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Abstract

A buyer seeks to procure a service and solicits bids from sellers. The cost of the service
depends on characteristics that are only known to the buyer (“common values”). The buyer can
choose how many bids to solicit and the number of solicited bids cannot be disclosed verifiably.
We characterize equilibrium. We show that there are potentially important differences between
a standard common values procurement auction with a fixed number of a bidders and a common

values auction with endogenous biddership.
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1 Introduction

We develop a theory of common values auctions in which the auctioneer solicits bidders. In the
standard analysis of common values auctions, the number of bidders is assumed to be exogenous and
the number of bidders is commonly known. In many relevant settings, this is a bad assumption.
Bidders are often actively solicited by auctioneers, by advertising an auction or by contacting
potential bidders directly. Auctioneers such as Sotheby’s invest considerable effort in attracting
buyers. Moreover, the actual number of relevant bidders is not always known. This project aims
to investigate the optimal solicitation strategy and the effects of the endogeneity of the number of

bidders on the bidding strategies and on the auctioneer’s revenue.

We consider a buyer who seeks to procure a service, where the cost of the service depends on
characteristics that are known only to the buyer (“common values”). The buyer solicits sellers to
bid in an auction and procures the service from the seller with the lowest bid. Consider the following
example of public procurement of construction through an auction. The procuring agency might
have private information about the cost of the construction project. The agency solicits bidders
for a procurement auction by contacting building companies. The number of contacted builders
and solicited bids is unobserved by the bidders at the time of bid submission. If the agency solicits
bidders with different effort depending on privately known characteristics, then bidders who are

contacted will take this into account when determining their optimal bid.

We are particularly interested in the price that the buyer pays as a function of the true cost
of the project when soliciting bidders becomes cheap. Among other things, we use our framework
to re-consider the question of information aggregation in auctions posed by Milgrom (1979) and
Wilson (1977). Wilson and Milgrom derived conditions on the informativeness of the signals under
which the price aggregates information when the number of bidders is large. They consider a

scenario where the number of bidders is exogenous, known, and independent of the state.

Rather than letting the number of bidders grow large exogenously, we assume that it becomes
cheaper to solicit additional bidders. In principle, lower costs allow the auctioneer to solicit an
increasingly large number of bids. This is not the same as an exogenous increase in the number of
bidders, however, because the number of solicited bidders may now depend on the state of nature
through the solicitation strategy of the buyer. Being contacted and invited to submit a bid contains
information. Therefore, a seller who is contacted will update based on being invited to submit a
bid. If a buyer who has characteristics that induce high costs on the seller is soliciting many more
bids than a buyer who induces low cost, contacted sellers become pessimistic and are reluctant to

bid aggressively.

We provide a simple example (on Page 9) in which we demonstrate the effect of a state-dependent
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number of bidders. In this example, a “high cost buyer” is assumed to contact many more sellers
than a “low cost buyer.” As demonstrated, the two buyers may end up paying the same expected
price in equilibrium—despite the fact that bidders receive informative signals about the true cost
of the service. Thus, information aggregation in auctions becomes more difficult when the number

of bidders is not exogenously fixed and independent of the state of the world.

The example mentioned before also illustrates that there are some, potentially interesting tech-
nical differences to standard common values auction. In standard auctions, it is possible to use
revealed preference arguments to rule out atoms in the equilibrium bid distribution. In the exam-
ple, all bidders submit the same bid, i.e., there is an atom. With a state dependent biddership,
we cannot rule out atoms in the equilibrium bid distribution. Therefore, standard existence proofs
for discontinuous games cannot be applied (standard existence proofs rely on the absence of dis-
continuities of expected payoffs in equilibrium). As a consequence, we currently do not provide an

existence proof.

We first study partial equilibria in which the auctioneer’s solicitation strategy is exogenous. We
provide an explicit characterization of the partial equilibrium bid distribution in the limit, given an
increasingly large and potentially state dependent number of bidders. An important intermediate
step towards this characterization is to show that there can be no atoms in the limit distribution
of the winning bid when the number of bidders is growing large. (The probability of two bidders
being tied at the lowest bid converges to zero.) We use this characterization of the limiting partial
equilibrium bid distribution to characterize the incentives of the buyer types to solicit bids when
solicitation costs are small. We show that (given a suitable existence assumption) for some sequence
of equilibria both types of buyers sample an increasingly large number of bidders, and the high cost
type solicits more bids than the low cost type in the limit. Crucially, we show that the high cost
type does not sample “too many” more bids, so that the information contained in being sampled
does not entirely cancel the information contained in the signal. Consequently, we show that buyers
with different costs receive different prices. Specifically, we show that the expected winning bid
converges to the true cost of the service along some sequence of equilibria if and only if the most
informative signals are close to being fully informative. Thus, we re-affirm the results by Wilson
and Milgrom for a setting where the number of bidders is not exogenous.!

Our results for the common values auction with endogenous biddership contrast with our results
in a companion paper.? In that paper, we consider a search environment, where the buyer samples

sellers sequentially. We show that, with sequential search, when search costs becomes small, infor-

L Our current result is weaker because we cannot rule out the existence of additional equilibria that do not aggregate
information in the limit.
?Lauermann and Wolinsky, “Search with Adverse Selection,” in preparation.
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mation aggregation requires stronger assumptions onto the strength of the signals. The existence

of unboundedly informative signals alone is not sufficient.

This paper is incomplete. In addition to the missing existence proof, there are a number of
potentially interesting questions that are left open. What is the equilibrium bid distribution away
from the limit? When are there atoms in the bid distribution? Are there other equilibria in
which the number of solicited bidders is not large when solicitation costs are small and in which
information is not aggregated? Which type of buyer will sample more bidders for different level of
sampling costs? What would happen if the auctioneer could commit to—and publicly announce—a
fixed number of bidders (so the number of solicited bidders becomes a signal)? Would it be good

to invite few bidders to signal optimism (low cost)?

2 The Setup and some Preliminary Observations

Our setup: We consider a common value first price procurement auction with an endogenous
number of bidders. The buyer knows the true cost of the service ¢, w € {L, H}. Each state w is
equally likely and we often set ¢;, = 0 and ¢ = 1. The value of the buyer for the good is commonly
known to be v, independent of the state. The buyer can invite some number n of bidders at costs
s each, with n € {2, e N}, N >> %.3 4 Sellers do not observe the number of other invitees.
If the winning bid is p, payoffs to the buyer are v — p — ns, and the payoffs to the winning seller
are p — ¢y, depending on the state. Sellers receive conditionally independent signals = € |a, ],
distributed according to G and G with continuous and strictly positive densities. Signals are
normalized such that a signal x induces a posterior x.

Denote a (mixed) sampling strategy by N € {A[LLN], A%N]}, with A, (i) denoting the prob-
ability of inviting ¢ bidders. A bidding strategy is denoted S (:) : [a,b] — [cr,v]. We restrict
attention to symmetric pure bidding strategies. We show that equilibrium bidding strategies are
monotone non-decreasing using a single-crossing argument. By the same argument, the restriction

to pure strategies is without loss of generality, see the discussion below.

Bidders maximize expected payoffs. Consider a price p and denote the probability of winning

with a bid equal to p conditional on state w and conditional on a bidding strategy ( used by (n — 1)

3 Assuming n > 2 ensures that we do not get a degenerate equilibrium with n = 1 and 3 (z) = v.
4Games with a random number of players are non-standard. We consider therefore the followingiauction with a
fixed number of player instead: For any fixed s, there exists a number N (s) of potential bidders, with N (s) >> 2="L.

Each of these bidders is invited to submit a bid with probability & if the buyer chooses to sample n bidders.
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other bidders by 7 [p|w, 8,n]. For example, if the bidding function is strictly increasing® we have
-1

7 lplw, Byn] = (1= G (B~ (1)))"

In most of our analysis, bidding functions are monotone non-decreasing. Monotonicity of the
bidding strategy makes the analysis tractable. However, we will have to deal with the possibility

of ties. Given a monotone strategy (3, the set of sellers which are tied at any price p is the interval

[z1 (), n (p)] = [inf {z]3 () = p}, sup{z|f(z)=p}]

and the probability to win is given by

i o) = 3 () g (1= G (o0 ) (G a1 () = G a1 ()
1=0

When submitting a bid at p and buyers sample ny and ny bidders respectively, payoffs are

given by
e blL o] (o en) 4 D\, B, ) (0 — 1)
l‘nWH_f_(l_x)%ﬂ'p O, N\ P Cr, xnﬁH_'_(l_m)%ﬂ' 0, (p CH) .

Cancelling the denominator shows that maximizing the above expression is equivalent to maximiz-
ingt
(1 —2) ng w[p|L,B,nL] (p—cL)+znu w[plH,B,nu] (p—cnu). (1)

We say a bidding strategy 3 constitutes a partial equilibrium given a sampling strategy A if bidding

p = 8 (z) maximizes the payoffs of a seller with signal z, given § and N.

Ezxample for decreasing bidding function. Suppose that ny, = 1 and ng = 100 and suppose the
support is [a,b] = [0,1]. Consider a partial equilibrium bidding strategy /5 given ny, and ng. A
seller who sees a signal equal to zero is sure to be in the low state with no competitor. Hence, the
optimal bid must be 5(0) = v. A seller who sees a signal equal to one is sure to be in the high
state with many competitors. Hence, the optimal bid is strictly below v. Hence, 8 (0) > 8 (1), i.e.,

a more pessimistic buyer with a higher signal submits a lower bid.”

In the example, the H buyer samples more bidders than the L buyer. Hence, a bidder with

"We use the generalized inverse throughout, 371 (p) = sup {z|8 (z) < p} and 87! (p) = b if 3 (b) < p.
STf buyers use a mixed sampling strategy, payoffs are equovalent to Zie[l ] it Nu (i) [p|H, B,i] (p—cu)+

(1—2) Xiep, 5N (@) 7[pIL, 8,1 (p—cL).
"Note that we have not shown that a partial equilibrium exists given the sampling strategy. The example shows
that bidding functions are decreasing, assuming existence.

December 22, 2010 Page: 5



a higher signal expects more competition and bids more aggressively, counteracting the higher
expected cost. We will now show that this example of a decreasing bidding strategy relies on the
assumption that ny = 1. When n,, > 2 is imposed for both buyers, equilibrium strategies must be
non-decreasing. We now prove monotonicity of any symmetric partial equilibrium bidding strategy
B when n,, > 2. The main step towards proving monotonicity is to observe that in equilibrium

sellers must incur losses in the high state, i.e., almost all bids are below the cost cg.

Lemma 1 Suppose 3 is a partial equilibrium bidding strategy given a sampling strategy N for which
Ny > 2. Then B (z) < cy for almost all x € |a,b].

Proof: Step 1. S (z) < cpy follows from Bertrand logic (it is common knowledge that cost are

smaller than cpr).

Step 2. 5 (z) < ¢y for almost all . Suppose not and suppose instead that there is a strictly posi-
2)=cu dGp (x) >

0. We now argue that every bidder x < b would have an incentive to undercut the atom slightly:

tive mass of sellers bidding equal to ¢y, fz‘ﬁ(x)ch dGr () > 0 and (therefore) fwlﬁ(

Consider the profit at p’ = ¢y — €. For € small enough, payoffs at p’ are (see (1))

zng 7 [p'|H,B,nu| (o —cu)+ (1 —x) np 7 [p|L,B,nL] (¢ —cr)
> ang(—e)+(1—z) npw [p’|L,B,nL] (cg —cp —€)
> 04+ (1—2x) np wleg|L,B,nL] (cg —cr)

xnyg mleg|H,B,ny] (cg —cu)+ (1 —x) ng wlca|L,B,nL] (ca —crL).

Hence payoffs at p’ are higher than at cg. We used the fact that the winning probability in the

atom is strictly lower than the winning probability when undercutting the atom:

(nr-1)

m (YL Bync] = [/W L dGL(@

(np—1)

1
=T [CH|L767TLL]

s> L [ / 4Gy (2)
nr {Jolsr=en

and we used the fact that winning in the low state is desirable. QED

Lemma 2 Suppose (3 is a partial equilibrium bidding strategy given a sampling behavior N for

which ny, > 2. Then [ (-) is non-decreasing.

Proof: The proof uses the observation that the strict single crossing condition must hold for all bids

strictly below cg for which the winning probability is positive. First, we establish that expected
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payoffs at any price are a strictly decreasing linear function of the signal if the winning probability is
positive. Second, the winning probability is indeed positive at all equilibrium bids (except possibly

B (b)). This implies the strict single crossing condition.

Step 1. Payoffs are decreasing linear functions. It is useful for this proof to consider ex ante
expectations of a seller, before being sampled. We denote the ex ante expectations by hats. Consider

a seller who plans to bid p. His expected probability of being sampled and winning in state w is
7 [plw, B, N = Z 7 [plw, B,1] .

Denote by Us (p,w, B, N'), the ex ante expected payoffs from bidding p, given state w, sampling
strategy A and bidding strategy /3, calculated before the seller knows whether he is sampled and

denote interim expected payoffs given signal x as

S(pe BN) = 2U% (0, H,BN) + (1= 2)U° (p, L, B, N)
= o [plH, B, N] (p— cn) <1—x)fr[p|L6N]( —cr)
= #pIL, BN (p— cr) — @ (#[pIL, B, N] (p = c1) — 7 [p|H. B, N (p — cn)

Thus, for all p < cg, payoffs US (p, z, 3, N') are a non-increasing linear of function of the signal z,
since (p — c¢g) < 0 implies that the coefficient of x is positive (we will denote the coefficient by A (p)
below). If the trading probability is strictly positive (if 7 [p|L, 3, N] > 0 then 7 [p|H, 3,N] > 0,

since the support is state independent), payoffs are a strictly decreasing linear function of x.

Step 2. The equilibrium trading probability 7 [3 (z) |w, 3, N] is strictly positive for almost all
types: Suppose the probability were zero for some set X C [a,b] with positive mass. With positive
probability all invited bidders are from the set X and one of the invited bidders has to win - a
contradiction to the construction of X. This implies that 7[5 (x) |w, 8, N] is strictly positive for
all types x with o < b: Given any x, choose some 2’ € (z,b) such that # [3 (z) |w, 5, N] > 0. Since
payoffs at B (z') are strictly decreasing in the signal, equilibrium payoffs for x must be strictly
positive,

05 (8 (@).2.8.4) = U (3 (') 2. .N) > U (8 (/) o', B.N) 0.

A positive equilibrium payoff implies that a positive equilibrium trading probability 7 [5 (z) |w, 8, N].

Step 3. We now show that for any two prices p; and pp, p; < pp, for which the winning

probabilities are positive, the strict single crossing condition holds,

U (phamlvﬁ N) (pl>mlaﬁ N) = U (ph,mhaﬁwl\/’) > US (pl7$h’187'N’)7 Ph > DL, Th > T
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Payoffs in the high state are higher when bidding higher, U (py,, H, 8,N) > U® (p;, H, 3, N) since
losses in case of winning are smaller and the probability of winning (and incurring losses) is lower at
the higher price. Hence, the conclusion of the single crossing condition is immediate if py is better
even in the low state since then p; would be strictly dominated. So assume Us (pn, L, B,N) <
Us (p1, L, B, N'). Then, the linear coefficient on z in the payoff function US (p,x, 8,N) is smaller
at pp,

Alp) = #plL,B,N) (ot —cr) — 7 m|H, B, N (o1 — cu) > 7 [pal L, B, N (pr, — cr) — 7 (| H, B, N (p1 — cr)
> 7 [pp|L, B, N (ph — cr) — 7 [pn|H, B, N (pn — cr) = A (pn)

(where we used U® (p;, L, B, N) > U (p, L, B, N) to derive the first inequality and U° (py,, H, 8, N') >
Us (pi1, H, B, N') to derive the second. Hence, the single crossing condition holds:

US (ph’xlyﬂw/\/‘) - US (plvxfnﬁw/\/’) = US (phaLaB7N) - US (pl’LaﬂaN) + x; (A (pl) -A (ph)) > 0
= US (ph,$h,,6,./\[) - US (plal‘hvﬁu-/\/’) = US (pwaa/BaN) - US (plemB)N) + zp (A (pl) —-A (ph)) >0

using xp, > x; and (A (p;) — A (pr)) > 0.

The strict single crossing condition implies that any selection 3 (-) from arg, max Us (p, -, B,N)

is monotone non-decreasing which implies the lemma. QED

Remark. During the proof we have shown that payoffs satisfy the strict single crossing condition
on the critical set of prices (those at which payoffs are positive). This implies that the optimal bid is
uniquely determined for almost all sellers. Furthermore, the proof generalizes to mixed strategies as
follows: Suppose other bidders use some potentially mixed bidding strategy in equilibrium. Again,
the strict single crossing condition holds by the same arguments (the proof applies verbatim). Hence,
the same conclusion holds. For almost all signals there is a unique optimal bid and therefore almost
all bidders use pure strategies. In addition, the proof of the lemmas reveals how it is possible to
construct a non-montone equilibrium when ny, = 1 in the example. When ny = 1, we can no longer

argue that 8 (x) < ¢y and in fact, in the example, 8 (a) = v >> cp.

While we can show that bids are monotone non-decreasing, we cannot rule out atoms in the
bid distribution (a flat region for b). Usually, atoms can be ruled out by showing that, given a
monotone symmetric bidding strategy used by other bidders, winning with a bid that occurs with
positive probability is bad news, i.e., a bidder could increase his payoff by undercutting the atom.
In our setting, winning at an atom can be good news. The reason is that in the low state the
number of bidders is lower, hence, the probability of winning can be higher in the low state relative

to the high state so that winning in an atom is negatively correlated with costs. We will have to
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deal with the problem of atoms in the proof of the main proposition. (We show that, for winning
to be good news, most bids in the atom must come from bidders with relatively high signals which

is unlikely to happen. Otherwise, winning will be bad news and atoms can be ruled out.)

Ezxample for a partial equilibrium with atoms in the bid distribution. Suppose it is known that
buyers sample according to n; = 3 and ny = 9 and the support of the signal distribution is
[a,b] = [0.4, 0.6]. Then it is a partial equilibrium given the fixed sampling strategy ' =[3,0,9, 0]
for all sellers to bid 3 (x) = 0.6. Payoffs at p = 0.6 for the most pessimistic seller with b = 0.6 are

1 1
bng — (06 —cy)+(1—0) np,— (0.6 —c)
Ny nr
= 0.6(—0.4) +0.4(0.6) = 0.

And hence, payoffs at p = 0.6 are strictly positive for all other signals x < b. Consider the deviation

to a price p’ just below 0.6. Payoffs of the most optimistic seller are bounded from above by

ang (06—-1)+(1—a) ny (0.6)
= 0.4(9)(—.4)+0.6(3) (0.6) = —0.36.

Hence, no seller has an incentive to undercut the atom.®

We now consider the buyer’s sampling problem. Denote the first order statistic of the winning
bid given n draws from bidding strategy S by F,, (p|w, 3,n) and denote the expected value of the
first order statistic by F [p|lw, 8, n],

By (plw, Bin) = /ﬁ( y (1 — G ()" dG ()
Elplwpon) = [ n8()(1-Gu ()" G (z)

B(b)

— [ b ol 5.,
(a)

Buyer w’s payoff when sampling n sellers who bid according to § is v — E [p|lw, 5,n] — ns. The

buyer’s problem is equivalent to minimizing the expected price plus sampling cost. We now show

that this minimization problem is convex and the optimal number of sampled sellers is either a

unique number or there are two adjacent numbers both of which are optimal. Hence, given any

8Note that, in this example, the ratio of the sampled bidders is larger than the inverse likelihood ratio of the
most informative signal,% = % =3 > % = % This implies that, conditional on being sampled, even the most
optimistic seller believes that the probability of facing the high cost seller is higher than the prior probability of %

The posterior of this seller is i = —2 = = Z Therefore, undercutting the atom and winning for sure at a
1+ L 1=¢ 1+335 3 ’

price p 2 0.6 will lead to a loss, given that the price is below the expected cost.

ng a
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symmetric and non-decreasing bidding strategy (, we can restrict attention to sampling strategies
in which each type of buyer optimally samples either n,, bidders with probability ~,, or n, + 1
bidders with probability (1 —~,,).

Lemma 3 Given any symmetric non-decreasing bidding function [3, the expected price plus the total
sampling cost is a conver function of the number of sampled bidders. Hence, there is a number n*
such that

{n*,n* +1} D argmaxv — E [p|lw, B,n| — ns.

Proof: The lemma is an immediate consequence of the fact that the first moment of the first order
statistic is a convex function of the number of trials. Hence, the marginal benefit of an additional
bidder is decreasing in the number of bidders, see, e.g., Rothschild (1974).

The lemma is immediate if 8 is degenerate and all sellers bid the same. In this case there is
a corner solution at n* = 2. So, suppose [ is non-degenerate. We want to show that the change
of the expected winning bid from one additional bidder is strictly decreasing in n. The proof is
complicated by the fact that § might have discontinuities. All discontinuities are upward jumps
since [ is non-decreasing. Let I = {x1,..,z;,..} denote the set of jump points with jump range

B (:EJr) -p (m;) Integration by parts implies that?

b
E [plw, f,n] = / nB (z) (1 - G ()" g (z) de

b
=A@+ [ F1-C@) drt 1 -G ) (3 () -5 ().

i€l
where we use a simple modification of integration by parts that accounts for the jump points,

B@) 1 -G@)h= [ B@a-c@r+ Y0 -Cw) () -5 ).

iel

9For now, we neglect the problem that might arise with a singular component of f.
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The expected price difference from sampling one additional seller is given by

A(n) = Elplw,B,n] - Eplw,B,n+1]

= /5 1-G /5 )" da

+ ) (BE)=8)— Y A=G@)"" (B(f) - B8(=))

ie{l,..., } ie{l,....,[}

b
= / FG@)1=G@)de+ Y (B(ef) =B (2;)) G @) (1-C ()" (2)

ie{1,....1}

This difference is strictly decreasing. For n’ > n,

Aln)—A(n) = /ab BG () (1 - G ()" (1 —(1-q (a:))“’—") da

> (BEH)-A@E))G@a-CGE@) (1-1-G@)" ™)
e{1,....I}
> 0,

)

using that 1—(1 — G ())" ~" > 0 and that either 3’ (z) > 0 on some interval or (B (zf) =B (z;)) >

0 for some x; from the assumption that 5 is non-degenerate. QED

Equilibrium. An equilibrium profile consists of a symmetric bidding strategy 8 and a sampling
strategy N =[ng, Vg, nr, 7] such that 8 () maximizes payoffs (1) and n,, (and n,, + 1 if v, > 0)

maximize v — E [p|lw, 8,n] — ns.

3 Characterization of the Asymptotic Distribution of the Winning
Bid

We want to characterize the limit distribution of the winning bid when the number of bidders
grows to infinite. This will distribution will determine the sampling incentives of the buyers. Take
a sequence ng with ny — oo and some sequence of bidding strategies 5. Conditional on state w,
a bidding strategy (., and ny sampled bidders, the number of bids below any price p is binomially
distributed with parameters nj and (success probability) Gy, (85 (p)).'* A helpful observation is
that the number of bids weakly below any price becomes Poisson distributed when the number
of bidders grows large. In particular, the probability that there is no bid below p is equal to the
probability that the winning bid is above p, 1 — F, (p|w, B, ng) = (1 — Gy (B,; (p)))nk Suppose

'"Recall that we use the generalized inverse, 8~ (p) = sup {z|5 (z) < p}.
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the probability 1 — Fy, (p|w, B, nk) is converging to some value ¢ € (0,1),
1\™
i = 7, (o, ) = i (1= G (5 ) mat ) =
k—o0 Nk

This implies lim Gy, (85, (p)) nx = —Ing by standard arguments. Recall the

"Law of Rare Events." Suppose the number of total successes Xj is a binomial random
variable with parameters n; and m. Suppose ngpmr — A > 0 while n — oo. Then the limit
distribution of the number of occurrences is a Poisson distribution with parameter A. Furthermore,
suppose there is some other sequence of binomial random variables X’ with parameters nj, and
), such that ’“ —- R >0 and — 12= > 0. Then the limit distribution of X, is a Poisson
distribution Wlth parameter \ = 1_aR/\.

An immediate implication is this: Suppose the probability that the winning bid is above p
converges in the low state, (1 — Ff, (p|L, B, nrk)) — ¢g. Then, in the limit, the number of bids
below p is Poisson distributed with parameter A = —Ing.!' Now, suppose bids at prices below p
come from sellers with signals close to the lower end of the support, /Blzl (p) — a. Suppose the H
buyer samples nyj sellers, with % — R. Then, in the high state, the probability that the winning
bid is above p is given by

hm(l - FH (p|H7 ﬁkanHk)) = qlfaRa

To see why, note that % — R and ZIZ((ZS((;))); — ZIL{ ((Z)) = 1= and, therefore, the number of

bids below p in the high state is Poisson distributed with parameter \' = 1= RA. In particular,
lim (1 — FH (p|H’ 6k7nHk)) — f (O’ )\/) — e_(_ﬁRlnq) — qlfaR_

Whether or not the expected trading price is different for the two types of buyers depends on
the likelihood ratio $%- R, which determines the belief conditional on signal a and conditional on
being sampled. If this ratio is smaller than one, then, intuitively, a seller with a low signal believes
that the low state is more likely than the high state. As we will show later, if, for s — 0, the
ratio does not converge to one, the expected trading price cannot be equal to the ex ante expected
costs. However, the next examples shows that it is not possible to conclude that %~ R < 1 without
further knowledge of the bidding strategies ;. Hence, we will have to characterlze the bidding

strategies and the distribution of the winning bids in the following two lemmas explicitly.

Ezxample for Search Incentives and R — 177‘1 Let us fix a sequence of bids f; such that

By (z) = 3 for z < zj, and By () = 1 otherwise.! Suppose search costs s; are such that at the

)0 (—1nq)
YA quick check: lim (1 — Fr, (p|L, By, nrk)) = £ (0;A) = % =
“,Bk is not a partial equilbrium bidding strategy. However, there is an example in the last section of a construction
of an equilibrium which is qualitatively similar to the situation considered here.
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optimal number nyy the optimality condition holds exactly, i.e.,
NEIL ].
(1= G (z)™* Gr () (1= 5 ) = s

Further, suppose x; is such that the probability of not trading at a price of %, (1 -Gy (zg))" ",
converges to some ¢ € (0,1). The optimality condition for the H buyer implies (approximately)

(1= Gt (2))™ " Gy (24 <1 - ;) > and (1= G (20)™ G (1) <1 - ;) < 5

Taking ratios

(A—Gp ()™  _Gulo) o0 (A=Gr()™  Gu(zr)
(1= Gp (z)™ " = Gr () (1 —Gg (xp)™ = Gr (1)

From the law of rare events and zj — a, with R = lim ’;L’“T’L{, we can simplify

Solving for R

In (ql_a> = ——RIng
a 1-—
1 l1—a
=R = n (g & )
Ingi-=

When the probability of not trading at p = % approaches zero, ¢ — 0, the ratio leT“ gets arbitrarily
close to one, i.e., R — %.13 Thus, we cannot put a bound on Rl%““ without further knowledge of
the bidding strategy.'*

For the first lemma, fix some sequence of anticipated sampling behavior N}, such that the number
of sampled bidders grows to infinity, ngy — oo and ng; — oo and suppose lim TTIL{ =limR, =R
is the limit ratio (we can neglect the possibility of mixed sampling strategies when the number of
bidders grows large). Suppose there exists a partial equilibrium bidding strategy [ for every Nj.

Let Fp, (p|L, By, niw) denote the induced distribution of the winning bid when w = L. Suppose the

13 . 5 . . ln(quTa) T l1-a qﬁ 1—
Using L’Hospital, lim,—.o e~ =limgo 14 —Lr—— .
Ingl-a 9= %q(m‘l) @
' Note that ¢ — 0 corresponds to a situation in which the L buyer is almost sure to find a seller who offers a price
% when sampling nyr times. Hence, the winning bid distribution is degenerate at % This fact makes it difficult to
rule out a degenerate winning bid distribution in general, since, when —2—R; — 1 for some sampling behavior 5,

l—a
we would indeed expect a degenerate winning bid distribution.
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distribution converges pointwise to some function FT.

Lemma 4 No gaps or atoms. Let Ny be a sequence of sampling strategies with mnp, — oo.
Suppose Ry = Z’“TIZ — [0, 1;—“) and suppose B is a partial equilibrium bidding strategy given sam-
pling strateqgy Ni. The induced distributions of the winning bid are Fy, (plw, By, Nkw)- Suppose
Fy (plw, Bi, nkw) — Fu (p) pointwise. If R > 0, then the limiting distribution of the winning bid
does not contain any atoms or gaps. If R =0, then the limiting distribution is degenerate at p = cy,

(when w = L) and p = cy (when w = H ).

Proof:

Zero profit. Profits at any price p must become zero in the limit. Suppose for some p and
signal x, lim supU® (p|z, B), Ni) > 0. Payoffs are equicontinuous along the sequence and hence
in the limit. This follows from standard reasoning about incentive constraints, implying a bound
on the slope of the payoffs with respect to the signal. Hence, lim supU? (p|z, B, N) > 0 implies
that for some ¢, lim supU? (p,z’, By, Ni) > 0 for all 2’ € [z — &,z + €].'"> The expected number of

bidders with such signals is

EN; = %nkL (Gr(z+e)—Gr(z—¢))+ %”kH (Gh (z+¢) =G (z—¢)) — oo

The aggregate expected payoff of all bidders with 2’ € [z — &,z + €] in state w is given by
lim supENyU® (By, () |z, By, Ni) > lim sup ENy U* (plz, By, Ni) = oo.
This violates feasibility (the aggregate payoff is finite and bounded by ¢y — ¢r, in both states).

Case 1: Suppose R = lim Z’“T’Z = 0. We want to show that Ff, (p) =1 for all p > ¢;. Suppose
Fr, (p) < 1 for some p > cr,. Pick any p’ € (cr,p) with Fr, (p) < FL, (p) by definition. The payoff of
a bidder = € (a,b) who submits a bid p’ is equal to

(1—a) "%k TR
/ / / /
P Gy %W ('L By k] (0 —er) + T (1) %W (' |H, B, k] (0" — cnr)
1 1
= w1 Br] (¢ - en) + (1 - Wl) m [P H, By nien] (0 — )
(—a)nez T =2z T

Observe that « [p'|L, By, nkr] > 1 — Fr, (p|L, By, nkr) by p' < p. Taking limits shows that profits

151f x is on the boundaries, = € {a, b}, consider = € [z,z + €] and = € [z — ¢, ], respectively.
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become

1 1
lim @ " [P'|L, By, muer] (0" —cr) + (1 — M) m [\ H, By vuer| (9 — cn)
(1—z)nkr (1—z)ngL
1
> o (1= FL() (F — 1) +0> 0.

This contradicts our observation that profits must be zero.

We now show that Fy is degenerate at cg. Let U (84|84, Vi) be the ex ante expected payoff

A b b
0 (B3 ) = 5 [ 5 (84 00 1L B maa) (B4 (@) = en) dGy | "2 By o) [, By mase) (5 () — ) de

Let {(2r1i, Tkni) };c; be the set of intervals on which 3y, (x) is constant, with typical element x; €
(2h1is Trni). Let X1 = User [ri, Trns] be the union of the intervals (x4, xns). Then the expected
price paid by the L buyer is

ElplL,B,npr) = /[ . (B (@) s (1 = G (@)™ 1) dGy () +
> 18 (k) (1= G (i)™ — (1= G (2hin))™")]
i€l

and note that we can rewrite the ex ante expected payoffs as follows (we derive the winning

probability in a tie below, see (4))

/ 51 () "L b (2) L. 51 e dGy

-/ m@)"ﬁu—e ()L dy

a,b\XT
nkL 1 NeL \\"kL _
+ ;5 Thy) N 1 (G (o) = G @) (1= GL (wka)™ — (1 = GL (zgin))"™ | (GL (zkn) — GL (k1))

1
= ﬁE [p|L, B,nkL] -

This implies the intuitive identity

NU* (8184 Ne) = & (BlplL. Byomie] — ex) + 5 (B [plH, By, ] — ).

(The average ex ante expected payoff of the sellers is equal to the average price paid to the buyer
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minus cost.) Ex ante expected profits are positive in equilibrium,

NU? (Bg|By, Ni) = 5 (E[pIL, B, nr] — cr) + % (EplH, By, nku] — cr) > 0.

N | —

Taking limits and noting that we know from before that lim F [p|L, 3, ngr] = cr, implies

lim (; (E [p|L, By, nkr] —cr) + % (E[p|H, By, nku] — CH)) =20

AV
o

2
= lim (E [p|H, By, nkr) — ca) > 0.

= lim <; (cp, —cr) + L (E [plH, By, nku] — CH)>

Lemma 1 implies that 8, (z) < ¢y and hence (E [p|H, By, nipr] — cr) < 0. So we find that indeed
lim & [p|H’ﬁkankH] = CH.

(Intuitively, if there is a price p such that in the low state the bid is above p with probability
g=1—Fr (p) > 0 in the limit, any bidder could submit ¢ < p’ < p and win with probability at
least ¢. R = 0 implies in particular that the likelihood ratio %7 R = 0. Therefore, the low state
is infinitely more likely than the high state conditional on being sampled. Hence, conditional on
winning (which does not lead to an update away from zero, since winning happens with positive
probability) the profit of the bidder is p’ — ¢ > 0. Since the winning probability ¢ is strictly
positive, this implies that payoffs are strictly positive, a contradiction.)

Case 2: Suppose R = lim 722 ¢ (0, 1‘—“) This is the case we consider for the remainder of the
kL a

proof.

No atoms at cy. Take any sequence of prices pr. — pg such that pg is an atom and pg is in the
support of F, (so, FT, (pa) < Fp, (par)) Suppose pg = cpy and hence, in particular, Ff, (pg) =1,
by Lemma 1. Consider some sequence of price pj — po such that there is no tie at any pj, and the

winning probability is equal to 1 — F7p, (Po_ ),

lim 7 (pﬂLyﬁk?nkL) =q,=1-17 (PE) >0,

choosing a converging subsequence if necessary. Such a sequence exists: For any given k, there is
no tie at almost all prices and letting pj, converge to cy sufficiently slow will ensure a sufficiently

high winning probability. Profits at p}, are

1
1+LW7H

1—x NEeL

“w [PhIL B maa] (9 = e2) + 7= 2w B i) (0 — em) |- (3)
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For pj, — ¢y and z = a,

1
1+~R

a

R(cg —cm)| > 0.

I ( )
q; (cg —cr) +
H L 1

Hence, bidders with signals close to a must earn strictly positive profits if there is an atom at the

top, contradicting our earlier observation.

No ties. We first show that there are no atoms in the support of Fy that arise from ties.
Suppose there is an atom at pg < ¢z and let pr, — po. The set of sellers bidding equal to pg along the
sequence is the interval x € [zy, zkp] wWith zy = inf {z|B8,, (zr) = pr}, xen = sup{z|B;, (zr) = pr}-

There is a non-vanishing tie at py, if
lim inf (1 — (GL (xkh) -Gy (l’kl)»nkL <1,

and if 0 < lim (1 — G (@)™ = q; < 1— F(py). (So that the tie actually matters for the

formation of the atom and the winning bid is not below the tie with probability one.)

The winning probability at p; in the low state is given by

ngr—1
jz; (nij— 1) (G (zxn) — G (2w)) (1= G (agn))" "1 <H1_1) |

which can be rewritten to be exactly equal to

1

nir (G (zrn) — Gr (z)) (1= Gp (zg)"* — (1 — G (zkn)) "™ *]. n

where we use the following transformation:
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) (G (zxn) — Gr (zr))? (1 = Gp (zpn))N (1)

= j+1
N-1

B Y +(1];[(&1—)'1 =) (G (2xn) = Gr (zw)) (1= G (w)V 1
=0

1 Y N! k-1 P\ N—k
= ¥ Z N k) (GL (wkn) — GL (zr)" (1= G (7))

k=1

N
N N (Gr (zgn) — 1 (k1)) Z k! (N GL (zkn) = G (xkl))k (1-Gg (%))N_k
- : 5 k N—k N
T N(Gp (zen) — Gr (z)) kZZO BN GL (zn) — G (z1)" (1 = G (zpp) " — (1 = G (z1)) ]
(P <xkh>1— oy (@ (@m) = Gu(@w) + (1= Gre (ww)™ = (1= G ()™
- N (GL (xkh)l_ Gr (z)) _(1 -Gy (ZUkl))N - (1-Gt (xkh))N

Since ¢, =lim (1 - G, (z1))Y > 0, the lowest signal must be z3; — a. Denote lim (1 — G (z5))"# =
qz and suppose qzr = 0 as the first case. The sign of the profit of a seller x = xxy at py is given by
the sign of the second term of the profit (3). Substituting the winning probability at py

1
nir (Gr (zen) — Gr (Trr))
Tkh MEH 1
1 — zpp nir nier (G (kn) — Ga (Tr))

(1= Gr (zr))™ — (1 = G (zkn))"™ ] (px — cL) +

(1= Gu (z)™™ — (1 = Gu (zkn)"™ ] (k. — cn) -

Given qz = 0, the sign of the profit in the limit is'®

gy, Gr(xrn) — G (Tr1)

q; —0) (pg —cg) + lim q7—0) (pg — ¢ )
(4 = 0) (o —ex) 1—5L‘thH($kh)—GH($kl)(H ) (o = cn) (5)
Note that
lim _Zkh GL (zkn) = Gr (2) 1
1 —xpn G (Tkn) — Gu (TR) —
since either lim xg, = limxzy = a implies lim A& Crlorn)=Grem) _ Jjy 9olErn) — o l-a _ 4

=i Gu(wen)—GH(Tk) 9u (wkn) l-a a
(using L’Hospital’s rule) or lim g, > a. In the latter case, observe that the monotone likelihood

Note that the number of sampled bidders cancel and do not affect profits. Intuitively, a higher ratio Z’“TH has to
offsetting effects: A higher ratio implies that, conditional on being sampled the high state is more likely. At the same
time, winning is less likely in the high state.
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Gr(zkn) 1-x 17 sy
Crlon) > xk:h for all zp,."" The profit of xx, must be positive and

rewriting (5) shows that this requires

ratio property implies that

q; (po—cr) > —qp (po — cH) - (6)

Consider a sequence of prices pj, — po that undercut the tie, pj < pg, and such that the
probability to win with a bid p) converges to the probability that the lowest signal is above xy;
lim 7 (p?c’L, /Bka nkL) = lim (1 - GL (;Ukl))nkj‘_l .
Such a sequence exist by choosing ey, for which

lim (1 — G, (z — )™ ' = q;

and choosing pj, = pi, — % (Bi (zk1) — By (w1 — €x)).*® This ensures that By, (zx — k) < p}, < p S0

that the bidder wins against all x > x;; while he looses whenever the lowest signal is x < x, — €.

Hence, the winning probability m (p}.|L, B3, nkz) is sandwiched in between (1 — G, (z))™ " and
(1 — Gr (g — ex))™ L, both of which converge to q -
Profits at pj, — po for a seller with z = a become
i 1 a  NkH
lim w] [77 [Pk L Bry ] (pf, — cp) + T ana T [PelH, By, e | (p — crr)
l1—a nL kL
L | 0= en) + R = )|
= ———|q (po —cL) + ——Rqy (po — cu
1+ %R l1—a
and using (6)
S |4 (0~ en) + TR (o — cn)
- _c e
1+ﬁR 45, \Po L 1—a 9 \Po H
> ! o ( )+ L Ry ( )| >0
S ¢ e
_1+ﬁR dg \Po H 1_aqu0 H

since 1%-R < 1 and pg < 1 = cy. Thus, it is strictly profitable to undercut the tie and bid p),

'"The MLRP implies that for z < z’ gL(=) _ 1oz oz (o) 1;,1' and rewriting and integrating

Vgr(@) T @ gr @) —

[ o @an ()i > [ gn@on (@) de' = g1@)Gr (@) > gu (0) G ) = L @, Gr (@)

g (@)~ G (@)

By definition of xx, By (xr1) > B (zr1 — €) for every e > 0.
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instead of pi for k large enough if there is a non-vanishing tie at pg and qz = 0 - a contradiction

to bidders earning zero profits.

Now consider the second case: qi > 0, (and so, in particular, zx, — a). It will be convenient to

normalize ¢z = 1 and ¢, = 0 to reduce the algebra (this normalization is without loss of generality

relative to the statement of the lemma)!®. To make sure that profits at p), (defined as before)
converge to zero it must be that
! L (o —0)+ ——Rgy (po—1)| = 0
= Ray
fa%“ = Po (7)
qa, + 15y

From before, we know that the profit at the tie py is equal to

1

nkr (G (xrn) — G (Tw))
a NEg 1

1 —angp nig (G (zkn) — G ()

(1 =G (zm)™ — (1 = GL (zk)"™ "] (px — 0) +

(1= Gu ()™ = (1 = Gy (zrn)™ ] (pr — 1),

—1
scaled up by (1 + = M) . Note that (1 — G, (xgn))"™ — ¢f > 0 implies that lim ny Gy, (zg,) —

ﬂnkH
—Ingf < oo and, in particular, ngy (Gu (zkn) — Gu (zg)) — In Z—é (see the law of rare events).
L

Thus, in the limit, the profit at pg is equal to

a 1l—a
— (

-+
1—a qH_qH)(pO_l)

(a7 —af)po+

-1 -1
q : Gr(zkn)—GL(wr) 1—
scaled up by (1 + 1%R) (ln q—ﬁ) , observing that G;(iZZ)fGZ(ZZ) — =% from xg, — a and

T — Q.

Y9Suppose for some ¢z, and cg, there exists a sequence of partial equilibrium winning bid distributions with either
a gap or an atom. Then there will be a sequence of partial equilibrium winning bid distributions with either a gap
or an atom after normalizing costs to ¢, = 0 and cyg = 1.
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Substituting the zero profit condition (7)

1 dr 1 Uy

_alf _alz

q q _ — q q — 1
( L L) qr + 7](1 RqH ( = H) < a*RqH )

1 a a a
= L e —a) —“Rey+ (ap - R_(+Rm
4+~ R, (ar —a) 7= Rau + (a5 — i) | ;= Raw — (00 + 71— Ban
1
_ -\ -+ — - -
= T a4 —[(qL_qL)rqH+(qH_qH)(rqH_(qL"i'TqH))]
4, + 155 Ray
1
_ — = = = (o - - — - —
= = 4 — laprag — aprag +ag (rag — (ap +rag)) —af (rag — (ap +745))]
qa, + 155 Ray
1 _ _ L o _ _ _ _
= —— = 0 — Gy T gy — g (4 +rag) — aGrag + ay (ap +rag)]
a;, + 155 Ray
_ 1 [g;ran — afray + aardn — dnaL — dTdn — GhTdg + e + Ghrag]
= 4 5= 9"y — 979y T 9579 — 9u9r — 9579 — 95798 T 9u9r 9Ty
q, + 122 Ray
1
= ———— |qorag — 4frag +0—qpa; —0— 0+ qfyqp +0]
qL“‘%aRqH
1 a a
= *——R++R}
4, + 1~ Rqy; l:quL iy — 7o 9a ~ 7, 9u
qy [Jqu — a + a -
= — - |laqg—=—q, ——Rq +RCJ]
ap + 15 Ray ey 01— P 1-aF

We want to evaluate the sign of the term in brackets. At ¢, = qj{ (and hence ¢, = qg) the term
is zero, while for all ¢, > q}f the derivative of the term in brackets with respect to g; is strictly
negative: After substituting ¢;; = (qz) ™l and qy = (QZ) aft (from the law of rare events)

0 TSR \1-{%R  _ a + a _
[(QL) (az) —ay -y Rap+ l_aRqL]
R

dg;,
+\ Toa
- |0 () - -ra)
1—-a qr l1—-a
+\ 1=t
(1 a R)(‘@) —(1— ¢ R)<0
l1-a qr 1—a

and hence, the term is strictly negative whenever q; > qz, i.e., whenever the tie is non-vanishing.

In the limit, the profit of a seller who bids p; are given by

-1 _\ —1 _ _
z qr, 9 +4 - a + a -
1+ R) (mi) — 9 G - @ pity Y R,
( -z ) ( qZ) q; + 1= Ray, [quﬁ T

which is strictly negative, observing that the last term in square brackets is strictly negative when
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q; > qz as shown before and the scaling terms are not vanishing to zero. Hence, bidding pj is not

optimal and there cannot be a tie at pi, contradicting our starting hypothesis.

No atoms. Suppose pg < ¢y is an atom of Fp, Ff, (pa) < Fp, (par) < 1. Take two sequences of

signals a;,l€ and a:i such that the winning probabilities are within the atom,
1—Fp (p7) > lim (1= G, (24))™ 7" > lim (1 - G, (23))"™ " > 1- F (p*) .

Such a sequence exist, recalling that lim 7 [ﬂk (m}c) |L, B}, nkL] = lim (1 -Gy, (w}c))n“ since there

1

"EL > 0, lim x% = limx; = a. Denote the respective winning

are no ties. From lim (1 — Gy (33%))
probabilities by 7¢, = lim 7 [ﬁ k (:Jc}c) lw, B, nkw] (restricting attention to a convergent subsequence

if necessary.) From the law of rare events, 7}, = (77) =% Profits must become zero in the limit

lim (1 — a:,lc) T [Bk (:z:}c) \L,Bk,nkL] (Bk (:L‘]lc) — CL) + xi%w [Bk (:1?2) |H, ,Bk,nkH] (6k (x,lﬁ) —cH

= (1 —a)7s (po — cz) + aRm
s (1 —a)7k (po—cr) + aR (w}:)ﬁ
a (po —cu

= lissia

using that (WIL)(PER) > (ﬂ%)(lfﬂR) when 7} > 72 Therefore, profits are negative at py =
By (:Ei) for k large enough, a contradiction to optimality.

No gaps. Suppose there is some interval [p1, p2] such that 0 < Ff, (p1) = FL (p2) < 1, p2 > p1.
As observed before, p; cannot be an atom. Thus, the probability to win at p; is the same as the
probability to win at any p’ € (p1, p2) in both states. However, at any p’, the payoff conditional on
winning is strictly higher. Since bidding S, (z) — p; must lead to zero profit, bidding any such p/
must lead to strictly positive profits when k£ is large enough. (Note that we cannot not make this
conclusion if p; is an atom. If p; is an atom and winning conditional on being tied is good news,

then it is not necessarily the case that overbidding the atom strictly increases profits.) QED

For the next lemma, fix some sequence of anticipated sampling behavior N}, and partial equilib-
rium bidding strategies (5, given Nj;. Now, suppose the L buyer samples Bynyy sellers, rather
than the anticipated number ngy. (The bidding strategy is determined as a function of the
anticipated sampling behavior while the buyers can sample buyers in different ways.) We can

calculate the distribution of the winning bid in state L, Fyr (p|L, By, Brngr) and similarly in
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state H, Fyg (p|H, By, Banir). Given a sequence of anticipated sampling behavior N, denote
by R = lim Ry = limZ’“T’g the limit ratio (restricting attention to a convergent subsequence if
necessary). We assume that the number of sampled bidders grows to infinity, nyy — oo and
ngr — 00. We will see that there exists a unique limit distribution of the winning bid which
depends only on the ratio R and the actual sampling B; and By, respectively, i.e., given any
sequence N} and partial equilibrium strategies (3, there is a distribution F (p|R, L, Br) such
that Fyr (p|L, By, BLnkr) — F (p|R, L, Br) (pointwise) whenever Ny is such that Ry — R. Let
pw (1 — Fy|R, Br) denote the inverse of F,, i.e., given R and By, in state w, with probability
(1 — F,,) the winning bid will be above p in the limit.

Since the algebra becomes messy otherwise, we normalize costs by setting ¢z, = 0 and cyg = 1.

The following lemma shows that the inverse c.d.f. of the winning bid depends only on the
anticipated ratio R (which determines the bidding strategy of the sellers) and on the actual bidding
behavior determined by B,, (e.g., the number of sampled bidders is Brngy, i.e. the L buyer samples
By, more sellers than expected). The idea of the lemma is this: If there is some price p’ such that
the winning probability in the low state is 1 — FJ, (p’), we know that the winning probability in the
high state is (1 — Fig (p')). The zero profit condition then determines the price p’ as a function of
1—Fr(p):

Lemma 5 Let N} be a sequence of sampling strategies with ng, — o0o. Suppose Ry = ?L’“T;’ —
[0, ITT“) and suppose [}, is a partial equilibrium bidding strategy given sampling strategy Ny. De-
note the induced distributions of the winning bid by Fy,, (p|w, By, Bwnir) and suppose Fy, — Fy

pointwise. Given cr, =0 and cgy = 1, the limit distribution satisfies

R a

1 — F)Br1-a
pr(1—F|R,Br) = i( — ) = .
(1—F)PLTe 4+ (1— F)Br 1=

Proof: By R < 1%“, Fp, (p) is not degenerate from Lemma 4. Consider some interior price p such
that Fr, (p) € (0,1) and consider some zj — x such that §; (zx) — p (there must exists such a

sequence, since there are no gaps, again by Lemma 4). The winning probability must satisfy
1= F, (p) = lim (1 — G, ()™ 7,
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since there are no atoms and xp — a. By the law of rare events,
1= Fp(p)= (1= Fr(p)T=" > 1= Fp(p),

where the last inequality follows from %-R < 1. The profit at 3}, (x3) must converge to zero, hence

1
lim =

_|_7k7

—Z NEgL

[1—FM)MP 0) +

—_

1—xnr

][WﬂmﬂLﬁmdeMmﬂ—m LRI 6y () | H, B i) (B () — 1)

T;——f R(=FL(p)™" (p=1)| =0

—a

Thus,

(1 Fy (p) =" |
(1= Fp (p) ™" + £1=2 (1 - Fp, (p))

(Alternatively, conditional on winning the posterior probability of the high state is

pr(1—Fp) =

- R

—

(1—Fp(
La—F (p)T™

)T
iRt FL(p)

a

D=
3

9

and setting the price equal to the expected cost conditional on winning yields the same expression
for pr (1 - Fr).)

Let pg be the price such that in state H the winning bid is above pg with probability (1 — F).
From the laW of rare events, in the low state the winning bid is above py with probability
(1- FH) R Hence,

uw(l—Fu) = pL <(1 - F (P))lga%)
_ (1—Fg) '
(1—Fy)+(1—Fy) e ®ti=a

General sampling. Let us derive F' (p|R, L, Br,) for general By,. Note that
1—F(p|R,L,By =1) =lim (1 — Gy (a))" "

implies

1— F(p|R,L,By) = lim (1 — G, (z3))" 5L = (1 — Fy, (p))P*
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and similarly (for all By not just By = R):

1— F(p|R,H,By) = (1 — Fy (p))T=2" .

Thus, we can find the inverse c.d.f.s in the general case. Let p (1 — F|R, L, Br) denote the price
p such that the winning bid is larger than p with probability (1 — Ff) in state L (given that the
bids are determined by the anticipated ratio R and the L buyer actually samples Brnyy, sellers.)
Then, for the same p, if the buyer does indeed sample ng, sellers, the probability that the winning
bid is larger than p is (1 — F L)BilL. We know that the price p which has this property is fixed by

the zero profit condition. Thus

a R

1 1—F 1—a By,
pL(l—FL!R,L,BL) = p<(1_FL)BL \R,L,l): a(i L) L r >
— —a
(1= Fp)™=e P + (1 - Fp)Pr 550

| — Fy)Pr
pu (1= Fu|R, H,By) = L( 1) Ta 1 : QED
(1= Fu)®r + (1 — Fy) © Br izt

1 x%l—a
E[p‘R,L,BL] = limE[p]L,ﬂk,BLnkL]—/ R o 1 diL‘ (8)
0 pBpT-a 4 4B p-1l=a
a
R
, 1 -
BpIRH.Byl = B, Bl = [ —— da. 9)
0 3B + gus -1l

a

(Here we used the fact that the expected value of a random variable can be written directly as a
function of the c.d.f. (1 — F), with (1 — F') denoting the inverse of 1 — F'(x),

+oo 1
E[ZL']:/ :Bf(:]:)dm:/o z(1-F)d(1-F).)

—0o0

Let o1 be a sequence of equilibria and let the total sampling cost of the L buyer be 5§ = lim ngy,sg.

Payoffs of the L buyer from from sampling Brngy, times are
v—F [p‘R,L,BL] — Bys.

The sampling behavior of the buyers can be characterized by the derivative of these payoffs. As we
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will show below, for the limit of equilibria it has to hold that

1 € argr%axv—E[p|R,L,BL]—BL§
L

R € argr%axv—E[p\R,H,BH]—BH§
H

and hence, in the limit, the following first order condition has to hold:

0
[p‘R7 H7 BH] ‘BH:R = _EE [p|R7L7 BL} ’BLzl =s.

—-——F
0By
Now we prove: If a sequence of sampling strategies N}, and partial equilibrium bidding strategies
B is such that lim ’:L’“Tf = R is close to l%la, and if the first order condition holds for the L buyer,
then the H buyer would have an incentive to sample less (because the marginal price decrease from

sampling is smaller for H):

Lemma 6 There exists some R < 177“ such that for all R € [R, 1%‘“], the derivative of (8) and
(9) is such that

0 0
———FI[p|R,L,B - —-—F[p|R,H,B -R.
aBL [p| s 44y L] ‘BL—l > aBH [p| s 41, H] |BH—R
Proof: The derivative of the expected price is
R a
o) o) /1 xBr T-a o) /1 1
0BL OBL \Jo 4377 4 ;B0 R-110 OBL\Jo 1, P gt

. _
0 ! xBL 1—a 0 ! 2 (La=he)l —aq -1

= 1 R de | = =5 14 Bt 1-e d
9B;, /0 ( ToEET T ) o R (/0 ( e Ra> v
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given the basic derivative %Ai =

%BIHA% = %eiln“lz = —x%lnAzelnA% = — (lnAz%> Az
Similarly,
) o [ Ba
xBH
a?E[p\RH, By| = 5B — dx
H H Jo 4By _|_:LaBHaR—1%(l
o) /1 1
= dz
l—a
aBH 0 1 + nga R—1%‘1
xBH
0 1 1 (lfafRa) 11 —a -1
g - 1 B a
9Br J, ( + xBH R . dx
1 - Ra —a—Ra —2
0 (BH) a a
l—a —a —a—Ra
using nga :mﬁ(lﬂ _R) — x%(l aR ) and
xBH
8833731}1(1_aa_Ra) = (Bl )2 In (:L'(l_aa_Ra>> xﬁ(l_aa_m)
H
Hence, the derivatives are
0 L | l—a—Ra A (l=ecRa
7E R,L,B f— _— <1 ( 1—a )) B 1—a
o PR LB = [ (m v
iE[ |R,H, By =
aBH b\, 11, D -

and at By, =1 and By = R

1
_ _ ( 1fa,:aRa ) ( 1fa,:aRa
g, FWIR.L By = 1] /O(m:c i ):c i
9 EWIR H, By =R
aBH ) 9 H —

R?

1—a—Ra
a

/01 ! (lnm(

)) 2

with ¢ — 0, R =~ 1=¢

Let R =

l—a—¢
a

, So that

Then we simplify (
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1—a’ Ra l—a—e¢"

1—a\"! 0 171 —-—a—Ra l1—a—Ra 1ma—ray 1 —q\ 2
—F = [ —— 1 ( 1—a ) 1 ( 1—a ) d
<Ra> 0By, /0 < 1—a )(nx)x ( e Ra v
= /1 € (lnx)xli 1"—.’1)15 1;& _de
~ Jo 1-a l—a—c¢
1 -2
13 € € 1—a
= 1 —a 1 —a e —
) e (1o (1)) e
and

1—a -1 6 1 1 1—a— RG/ l1—a—Ra 1-a—Ra\ 1l — a —2
E — (=T g (=) (14 (5%")
( o ) 9B, /0 72 ( . )(naz)m R < +x\" R i dx

(M> =& lza_ _1-a The derivatives become

- /1 - - (11156):8(1*57*5) 1+mﬁ1;“ _Qd:E
o l—a—ePl-a—c TR
2 1 ) 8 o 72
- e /(hlx)w(l%—a) lagimee — % ) g
(1—a—¢)*l—a—cJy T—a—:

We can evaluate the integral with ¢ — 0,

1 - . 1— —2 1 1 e 1
lim/0 (Inz) (=) <1 + xTa=c qug) dxr = lim 4/0 (Inz) o(=a=e) dg = 1

using integration by parts,

/(FG)’ _ /fG+/Fg:>/Fg:(FG)— G

L |
= 00— lim xf = —1.
e—0 0 (E + 1)
And thus the ratio of the derivatives at R = 1_3_5
go-EplR=22=1,B=1] [ 4 \?
im 21 —2 =7 < 1. QED
=0 5 B [pIR = =3=%, H, By = R -

l1—a

We consider an auxiliary game with parameters R € (0, T) and N with RN > 2 in which
the L buyer must sample at least N bidders and the H buyer must sample at least RN bidders.
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In addition, if the H buyer chooses to invite 1 bidders, the number of actually sampled bidders is

just ng = min {Rn L, ﬁ} Therefore, the ratio of actually sampled bidders satisfies Z—;’ <R

An equilibrium of the auxiliary game is some profile (8, ') such that [ is a partial equilibrium
given N and the number of sampled bidders is optimal, subject to the constraints on the minimal
numbers, ny, € {minN, ...,N(s)} and ng € {minRN,....,N(s)}.

Assumption E: There exists an equilibrium o = (N, 3) in the auxiliary game for all parameters
1.21

N and R if s is sufficiently smal

The following lemma implies that, when s; — 0, there exists a sequence of equilibria such that
the bound ngy, > N does not bind for any N. Moreover, given N and R, when s, — 0, there exists
a sequence in which the buyers sample an unbounded number of sellers, ng,, — oo. (During the
proof of Proposition 1 we will show furthermore that there is some R and a sequence of equilibria
such that nyy < Rnyp, for s; small enough. Together with the current lemma this will imply that
there is some sequence of equilibria o) of the auxiliary game such that the profiles o are also

equilibria of the original game when s is small enough.)

l1—a

—* and any N there exists a

Lemma 7 Let s, — 0. If Assumption E is true, then for any R <
sequence of equilibria o of the auxiliary game such that both buyers sample an unbounded number

of bidders, ny;, — oo and npy — oo.

Proof: Given R < 1%“, choose some Z and p such that

R

<1-yp.
1-2 H

These parameters exists by definition of R, since Rﬁ < 1. Choose some N large enough such

that )
% cqg —CL
> — CH —C .
2‘#( 2 > NGL(@)(H 2

Given s, — 0 let o), be a sequence of equilibria of the auxiliary game with parameters R and
N as defined before.?? By Assumption E such a sequence exists. We consider equilibria in which
the sampling strategy of the buyers is pure (the same arguments apply to mixed strategies). With

pure strategies, there is no loss of generality in assuming that the H buyer invites at most Rngr,

20Note that the bidders choose their bids without knowing the number of invitees. Therefore, the L buyer does
not have an incentive to manipulate the sampling behavior of the H buyer.

215 small ensures that N (s) > N, ie., {min N,.,N (s)} is not empty.
22With s; small enough such that N (s) > N.
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bidders, and we identify the number of chosen invitees n and the number of actually sampled
bidders ny = min {ﬁ, RnkL}. We want to show that ng, — oo, which implies the lemma (since
ngz, > N will not bind.)

Suppose nir, does not diverge to infinity. By npg < Rnyr, for all k, nyy must stay bounded
as well. Let us consider a subsequence such that the number of sampled bidders converge, ny =
limngr, ng = limngy, R = 72 € (0, R], the distribution of the winning bid converges, F, (-) =

lim Fy, (+|L, B, nkr) (pointwise) and the bidding strategies converge, 5 (-) = lim 3, (-) (pointwise).

Step 1. 3, must become degenerate, i.e., for some pg, 5 (x) — po for all x € (a,b). Suppose
not and suppose there are z; € (a,b) and z2 € (a,b) such that lim 8, (1) = p1 < p2 = lim 3}, (z2).
By monotonicity, f (z) < p; for all z < x; and S (z) > po for all x < z3. The benefit from
sampling one more seller is A (ngr) < s; by optimality. However, a < x; < x2 < b implies

that (1 — G, (z2))"*, i.e., with positive probability all bids are above pe while there is a positive
probability to sample a bidder with 5, (z) < p1 < p2. Hence,

HmA (ngr) = lim (1 - Gp (22))™" GL (1) (By (22) — By (21))
= (1-Gp(22)" Gr (1) (p1 — p2) > 0 = lim sp,.

Thus, if biding strategies do not degenerate, then, given any number of sampled bidders, sampling
one more bidder is strictly profitable when s; — 0 and ng;, — ny < oo cannot hold, contradicting

our starting assumption.

Step 2. The atom pg is above expected costs, pg > % (cr + cm). Ex ante expected profits (for a

definition of ex ante payoffs, see the proof of Lemma 2) are

% / U (By (x) , L, By Nir) dG'1s + / U5 (By (x), H, By, Ni) dGrzs
= ;/W [Br () |L, By, () , Ni] (B () — cr) dGre + ;/w [Be () |H, By (), Ni] (By, () — ¢1) dG 1o

1
2

and taking limits, profits become

1 1 1

§(pO_CL)+§(pO_CL):po_i(CL-i-CH),

using that the winning probabilities must integrate to one, [ @ [8), (z) |w, B), Ni] dGyy = 1 for all

k. Since ex ante expected payoffs are non-negative, py — % (¢ + cgr) > 0, which implies the claim.

Step 3. Profits are bounded. Interim expected payoffs U° (8, (), x, 81, N}) are bounded from
above by the payoffs in the low state US (8, (), L, B4, Ni) (since payoffs in the high state are
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negative by . (z) < cg, see Lemma 1). Since the number of bidders is at least NN, feasibility and

monotonicity of U® (8, (), z, 81, Ni) in & implies that

US (By (2), 2, B, Nie) < U® (B, (2), L, By, Ni) < % (cg —cr) for all k.
GL ()N

Step 4. Pick some € > 0. At any p’ = pg — €, profits of a seller with signal Z are

(1 —7) “kL , , N / /
T H n&Lﬂ-[p|L7BkankL] (p _CL)+ 1- 77 .’i’) NLL ﬂ[p|H75k7nkH] (p _CH)-
N

+(1— ) "L

&>Z

~—

Observe that 7 [p/|L, B, nipr] — 1 since p’ is below the atom pg. Taking limits shows that profits

become

1 / 1 /
-~ - 177/\ -
T ER P )t ( 1+1fi,R> (¢ = cn)

1-2

> gt e+ (1) O - en)

2—p
_ Lo L=r) oy
— e+ (5 O - en)
1

= 2=, (20" — (e +cm)) + 3

-+

fM(CH—p’)-

Where we used that %R < 1—p implies that L > ﬁ Substituting p’ = pg — & shows that

@ 1+ R

-2

profits at p’ are at least

1
_25+ﬁ <cH—2(cL+cH)—5>

2 (o) <(22557%)

Equilibrium profits are at least as high as profits when bidding p’. Thus

0% (5, ()., B AR = 2 (; (crr — cL>> . (W) | (10)

However, by Step 3 and by definition of N, payoffs are bounded from above by

A A 1 n 1
Us (Br (&), 2, Br, Ng) < m (cg —cp) < ﬂ <2 (cg — cL)> VE. (11)
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Choosing ¢ small enough implies that (10) and (11) cannot hold simultaneously. Thus, assuming

that the number of sampled bidders is bounded when s — 0 leads to a contradiction. QED

Proposition 1 Consider a sequence of vanishing sampling costs s — 0 and suppose 0 < a < % If
Assumption E is true (there exists a sequence of equilibria in the auxiliary game), then there exists
a sequence of equilibrium profiles of the original game oy such that the expected price paid by the

low cost buyer is strictly lower than the price paid by the high cost buyer in the limit,

hmE[p|L7/3k7nkL] < hmE[p|H7 BkankH] :

Proof of the Proposition. Choose some R as in Lemma 6. By Lemma 7 and Assumption
E there exists a sequence of equilibrium profiles (3}, N) of the auxiliary game with lim suan k<

R<Tandnkwﬂoo.

Step 1. The proposition is true if lim supRy = lim sup% < R. In this case, the constraint
npg < Rngr does not bind by convexity of the seller’s minimization problem, see Lemma 3. All we
need to check is whether the expected price paid by the H buyer is strictly larger than the expected
price paid by the L buyer.

Since the limiting ratio is smaller than ITTC‘, inspection of the expected price shows that Fp, is

indeed dominated by Fl, i.e., higher price are more likely in the H state. Consider some probability
x € (0,1) and prices pr, (z) and py () (so that, in state L, the winning bid is above pr, () with
probability ):

R:“
R,By =1) S
X = =
o (2l Br R o pila
a l1—a
x P a:—i—a:ﬂR_ll%‘a
= 1-a —a_
¢4+are RTIZe x gl 4 gR-1loe
T 1+$ Ra lR 11aa
= l—a _R-9%
o+ o R11Z0] 4 g i polze
l—a— Ra
T 1_’_:1: R—ll a
- l-a o 1_ l1—a—Ra _
v+ R RS 4 g gl
< pH (.’B|R, By = R)
. Ra . . Ra_ . l1—a—Ra l1—a—Ra .
since 17, < 1 1mphes x < z1-« and therefore (via 1 —a — Ra > 0) x~ R« < x” -« , which

l1—a—Ra

implies 1 4+ x St prlia A <l+4ax 1-a R_ll a.
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Step 2. Let s = limnyy,si. We want to show that the first order conditions have to hold in the
limit 5 5
_ﬁE [p‘R,L, B] ‘le =35 and - @E [p’R, H, B] |B

i > 5. (12)

Suppose not and _B%E [p|R, H, B] |p=f < 5 (the first order condition for the L buyer follows

from symmetric reasoning.) Then, for some B’ < R,
v—E[p|R,H,B'| — B's >v—E[p|R,H,B=R] - Rs.

Let | B'ngr] denote the largest natural number smaller than B'ngr. Then E [p|L, By, | B'nkr|] —
E [p|R,H, B'] and hence

limv — E [p|H, By, Rgnir] — Renkesy = v— E [p|R,H,B = R] — Rs
v—F [p\R, H, B’] — B3
= limv — E [p|H, By, | B'nir|] — | B'rr| sk,

A

a contradiction to optimality of npy = Rgngr for all k.

Step 3. We now show that the sequence of equilibrium profiles of the auxiliary game corresponds
to a sequence of equilibrium profiles of the original game, i.e., we will show that the restriction

ngg < RnkL does not bind.

Suppose the restriction would bind and lim sup%—fzi’: = R. The last step implies that — %E [p|R, L, B] |p=1 =
5. By definition of R,

o - o )
— o5 PR H, Bl |p_p < =55 E [PIR, L, B] [3=1 = 5

Hence, the first order condition (12) of the H buyer fails. Therefore, lim Supziu’: < R and hence,
the restriction in the auxiliary game does not bind for s small enough. This implies that the
equilibrium profile (8, N) of the auxiliary game is an equilibrium profile in the original game. By
Step 1, the expected price in the limit is higher for the H buyer as claimed. QED

Computing the derivatives at R = 1 for a = 0.1 shows that

0 0
——F |p|1,L, B — —F|p|1,H,B —R.
aBL [p’ y Loy L] ‘BLfl > aBH [p‘ y L1, H] ‘BHfR

And it might well be that this is true for all a. Hence, the H buyer generally samples more bidders

than the L buyer when s; — 0. This implies that, for given a, an auction with an endogenous
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number of bidders aggregates less information than an auction with an exogenously given, state

independent number:

Conjecture 1 For all a > 0,

[p|1 L BL] ‘BL 1> ——— [p’LH: BH] ’BH:R'

0
OB, 0By

. . g 1—
Therefore, given s — 0, there is a sequence of equilibria o such that R — R € (17 Ta)

4 Information Aggregation

We have shown that there is some separation of the two types of buyers, even when sampling
costs become small. Now we want to know what happens when the signal distribution becomes
more informative, i.e., we want to know what happens when the most informative signal becomes
almost revealing, a — 0. In particular, do we get information aggregation as in an auction with an
exogenously given, state independent number of bidders - or not? As conjectured before, in general,
information aggregation is harder to achieve with an endogenously chosen number of bidders, since
the high cost buyer samples more bidders than the low cost buyer, thus overturning parts of the

informational content of the signal.

Proposition 2 Take some sequence of signal distributions Gy, with am — 0 and 0 < ap, < a for
all m and a sequence of sampling costs sy, . such that limy_,oo Sy i, — 0 for all m. If Assumption
E is true (there exists a sequence of equilibria in the auziliary game), then there exists a sequence

of equilibria o, 1, = [,Bmk,./\fm,k] such that the expected winning bid is revealing,

lim hm E(p\am,L Brmes MmkL) = CL,
m—oo k
lim lim E(p!am,H B s i ett) = CH-

m—o0 k—oo

We prove the proposition through a sequence of lemma. The first lemma strengthens Lemma 6
by finding a uniform bound on R that holds when a,, — 0. In the following, we include the lower

bound a in the arguments.

Lemma 8 There exists some & and & such that for all a < & and R = 1=9=£  the derivative of (8)
and (9) is such that

0 0
——F R,L.B — ——F R,H,B —R.
9By [pla, R, L, By] \BL_l > 9Bg [pla, R, H, By] \BH_R
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Proof: From the proof of Lemma 6 we know that the derivatives are

1—a\ " 0 € 1 c c 1—a —2
—F = 1 a1 Ta [ — = d
<Ra> 0By, 1—a/0 (nz)at ( e (1—&—6)) v
1—a\ ! 8 a? € 1 E e 1—a —2
—F = 1 (=) 1 Ta—e_ d
(Ra) 9Bn <1_a_e>21—a—e/o(“)x <” 1—a—e> *

Fix some a. As shown in the proof of Lemma 6, there exists u > 0 and & > 0 such that

55 F [pla, R = 1=2=5 L, B = 1]

a

50— E [pla, R = =2=% H, By = R]

<1-p. (13)

We now show that there must be some @ > 0 such that (13) holds for all a < a. Suppose not and

let ar — 0 be the sequence of values for a such that

a5 B |pla, R = =05 1By, = 1]

: - >1—p  Vag (14)
557 E [plag, R = =42 H, By = R|

From before

557 E [plar, R = =02 1, B, = 1]

. a
lim

0 S0 |play, R = =55, H, By = R|

ap—¢&

e : -2
o — fol (Inz) J/'(W) (1 +xl-ak—¢ 1iak> dx

ap—0 2 1 - & % 1—ay —2
o Jo z)zi=on {14zt (Tk—a) dx

. e & -2
01 fol (Inz) 2(152) (1 + T 12) dx

S et (140F () e

This contradicts (14). Hence, there is some a such that for all a < a the bound (13) holds given &.
QED

The next lemma states that, if there is a sequence of equilibria such that the equilibrium

likelihood ratios lef’gm are bounded away from one, R, € [0, 1*372*5} for all m, then the

limiting likelihood ratio must be zero:

Lemma 9 Take some sequence of signal distributions Gpp, with an — 0 and 0 < an, < a for

all m. For each ap,, consider a sequence S,y such that limp_. Sy — 0. Suppose there ex-
Nk, H
N, k,L

ists a corresponding sequence of equilibria o, ) = [ﬁm,kaNmk} such that R, = converges,
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limy oo Bk = Ry and the limit is bounded R, € [O, 1737:78] for allm. Then, limy, oo Ry 722 =

mi—am,
0.

Proof: Take some convergent subsequence of likelihood ratios, lim,, .o R 1fj:m — X e€[0,1—¢].
If X = 0 we are done, so consider X > 0. We want to show that the distributions Fr, (p|am, Rm, B) =
limg_,00 1, (plam, L, B}, Bngr,) converge to a fixed limit Fr, (p|X, B) with m — oo. Recall that for

all ap,, Fr, (plam, Rm, B) is determined via the inverse, pr, (1 — F|ay,, Ry, B). Taking limits,

lim pr (1 — Flam, Rm,B) = lim

Hence, the limiting inverse exists and determines the asymptotic distribution Ff, (p|X, B).

Using integration by parts, for every a,

Ph
E(p|L.am, Ry B) = / pB (1~ Fy (9)2 L dFz, (p)

pi

=+ " (1= Pt ()" d,

Y2

and from the law of rare events, 1 — Fyy, (p, B) = (1 — Frin (p)) B

)

Ph am sam_p-_1
E(p’Hv am7Rm7B) = p B(l _FmL (p))lf“m dFmL (p)
b

1—apm,

Ph am g
. / (1= Fop, (p) ™55 dp.
D1

For every a,,, the first order conditions have to hold with equality in the limit (see the proof of

Proposition 1). Hence, with 5,, = limy;,— 00 kL Sm. k-

0 Pn
—5E (p|Laam,Rm,B) |B:1 = _/ (1 — FnL (p))l (ln(l - FmL)) dp = Sm,
0B Pl
_iE(\Ha R,,,B)| = —/ph dm (1-F ())13: Bm (In(1 = Fpp))dp =3
OB DI, Qmy Lim, B=Rn, = L= am mL \P mL)) 0P = Sm.

December 22, 2010 Page: 36



Since F'L,, (p) converges to a non-degenerate distribution F7, (p) (as shown above) the aggregate

sampling costs do not vanish,

i s = tim = [ (= Fa () (0 (1= Fr) dp
_ —/ph(1—FL(p))(ln(1—FL))dpES>0.

Taking limits on the first order condition of the H buyer

m—00 B m—o0 1—am

. 0 . PRy, —am R
lim —a—E (p|H,am, Rm, B) |p=r,, = lm — (1= Fpp(p)Taem ™ (In(1 — Fy,p)) dp
DI

= - [Tou-Re)* - R =0<s.

Y2

Hence, the first order condition of the H buyer must be violated for some o}, ,,,, contradicting our

starting assumption that oy, is a sequence of equilibria with Z:ilz lf’;’"’fk — X > 0. QED

Lemma 10 Take some sequence of signal distributions Gr,, with a, — 0 and 0 < a,, < a for

all m. For each a,, consider a sequence sy, ) such that limy_.o Sy — 0. Suppose there exists a

corresponding sequence of equilibria o, = [ﬁm 10 N k] such that limg_, oo Ry, kzml,ii[ = R, and
) ’ ’ m,k,

suppose lefﬁ — 0. Then the expected limit prices are revealing,

lim lim F (p‘ama Lv ﬂm,k? nm,kL) = CL;
m—00 k—o00
lim lim F (p’amy H’ 5m,k7 nmeH) = CH-

m—o0 k— o0

Proof: If R, — 0, the inverse price pr, (1 — F') is equal to ¢z (= 0) for all (1 — F), i.e., the

1—am

distribution Fp, is degenerate at ¢y (= 0) as claimed,

B m
1—am

(1-F)
. oo
am e e,

B 1 1—a,,

m 1
1-F" l=am 4 (1-F)F —
(1-F) (1= F)F e

=0.

lim pr (1 — Flam, Rm, B) = lim
m—0o0

Similarly, lim,, 00 pr. (1 — Flam, Rm, B) =1 (= cg).

(Alternatively, if Ry, 1fj:m — 0, note that sellers with signals close to zero are almost sure to be
in the low state. Hence, if F7, is non-degenerate and F7, (p) > 0 for some p > 0, these seller would

make strictly positive profits by bidding p’ < p and winning with positive probability.) QED
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Proof of the Proposition: Lemma 8 and assumption E, imply that there exists a sequence

of equilibria oy, with limg_,oo Ry i € [0, %} for all m, using the same reasoning as in

Proposition 2. Hence, by Lemma 9, R,, 22— — 0. Lemma 10 then implies the Proposition. QED

M1 —am,

5 Conclusion, Discussion, and References

To be added.
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