is small, have to pay too little. Therefore, small
firms (which are the firms with high marginal product of labor in this model) have too low an
incentive to post vacancies and therefore grow inefficiently slowly; on the other hand, large firms
(with low marginal product) have too much incentive to post vacancies, so both grow inefficiently
quickly, and also over-hire.

To formalize the over-hiring result, I first consider the behavior of firms in partial equilibrium.
That is, I assume that firms whose vacancy posting is constrained efficient and firms who bargain
with commitment with workers with constant bargaining power both take as given the same values
of the matching rate per vacancy, ¢(), and of the flow value of an unemployed worker, V*; 1
then ask how their patterns of vacancy posting differ. More precisely, given the primitives of the
model such as the production, matching, and vacancy-posting cost functions, I first calculate the
constrained efficient allocation, and evaluate market tightness and the value of an unemployed
worker in that environment. I then take the same primitive economic environment, and ask how
a single firm that took ¢(6) and V" as given would behave, if it either negotiated with its workers

according to bargaining with commitment. This is the subject of the following Proposition.
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Proposition 6.2 (Over-hiring in Partial Equilibrium). In partial equilibrium, the mazimum firm
size ng under bargaining with commitment is greater than the mazimum firm size ngp in the

constrained efficient allocation.

Proposition 6.2 is an over-hiring result. It establishes that even under bargaining with commit-
ment, and independent of the value of the bargaining power of workers, the fact that large firms
do not have to pay workers high enough wages in order to internalize the congestion externality
that their vacancy posting causes leads them to over-hire workers. The reason for over-hiring is
entirely separate from the familiar over-hiring identified by Stole and Zwiebel (1996a,b), Smith
(1999), and Cahuc and Wasmer (2001), which arises in the case of bargaining without commitment
when firms hire additional workers in order to drive down the wages of all incumbent workers. Here,
the over-hiring arises because firms do not internalize the congestion externality they cause. This
economic force is actually also present in the case of bargaining without commitment: the familiar
over-hiring result in that setting is actually more complex than previously realized.”

The result of Proposition 6.2 is stated in partial equilibrium, keeping the market tightness and
the value of an unemployed worker unchanged. Of course, if all firms in the economy bargain
with commitment and constant bargaining power, these two variables are endogenous. In general
equilibrium, the over-hiring result continues to hold, however: in fact, intuitively it is strengthened
because in an inefficient allocation, the flow value of an unemployed worker falls, driving down

wages and increasing hiring further.

Proposition 6.3 (Over-hiring in General Equilibrium). In general equilibrium, the mazximum firm
size ng under bargaining with commitment is greater than the mazimum firm size ngp in the

constrained efficient allocation.

Finally, note that a planner able to use appropriate tax and transfer instruments would be able

to restore efficiency in this environment. This is the subject of the following Proposition.

Proposition 6.4 (Efficiency of Equilibrium with Taxes). Suppose that n(n) = n for all n. Suppose
that the planner imposes a lump-sum tax on firms for each worker hired, or alternatively a flow
tax per worker employed, and rebates the revenue to workers. Then, if the tax is appropriately
chosen, the equilibrium is constrained efficient. If n = 0 then the required tax is independent of the

employment of the firm.

The reason that constrained efficiency is not obtained in the absence of taxes and transfers is
that the intensity of vacancy-posting of firms of different sizes will not be efficient; in addition,
if the Hosios condition does not hold in the appropriate average sense, entry will not be efficient
conditional on vacancy-posting. This can be rectified if the planner imposes a lump-sum tax

on a firm with n incumbent workers so that it pays i — n(A(n + 1) — A(n)) in order to hire an

"Proposition 6.2 can be extended to show that a firm which bargains with workers under lack of commitment,
as formalized in Acemoglu and Hawkins (2010), over-hires by more, in the sense that the maximum firm size under
bargaining without commitment, nj -, is greater than n¢. I give a proof in the Appendix as part of the proof of
Proposition 6.2.
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(n + 1)st employee. The i component of the tax forces the firm to internalize the externalities
its posting of vacancies imposes on other firms. The remaining component makes the firm the full
remaining residual claimant on the surplus generated by its hiring of a new worker. (In fact, since
AMn 4 1) > A(n) for firms which post vacancies, this component is a subsidy: it compensates the
firm for rent extracted by workers.) With this choice of tax scheme, firms’ private incentives for
both vacancy-posting and entry coincide with the social marginal values of these activities, so that
the allocation generated by the equilibrium with taxes and transfers is constrained efficient. The

proof of Proposition 6.4 is obvious from this discussion, so is omitted.

7 Calibrated Model

In the previous section, I showed that the equilibrium where firms have constant bargaining power
is not constrained efficient even when the Hosios condition is satisfied. In this section I ask, in a
calibrated model, whether the resulting inefficiency is significant. I find that it is economically non-
trivial, and depending on the parameters of the economy (in particular, on the degree of decreasing
returns to labor in production), may be of the same order of magnitude as the over-hiring resulting
from lack of commitment.

Calibrating the model requires taking a position on the source of decreasing returns to labor at
the firm level. Decreasing returns could arise from many types of quasi-fixed factors. If physical
capital is more difficult to adjust than labor, then leaving it unchanged while the firm hires more
workers gives rise to decreasing returns. More generally, organizational capital and marketing and
supplier relationships also provide possible sources of decreasing returns, as might scarce managerial
talent (Lucas, 1978). Finally, a firm producing a differentiated product might also experience a
decreasing marginal revenue product of labor arising from a downward-sloping demand curve for its
good. I do not wish to take a position on the source of decreasing returns, and therefore consider
two relatively extreme possibilities, by assuming that the production function is Cobb-Douglas,
y(n) = An®, with a equal either to 0.667, a standard choice in macro models which could be
justified here by assuming that capital is completely fixed, and o = 0.95, more consistent with
managerial talent being the fixed factor.

I solve the model numerically in a variant in which employment at the firm level is a continuous
variable rather than taking on only integer values.® This ensures that integer problems do not
lead to misleading comparative statics. In addition to reporting results for the constrained efficient
allocation and for the case of bargaining with commitment, I also calculate results for bargaining
without commitment. The model of bargaining without commitment is exactly as set out in
Acemoglu and Hawkins (2010), and has the familiar feature that in addition to the over-hiring
induced by constant bargaining power, as highlighted in the current paper, firms additionally have

an incentive to hire workers beyond the point where their marginal product equals their flow outside

8The accompanying note provides a more complete specification of the continuous-employment version of the
model.
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Fixed Span of

Variable capital control Explanation

r 0.01 Period is quarterly

) 0.1 Unemployment inflow rate

A 4.52 1.29 Maximum establishment size 23.8
in constrained efficient allocation

« 0.667 0.95 Fixed capital

b 0.4 Normalization

Y 0.72 Matching function q(f) = Z0~Y

Shimer (2005); slope of Beveridge curve

Z 1.39 Unemployment rate of 6.87%

o) 1 Vacancy cost c(v) = yv't?/(1 + ¢)

v 0.0193  0.143 40% of unemployed value from b

n 0.72 Hosios condition

k 109.5 8.715 Vacancy yield ¢(0) = 1.5

Table 1: Parameterization

option in order to drive down the wage of incumbent workers.”

Much of the calibration is relatively standard; I follow Shimer (2005) to the extent possible to
aid comparability with the literature. I set the period of time to be quarterly, and set the interest
rate 7 = 0.01. I choose § = 0.1 to match the unemployment inflow rate (since all employment to
unemployment transitions in the model arise from exogenous firm destruction. I set the matching
function as Cobb-Douglas, M (U, V) = ZU¥V'=% and set 1) = 0.72 to be consistent with the slope
of the Beveridge curve as in Shimer (2005). In models of bargaining, I then set the (constant)
bargaining power of workers to be n = 0.72 so that the Hosios condition holds. The target for the
steady-state value of 6 and the value of the parameter Z are chosen to match a target a job-finding
rate for workers of 1.355 as in Shimer (2005) and a job-filling rate for firms of 1.5, consistent with
an average vacancy duration of around two months (van Ours and Ridder, 1992). This requires
Z =1.39 and 6 = 0.903. In the context of the constrained efficient allocation, I target a maximum
establishment size of 23.8, following the evidence on average U.S. firm size from Davis et al. (2006),
and I also normalize the flow value of an unemployed worker, rV*, to 1; this requires setting the scale
parameter in the Cobb-Douglas production function to A = 4.52 when o = 0.667, and to A = 1.29
when a = 0.95. (Firm sizes will be larger and the value of an unemployed worker lower under
an inefficient equilibrium with bargaining.) In the absence of much guidance from the literature,
I choose a quadratic vacancy-posting cost function, c¢(v) = yv2, and then select the value of 7 so
that so that 40 percent of the flow value of an unemployed worker arises from home production and
60 percent from the expected capital gain of finding a job. This requires setting v = 0.0193 when
a = 0.667, and v = 0.143 when a = 0.95. (Since I targeted rV* = 1, this calibration strategy also

9As noted in footnote 7 and in the proof of Proposition 6.2 in the Appendix, it can be shown theoretically
that over-hiring is more severe in the case of bargaining without commitment than in the case of bargaining with
commitment and constant bargaining power. This is consistent with the results presented in Table 2.
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Efficient Commitment No commitment

Fixed capital (o = 0.667)

0 0.903 0.903 0.903
rv¢ 1 1 1

n* 23.8 274 62.5
v(0)  35.33 35.26 28.5
v(20) 3.3 5.4 13.3

Span of control (a = 0.95)

0 0.903 0.903 0.903
rV 1 1 1

n* 23.8 61.6 128.3
v(0)  3.66 3.47 2.96
v(20)  0.36 1.29 1.77

Table 2: Partial equilibrium comparisons

implies that b = 0.4.) Intuitively, 7 is identified because the expected capital gain associated with
job-finding increases in the vacancy-posting cost, which measures the extent of frictional matching
rents that are shared with workers under bargaining. Finally, I choose the free-entry cost k£ to be
consistent with zero profits for firms in the constrained efficient allocation. This aids in making the
equilibrium allocations more comparable with the constrained efficient allocation. When oo = 0.667,
I therefore set k = 109.5, while when o = 0.95, I set £ = 8.715. The parameterization is summarized
in Table 1.

Table 2 reports partial equilibrium comparisons of key endogenous variables, and Figure 1 pro-
vides a graphical representation of value functions, vacancy-posting by firms, and the firm size
distribution. More precisely, I solve for the constrained efficient allocation given the parameteriza-
tion in Table 2, then, taking value of market tightness # and the value of unemployment V* from
this economy, characterize the behavior of a single firm that bargained with workers either accord-
ing to bargaining with commitment as studied in this paper, or according to bargaining without
commitment as in Acemoglu and Hawkins (2010). (Accordingly, the free-entry condition will not
hold for such a firm.) Table 2 shows that this single firm over-hires, as predicted by Proposition 6.2,
and the more so if it bargains without commitment. Over-hiring is greater the less concave the
production function: if decreasing returns to scale are more severe, the fact that additional workers
are very unproductive limits the firm’s incentives to hire them. Figure 1 shows that under both
parameterizations, vacancy-posting is greatest for new entrant firms in the constrained efficient
allocation, less for bargaining with commitment, and less again for bargaining without commit-
ment. However, vacancy-posting falls much more quickly with firm size in the constrained efficient
allocation, a manifestation of the over-hiring phenomenon. In the constrained efficient allocation,
firms grow more quickly when small but stop their growth path earlier, as can be seen from the

bottom two panels of Figure 1.
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Figure 1: Partial equilibrium. The left three subfigures show results for the parameterization with
a = 0.667, the right three for a = 0.95. In each case, the top figure shows firm’s value functions,
the center figure shows vacancy-posting, and the bottom figure shows the CDF of the firm size
distribution. In each case, the blue solid curve shows the constrained efficient allocation, the green
dashed curve shows bargaining with commitment, and the red dotted curve bargaining without

commitment.
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Figure 2: Identification from the pattern of vacancy-posting.
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Efficient Commitment No commitment

Fixed capital

0 0.903 0.923 0.572
ry 1 0.997 0.803
n* 23.8 27.7 120.9
v(0) 35.3 35.3 35.3
v(20) 3.3 5.6 22.3
Span of control
0 0.903 0.846 0.662
rv 1 0.993 0.977
n* 23.8 70.8 204.1
v(0) 3.66 3.66 3.66
v(20) 0.36 1.50 2.54

Table 3: General equilibrium comparisons.

An alternative way of understanding the difference in the pattern of vacancy-posting across
firms is shown in Figure 2. This figure shows how vacancy-posting varies with firm size in the
three bargaining models, again in partial equilibrium, but in each of the two bargaining models,
I reparameterize the multiplicative productivity term A in the firm’s production function so as to
keep maximum firm size equal to its constrained efficient value of 23.8 in all cases. In this case,
the pattern that small firms post relatively more vacancies in the constrained efficient allocation
than in either of the two bargaining solutions manifests itself in greater vacancy-posting at all firm
sizes. This is because in order for a firm bargaining with or without commitment to cease hiring at
a size of 23.8, it must be less productive than the firms in the constrained efficient allocation, and
therefore posts fewer vacancies at all sizes. The combination of Figure 1 and Figure 2 shows that
in principle the pattern of vacancy posting across firms of different sizes can be used to identify the
nature of bargaining in the economy, but that such a comparison must be made with care.

An alternative way of identifying the nature of bargaining between firms and workers arises from
considering the increase in vacancy-posting in partial equilibrium of a firm whose productivity is
1 percent higher than all other firms in the economy. Intuitively, in a model with bargaining, we
would expect to see such a firm increase its vacancy-posting less than the planner would like it
to, since because of the rent-sharing resulting from bargaining, it does not capture the full return
from its higher productivity, but only a fraction 1 — 7. This can be verified numerically; in the
constrained efficient allocation under the calibration with o = 0.95, for example, a one percent
increase in productivity leads a firm with no workers to increase its vacancy-posting by around
8.8 percent, while under bargaining with commitment the increase is only 5.7 percent, and under
bargaining without commitment, 6.1 percent. Thus, responsiveness of recruiting to idiosyncratic
productivity shocks also helps in identifying the nature of contracting and wage determination.

Thus far, I reported only partial equilibrium comparisons, by studying the behavior of a single
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Figure 3: General equilibrium. The left three subfigures show results for the parameterization with
a = 0.667, the right three for a = 0.95. In each case, the top figure shows firm’s value functions,
the center figure shows vacancy-posting, and the bottom figure shows the CDF of the firm size
distribution. In each case, the blue solid curve shows the constrained efficient allocation, the green
dashed curve shows bargaining with commitment, and the red dotted curve bargaining without

commitment.
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firm which negotiates with its workers in various ways, but keeping the key endogenous variables
f and V" constant. General equilibrium comparisons, by contrast, are reported in Table 3 and
Figure 3. More precisely, I now solve for the equilibrium of an economy in which the structural
parameters are unchanged from before, but now all firms negotiate with workers according to bar-
gaining with commitment. I then repeat the exercise in the case of bargaining without commitment.
In this case, market tightness # and the value of an unemployed worker V* are allowed to adjust so
that the free entry condition of firms and the HJB equation defining the value of an unemployed
worker are satisfied. Unsurprisingly in view of (6.1), welfare is lower under bargaining with com-
mitment, and just as over-hiring is more severe under bargaining without commitment, so too is
the inefficiency. When the production function is very concave (a = 0.667), the welfare cost from
bargaining with commitment under constant bargaining power is relatively small (0.3 percent). In
this case, the high degree of decreasing returns limits over-hiring under bargaining with commit-
ment and ensures the equilibrium allocation does not differ too much from its constrained efficient
counterpart. Bargaining without commitment in this case, however, generates a large welfare cost
(19.7 percent), as the very decreasing marginal product enables firms to drive down the wages of
incumbent workers significantly by over-hiring. In contrast, when the production function is less
concave (a = 0.95), the relative differences in vacancy posting across firms of different sizes become
more important, and welfare under bargaining with commitment falls by more (0.7 percent) relative
to the constrained efficient allocation. The inability of firms bargaining without commitment to
drive down wages significantly because of the slight degree of decreasing returns means that the
welfare cost of bargaining in this case is much lower than before (2.3 percent), although still greater

than under bargaining with commitment.

8 Directed Search

The next two sections of the paper are devoted to understanding the inefficiency result of The-
orem 5.2 and Proposition 6.1 more deeply. In the current section, I consider a variant of the
benchmark model in which workers are able to observe a single characteristic of firms, namely,
their size, and condition their application decisions on that size. In the next section, I consider
the case where there are constant returns in the vacancy-posting cost technology. In both cases,
bargaining when workers have constant bargaining power equal to the Hosios value will decentralize
the constrained efficient allocation, and it is informative to understand why.

Assume for now, therefore, that workers can direct their search activity according to easily-
observable firm characteristics. This was ruled out by assumption in the benchmark model, in
which I assumed that an unemployed worker met a firm with n incumbent workers in proportion
to the measure of such firms, g(n), and the intensity of vacancy-posting by them, v(n). The worker
was unable to affect her chances of meeting a firm with few employees that would pay a large hiring
bonus, as opposed to a firm with many employees that would pay a small one. Instead, in this

section, I assume that there are separate submarkets, indexed by the current employment of the

22



firms who participate, so that all firms with a given number n of employees post vacancies only
in the submarket for firm with n employees. The aim of this Section is to show that under this
structure, the equilibrium allocation under bargaining with commitment is constrained efficient if
and only if the Hosios condition holds.

Note that I do not assume that firms can post wages, as in directed search models following
Moen (1997) and Shimer (1996). Wages continue to be determined by ex post bargaining. Workers
can observe only the current employment level of the firm.

Before stating the main result of this section formally, I need to make the assumption on the
matching technology more precise. At any moment of time, workers can search only in exactly one of
the submarkets. It is frictionless to move from market to market, so that in equilibrium, workers will
be indifferent between searching in each market. The value of home production, b, is independent
of which market a worker searches in. The matching technology in each submarket is the same
as the matching technology in the benchmark model. Specifically, if u(n) unemployed workers
search in the submarket for firms with n current employees, in which there are g(n) firms each
posting v(n) vacancies, then the flow rate of matches generated is M (u(n), g(n)v(n)). The Poisson
rate at which an firm in this submarket contacts an unemployed worker is therefore v(n)q(f(n)) =
v(n)M(0(n)~1,1), where 6(n) = g(n)v(n)/u(n); the Poisson rate at which a worker contacts a firm
is £(0(n) = M(1,0(n)).

I assume that bargaining proceeds as in the benchmark model, with firms and workers signing
a simple contract at the time of hiring. The hiring bonus h(n) continues to be given by (4).
The HJB equation for a firm continues to be given by (6) with the exception that the hiring rate

g(n) = ¢(6(n)) is now firm size-specific:
(r+0)J(n) = y(n) —nrV* — c(v(n)) + (1 = n(n))g(n)v(n) [J(n +1) = J(n)]. (27)
Optimal vacancy posting satisfies
v(n) = argmax {—c(v) + (1 = n(n))g(n)v [J(n+1) — J(n)]}. (28)

The free entry condition (9) continues to hold.

Since workers can direct their search to any submarket, the flow value of an unemployed worker
rV*¥ must be equated across submarkets where positive numbers of unemployed workers search.
That is,

rV* =b+ f(n)h(n) if  wu(n)>0 (29)

where f(n) = f(0(n)). In addition, if u(n) = 0, the value of searching in submarket n must be
dominated by searching in other submarkets. The value of search in a submarket in which firms
do not post a positive measure of vacancies is not well-defined. However, using the same intuitive

argument as used by Acemoglu and Shimer (1999), I impose the equilibrium refinement that

h(n) <0 if u(n) =0 and g(n) > 0. (30)
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Intuitively, this condition requires that workers believe that if submarket n is potentially open, in
the sense that there are a positive measure of firms with n workers, but if no workers are searching
that submarket, then they would be able to obtain a job in that submarket instantaneously. Because

no workers are searching the submarket, it follows that the signing bonus in this submarket must

be non-positive, because the marginal product of firms with n workers is low."

The steady-state conditions for the constancy of the firm size distribution are analogous to

equations (12) and (13), modified to allow for market tightness to differ across submarkets, so that

(6 +q(0)v(0))g(0) = e (31)

and
(6 4+ g(n)v(n))g(n) = qu(n — 1)g(n —1). (32)

Fach unemployed worker must search precisely one submarket,

Z u(n) = u, (33)
n=0

and market tightness in each submarket must be consistent with the vacancy-posting policy of firms

and with the submarket choice of unemployed workers,

0(n)u(n) = g(n)ov(n). (34)

Finally, the unemployment rate must be constant, so that
S(1—w) = f(O(n))u(n). (35)
n=0

This allows me to make the following definition of equilibrium.

Definition 8.1 (Steady-state Equilibrium, Directed Search). A steady-state equilibrium under
directed search is a sequence of market tightnesses 0(n), an unemployment rate w and an allocation
of unemployed workers across submarkets (u(0),u(1),...), an entry rate e, a firm size distribution
(9(0),9(1),...), a vacancy-posting policy (v(0),v(1),...), a value of unemployment V*, a sequence
of values of firms (J(0),J(1),...), and a sequence of payments (h(0),h(1),...), such that

e J(n) satisfies the HIB equation (27);

e h(n) satisfies (4) for each n;

10This condition can be obtained more formally as an equilibrium refinement if one considers a variant of the
current model in which there are a fraction € > 0 of firms who always post a positive measure § > 0 of vacancies, no
matter what the return to doing so. If a single worker considers searching submarket n, she expects that the market
tightness will be unboundedly large in the case that no other workers are searching there, so that she will find a job
instantaneously. She will therefore not search market n only if h(n) < 0. This argument is independent of £ > 0 (and
of § > 0); taking a limit as € — 0 justifies (30).
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e v(n) satisfies (28) for each n;
e the free entry condition (9) holds;
o V¥ satisfies (29) and (30);

e the evolution of the firm size distribution and of the unemployment rate follow (31), (32),
and (35);

e the allocation of unemployed workers to submarkets satisfies (33); and
e O(n) satisfies (34) for each n.

Proposition 8.2 (Existence and Uniqueness of Equilibrium, Directed Search). A steady-state

equilibrium under bargaining with commitment and directed search exists and is unique.

Denote by n* the largest firm size in equilibrium. The submarket for firms with n* workers is
not open, so that no vacancies are posted and no unemployed workers search in this market. With

this notation, I can state the following efficiency theorem.

Theorem 8.3 (Constrained Efficiency of Equilibrium under Hosios Condition, Directed Search).
The steady-state equilibrium under bargaining with commitment and directed search is constrained

efficient if and only if n(n) = —% for alln <n* —1.

Corollary 8.4. If the matching function is Cobb-Douglas, M(U,V) = ZUYV'=%, then the equi-

librium is constrained efficient if and only if n(n) = for alln < n* — 1.

It is perhaps worth emphasizing that the result of Theorem 8.3 does not establish that the equi-
librium allocation under directed search coincides with the constrained efficient allocation under
random search, since the possibility of segregating different types of firms in submarkets charac-
terized by different market tightnesses in the directed search setting allows the planner to generate
strictly higher welfare in general. (The planner could always replicate the random search allocation
in the directed search environment by generating the same market tightness in each submarket,
but chooses not to do so since it is valuable to have small firms with high marginal products able to
hire more rapidly, even conditional on the number of vacancies posted, than can larger firms with
lower marginal products.)

Of course, because the equilibrium is constrained efficient in this environment, there is no role for
corrective policy to improve on the equilibrium allocation. The planner has no reason to intervene.

The result of Theorem 8.3 clarifies why constrained efficiency fails to obtain when the bargaining
power of workers is constant and satisfies the Hosios condition in the benchmark environment in
which workers could not make their application decisions contingent on any characteristics of firms.
The Hosios condition ensures that the private return to firms from posting vacancies equals the
social return by ensuring that the value of payments made to workers exactly equals the congestion

externality on other firms. However, it only does so if all firms in the labor market have the
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same value of hiring. Otherwise, the private cost to a firm if it hires is related, under bargaining,
only to its own marginal value of hiring, while the cost of the congestion externality depends
on the average value of hiring at other firms. When workers can direct their search to different
submarkets containing firms of different sizes, each submarket contains only identical firms, and so
the Hosios condition suffices to ensure constrained efficiency. When search is completely random,
the labor market contains heterogeneous firms. Firms with many workers, that is, with low marginal
products, make lower payments to the workers they hire than do firms with few workers and high
marginal products. However, the congestion externality caused by vacancy posting is independent
of the size of the firm. Therefore, constrained efficiency can obtain only if the bargaining power of
workers covaries negatively with the marginal value of hiring in the appropriate way to ensure that
the private benefit of hiring for a firm equals its social value.

A recent paper of Kaas and Kircher (2010), developed contemporaneously with the current
paper, studies efficient hiring dynamics in a model closely related to the one presented in this
section. Given the discussion so far, it should be clear why constrained efficiency obtains in their
model. They assume commitment to long-term contracts, as I do, so that their allocation is not
subject to the over-hiring inefficiencies present in models without commitment, such as those by
Stole and Zwiebel (1996a,b), Smith (1999), and Cahuc and Wasmer (2001). In addition, they
assume that workers can direct their search not towards size classes of firms, but towards contracts
to which these firms commit. Relative to a random search model, this ensures both that the economy
endogenously separates into submarkets according to the size classes of firms, and that within each
submarket, the Hosios condition obtains. Therefore the allocation generated in their model is
identical to that generated in the directed search model of the current section (and generates a

higher welfare).

9 Hiring at Constant Marginal Cost

In this section, I return to the setting of random search, but now modify the benchmark model
by assuming that the marginal cost of posting vacancies is constant, rather than increasing in the
firm’s vacancy posting. This is the assumption made by Smith (1999) and Elsby and Michaels
(2010) when studying bargaining without commitment. In this environment, both equilibrium
and constrained efficient allocations are easier to characterize, since the optimal vacancy-posting
behavior of firms takes a particularly simple form: at the moment of entry, a new firm posts a
very large measure of vacancies for a very short time, so as to grow instantaneously to its desired
target size. In this environment, it also turns out that the efficiency properties of bargaining with
commitment are stronger: the Hosios condition suffices for constrained efficiency of equilibrium.
Understanding why clarifies the intuition for Theorem 5.2 and Proposition 6.1, the main efficiency
results of the benchmark model.

Because it will be unnecessary to allow for the bargaining power of workers to vary with firm size,

I simplify notation by specializing to the case where n(n) = 7. As in the benchmark environment of
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Section 3, I continue to assume that when a worker is matched with a firm, a long-term contract is
signed which guarantees an immediate payment of h(n) and ongoing payments equal to rV*, with
h(n) is chosen to maximize (3).

To see that optimal hiring in the case when ¢(v) = v takes a ‘bang-bang’ form, consider the
problem of a firm with n workers that is deciding its vacancy posting intensity. If it posts vacancies
with a finite intensity v € (0, 00) until it hires its (n 4 1)st worker and then returns to the optimal

vacancy-posting strategy, then its value J(n;v) satisfies the HJB equation
(r+90)J(n;v) =yn) —nrV* —yv 4 q(@)v(l —n) [J(n+ 1) — J(n;v)]. (36)

The right side of (36) is an affine function of v, so that J(n;v) is maximized by setting v — 400
if —y+q(1—n)[J(n+1)—Jn)] >0and v =01if —y+4q(1 —n)[J(n+1)—J(n)] < 0. This
establishes the optimality of the ‘bang-bang’ vacancy posting strategy. If v — oo, then rearranging
the right side of (36) and putting J(n) = max, J(n;v) establishes that

I v

Jn+1) = J(0) = (37)

That is, with linear vacancy-posting costs, firms can effectively hire additional workers instanta-
neously at a constant marginal cost equal to ﬁ%; the model reduces to an adjustment cost
model in which adjustment costs apply only to firms increasing their employment, and in which
these adjustment costs increase with the worker’s bargaining power n and with the tightness of the
labor market. This is intuitive. If the labor market is tighter, there is a direct effect of increasing
vacancy posting costs, and in addition, the greater vacancy-posting costs then lead to a higher
lump-sum payment h(n) bargained with a new hire. The latter effect is stronger the higher the

worker’s bargaining power. Using (4), it can be seen that the hiring bonus paid to a new hire is
n_
h(n) = ———"_. (38)
1—nq(0)
As already discussed, a new entrant firm instantaneously increases its employment level until it
hits its target firm size n*. A firm with employment equal to its hiring target n* will never change

its employment level in future since there are no aggregate or idiosyncratic shocks, so that its HJB

equation takes the simple form
(r+90)J(n*) =y(n*) — n*rv*.

For n > n*, but such that y(n) —y(n — 1) > rV*, a firm will neither hire nor fire workers, so that
in this range also
(r+0)J(n) =y(n) —nrv*.

For n large enough that y(n) — y(n — 1) < rV*, the optimal long-term contract signed by firms

and workers will specify that separation occur immediately for enough workers to reduce n to
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the value 7 defined by y/(7) = rV*. In this case, therefore, y(n) = y(n). Finally, for a firm with
current employment n smaller than n*, the optimal hiring policy requires immediate hiring of n* —n

workers. According to (37), each employee already hired means an increase in the firm’s value of

lflng, so that for 0 < n < n*, J(n) = J(n*) — ﬁgn In summary, the value of a firm takes the
form

y(n*)—n*rvv 1

y(n*)—n*rvv *

Lo n=n

J(n) = o (39)
y)—nrv* n*<n<n
r+0 —
y(n)—nrvy

The optimal choice of the hiring target n* is the (generically unique) value satisfying

y) —y* - —rV* 1y oy +1) —ynT) —rV"

; 4
r+9 >1—77q(9)_ r+6 ’ (40)

similarly, the firing target 7 is the smallest value satisfying y(n) — y(n — 1) > rV*".
In equilibrium, the free-entry condition requires that V* and ¢ = ¢(f) be such that the free
entry condition (9) holds, that is,

k= J(0) = y(n*) —n*rve L (41)

The final key equilibrium equation is the HJB equation of a worker. This takes the form

no n
u _ — ' 42
rV —b—|—7‘(9)1 " b+1 779’7, (42)

since an unemployed worker encounters a firm at Poisson rate f(6), at which point she receives a

hiring payment of h(n) = ﬁ% and thereafter flow payments that make her indifferent to being
unemployed.

The remaining equations required to define a steady-state equilibrium require that the unem-
ployment rate evolve according to (14), unchanged from the environment of Section 3, and that the
flow entry rate of new firms be such that the ratio of vacancies to unemployed workers is consistent

with the value of market tightness 6, that is,

Ou =

(43)

The preceding set of equations allows me to define a steady-state equilibrium in this environment.

Definition 9.1 (Steady-state Equilibrium, Constant Hiring Cost). A steady-state equilibrium with
constant hiring cost is a market tightness 0, an unemployment rate u, an entry rate e, a target firm
size n*, a value of unemployment V", a value function for firms J : [0,00) — R, and a payment

function h : [0,00) — R, such that entering firms instantaneously hire n* workers, and such that
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J(n) satisfies (39);

the free entry condition (41) holds;

V¥ satisfies (42);

the evolution of the unemployment rate follows (14); and
e 0 satisfies (43).

Proposition 9.2 (Existence and Uniqueness, Constant Hiring Cost). There is a generically-unique

equilibrium when the marginal cost of vacancy-posting is constant.

In steady-state equilibrium, there is a constant flow rate of entry e > 0 of firms who, on entry,

immediately grow to size n* > 0, which satisfies

n* = arg mgx% [y(n) — (r+0)k]. (44)
In the generic case where (44) has a unique solution, the equilibrium is unique. After their initial
burst of hiring, firms never change their size. The values of the two key endogenous variables
0, which affects the cost of hiring via the vacancy yield ¢(), and V%, which affects wages, are
then jointly determined from the free entry condition (41) and the HJB equation for an unem-
ployed worker, (42). Uniqueness of equilibrium is easier to prove in this environment than in the
benchmark model, since the firm size distribution does not depend on 6 and V*. Therefore, Propo-
sition 9.2 establishes existence and uniqueness, where Proposition 4.2 established only existence of
equilibrium.

Is the equilibrium constrained efficient in this environment? To answer this question, it’s first
necessary to characterize constrained efficient allocations. The same argument as used for the
decentralized economy implies that the planner also chooses a ‘bang-bang’ vacancy-posting policy
for all firms. In this case, a steady-state constrained efficient allocation can be represented as a
tuple (e,n*,0,u) consisting of a flow entry rate of firms e, a hiring target n*, a market tightness 6,

and an unemployment rate u which jointly solve
oo *
max / e y(n’) L —k|e+ bu dt, (45)
e;n*,0,u J r+0 q(@)

n*e=0q(0)u= f(0)u and i =0(1—u)—0q(0)u. (46)

subject to

The two constraints are that hiring by entrant firms be consistent with the outflow from unemploy-

ment, and the law of motion for the unemployment rate.!'!

The reader may wonder why the distribution of existing firms is not a state variable in the planner’s problem.
Formally, what the program (45) and (46) analyzes is a problem where the planner’s two key control variables at each
moment are the flow entry rate of new firms, e, and the size these firms immediately grow to, n*. The planner does
not consider the possibility of changing the size of incumbent firms, either by hiring or firing. These firms are ‘sunk’
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First, independent of the value of the bargaining power of workers, (44) shows immediately
that the size of firms is always constrained efficient in equilibrium. Both the planner and firms
in the decentralized equilibrium choose a hiring target n* so that the marginal additional output
from hiring an additional worker is equal to total output less the amortized entry cost, divided by
the number of employees.'? This is just the familiar condition that average and marginal product

coincide at the efficient firm scale.

Proposition 9.3 (Efficient Hiring, Constant Hiring Cost). The equilibrium hiring target n* is

constrained efficient.

Proposition 9.3 implies that any discrepancy between the equilibrium allocation under bar-
gaining with commitment and the constrained efficient allocation arise from differences in market
tightness. However, because the value function of a firm is linear in employment up to the hiring
target n*, the Hosios condition is now necessary and sufficient for constrained efficiency. The source
of inefficiency that arose in the benchmark model if workers’ bargaining power was constant with
firm size cannot arise here, since there is no sense in which firms with different employment levels
can use the wrong intensity of vacancy posting relative to each other: all firms hire all their workers

instantaneously on entering.

Proposition 9.4 (Hosios Condition, Constant Hiring Cost). The equilibrium under bargaining

with commitment is constrained efficient if and only if

n=—-———. (47)

In the statement of Proposition 9.4, the value of 8 referred to is the constrained efficient value
(which coincides with the equilibrium value under the assumption of the proposition).

Why is the equilibrium constrained efficient under the Hosios condition in the case of constant
hiring costs, according to Proposition 9.4, whereas in general Theorem 5.2 and Proposition 6.1
showed that more stringent conditions were needed for constrained efficiency when search is ran-
dom? The reason is that constant hiring costs imply, as in (39), that the value function of a firm
is linear in employment for firms that are hiring any workers. This means that the marginal in-
centive to hire for a firm is independent of the number of workers it has already hired. Therefore,
the condition that the Hosios condition needs to hold on average, true even in the general case
according to Corollary 5.3, here takes a particularly simple form: having the bargaining power of
each worker equal to the elasticity of the matching function suffices to make firms internalize the

congestion externality they impose on other firms.'?

from the point of view of the planner, since the present discounted value of the output of a firm is accounted for in
(45) at the moment it is formed. However, in steady state, the value of this restricted problem and the allocation
so generated are the same as in the more general problem where the planner avails herself of the full set of tools
available to her, since there is no reason to change the size of existing firms after their initial growth at entry. This
trick, which simplifies the notation, is borrowed from Acemoglu and Shimer (1999).

12This again makes it apparent why it was necessary to assume a non-zero entry cost k: if k& = 0, optimal firm size
is n* = 0, and the model reduces to the MP limit.

13n fact, because of the ‘bang-bang’ nature of hiring, if the bargaining power of workers were allowed to vary with
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10 The Role of Commitment and the Timing of Payments

When I introduced the benchmark contracting assumption of the model in Section 3, I assumed
full commitment of firms and workers to contracts signed at the moment of hiring. In this section,
I discuss the roles of these assumptions and the extent to which they can be weakened. The next
section concludes the paper by discussing its relationship with the literature.

First, of course, the contracts considered in this paper are not the most general contracts that
could be considered. In particular, I assume that the contracts a firm signs with workers it hires
early in its growth process cannot affect the nature of contracts the firm signs when a new hire
later occurs, nor its bargaining power when it negotiates a division of the marginal surplus with
that new hire. Thus, the contracting arrangements I present are not intended as models of union
bargaining, to give an example in which such contractual arrangements might be reasonable.'*
Casual empiricism suggests that contracts of individual workers with large non-unionized firms
tend not to have such features, justifying the relevance of the contracting environment I consider.
Additionally, as Smith (1999) argues, allowing the right to manage to each individual worker might
be ruled out in a more complete model due to the costs of coordination between many workers, as
well as by the costs of aligning the incentives of the firm’s owners and its employees. Moreover,
the assumption I make here is also made both by authors studying large firms in a random search
model without commitment (Stole and Zwiebel, 1996a,b; Smith, 1999; Cahuc and Wasmer, 2001),
as well as to the case of directed search (Hawkins, 2006; Kaas and Kircher, 2010).

In addition, to obtain constrained efficiency in the benchmark model requires that the bargaining
power of a new worker be increasing in firm size. It is not obvious why allowing incumbent workers
the right to manage the firm would have any tendency to lead to such an outcome.

What role does the ability of firms and workers to commit to the terms of a contract signed at
the time of hiring play in the results of the paper? Under the benchmark contracting environment
introduced in Section 3, the importance of commitment is that workers can commit not to rene-
gotiate after the moment of hiring. Intuitively, in the absence of commitment, incumbent workers

would like to force a renegotiation of wages if they could: they are paid only the flow value of

firm size, it is clear that having n(n) constant and given by (47) is not the only way to generate constrained efficiency
here; what matters is that bargaining power should equal the Hosios value on average. One can show in a version of
the model in which bargaining power varies with firm size that the necessary and sufficient condition for efficiency is,
as in (5.3), that a harmonic mean of bargaining powers by firm size should take the correct value, specifically that

/"* dn 1
o 1-mn(m) 1-n

“Bauer and Lingens (2010) consider a model of collective bargaining between workers and large firms in a context
similar to that considered here, with different positive and normative predictions; in particular, the ability of workers
to threaten at any time to withhold their labor en masse tends to drive up wages and reduce hiring inefficiently.

'5Sufficiently general contracts (for example, signed by all agents in the economy) could of course restore efficiency
according to the Coase theorem; however, allowing firms and workers who have never met to have signed ex ante
a contract influencing their behavior (and in particular, the intensity with which firms post vacancies in order to
meet these workers) is implausible and is ruled out by assumption in all models of frictional labor markets to my
knowledge.
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being unemployed for the entire remaining duration of their contract, while a newly-hired worker
extracts positive surplus above this amount from the firm according to (3). (Firms, on the other
hand, would not wish to trigger a renegotiation with incumbent workers even if they could do so,
since incumbent workers are already receiving the lowest wage consistent with them not desiring
to quit to unemployment if they had the opportunity to do so; therefore firms have nothing to
gain from renegotiation.) It is uncontroversial to assume that firms have some ability to commit
to contracts, but perhaps more troublesome to assume that workers can bind themselves by long-
term contracts of the form considered here. It is therefore useful to note that changing the timing
of payments within an employment relationship can reduce the importance of the assumption of
commitment by workers. I now proceed to consider several possible alternative assumptions on
how payments are made during an employment spell.

First, an obvious alternative payment scheme is that instead of paying a lump sum on hiring,
firms might annuitize the value of that lump sum over the life of the employment relationship.
That is, instead of paying h;(n) at the moment when a worker is hired by a firm with n incumbent
workers, as well as a wage of 7V} | at all times ¢ +7 > ¢ until the end of the employment spell, the
firm might instead pay no hiring bonus and a flow wage of (r + 0)hs(n) + V4 at all t +7 > ¢.
Clearly such a wage contract generates the same expected present discounted value for the worker as
the original payment program did. However, because hy(n) is decreasing in n when the production
function is concave and hiring is time-consuming, later hires are in this scheme paid lower wages
than early hires, and these wages are therefore higher than incumbent workers would be able to
negotiate if they were forced to rebargain according to the same procedure used at the time they
were hired. Under this kind of arrangement, the role of commitment is to guarantee that the firm
can commit to pay wages to workers as specified in the initial contract, since workers would no
longer be tempted to renegotiate contracts.

An interesting alternative payment scheme that reduces further the importance of commitment
by both firms and workers can be generated if I assume that in addition to a wage, firms can commit
to pay transfers to incumbent workers at the time when a new employee is hired. In particular,
suppose that at the time of hiring, a new employee’s contract can specify that she receives a flow
wage wi(n) whenever the employment of the firm equals n, and in addition, that she receives a
lump-sum transfer of p;(n) whenever the firm hires an (n + 1)st worker. (There is no longer a

lump-sum transfer to a newly-hired worker.) Suppose that
we(n) =1V 4+ (r+ 6)he(n — 1). (48)

and
pr(n —1) = hy(n — 1) — hy(n), (49)

where hy(-) are the hiring bonuses specified in the benchmark payment timing according to (4).
Then one can verify first that if the firm’s vacancy-posting policy is unchanged from the benchmark,

then the value of this payment scheme leaves unchanged the expected present discounted value of
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payments by the firm to each employee, and also leaves the firm’s cost of hiring unaltered. To see
the first of these, let iLt(n —1) denote the expected present discounted value of the surplus payments
(over and above the value of unemployment) to be received by a worker hired by a firm with n — 1

incumbent workers. fzt(n — 1) satisfies the Hamilton-Jacobi-Bellman equation

(r+ 8)he(n = 1) = [we(n) = rV"] + qroe(n) [pe(n) + ha(n) = he(n = 1)] (50)

Equation (50) takes into account that the stream of wage payments equal to wy(n) end either when
the firm is destroyed or when it hires a new worker. In the first of these cases, the payments simply
stop; in the second, the worker receives a transfer p;(n), and the new expected value of future wage
payments and transfers from that date on is hy(n). It is easy to verify that hy(n) = h(n) for all
n, which establishes the first claim. Moreover, under the benchmark timing of payments, the total
stream of payments to the nth-hired worker, over and above the flow value of being unemployed,
is simply the hiring bonus h;(n — 1); under the alternative payment timing, the firm replaces a
commitment to pay each of its n — 1 incumbent workers a stream of payments with EPDV just
shown to be equal to hi(n — 1), with a commitment to pay each of its incumbent workers a transfer
pt(n — 1) and each worker, new or old, a stream of payments with EPDV hy(n). It is easy to verify
that
ha(n) = nhe(n) + (n— 1) [pe(n — 1) — he(n — 1)),

so that the cost of hiring is also unchanged. This implies that the firm’s vacancy-posting strategy
will also remain unchanged from the benchmark payment timing.

This payment scheme is attractive since it reduces the extent to which I need to assume that
firms and workers can commit to long-term contracts. Because incumbent workers are now treated
identically to new hires at all dates after the instant of hiring, it is not necessary to assume, as was
done in (3), that only new hires have the ability to extract positive surplus from the firm. Instead, I
can assume that at any time, any individual worker can threaten to withdraw her services from the
firm and return to unemployment. I assume that if this happens, it triggers a pairwise negotiation
in which the surplus [Ji(n) — Ji(n — 1)] + hi(n) associated with the bilateral relationship is split in
ratio n(n) : (1 —n(n)) between the firm and the worker. If payments are characterized by (49) and
(48), then this split is already guaranteed by the existing contract, so that there is no incentive for
the worker (or, indeed, for the firm) to trigger such a renegotiation. At the moment when hiring
of a new worker occurs, all incumbent workers are given the transfer payment p;(n — 1) which
makes them indifferent between being employed by the firm with n — 1 or with n workers, so that
they have no incentive to object to the firm’s hiring decision either. (Off the equilibrium path,
if a worker were to quit or be fired by the firm, I need to assume that this triggers a lump-sum
payment of p;(n — 1) from each incumbent worker to the firm, so that this payment scheme does
have one drawback in an environment where separations occur in equilibrium.) The commitment
power of firms to make the transfer payments specified in the contract does, however, continue to

be important.
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Finally, one might object to the plausibility of this last payment scheme that explicit transfers to
incumbent workers when firms hire new employees are not commonly observed explicitly. However,
note that if the firm’s employment is a continuous variable and a law of large numbers applies at the
firm level, as in Section 9, then hiring becomes a flow and is deterministic rather than stochastic.
In this case, the transfer payments to be made to workers at the moment when new workers are
hired become a continuous stream of flow payments. This would be indistinguishable empirically

from a flow wage, and would completely remove the need for lump sum transfers.

11 Relationship to the literature

There is a burgeoning literature on models of large firms operating in a frictional labor market.
When wages are bargained, the most frequently cited model of this literature is the model of
bargaining without commitment due to Stole and Zwiebel (1996a,b). Stole and Zwiebel studied an
economic setting characterized by what they term'% an ‘extreme employment-at-will’ assumption:
firms and workers are unable to commit to any form of long-term contract over wages or employment
levels. Wages are bargained according to a rule that divides the flow marginal surplus generated
by the employment relationship in a known ratio; perhaps the most important contribution of
Stole and Zwiebel’s work is to provide both cooperative and noncooperative microfoundations for
bargaining over the marginal surplus, at least in a static setting.

A well-known feature of the model of bargaining without commitment is the over-hiring result
already referred to. When the production technology exhibits decreasing returns to scale, wages
decrease with the number of workers in the firm, and this gives firms an incentive to ‘over-hire’
workers to the point that the wage paid exceeds their marginal product. Stole and Zwiebel estab-
lished this result in a static partial equilibrium environment; Smith (1999) and Wolinsky (2000)
show that the over-hiring result is true also in a dynamic general equilibrium setting. My analysis
in this paper differs in that I make the polar opposite assumption from employment-at-will, and
instead assume that firms and workers have full powers of commitment to contracts once matched.
The inefficiency arising in their model occurs because, even after being matched, a firm and its
workers cannot commit to the jointly Pareto-superior plan that would lead the firm to hire the effi-
cient number of workers. The intuition of the Coase theorem, and the casual empirical observation
that formal labor contracting is ubiquitous in large firms, makes it surprising that the firm and its
workers cannot bind themselves jointly to a contract to remove the inefficiency.

By contrast, the efficiency arising in this paper under bargaining with commitment and constant
bargaining power is a search externality, and could only be overcome by contracts written among
all the workers and firms in the entire economy. It seems uncontroversial to assume, as I do, that
small costs of contracting mean that such overarching contracts cannot be written. It seems strange
to assume, as earlier authors do, and without further justification, that a firm is unable to contract

in a jointly privately efficient way with its workers when casual empiricism suggests that formal

6Stole and Zwiebel (19964, p. 377).
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labor contracting is ubiquitous in large firms.

Other authors using the framework of bargaining without commitment and random search
in recent models of large firms include Cahuc and Wasmer (2001), Cahuc, Marque and Wasmer
(2008), and Mortensen (2009); none of these authors focus on the efficiency question studied here.
Wolinsky (2000) and Acemoglu and Hawkins (2010) study versions of the SZ model in which
hiring is time-consuming. Applications of the basic framework have recently also included work
studying wage determination (Roys, 2010), the interaction of product market regulation and the
labor market (Felbermayr and Prat, 2007; Delacroix and Samaniego, 2009; Ebell and Haefke, 2009),
trade (Cosar, Guner and Tybout, 2010; Helpman and Itskhoki, 2010), as well as several others; all
these authors simply take the assumption of bargaining without commitment as axiomatic when
large firms bargain with their employees. Thus, it remains unclear to what extent their results
rely on deep features of the economic environments they study, and to what extent any policy
recommendations they derive arise from the assumption of the inability of firms and workers to
commit to contracts.

In a recent working paper, Bauer and Lingens (2010) modify the bargaining protocol between
firms and workers differently from the way I do. They remove the firm’s incentive to over-hire
workers by assuming that the firm bargains collectively with all its workers simultaneously, and
that the entire workforce jointly decides whether or not to work. They argue that this leads to
efficient hiring conditional on the value of an unemployed worker, but that it also leads to this
value being excessively high, so that under-hiring instead results. That is, the equilibrium in their
model is also not constrained inefficient, but for a very different reason from the one I study in this
paper, in which I assume that firms bargain individually with each of their workers, but only at
the moment of hiring rather than continuously.

More generally, the efficiency of equilibria in models where wages are set by bargaining between
workers and firms is a much-studied area. Of particular relevance to this paper is the seminal
contribution of Hosios (1990), who established the relationship between bargaining power and the
elasticity of the matching function with respect to unemployment. Acemoglu and Shimer (1999)
generalize this, and my paper borrows some techniques from them (in particular, the result of
Theorem 8.3 that the equilibrium is constrained efficient when the Hosios condition applies and
firms can direct their search to the size of firms is reminiscent of results obtained in that paper).

Moen (1997) and Shimer (1996) showed that constrained efficiency obtains more generally in
models of directed search, both via the separation of agents with different marginal benefits of
hiring into different submarkets and via ensuring that the wage paid by firms in each submarket is
the same as that generated by bargaining under the Hosios condition. As is clear from Theorem 5.2,
Proposition 6.1, and Theorem 8.3, simply bargaining under the Hosios condition without separation
into submarkets does not generate an equilibrium allocation that is constrained efficient. The
relationship with the efficiency results of Kaas and Kircher (2010) has already been discussed in

Section 8; my paper clarifies the constrained efficiency result in their model.!”

"Directed search models of hiring by large firms in frictional labor markets are also studied by Hawkins (2006),
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12 Conclusion

The question of how bargaining occurs between workers and firms is key for understanding both
empirical predictions and the policy recommendations arising from studying models of frictional
labor markets. In this paper, I propose a model of bargaining with random search that avoids the
failure of firms and workers to contract on privately efficient actions enshrined in theoretical and
applied work following Stole and Zwiebel (1996a,b), Smith (1999), and Cahuc and Wasmer (2001).

Removing one inefficiency allows me to highlight another, one which is also in fact present in
the models of the previously-mentioned authors in the realistic case that hiring is time-consuming.
Even when firms can commit to long-term contracts, the equilibrium is not constrained efficient
even when the Hosios (1990) condition holds. The reason for the inefficiency lies in the random
nature of search. If bargaining power is constant across firms, then firms of different sizes and
productivities will not face the correct incentive to hire additional workers. Firms with a high
marginal product of labor face too low an incentive to hire, so that they post too few vacancies and
grow too slowly; firms with a low marginal product of labor earn too high a return from hiring,
so that they post too many vacancies and grow too fast. In fact, the pattern of vacancy-posting
across firms, and the resulting pattern of firm growth rates by firm size, is diagnostic of whether
an allocation is constrained efficient, or arises from bargaining either with commitment or without.
The inefficiency arising from random search manifests itself as over-hiring, in the sense that the
largest firms in equilibrium are larger than the planner would prefer them to be, although not as
large as under bargaining without commitment. The welfare cost of the inefficiency I identify can
be of nearly the same order of magnitude, however, at least in the empirically-plausible case when
the decreasing returns to labor in production are not too severe.

The importance of the inefficiency studied in this paper is ultimately empirical: it relies on
identifying how workers and firms bargain with each other and what kinds of contracts they can sign.
In principle, the growth paths of firms (or equivalently, the pattern of vacancy-posting across firms of
different sizes) can be used to identify the nature of bargaining when hiring is time-consuming, and
in fact, can potentially also help with the challenging research question of distinguishing between
random and directed search in the labor market. Using the wealth of information on firm dynamics
from data sources like the Job Openings and Labor Turnover Survey to shed light on these issues

seems a promising area for future research.

A  Omitted Proofs

This Appendix contains statements of some definitions and results that are not formalized in the
text, together with all technical proofs.

Proof of Proposition 4.2. First note that, taking the values of 8 and of V" > b as given, the problem
of a firm is summarized by (6), with vacancy posting v(n) satisfying (7). Because y(-) is strictly

Lester (2010) and Tan (2010).
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concave and satisfies y'(n) — 0 as n — oo, it follows that for large enough n, y'(n) < V%, so
that there is a value n* > 0 such that v(n) > 0 iff n < n*. It is then immediate that J(n*) =
[y(n*) —n*rV* /(r 4+ 9). (5), or equivalently, (6) and (7), can then be solved recursively for J(n)
for 0 < n < n*. To see this more clearly, rewrite (5) as

(r+d)[Jn+1)—J(n) —l—mgx{ —c(v) +qu(l —n(n)) [J(n+1) = J(n)] }

51
=(r+06)J(n+1)—y(n)+nrV* 1)

The left side of this equation is an increasing function of J(n+1)—J(n), and therefore a decreasing
function of J(n); the right side is independent of J(n), so that there is a unique solution for J(n)
given the value of J(n+1). Continuing recursively, I can then solve for the implied value of J(0), the
value of a firm that posts vacancies optimally in future, taking as given the values of § and of V.
Moreover, the vacancy posting policy of firms is uniquely defined since v(n) > 0 for n < n*, so that
v(n) satisfies the first-order condition (7); if n > n* then v(n) = 0. The steady-state equations for
the firm-size distribution (12) and (13) can then be solved to determine the firm size distribution
conditional on the flow rate of entry e. Note that the ratios g(n)/g(m) for 0 < n,m < n* are
independent of e.

Using the argument of the previous paragraph, I can therefore define two functions y,w :
R+ xR — R as follows.

e x(0,V")is the value of J(0) obtained by a firm taking # and V" as given and posting vacancies
optimally; and

o w(f, V") is the value rV"— [b + f(0) Lnzo g(nggg):;?z[){]((z;d)_ﬂn)q produced using the solution

for J(-), the vacancy-posting policy v(n), and the firm size distribution g(n) given that all
firms behave as in the previous paragraph.

Note that rV* — w(q,rV*) is just the expression on the right side of (10) for the value of an
unemployed worker in an economy populated by firms behaving as already characterized. It is
clear that (6,rV") is part of an equilibrium allocation iff

k=x(0,V" (52)
0=w(®, VY. (53)

(To construct the remainder of the equilibrium allocation, choose e so that (15) is satisfied; the
remaining equilibrium conditions are satisfied by construction.) It is immediate that (52) defines a
continuous 1-manifold in Rt x R (if either § or V* change slightly, then the value of J(0) implied
by (5) is only slightly modified, and it is clear that this value is strictly decreasing in both 6 and
V* if there is positive activity in equilibrium, so that there are active firms in equilibrium). It is
therefore sufficient to show that w restricted to this manifold defines a continuous function which
takes both positive and negative values; the intermediate value theorem then gives the result.
To see this, first define v to solve

1

k= g hax [y(n) — no]. (54)

A firm that pays flow payment of ¥ to each of its employees will just break even if and only if it
can reach the employment level n* that maximizes the right side of (54) instantaneously on entry
and at zero cost. (If it does so, then the hiring payments h(n) will be zero for each n.) It follows
that limg_,o x(0,0) = k. Also, for v > v, x(0,v) < k by construction. Now, if § — 0, then any firm
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will instantaneously hire n*; thus in the limit, J(n) = J(n*) for all n € [0,n*]. From the definition
of w(+), it follows that in this case, w(f,v) = v —b. This is strictly positive by (2).

In the other extreme, let § > 0 satisfy X(9 b) = 0. Such a 0 will exist provided that o > b;
assume this. By definition,

*

20 9(mum)n(n) [J(n+1) = J(n)]

w(f,b) = —f(h)

If § is positive, then f(#) > 0, and J(n + 1) — J(n) > 0 for each n. Thus the only possibilities are
that = 0 (which is impossible since & # b) or that w(ZG),b) < 0. That is, if v — b > 0, then C
contains points at which w takes values of opposite signs, which completes the proof of the existence
of an equilibrium via the intermediate value theorem. ]

Proof of Theorem 5.2. The first-order conditions for an efficient allocation with respect to e, 0, u,
g(n), and v(n) can respectively be written

0=~k + \0) (55)

0=p [f(O)u—d(0)) gn)on)| +40) ) gn)o(n) An+1) = An)] - f/(O)ur"  (56)
n=0 =0

rAY =b+ f(0) [n— A" (57)
rA(n) = y(n) — cv(n) + qu(n) A(n + 1) = A(n) — p] = 6 [A(n) — nA"] (58)
0=gqg(n) [A(n+1) = A(n) — p] = g(n)c'(v(n)) (59)

where the last equation applies only if v(n) > 0. Here, as defined in the main text before the
oo

statement of the Theorem, p is the multiplier on (17), (A(n))52, are the multipliers on (18), and
A¥ is the multiplier on (19); and I write fi = & — A% and A(n) = A(n) — nA™.

If the equilibrium allocation is efficient, it must be that I can find values of the multipliers u, A“,
and {A(n)}22, so that where v(-) and € are the equilibrium vacancy posting strategy and market
tightness, equations (55) through (59) are all satisfied. Write n* for the least n such that v(n) = 0.

Rearrange (58) as
(r + 8)A(n) = y(n) = nrA" = e(v(n)) + gu(n) [A(n+1) = A(n) — i (60)

and (59) as
¢v(n) = g [An+1) = A(n) - ] . (61)
Compare (61) with (7) to deduce that if n < n*, then
An+1) = A(n) - } (1 =n(n)) [J(n+1) = J(n)] (62)
while A(n* +1) — A(n*) — i < 0.
The next step of the proof is to show that A\* = V*. To do this, first observe that because

v(n*) = 0, the first-order condition for the efficient value of g(n*) takes the simple form

(r+0)A(n") =y(n*) —n'rA4,

38



whereas the HJB equation for a firm with n* workers is
(r+6)J(n*) =y(n*) —n*rv*.

It follows that
(r40) [A(n*) — J(n™)] =n"r [V* = \Y]. (63)

Next, write the HJB equation for a firm with n* — 1 workers as in (51) as

(r+0)[J(n") = J(n" = 1] = c(v(n” — 1)) + qu(n* = 1)(1 —n(n* — 1)) [J(n") = J(n" —1)] } (64)
=(r+0)Jn")—yn* —1)+ (n* - rv™.
and analogously rearrange (60) in the case n = n* — 1 as
(r+0) [M") = A0 =] —elotn” D)+ vl - 1) M) A - —af}

= (r40)A(n*) —y(n* — 1) + (n* — 1)A™,
Subtract (64) from (65) and substitute from (62) and (63) to see that
(r+96) [X(n* —1)—Jn" - 1)} =(n"—1)r[V"—A"].
Continue inductively to establish that for each n < n*,
(r+8) [An) = J(m)| = nr [V = A1),

and then take first differences to establish that whenever 1 < n < n*,

An) = Al = )]~ () — J(n 1)) = W:;SW (66)
Compare (66) with (62) to deduce that
an = 1)) — T 1) = = (67)

which is constant and independent of n. The HJB equation for an unemployed worker then implies
that

*_

S 9(m)v(n)n(n) [J(n+ 1) — J(n)]
Yoo g(n)v(n)
which is a weighted average of equal terms; it follows that

PV = b+ £(6)

PV =b+ f(0) [ﬂ A Mu}

r+0
Write (57) as 7A" = b+ f(6)/ and subtract to deduce that

" u rV% —r\

)

so that V% = A"
It now follows immediately from (63) that A(n) = J(n) for n < n*, so that (21) now follows
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immediately from (67).

The converse, that if (21) holds then the equilibrium is constrained efficient, follows immediately
from the fact that in this case, the values J(-) and V" solve the first-order conditions for the
planner’s problem, together with the concavity of that problem. O

Proof of Corollary 5.3. Rewrite (56) by multiplying by € and substituting for u using the constraint
(17) to see that

f’(f()( }Zg Zg [ (n+1)— J\(n)}:().

Replacing f(0) = 0q(0) implies that f'(0)q(0)/f(0) = q(0)/6 + ¢'(f). Substitute this expression
and use (21) to obtain that

p 10 > gtae(o) +46) D gt 05 = 0. (65)

so that either i = 0 (which implies that u = A%, so that the shadow value of a match is the same as
the value of an unemployed worker, which happens only if the economy is not productive enough
to generate positive entry) or else (25) holds. O

Proof of Proposition 6.1. Consider a steady-state equilibrium allocation. According to Theorem 5.2,
efficiency requires that A(n) — A(n — 1) take some constant value A for all 1 < n < n*. Then (61)
implies that

¢(o(m) =g [A— 7]
< n*. Rearrange (60) analogously to (65) and substitute
- A to deduce that

so that also v(n) = v is constant for 1
that v(n) is constant and A(n) — A(n

3
A
3

1)
(r+ )X —c(@) +qv [A— ] } — (r+8)A(n) — (n — A" = —y(n — 1). (69)

All but one term on the left side of (69) is a constant, and by hypothesis the remaining term is an
affine function of n, while the right side is strictly convex in n. This equation needs to be satisfied
whenever 1 < n <n*. If n* > 3, this cannot be true.

If n* = 2, so that v(2) = 0 but v(1) > 0, then the HJB equations defining A(n) for n = 0,1,2
take the form

The multiplier on e, equation (55), establishes that A(0) = k. Taking first differences then proves
that - R X
(r+O)X = (r+6) [A1) = A©O)] = y(1) - "

and

(r+6)X=(r+9) [
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which establishes that y(2) — 2y(1) = (r + §)k. The left side of this equation is negative since y(-)
is strictly concave; the right side is positive.

Finally, if both in the equilibrium and in the efficient allocation only firms with no incumbent
workers post vacancies, the Hosios condition is necessary and sufficient for efficiency. Corollary 5.3
establishes necessity. The proof of sufficiency is elementary. Define A(1) = J(1), A(0) = J(0) = k,
A = V¥ and o = n[J(1) — J(0)], where n satisfies the Hosios condition. Then define A(1) =
A1) 4+ A%, A(0) = A(0), and g = fi + A% Then (55) follows from (9), and (57) follows because
from (10), rA* = rV* = b+ f(O)n[J(1) — J(0)] = b+ f(0)ir. (58) and (59) are just (6) and
(7) rearranged. Finally, to see that (56) holds, multiply by 6/[v(0)g(0)] and use the consistency
condition fu = g(0)v(0) to see that it is equivalent to show that u + 0¢ (0)A(1) — f/(§)A\* =0. O

Proof of Proposition 6.2. According to the first-order condition for vacancy-posting (23), firms in
the constrained efficient allocation stop posting vacancies at the smallest size ng, which satis-

fies A(n&p + 1) — A(nky) — o < 0. Using (60), it follows that this is the smallest n such that
y(ntl)—y(n)—rv*
r+0

< fi. Equivalently, nf, is the least value satisfying
y(nop +1) —y(ngp) <V 4 (r+0)L. (70)

The analogous argument using (6) and (7) establishes that under bargaining with commitment,
firms stop posting vacancies at the smallest size ng, at which J(n&+1)—J(ng) < 0, or equivalently,
the smallest value satisfying

y(ne +1) —y(ng) <rV™ (71)

Comparing (70) and (71) establishes the result immediately since i > 0.

To see that over-hiring is greater if firms bargaining without commitment as in Acemoglu and
Hawkins (2010), it is easiest to consider a continuous-worker version of the model, as in that paper.
The analog of (71) in that environment is that nf, is defined by

y'(ng) =rv* (72)

On the other hand, under bargaining without commitment, the HJB equation for firms takes the
form

(r+6)J(n) = y(n) — nw(n) — c(v(n)) + qv(n)J'(n),

where v(n) maximizes the flow gain from posting vacancies, so that v(n) = 0 if J'(n) < 0, while if
J'(n) > 0 then

(v(n)) = qJ'(n).

Acemoglu and Hawkins (2010) show (Lemma 1) that in such an environment, the flow wage paid
by a firm with n workers to each of its employees depends only on the flow value of an unemployed
worker, V" the bargaining power n(n) (which I assume constant and equal to 7), and the production
function of the firm, with

nooq_
w(n) =1 —-n)rv*+ nn / VTny/(V) dv. (73)
0
It follows in this environment that firms stop posting vacancies at that firm size at which J'(n}) =
0, or equivalently, when % [y(n) — nw(n)] = 0. Using the functional form for wages from (73), it

follows that

1— _1 ["Ne 1
; nnj‘vc z / yi YW (w)dy — (1 =n)rvt =0,
0

41



or equivalently, .
fon}ﬂvc Vﬁ_ly’(y) dv
féﬁvc yin~t dv
The term on the left side of (74) is a weighted average of y/(v) for v € [0, n},]; since y(-) is strictly

concave, this is strictly greater than y'(n},). The left side of (74) is decreasing in n}y». Comparing
(72) and (74) then establishes that ny o > ng . O

=rV (74)

Proof of Proposition 6.3. Immediate from the argument given in the proof of Proposition 6.2, to-
gether with the observation that V' falls in general equilibrium under bargaining with commitment
since welfare must be lower in a constrained inefficient allocation. O

Proof of Proposition 8.2. 1 show first that the value of V" characterizes the firm’s value function
completely, and then that there is a unique value of V% that is consistent with the free entry
condition.

First, note that the maximal size of firms is the largest value of n* such that y(n*) —y(n*—1) >
rV*%. Firms with n* workers do not hire further workers according to (30), so that (27) implies that
(r+6)J(n*) =y(n*) —n*rv+

Next, the indifference condition for an unemployed worker deciding which submarket to search,
equation (29), together with the bargaining equation (4), establishes that for n < n*,

rV% —b

) = e T+ 1) — I

The assumptions on the matching function establish that there is a function x : (0,00) — (0, c0)
defined by x(f(0)) = ¢(@) for all §, and that this function is strictly decreasing. (If the matching

function is Cobb-Douglas, with ¢(8) = Z6~%, then x(f) = A= f_%.) Write (27) as

rV — b
n(n) [J(n+1) = J(n)]

(r+6)J(n) = y(n)—an“—i—mgux —c(v)+ (1 —=n(n))x ( > v[J(n+1) —J(n)]

(75)
Using an envelope theorem argument, it is clear that (75) can be solved uniquely for J(n), con-
ditional on the value of J(n + 1) and the value of V", since the left side is increasing in J(n)
and the right side is decreasing in J(n). Moreover, the resulting value of J(n) is a continuous and
strictly decreasing function of V* (both directly and via the effect on x(-)), and a continuous and
strictly increasing function of J(n + 1). Thus, the value of J(n) for n =0, 1, ..., n* is uniquely
determined given rV*. Moreover, since J(n*) is decreasing in V¥, and J(n) is decreasing in V*
conditional on J(n 4 1) for each n, it follows by induction that the resulting value of J(0) is also
continuously and strictly decreasing in V*. (A full proof of this argument requires being careful
about what happens at those values of V" such that y(n) —y(n—1) = rV* exactly for some n > 0.
Let V* denote such a value of V¥, and let #* be the value of n such that y(A*) — y(A* — 1) = rV*
For V¥ = V¥ + ¢, with ¢ > 0 sufficiently small, firms stop hiring when they have n* = n* — 1
workers, while for V¥ = V% — ¢ with ¢ < 0 sufficiently small, firms stop hiring when they have
n* = n* workers. However, it is clear from (75) that the value of J(2* — 1) changes continuously
in V" in this neighborhood, since the gain associated with hiring the n*th worker is small when
V¥ =V — ¢, and in addition firms with 7* — 1 workers only match slowly. Since the argument is
intuitive, I omit the more formal details.)
Finally, if V* is sufficiently close to b, it is clear that J(0) > k since firms can hire workers
very rapidly and need to pay them only a small hiring bonus; on the other hand, as V" — 400,
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J(0) — 0. The intermediate value theorem then implies that a value of V" exists such that the
free entry condition (9) is satisfied, and this value is unique because J(0) is strictly decreasing in
V*. Given V", constructing the rest of the equilibrium is straightforward. The value of firms J(-)
was already detailed. Hiring bonuses are then defined according to (4) and the matching rates of
workers in each submarket follow from (29). The optimal vacancy-posting policies of firms can be
constructed as the solution to (28), and this allows the firm size distribution to be constructed
inductively, so that for each n = 0, 1, ..., n*, g(n*) is a known multiple of the entry rate e.
Since market tightness in each submarket is known, (34) allows the number of unemployed workers
searching each submarket to be determined, and then (33) allows the determination of e. O

Proof of Theorem §8.3. To establish efficiency, I need to characterize the constrained efficient alloca-
tion. As noted in the main text, this differs from the constrained efficient allocation under random
search because of the different search technology. Under directed search, the planner chooses
an unemployment rate u, an entry rate e, a maximum firm size n* and a firm size distribution

9(0),9(1),...,9(n*), an allocation of unemployed workers to submarkets u(0), u(1), ..., u(n* —1),
a sequence of market tightnesses 0(0), 6(1), ..., 8(n* — 1), and a sequence of vacancy-posting
policies for firms v(0), v(1), ..., v(n* — 1), v(n*) = 0 so as to solve

max /000 e "t [bu — ek + Z g(n) [y(n) — c(v(n))]| dt
n=0

subject to the constraints (31) through (35). Rewrite (34) by multiplying by ¢(6(n)), so that it
takes the form

f(0(n))u(n) — q(6(n))g(n)v(n) =0 (76)

Denote the multiplier on (31) by A(0), on (32) by A(n), on (33) by x, on (76) by u(n), and on
(35) by A%. Define A(n) = A(n) —nA¥, and fi(n) = u(n) — A*. Then, taking into account that the
firm size distribution and the (aggregate) unemployment rate are predetermined, the first-order
conditions for a constrained efficient allocation can be written

o] (r+D)AM) =y(n) — A = c(v(n)) + g(O)v(n) [An+1) = An) = a(m)]  (77)
¢ (v(n)) = a(0(n) [An + 1) = A(m) = ()] (78)
] M0) =k (79)
[u] rAY =b+x (80)
] (s1)
] (82)

7

78

X = fu(n) f(0(n)) 81

0= ¢/ (O(m)g(m)v(n) [A(n +1) = Am) = s(m)] + F/O@)u(m)i(n) (82

Simplify (82) using the observation that f'(6) = 6¢'(6)+q(6) and rearrange to obtain the equivalent
)

o () (6(n)
. n)qg' (0(n)) 1< .
n)=——=————""=|An+1)—A(n)|. 83
i) = ==y e+ 1) =) (83)
Substitute from (83) and compare (77) with (27), (78) with (28), (79) with (9), and (80) and (81)
with (29). It is apparent that the unique equilibrium allocation satisfies the first-order conditions

for a constrained efficient allocation with J(n) = A(n) and V* = A* if and only if %&ag)) =1n(n)
forallmn =0, 1, ..., n*. Because the planner’s problem is concave, the first-order conditions for

optimality are necessary and sufficient, completing the proof. ]
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Proof of Proposition 9.2. 1 first show that in equilibrium, n* satisfies (44). To show this, first

rearrange (41) as
LTy

n*rv* =yn*) —n —(r+9)k. 84
() =TT (4 0) (54)
Multiply (40) by (r 4 6)n* to show that,
)
n*y(n*) —n*y(n* — 1) —n*rv* > n*: i_ ” q;y) >n*y(n* +1) —n'y(n*) —n*rvy,

then substitute from (84) to show that
(n* = Dy(n*) —n*y(n* —1) > —(r+0)k > n*y(n* +1) — (n* + Dy(n*). (85)

Rearranging (85) shows that

)~ R 2 1)~ (- O)H],
and, if n* > 2, .
)~ (DR > iyt~ 1) (0K

which completes the proof of the claim since y(-) is strictly concave. I can therefore write X =
L [y(n*) — (r + 6)k] independently of § and V*. Note that X > b according to (2). Also note that
n* is generically unique.

To complete the proof of the Proposition, rewrite the free-entry condition (41) as

_rto v
1 —nq(0)

The first term on the right side of (86) was just shown to be constant and independent of 6 and
V% thus the right side of (86) defines a continuous, strictly decreasing function of § which takes
the value X when 8 — 0 and diverges to —oco as § — +o0o. By contrast, the right side of the HJB
equation for the unemployed worker, (42), defines 7V* as a continuous, strictly increasing function
of 0, and takes the value b when # = 0 and diverges to +00 as § — +o0o. Because X > b, it
follows by the intermediate value theorem that there is a unique pair (6, V") satisfying (41) and
(42). Construction of the remainder of the equilibrium given the value of § and V* is routine: (14)
determines the unemployment rate u, and (43) then determines the flow entry rate e in the generic
case where n* is uniquely determined.'® O

rvt =X

: (86)

Proof of Proposition 9.3. Eliminate e from the planner’s problem using constraint (43) to see that
the constrained efficient allocation solves

max [ e ([ y(n*) — (r+ 6] ) F(B)u —A0u -+ bul dt. (87)
n*0,u J n*(r+9)

subject to & = 6(1 — u) — 6q(f)u. It is immediate that the constrained efficient choice of n* solves
(44), so coincides with its equilibrium value. O

'®In the non-generic case when two values, n* and n* + 1, yield the same value for X [y(n) — (r 4 6)k], then there
are multiple equilibria according to the proportion of firms with target size n* and the proportion with target size
n* + 1, and these equilibria differ in the entry rate e, but all such equilibria are associated with the same values for
the key endogenous variables 8 and V.
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Proof of Proposition 9.4. As in the proof of Proposition 9.2, write X = = [y(n*) — (r 4 0)k] where
n* satisfies (44). Denote by A the Lagrange multiplier on the law of motion for unemployment.
Then, using the formulation in (87), the first-order conditions for the constrained efficient choice
of § and V* can be written:'?

[u] rA=b—~0+ f(6) —(0+ f(0)X (88)

r+0

(6] 0= f(9) —yu—Af(O)u. (89)

ur—i—é

Eliminate A using (88), substitute into (89), and rearrange to see that

X—b _r+d+f(0)—0f0)

: 7/6) )
On the other hand, rewrite the equilibrium free-entry condition (41) as
X—rV* r44 1
v 1-nq(0)
and substitute from (42) to establish that in equilibrium
X—b r+6+nf(0) (o1)

O

Comparison of (90) and (91) shows that a necessary and sufficient condition for the equilibrium
allocation to be efficient is that the right sides of these two equations should coincide. To complete
the proof, first suppose that (47) is satisfied at the equilibrium allocation. It is immediate from
(47) that nf(0) = —6%¢'(0) = f(0) —0f(0) and (1—n)q(0) = q(#)+0¢'(9) = f'(6), so that the right
sides of (90) and (91) coincide. Conversely, suppose that the equilibrium allocation is constrained
efficient, so that the equilibrium market tightness equals the constrained efficient value. Equate
the right sides of (90) and (91), cross-multiply by (1 —n)q(6)f'(6)), and use that f(6) = 6q() to
deduce that
(r 40 4 64(6))(ng9() + 64 (9)) = 0.

Since 0q(0) = f(6) > 0 and r + 6 > 0, it follows that nq(f) + 6¢'(6) = 0, which is the claimed
condition (47). ]
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