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Discreet Commitments and Discretion
of Policymakers with Private Information

Abstract

This papers presents general methods to compute optimal commitment and discretion poli-
cies, when a policymaker is better informed about the realization of some shocks than the
public. In this situation, public beliefs about the hidden information emerge as additional state
variables, managed by the policymaker.

Under commitment, policy is additive in two components: The optimal policy, as if the
government shared the public’s information set and the systematic manipulation of that infor-
mation set. Even under discretion, belief management imparts history dependence.

Illustrated in a New Keynesian economy with time-varying output targets of the policy-
maker, belief management improves outcomes compared to symmetric information. At the
margin, the policymaker tries to be intransparent about policy objectives by engineering dis-
turbances which lower public beliefs about the persistence of output targets.
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1. INTRODUCTION

Monetary policy is regularly conducted in situations of imperfect information. On the one hand,

policymakers face uncertainties about the current state of the economy and the transmission mech-

anisms of shocks. On the other hand, policymakers are privy to confidential information, for exam-

ple arising from internal staff forecasts, supervisory activities or their own biases and preferences.

Policy decisions may reveal this information only imperfectly to the public. As a consequence,

policy decisions affect the economy not only via conventional channels studied in settings of sym-

metric information, but also via the reaction of public beliefs to policy actions.

The issue of “bank learns about economy” has received widespread attention in the literature,

for example by Sargent (1999), Orphanides (2001), Aoki (2003) or Svensson and Woodford 2003a;

2004. This problem has the simplifying property that atomistic individuals take policy as given

without regard for inference problems faced by the policymaker. Policy constraints like the Phillips

Curve are largely preserved. In the linear quadratic case studied by Svensson and Woodford (2004),

certainty equivalence holds and optimal policies are identical to the full information case when

actual values are replaced by policymakers’ expectations.

In contrast, research has made comparably less advances into problems of the type “economy

learns about bank”, in particular in the context of dynamic general equilibrium models. This paper

studies optimal policies under commitment and discretion in the case, where the policymaker is

better informed. A key complication of this setting is that the central bank is a strategic, not an

atomistic player, who takes the public’s inference problem into account when devising its policy.

This changes the policy constraints in non-trivial ways.

The framework adopted here exclusively assigns the policymaker, and not the public, with

superior information. This is an extreme assumptions. Reality is best described by asymmetric

information facing both the private sector and policymakers. When agents are learning about the

policymaker, policy constraints change in dramatic ways because of his strategic position in the

economy. Those strategic effects are the main concern of this paper.

Hidden information is modeled here as a signal extraction problem where the private sector
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does not observe the realization of shocks, but where the structure of the economy and its parameter

values are mutually known. In general, the entire distribution of public beliefs needs to be tracked

by this kind of policy problem. The framework presented is very tractable by casting its model

around a Gaussian framework with linear transition dynamics and constant variances. Tracking

entire distributions then collapses to tracking only their means and can be handled with the Kalman

filter. General methods are provided for linear quadratic economies.

In the rational expectations equilibria studied here, the private sector knows the correct policy

function but can only imperfectly infer the nature of shocks. This equilibrium notion is stronger

than the self-confirming equilibria considered by Fudenberg and Levine (1993) and Sargent (1999)

or the recursive learning schemes studied for example by Evans and Honkapohja (2001) or Or-

phanides and Williams (2005). In those cases, the public beliefs about structural relations may be

erroneous as long as they are justified by the data generated from the model. In the rational ex-

pectations equilibrium pursued here, the public knows the true policy function – but not the states

driving it. This serves as a useful, non-trivial benchmark for evaluating the consequences of a

superiorly informed policymaker in dynamic economies.

The methods are illustrated with a simple New Keynesian model. A striking result in this

model is that hidden information policies lead to better outcomes than under full information. This

may not be too surprising under discretion, since belief management imparts additional history

dependence to policies.1 But how could it be preferable for a policymaker to withhold information

under commitment? To illustrate the forces at work here, assume a policy goal of minimizing

inflation variance when inflation πt is determined by the forward-looking Phillips Curve πt =

βπt+1|t + κxt. Policy is committed to a rule, which implements an output gap xt with mean zero

and variance σ2
x. For simplicity, suppose the output gap is iid. In this case, the policy loss would

be equal to κ2σ2
x.

The information structures considered below, will allow the policymaker to forecast future

output gaps beyond what is anticipated by the private sector.2 In the extreme, suppose he could

1A companion paper (Mertens, 2009) studies the discretion policy in an extension of this model also in more detail.
2In the settings studied below, such effects arise from a signal extraction problem faced by the private sector, which

4



perfectly foresee the one-step ahead output gap. If this information was shared with the private

sector, inflation variance would be equal to κ2(1 + β2)σ2
x which is unambiguously higher and the

economy would clearly be worse of by releasing this information. In the application considered

below, this example will be generalized.

These benefits from “discreet” information policies stem from two features: First, the Philips

Curve is the only expectational equation in this simple model. Second, policy losses are convex in

inflation. The economic motivation for minimizing inflation variance is to reduce welfare losses as-

sociated with price dispersion. With sticky prices, price dispersion will be larger the more inflation

rates fluctuate.

Closest to the methods of this paper are Aoki (2006) and Svensson and Woodford 2003a;

2004 who solve policy problems with the opposite informational asymmetry, namely when the

policymaker is partially informed. In their case, there is a neat separation between the policy

problem and the signal extraction of the policymaker. The policymaker’s measurement equation is

actually irrelevant for formulating the policy problem. As opposed to their work, in this paper it is

the policymaker who manipulates the measurement equation of the partially informed public. What

the public perceives as an innovation or not depends endogenously on policy and this complicates

the analysis.

Related is also the work of Pearlman et al. (1986) who solve a class of expectational difference

equations under partial information by combining rational expectation solutions based on the prin-

ciple of “solving unstable roots forward, stable roots backward”3 with the Kalman Filter. Their

methods are substantially extended here to handle the presence of different information sets and

the interdependence between policy and public beliefs.

The commitment policy analyzed here can be broken down into a part which reacts to pub-

lic beliefs and where certainty equivalence is retained, and a non-certainty equivalent part which

designs the optimal impulses to the public’s information set. This aspect of the commitment algo-

rithm shares some similarities with the robust control policies in forward-looking models studied

is endogenously affected by the systematic behavior of the policymaker.
3See Blanchard and Kahn (1980), Sargent (1987), King and Watson (1998) and Klein (2000).
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by Hansen and Sargent (2007).

The remainder of this paper is structured as follows: Section 2 describes the informational

assumptions in a class of linear quadratic models used throughout the paper. Section 3 studies the

optimal commitment policy and Section 3 provides the corresponding analysis under discretion.

The methods are illustrated with a very simple New Keynesian model in Section 5. Section 6

surveys the related literature before Section 7 concludes the paper.

2. INFORMATION SETS AND THE PRIVATE SECTOR

The methods presented in this paper apply to a wide class of linear-quadratic models, similar

to what has been studied before by Söderlind (1999), Svensson and Woodford 2003a; 2004 and

Hansen and Sargent (2007) to name but a few. The economy consists of a homogeneous private

sector and a policymaker and there are four types of variables: Backward-looking variables, Xt.

Policy controls, Ut. Decision variables of the private sector, Yt. And finally, publicly observable

variables, Zt. These variables are vectors of dimensions Nx, Nu, Nz, and Ny respectively.

The backward looking variables can capture exogenous forcing variables but also endogenous

states like capital, habits, or lagged variables, for example inflation in a model with price indexa-

tion. Driven by an exogenous Nw-dimensional white noise process they evolve as4

Xt+1 = AxxXt + AxyYt + BxUt + Dwt+1 where wt+1 ∼ N(0, I) (1)

2.1. Information Sets

The policymaker observes the entire history of wt, denoted wt and will thus have complete

information about the realization of all variables until time t. In contrast, the private sector observes

4Without loss of generality, Xt is constructed such that Nx ≥ Nw.
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only a linear combination of policy controls and backward looking variables:

Zt = CxXt + CuUt (2)

Zt = {Zt, Zt−1, Zt−2, . . .}

The history Zt spans the public information set. In addition, there is no uncertainty about the

structure of the economy and the public will know all parameters of the model, for example the

matrices Axx, Axy, Bx and D of equation (1). A sufficient condition to ensure superior information

of the policymaker is that Nz < Nw. For any variable vt, vt|t ≡ E(vt|Zt) denotes the expectation

of vt on the private sector’s information set. Synonymously these expectations will be called public

beliefs. For example, Xt|t−1 are the prior beliefs about Xt before observing Zt.

The optimality conditions of private sector behavior are represented by an expectational linear

difference equation involving only publicly observable variables and public sector expectations:5

A1
yyYt+1|t = AyyYt|t + AyxXt|t + ByUt|t (3)

By construction, Yt = Yt|t always holds since public decisions are based on public information.

In principle, Yt could also be included to the measurement vector, but this would not add any new

information. For the remainder of this paper, the forward-looking variables will be denoted Yt|t to

reflect the constraint that they lie in Zt.

Surprises in a variable vt relative to the public’s past information will be called “innovations”.

Formally, they are defined as ṽt ≡ vt − vt|t−1. By construction, innovations are unpredictable

from the public’s perspective, ṽt|t−1 = 0. But typically they will be predictable based on the

5Notice that neither the policy control nor parts of Xt are precluded from entering directly in this forward looking
constraint. This will be the case when, for example, the policy control is publicly observable such that Ut|t = Ut. A
more general way to set up (3) would be to write

A1
yyYt+1|t = AyyYt|t + A2

yxXt|t + B2
yUt|t + A3

yxXt + B3
yUt

with the understanding that the measurement equation (2) implies A3
yxXt + B3

yUt = A3
yxXt|t + B3

yUt|t. This reduces
then to (3) with Ayx = A2

yx + A3
yx and By = B2

y + B3
y .
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complete information set, and Et−1ṽt need not be identical to zero. Innovations of the measurement

variables, Z̃t, provide an orthogonal decomposition of the public information set. The public

information set is thus equivalently described by Zt or Z̃t.

Due to the linear-quadratic nature of the problem, attention is limited to linear policy functions.

Since variables evolve linearly with Gaussian disturbances, rational expectations of the public can

then be computed recursively from the Kalman filter. Given prior beliefs zt|t−1 and Zt|t−1, the

public observes a realization of the measurement variables Zt and updates its beliefs according to

vt|t = vt|t−1 + KvZ̃t with Kalman gain Kv ≡ Cov (vt, Z̃t)(Var Z̃t)
−1 (4)

A convenient property of the Kalman update is that it preserves the linearity of the model. The

difference with adaptive expectations is that the gain coefficients are endogenous parameters. This

poses a fixed point problem for the optimal policy setups considered below. Conditional on the

Kalman gain, the problem will be linear-quadratic and amenable to standard solution methods. Its

solution is linear, and in equilibrium it must be consistent with the coefficients from the Kalman

gain.

2.2. Private Sector Equilibrium

The policymaker is constraint by the beliefs and the behavior of the private sector. The private

sector is atomistic and takes policies as given. Before turning to optimal policy, it is useful to

consider notions of private sector equilibrium and optimal allocations for a given policy. As an

example of such a setting, Erceg and Levin (2003) studied the Volcker disinflation as an imperfect

information problem where the public learns about the inflation target of the Federal Reserve. In

their model, policy follows a fixed Taylor rule whose intercept is given by the unobserved inflation

target. The remainder of this paper provide methods which allow to solve for the optimal policy in

such a setting.

Definition (Private Sector Allocation). A private sector allocation is a given sequence of observa-
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tions {Zt}, perceived states {Xt|t} and perceived policies {Ut|t} as well as optimal private sector

choices {Yt|t}. The private sector choices are optimal, that is they satisfy the forward looking con-

straint (3), for a given evolution of the backward-looking variables (1) and a given (linear) policy

function.

Definition (Private Sector Equilibrium). A private sector equilibrium combines an optimal alloca-

tion as defined above with optimal beliefs. Optimal beliefs of the public are rational expectations,

conditional on the history of variables observed by the public, Zt. In this linear framework, they

are formed using the Kalman filter with measurements Zt.

A well known feature of linear quadratic models is the certainty equivalence of their solutions.

To some extent, certainty equivalence is also preserved in models with imperfect information.6 As

will be shown next, certainty equivalence applies to the relationship between optimal allocations

of the private sector and public beliefs about the state of the economy. For concreteness, a policy

function needs to be assumed, for example

Ut = FxXt + FyYt|t (5)

(The results can easily be generalized to a larger state vector.) Given a linear policy function,

optimal choices of the private sector are the solution to a set of expectational difference equations.

I 0

0 A1
yy


︸ ︷︷ ︸

Ā

Xt+1|t

Yt+1|t

 =

(Axx + BxFx) (Axy + BxFy)

(Ayx + ByFx) (Ayy + ByFy)


︸ ︷︷ ︸

B̄

Xt|t

Yt|t

 (6)

Proposition 1 (Existence and Uniqueness of Private Sector Allocation (Pearlman et al., 1986)).

Existence and uniqueness of a private sector allocation depend on the roots z of |Āz− B̄| = 0 for

matrices Ā and B̄ defined in (5). A unique equilibrium exists only if there are Nx roots inside the

unit circle and Ny outside. The matrices Ā and B̄, and thus also the condition for existence and

6See for example Svensson and Woodford 2003a; 2004.
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uniqueness, depend on the policy rule (5) but not on the Kalman filter or the volatility of shocks.

This is an instance of certainty equivalence in linear rational expectations systems.

Proof. The result follows from applying the solution methods of King and Watson (1998) or Klein

(2000) to the linear rational expectations system above. Applying their methods yields the counting

rule in the proposition and the solution has the form Yt|t = ḠXt|t, Xt+1|t = P̄Xt|t where Ḡ and P̄

depend only on Ā and B̄ but not on K (for given policies, Fx and Fy.)

A private sector equilibrium is defined relative to the information set of the public. In the

analysis below, this information set will be endogenized and at least partly controlled by the poli-

cymaker. Optimal policies will reflect the policymaker’s manipulations of the public’s information

set, which in turn depends on the stochastic structure of the information set. Policies will not be

certainty equivalent and the above results of certainty equivalence of private sector allocations hold

only for a given policy.

In order to compute a sequence of optimal allocations, it is sufficient to be given a sequence of

innovations {Z̃t}. State projections can then be computed from the filtering equation Xt+1|t+1 =

Xt+1|t + KZ̃t. For beliefs to be optimal, the Kalman gain K can be computed using (1) as state

and (5) as measurement equation.7

3. OPTIMAL POLICY UNDER COMMITMENT

The policymaker seeks to minimize the expected present value of current and future losses,

where Q is assumed to be a positive definite matrix, and the expectation operator is conditional on

the history of wt.

Vt = Et

∞∑
k=0

βkLt+k (7)

7Only the relationship between the projections of policies and states onto the public information set needs to
be known in order to compute optimal allocations of the private sector; Ut|t = F̄xXt|t + FyYt|t. If the imperfect
information problem is not degenerate, only some linear combinations of the backward looking variables can be
perfectly observed. The coefficients Fx and F̄x may differ as long as their difference lies in the nullspace which is
orthogonal to perfectly observable combinations of Xt, such that (F̄x − Fx)(Xt −Xt|t) = 0.
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with Lt =
1

2


Xt

Yt|t

Ut


′

Q


Xt

Yt|t

Ut

 with Q =


Qxx Qxy Nx

Q′
xy Qyy Ny

N ′
x N ′

y R

 (8)

In principle, one could also allow for public beliefs Xt|t and Ut|t to enter the loss function. Except

for adding algebraic complexity, this would not raise any further methodological issues.8 In its

current form, the loss function (8) depends on public beliefs via Yt = Yt|t.

Under commitment, policy is a state-contingent plan, formulated once and for all at an initial

time period. It specifies actions for all possible future events, but the plan is not to be re-optimized

at later periods and will typically be time-inconsistent. Formally, the commitment policy of a

privately informed policymaker is defined as follows:

Definition (Commitment Policy). The commitment policy is a state-contingent plan Ut = U(wt),

devised once and for all by the policymaker at an initial date t0 to minimize (7). The plan is not re-

optimized at subsequent dates. It takes into account the natural constraints and the private sector

behavior imposed by (1)–(3) as well as the partial information of the private sector, in particular

their Kalman Filtering with the measurement equation (2). When implementing the policy at time t,

the policymaker will be informed about the history of shocks until that period, wt. The commitment

is made from an ex-ante perspective at t = t0, before the first shock is realized.

At first glance it may appear surprising that commitment policy is only contingent on wt and

not Zt. Due to its endogeneity, Zt depends on wt. Since the mapping from wt to Zt is known, it

is sufficient for policies to be contingent on wt. Equilibrium is a combination of the commitment

policy and the private sector equilibrium defined in the previous section:

Definition (Commitment Equilibrium). The commitment equilibrium with private information

consists of a policy plan Ut and sequences of forward and backward looking variables Yt and

Xt such that
8Likewise, linear terms in Xt|t and Ut|t could be added to the transition equation for the backward looking vari-

ables.
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• The policy plan is an optimal commitment policy.

• The private sector is in equilibrium. Forward looking variables Yt are consistent with an

optimal private sector allocation satisfying (3) for given Ut|t and beliefs are rational expec-

tations according to (4) with measurements following (2).

• The backward looking variables follow the state equation (1).

As in Svensson and Woodford 2003a; 2004, a stationary commitment equilibrium is considered

from a “timeless perspective” corresponding to a commitment made far in the past t0 → −∞.

The “timeless perspective” implies that initial expectations are identical to unconditional ex-

pectations Et0(vt) = E(vt) for any variables, vt. Equivalently, the economy could be initialized

with initial beliefs of private agents Xt0|t−1 consistent with the stationary policy plan, and innova-

tions X̃t0 drawn from a time-invariant distribution of innovations X̃t consistent with the Kalman

Filter to be derived below.

3.1. Lagrangian of Policy Problem

Formally, the policy problem is characterized by the Lagrangian

Lt0 = Et0

∞∑
t=t0

{
βtLt + βt+1µ′t+1

[
Xt+1 − AxxXt − AxyYt|t −BxUt −Dwt+1

]
(9)

+βtλ′t
[
A1

yyYt+1|t − AyyYt|t − AyxXt|t −ByUt|t
]
+ βtζ ′t [Zt − CxXt − CuUt]

}

The Lagrangian is minimized with respect to Ut, Xt and Yt = Yt|t and maximized with respect

to the multipliers µt, λt, and ζt. Variables involved in the constraints (1) and (2) lie in wt and

the associated multipliers µt and ζt are measurable with respect to wt. The nature of λt will be

discussed next.

Optimal policy commitment is typically not time-consistent (Kydland and Prescott, 1977) and

the multiplier on the forward looking constraint, λt, represents the marginal benefits to the policy-
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maker from adhering to past commitments at time t + 1. They are an essential state variable for a

recursive representation of policy following Kydland and Prescott (1980) and Marcet and Marimon

(1998), which will be explored below.

The forward looking constraint describes optimal behavior of the private sector. By construc-

tion it only contains publicly observable variables and projections on the public information set.

Its multiplier λt is thus measurable with respect to the public information set Zt, λt = λt|t. Hence-

forth, this restriction will be reflected by denoting the multiplier as λt|t. As usual, the multiplier λt|t

can be interpreted as the policymaker’s marginal value of relaxing the forward-looking constraint.

The emphasis on marginal value implies in particular the restriction that Zt is fixed and that all

variables in (3) remain in Zt. This excludes thought experiments asking for the shadow value of

relaxing the forward looking constraint in some particular state of nature, w̄t, without applying the

same change to the constraint in other states of nature, which are indistinguishable from w̄t based

on information contained in Zt.

3.2. Perturbing Conditional Expectations

Optimal policy must satisfy the first-order conditions of the policy problem. When considering

policy perturbations to (9), care needs to be taken with respect to the effects on information sets.

In particular, two types of derivatives are of concern: Derivatives of a projection, like Xt|t, with

respect to the underlying variable, Xt, and the derivative of a projection, like Xt|t with respect

to measurement variables Zt. These derivatives need to consider perturbations on a state-by-state

basis, keeping other variables constant.

Following Svensson and Woodford 2003a; 2004 and Aoki (2006), this is formalized with func-

tional derivatives. Reflecting the ex-ante nature of the policymaker’s commitments, the functional

derivatives are normalized using the probabilities assigned to each state in the initial time period,

which are assumed to be equal to their unconditional probabilities. A detailed discussion has been

relegated to Appendix B.3. Representative for these two cases above, the appendix derives the
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following expressions

∂

∂Y

(
X ′

t Qxy Yt|t
)

= Q′
xy Xt|t (10)

∂

∂Z

(
X ′

t Qxy Yt|t
)

= K ′
y Q′

xy (Xt −Xt|t) + K ′
x Qxy (Yt − Yt|t)︸ ︷︷ ︸

=0

(11)

where Kx and Ky are the Kalman gains involved in projecting Xt, respectively Yt, onto the public

information set.9. Similar expressions hold for other terms in (9) involving expectations conditional

on Zt.10

In (10) perturbations of Yt are projected onto Zt, keeping Zt and Xt constant. The perturbations

are evaluated from an ex-ante perspective. As a shorthand, one could think of E(Xt Y ′
t|t) =

E(Xt|t Y ′
t ) and then differentiate with respect to Yt.

Perturbations like (11) consider purely informational effects from changing Z(wt), keeping

Y (Zt) and X(wt) constant. This affects every probability density involving Zt, be it marginal,

joint or conditional, with direct consequences for the Kalman gains. (The probability of exogenous

events, wt, is of course fixed.) Ultimately, public observations depend on policies and backward

looking variables via (2). Keeping policies fixed, while considering changes in the public informa-

tion set is similar to finding the optimum in a consumption-savings problem, by perturbing savings,

keeping consumption constant.

The Kalman filter implies possibly long-lasting effects of a current measurement variable on

future projections vt|t =
∑∞

j=0 KjZ̃t−j where Kj = Cov (vt+j, Z̃t) Var (Z̃t)
−1

. The first-order

condition of the Lagrangian (9) with respect to Zt would thus have to track an infinite number

of forward looking terms similar to (11). To avoid this, it will be convenient to cast the policy

problem in recursive form using the saddlepoint formulation of Marcet and Marimon (1998).

9As in (4) this means Ky = Cov (Yt, Z̃t) Var (Z̃t)
−1

and Kx = Cov (Xt, Z̃t) Var (Z̃t)
−1

.
10A particular property of the two examples given here is that Yt = Yt|t. The derivatives hold however also in the

general case where none of the variables lies in Zt. Such a situation could occur if for example projections Xt|t would
directly enter the loss function (8) or the transition equation (1).
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3.3. Recursive Formulation and a Separation Result

Following Marcet and Marimon (1998), the policy problem can be converted into a recursive

saddlepoint problem by treating the lagged multiplier λt−1|t−1 as a fictional state variable, initial-

ized with λt0−1|t0−1 = 0, and defining the modified Lagrangian

LMM
t0

= Lt0 + β−1λt0−1|t0−1A
1
yyYt0

Using, LMM
t ≡ Lt + β−1λt−1|t−1A

1
yyYt|t−1, the associated Bellman equation is

V MM
t = min

Ut,Xt+1,Yt|t,Zt

max
µt+1,λt|t,ζt

LMM
t + βEtV

MM
t+1 (12)

+βµ′t+1

[
Xt+1 − AxxXt − AxyYt|t −BxUt −Dwt+1

]
−λ′t|t

[
AyyYt|t + AyxXt|t + ByUt|t

]
+ζ ′t [Zt − CxXt − CuUt]

In a full information model, the state variables of the recursive problem are Xt and λt−1|t−1

(Svensson, 2007). Under imperfect information, the public’s prior beliefs Xt|t−1 must be added to

the list of state variables.11 Since X̃t is orthogonal to Xt|t−1 and λt−1|t−1, it will be convenient to

write the state vector as

St =


X̃t

Xt|t−1

λt−1|t−1

 (13)

Given the linear quadratic structure of the problem, it will be guessed (and verified) that the

11It is the public’s prior, beliefs which enter the state vector, not the posterior beliefs Xt|t. The latter will be formed
after observing current data which is influenced by current policy. The pertinent history of beliefs leading to this policy
is described by Xt|t−1.
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value function is linear quadratic and policies are linear in the state vector.

Ut = FxX̃t + F̄xXt|t−1 + F̄λλt−1|t−1 (14)

The first-order conditions to (12) form a set of linear difference equations, involving expecta-

tions with respect to both wt and Zt. Details are given in Appendix B. The coefficients in some

equations depend on the yet to be determined Kalman gains and value function, which in turn

depend on the optimal policy, leading to a fixed point problem.

As a key result, the policy problem can neatly be separated into two steps. First, the FOC are

conditioned down onto the public information set. This leads to a solution relating the projection

of policy, Ut|t, to the projections of the state variables Xt|t and λt−1|t−1, which will be called public

information policy. In the second step, the remaining terms, which are orthogonal to the public

information set, can be solved to derive the optimal policy innovations Ũt which will determine the

evolution of the public information set. This will be called innovation policy.

3.4. Public Information Policy

Conditioning down the FOC onto the public information set eliminates all terms involving the

unknown Kalman gains. In fact, it leads to the same solution known from the commitment problem

under symmetric information.

Proposition 2 (Certainty Equivalence of Public Information Policy). The first-order conditions

to the commitment problem (12) imply a solution for the projections of policy onto the public

information set which is linear in Xt|t and λt−1|t−1

Ut|t = F̄xXt|t + F̄λλt−1|t−1 (15)

Yt|t = ḠxXt|t + Ḡλλt−1|t−1 (16)

λt|t = H̄xXt|t + H̄λλt−1|t−1 (17)
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Xt+1|t = P̄xXt|t + P̄λλt−1|t−1 (18)

This solution is certainty equivalent. It does not depend on the shock loadings D of the backward

looking variables in (1), nor on the measurement equation (2) and the Kalman Filter. It is identical

to the commitment policy under symmetric information.

Proof. The result and its proofs correspond to the certainty equivalence found by Svensson and

Woodford 2003a; 2004 for policies which are restricted to lie in the public information set. Details

can be found in Appendix B.

As is usual for commitment problems, the co-state variable λt−1|t−1 imparts history dependence

on policies. In the public information policy, it is the history of public beliefs of state variables not

necessarily their actual values which are tracked by the co-state variables.

λt|t =
∞∑

k=0

(H̄λ)
kH̄xXt−k|t−k

While the evolution of the information set Zt remains to be determined, the public information

policy identifies the coefficients F̄x and F̄λ in (14).12 In addition, the Kalman gains are determined

relative to Kx, the gain associated with the backward looking variables Xt. For example, the policy

for Ut|t in (16) yields

Ku = Cov (Ut, Z̃t)(Var (Z̃t))
−1 = Cov (Ut|t, Z̃t)(Var (Z̃t))

−1 = F̄xKx

The measurement equation (2) and the FOC associated with Zt play no role in the public infor-

mation policy. The reason is that derivatives like (11), are perpendicular to the public information

set. As a consequence the multiplier on the measurement equation is not observable by the public

either. Intuitively, this means that if private information is to remain hidden from the public, so

must be the value he attaches to that information.13

12This can be seen from condition down (15) on Zt−1.
13In the words of Sir Humphrey Appleby: “Thou who keeps a secret shall keep it a secret, that he keeps a secret.”
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Proposition 3 (Marginal Value of Information is Unobservable to the Public). ζt = ζ(wt) is the

shadow price attached to a particular realization of the measurement vector Zt when the realized

history equals wt. The first-order condition of (9) with respect to Zt implies ζt|t = 0.

Proof. The proof is straightforward based on the first order condition of (9) for Zt. (See equa-

tion (41) in Appendix 3.)

Proposition 3 extends a result from Aoki (2006) and Svensson and Woodford 2003a; 2004,

obtained for the case when Zt describes the policymaker’s information set. In this case, the mea-

surement equation can be dropped from the Lagrangian. The intuition is simple: For a given

history of past innovations Z̃t−1, perturbing Zt considers alternative plans for the innovation Z̃t.

By construction, these are unforecastable from Zt−1 and one cannot plan how to surprise oneself.

In the present paper, it is however the policymaker who has superior information and Zt represents

the public’s information set. ζt then measures the marginal value of private information to the

policymaker.

Given the public information policy, it remains to determine the innovation policy.

Ũt = FxX̃t (19)

Together with Ut|t−1 = F̄xXt|t−1 + F̄λλt−1|t−1, this will complete the optimal policy solution.

3.5. Innovation Policy

By committing to a particular policy rule like (19), the policymaker can influence which combi-

nation of state variables is observable to the public and which not. Substituting the policy rule (19)

into the measurement equation (2) yields (Cx+CuFx)(Xt−Xt|t) = 0. Unobservable combinations

of Xt lie in the nullspace of Cx + CuFx. While the range of this nullspace is fixed by the number

of variables (NX −NZ), the policymaker can determine its location through the choice of Fx. Not

all the Nu×Nx coefficients of Fx are in fact free, since public information policy also restricts the
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projection of policy innovations on the public’s current information set,

Ũt|t = FxX̃t|t = F̄xX̃t|t ⇒ (Fx − F̄x)Kx = 0

Due to the dependence of the Kalman gain Kx on Fx this imposes Nu×Nz non-linear restrictions

on the innovation policy. Section 5 provides a neat geometric illustration for the bivariate case,

where innovation policy chooses its location as a line in a plane.

Having solved for the public information policy, the remainder of the FOC characterizes the

optimal nullspace. Appendix B.2 derives the following condition:

Φx(Xt −Xt|t) + Φu(Ut − Ut|t) = 0 (20)

for some coefficient matrices Φx and Φu. Together with the innovation representation of the

Kalman Filter this can be solved for the optimal innovation policy

Ũt = − (Φu − ΦzCu)
−1 (Φx − ΦzCx) X̃t = FxX̃t (21)

where Φz = (Φx + ΦuF̄x)Kx.

The coefficients in (20) and (21) depend on the Kalman gain Kx and the value matrix Ṽxx

which in turn depend on the optimal policy Fx. The solution seeks for a fixed point mapping Fx

in itself. A convenient and intuitive algorithm for doing this is the policy improvement algorithm

described in Appendix E.

4. OPTIMAL POLICY UNDER DISCRETION

Commitment policies are optimal from an ex-ante perspective, but they need not be time-

consistent. This section derives the optimal time-consistent policy, chosen by a discretionary

policymaker who is free to re-optimize his choices at each point in time. Attention is limited

to Markov perfect equilibria, which avoids the multiplicity of equilibria associated with the kind
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of reputational mechanisms considered by Barro and Gordon (1983) or Chari and Kehoe (1990).

In the spirit of “bygones are bygones”, state variables in a Markov-perfect equilibrium must be

relevant for current payoffs. A companion paper, Mertens (2009), applies the general framework

presented here to a New Keynesian model, which is also used to illustrate the methods of this paper

in Section 5.

Under discretion, the policymaker takes the history of beliefs, summarized by Xt|t−1 as well as

the coefficients of the public’s Kalman filter (4) as given. In equilibrium, the beliefs and the public’s

Kalman filter depend on his policies in ways which are similar to the commitment problem. But a

discretionary policymaker considers only the effect of his policy choice on the current value of the

measurements Zt observed by the public. In contrast to the commitment problem, the systematic

effects of his policy on the Kalman filter, embodied in the gain coefficients, are neglected. In

a nutshell, the policymaker considers the effect his policy has on the current “data” used by the

public’s Kalman regressions, but not on the “regression slopes” induced by his systematic behavior

in equilibrium.

The policymaker must account for the optimal choices of the private sector. Due to the forward

looking nature of (3), these depend on private sector beliefs of future choices and future policies,

to which the current policymaker has not committed. He rather takes private sector expectations of

future choices Yt+1|t as a given function of future states. In principle, the private sector equilibrium

described in Section 2 could be used to relate these beliefs to given future policies using the private

sector allocation defined in Section 2.

If a unique allocation exists, the construction of the private sector equilibrium is useful to ana-

lyze outcomes under different candidate policies. But the absence of a private sector equilibrium

need not be a problem, since for the purpose of constraining the discretionary policy problem,

this equilibrium notion is stronger than necessary.14 Only a temporary equilibrium in the spirit of

Grandmont (1977) is necessary:

14The private sector allocation defined in Section 2 forms private sector expectations based on a a time-invariant
policy rule, carried out forever. Even though this eventually resembles the equilibrium outcome, it misrepresents the
nature of the discretion problem where the policymaker can reoptimize his plans at each period. Therefore, non-
uniqueness of a private sector equilibrium does not foreclose uniqueness of a discretionary equilibrium.
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Definition (Temporary Private Sector Equilibrium). At a given point in time, the private sector

has given beliefs about current policy. They are embodied in a Kalman gain K0
x used to update

beliefs about Xt as in (4). Furthermore, people hold beliefs about future policies. These beliefs

are embodied in a mapping G0 between future states and future private decisions:

Yt+1|t = G0Xt+1|t (22)

Given the beliefs and expectations in (22), the temporary equilibrium then reduces to optimal

(static) choices of the private sector satisfying the forward looking constraint (3).

In a temporary equilibrium, private sector expectations of future choices are given. It is then

straightforward to substitute the forward-looking variables with a linear combination of publicly

perceived policies and states:

Yt|t = G0
xXt|t + G0

uUt|t (23)

where G0
x = (A1

yy G0 Axy − Ayy)
−1(Ayx − A1

yy G0 Axx)

and G0
u = (A1

yy G0 Axy − Ayy)
−1(By − A1

yy G0 Bx)

Constructing this temporary equilibrium is not a special feature of the hidden information setup.

When there are endogenous state variables, similar computations are necessary for computing

optimal Markov perfect policies under symmetric information (Söderlind, 1999).

Discretionary policy is time-consistent. At each point in time the policymaker can reoptimize

while taking his future optimizations as given. This leads to a recursive representation of the

optimization problem as a dynamic program. The state variables of the policy problem are the

backward looking variables Xt and prior beliefs Xt|t−1, there is no further history dependence.
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Equilibrium policy is a function of the Markov states:

Ut = F 0
xXt + F 0

b Xt|t−1 = F 0St with St ≡

 Xt+1

Xt+1|t

 (24)

for some F 0
x , F 0

b . Notice that this does not presuppose a commitment of the policymaker to such

a rule. Discretion will rather require that this policy is ex-post optimal, such that the policymaker

has no incentive to deviate once the private sector has formed beliefs consistent with the policy.

Definition (Discretionary Policy). At each point in time, for given private beliefs embodied in F 0

and G0, the policymaker chooses Ut to minimize

Vt = min
Ut,Yt|t,Xt+1

{
Lt + βEtV

0
t+1

}
s.t. Xt+1 = AxxXt + AxyYt|t + BxUt + Dwt+1

Yt|t = G0
xXt|t + G0

uUt|t

where G0
x and G0

u are defined as in (23) above. The constraints correspond to the transition

equation for Xt (1), and the private sector’s temporary equilibrium (23). The continuation value

of this dynamic optimization problem, V 0
t+1, is a given function of future values of the Markov-

perfect state variables St+1.

Since the problem is linear quadratic, the value function will be linear quadratic as well (Bert-

sekas, 2005). The solution is then based on iterating between a conventional linear regulator prob-

lem and the Kalman Filter. The regulator problem has the following form:

Vt = S ′
tV

∗St + v∗ = min
Ut

{
S ′

tQ
0St + 2S ′

tN
0Ut + U ′

tR
0Ut + βEt

(
S ′

t+1V
0St+1 + v0

)}
(25)

s.t. St+1 = A0St + B0Ut + Dwt+1 (26)

for given F 0, G0, a positive definite V 0 and a scalar v0. The matrices Q0, N0, R0, B0 and D are
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derived in Appendix D.15 The optimal policy is

Ut = −(R0 + βB0′V 0B0)−1(N0 + βB0′V 0A0) St (27)

≡ F ∗St = FxXt + FbXt|t−1

The optimal policy is linear which confirms the guess embodied in using the Kalman filter to

model conditional expectations. The policy appears certainty equivalent since it is independent of

the shock loadings D.16 But the setup of the regulator depends on the private sector’s Kalman

filter. Policies are thus not certainty equivalent.

Definition (Equilibrium under Discretion). Equilibrium under discretionary policymaking consists

of sequences {Ut}, {Xt}, {Yt} and {Zt} such that each

• Ut solves the policymaker’s problem

• Yt is the solution to a temporary equilibrium whose underlying beliefs are consistent with

the optimally chosen policies Ut

• Xt and Zt evolve according to (1) and (2)

where policies are a time-invariant function of the states.

Formally, this requires that F 0 = F ∗, and G0 = G∗ = G0
x + G0

u(F
∗
x + F ∗

b ), where F ∗
x and F ∗

b

partition F ∗ conformably with Xt and Xt|t−1. (K0
x is then consistent with F 0

x = Fx.) Furthermore,

the value function satisfies

V 0 = V ∗ = Q0 + N0F ∗ + F ∗′R0F ∗ + β(A0 + B0F ∗)′V 0(A0 + B0F ∗) (28)

This equilibrium concept is similar to the self-confirming equilibria of Fudenberg and Levine

(1993) and Sargent (1999) in that both are a fixed point of mutual beliefs and actions in multi-
15Except for V 0 and v0 matrices with superscript “0” depend on F 0 and G0. As will be see below, also V 0 and v0

can be computed to be consistent with carrying out policies F 0 and G0 forever.
16Certainty equivalence is a well-known result of linear regulator problems (Bertsekas, 2005).
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player games. However, in a self-confirming equilibrium, players hold erroneous beliefs about the

structure of the economy, which are justified by observable outcomes. A similar fixed point of

beliefs and outcomes is used in the limited-information rational expectations equilibria of Marcet

and Sargent 1989a; 1989b and Sargent (1991). This is different here, where the public completely

knows and understands the structure of the economy.

5. ILLUSTRATION WITH A NEW KEYNESIAN MODEL

This section applies the optimal policies under commitment and discretion to a simple New

Keynesian economy. The model has been chosen for its simplicity and low dimensionality, not

for its realism, in order to better illustrate the concepts of the previous sections. A companion

paper provides a more detailed discussion of the discretion policy under imperfect information in

an extended version of the model (Mertens, 2009).

5.1. New Keynesian Economy

The model is largely identical to the textbook model of optimal policy in a New Keynesian

model known from Clarida et al. (1999), Walsh (2003) or Woodford (2003). The only difference is

a stochastic preference shock to the policymaker’s objective function which is unobservable to the

public. Otherwise the model and its notation follow closely Gali (2003) where further details can

be found. A key feature of the model is that inflation is determined purely by public expectations of

current and future policies. This puts centerstage the concerns of the public about the policymaker’s

intentions.

5.1.1. Private Sector

As in the textbook model, aggregate decisions of the private sector are represented by the New

Keynesian Phillips and IS curves. In this simple model, IS curve and the short term interest rate are

even redundant and the output gap can be used as policy control. Readers familiar with this setting

can skip this part and move over to the discussion of policy objectives and hidden information.
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The private sector is populated by a continuum of identical firms and households which trade

goods and labor services. There is no capital accumulation and output equals consumption. Firms

are monopolistically competitive and use staggered price-setting as in Calvo (1983). Optimal

pricing decisions lead to the New Keynesian Phillips Curve as in Yun (1996) and King and Wolman

(1996). The log-linearized Phillips Curve is

πt = βπt+1|t + κxt (29)

where πt is inflation and xt is the output gap17. The parameter β is the representative agent’s

discount factor and κ is a reduced form parameter influenced amongst others by the frequency of

price-setting.18 As before, vt+1|t denotes the private sector forecast for some variable vt+1.

The output gap measures the difference between actual output and its natural rate. The latter

would be the output of the economy if there were no nominal frictions.19 The discussion will

exclusively focus on monetary shocks which leave the natural rate unaffected. Conditional on those

shocks, variations in the output gap are thus identical to variations in output and consumption.

5.1.2. Policy Objectives

The policymaker seeks to minimize a present value of expected losses

Et

∞∑
k=0

βk
{
π2

t+k + αx(xt+k − x̄t+k)
2
}

(30)

with αx ≥ 0. The expectations operator Et reflects the policymaker’s information set. The non-

standard feature of the loss function is the time-varying target for the output gap, x̄t, which will be

specified as an exogenous stochastic process.

Mechanically, the target is necessary to introduce a policy trade-off between inflation and out-

17Throughout the paper, all variables are in log-deviations from steady state which implicitly assumes the existence
and uniqueness of a steady state under discretionary policy.

18Details can be found in Gali (2003, p. 159) from whom notation is adopted.
19King and Goodfriend (1997) explain how the New Keynesian model can be separated into a core real business-

cycle model (RBC), which evolves as if there were no nominal frictions, and a set of “gap” variables which track the
difference between the RBC core and the actual economy. This separation has been widely adopted in the textbook
treatments of Gali (2003), Walsh (2003) and Woodford (2003).
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put gap stabilization in the model. Typically this is done by adding a cost-push disturbance to the

Phillips Curve as in Clarida et al. (1999). In a full information setting, an exogenous cost-push

shock would be isomorphic to the output target introduced here.20 In this imperfect information

setting it does however matter, whether this disturbance enters the Phillips Curve and where it

would be directly observable to the public, or whether it enters via the policymakers loss function,

without being directly in the public information set. The latter approach has been chosen here,

since it allows to keep the number of shocks and observables smaller.

The output target can be viewed as arising from time-varying preferences of the policymaker

as in Cukierman and Meltzer (1986). Under this view, x̄t represents the outcome of political

influences on monetary policy to stimulate the economy. These preferences are assumed to vary

exogenously with political representation in the government and the makeup of central banker’s

preferences.21 Such hidden pressures could arise even when the independence of the central bank

is formally enshrined in law, since actual independence is a more fragile concept.23

Alternatively, time-variation in the output target could arise from variations in wedges between

the frictionless and the efficient level of output. Time-varying markups would for example shrink

distortions from monopolistic competition. There are non-monetary tools to fight such distortions,

for example the kind of fiscal tools discussed by Gali (2003). x̄t could then capture changes in the

government’s policy of handling these distortions. A key restriction of the information structure

introduced here is however, that x̄t cannot be observed by the representative private agent. This is

assumption is most easily satisfied by interpreting the output target as arising from policymaker’s

preferences.

20To see this isomorphism, the target could be treated as a cost-push shock and the deviation of output gap from
target, xt − x̄t could be re-labeled as an output gap, corresponding to the model of Clarida et al. (1999).

21Under either interpretation, the output target is capturing a form of heterogeneity otherwise not present in the
model. In particular (30) does not necessarily represent a social welfare function. Faust and Svensson (2001) use a
similar loss function for the policymaker. Their notion of representative welfare would then be to evaluate (30) at
the average output target (here: zero)22, LR

t = π2
t + αxx2

t . But without specifying the underlying heterogeneity and
associated welfare weights this is at best an aggregation with unknown distributional consequences.

23In the real world, pressures mounted on central bankers appear to be a recurring, though not necessarily permanent
feature. For example, in the short history of the ECB there were the early attempts by German Finance Minister “Red”
Oskar Lafontaine and later overtures from the French President Nicolas Sarkozy. Abrams (2006) gives a striking
account of hidden but forceful policy influences in the U.S.. His study documents how President Nixon covertly
pressured the then Chairman of the Federal Reserve, Arthur Burns to ease policy in the run-up to the Great Inflation.
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5.1.3. Hidden Information

Hidden information is introduced by assuming that the public can observe only policy, xt, but

not shocks to the policy target. To make the public’s signal extraction interesting, the target is

henceforth driven by two components, one persistent, one transitory:

x̄t = τt + εt εt ∼ N(0, σ2
ε) (31)

τt+1 = ρ τt + ηt+1 ηt ∼ N(0, σ2
η) and 0 < |ρ| < 1 (32)

The private sector has no structural uncertainty about the economy. All parameters are known,

including the specification of the target process. The public must however infer the realizations

of τt and εt based on the observed history of policies, Zt = xt. By construction, xt|t = xt and

πt|t = πt (since inflation is a choice variable of the private sector) but typically τt|t 6= τt and

εt|t 6= εt.

5.1.4. LQ Representation

The simple NK model laid out here can be represented in the general framework of Section 2 as

follows: The output gap equals the policy control, Ut = xt and is also identical to the measurement

vector Zt = Ut such that Cu = 1 and Cx = 0. Furthermore, the backward and forward looking

variables are Xt = [τt εt]
′, respectively Yt = πt. The Phillips Curve (29) corresponds to the forward

looking constraint (3) with A1
yy = β, Ayy = 1, Ayx = 0, and By = −κ. The evolution of the target

components corresponds to (1) with Axy = 0, Bx = 0 and

Xt+1 =

τt+1

εt+1

 =

ρ 0

0 0


︸ ︷︷ ︸

Axx

Xt +

ση 0

0 σε


︸ ︷︷ ︸

D

wt+1

5.2. Signal Extraction for Given Policy

This section studies the public’s signal extraction problem for a given policy. In particular, it

documents the key role played by the relative sensitivity of policies to realizations in the two target
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components in shaping the response of public beliefs to observed policies.

Optimal policies are linear. Coefficient values will differ between commitment and discretion,

but in general policies have the form24

xt = fττt + fεεt + f̄ττt|t−1 + f̄λλt−1|t−1 (33)

Since εt|t−1 = 0, it need not be tracked as a state variable.

There are two unobserved states, τt and εt. Since εt is white noise, it is sufficient to con-

sider (32) as the only state equation of the Kalman filter and use (33) as measurement equa-

tion. Only the policy loadings on the realized components of the output target are relevant for

the Kalman filter and neither f̄τ nor f̄λ.

A key role in the public’s signal extraction is played by the ratio of policy loadings fε/fτ . This

“mixing ratio” determines how much a policy innovation reveals about τt instead of εt. Under

commitment, this mixing ratio is consciously chosen by the policymaker. It allows the policy-

maker to change the signal-to-noise ratio in the public’s signal extraction problem. A discretion

policymaker disregards the systematic effects of his choices on the Kalman filter.

As discussed in Section 3, there are only NU × (NX −NZ) free coefficients in the innovation

part of the commitment problem. In this model, with NU = NZ = 1 and NX = 2, this leaves only

one degree of freedom, corresponding to the choice of the mixing ratio.

There is a neat geometric representation for the role of fε/fτ : Figure 1 depicts the two-

dimensional space of innovations in this model,25 spanned by the orthonormal innovations τ̃t/
√

Στ

and εt/σε.26 Policy innovations span the subspace of what is observable to the public

x̃t = fτ τ̃t + fεεt

24Discretion policies do not respond to the lagged Lagrange multiplier λt−1|t−1, which can be thought of as f̄λ = 0
here.

25Formally, this is a two-dimensional Hilbert space with inner product defined by the (full information) expecta-
tions operator E(·). Hilbert space analysis is for example used by Hansen and Richard (1987) to study the role of
information sets for asset pricing restrictions.

26Since εt is iid we have εt = ε̃t.
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Figure 1: Innovation Space
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Note: Projections εt|t are constrained in the subspace spanned by x̃t (dotted line) and projection
errors ε̃t − ε̃t|t are perpendicular to this line. The same holds for projections τ̃t|t.

which is just a line in the plane spanned representing the innovation space. Projected innovations

ṽt|t of any variable vt lie on this line. Projection errors vt − vt|t are perpendicular to it.

It is easy to see how projections τ̃t|t converge to the actual innovations τ̃t as the line flattens,

when the mixing ratio approaches zero.27 (In this case, the innovations τt would also converge

to the actual shocks ηt.) The opposite happens when the mixing ratio gets very large: Nothing is

revealed about the persistent component of the target.

Graphically, Regression R2 between target and policy innovations are measured by the distance

between the x̃t-space and the axes representing the basis innovations τ̃t and εt. The regression R2

for projecting εt is increasing in the mixing ratio fε/fτ and vice versa for τ̃t. Analytically, the

27The slope of the subspace of observables is equal to (fε/fτ · σε/
√

Σt). For a fixed innovation variance Στ ,
changes in the mixing ratio carry over 1:1 to changes in the slope. This conjectures also holds when considering the
effects of the mixing ratio on the innovation variance Στ . Application of the implicit function theorem to (34) yields
∂Στ

∂σ̄2 > 0 The rest follows from the definition of σ̄2.
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regression R2 are given by

R2
ε ≡

Var ε̃t|t

Var ε̃t

= 1− Στ

Στ + σ̄2
= 1−R2

τ

where Var (τ̃t) ≡ Στ = σ2
η + ρ2 σ̄2 Στ

Στ + σ̄2
=

σ2
η

1− ρ2 σ̄2

Στ+σ̄2

and σ̄2 ≡ f 2
ε

f 2
τ

σ2
ε (34)

The solution of the Riccati equation (34) for Στ is bounded between σ2
η and the AR(1) variance

of τt.28 The more persistent τt the more exceeds its innovation variance Στ the scale of its structural

shocks, σ2
η .

Expectations are rational. If policy is bold with respect to the persistent target (fτ → 1), the

public will be more responsive to policy innovations when updating its belief τt|t. Kτ increases

with fτ (holding fε fixed) and vice versa for Kε. The optimal projection coefficients are

Kτ =
1

fτ

Στ

Στ + σ̄2
and Kε =

1

fε

σ̄2

Στ + σ̄2
(35)

5.3. Optimal Policy Outcomes

This section compares optimal policies under commitment and discretion. Calibration values

are taken from Gali (2003) with equally weighted policy preferences (αx = 1) and equal-probable

shocks to the target components (ση = σε = 1), see Table 1. Given the limited range of shocks

considered, the calibration is not designed to match the level of fluctuations in inflation and activity

observed in the data.

5.3.1. Commitment

Figure 2 documents impulse responses under commitment. A striking result is that the policy-

maker actually overshoots in his policy response to the transitory target, fε > 1. Compared to full

information, this is surprising, since in this setting the impact coefficients are naturally bounded be-

tween zero and one. The output term in the loss function penalizes overshooting the target as much

28The fixed point of the Riccati equation is unique and stable. The slope of σ2
η + ρ2 σ̄2 Στ/(Στ + σ̄2) with respect

to Στ equals
(
ρσ̄2/(Στ + σ̄2)

)′2
and is everywhere below one for |ρ| < 1.
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Table 1: Calibration of New Keynesian Model

Private Sector Parameters

β 0.99 Time preference
σ 1.00 Risk Aversion / Inverse EIS
θ 0.75 Calvo Probability of not repricing
κ 0.1717 Slope of Phillips Curve: κ = (1− θ) · (1− β · θ)/θ · (σ + φ)
φ 1.00 Inverse Frisch Labor Elasticity (used for κ)

Policy Preferences

αx 1.00 Relative weight on output stabilization is αx/(1 + αx)

Driving Processes

σε 1.00 Volatility of iid target component (x̄t = τt + εt with εt ∼ N(0, σ2
ε))

ρ 0.90 Persistence of target component τt+1 = ρτt + ηt+1

ση 1.00 ηt ∼ N(0, σ2
η)

σx̄ 1.00 Total volatility of output target used for sensitivity analysis. σx̄ ≡ σ2
ε + σ2

τ/(1− ρ2)

Notes: Private-sector parameters taken from Gali (2003)’s calibration to quarterly U.S. data. Innovation variances are
each normalized to unity and not intended to match the scale of any second moments.

as undershooting it, and the inflation term unambiguously penalizes the extra inflation resulting

from overshooting.

Under imperfect information, an impact coefficient on the iid target larger than one is however

rational. Overreacting to iid shocks decreases the public’s signal to noise ratio and lowers the

reaction of inflation expectation to either shock, since the public places less odds on a given output

innovation being persistent.

This effect is fairly persuasive as can be seen from a sensitivity analysis of optimal policy

to changes in the policy parameters. Policy trade-offs are particularly affected by two parameters:

The relative variance of transitory to persistent target shocks and the preference weight αx.29 When

varying the latter, the overall variance of the output target will be fixed at a given level σ2
x̄. Denoting

the weight on τt by ω ∈ [0; 1] this translates into

σ2
ε = (1− ω)σ2

x̄ and σ2
η = ω(1− ρ2)σ2

x̄

29Increases in the slope of the Phillips Curve, κ, affect policy trade-offs similarly to decreases in αx This can be
seen from rewriting the loss function in terms of a normalized inflation rate as Lt = κ2π̄2

t + αx(xt − x̄t)2, where
π̄t =

∑∞
j=0 βjxt+j|t.
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Figure 2: Optimal Commitment in the Simple Model

Note: Impulse responses of output gap (xt) and inflation (πt) under hidden (straight lines) and full information
(dashed) to unit standard deviation shocks τt and εt.

Figure 3 documents changes in the policy coefficients fτ and fε due to variations in ω and αx.

The corresponding values of f̄τ and f̄ε under symmetric information are shown as well. Because

of certainty equivalence, their surfaces are flat along the ω-axis.

The sensitivity analysis shows how innovation policy seeks to systematically lower the signal-

to-noise ratio in the public’s signal extraction problem. Panel (a) of Figure 3 shows how fτ is

generally smaller than f̄τ over a wide range of calibrations. The policymaker needs to scale back

his pursuit of the persistent target, in order to lower the average persistence of a policy shock. In

addition, he increases his response to the iid target fε. He even commits to overshoot this target

for calibrations where variations in the persistent target are large (ω → 1, see Panel (b)). In doing
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so, he counteracts the otherwise large weight used by the public in updating τt|t in response to

observing an innovation in the output gap.

By lowering inflation expectations, these effects lower realized inflation considerably, as can be

seen in the case of the baseline calibration shown in Figure 2. When computing the unconditionally

expected policy loss EVt, the benefits of lower inflation significantly outweigh larger target misses.

In the absence of analytical solutions, the generality of this result for a wider range of calibrations

can only be verified numerically. Panel (a) of Figure 4 shows that policy losses are indeed reduced

over a wide range of values for αx and ω. A similar results will hold under the discretion policies

discussed below, see Panel (b).

As an alternative measure one could also evaluate these policies under a loss function which

seeks to minimize and inflation and output gaps. LR
t = π2

t + αxx
2
t In a similar setting with

unobserved policy targets, Faust and Svensson (2001) use such a measure of “representative” or

“welfare” losses.

Strikingly, under this measure the commitment policy fares worse when comparing hidden and

full information. The overshooting of policy (fε) has benefits for inflation which are worthwhile

when weighed against the goal of reaching the output target x̄t, but they are too small compared to a

“representative” output target of zero. Under commitment, there is thus a tension in evaluating the

benefits of hidden information when the policymaker’s loss function should not be representative.

This will be different under discretion, where policy losses largely stem from decreasing both fτ

and fε under hidden information, such that policy losses carry over to “welfare” losses.

5.3.2. Discretion

Under discretion there is a one-to-one correspondence between the public’s prior beliefs of the

hidden state and the public’s inflation expectations in this simple model:

πt|t−1 =
κ

1− βρ
(fτ + fb) τt|t−1
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The policy response to τt|t−1 is synonymous with counterbalancing inflation expectations formed

by the public in the past. This response is negative as optimal policy seeks to quell past beliefs. This

can be seen from the impulse response shown in Figure 5. The first two columns show responses

to shocks in τt and εt.

The third column documents responses to initial conditions τt = 0, εt = 0, τt|t−1 = 1. This cor-

responds to a situation where the policymaker is faced with erroneous beliefs about his inflationary

output preferences. The optimal response to this initial condition is a prolonged contraction until

beliefs and outcomes have settled back in steady state after about four periods. Given that the New

Keynesian model generally lacks endogenous persistence, the length of this learning process is a

remarkable outcome echoing the results of Erceg and Levin (2003).

The effect of fighting past beliefs is also present in the other impulse responses. When the true

target shock is iid, this leads to a contractionary policy one period after the shock. This pattern is

similar (though not fully identical) to commitment policies under full information. In both cases,

a credible promise to undo expansionary shocks in the future lowers inflation expectations; similar

to the disciplinary channel emphasized by Walsh (2000), Faust and Svensson (2001) and Gaspar

et al. (2006).

The other lever of policy is the mixing ratio which is higher compared to the full information

case.30 Under hidden information, policy is less bold in its pursuit of persistent output targets. This

lowers the signal-to-noise ratio in the public’s signal extraction problem and the public (correctly)

places a lower probability on a policy innovation x̃t being caused by a persistent target shock.

However, these effects are only a by-product of period-by-period policy choices treating the

public’s Kalman filter as a given and ignoring the equilibrium effects of policy on the belief system.

Compared to the commitment case, the discretionary policy coefficients fτ and fε do not exceed

unity. Absent the kind of systematic considerations made by the policymaker under commitment,

it is not appealing for the discretionary policymaker to overshoot a target, like εt, as it is done under

commitment. This underscores also the time-inconsistency of the optimal innovation policy under

30For the baseline calibration, the mixing ratio is 1.2340 under symmetric information and 1.2866 under hidden
information.
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commitment. An overshooting of policy to the iid target might overall be beneficial as it lowers

the sensitivity of beliefs about the persistent target to innovations in policy. But for a given belief

system of the public, overshooting merely leads to extra inflation without any direct benefits.

Under discretion, both policy coefficients fτ and fε are mostly smaller when comparing hidden

against full information.31 The main reason is the public’s inability to distinguish between real-

izations in the two target components, leading them to expect some persistence in output gaps and

thus inflation in response to any output innovation. (A more nuanced discussion can be found in

Mertens (2009).) Scaling back the pursuit of output targets under discretion vastly reduces infla-

tion and leads to better policy losses under hidden information as shown in Panel (b) of Figure 4.

Since this result is mostly achieved by producing lower output gaps, this result also carries over to

the measure of “welfare” losses discussed above.

Under perfect information, discretion policies are myopic in this model, since the only state

variables are exogenous. Managing beliefs adds history dependence to policies and removes a

good part of the losses incurred under discretion as opposed to commitment. This is quantified in

Panel (d) of Figure 4. Denoting the difference in losses between discretion and commitment under

full information by
(
E(V D,F )− E(V C,F )

)
, the figure plots its ratio against the corresponding dif-

ference in losses incurred under hidden information. For the wide range of calibrations considered

here, this ration is generally larger than one, implying larger gains from commitment when there is

full information. In particular, when the shocks to the output target are mostly persistent (ω → 1)

and when there is a large weight αx on attaining the output target, the gains from commitment

under full information can be up to eight times the corresponding gains under hidden information.

To the extent that imperfect information might be a more plausible condition of actual poli-

cymaking, this suggests that the disadvantages from a lack of commitment might be smaller than

what would be suggested by an analysis based on the assumption of perfect information.

31The discretion solution under full information can be computed here analogously to Clarida et al. (1999) as

xt =
αx(1− βρ)

κ2 + αx(1− βρ)
x̄t ≡ f̄ x̄t and πt =

κ

1− βρ
f̄ x̄t (36)

The general case for linear quadratic models is described by Söderlind (1999) and Svensson (2007).
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6. RELATED LITERATURE

Asymmetric information is such a pertinent issue in policymaking, that there is a wide body

of related literature. General surveys can be found in Rogoff (1989), Walsh (2003, Chapter 8) and

Persson and Tabellini (2000, Chapter 15). The literature can roughly be classified by answering

the following questions: Who learns about what and how? Are policy decisions based on explicit

optimization problems or merely represented by a fixed rule? In this paper, the public faces hidden

information and policy is optimal. The tractability of the solution stems from the unobservable

states following smooth, Gaussian processes as opposed to regime switches. A particular nov-

elty is the solution of the commitment problem, which explicitly accounts for the policymaker’s

systematic manipulation of the public’s information set.

Discrete regime switches are attractive for modeling central bank “types” like weak/soft or

commitment/discretion as in Backus and Driffill (1985), Cukierman and Liviatan (1991), Ball

(1995), Walsh (2000) and King et al. (2008). Unobserved regime switches lead to important non-

linearities in the public’s inference problem, which complicate the constraints in an optimal policy

problem considerably. The aforementioned literature has correspondingly focused on very small

state spaces and/or finite horizon problems, since unobserved regimes switches are hard to incor-

porate into the kind of general dynamic settings commonly used for policy analysis. Svensson and

Williams (2006) discuss the resulting difficulties in more detail.

Learning about regime-switches does not pose such problem when it is the central bank who

learns about economic conditions as in Sargent (1999). This is because of the strategic behavior

of the policymaker when facing agents learning about, respectively from, him as opposed to the

non-strategic behavior of atomistic private agents.

Svensson and Woodford 2003a; 2004, Aoki (2006) study optimal policy with an imperfectly

informed central bank in linear quadratic settings similar to mine. A convenient feature of this

approach is that the public’s “learning” reduces to a time-invariant signal extraction problem. This

is different from the kind of evolutionary belief system studied in the learning literature represented

for example by Evans and Honkapohja (2001). Adaptive learning leads to interesting dynamics
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where past data drives changes in regression coefficients, but is so far hard to capture in optimal

policy problem. For fixed policy rules, the issue is analyzed by Orphanides and Williams 2005;

2006. An exception is the work of Gaspar et al. (2006) who endow the public with a time-varying,

adaptive learning rule. They derive a Markov-perfect policy with history dependence induced

similarly as here via the reaction to people’s beliefs. Their policies generate data with low inflation

persistence to influence people’s constant gain learning. Thanks to the lower complexity of the

inference problem adopted here, their results can be corroborated in a very transparent way.

Papers closest to the simple model illustrated studied in Section 5 are Cukierman and Meltzer

(1986) and Faust and Svensson 2001; 2002. However, these paper consider only discretion equi-

libria.32 This paper shares with them the linear framework and the Kalman filtering of the public.

What is new about the discretionary policies described in Section 4 is the capability of handling

various models with endogenous state variables as illustrated in a companion paper (Mertens,

2009).

7. CONCLUSIONS

This paper analyzes optimal policies of a policymaker who is better informed than the public

about the realization of structural shocks. General solution methods are presented under discretion

and commitment for a general class of linear quadratic models. A key result is the emergence of

public beliefs as endogenous state variable. Novel compared to previous work is the systematic

manipulation of public information under commitment.

The methods are illustrated with a very simple New Keynesian model, where optimal policy de-

livers better outcomes under hidden information than under full information. Given the emergence

of beliefs as a backward looking state variable, this result might not be surprising for discretion,

which would otherwise be fraught by myopic behavior. Particularly interesting is how this result

extends to the commitment setting.

32Faust and Svensson 2001; 2002 also consider “commitments”, but these pertain only to a policymaker’s choice of
noise variance. These do not account for his systematic influence on public information as it is done here.
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Signal extraction dampens the people’s response to news towards their unconditional, average

expectation about the persistence of a shock. In the simple model analyzed here, this leads to

inflation rates which are either too high or too low compared to their full information levels. But

for the purpose of reducing price dispersion, it is preferable if inflation reactions do not oscillate

between the extremes of observing whether an expansion will be persistent or transitory for sure.

This channel of “cross-shock smoothing” appears new and interesting. In the present model,

expectational effects are only relevant for price setting, without feedback for example to invest-

ment. In a larger model, interesting trade-offs should emerge, leading to more nuanced results

about the benefits of transparency in policymaking.

An important extension for future research would be to embed the methods presented here into

a setting of mutually imperfect information, where neither policymaker nor public can observe the

true state. Realistically, this will require to drop the assumption of a homogeneously informed

public. In order to provide better microfoundations to the policy problem, it would also be impor-

tant to restate the linear quadratic equations used here as approximate equilibrium conditions to a

non-linear model.
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TECHNICAL APPENDIX i

A. KALMAN FILTER

Both under commitment and discretion, policy innovations have the form

Ũt = FxX̃t (19)

Together with with (1) and (2), this yields the following innovations representation of state and

measurement equations

X̃t+1 = (Axx + BxFx)︸ ︷︷ ︸
≡A

(Xt −Xt|t) + Dwt+1

Z̃t = (Cx + CuFx)︸ ︷︷ ︸
≡C

X̃t

and beliefs evolve as Xt|t = Xt|t−1 + KxZ̃t, with Kalman gain Kx = Cov (Xt, Z̃t) Var (Z̃t)
−1

.

For any variable vt, innovations are defined as surprises relative to the public information set,

ṽt = vt − vt|t−1. The Kalman gain is identical to the coefficients of a least squares projection

of Xt on Z̃t. The presence of private sector controls Yt|t and predetermined variables Xt|t−1 in

the transition equation for Xt does not affect the Kalman gain which depends only on the policy

coefficients Fx, via which policy reacts to X̃t.

The optimal Kalman gain is Kx = ΣC ′ (C ΣC ′)−1 where Σ solves the Riccati equation Σ =

AΣA′ + DD′ − AΣC ′ (CΣC ′)−1 CΣA′. The Kalman filter also implies that the policymaker can

forecast future innovations using EtX̃t+1 = (Axx + BxFx)(I −KxC)X̃t.33

The above assumes that the Nz×Nx matrix C has full row rank. (Recall that Nz < Nw ≤ Nx.)

In principle (and also in practice) it can happen that C is collinear for some Fx. Numerically it

is already critical if C is nearly collinear. This corresponds to situations when there are multiple

observables which are (almost) perfectly correlated such that Var Z̃t = CΣC ′ is ill-conditioned.

Economically, this means that a candidate policy Fx tries to mimic other signals in Zt. In these

33These are closed-loop dynamics for the policy rule given in (19). Equation (48) in Section B.2 below describes
the open-loop dynamics of X̃t.



TECHNICAL APPENDIX ii

cases, the Kalman filter can be implemented by pruning the redundancies in the set of observable

variables via a singular value decomposition of C.

B. THE SADDLEPOINT PROBLEM UNDER COMMITMENT

This appendix derives the first-order conditions of the saddlepoint problem under commitment,

discussed in Section 3. With LMM
t ≡ Lt + β−1λt−1|t−1A

1
yyYt|t−1, the Bellman equation is

V MM
t = min

Ut,Xt+1,Yt|t,Zt

max
µt+1,λt|t,ζt

LMM
t + βEtV

MM
t+1 (12)

+βµ′t+1

[
Xt+1 − AxxXt − AxyYt|t −BxUt −Dwt+1

]
−λ′t|t

[
AyyYt|t + AyxXt|t + ByUt|t

]
+ζ ′t [Zt − CxXt − CuUt]

Since the problem is linear-quadratic, the value function is linear-quadratic as well

V MM
t = S ′

tV St + v (37)

with state vector

St =


X̃t

Xt|t−1

λt−1|t−1


and a conformably partitioned value matrix

V =


Ṽxx . . . . . .

... V̄xx V̄xλ

... V̄ ′
xλ V̄λλ





TECHNICAL APPENDIX iii

Together with the constraints (1)-(3), the first-order conditions for the saddlepoint problem are

Xt+1 : ṼxxEtX̃t+1 + V̄xxXt+1|t + V̄xλλt|t + Etµt+1 = 0 (38)

Yt|t : QyyYt|t + Q′
xyXt|t + NyUt|t + β−1A1

yyλt−1|t−1 − βA′
xyµt+1|t − Ayyλt|t = 0 (39)

Ut : N ′
yYt|t + N ′

xXt + RUt − βB′
xEtµt+1 −B′

yλt|t − Cuζt = 0 (40)

Zt : ΩµEtµ̃t+1 + Ωx(Xt −Xt|t) + Ωu(Ut − Ut|t)− βΩxxEtX̃t+1 = ζt (41)

where the coefficients of the measurement FOC (41) are

Ωµ = βK ′
yA

′
xy Ωx = K ′

λAyx −K ′
yQ

′
xy

Ωu = K ′
λBy −K ′

yN
′
y Ωxx = K ′

xx(V̄xx − Ṽxx) + K ′
λV̄

′
xλ

They depend on the yet to be determined Kalman gains

Ky = Cov (Yt|t, Z̃t) Var (Z̃t)
−1

Kµ = Cov (µt+1, Z̃t) Var (Z̃t)
−1

Kλ = Cov (λt|t, Z̃t) Var (Z̃t)
−1

Kxx = Cov (Xt+1, Z̃t) Var (Z̃t)
−1

Details on the functional derivatives involved in differentiating terms involving the public infor-

mation set, like Xt|t, are described below in Section B.3.

Proposition 3 is easily verified by conditioning down (41) onto Zt and noting that ṽt+1|t = 0

for any variable vt.

B.1. Public Information Policy

The public information policy described in Proposition 2 is obtained by conditioning down

the system of first order conditions (38)-(41) onto the public information set Zt. The measure-

ment FOC (41) drops from the system. As a corollary of Proposition 3, all variables in (41) are
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orthogonal to Zt. The remaining system yields

0 = QxxXt+1|t + QxyYt+1|t + NxUt+1|t + µt+1|t (42)

0 = QyyYt|t + Q′
xyXt|t + NyUt|t + β−1A1

yyλt−1|t−1 − βA′
xyµt+1|t − Ayyλt|t (43)

0 = N ′
yYt|t + N ′

xXt|t + RUt|t − βB′
xµt+1|t −B′

yλt|t (44)

Xt+1|t = AxxXt|t + AxyYt|t + BxUt|t (45)

Equation (42) is obtained from substituting the envelope theorem into (38), and (45) forms

public expectations of future backward looking variables according to (1). Since the public sector

choices are constrained to lie in the public information set, the associated first-order condition lies

already in Zt and (43) is identical to (39). Apart from the projection of all variables onto Zt, this

system is identical to the FOC of the commitment problem under full and symmetric information

described in Section C. The solution has the form shown in Proposition 2, and the coefficients are

certainty equivalent and identical to the full information problem.

B.2. Innovation Policy

Public information policy solves the projection of first-order conditions (38)-(41) as well as

the constraints (1)-(3) onto Zt. Innovation policy solves the remainder which lies in the part of wt

orthogonal to Zt:

0 = ṼxxEtX̃t+1 + Etµ̃t+1 (46)

0 = N ′
x(Xt −Xt|t) + R(Ut − Ut|t)− βB′

xEtµ̃t+1 − Cuζt (47)

ζt = ΩµEtµ̃t+1 + Ωx(Xt −Xt|t) + Ωu(Ut − Ut|t)− βΩxxEtX̃t+1 (41)

EtX̃t+1 = Axx(Xt −Xt|t) + Bx(Ut − Ut|t) (48)

Notice how the forward looking constraint (3) and the associated first-order condition (39) have

dropped from the problem since they lie completely in Zt. Similarly, the third equation reproduces
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the original first-order condition for Zt which is completely orthogonal to Zt (Proposition 3). The

last equation projects the transition equation (1) off Zt.

This system can be transformed into

0 = Φx(Xt −Xt|t) + Φu(Ut − Ut|t)

with Φx = N ′
x + βB′

xṼxxAxx − C ′
uΨx

Φu = R + βB′
xṼxxBx − C ′

uΨu

and where Ψx and Ψu are the coefficients in

ζt = Ψx(Xt −Xt|t) + Ψu(Ut − Ut|t)

with Ψx = Ωx − βΨxxAxx = K ′
λAyx −K ′

yQ
′
xy − βΨxxAxx

Ψu = Ωu − βΨxxBx = K ′
λBy −K ′

yN
′
y − βΨxxBx

Ψxx = Ωxx + Ωµ = K ′
xx(V̄xx − Ṽxx) + K ′

λV̄
′
xλ + K ′

yA
′
xyṼxx

Together with the Kalman Filter X̃t|t = KxZ̃t, Ũt|t = F̄xKxZ̃t, and measurement innovations

Z̃t = CxX̃t + CuŨt this can be solved for

ΦxX̃t + ΦuŨt = (Φx + ΦuF̄x)KxZ̃t = ΦZZ̃t

Ũt = − (Φu − ΦzCu)
−1 (Φx − ΦzCx) X̃t = FxX̃t (21)

The coefficients in (19) depend on the Kalman gain Kx and the value matrix Ṽxx which in

turn depend on the optimal policy Fx. The solution seeks for a fixed point mapping Fx in itself.

A convenient and intuitive algorithm for doing this is the policy improvement algorithm which is

described in Section E.
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B.3. Differentiating Conditional Expectations

This section shows how to differentiate terms involving projections onto the public information

set. The usage of functional derivatives follows Aoki (2006) and the related discussion in Svensson

and Woodford (2003b). Aoki’s presentation is extended here to a multivariate case.

Considering an expression like X ′
t Qxy Yt|t, care needs to be taken when perturbing either the

variables to be projected, Yt, or the measurement variables Zt, which define the space onto which

Yt is projected. This appendix considers both cases and derives the following expressions, which

correspond to (10) and (11) of Section 3.

∂

∂Y

(
X ′

t Qxy Yt|t
)

= Q′
xy Xt|t

∂

∂Z

(
X ′

t Qxy Yt|t
)

= K ′
y Q′

xy (Xt −Xt|t) + K ′
x Qxy (Yt − Yt|t)︸ ︷︷ ︸

=0

where Kx and Ky are the Kalman gains involved in projecting Xt, respectively Yt, onto the public

information set.34. Similar expressions hold for other terms in (37) involving expectations condi-

tional on Zt.35

B.3.1. Probability Space

Formally, Xt = X(wt), Yt|t = Y (Zt) and Zt = Z(wt) are functions of the realized history

wt of stochastic events. A functional derivative considers the effects of state-by-state perturbation

of these functions on terms like X ′
t QxyYt|t. Think of perturbing a simple product of two scalars,

say a(wt)b(wt) by changing a(wt) in one particular state denoted w̄t. The marginal effect is b(w̄t).

Summarizing this results over all states, one usually denotes the marginal effect by bt. A functional

derivatives does the same while explicitly accounting for the underlying probability space, which

matters, once one differentiates inside a conditional expectations.

First, we the underlying probability space needs to be considered. Let Ht be the set of all possi-

34As in (4) this means Ky = Cov (Yt, Z̃t) Var (Z̃t)
−1

and Kx = Cov (Xt, Z̃t) Var (Z̃t)
−1

.
35A particular property of the two examples given here is that Yt = Yt|t. The derivatives hold however also in the

general case where none of the variables lies in Zt. Such a situation could occur if for example projections Xt|t would
directly enter the loss function (8) or the transition equation (1).



TECHNICAL APPENDIX vii

ble histories wt up and until time t. There is an exogenously given probability density defined over

Ht and denoted f(wt) with cumulative density F (wt) and differential dF (wt).36 The unconditional

expectation of a random function like X(wt) is then the integral E xt =
∫

Ht
x(wt)dF (wt).

A conditional expectations like Xt|t can be represented as the unconditional expectation of the

product between Xt and a stochastic projection kernel κ(·)

E
[
Xt|Z(wt) = Z(w̄t)

]
= E

[
κ(Z(wt), Z(w̄t)) Xt

]
where Z(w̄t) denotes the particular realization of the measurement vector on which Xt|t is to be

conditioned. An important property of the projection kernel for multivariate Normal variables is

its symmetry: κ(Z(wt), Z(w̄t)) = Z(wt)′ Var (Z(wt))
−1

Z(w̄t) which will be important below.

B.3.2. Definition of Functional Derivative

The functional derivative of a functional g(X(wt)) is defined as

∂g

∂X
≡ ∂E(g(X(wt)))

∂X
=

∂

∂X

∫
Ht

g(X(wt); wt)dF (wt)

Defining the derivative as differentiating the expectation of the functional, means that the state-by-

state derivatives are normalized by their density. For example, let g be the above discussed product,

atbt = g(at, bt). As expected, the functional derivative yields

∂g

∂a
=

∂

∂a

∫
Ht

a(wt)b(wt)dF (wt) = b(wt) = bt

36Since the histories follow Markov processes we also have f(wt|wt−1) = f(wt)/f(wt−1).
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B.3.3. Derivative with respect to Yt – Equation (10)

Applying the functional derivative to (10) works as follows:

∂

∂Y

(
X ′

t QxyYt|t
)

=
∂

∂Y

∫
Ht

X(wt)′ Qxy

{∫
Ht

κ(Z̄t, Zt) Y (w̄t)

}
︸ ︷︷ ︸

Yt|t

dF (wt)

= Q′
xy

∫
Ht

X(wt)κ(Z̄t, Zt)dF (wt)

= Q′
xy Xt|t

where Z̄t denotes a particular realization of the history of public information consistent with a

particular history of exogenous events, w̄t.

B.3.4. Derivative with respect to Zt – Equation (11)

Differentiating Xt Qxy Yt|t with respect to the vector of measurement variables involves the

expectation

E
(
X ′

t QxyYt|t
)

= tr
(
A2

xx E
(
Yt|tX

′
t

))
(49)

(tr is the trace operator.) Substituting the Kalman filter (4) yields

E
(
Yt|t X

′
t

)
= Ky E

(
(Zt − Zt|t−1) X ′

t

)
+ terms independent of Zt

= KyΣZK ′
x + terms independent of Zt

where the Kalman Gains are defined above and ΣZ = Var (Zt − Zt|t−1).

Differentiating the matrix product KyΣZK ′
x with respect to the vector Zt, is easier conducted

using differentials, dZ(Kx), dZ(Ky) and dZ(ΣZ) (all understood with respect to perturbations in

Zt, denoted dZ(Zt)), than with Jacobian matrices. Since differentials have the same size as the

original matrices, matrix manipulations can be carried out in the usual manner.37 The Identification

Theorem of Magnus and Neudecker (1988, Chapters 5 & 9) assures the identification of Jacobians

37Kx is an Nx×NZ matrix. Its Jacobian with respect to Zt is a (Nx ·NZ)×NZ matrix, see Magnus and Neudecker
(1988, p. 170ff).
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from differentials. This is particularly convenient when differentiating a scalar function of a vector,

so the Jacobian one ultimately cares about is actually a vector.

The conventional product rule of differentiation can be extended to matrix differentiation (Mag-

nus and Neudecker, 1988, Chapter 9):

dZ(KyΣZK ′
y) = dZ(Ky) ΣZ K ′

x + Ky dZ(ΣZ) K ′
x + Ky ΣZ dZ(K ′

x)

and the functional differentiation gives

dZ(ΣZ) = dZ(Zt)Z̃
′
t + Z̃tdZ(Zt)

′

dZ(Kx) =
[
X̃t dZ(Zt)

′ −KxdZ(ΣZ)
]
Σ−1

Z

dZ(Ky) =
[
Ỹt dZ(Zt)

′ −KydZ(ΣZ)
]
Σ−1

Z

⇒ dZ(KyΣZK ′
x) = (Ỹt −KyZ̃t) dZ(Zt)

′ K ′
x + KydZ(Zt) (X̃t −KxZ̃t)

′

= (Yt − Yt|t) dZ(Zt)
′ K ′

x + KydZ(Zt) (Xt −Xt|t)
′

The result in (11) follows from the identification dZ(g(Zt)) = tr (A dZ(Zt)) ⇒ ∂g
∂Z

= A′, for

some matrix A (Magnus and Neudecker, 1988, Chapter 9).

C. COMMITMENT UNDER SYMMETRIC INFORMATION

When public and policymaker can both observe the full information set, wt, their expectations

coincide for every variable vt, vt+1|t = Etvt+1. The commitment problem solves the following

Lagrangian

L = Et0

∞∑
t=0

{
βtLt + βt+1µ′t+1 [Xt+1 − AxxXt − AxyYt −BxUt −Dwt+1] (50)

+βtλ′t
[
A1

yyEtYt+1 − AyyYt − AyxXt −ByUt

]}
(51)
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The FOC to (50) lead to a system of expectational difference equations which is identical to the

problem of public information policy (42)-(44), except for the information set used in forming

expectations.

0 = QxxEtXt+1 + QxyEtYt+1 + NxEtUt+1 + Etµt+1 (52)

0 = QyyYt + Q′
xyXt + NyUt + β−1A1

yyλt−1 − βA′
xyEtµt+1 − Ayyλt (53)

0 = N ′
yYt + N ′

xXt + RUt − βB′
xEtµt+1 −B′

yλt (54)

EtXt+1 = AxxXt + AxyYt + BxUt (55)

The system can be solved using the methods of King and Watson (1998) or Klein (2000). The

solution has the form

Ut = F̄xXt + F̄λλt−1

Yt = ḠxXt + Ḡλλt−1

λt = H̄xXt + H̄λλt−1

In particular, the coefficients F̄x, F̄λ, H̄x and H̄λ are certainty equivalent. They do not depend on

the shock loadings D in (1), nor on the information set used in forming expectations. They also

solve the public information problem described in Proposition 2.

Equivalently, the symmetric information problem can be solved with a recursive representa-

tion analogous to (12). This involves a Riccati equation associated with the linear quadratic value

function, see for example Svensson (2007). As a corollary of Proposition 2, it is straightforward to

show that the matrices V̄xx, V̄xλ, V̄λλ of the value function (37) are identical to the corresponding

submatrices of the recursive saddlepoint problem under full information. This will be compu-

tationally convenient when iterating over the fixed-point problem associated with the innovation

policy under imperfect information described in Appendix E.
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D. REGULATOR FOR DISCRETION PROBLEM

To set up the linear regulator problem shown in (25) and (26), the temporary equilibrium (23)

and the Kalman filter (4) can be used to substitute Yt|t out of the loss function (8) and the transition

equation (1) for Xt. The Kalman filter yields the transition equation for Xt|t−1.

The derivation proceeds by using the temporary equilibrium (23) and the Kalman filter (4) to

substitute Yt|t out of the loss function (8) and transition equation (1) for Xt. The Kalman filter also

yields the transition equation for Xt|t−1. The Kalman filter also depends on a prior belief about

observables Zt|t−1 = CxXt|t−1 + CuUt|t−1 and thus on a prior belief on policy. To simplify the

regulator, it is assumed that this belief is consistent with the candidate policy F 0 from (24) (as it

will be in equilibrium), such that

Zt|t−1 = (Cx + Cu(F
0
x + F 0

b ))︸ ︷︷ ︸
Ĉ

Xt|t−1

The Kalman update can be written as

Xt|t = KxCxXt + (I −KĈ)Xt|t−1 + KxCuUt

Together with the temporary equilibrium (23) this yields

Yt|t = Γ0
xXt + Γ̂0

xXt|t−1 + Γ0
uUt

with Γ0
x = (G0

x + G0
uF

0
x )KxCx

Γ̂0
x = (G0

x + G0
uF

0
x )(I −KĈ) + G0

uF
0
b

Γ0
u = (G0

x + G0
uF

0
x )KxCu
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D.1. Loss Function

The loss function (8) can be rewritten in terms of the regulator’s states and control using


Xt

Yt|t

Ut

 =


I 0 0

Γ0
x Γ̂0

x Γ0
u

0 0 I


︸ ︷︷ ︸

H0


Xt

Xt|t−1

Ut



such that

Lt =


Xt

Yt|t

Ut


′

Q


Xt

Yt|t

Ut

 =

St

Ut


′

H0′QH0

St

Ut


= S ′

tQ
0St + 2S ′

tN
0Ut + U ′

tR
0Ut

where Q0, N0 and R0 conformably partition the above quadratic form as:

H0′QH0 =

 Q0 N0

N0′ R0



D.2. State Transition

Likewise, the state transitions for Xt and Xt|t−1 can be derived as

Xt+1 = (Axx + AxyΓ
0
x)Xt + AxyΓ̂

0
xXt|t−1 + (AxyΓ

0
u + Bx)Ut + Dwt+1

Xt+1|t = A0
xxKxCxXt +

(
A0

xx(I −KĈ) + (AxyG
0
u + Bx)F

0
b

)
Xt|t−1 + A0

xxKxCuUt

where A0
xx = Axx + Axy(G

0
x + G0

uF
0
x ) + BxF

0
x
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The matrices A0, B0 and D in (26) are thus given by:

A0 =

(Axx + AxyΓ
0
x) AxyΓ̂

0
x

A0
xxKxCx

(
A0

xx(I −KĈ) + (AxyG
0
u + By)F

0
b

)


B0 =

AxyΓ
0
u + Bx

A0
xxKxCu

 and D =

D

0



E. POLICY IMPROVEMENT ALGORITHM

Equilibria under commitment and discretion are fixed points of public beliefs and policy ac-

tions. An intuitive and efficient way to compute this fixed point is the policy improvement al-

gorithm. It is efficient, since policy improvement methods converge faster than value function

iterations (Whittle, 1996; Bertsekas, 2005).38 It is intuitive, since the algorithm seeks for devia-

tions from a candidate equilibrium. Non-existence of such a deviation is the defining property of

equilibrium.

Formally, the algorithm starts with a candidate policy F 0—and under discretion with beliefs

G0—and computes the Kalman gain K0
x and continuation value V 0 associated with continuing

this policy forever.39 Section E.2 describes how to compute continuation values for given policy

functions in detail.

Under discretion, the solution (27) to the regulator (25) yields the optimal one-period deviation.

As long as F 0 6= F ∗ and G∗ 6= G0 there is no equilibrium. In this case, a new iteration starts using

(F ∗, G∗) as new candidate policies.

Under commitment, equation (21) provides the optimal innovation policy which must be con-

sistent with the Kalman filter and continuation value assumed when formulating the first order

conditions (46)-(48). The certainty equivalence of the public information policy means that the

38Söderlind (1999) solves for optimal discretionary policies under symmetric information with value function iter-
ations and comments on the slow performance of the algorithm.

39If the conditions for a private sector equilibrium are met (Proposition 1), one can even compute the G0 consistent
with F 0 under discretion.



TECHNICAL APPENDIX xiv

public information policies (F̄x, F̄λ, Ḡx, Ḡλ, H̄x, H̄λ in Proposition 2) and the associated subma-

trices of the values function (V̄xx, V̄xλ and V̄λλ), can be computed before the start of the policy

improvement algorithm.

The difference between policy improvement algorithms with a value function iteration is that at

each step, the regulator uses a continuation value consistent with carrying out the candidate policy

forever whereas a value function iteration would update V 0
j+1 = V ∗

j at the j-th step. In contrast,

the policy improvement algorithm solves at each step an infinite horizon problem, where Kalman

gain K0
x and continuation value V 0, (and if applicable also G0), are consistent with the candidate

policy F 0.

E.1. Uniqueness of Equilibrium

The imperfect information equilibria considered here pose intricate fixed points between opti-

mal policies and public beliefs. Formally, these are fixed points between two Riccati equations, one

from the policymaker’s regulator problem, the other associated with the public’s Kalman Filter.

Under suitable regularity conditions (Bertsekas, 2005), both solve well-defined problems with

unique solutions given the other’s solution. However, to the best of my knowledge there exist no

results on the existence and uniqueness of such nested systems. This is also the conclusion of

Hansen and Sargent (2007, Chapter 15) who solve multi-player equilibria with similarly stacked

Riccati equations. In my practical experience, the algorithm typically converges, and if so always

to the same equilibrium from arbitrary starting values.

E.2. Closed-Loop Value Function

The policy improvement algorithm uses a continuation value consistent with carrying out a

given policy F 0 forever. The remainder of this section describes the necessary computations un-

der commitment and discretion. In both cases, the derivation proceeds by using the given policy

function to spell out a “closed-loop” representation of state dynamics and loss function. The value
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function is then given by the present value of expected future losses. In the scalar case, this would

correspond to solving a geometric series, in the matrix case, the computations generalize to the

solution of a Lyapunov equation.

E.2.1. Commitment

Under commitment, policy is given by Ut = F 0St = F 0
x X̃t + F̄xXt|t−1 + F̄λλt−1|t−1 where

the coefficients F̄x and F̄λ are identified by the public information policy (15)-(17) and can be

calculated before initializing the improvement algorithm. Only the coefficients F 0
x make up the

“candidate” part of policy for which the algorithm has to find an improvement. The Kalman gain

and measurement matrix associated with F 0
x will be denoted K0

x and C0 = Cx + CuF
0
x (see also

Appendix A).

In closed-loop, the state dynamics are St+1 = A0
SSt + Dwt+1, with

A0
S =


(Axx + BxF

0
x )(I −KxC

0) 0 0

P̄xK
0
xC

0 P̄x(I −K0
xC

0) P̄λ

H̄xK
0
xC

0 H̄x(I −K0
xC

0) H̄λ

 D =


D

0

0


Expressed as a function of the states, the modified loss function can be written as LMM

t =

1
2

S ′
tQ

0
SSSt where

Q0
SS = H0

S

′



Qxx Qxy Nx 0

Q′
xy Qyy Ny β−1Ayy

N ′
x N ′

y R 0

0 β−1A′
yy 0 0


H0

S

and H0
S =



I I 0

ḠxK
0
xC

0 Ḡx(I −K0
xC

0) Ḡλ

F 0
x F̄x F̄λ

0 0 I


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Finally, the value matrix associated with our candidate policy F 0 for the recursive saddlepoint

problem (37) solves the Lyapunov equation V 0 = Q0
SS + βA0

S

′
V 0A0

S .

E.2.2. Discretion

The policy improvement algorithm uses a continuation value consistent with carrying out the

policy F 0 forever. Under discretion, the continuation value is computed from the closed loop

representation of the regulator obtained by plugging the policy F 0 into (25) and (26). V 0 solves

the Lyapunov equation

V 0 =
{

Q0 + 2N0F 0 + F 0′R0F 0
}

+ β(A0 + B0F 0)′V 0(A0 + B0F 0)

= Q0
SS + βA0

S

′
V 0A0

S

The equation has a unique solution if Q0
SS is positive definite and if the closed loop transition

matrix A0
S ≡ (A0 +B0F 0) has all eigenvalues inside the unit circle. The form of the original loss

function40 assures us of the former, and the latter holds if a stationary equilibrium exists.41

E.2.3. Expected Losses

Both under commitment and discretion unconditionally expected losses are computed from the

unconditional variance covariance matrix of the states:

E(V 0
t ) = tr (V 0EStS

′
t) + v0

EStS
′
t = (A0 + B0F 0) (EStS

′
t) (A0 + B0F 0)′ + DD′

Optimal policies are certainty equivalent (for given F 0) and do not depend on v0. For the pur-

pose of evaluating expected losses, the scalar v0 can be computed from:42 v0 = β
1−β

tr (V 0DD′).

40Please recall that Q in (8) is assumed to be positive definite.
41Efficient methods for solving Lyapunov equations are available for example via the LAPACK routines encoded in

MATLAB or by using the doubling algorithms of Anderson et al. (1995).
42tr denotes the trace operator.
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