Optimal Dynamic Taxes*

Mikhail Golosov Maxim Troshkin Aleh Tsyvinski
Yale University of Minnesota Yale
and NES and Federal Reserve Bank of Minneapolis and NES

February 2010

Preliminary and incomplete. Do not circulate without permission.

Abstract

This paper provides a methodology to derive simple formulas that facilitate interpret-
ation of the forces behind the optimal taxation results in dynamic settings. The formulas
easily connect to empirically observable data and extend the analysis of Diamond (1998)
and Saez (2001) to the dynamic settings. First, we derive easily interpretable formu-
las that summarize first-order conditions for dynamic labor and savings distortions in
both i.i.d. and persistent shocks cases. Second, we provide numerical simulations of the
optimal labor and savings distortions using empirical income distributions and realistic
elasticity parameters. Our third contribution is a novel implementation. We show that
a tax system based on consolidated income accounts (CIA) implements the optimum.
In a given period, the labor income tax depends on labor income and on the balance
on the CIA; the savings tax depends only on the amount of savings; the CIA balance is
updated as a function of the labor income and the previous balance.

*We thank V.V. Chari, Dirk Krueger, Larry Jones, Stephen Morris, James Poterba, Emmanuel Saez,
Nancy Qian, Hongda Xiao, and Pierre Yared for helpful comments



1 Introduction

A sizeable New Dynamic Public Finance (NDPF) literature studies optimal taxation
in dynamic settings'. The models in this literature extend the classic Mirrlees equity-
efficiency trade-offs to dynamic settings in which agents’ skills change stochastically over
time. The policy relevance of this approach is a subject of debate. On one hand, Banks
and Diamond (2008) in a chapter on direct taxation in the Mirrlees Review, argue for
importance of the Mirrleesian dynamic and static models as a guide for policy.? On the
other hand, a recent survey by Mankiw, Weinzierl, and Yagan (2009) of policy-relevance
of optimal taxation models states that "Most of the recommendations of dynamic op-
timal tax theory are recent and complex" and that " The theory of optimal taxation has
yet to deliver clear guidance on a general system of ... taxation .... Instead, it has sup-
plied more limited recommendations". One reason is that the analysis of the dynamic
taxation models is often primarily theoretical and uses the language more familiar to a
macroeconomist than to a public finance economist. Another reason is that optimal tax
systems derived in these models are often difficult to interpret and connect to empirical
data of interest in policy applications.

This paper provides a methodology to derive simple formulas that facilitate interpret-
ation of the forces behind the optimal taxation results in dynamic settings. The formulas
easily connect to empirically observable data. Diamond (1998) and Saez (2001) derive
an easily interpretable formula in terms of elasticities and the shape of income distri-
bution for the static Mirrlees models. Our paper extends their analysis to the dynamic
settings. Most of the analysis in the paper is conducted in a two period model in which
the preferences are represented by a utility without income effects. This is primarily
done for the ease of exposition. We extend the analysis to the case of more general
preferences and multiple periods.

The first contribution is that we derive easily interpretable formulas that summarize

first-order conditions for the dynamic labor and savings distortions. Our analysis is

1See, for example, Golosov, Kocherlakota, and Tsyvinski (2003) or reviews in Golosov, Tsyvinski,
and Werning (2006) and Kocherlakota (2010).

2Commissioned by the Institute for Fiscal Studies, the Review is the successor to the influential
Meade Report of 1978 and is the authoritative summary of the current state of tax theory as it relates
to policy.



conducted both for the i.i.d. shocks and for the persistent shocks. The formulas for the
labor distortions are conceptually similar to those derived in the static model. As in
the static case, the shape of the income distribution, the redistributionary objectives of
the government, and labor elasticity play important roles in the determination of labor
distortions. However, the dynamic model adds significant differences to the analysis of
optimal distortions.

Consider first the case of the i.i.d. shocks. There are two key insights in this part of
the analysis for the nature of labor distortions in the first period (early in life): (a) the
dynamic nature of the incentives represents itself as an additional term in the formula
for the optimal distortions changing the weights assigned to agents by the social planner,
and (b) this reweighing allows to use dynamic incentives to lower marginal taxes for a
fraction of sufficiently skilled agents in the first period. The derivation of the easily
interpretable formulas for the labor distortions is novel to the New Dynamic Public
Finance literature as it primarily focused on the intertemporal (savings) distortion. We
then derive a formula representing the savings distortion. The key economic insight of
the analysis here is that a high savings distortion should be applied to the high skilled
agents as a way to lower their labor distortion. The intuition is that the effort of the
highly skilled agents is very valuable in production and deterring their deviations via
a savings tax is particularly important. The derivation of the formula interpreting the
savings distortion is new to both the NDPF literature, as it allows to study the economic
forces determining it, and to the static public finance literature as there is no savings in
those models.

We then proceed to the case of persistent shocks. There are two key insights here
in addition to the analysis of the static and the i.i.d. case. The first difference is that
the optimal labor distortions formulas now depend on conditional rather than on the
unconditional distributions of skills. The second insight is that persistence adds an
additional force to the optimal tax problem. An agent misrepresenting his skill early
in life has under persistent shocks better information than the planner about the true
realization of his shocks in the future. This consideration represents itself in changing
the weights in the social welfare function assigned to different agents. The planner

redistributes away from the types which are more likely to occur if an agent deviated



earlier. We must notice that the analysis of the case of the persistent shocks is conducted
under the assumption that the first order approach is valid. We verify that this is indeed
the case in numerical simulations.

The second contribution of the paper is that we provide numerical simulations for
the optimal labor and savings wedges using empirical income distribution and realistic
elasticity parameters. The case of the i.i.d. shocks is similar to the numerical analysis
of static models in Diamond (1998) and Saez (2001). As in those papers, the labor
distortions are U-shaped. There are two key differences with their results. First, we
show that the labor distortion for the early period is smaller than for the later period.
The main reason for this is that the dynamic provision of incentives allows to decrease
distortions early in agents’ lives. This result is related to findings in Ales and Maziero
(2007) who numerically solve a version of a life cycle economy with i.i.d. shocks drawn
from a discrete, two-type distribution, and find that the labor distortions are lower
early in life of the household. The second difference from the static model is that we
provide calculations for the savings tax and find it numerically significant and increasing.
The numerical simulations for the empirically calibrated persistent shocks adds three
important differences. The first is that the consideration of conditional rather than the
unconditional empirical distributions of income and skills significantly alters the pattern
of wedges compared to the static and i.i.d. case. The second difference is that agents
face very different labor distortions conditional on the previous shocks. This is due to
the effects of the conditional distribution and also of the planner changing weights to
deter earlier deviations. Finally, we find that the labor distortions no longer follow a
U-shape pattern found in the i.i.d. and in the static models.

The third contribution is a novel implementation of the optimal allocations — con-
solidated income accounts (CIA) tax system. In a given period, the labor income tax
depends on labor income and on the balance of the CIA, the savings tax depends only
on the amount of savings; the CIA balance is updated as a function of the labor income
and the previous balance. The CIA balance plays a role of the record-keeping device
summarizing the previous labor choices of agents. The savings tax is constructed follow-
ing Werning (2009) as an envelope of the best possible deviation. We then show that the

CIA system takes a particularly simple form if the utility is exponential and the shocks



are i.i.d. The tax system consists of a non-linear tax on savings income, a non-linear
labor income tax, and a CIA account. In each period, a taxpayer can deduct the balance
of the account from the total income tax bill. Thus, while all agents with the same labor
income are facing the same marginal tax rate, the total tax bill is smaller for the agents
with a higher CIA account. Similarly, updating the CIA balance follow a simple rule. In
each period the increase on agent’s CIA balance is determined solely by his labor income
in that period. Moreover, if the distribution of the shocks does not change over time,
taxes do not depend on age of the agent. We conclude with a numerical simulation of
the optimal taxes. In our simulation, labor income taxes are lower than labor income
distortions as they incorporate the effects of updating the CIA balance.

There are several papers related to our work. The recursive characterization of the
problem, especially in the i.i.d. case, has similarities to the Mirrlees (1986) setup with
two consumption goods. The first-order approach for persistent shocks is related to the
work of Kapicka (2008) who mainly focuses on the risk-sharing properties of the taste
shock model with exponential utility and Pareto shocks. There have been very limited
theoretical analysis of the labor taxation in dynamic Mirrlees models. One important
exception is Battaglini and Coate (2008) who provide a complete characterization of the
optimal program with Markovian agents. While incorporating persistence in abilities,
most of their analysis for tractability assumes only two ability types and risk neutral
individuals.

Numerical simulations in our paper are most related to Weinzierl (2008). He derives
an elasticity-based formula in which he studies advantages of a partial reform, a switch
to an age-dependent taxation, in a dynamic Mirrlees setting. Albanesi and Sleet (2006)
is a comprehensive numerical and theoretical study of optimal capital and labor taxes in
a dynamic economy with i.i.d. shocks. Golosov and Tsyvinski (2006) study a disability
insurance model with fully persistent shocks. Golosov, Tsyvinski, and Werning (2006)
is a two-period numerical study of the determinants of dynamic optimal taxation in the
spirit of Tuomala (1990). However, none of these papers, with the exception of Weinzierl
(2008), base their analysis on an elasticity-based formula.

Our implementation is related to the work of Albanesi and Sleet (2006), Kocherlakota
(2005), Grochulski and Kocherlakota (2007) and, importantly, Werning (2009). Both



Kocherlakota (2005) and Werning (2009) discuss only capital taxation, and our con-
struction of savings taxation builds directly on Werning (2009). The work by Albanesi
and Sleet (2006) is another important predecessor to our decentralization. As in our pa-
per, Albanesi and Sleet (2006) keep track of the summary of individuals’ past histories
summarized by one variable, which is individual’s capital stock in their case. There are
two main differences between our implementation and that in Albanesi and Sleet (2006).
First, their implementation is applicable only for the i.i.d. shocks. Second, in Albanesi
and Sleet (2006) savings of households play two roles: intertemporal smoothing and
tracking history of previous labor incomes. This allows household to misrepresent their
past histories by changing the amount of savings. To prevent households from doing this,
the tax on capital should not only be non-linear, but the degree of non-linearity and the
amount of capital taxes should depend on the realization of labor income. In our imple-
mentation, we keep track of the history of labor incomes in a separate CIA account and
do not condition capital tax on income realization which substantially simplifies the tax
system, as illustrated in the next section. The implementation we describe is relatively
easy to implement in practice as it shares many existing elements with the current US
tax code. It also closely related to some long advocated ideas in public finance, such as
income tax averaging, which go back to at least to Vickrey (1939) and Vickrey (1947).

The rest of the paper is organized as follows. Section 2 presents the static benchmark
model and reviews its main results. Section 3 studies a dynamic economy with i.i.d.
shocks. In Section 4 we develop our main results in a dynamic economy with persistent
shocks. Section 5 builds a novel decentralization theory based on a tax system with

consolidated income accounts. Section 6 concludes.

2 Static benchmark

In this section, we consider a static Mirrlees optimal taxation economy. We review
the results by Diamond (1998) and Saez (2001) who analyze the determinants of the
marginal tax rates in such economy. This analysis provides a useful benchmark to which
we compare our dynamic economy.

Consider a static, one period economy. There is a unit measure of agents. Each



agent has a type (skill) § € © = [0, 00) drawn from a distribution with the distribution
function F' (#) and density f (¢). Each consumer has preferences U (¢, ) where ¢ € R
denotes agent’s consumption, and [ € R, denotes agent’s effort. We assume that U is
strictly concave in ¢, strictly convex in [, and twice continuously differentiable. Define
allocations of effort as [ : © — R, , of consumption as ¢ : © — R, and of output as
y: 0 — R,.. An agent of type # who supplies [ units of effort produces y = 0l units of
the output of a consumption good. The type 6 of an agent is private information and is
known only by the agent. The output y and consumption ¢ are observable.

The aggregate feasibility in this economy satisfies

/ ¢(6) dF (6) < / ¥ (6) dF (6), 1)

where ¢ () and y (f) are consumption and output of and agent of type 6.

We focus on the case in which the utility function is given by?:

UG =g e (v (e 1)) )

where ) > 0, v > 0. Here, v = 1/(1+ ), where « is the Frisch elasticity of labor supply.
This functional form of the utility function implies three simplifying assumptions: (a)
there are no income effects, (b) the Frisch elasticity of labor supply is the same for all
types, and (c) constant absolute risk aversion. The first two characteristics simplify the
formulas for optimal taxes developed in Sections 3. The third characteristic is useful for
clearer insights on decentralization in Section 5. As we discuss in Section 4.4, most of
the results we develop carry over to more general preferences.

We assume that the government or a social planner is benevolent and has an ability
to fully commit ex-ante to a tax system or a mechanism. The planner maximizes a social
welfare function G : R — R, where G is concave.

The method for solving this problem is well known starting from the seminal work
of Mirrlees (1971)*, this problem can be solved using a two step procedure. The first
step is to represent the problem as a mechanism design problem. The planner receives

reports o (f) : © — © from the agents about their types and allocates consumption

3Diamond (1998) assumes a similar form of the utility function.
4For a textbook treatment see Salanie (2003).



and output {c(6),y (0)}oco as a function of these reports. The incentive compatibility

constraint ensures that no agent would find it in his interest to misrepresent his type:
U (c(6).y(6) /6) > U (c(t'),y() /6) for all 6,0 (3)
The constrained efficient (optimal) allocations solve:

max / G (U (c(6) .y (8) /6)) dF (8) (4)

{e(0),y(0)}oco

subject to the feasibility constraint (1) and the incentive compatibility constraints (3).
Let {c* (0),y* (0)}yco denote the solution to the optimal program (4).

The second step of the solution is implementation that characterizes the optimal
income taxes 7' (y (#)). In the static problem, finding taxes that implement the optimal
allocation is straightforward. In particular, the optimal marginal income tax on type 6,
T’ (6), is given by the wedge in the consumption-labor margin:

_ U (0),y7(0) /)

U (c* (0) ,y* (0) /0)

where U, and U, denote the derivative of the utility function with respect to ¢ and (.

Diamond (1998) and Saez (2001) show that when preferences satisfy (2), the expres-

1- T ()

sion for the optimal marginal taxes can be written as:

() 1,mm/m@_GﬂmmU@» f(x) .

1-7°(0) | 0f(0) ) 1— F (0)

(5)

where .
A= / G' (U (z))U (x)dF (z).
0

The expression (2) is the first order condition for the optimal tax problem that can
be used to describe the key determinants of the optimal tax rate. Diamond (1998) and
Saez (2001) also use empirical data to calculate the optimal tax rates and to analyze the
driving forces of the optimal taxes using this formula.

Expression (5) shows that the optimal marginal taxes in the static economy depend
on three key terms. The first term in the expression (5) is related to the elasticity of
labor supply. When labor supply is more elastic, marginal taxes are more distortionary.

This tends to reduce the magnitude of the optimal marginal tax rates. The second

7



term in the expression(5) , 10}—%)9), is the ratio between the measure, 1 — F'(6), of agents
who are more productive than the agent of skill § and the density at 6, f(#). The
intuition for the effects of this term on the optimal tax rate is as follows. A positive
marginal tax on a type 6 is needed to prevent all types above 6 to claim the allocation
for that type. If the fraction of types more productive than 6 is large, a marginal tax
on type 6 provides stronger incentives to reveal the true type. That calls for higher
marginal taxes. On the other hand, if the mass of agents of type 6 is large (i.e., f (0) is
large), or they are sufficiently productive (i.e., € is large) then the marginal tax on type
f is particularly distortionary, and the planner would choose smaller marginal taxes.
Finally, the third term in the expression (5) depends on the curvature in the social
welfare function G that captures the degree of redistribution. More concave G tends to
raise the third term. Therefore, more redistributionary social preference generally call
for higher marginal taxes.

It is important to point out that expression (5) is not a complete closed form solution
for the optimal marginal taxes. Rather it is a useful representation of the first order
conditions of the optimal problem that provides intuition for the forces affecting taxes.
The reason is that the integral on right hand side of expression (5) depends on the
optimal level of utility U. For example, consider an increase in . Such change has a
direct effect on the optimal marginal tax rate by increasing the first term in (5). It also
has an indirect effect on the term G'(U)U which formula (5) does not characterize. In
practice, formulas like (5) proved to be useful in applications as the insights they provide
often closely match the numerical calculations of the optimal taxes (Diamond (1998),
Saez (2001), Weinzierl (2008), Golosov, Tsyvinski, and Weinzierl (2009)). Moreover,
this formula can be used to prove some more concrete results. We state these results
for the ease of a comparison with the dynamic economy. For the details of the proof we

refer to Diamond (1998).

Proposition 1. i). If there exists a skill 0 such that skills are distributed with a Pareto
distribution with a coefficient a above @, then the optimal marginal taxzes T' (0) are in-
creasing for all 0 > 0.

it). If, in addition to the conditions in i), the social planner is utilitarian then the



asymptotic marginal taxes satisfy:

/
The asymptotic marginal taxes are the same for any social welfare function for which
it can be shown that
eli_)rgo GU@®)UH) =0
iii). Let 0c be defined from G'(U(0c))U(0c) = X. If 0f (0) is increasing on some
interval (6',0") for 8’ > 0c then T' (0) is decreasing on (6',60").

The results in the proposition above can be used to show that in a static model
calibrated to empirical cross sectional distribution of labor income and tax rates, optimal
taxes are of a U-shaped pattern (Diamond (1998), Saez (2001)). That is, the taxes
decrease above a certain threshold and then increase. The asymptotic tax rates in such
a model are given by (6).

For the analysis that follows it is important to note that the optimal allocations
{c*(0) ,y" (0)}pco can be computed as a solution to the following problem which is dual

to the problem (4):

Ve(w) = min [ (c(6) =y (6)dF () )

= mi
{c(0),y(6)}

subject to the incentive compatibility constraint (3) and
w= [ GWe®) .y /) 6), ®)

where w is the maximized value of the problem (4), [ G (U (¢* () ,y* (6) /0)) dF ().
For the exposition below it is useful to treat the promised utility w in minimization
problem (7) as an arbitrary constant. We now present a useful result that simplifies

some of the analysis in the dynamic economy.

Proposition 2. Let {c* (0|w) ,y* (0|w)},cq e a solution to (7) for a given w. Suppose
the utility function U satisfies (2), and the social welfare function G is homogeneous of
degree . Then the optimal marginal labor distortion T (0|w) defined by

—Ui (¢ (0]w) , y* (O]w) /0)
OU. (c* (0lw) , y* (0lw) /6)

1T (Olw) =

9



1s independent of w and for all w < 0, and

Vs (w) = ag — iln(—w) ,

arp

where ag is a constant.

Proof. In the appendix. n

3 Optimal allocations in a dynamic economy with
i.i.d. shocks

In this section, we extend the analysis of optimal labor taxes developed in the previous
section to characterize the optimal labor and savings distortions (implicit taxes) in a dy-
namic economy. We focus on a two period setting. While many of the arguments extend
to arbitrary finite economies, the two-period setting gives particularly stark insights of
the characterization of the optimal allocations. This section focuses on the case in which
skills in the second period are i.i.d. We first show how to represent the dynamic problem
in a form resembling a static Mirrlees problem with two goods. Secondly, we derive an
expression similar to (5) for the labor distortions in both periods. There are two key
insights in this part of the analysis for the nature of labor distortions in the first period
(early in life): (a) the dynamic nature of the incentives represents itself as an additional
term in the formula for the optimal distortions changing the weights assigned to agents
by the social planner, and (b) this reweighing allows to use dynamic incentives to lower
marginal taxes for a fraction of sufficiently skilled agents in the first period. Thirdly, we
derive a novel formula similar to (5) that allows to characterize the forces affecting the
savings distortions. The key economic insight of the analysis here is that a high savings
distortion should be applied to the high skilled agents as a way to lower their labor
distortion. The intuition is that the effort of the highly skilled agents is very valuable

in production and deterring their deviations via a savings tax is particularly important.

10



3.1 Analytic characterization

Consider an economy that lasts for two periods: t = 1, 2. An agent lives for two periods
and has preferences represented by a utility function
Eo »  B7'U (e ly),
t=1,2

where ¢; € R, is agent’s consumption in period ¢, [; € R, is agent’s labor in period
t, 5 € (0,1) is agent’s discount factor, and Eq is an expectation operator. The in-
stantaneous utility function U (¢4, ;) is the same as in the benchmark static economy
above.

In each period ¢, agents draw their productivity types, 8; € O, from the distribution
F (). The draws are independent across periods. Let 8' = 6, 6 = (6y,60;) be the
history of the shocks. The skill shocks and the history of shocks are privately observed
by the agent. Output y; = 64/, and consumption ¢; are observed by the planner. Let
©! = O be the set of possible histories in period ¢t = 1, and ©% = © x © be the set
of possible histories in period t = 2. Denote by ¢ (Ht) : O — R, agent’s allocation
of consumption and by y; (Qt) : O — R, agent’s allocation of output in period t.
Denote by oy (Ht) : RY, — R, agent’s report in period ¢. Resources can be transferred
between periods with a rate on savings § > 0. We assume that all savings are publicly
observable. Hence, without loss of generality, the social planner controls and chooses
the aggregate savings. We also assume that the social planner is utilitarian, and a social
welfare function satisfies G (z) = =z, for all z.

The optimal allocations solve the dynamic mechanism design problem (see, e.g.,

Golosov, Kocherlakota, and Tsyvinski (2003)):

max E0U61 91,101 61 UC2 92,292 02 9
e S B )0 0)/0) 50 e () ()0} O

subject to the incentive compatibility constraint

Bo {U (c1 (0") 191 (87) /01) + BU (2 (0%) 2 (6°) /62)}
> B {U (c1 (04 (6")) 1 (04 (6Y)) /62) + BU (c2 (02 (67)) .2 (02 (67)) /62) } for all o, (')

and the feasibility constraint
Eg {Cl (01) + 502 (92)} S EO {yl (61) + 5y2 (92)} .

11



The expectation Eg above is taken over all possible realizations of histories. The
first constraint above is a dynamic incentive compatibility constraint that states that an
agent prefers to truthfully report its history of shocks rather than to choose a different
reporting strategy. The second constraint is the dynamic feasibility constraint.

Since skills of the agents are i.i.d. across periods, we follow Atkeson and Lucas Jr
(1992) and Albanesi and Sleet (2006) to re-write this problem recursively. Here, we
briefly describe the recursive formulation and refer to these two paper for the technical
details.

Denote by w (f) : © — R a promised utility. In period t = 1, the social planner
receives agents’ reports oy (91) and allocates consumption, output, and promised utility
{c (01 (91)) Y (01 (01)) , W (01 (91)) }91e@1' That is, w (01 (91)) is the expected utility
in period t = 2 for an agent who sends report oy (01) in period t = 1.

The incentive compatibility constraint is given by:
U (c(8),y(0) /6) + Bu (0) > U (c(0),y (&) /0) + Buw (0') for all 0,0.  (10)

That is, the agent prefers to reveal its true type 6, receive utility U (¢ (0),y (0) /0)
in period ¢t = 1 and a continuation utility w (6) rather than claim a different type 6'.
In period t = 1, the optimal allocations solve the cost minimization problem:
min c(@)—y(@)+V (w(0)))dF (0 11
o [ (e0) =y (0)+ 3V () dF 6) (1)
subject to the incentive compatibility constraint (10) and to the promise keeping con-

straint:
wo —/(U(C (0),y(0) /0) + Bw (0)) dF (6), (12)
where wy is a constant. Function V' : R — R determines the resource cost of delivering a
promised utility w (#) and is determined by the maximization problem for period t = 2.
In period t = 2, given the promised utility w, the social planner receives agents’
reports o3 (0|w) and allocates consumption and output {c (o2 (0|w)),y (o2 (0) |w)}seco-
The optimal allocations {c (f|w),y (8|w)},.e for an agent with the assigned promised
utility w is a solution to:

Vi(w) = min /(c (Olw) —y (B|lw)) dF () (13)

{c(0lw),y(0lw)}ocq

12



subject to the incentive compatibility constraint
U (c(01w) ,y (0lw) /8) = U (e (0'|w) ,y (&'lw) /0) for all 6,6
and the promise keeping constraint

wz/U®wm%M%wwMF®

The main goal in this section is to characterize the labor distortion, or wedge in the

consumption-labor margin, defined by:

~Ui (e (60°) ,y: (0") /1)
0V (c0 (0%) e (6°) /02)

In the benchmark static economy in Section 2, the labor distortion coincides with the

1-1Tp, (6

(14)

marginal income tax rate implementing this distortion. As we discuss in Section 5, this
equivalence does not hold in the dynamic setting. For this reason we first characteriz-
ing the labor distortions our dynamic economy and then show how to implement such
distortions with optimal taxes in Section 5.

In period ¢ = 2, it is easy to see that the optimal problem (13) is identical to the
static minimization problem (7) (if the objective function of the social planner is given
by G(U) = U for all U). The next proposition characterizes the labor distortions in
period t = 2.

Proposition 3. Suppose U (¢, 1) satisfies (2). Then the optimal labor distortion in period
t = 2 satisfies (5) and is independent of agent’s type in period t = 1.

Proof. Follows from (5) and Proposition 2. O

The analysis of the optimal problem (11) in period ¢ = 1 is more complex. How-
ever, it is conceptually similar to the characterization of a static Mirrlees model with
two goods (see, e.g., Mirrlees (1976), Mirrlees (1986), Diamond and Spinnewijn (2009),
Golosov, Tsyvinski, and Weinzierl (2009)). We derive the expression for the optimal
labor distortions in period ¢ = 1 in three steps.

First, we simplify the incentive compatibility by using the envelope theorem. Rewrite

the incentive compatibility constraint (10) as a maximization problem. An agent chooses

13



an optimal report § to maximize the sum of its utility in period t = 1, U (¢ (8") ,y () /),
and the discounted promised utility, Sw (6'):
w(0) = max U (c(0),y (0) /0) + Bw (0') .
0'co
We apply the envelope theorem to derive the necessary condition for incentive com-

patibility:
L(0)

u'(0) = Ui (c(0),y(0) /6) = (15)

In the Appendix we verify that this condition is also sufficient. When U (c, ) satisfies

(2), (15) becomes:
o (6) = U (e (0), 5 0) /6) ")

The second step is to re-write the optimal problem (11) such that u () is a state

. (16)

variable of optimization. For an agent with the skill 8, utility of reporting the true type
is given by U (6) = U (c(0),y (0) /0). Since u (§) = U (0) + fw (6), then

o (6) =~ (0) — B (0] O
From (2) it follows that:
Loy - tm
c(0) = 5! (0)" = 5 I (=0T (6)). (17)

Substituting (16) and (17) in the period ¢ = 1 optimal program (11), we obtain:

min / (lz 0 — L1 (= [u (0) = Bu (0)]) — 01 (0) + 6V (w (e))) dF (0)

{1(0).u(0),w(0) }peo gl (G
(18)
subject to
/ 1(9)"
u'(0) = —¢[u(0) = Bw(O)] ==, (19)
and

woz/u(e)dF(e).

Note that we changed the variables over which we perform minimization. Variables
[ () and w (6) are now control variables, and u () is a state variable.

The third step of the analysis is to use standard calculus of variations techniques to
characterize (18). We leave the details to the appendix and summarize the main result

on the optimal labor distortion in period ¢ = 1 in the proposition below.
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Proposition 4. Suppose that U (c,l) satisfies (2). Then the optimal labor distortion in
period t = 1 satisfies

Tpa(0) 1=F(@O) [~(, U\ f(x)da
I=Tp,0) | 07 (0) /9 (1 A )1—F(9) (20
where $(6) £ O
f (9) - fooo i} (JJ/) f (ZIJ') dZL”7 (21)

() =exp (8 )y $&de), F(0) = [; [ (@) dv, and

A= / U (z)dF (x). (22)
0
Proof. In the Appendix ]

Let us compare the optimal labor distortion in period ¢ = 1 given by (20) to the
static labor distortion given by (5). The key difference is in the dynamic provision of
incentives. The density of types f (f) and the distribution F(f) are scaled by a term
U () that depends on the derivative of promised utility, w’ (). Equation (20) shows that
the optimal labor distortion in period ¢ = 1 is the same as the optimal labor distortion
in a static economy in which types are drawn from a distribution F' () with the density
f (). We can immediately see that for the lowest type in the distribution ¥ (0) =1 and
that W' (0) = B (6).

In general, it is difficult to determine the sign of marginal promised utility, w’ (0). It
is instructive, however, to consider a case when w is increasing for all §, and w' () > 0.

This is indeed the case in all our numerical simulations in Section 3.2. In this case

U’ (#) <0 for all § and distribution has a property:

1—F(9)<1—F(9)
of () — 0f(0) °

with a strict inequality for interior . As we discussed in Section 2, such effect of the

distribution adds a force that tends to make marginal taxes lower. Comparing the results
in Propositions 3 and 4, we conclude that in a dynamic economy with i.i.d. types there

is a force that drives marginal labor distortions lower.
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The intuition for this result is as follows. In the static model, marginal labor distor-
tions are used to provide incentives so that the higher types not to choose the allocations
of the lower types. In a dynamic economy, there is an additional (dynamic) instrument,
promised utility w (6), that can be used for the provision of the incentives. Thus, the
government can provide incentives with lower labor distortions. This result is related to
findings in Ales and Maziero (2007). They numerically solved a version of a life cycle
economy with i.i.d. shocks drawn from a discrete, two-type distribution, and found that
the labor distortions are lower early in life of the household.

While the sign of w’ () in general is difficult to determine, we can get additional
limiting results. The proposition below shows that for sufficiently high skills 6, the
marginal labor distortion converges to 0. Since we showed that in the period ¢t = 2 the
labor distortions are positive and increasing (for example, as is a case for empirically
realistic Pareto distributions of skills), the proposition below states that a fraction of
agents faces lower marginal taxes in period ¢ = 1 compared to their taxes in period

t=2.
Proposition 5. Suppose that U (c,l) satisfies (2). Then Tp,; (6) — 0.
Proof. In the Appendix. O]

So far we have focused on the labor distortions in dynamic economies. Another key
feature of the optimal allocations in the dynamic Mirrleesian economies typically feature
an intertemporal distortion or an implicit savings tax (see, e.g. Golosov, Kocherlakota,

and Tsyvinski (2003)). Define the savings wedge as

B 0U. (c1(0),y1 (0) /0) '
BE{U. (c2 (6%) 2 (67) /6°) |0}

The proposition that follows provides a characterization of the savings distortion.

Ts(0) =1 (23)

Proposition 6. Suppose that U (c,1) satisfies (2). Then the savings distortion is positive

and satisfies

75 (0) = ev/w—l)%Tb,l 0) (1= Tp, (9))07Y. (24)

Proof. In the Appendix O
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To understand the implications of this proposition, it is useful to consider the case
when ~ is large. Then, the last term in (24) is small. The savings distortion is pro-
portional to the labor wedge 717, (/) and to the skill §. The intuition is that the labor
distortions in period t = 1 are the highest for the types that face the most severe incent-
ive problems. Since savings distortions are an additional instrument used to alleviate
the incentive problem, it is optimal to have higher distortions on these agents who face
the most severe incentive constraints. That is why, savings distortions fall dispropor-
tionately on high types. The reason for that is that the same rate of labor distortion
leads to a larger output loss when applied to high types than to the low types. Therefore
it is optimal to substitute from labor distortions to savings distortions when the social

planner provides incentives to the more productive types.

Proposition 7. Suppose that U (c,1) satisfies (2). Then T}, (0) as well as U (0) , w (0)
and T 1 (0) y (0) all converge to 0. Moreover, if %T]D,l (0) y (0) is bounded from above,

w (0) is monotonically increasing for all 6 sufficiently high.

3.2 Numerical simulations with i.i.d. shocks

In this section we provide numerical simulations for the optimal labor and savings wedges
using micro data under the assumption of i.i.d. shocks. This section parallels the analysis
of static models in Diamond (1998) and Saez (2001). As in those papers, our optimal
labor distortions appear to be U-shaped. Our analysis differs form theirs in two respects.
First, we show that the labor distortion in period ¢ = 1 is lower than in period t = 2.
The main reason is that the dynamic provision of incentives allows decreasing distortions
early in agents’ lives. The second difference is that we provide calculations for the savings
tax and find it numerically significant and increasing.

The data set we use in this section is the Panel Study of Income Dynamics (PSID),
1997 wave.” We restrict the sample to the head of household with the total labor income
of at least $10,000. We separate the agents in 10 bins by total labor income: less than
$20,000, from $20,000 to $39,999, and so on. In the last bin, we grouped all agents with
income above $180,000.

5See http://psidonline.isr.umich.edu/
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As in Saez (2001), given the actual tax rates, we next determine the skill distribution
generating the labor income of the agents in the sample. We use the data from CBO
(2007) and CBO (2008) to obtain effective marginal federal tax rates. The CBO uses the
IRS tax returns to construct the effective tax rates. Since the CBO reports effective tax
rates for income quintiles, we impute effective tax rates for each of the bins by assuming
that the distribution of income in our sample is the same as in the IRS tax returns.
That is, we assume the marginal tax rates are equal across all bins falling in a given
income quintile corresponding to the CBO data. Then we compute the implied skill for
each type (bin) as follows:

0 = v (25)
(¥; (1 -1"(Y3)))
In this formula, Y; is the mean income for each bin (ten thousand dollars). We set

Y1 = $15,000 and Y;qp = $210,000. Note that with the preferences of the form (2)

there are no income effects. The implied skills then can be determined from the static
consumption-labor margin in (25). We plot the implied distribution of skills in Figure

1.
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Figure 1: Implied distribution of skills.

We choose v = 3, which corresponds to the Frisch elasticity of labor supply equal
to 0.5. The coefficient of absolute risk aversion, 1, is set equal to 10. We set the
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discount factor g = 0.9852. We chose the marginal rate of transformation across periods
0 = 1.015 so that the social planner at the solution of the optimal program chooses not
to transfer resources between the two periods.

To compute the optimal distortions, we first numerically solve for the optimal al-
location. We formulate the planner’s problem in its primal form (9) and solve it by
direct optimization. Our optimization is based on an implementation of the interior-
point algorithm that uses conjugate gradient iteration to compute the optimization step.
Conjugate gradient iteration offers a way of dealing with possible Jacobian and Hessian
singularities. Interior-point approach is one of the most efficient and stable methods that
are currently available for solving large nonlinear optimization problems. However, it
provides only an approximate estimate of the solution and the optimal set of active con-
straints. To compute accurate estimates of the solution, including Lagrange multipliers,
we switch to an active-set iteration that uses the output of the interior-point algorithm
as its input. The implementation of the active-set algorithm that we use is based on the
sequential linear quadratic programming. Once we obtain the optimal allocation, the
distortions are then computed from their definitions in equations (14) and (23).

The results of the numerical simulation are presented in Figure 2. We report only
the values for the first seven bins. There are few observations in the last three bins and
thus the implied distribution of skills becomes noisy. Nevertheless, we use all bins for
computing the optimal program as the mass of agents and the level of skills in the tail
affects the optimal taxes at all skill levels.

First, consider the labor distortions in period ¢ = 2 (dash-dotted line in Figure 2).
Recall from Proposition 3 that the marginal distortions period ¢ = 2 of our dynamic
economy with i.i.d. shocks coincide with those in the static economy. The pattern of
labor taxes is similar to the results in Diamond (1998) and Saez (2001), who study the
optimal taxes in a static Mirrlees economy. The difference is that to find the distribution
of labor income Diamond (1998) and Saez (2001) use tax returns data rather than, as we
do, the PSID data. Nevertheless, taxes exhibit a U-shaped pattern. The marginal labor
distortion for the lowest income ($10,000-$19,999) is 27.9 percent. Then the distortion
declines and reaches a minimum at 15.9 percent at the second income bin ($20,000-

$39,999). For the rest of the income bins labor distortion monotonically increases and
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Figure 2: Optimal marginal distortions with i.i.d. shocks.

reaches 42.2 percent for the incomes of $120,000-$139,999.

Next, consider the labor distortion in period ¢ = 1 (dashed line in Figure 2). We
also observe a U-shaped tax, although this pattern is much less pronounced. The mar-
ginal labor distortion for the lowest income ($10,000-$19,999) is 8.8 percent. Then the
distortion declines and reaches a minimum of 6.5 percent at the second income bin
($20,000-$39,999). For the rest of the income bins the labor distortion monotonically
increases and reaches 21.5 percent for the incomes of $120,000-$139,999. An important
difference with the static case is that the level of distortions is substantially lower for all
income groups, by as much as 10-20 percentage points. As the discussion after Proposi-
tion 4 indicates, dynamic provision of incentives enables the planner to lower distortions
in period t = 1.

Finally, the savings distortion is represented by the solid line in Figure 2. The savings
wedge increases for all income levels and ranges from 2 percent for income of $10,000-
$19,999 to 49.6 percent for income of $120,000-$139,999. Notice that the slope increases
at incomes of $20,000-$39,999. This pattern is consistent with the discussion of the
equation (24) for the optimal savings distortion. Above the income of $20,000-$39,999

the optimal labor distortion in period ¢ = 1 (dashed line) increases as does the level
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of skills. Equation (24) tells us that both of those effects lead to an increasing savings

wedge.

4 Persistent shocks

In this section we extend the analysis of Section 3 to persistent shocks. We show that
there are two key insights here in addition to the analysis of the static and the i.i.d.
case. The first difference is that the optimal labor distortions formulas now depend on
conditional rather than on the unconditional distributions of skills. The second insight
is that persistence adds an additional force to the optimal tax problem. An agent
misrepresenting his skill early in life has under persistent shocks better information than
the planner about the true realization of his shocks in the future. This consideration
represents itself in changing the weights in the social welfare function assigned to different
agents. The planner redistributes away from the types which are more likely to occur if
an agent deviated earlier.

The main difficulty in the analysis is that with persistent shocks it is much harder to
find sufficient conditions to ensure that only local incentive constraints bind. We proceed
in three steps. First we study a simplified version of the two period economy considered
before. An agent can be of only two types in period ¢ = 1, but receives a continuum
of shocks in period t = 2. We set up the recursive formulation of the program and
describe the key insights about the effect of the persistent shocks on the optimal labor
distortions. Then we extend the analysis to the two period model with continuously
distributed shocks in both periods, assuming that only local incentive constraints bind.

In the appendix, we derive the sufficient conditions that ensures validity of this approach.

4.1 A model with two shocks

In this subsection, we characterize the labor distortions in a two period economy in
which the support of the period ¢t = 1 shocks consists of two types. In period ¢t = 1, an
agent can be one of the two types: 0y or 0, with 6y > 0. That is, the set of possible
histories in period t = 1 ©! = {0,605 }.The probability of the realization of each shocks
is fig and f1, = 1— f1 . In period ¢ = 2, each of the first period types 6; fori € {H, L}
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has a skill shock drawn from the distribution F; (6), where §# € © = [0, 00). Let f; (f) be
density function of F; (6). We assume that if fz (6) > 0 then f1, (6) > 0.

The optimal allocations solve the same problem (45), where now the expectation
operator [ is taken over the distributions described in the previous paragraph. We now
proceed to re-write the problem recursively. A recursive formulation of this problem is
more involved than in Section 3 as the promised utility is not sufficient to optimally
provide incentives. Consider an agent with a high type 6, in period ¢t = 1. If he reports
a low shock 07, to the planner, he knows that his shocks in the second period are drawn
from a distribution Fj (6) rather than a distribution Fy, (6). Suppose that, as in the
i.i.d. case, the planner assigns the same promised utility w () to the low types who
report truthfully and to high types who pretend to be low. The problem is that the
shocks in t = 2 for these two types agents are drawn from different distributions. For
the recursive formulation, we follow the approach developed by Fernandes and Phelan
(2000). We now need to assign an additional state variable w (61,|0y). This variable is
interpreted as the promised utility for type 0y who claims to be type 6, in period 1. ©

The incentive compatibility constraint in ¢ = 1 is given by:

Ulc(0u),y(Ou)/0n) + pw (0r) > U(c(0L),y(0r) /0n) + Bw (0L|0k) . (26)
The optimal program for the planner in period ¢ = 1 is a modified version of the
program for the i.i.d. case (11):
min c(O0g)—y(Oy)+ Vg (w (6
{e(0:)9(0):w(0) bie 1 g1y w(OL1011) S (eOn) =y (b) + 0V (w (0n)))

+fir(c(0r) —y(0r) + Ve (w(0r) ,w (0r|0n)))

subject to the incentive compatibility constraint (26) and
wo=Y_ (U(c(®:),y(0:)/0:)+ Bw(0:) fu.
ie{L,H}
where Vi : R — R is a cost of delivering in period ¢ = 2 utility w (6) for the agent

who was a high type 0 in period t = 1 ; Vi : R? — R is a cost of of delivering in period

6A general formulation of this problem would also require a promised utility w (|61) for the low
types who report that they are high types. Under our interpretation of shocks, such deviations are
detectable by the planner and therefore are not binding.
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t = 2 utility w (01,) for the agent who was a low type 6 in period t = 1, given that the
high type agent who claimed to be a low type in period t = 1 gets utility w (6.|0y) in
period ¢ = 2. In what follows, to simplify exposition we use a shorthands wy,wr, wr|u
instead of w (0y), w(0r), and w (0.|0y).

Consider period t = 2. If an agent reported 6 in period ¢t = 1, his allocations solve
the maximization problem equivalent to (13) in i.i.d. case. Specifically, the allocations

of consumption ¢ (f|wy) and output y (6|wy) solve

Vieton) =, min [ @)~y Glon)dFa @) )

{c@lwn)yOlwn)tgco

subject to the incentive compatibility constraint
U (c(0lwn) ,y (0lwn) /) = U (e (0'[wn) ,y (¢'lwi) /0) for all 0,0,
and the promised utility constraint
wi = /U(c (Olws) y (Olw) /0) dFy ().

Objective functions in the persistent case, equation (27), and the i.i.d. case, equation
(13), differ only in the distribution of shocks. In the case of persistent shocks, a condi-
tional probability distribution Fy is used. In the i.i.d. case, the second period shocks
are drawn from the distribution F. It is immediate that the optimal labor distortions
for the high types in period ¢ = 2 satisfy (5), where Fy replaces F'. The conditional and
unconditional distributions may be very different. Hence, the shape of the optimal taxes
can differ significantly from the findings based on static Mirrlees models. This difference
in distributions is important not just for the theoretical analysis here but also plays a
significant role in the numerical simulation in Section 4.3.

In period t = 2 planner’s problem for the types who reported 6, in the first period is
significantly different from (27). The planner promised utility wy, for such type. However,
in choosing the allocations {c (0|wL,wL|H) Y (9|wL,wL‘H)}9€® the social planner also
needs to ensure that a type #y who misrepresented his type and claimed 6, in period
1, does not get utility higher than wr|y. Therefore, the optimization problem for the
types who claimed 6 is given by:

VL (wL, ’LUL|H) = {c(ele,wL‘Hrgljinze‘wbleH)} / (C (9|U}L, wL|H) -y (0|wL, wL‘H)) dFL (0)
(28)
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subject to the incentive compatibility constraint

U (c(Olwr, wrn)  y (8lwp, wiw) /0) > U (¢ (0'|wp, wim) ,y (0'|we, wiyn) /0) for all 6,6,

(29)
the promise keeping constraint
wr, = /U (c(Olwr,wrim) v (Olwr, wrim) /0) dFL (6) (30)
and the threat keeping constraint
wun = [ U (e Olwrwin) oy Oluos. i) /0) AP (). @1

We leave a formal proof of characterization to the Appendix and provide a sketch of
the argument. Let py, and pr|y be Lagrange multipliers on the promise keeping constraint
(30) and on the threat keeping constraint (31). Then the optimal program (28) can be
re-written as

{C(B\WL:WL\H)?(glle,wL‘H)} / (c (Olwr, wryn) —y (Olwr, wrym)) dEL (0)

+pL / U (¢ (Olwp, wrin) »y (Olwr, wiym) /0) dFL ()

0€®

— DPL|lH / U (C (e\wL, wL|H) Y (9|wL7 wL\H) /9) dFy (9) (32)

subject to (29).

We can rearrange (32)

{c(OIwL,wLHrgl,zlégmL’leH)}/ (C (9|U}L, U)L\H) -y (e‘wL, wL|H)) dFy, (6)

- puzlzl) c\vjwg, w wr, w
+pL/<1 prfr (0) )U( (Olwe, wiym) v (Blwr, wem) /0) dFL (6)

Note that in this problem the utility of the agents U (c (€|wL, wL‘H) Y (9|wL, wL|H) /0)

1 _ Puufn(®)
prfr(6)

problem as maximizing the pseudo-objective of the planner subject to the incentive

is multiplied by the term ( ) . Intuitively, we can think about this re-written

constraint of the agent who was type 6 in period t = 1 and reported that type. This

pseudo-objective is equivalent to the objective function of a social planner that has (non-

priuf(0)
prfr(0)

normalized) weights <1 - ) instead of the utilitarian weight equal to 1 for all
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types @ in period t = 2. Further inspection shows that the new weights are increasing in
the relative probability of receiving a shock 6 in period t = 2, f1, (#) /fu (6). The planner
needs to provide utility wy, to the types who were of the true type 6, (promise keeping)
in period ¢ = 1. The planner also needs to ensure that the 8y type who deviated to
the low type 0 does not get utility above wyy (threat keeping). The efficient way to
ensure the threat keeping constraint is to redistribute more to the types in period ¢ = 2
which are more likely to occur if agent was indeed low in period t = 1.

To see it more clearly, consider a particular process for persistent shocks under which
fr (8) / fu (0) is monotonically decreasing in #. In other words, the higher second period
shocks 6 are less likely if the agent was 0}, in period t = 1. The weight (1 — %) in
pseudo-objective function then is monotonically decreasing. In other words, the planner
wants to redistribute more to the lower types in period ¢ = 2. Consider now a deviation
in period ¢t = 1. Suppose type 0y claims to be 6. Under our assumption on fy (6), this
type is relatively more likely to have high shocks # in period ¢t = 2 and relatively less
likely to receive low shocks 6. The social planner who is very redistributive in period
t = 2 and puts higher (pseudo) weights on the low types allocates relatively low utility
to this agent. On the other hand, the type 6, is not significantly affected, since his
probability of having high shocks # is relatively low. This agent benefits from more
redistribution as for him the high shocks 6 in the second period are less likely.

We summarize this discussion in the following proposition

Proposition 8. Suppose U (c,l) satisfies (2). The labor distortion in period t = 2 on
the type with the first period history ©' = 0y satisfies:

Tho (0|0x) 1—Fy(0) [ Ux)\ fu (o)
- [ (-5 e

1—Tp,000m) ' 0ful0)
where

)\:/OOOU(x)dF(a:).

The labor distortion in period t = 2 on the type with the first period history ©' = 0,

satisfies:
pra fH(T)
B0 n -, (BTN
1-Tp,0002) ' 0fu(6) /9 L h AT (34)
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where

A:/OOO (1—M)U(m)d&m.

prfr ()
4.2 Continuum of shocks

In this section we extend the characterization developed in the previous subsection to
the case in which the shocks are drawn from a continuous distribution in the period
t = 1. The main difficulty in the analysis is finding sufficient conditions that ensure
that only local incentive constraints bind in the first period. We proceed in this section
by assuming that only local constraints bind and obtain characterization of distortions
under such assumption. In the appendix, we provide sufficient conditions. For the
simulations in Section 4.3 we verify numerically that this assumption holds.

In periods t = 1 and t = 2 shocks have the support © = [0, 00). In period ¢ = 1, skills
are drawn from the distribution F' (#). Conditionally on the realization of the shock
in period ¢ = 1, shocks ' in period t = 2 are drawn from the distribution F (0'|f) with
density f (6'|0).

We now rewrite the problem recursively. For report 6 in period t = 1, a social planner
chooses a function w (8|¢’) : © x © — R for all possible shocks #’ in period ¢ = 2. The
function w (6]0") is a promised utility of a type " who reports to the social planner that
he is type 6 in period t = 1. This implies that the incentive compatibility constraint in

period t = 1 is:
U(c(0),y(0)/0) + Bw(00) > U (c(0),y(#)/0) + fw (¢'0) for all 0,6'.  (35)
The planner’s problem in period ¢ = 1 is given by:

{c<a>,y<lé[)1,iv?<e>}0€@ / (c(0) =y (0) + 0V (w(0),0)) dF () (36)

subject to the incentive compatibility constraint (35) and to the promise keeping con-

straint
w z/(U(C (0),y(0)/0) + Bw (010)) dF (0), (37)

where w : © — R denotes the function w (6]-).

The characterization below follows the steps taken in the i.i.d. case.
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First, we re-write the incentive compatibility constrain (35) as a maximization prob-
lem over agent’s types:

u () = mez,ixU (c(0),y(8')/0) + pw(6']0).

From the envelope theorem the necessary condition for this problem is given by

o (6) = ~U(e(6).50) /) 2+ s 019) (38)

We use w; (0'|0) and w, (6'|0) to denotes the partial derivative of the promised utility
function w (6'|0) with respect to 6" and 6, respectively.

In general, it is difficult to show under what conditions (38) is also sufficient and can
replace (35) in minimization problem (36). In practice, it can be verified numerically (as
we do in Section 4.3) if only local constraints bind. When (38) is sufficient, the optimal
labor distortions in period ¢ = 1 can be found using standard optimal control techniques
similar to those used to prove Proposition 4.

When (38) is sufficient to replace the incentive compatibility constraint (35), the
maximization problem over the future promised utilities significantly simplifies. The
planner only needs to choose the promised utility for the agent who tells his true path
w (0]0) and the derivative of the promised utility, wy(0|¢). The planner’s problem (36)
is then given by:

i 0) — y () + 8V (w (0]0) ,ws (0]0) ,0)) dF (0 39
{c(e>,y<a),w%?w(ew)}ge@/(C( ) —y(0) (w (010) ,wo (016) ,0)) dF (0) (39)

subject to (37) and (38).
It is easy now to write a program for the value function V' (w (6110) , ws (61]61) , 61)

in period ¢t = 2 for an agent whose type in period ¢t = 1 was some value 6;:

Vst = min [ (c(6) =y (0)dF (©06) (40

subject to the incentive compatibility constraint (3),

w = / U (c(6) .y (6) /6) dF (6]6,) (41)
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and the threat-keeping constraint

wy = a% / U c(6),y(6) /6)dF (6]60))
U (c 0) /0) of a(zlel)de. (42)

This problem is a direct generalization of the optimal problem with two types and
persistent shocks (28) where the threat-keeping constraint (42) is a continuous type
version of (31).

The optimal labor wedges in period ¢ = 2 can be found using exactly the steps of

Proposition 8. We summarize these findings in the following Proposition.

Proposition 9. Suppose that U (c,l) satisfies (2) and (38) are sufficient in (36). The
labor distortion in the first period satisfy (20), where f (0) and \ are given by (21) and

(22), and )
U (0) = exp (ﬁ /0 w;](g;”)dx) .

The labor distortion in the second period on the type who was 01 in the first period

satisfy
, o (1 _ pzaf(m|01>/ael> U (z)
Thy (010) A-F (6161) / - pf(el6n) flaloy)
1 =T}, (0]61) 0f(0161) J A 1—F(60,)
(43)

where p and py are constants and

A= /Ooo (1 - p28£;15519)1§801) U (z)dF ().

4.3 Numerical simulations with persistent shocks

In this section, we extend the results of Section 3.2 to incorporate persistent shocks. We
add observations from the 2005 wave of the PSID to the data constructed in Section
3.2. Since the PSID is a panel data set, with our extended data we are able to compute
the distribution of income in 2005 (in 1997 dollars) conditional on income realizations
in 1997. We followed the procedure described in Section 3.2 to impute the distribution
of skills. We plot the implied skill distributions in Figure 3.
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Figure 3: Implied distributions of skills.

Figure 4 displays the results of our numerical simulation. The pattern of labor
distortions in period ¢t = 1 in the economy with persistent shocks (dashed line in Figure
4) is similar to the case with i.i.d. shocks in Section 3.2. The marginal labor distortion
for the lowest income ($10,000-$19,999) is 13.7 percent. The distortion declines and
reaches a minimum at 10.3 percent at the second income range ($20,000-$39,999). For
the remaining income ranges, the labor distortion monotonically increases and reaches
31 percent for the incomes of $120,000-$139,999. This finding is not surprising. As
follows from Proposition 9, the labor distortions in period ¢ = 1 are governed by the
same expression in both the i.i.d. and persistent shocks cases. The difference comes only
in the value of the endogenous variable for the promised utility w; (6]6).

Now, consider the optimal labor wedges in period t = 2. We plot the wedges for
two groups of agents: (a) with income in period ¢ = 1 in the $20,000-$39,999 range
(lower dot-dashed line in Figure 4), and (b) with income in period ¢ = 1 in the $120,000-
$139,999 range (higher dot-dashed line in Figure 4).

The first result is that, contrary to the i.i.d. case, these two groups face very different
labor distortions in period ¢t = 2. The labor distortions of agents who in period ¢t = 1 had

income of $120,000-$139,999 are much higher (10-40 percent) than their labor distortions
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Figure 4: Optimal marginal distortions in the economy with persistent shocks.

in period ¢t = 1 (and higher than in the i.i.d. case in Figure 2). The labor distortions for
agents who in period ¢ = 1 had income of $20,000-$39,999 do not change significantly
from their earlier distortions (and are lower than in the i.i.d. case). The second result
is that the labor distortions no longer follow a U-shape pattern found in the i.i.d. and
in the static models. Consider the agents who in period t = 1 had income of $120,000-
$139,999. For such agents, in period ¢ = 2 marginal distortions decrease if they have
income income above $60,000.

There are two forces driving the pronounced differences in taxes for these two groups
that follow from the discussion of Proposition 8: (a) differences between conditional
and unconditional distributions of skills, and (b) differences in conditional distributions
across agents, specifically between those who had income of $120,000-$139,999 and those
who had income of $20,000-$39,999.

It follows from (43) that conditional probabilities are some of the key determinants
of the optimal marginal labor distortions. Figure 3 displays the conditional probabilities
for the two groups of agents we discuss. Consider first an individual in $20,000-$39,999
group in period ¢ = 1. His income and skill are likely to remain low in the period ¢t = 2.

The conditional probability of having the same income is just below 60 percent. The
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conditional distribution for this agent is very concentrated in the first three bins. For
those income ranges, the ratio (1 — F'(6)) /0f (0) of conditional probabilities is lower
than for the unconditional probabilities in the i.i.d. case, which is a force driving taxes
lower on those types. For higher types the term 1— F' (#) is close to zero, which drives the
labor wedge lower than in the case of unconditional distribution even if such individuals
make incomes above $60,000 in period t = 2.

Similarly, agents who had income in the $120,000-$139,999 range in period t = 1 are
likely to have high income in period ¢ = 2. Therefore, in period t = 2, for low 6 the
term f () is small while the term 1 — F' () is large. The ratio (1 — F'(0)) /6f (0) implies
then high marginal taxes. Once agents have high income levels which have substantial
conditional probability, labor distortions fall.

The savings distortion is represented by the solid line in Figure 4. The savings wedge
increases for all income levels and ranges from less than 1 percent for income of $10,000-
$19,999 to 36.9 percent for income of $120,000-$139,999. For the case of the persistent
shocks we do not have an analogue of the equation (24) for the savings wedge that we
derived in the i.i.d. case. The overall pattern, however, remains similar with the only

difference that the level of the savings distortion is lower.

4.4 Extensions and generalizations

Our analysis so far has focused on a two period economy in which preferences satisfy
(2). Although these assumptions simplify the exposition none of them are crucial. It
is easy to extend our recursive formulation to the T" period model. Then the optimal
distortions in any period ¢ < T' can be derived using the same steps as we used to derive
labor wedges in period ¢ = 1 in Propositions 4 and 9.

Similarly, one can extend the analysis to more general utility functions. Because
of the exponential utility of the form (2), the benchmark formula for labor distortions
in the static case (5) is particularly simple. This formula, however, can be generalized
for any preferences that satisfy Spence-Mirrlees single crossing property. For any such

preferences, the optimal marginal labor distortion becomes (see Proposition 1 in Saez
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(2001)).

() (1+7u<0)) 1 — F(0)
1-1"(0) 7 (0) 01(6)
<[ () (- 50) ) (- FEREE) e
(44)

where 7" (6) and ~¢ (#) are uncompensated and compensated elasticities of labor supply
of type 6. The same formulas can be derived for the period t = 2 of our model for
arbitrary preferences (as long as they satisfy the single crossing property). In period ¢ =
1, we used exponential preferences to find sufficient conditions for incentives constraints
to be replaced by local constraints (Section 7.8). To the extent that such sufficient
conditions can be verified, either analytically or numerically, for other preferences, the
analysis of the first period wedges and formula (44) can easily be extended to the dynamic

case.

5 Consolidated Income Accounts - A Theory of De-
centralization

Previous sections characterized the optimal labor and savings distortions (wedges). In
dynamic Mirrleesian taxation models, optimal wedges do not necessarily coincide with
the taxes implementing the optimal allocations (see, e.g., Golosov and Tsyvinski (2006),
Albanesi and Sleet (2006), Kocherlakota (2005)). In this section, we provide a novel
implementation of the optimal allocations — a consolidated income accounts (CIA) tax
system. In a given period, the labor income tax depends on labor income and on the
balance of the CIA, the savings tax depends only on the amount of savings; the CIA
balance is updated as a function of the labor income and the previous balance. We then
show that the CIA system takes a particularly simple form if the utility is exponential
and the shocks are i.i.d. The tax system consists of a non-linear tax on capital income,
non-linear labor income tax, and a CIA account. In each period a taxpayer can deduct
the balance of the account from the total income tax bill. Thus, while all agents with
the same labor income are facing the same marginal tax rate, the total tax bill is smaller

for the agents with a higher CIA account. Similarly, updating the CIA balance follows
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a simple rule. In each period a change in the CIA balance is determined solely by the
individual’s labor income in that period. Moreover, if the distribution of the shocks does
not change over time, taxes do not depend on age of the agent. We conclude with a
numerical simulation of the optimal taxes. In our simulation, labor income taxes are
lower than labor income distortions as they incorporate the effects of updating the CIA

balance.

5.1 Implementation in a general case

We consider a T' period model of the economy described in the previous sections. The

optimal allocations {c* (Ht) Y (Qt) } gteor SOlve a generalized version of (9):

max Eq U (c(0Y) ,y (6" /6, 45
{ee(0)we(0) } i cor {;ﬂ ( ( ) y( )/ )} )

subject to the incentive compatibility constraint
T
{30 ). 0) )|
t=1
T
> Eo {Z BU (¢ (o (6)) .y (0 (") /et)} for all o, (6"), (46)
t=1

and the feasibility constraint

T T
Eo ) 6" 'c(07) <Eo» o 'y (6").
t=1 t=1

As in Kocherlakota (2005), we impose the following assumption on the optimal al-

locations.
Assumption 1. For any 0", if 0 # 0’ then y* (0°",0) # y* (0", ¢').

The tax system that we propose consists of three elements. First, taxes depend on a
consolidated labor income account (CIA) which keeps track of agents’ past earning. We

denote by w; € R the balance on that account, which is updated according to a rule
Wt = Gt (yt|wt—1) ) (47)
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where ¢; : R, X R — R. That is, given a previous balance w;_; and the current amount
of labor income y;, the agent is assigned a new CIA balance of w; according to the
function g; (-). The second element of the tax system is a nonlinear tax on labor income
y in period t, T} (y¢|wy), where T; : R, x R — R. The third element of the tax system
is a savings tax 7 (k¢|w;), where 7, : R, X R — R.

We now formally define the CIA tax system.

Definition 1. A consolidated income account tax system, {(we, g (Ye|wi—1)) , Tp (yelwe) , 7¢ (ki) },,
consists of, ¥t: (1) the updating rule for the consolidated income account g; (yi|wi—1) and
the associated balance on the account wy = g (y¢|wi—1), with the initial balance wy = 0,

(2) the labor income tax Ty (yi|w:), and (3) the savings tax T (kt).
We now formally define the notion of implementation.

Definition 2. A CIA taz system {(wi, gt (yelwi-1)), Ti (yelwe) , 74 (ko) }

allocation {@ (Qt) s Ut (Ht) } g U this allocation solves

. implements an

max Eo U (¢ (0Y) ,y (6") /6, 48
{ct(@t),yt(Gt),kt(et)}gteet {;ﬁ ( ( ) y( )/ )} ( )

subject to the budget constraint

Ct (et)+kt+1 (Ht) S Yt (et)—F(Silkt (etil)—Tt (yt (Ht) \wt) —Tt (kt (91571)) ,Vt, Ht € @t and Qt Z Htfl,
(49)
the updated balances given by (47), and ki,wy = 0.

Note that the agents’ problem above assumes that the agent can borrow or lend at
the interest rate 6~ '. 7 We are now ready to prove the main result of this section that a
CIA system implements the optimum. The proof of the theorem shows how to construct

this system.

"To derive the implications for taxes implementing the optimum one needs to take a stand on what
private insurance contract are available. As it is well known in the literature (see, e.g., Prescott and
Townsend (1984) or Golosov and Tsyvinski (2006)), if unrestricted multi-period contracts are allowed,
the competitive equilibrium allocations are efficient. At the same time, in practice private markets
do not provide efficient insurance (see, e.g., Kocherlakota (2005) for some of the arguments). To
better understand the implications of the idiosyncratic uncertainty on the optimal non-linear taxes, we
consider an important benchmark in which without government intervention no insurance is available
to the households beyond borrowing and lending with a risk free rate. This is the most commonly used
benchmark in the literature on implementation.
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Theorem 1. Suppose that solution to the optimal program (45), {c;‘ (Ht) Y (Qt) } preot?

satisfies Assumption 1. Then there exists a CIA system that implements {cj; (Ht) Yp (Ht)

Proof. We prove this theorem in two steps. The first step is to construct a tax system
T, (yly1, .., ye—1) , 7+ (k) in which taxes in period ¢ depend on the whole history of labor
earnings. We show that such a system implements the solution to (45),{c; (6") ,y; (6") }
In the second step, we invoke a standard set theory result to show that the constructed
tax system can be equivalently written as g; (y|wi—1), T (y|ws—1), ¢ (k). That is, it is
sufficient to condition the tax system on the consolidated income account.

Step 1.

We start by recursively constructing the amounts of savings in the optimal allocation:

k; =0,
kf =0k, +Bo{y; —c}, vt > 1. (50)

For any history #° € ©1, construct the labor tax
Ti (s (6°) 1yt (6%) 5ty (61)) = wy (6%) — ¢ (6F) + 6 k) — Ky

and set
T, (yly; (0) sy (0771)) = 00

if there exists no 6 € ©; such that y = y; (Qt_l, 0). Note that this tax is well defined
because of Assumption 1 since we can invert history of incomes yf,...,y; ; into the
sequence of shocks 07,

We now construct savings taxes following the contribution by Werning (2009). Let
7 (kf) = 0. First, consider the savings tax in period ¢t = 1 for savings different from
the optimal amount kj. We denote such tax by 7 (k] +¢) for any € # 0. Let W (e, 7)

denote the highest ex-ante utility that any agent can achieve who saves ¢ additional
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units of capital in period ¢ = 1 on which he pays tax 7 in period ¢t = 2:

Wl (87 TE) =

up By {U (c* (0 (61)) <. %)

J(QT)EE

+ Eq {ET: pU (c* (0 ("), %) }

t=3

Note from (46) that

W1 (0,0) =E {Zﬁt‘lU (" (6") 5" (6") /61 } :

Since W (e, 7) is monotonically decreasing in 7, there exists 77 such that the agent is
indifferent between the best deviation (for a given amount of savings in period ¢t = 1, ¢)
and the optimal allocation:

Wy (e, 72) = W1 (0,0).

Set 7o (k +¢) = 7% for all .
Similarly, define by W5 (g, 7) the utility under best deviation (for a given amount of

savings ¢) for period ¢ = 2:

Wy (e,7) = sup By {U (c* (o (6Y)) — &1, y (‘701(91))>

U(GT)EE,sl
+ U (C* (a (92)) + (57151 — Ty (kr + 51) — ¢, %ﬂ) }
e (o @)+t GO

" tZT;BHU (C* (o (6%) y%ﬂ) }

Given the amount of savings in period ¢t = 2, ¢, and the tax in period ¢ = 3, 7, the agent
chooses the reporting strategy o (QT) € X and the savings in period ¢t = 1, ;. The agent

pays the savings tax 79 (k] + 1) on savings ;.
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As before, we find 7} such that an agent is indifferent between the best deviation

(for a given amount of savings in period ¢t = 2, €) and the optimal allocation:
W2 (8,7’:) = W1 (O, 0)

We then set the savings tax in period t = 3, 73 (k3 + ¢) = 7. We proceed by induction
to define 74 (k;) for all £ > 1.

Now we verify that constructed tax system {Tt, Tt} implements the optimum. Con-
sider any sequence of labor incomes ; (Ht), Vo € et V\tfe want to show that for any such
sequence, and the equilibrium choice of consumption ¢ (Gt) and savings k;, agent’s utility
is weakly less than utility from choosing the optimal allocation {c;‘ (Ht) Yr (Gt) } preer and
the corresponding sequence {k; },. First, we can restrict our attentions to the sequences
Yt (Gt) that satisfy v, (Ht) =y <9t> for some #'. From the definition of the labor taxes,
all other sequences involve labor taxes sufficiently large that an agent does not choose
them. Construction of capital taxes implies that the agent’s choice of savings satisfies
ke = k;, for all t. This implies that the agent’s choice of consumption ¢, (Ht) = (@t> :
Let 4 (Gt) — 0’ for all £. Then the utility of the agent from such a labor choice is

E, {iﬂtU (c(5 () .0 (o (#) /@}

which, by (46), is less then his utility of optimal allocation.

Eo {XT: B'U (¢ (6) ,y; (6Y) /Qt)} :

t=1

In other words, the above reasoning is as follows. Labor taxes are constructed such
that agent chooses income from the menu of the optimal allocations under different
strategies. Capital taxes are constructed such that the agent’s savings and consumption
are among the menu of the optimal allocations. Finally, the incentive compatibility
constraint insures that the best choice of such consumption and labor menu is indeed
the optimal allocation.

Step 2.

We now construct a CIA tax system. Recall that a ¢ dimensional space of real

numbers is equivalent to R, i.e., there is a bijection ¢; : R* — R (see, e.g. Problem 9
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on page 20 in Kolmogorov and Fomin (1975)). Let w; = ¢* (1, ..., y:) and denote by ¢; *

the inverse of ¢;. Define taxes as

T, (ylwi-1) = T (Wla ) (wi-1))

and
7o (klwi1) = 71 (klgi (wie1)) -

Finally define a consolidated labor income account as

9t (Ylwi—1) = @ (g7 (wi1) ,y) -

It is clear from the construction that this system implements the same allocations as the

tax system constructed in Step 1. ]

Theorem 1 is quite general. In particularly, as long as Assumption 1 is satisfied, the
theorem does not depend on the details of the stochastic process for skills or the form
of preferences and holds irrespective of whether only local incentive constraints bind.
However, despite the simplicity of construction, the tax functions not necessarily would
be well behaved with respect to w;. For example, the proof does not say anything about
whether such functions are continuous, monotonic, or differentiable.

Theorem 1 establishes that the planner needs relatively limited amount of information
to design taxes that implement the optimal allocation. It is possible to set up a rule
for the consolidated income account that keeps track of a one dimensional summary
statistics of the past labor incomes, together with nonlinear taxes on labor (which is a
function of that summary statistics) and savings taxes to achieve the constrained-efficient

allocations.

5.2 Implementation in a simple case

At the level of generality in the previous section, it is difficult to characterize the CIA
rule g, or the dependence of labor taxes on the CIA balance T; (y;|w;) in more details.
We turn to a special case of our model which allows to understand the properties of a

CIA system in simple cases.
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Proposition 10. Suppose 0, are i.i.d. with the distribution F; (0), and the utility satis-
fies (2). Then there exists a CIA tax system that implements the optimal allocation and
satisfies

T (ythH) =T (yt) — Wi—1,
and

we = gt (Yr) + Wit

Moreover, if F, () = F(0) for allt <T then g =g and T (-) =T (-) for allt <T.
Proof. In the Appendix n

This Proposition shows that when shocks and utility satisfy assumptions of Propos-
ition 10, the tax system takes a particularly simple form. It consists of a non-linear tax
on capital income, a non-linear labor income tax, and a CIA account. In each period a
taxpayer can deduct the balance of the account from the total income tax bill. Thus,
while all agents with the same labor income are facing the same marginal tax rate, the
total tax bill is smaller for the agents with a higher CIA account. Similarly, rules for
the updating the CIA balance follow a simple rule. In each period the increase on your
account is determined solely by the individual’s labor income in that period.

The last part of the proposition also clarifies the relationship between history de-
pendence (as embodied in the CIA account) and the age-dependence taxes. Proposition
10 shows that if the shocks up are drawn from the same distribution, the tax and CIA
rules do not need to be conditioned on age explicitly. The exception is the last period
of agents’ life, since it is no longer possible to provide incentives dynamically. One can
think of period T as the retirement period, in which shocks 61 are being drawn from
a “post-retirement” distribution Fr (). In that case Proposition 10 shows that the re-
tirement benefits should be governed by somewhat different rules then “pre-retirement”
taxes. One particularly interesting case to consider is the one where all mass point of
skill distribution is on zero, Frr (0) = 1, so that no agent can work after retirement. In
that case, the taxes in period 71" reduce to T = —wr. Obviously, T are interpreted as
the retirement benefits, which are equal to the balance on the CIA accumulated over

your lifetime.
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We compute T" and g functions for the parameters described in Section 3.2 and present
them in Figure 5. Marginal labor tax functions 7" and marginal CIA function ¢’ are
represented by solid lines. To facilitate comparison, optimal marginal labor distortions
are also reproduced from Section 3.2. Labor distortion in period t = 1 is represented by
a dashed line. Labor distortion in period ¢ = 2 is represented by a dot-dashed line that
coincides with T} (y2).
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Figure 5: Implementation with a CIA tax system.

First, notice is that the marginal labor taxes in period 1, T{(y) are lower than the
marginal labor distortions (wedges) 77, ; (y). To understand this result, consider the first

order conditions to (48):

% = (1 =T (n1)) Ue + Cg1(11)

where ( is a Lagrange multiplier on the balance of the CIA (47). As we saw from Figure

Uy

2, in the optimal allocation agents with higher y; receive higher period ¢ = 2 utility,

which, from construction of g, implies that ¢} (y1) > 0. Therefore

Ti (1) <Tp, (1) -

The labor taxes are lower than then the ones characterized in equation (20). This

relationship is not surprising. The labor choice of individuals is distorted by both the
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marginal tax rate on labor income, and by the distortions arising from the CIA. The
CIA is used to provide incentives dynamically — agents with higher income are assigned
a higher CIA balance. The sum of the two distortions is equal to the optimal labor
distortion characterized in Section 3. Therefore, the marginal tax rate are lower than
the optimal labor distortions.

We now compare our decentralization to the ideas of cumulative income tax averaging
proposed by Vickrey (1939) and Vickrey (1947). One of the main motivations behind
Vickrey’s proposal was to avoid “inequality of burden as between taxpayers of fluctuating
and of steady incomes”. Although the implementation details of our proposal differ
from those of Vickrey’s, conceptually they are closely related. Table 1 compares two
individuals, with a similar present value realization of labor income, and the total labor
taxes they pay. The present value of taxes for these individuals are similar, which is
in line with Vickrey’s motivation for the cumulative average income tax. The details
differ. Under Vickrey’s proposal, an individual in period ¢t = 2 should pay tax based on
the lifetime present value of the labor income. In our decentralization, the labor tax in
period ¢t = 2 is on labor income in that period, but the first individual gets a bigger CIA
credit for the higher taxes he paid in period ¢ = 1. Our system is a natural extension
of Vickrey since it allows to provide better insurance against idiosyncratic shocks by

incorporating savings distortions.

Table 1. Two realizations of labor income, labor taxes, and CIA balances
(optimal allocation is computed in Section 3.2,

units are normalized so that y; (619) = 1)

01 0, Y1 (01) +0y2 (02) Ty (yr) + 6T (y2) g1 (y1)
Realization 1: 10 9 1.66 0.64 0.14
Realization 2: 9 10 1.63 0.58 0.09

In the more general case, when shocks do not follow the i.i.d. process, the character-
ization of the taxes and CIA balances implementing the optimal allocations is likely to
be significantly more complicated. We explore this issues at length in Golosov, Troshkin,

and Tsyvinski (2009).
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6 Conclusion

This paper provides a methodology to study the determinants of the optimal taxes using
the first order conditions of the optimal mechanism design problem. We derive a novel
implementation using the consolidated income accounts. We also provide numerical sim-
ulations for the simple cases of the optimal taxation problem and the taxes implementing
it. An important next step is to explore more general calculations of the optimum and
the taxes implementing it. Such calculations for the general case of the multi-period
model with persistent shocks are very complex. Instead, a different approach can be
used. Following, important contributions of Conesa and Krueger (2006), Conesa, Kitao,
and Krueger (2009) one can use parametrized simple tax functions. The advantage of
the current paper is that it gives insights on how to design such tax function, what
parameters and which functions to include. We use these insights and provide realistic

computations for a calibrated model in Golosov, Troshkin, and Tsyvinski (2009).
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7 Appendix (very preliminary and incomplete)

7.1 Proof of Proposition 2

First we prove that the value function takes the form Vs (w) = In(—w) + ag. Let
ag = Vs (—1). Since any w < 0 can be represented as —1exp (In (—w)), constraint (8)

becomes
= / " exp (= In (—w)) G (U (c(8) ,y (6/9))) dF (9)
= [ (e (- 2mew)ve®.6m) o)
_ /OOOG (U <c(9) + ﬁlm(—w) ,y(9/9)>) dF (0)

where in the second line we used the fact the G is homogeneous of degree o and in the

third that U satisfies (2). Let ¢ (6) = ¢ (0) + ﬁ In (—w), so that

1= [Tewe®.u /) ar o) 61)
Since U satisfies (2), (3) is equivalent to
U@E(0),y(0)/0) > U (E@),y (@) /) for all 6,6 (52)

The objective function in (7) can be re-written as

~ 1
Ve(w) = max [ (@(0) =y (6) dF ()~ — ()
s.t. (51) and (52), so that
Vs (w) = ag — ﬁln (—w).

Note that this implies that y* (f|w) that solves (7) is independent of w. Since U

satisfies (2), the marginal labor distortion satisfies

(y* (Olw)™

1T (Blw) = =

and it is also independent of w.
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7.2 Proof of Proposition 4

Rewrite problem (18) as

1 v l n(—vlu — Ppw - w
o / (_l(g) wl (= [u(0) — Bw (9)]) — 601 (0) + 6V ( (9))> dF((Q;?))

s.t.
W (0) =~ 1u0) - g (6) ")
and
woz/u(e)dme)
Set up Hamiltonian
Ly L n(—vy[u(f) — pw
H = —<§l(9) o (=9 [u(0) = Pw (0)]) = 0L(0) + oV ( (9))>f(9)

Recalling that U (0) = u (0) — fw (6), the optimality condition for u is

1 e
(W+p)f(9)—ﬂ(9)¢ 0 = —' (0)

Integrating,

- Lol [
- [ T exp(/ )1+ P (2)) f (&) da

This implies that

O e = [ e (/w ) (U @) f@ s G

Consider the term g— exp (— [, vl (0') /0'd0"):

ﬁexp( /w /ede)_exp< ( ﬁ) /w /ede) (55)
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Since

U (z) —InU(0) = /: AU )

dd’
sy
/9 )"
Y A ),
- (‘” 7t U<9'>>d‘)

where in the last line we used (19) and U’ (0) = «/ (#) — fw’ (6). Then (55) becomes

Substitute it into (54)

Bw
00 = [ e ([ G ) @t @) @) do
Since the boundary condition is p (0) = 0, (56) implies that

1 Sy e (fy B U @) £ (@) de
P e (Jy S) £ (@) da

Now consider the optimality conditions for [ (6)

16"
0

— (1O = 6) [ (8) = u(B)¢ (u(8) — Bw (8))~
Since labor distortion T}, ; (/) satisfies
Tha(0) =1-07"/0,
(58) becomes
Tha(0)  p(0)vU (6)y

L=Tp, (0)  0f(0)
Substitute (57) and (56) into (60) to get

! TDTD(H ze> 5w /:o o ( : 551«(5)/)) <1 - U@) f o) do

e (= [Cuney joar) = e (= [ ar - [y par)
(f

(56)

(58)



Let VU (z )—exp<f0xﬁg(9 )and

V@I
f( >_f0°°\11(:v’)f(x’)dx’

Function f () is a well defined density function, and we denotes its cdf by F' (z).
Then (61) becomes

i - sty ) (- o

0 U@)

o (-2

()

A:/OOOU(x)dﬁ(;c)

where

7.3 Proof of Proposition 6

When utility function satisfies (2), (23) becomes
U (c1(0), 41 (9) /0)
58U (c2 () 02 () /69 0}
>From the envelope theorem applies to problem (13), it can be shown that
V7£Iaj::—¢E{U(@(W)4D(¥)/W)M}.
Consider the optimality condition for w (6) in problem (53).

8 s IO
(-5 — 0V @) £ = -u) 30

TS(Q):l—

or

0 _ 2 1(0)
75 () = 1=V (w(0) U (0) = n(0) U (0) 9 970

Since U (0) is negative, and, from (58), u () is negative, this implies that the savings
distortion is positive. Substitute (60)

1 Tp, (0)
s O =0 T @)
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Substitute (59) to get

! ' /(v=1)
m/(wfl)fTDJ (9) (1 - TD,l (9))V !
Y 1-— Tb,1 (9)

Y / / 1/(v—1
— 9/ 1);TD,1 () (1 - TD,l (9)) /(v=1)

Ts(¢9>

7.4 Proof of Proposition 7

To be added

7.5 Proof of Proposition 8

Equation (33) follows directly from the discussion in the text. Here we prove (34). Set

up Hamiltonian for (32) (we omit conditioning on w;, and wy;, for conciseness).

H o= —(hWW—EhM%HM@—ﬁwwm—ﬂM@)h@)

v (0
+ pru(0) fr (0) — prigu (0) fu (0) — u(@)y [u (0) — Bw (0)] Z(ZV
1 v 1 0 (— T () — Buw _
- (;z(e) wl (= [u(0) — Bw (6)]) — 61 (9>) fu(9)
 punfu (9) "
o (1B w0) 10

The rest of the steps follow those in the proof of Proposition 4.

7.6 Proof of Proposition 9

The derivation of the second period distortions follows exactly the steps of the proof
of Proposition 8. To derive the first period labor distortion, we follow the steps of the

proof of Proposition 4 and set up Hamiltonian

! W—ED—U — bw — w w
Ho= = (210 Lm0l ) ~ 5w O] 016) + 0V (w (016) w2 (616),) ) £ 0
b pu)76)~ u0) (0 1u0) - 5w 618)]

— Pws (92|92)> :
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Using optimality condition on u (f) and integrating p’ (6) we again obtain (54) and

g((ﬁ; exp (— /6 "yl <e’>”/9'd9'> — exp <_ /0 ’ ‘“%0,(‘%9/_ /0 @) /e,dg/).
(62)

Since v’ (6) = U’ (0) + pfw; (0]6) + Pw, (0]0) ,
AU (6) _ U'(6) _ o (6) — Bun (616) — Bus (610)

df U U (9)

— [u(0) — Bw (0]0)] 9 + Bw, — Bwy (0]6) — Bw, (6]9)
U (6)

LB Bun (0]6)

9 U (9) (63)

=~y

Substitute (63) into (62) to get

g((g exp (— /0 Ly /9’d9’) ~ exp ( /e ’ ﬁw{;_((g)k")) |

The rest of the proof follows the proof of Proposition 4.

7.7 Proof of Proposition 10

First, consider the recursive formulation of the optimal problem

Vi (w) = / (c(6) =y (6) + 6Viir (w/(6))) dF, (9) (64)

{6(9),?11(1(19%{110’(9)}
s.t. (10) and
w = / (U(c(6).y(6) /6) + fur (6)) dF, (6)

By Proposition 2, Vp(w) = ar — iln (—w) where ar is a constant. First we want
to show that V;(w) = a; — iln (—w) for all ¢ where a; are constants. The proof of this
fact is by induction. Suppose that Vi (w) = arr1 — %ln (—w) and let a; = Vi(—1). Let
c(0)=c(0)+ i In (—w) and @’ () = —w’ (0) /w. Substitute the newly defined variables
to (65) taking into account that U satisfies (2):

Vitw) = min (60 <)+ Vi (@ O)) A 0) 4 ln(-0)  (65)
s.t.
U(E(0),y(0)/0) + B’ (0) = U@E(0),y(¢")/0) + ' (¢)
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and

1= [ WE®).v0)/6)+ T (6)dF6).

Solution to (65) coincides with the solution to V;(—1).

For the stuff below we note that this implies that for any two w, w,

_w' (0;W)
= W (0: ) (66)

&l &

Now we define the CIA tax system. First we define all variables as a function of

shocks, and then we invert them. Let
20 (0) = o (=’ (07)

and have g, (0;_1,0;) satisfy
(:)t (Qt) = f]t ((Dt—la 6’t) . (67)

. ~t . ~
Consider two histories, 0" and 0 with a property that 6; = 6;,. Then

- C:)t <ét71> - (Ijt (ét_1>
where we used (66) on the second line. This implies that (68) can be re-written
@i (0") = G (01) + @y (68)

Finally, we are ready to define the CIA system. Let

and
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>From (68), g; and w; satisfy®

wi (Y) = g¢ (y) + wi1.
Define k; as in (50). Finally, we define taxes on labor as
T, (070,0,) =y (0771,0,) — e, (077,0,) + 6 'ky — Ky — @ (0771) + A,

where A, is a constant. Since 1, (9’571, Qt) does not depend on ' since y (9’571, Qt) is a
solution to (65), and ¢; (9'5*1, Qt) + v (9#1) do not depend on ' by construction,

T, depends only on the current realization of #;. Therefore, we can set
Tt (y (Ht)) = Tt (9#1, Ht) .
Finally we choose A; so that

A, = / G (01 dF (0°°1).

7.8 Sufficiency of local incentive constraints

To be added.

8If y; is chosen such that there is no history 6 for which y (6) is a solution, we can set g;(y) = w
where w is a sufficiently low number
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