Prices and volumes of options: A simple theory of risk

sharing when markets are incomplete*

Francois Le Grand and Xavier Ragot!

February 8, 2010

Abstract

We present a simple theory of business cycle movements of derivative asset prices and
volumes. This theory relies on time-varying heterogeneity among agents in their demand
for insurance against aggregate risk. Formally, we build an infinite horizon model in which
agents face an aggregate risk, but also different levels of idiosyncratic risk. We are able
to analytically characterize a general equilibrium in which positive quantities of derivatives
are traded. This allows us to explain the informational content of derivative volumes over
the business cycle. We reproduce stylized facts about derivative volumes, and also perform
welfare analysis with respect to the introduction of derivative assets, which notably appears
to be not Pareto improving.
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1 Introduction

Derivative assets are financial instruments allowing agents to exchange risks. The volume of ex-
changed derivatives contains information about the opportunities of risk trading, and thus about
the heterogeneity among agents in their risk assessment. This volume is time-varying and depends
on the volatility of the underlying asset price. Considering one of the most traded derivatives,
which are options on the S&P 500 index, lets notably appear that the traded volume increases

with the volatility of the underlying asset, the S&P 500. More aggregate risk thus generates more
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heterogeneity and modifies the willingness to bear risks. We develop a general equilibrium model
with incomplete markets, where this time varying heterogeneity is endogenously derived and which
is consistent with the previous basic fact. We provide general pricing equations when options are
not redundant and use the model to analyze the welfare effect of introducing a derivative asset.

The model we present here departs from the seminal Black and Scholes (1973) setting, in which
options are redundant and priced by replication. In this setup, option volumes are not determined
and the exchange of insurance among agents does not play any specific role. We study a deviation
from the standard infinite horizon economy a la Lucas, endowed with a single exogenous risky
asset, where agents face heterogeneous uninsurable idiosyncratic risks and borrowing constraints.
As a consequence of this last assumption, agents differ in their willingness to bear the aggregate risk
on the top of the heterogeneous idiosyncratic risk. Incomplete markets for some risk thus provide
a foundation for the aggregate risk sharing and the exchange of insurance thanks to derivative
assets. This motivation is appealing, since the assumption of market incompleteness receives
empirical support and has been introduced to contribute to the solution of many pricing puzzles,
like the equity premium (Constantinides and Duffie (1996)) and the risk free rate (Huggett (1993)).
In this paper, we derive the implication of this assumption on the pricing of derivatives, on their
volume determination and on the welfare effect of their introduction.

This foundation of the demand for derivative assets has been studied in the literature before,
notably by Franke, Stapelton and Subrahmanyam (1998), in a two-date economy. Our contribution
consists in introducing a tractable infinite horizon setting where pricing formula can be easily
derived and where welfare analysis is possible. We are able to do so because we generalize the work
of Challe, Le Grand and Ragot (2007), who present an analytical framework with both aggregate
and insurable idiosyncratic risks. In this equilibrium, the ex post heterogeneity is reduced to a
finite number of different agents. We thus avoid the computation of an approximate equilibrium,
which is possible only with a reduced number of assets (typically two) in the presence of aggregate
shocks. On the contrary, our setup allows for the introduction of an arbitrary high number of
derivatives. More specifically, we model the idiosyncratic risk as an employment risk and makes
two assumptions to reduce the heterogeneity. The first one is that the labor supply is so highly
elastic (as in Scheinkman and Weiss (1986) and in Lagos and Wright (2005)), that employed
compensate income fluctuations by working more. The second assumption is that the income
when unemployed (unemployment benefit or home production) is such that unemployed agents
choose to liquidate their complete portfolio when falling into unemployment and choose to hit the
credit constraint. In this setup, we introduce heterogeneity across agents by allowing for different
idiosyncratic risks and thus for various types of agents. Although this framework is highly stylized,

it allows us to clearly identify the equilibrium exchange of risk under incomplete market and in a



tractable model. The gain is to be able to provide new results concerning the interaction between
option trading and time-varying aggregate risk.

The first part of the paper features two types of agents with two different levels of idiosyn-
cratic risks, who buy shares of a risky tree, both to smooth consumption and to self-insure against
uninsurable income risk. We study this economy with and without a single call option, which com-
pletes the market in this simple framework. We analyze how the availability of the derivative asset
affects the portfolio structure of both agents. The agents facing the lowest level of idiosyncratic
risk choose to take a larger share of aggregate risk by purchasing call options. Since the call pays
off only in the good state of the world, the low risk agent chooses when purchasing call options,
to hold a riskier portfolio and thus to bear a larger share of the aggregate risk and to provide
insurance to the high risk agent, who has sold the option.

We prove that the volume of traded options increases when the heterogeneity and the exposure
to idiosyncratic risk increases and when the dividends of the risky asset become more volatile.
This model is thus able to reproduce the correlation between the asset volatility and the volume
of options reported in the data. The intuition for these results is the following. An increase in the
riskiness of the asset, which can be thought as a mean-preserving spread of dividends, implies that
in some states of the world the payoff of the risky asset is low. Agents want to insure themselves
against the conjunction of a bad idiosyncratic outcome and a bad aggregate shock, which means
a low portfolio liquidation value, while being unemployed. As the idiosyncratic risk differs across
agents, the agents with a low idiosyncratic risk will be willing to bear a larger share of the aggregate
risk than agents with the high level of idiosyncratic risk. High risk agents purchase a larger quantity
of underlying asset and also sell call options (i.e. buy insurance) in order to smooth their portfolio
payoffs across states of the world.

Second, we show that the introduction of the option increases the welfare of the agents facing
the high level of idiosyncratic risk and decreases the welfare of agents facing the low level of
idiosyncratic risk. The first ones are more able to self-insure themselves and bear a smaller share
of the aggregate risk after the sale of options. The other agents’ type purchases options and holds
a riskier portfolio. They support a larger share of the aggregate risk and their welfare decreases.
The option introduction is therefore not Pareto improving, which illustrates Elul (1995) and Cass
and Citanna (1998) papers about the impact of financial innovation on welfare.

The second version of the model generalizes the previous setup. An arbitrarily high number of
different agents’ types facing different level of idiosyncratic risks are able to trade an arbitrarily
large number of options derived from a single risky Lucas tree. The technical part consists in
proving the equilibrium existence and in deriving the joint equations for portfolio compositions

and prices. As an empirical illustration, we calibrate the model to reproduce roughly volumes and



prices of options in a simplified representation of business cycles.

The rest of the paper is organized as follows. The next section is the literature review. The
third section presents the simple economy with only one risky asset. Section 4 introduces options to
complete the market for the aggregate risk. The final section generalizes the equilibrium existence

to an economy with an arbitrarily large number of agents and of securities.

2 Literature review

Our paper belongs first to the option pricing literature allowing for heterogeneity and deriving
simultaneously option prices and quantities. Three reasons justifying the aggregate risk sharing
among agents can be found in the literature. The first one is that agents have different preferences
and notably different risk aversion. As a consequence, they value differently the various aggre-
gate risks (Bhamra and Uppal (2009)). The second one is that agents have different beliefs or
information about the aggregate risk (Biais and Hillion (1994); Buraschi and Jiltsov (2006)). The
third one is that agents face different background risks. Their willingness to bear aggregate risk on
the top of this idiosyncratic (or background) risk differs (Franke, Stapelton and Subrahmanyam,
(1998)). Our model is related to this third type of motivation. Our contribution is to depart from
a two-date model and to propose an infinite horizon economy, in which we characterize analytically
prices and volumes and perform a welfare analysis.

There is a large number of papers in the microstructrure literature documenting the stylized
fact that we reproduce, which is the positive relationship between the underlying volatility and the
activity on the option market. Easley, O’Hara and Srivinas (1998) exhibit a positive correlation
between contemporaneous stock price changes and option volumes. Donders, Kouwenberg and
Vorst (2000) find the same positive relationship using earning announcements. Moreover, a survey
of Karpoff (1987) reports a strong positive link between stock price changes and the trading
volume in the stock market. In addition, Anthony (1988) and Stephan and Waley (1990) find
a positive correlation between stock volume and option volumes. These both results together
confirm the relationship between stock prices and option volumes. An empirical result closer to
our objectives and our model is the positive correlation between the option open interest and
volatility of the S&P 500 that Buraschi and Jiltsov (2006) find using daily data on the S&P 500
index. There is a strong consensus about the positive relationship, but there is a debate about the
informational content of the derivative volume for predicting future stock prices (Easley, O’Hara
and Srivinas (1998) or Pan and Poteshman (2006) among others) or future stock volatility (Ni, Pan
and Poteshman (2008)), often on very short horizons (indraday or less than a week). Obviously,

this aspect is far beyond the scope of our paper and we are only interested in option volumes over



the business cycles.

Our paper is also related to no-trade equilibria models, which allow for analytical prices in an
infinite horizon economy with incomplete markets. Constantidines and Duffie (1996) propose such
a framework to solve the equity premium. Krusell, Mukoyama, and Smith (2008) investigate asset
prices in a no-trade equilibrium, in order to derive simultaneously bond and equity prices. Our
paper is also a generalization of our previous work (Challe, Le Grand and Ragot (2007)), where
we studied the term structure of interest rates in the vicinity of the no-trade equilibrium, but with
positive trades of bonds. We add here the ex-ante heterogeneity in the idiosyncratic risk agents

face, allowing us to study the risk sharing over the business cycle through the option trading.

3 A simple economy with one risky asset

We consider an economy with one risky asset, where two types of agents (type 1 and type 2) face
an uninsurable unemployment shock. The risky asset is a simple Lucas tree, whose mass V remains
constant through time. The tree pays off at each date ¢ a dividend ¥; in consumption goods, whose
variations are the single aggregate risk in the economy. These dividends can only take two values
inY = {yag,ys}, with yo > yp: G refers to the good state, while B to the bad state. Dividends
evolve as a two state Markov chain, whose transition probabilities to move from state k to state [
(k,l = G, B) are denoted 7;. To avoid the discussion of uninteresting cases, we make the following

assumption.
Assumption A (Persistence) Both aggregate states are persistent, i.e. Tge + mpp > 1.

The previous assumption states that aggregate states are persistent and do not fluctuate too
often, what is consistent with dataﬂ The price of one unit of the tree at date ¢ is denoted P;.

In addition to this aggregate risk, all agents face an uninsurable unemployment risk: Agents
can be either employed or unemployed. When employed, type 1 agents face a probability a' to
become unemployed an thus a probability 1—a'! to stay employed. When unemployed, these type 1
agents face a probability p! to stay unemployed and a probability 1— p! to find a job. With obvious
notations, type 2 agents face the same risk with probabilities o and p?. Transition probabilities
to get into and out of unemployment are constant, so that we can deduce the long-run fraction 7’

of type ¢ employed agents: ‘
1-p
1+af —pt

i

fori=1,2 n'=

The initial fraction of employed agents of type i is also assumed to be 1’ to avoid transitory

dynamics.

1For instance, Hamilton ((1994), chap 22) finds 7gg +7pp = 1.65 at a quarterly frequency for the US economy.



When employed, agents earn a constant hourly wage that we normalize to 1 and they can
freely adjust their labor supply. When unemployed, agents benefit from a constant “domestic
production” that we note ¢ > 0. Home production is low enough for unemployed agents to be
worse-off compared to employed ones, which insures that agents are willing to participate to the

labor market. More formally, we make the following assumption.

Assumption B (Labor market participation) v’ (§) > 1.

3.1 Preferences and the agents’ program

In each period, agents enjoy utility from consumption and leisure. Preferences are separable in
time, as well as in consumption and leisure. More precisely the periodic utility of any agent over
consumption ¢ and labor [ expresses as u(c) — I, where u : R — R is twice derivable, increasing and
concave. We follow indeed Scheinkman and Weiss (1986) and Lagos and Wright (2005) among oth-
ers and assume that agents are infinitely elastic in labor. Instantaneous preferences are discounted
with a common factor 5 € (0, 1), representing the time decay. We discuss later the implications of
the linear disutility of labor.

We denote e € {0,1} the employment status of a type i agent (i = 1 or 2), with e} = 1
when he is employed and e! = 0 otherwise. The program of a type i agent consists in maximizing
his intertemporal utility under a set of constraints, by choosing his consumption level, his labor
supply and his asset demand, which are noted respectively ci, I: and xi. The operator Ey[-] is the

unconditional expectation over aggregate and idiosyncratic shocks.

max £, 3" 5 (u(c}) ~ 1) 1)

T o

st. A+ Pal=ell +(1—e)d+ (P +uy)xl (2)
ci,li>0and 2t >0 (3)
tlim B (ch) i =0 (4)

The initial asset endowment is noted x% ;. The agent of type i = 1,2 maximizes his expected
intertemporal utility subject to a set of constraints 7. According to the constraint ,
total resources made of labor income (or domestic production for unemployed), asset dividends
and asset sale values are used to consume and to purchase assets. The second condition states
that the consumption level and the labor supply have to remain positive, which will always be the
case in all equilibria that we consider. The borrowing constraint stating that agents are prevented
from short selling the tree appears in equation . The last equation simply features the

transversality condition that will hold in our equilibria.



The agents’ risk sharing is limited along three dimensions, since agents are only allowed to
trade positive quantities of a single asset. First, the market for the aggregate risk is incomplete,
because there is a single asset, while the aggregate risk takes two possible values. Second, the
unemployment individual risk is uninsurable, because there is no asset contingent to labor status.
Finally, agents can only trade positive asset amounts, which limit their portfolio compositions. This
set of restrictions will be relaxed in the next section, where we complete the market for the aggregate
risk. These assumptions about the idiosyncratic risk is common to the literature on liquidity
constraints, called the heterogeneous agents literature (see for instance Krusell, Mukoyama, and
Smith (2008)).

We define ¢! > 0 as the Lagrange multiplier associated to the borrowing constraint . Writing

the Lagrangian of the previous program allows us to derive the following first order conditions:

labor market condition:

_ _ . (5)
l;=0 it e =0

consumption smoothing: P u'(cl) = B Ey; [W'(cis1) (Pig1 + Yes1)] + 06 (6)

The first order condition expresses that while an unemployed agent does not supply any
labor, an employed agent works, such as to equalize his consumption marginal utility to the constant
marginal pain of labor, equal to 1. In consequence, all employed agents chose the same consumption
level. The Euler equation @ equalizes the cost of giving up today one unit of consumption to
the expected (E}[-] is the expectation over both aggregate and idiosyncratic states, conditional on
the whole available information at date t) gain of one additional unit of consumption tomorrow.
When the Lagrange multiplier ¢! is strictly positive, the type i agent would like to borrow and to

consume more, but his binding credit constraint prevents him to do so.

3.2 Market clearing and equilibrium

The asset market clearing condition simply equalizes the asset supply, which is constant and equal
to V, to the overall asset demand. To aggregate individual demands, we define the probability
measure Al : R x E — R describing the distribution of type i agents as a function of their asset
holdings and labor status. This probability is consistent with the history of both aggregate and
idiosyncratic shocks. As an example, A?(z,1) is the measure of employed agents of type 2 holding

an asset quantity x. The market clearing condition expresses therefore as follows:
/ xtdA} (zte) + / 22 dA2(z%e) =V (7)

(zt,e)eRTXE (z2,e)eRT X E

The Walras law implies that the good market clears as soon as the asset market does. In

consequence, we are able to define an equilibrium in our economy as follows:



Definition 1 (Equilibrium) For an initial distribution of asset holdings (xi_l)izl , and em-
ployment status (Aé)i=12 for both agents’ types, an equilibrium consists in indiwidual choices

i 70 i11=1,2 ; .
{eb, b2t} i—0” . oo and a price sequence (Py)i=o,....00, such that:

1. Given prices, individual strategies solve the agents’ optimization program .

2. The distribution of Ai (i = 1,2 and t > 0) is consistent with both aggregate and idiosyncratic

state evolutions for both agents’ types.

3. The asset market clears (i.e. the equality (7) holds).

3.3 Reduced heterogeneity equilibrium
3.3.1 Assumptions and description

In standard economies featuring uninsurable idiosyncratic shocks and credit constraints, the equi-
librium cannot be explicitly derived, since it implies an infinite distribution of agents’ with different
individual histories. The usual strategy consists in computing approximate equilibria. In this pa-
per, we generalize a previous work (Challe, Le Grand and Ragot (2007)), to derive an equilibrium
where the heterogeneity in the demand for insurance can be computed with paper and pencils.

This equilibrium is based on two assumptions. The first one has already been introduced and is
the linearity in the disutility of labor. In this case, when employed, agents are able to freely adjust
their labor supply to obtain a constant marginal utility for consumption, equal to 1 (equation )
All employed agents consume thus the same amount. This assumption is introduced to decrease
the heterogeneity across employed agents.

Our second assumption is that the quantity V' of the asset remains small enough, such that even
after selling their whole portfolio, unemployed agents are credit constrained. In other words, we
assume that the asset quantity is not sufficient for agents to overcome their credit constraint after
falling into unemployment. More formally, this assumption states that the Lagrangian multiplier
of the credit constraint @ in the agent’s program binds if and only the agent is unemployed — and

is slack when he is employed, as summarized in the following assumption:

Assumption C (Small asset volumes) Unemployed agents are always credit constrained, while

employed ones always participate to the asset market:
Vie{1,2}, ¢ >0 el =0

Of course, this assumption as to be checked in equilibrium. In Section below, we show that

this condition will be fulfilled when V' is small enough. A second implication of this assumption is



that all employed agents, whatever their type, purchase the asset. This is insured by the assumption
that the idiosyncratic risks of the two types of agents are not too different, or that o' is not very
different from o?.

In this equilibrium, it is easy to write the Euler equation @ of employed agents of type 1,

separating aggregate from idiosyncratic states, which expresses as:
P, = B(1 = a")Ey [Pry1 + yey1] + B’ By [u' (04 (Prsr + yes1) ) (P + Y1) (8)

The left hand side is the opportunity cost to buy one unit of asset at period ¢. The first term at
the right hand side is the valuation of expected return from holding the asset if the agent remains
employed (with probability 1 —a?). As the agent is employed, his marginal utility is 1. The second
term at the right hand side is the valuation of the same return when the agents is unemployed. In
this case, his marginal utility is u’ (6 + (P41 4 ye41) @} ), where @} is the quantity of assets bought
in period t, because the agent liquidates all financial holdings to consume.

From the previous equation, we deduce that the asset price and the asset quantity chosen
by employed agents only depends on their type and on aggregate parameters, and not on their
previous wealth. With a slight abuse of notation, we note them respectively P; and xi. Moreover,
this price P; and the asset quantities #! depend only on the current aggregate state y;, and not on
the whole history of shocks. We simply note them respectively P and x}v for the type i agent in
the state of the world k = G, B.

For each type of agents ¢ = 1,2 there are four different classes of households in each period ¢:
(i) Unemployed agents at date ¢, who were employed before. These agents denoted eu consume the
amount 0 + (P, + y;) xi_; (ii) Unemployed agents, who were unemployed in the previous period.
These agents denoted wu consume the amount J; (iii) Employed agents ee, who were employed
before and (iv) Employed agents ue, who were unemployed before. Agents belonging to these last
two classes consume the same amount «/~! (1) and buy the same quantity of asset xi. However,

they supply a different quantity of labor, because their beginning-of-period wealth is different.

3.3.2 Proof of the existence of the equilibrium

The previous equilibrium exists if: (i) Unemployed agents are credit constrained, and if (ii) Both
agents’ types trade in asset markets. First sufficient conditions are therefore that Euler equations
of eu and uu agents for both types hold with strict inequality, reflecting that the asset is too
expensive for them. Since the quantity of assets z? held in state h = B, G in the beginning of

the period by the type ¢ agent eu, is positive, it is sufficient to prove that eu agents are credit



constrained, which implies that uu also are. This simply expresses in the state k = B, G as:

P/ (04 (P +yi) ) > B D m il (0)(Ps 4 y3) + mh o' (1= (8)) (P + ) (9)
j=G.B

The second condition for the equilibrium to exist is that the valuation of the asset by employed
agents of both types is similar. Using equation 7 we deduce that in state k = G, B:
o' D me (W (64 (Pt yy) k) — 1) (Ptyy) = Y mey (0 (5 + (P +vy) 27) — 1) (Pity;)

j=G,B j=G,B

(10)

This equation states that both types of agents value similarly the asset when falling into un-
employment.

The proof of the existence of the equilibrium is done is appendix. The following proposition

summarizes the result.

Proposition 1 (Equilibrium existence) A unique equilibrium exists in an homogeneous econ-

2

omy without aggregate shocks (o' = o* = a and yg = yg) as soon as the following condition

holds:
1<u’(6)<1+16_76 (11)

Moreover, the equilibrium exists is still unique when 1) the tree size V is not too large, 2)

heterogeneity in « is small and 3) the aggregate uncertainty remains limited.

The intuition of the proposition is the following. The condition is a necessary condition for
the equilibrium to exist when there is no aggregate risk and when agents have the same idiosyncratic
risk. In this case, one can simply derive the price of the asset P and check unemployed agents
are credit constraints. Both inequalities of the condition are compatible since 8 < 1. We will
assume that the condition hodls in the remaining of the paper. The condition is all the less severe
since the probability « of falling into unemployment is small. This condition also allows us to rule
out sunspot equilibria and to be sure that the equilibrium we consider is unique. Contrary to the
paper of Bowman and Faust (1997), options cannot play any role in our economy when the larket
is complete for the aggregate risk before the option introduction.

In the case with risk, the intuition is simply that even an agent endowed with all available
assets is unable to unwind his credit constraint when falling into unemployment in a good state of
the world. The restriction on the aggregate uncertainty insures that the portfolio liquidation value
is not too high in any state of the world. Finally, the agents’ probabilities o’ (i = 1,2) of falling
into unemployment must be not too different from each other, for each of them to desire to hold

the asset in equilibrium.
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3.4 Interaction between aggregate uncertainty and heterogeneity

As prices and quantities depend only on the aggregate state, the Euler equation defining the
asset price in state k = B, G can be expressed as:
Po=p8 Y my(l+a (W (6+P+y)ai)—1)(Pi+y;),i=12 k=GB (12)
j=G,B
Eq. summarizes four different equations, stating that the asset valuation is the same for
both agents’ types ¢ = 1,2 in both states of the world k = G, B.

The market clearing condition in each state of the world expresses simply as follows:
V=n'oy+n*2i, k=G,B (13)

The equilibrium consists now in the set of six endogenous variables {Pg, Pg, xé, x}37 ng, xQB}
defined by the six equations and . It is now easy to study the interaction between aggregate
uncertainty and heterogeneity. Before presenting the main result of this section, we have to make

an additional assumption about the shape of the utility function.

Assumption D (Utility function) We assume that the following inequality holds in the equilib-

rium without aggregate risks (yp = ya =y):

w0+t (P +y)) 2, _u'(0+22(P+y))

ot Pry) -1 T WG+ Pty -1

where P is the price and ' and 2% the asset quantities chosen by agents 1 and 2 in the economy

without aggregate risk.

! and 22, the previous inequality becomes a condition

Solving for the price P and quantities x
on the shape of the utility function. This condition always holds for standard utility classes, as
CRRA, CARA or quadratic utilities, and is thus quite general. This condition states that the
agents 1 who has the biggest probability to fall into unemployement (a! > a?) benefit relatively
more from an increase in the return on the financial asset. To see this, note that the function of
P + y defined by /(6 + 2° (P +y)) — 1 is the difference in marginal utilities between employed
and unemployed workers. The condition states that the elasticity of this function with respect to
P +y is higher for agents 1 than for agents 2, which means that the difference in marginal utilities

between employed and unemployed is proportionally higher for agents 1 than for agents 2. The

following proposition summarizes the results about the effect of aggregate shocks.

Proposition 2 (Aggregate shock effects) In the vicinity of the equilibrium without uncertainty
(yvB =yc =1y),

11



i) The agents, who are more likely to fall into unemployment (o> > o?) purchase in both states
g

of the world a larger asset quantity than the other ones: x} > x3 >0 for k = B,G.

(ii) Type 1 agents hold less assets in the good state of the world than in the bad one: xé <zl

while the reverse holds for type 2: 2%, > x%.

First, as the demand for insurance against the risk of falling into unemployment by agents 1
is higher than the one of agents 2, they hold more asset in all states of the world. Second, as the
aggregate state is persistent, the average return on the asset is higher in the good state of the world
than in the bad state of the world. As type 1 agents demand the asset to self-insure themselves,
they need to demand less asset in good state to obtain the same expected self-insurance. The same
is true for agents 2, but one can show that Assumption [D] implies that the equilibrium quantities
are driven by the behavior of type 1 agents, who are more sensitive to the return on the risky asset.
In consequence, agents 2 hold less assets in state B than in state G.

The next proposition summarizes the main results according to a change in the idiosyncratic

risk.

Proposition 3 (Heterogeneity effects) In the vicinity of the symmetric equilibrium (o = a?),

a larger unemployment risk for the type 1 agents (a larger o) yields the following consequences:

(i) The asset price increases in both states of the world, but more in the good one than in the

bad one.

(ii) The asset holdings of the type 1 agents also increase in both states of the world, but more in

the bad state than in the good one.

The previous proposition considers the case where type 1 agents experience a larger o' and
thus a more severe risk than agents of type 2. Facing a larger probability of unemployment, these
agents need to better hedge against that risk, which raises their asset demand. This larger demand
increases asset prices in both states of the world, but not homogeneously. Since aggregate states are
persistent, purchasing the asset in the bad state of the world is mainly purchasing a hedge against
unemployment in the bad state, when the asset pays off badly and is less effective in helping to
overcome credit constraints. In consequence, the asset price increases less in the bad state than
in the good one. A larger probability of unemployment therefore raises both prices, but also their
variance.

Type 1 agents, who experience a larger individual risk, need to better self-insure themselves, and
therefore demand a larger asset quantity in both states of the world. However, due to Assumption

with the same quantity of assets, they will be much better insured in the good state of the
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world. In consequence, they will purchase more assets in both states of the world, but more in the
bad state than in the good one. The variance of their holdings will also therefore increase.

We have presented in this section the results in the case of market incompleteness for the
aggregate shock. In the next section, we introduce options and study the exchange of insurance in

the business cycle.

4 The economy with a risky asset and a derivative call option

In this section, we complete the credit market of the preceding economy by introducing a derivative
asset, whose underlying is the risky tree. More precisely, agents are allowed to trade a supplemen-
tary security, which is a call option with a maturity of one period and a strike contained between
the asset price in the bad state of the world and the one in the good state. The call is therefore
designed in order to only payoff in the good state of the world. The market is complete for the ag-
gregate risk, while it is still incomplete regarding the idiosyncratic risk and while credit constraints
still limit agents’ investment sets.

In addition to tree shares, which are in positive supply, agents trade options, which are in
zero net supply. Since agents of different types have different risk appetites, they are willing to
exchange insurance between themselves through the trade of positive quantities of options, in order
to smooth out their portfolio payoffs across states of the world.

Let us now turn to the formal description of the model.

4.1 Description of the economy

Except the option introduction, the economy remains unchanged compared to the previous one.
Since prices are endogenous, it is not necessarily obvious to find a strike K, contained between
the asset prices in both states of the world: Pg < K < Pg. The simplest solution consists in first
introducing options in a homogeneous economy, where both agents face a similar unemployment
risk. Because they are perfectly symmetric, agents hold similar portfolios. In consequence, intro-
ducing the option in zero net supply implies that the call is priced but not traded. Asset prices in
both states of the world are different (see Proposition and we can pick up a strike between both
assets prices. In a second step, increasing the heterogeneity between agents continuously move
asset prices and we deduce that it remains possible to find such a strike.

We note s¢ the quantity of calls that an agent of type i purchases at the price Q; in period
t. The type i agent’s program consists in choosing his consumption level, his labor supply, and
his asset and option demands in order to maximize his intertemporal utility subject to a budget

constraint (including option purchases and payoffs) and a credit constraint stating that the agents’
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financial wealth must remain positive. Noting F( the unconditional expectation over aggregate
and idiosyncratic uncertainty, the program of the agent of type 7 expresses as follows:

max Ey Z gt (u (ci) — li) (14)
t=0

{ewsde,wessiti=o,n,..
s.t. A4+Pai4+Qusi=ell+(1—e)d+ (P+y)ai ,+(P—K) s |
Ptxi + Qtsi >0
e 1l>0
Jim ol () 2} = Jim 3o/ (cl) s} = 0

The agent objective is the maximization of his intertemporal utility function under the set
of constraints 7. The first constraint is the budget constraint at date ¢ and equalizes
agent’s resources (labor income, or domestic production, and revenue from the sale of both financial
securities) to his expenditure (consumption and security purchases). The inequality is the
borrowing constraint of the agent imposing that his financial wealth must remain positive. The
two other constraints, positivity of consumption and labor in and transversality conditions in
are technical and will always be satisfied in the equilibrium we will consider.

It is noteworthy that the condition allows agent to “issue” options, at least up to certain
extent. Due to the heterogeneity and the zero net volume, there will be a positive exchange of
options at the equilibrium and the option purchased by an agent needs to be issued and sold by
another agent. The quantity of traded options is also called the open interest and measures the

activity in the option market ]

4.2 The equilibrium
4.2.1 Euler equations

As in the previous economy, we build an equilibrium with four agents’ classes for each type, where
classes depend on the present and past employment status of agents. Unemployed agents eu do not
participate to financial markets and once they fall into unemployment and liquidate their portfolio,
they remain credit constrained. Their financial wealth is supposed to be never sufficient to overcome
borrowing constraints. Liquidating assets and options, they consume in state j = B, G (while the
previous state is denoted k = B,G) 6 + (P; + y;) zi + (P; — K)* si. Long lasting unemployed
agents uu only consume their domestic production §. Employed agents ue and ee of both types

i = 1,2 participate to both the asset and the option financial markets. Since they are infinitely

2In our economy, traded volumes and open interest are exactly similar, since every option contract is exactly

traded once during the period.
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elastic in labor, all employed agents of the same type consume the same amount u’~!(1) and
hold the same financial portfolio. These agents only differ along their labor effort. As in the no
option equilibrium, prices and quantities only depend on the current aggregate state and not on
the whole history. We deduce the following Euler equations for the asset and the option, as well

as the corresponding market clearing condition (k= B,G and ¢ = 1,2):

Po=8 Y m,(1+a (u (54 (P +y)ah+ (P — K)"sp) — 1)) (P + ;) (19)

j=G,B
Qr=Bmrc(1+a' (v (6+ (Pe+yc)z,+ (Pe—K)Ts;) — 1)) (Pe — K) (20)
V=ntzy P o (21)
0=mn's; +1° s (22)

The pricing kernel has a similar interpretation as in the economy without options. A first
component refers to the consumption smoothing between two employment periods. The sec-
ond term reflects the hedging against the unemployment risk. The security is all the more
valued since it is helpful in insuring against this risk and since the expected cost of unem-
ployment is high for the agent. The cost of unemployment is measured as the (inframarginal)
variation of marginal utility experienced by the agent when falling into unemployment, which is
u' (64 (P;+y;) 2l + (P, — K)* si) — 1if k and j denotes respectively the previous and the cur-
rent states. This expected cost is large when (i) the probability of losing your job is high and (ii)
the portfolio liquidation value that the agent consumes when unemployed is small.

There are however two main differences with the previous economy. First, obviously, there is
an additional security and therefore a supplementary Euler equation . Second, the option only
payoffs in the good state of the world. The Euler equation only mentions a term for the good state
of the world. Moreover, options only matter in the liquidation component of the Euler equation in
the good state of the world.

As a conclusion, an equilibrium in this economy consists in the set of four prices { Py, Qk tr=5,¢
and eight security quantities {xz%, sfc};::lé%a, such that the twelve equations 7 (k= B,G
and ¢ = 1,2) hold.

4.2.2 Equilibrium existence conditions

The previous equilibrium with four agents’ categories for each type ¢ = 1,2 exists as long as (i)
employed agents of both types participate to financial markets and (ii) unemployed agents are
credit-constrained when falling into unemployment.

The first condition implies that the agents’ valuation for both securities is the same. The

equality of expected unemployment costs for both agents therefore expresses in each state of the
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world B and G, where h = B, G denotes the previous state:

o (u' (0 + (Pe +ya)zh + (Pe— K)sp,) — 1) = o (v (6 + (Pg +ye) 2 + (Pc — K) s3) — 1), h=G,B
(23)
o' (v (64 (P +yp)xy) —1) =a® (' (6 + (Ps +ys)zin) —1), h=G,B (24)

We will use later on these equations to investigate the portfolio holdings of both agents.

The second condition for the equilibrium to exist implies that both asset and option prices are
too high for unemployed agents to purchase them. Agents eu, who have just lost their jobs, hold
at the beginning of the period a financial portfolio and are wealthier than wu. If the former do not
participate to financial markets because of too high prices, the latter will also be excluded. The
two following inequalities, one for each security market, insure that none of unemployed agents
trade any security:

Py (§+ (P +ye) e’ + (P — K)*s') > 8 g (W' (8) +p' (L= (8)) (P +y;)  (25)

j=G,B

Qut'(0+ (P +yr)a' + (P — K)T s") > B (v (8 (1-4'(6))) (Pa — K) (26)

Using expressions of prices P and ), we deduce from and two conditions, which are
very similar to @ for the equilibrium without options. In consequence, unemployed agents will
not trade neither options, nor assets, as long as we remain in the vicinity of the equilibrium with
small asset volumes and without heterogeneity nor aggregate uncertainty.

We can therefore state a similar proposition to Proposition [I] of the previous section.

Proposition 4 (Equilibrium existence) We suppose that the condition holds. A unique
equilibrium with limited heterogeneity and option trading exists as soon as the tree size V' is not

too large and the heterogeneity and the aggregate uncertainty remain limited.

The proof strategy is exactly the same as in the no option economy and the formal proof is left

in appendix.

4.3 Interaction between aggregate uncertainty and heterogeneity

We analyze now the interaction between uncertainty and heterogeneity along two dimensions. We
first discuss the portfolio compositions, and then how these holdings, as well as security prices are
affected by the aggregate uncertainty. In the next section, we focus on welfare consequences of the
option introduction.

We suppose that Assumption [D] still holds. The larger the asset quantity an agent holds, the
more he will benefit from a rise in asset prices when falling into unemployment. Key equations

determining agents’ holdings are both the market clearing conditions and , as well as
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equations and , which insure that both agents’ types trade positive quantities of both
securities. More precisely, the equation shows how agents chose their asset quantity in order to
hedge themselves against unemployment in the bad state of the world. The equation describes
how agents chose their option quantity, so as to adjust their insurance against unemployment in
the good state of the world. In a nutshell, the asset matters for hedging in the bad state, while
option matters in the good one.

The following proposition sums up the results about the portfolio composition.

Proposition 5 (Agents’ portfolios) In the economy with a call option, agents’ portfolios exhibit

the following features:

(i) Asset and option quantities do not depend on the state of the world and are noted respectively

x' and s* for type i = 1,2 agents.

(ii) Agents of type 1, who face a larger risk of unemployment choose to hold a larger quantity
of assets than type 2 agents: x* > x? > 0, and the former agents sell options to the latter:

st <0< s2.

The intuition for the first result is the following. Since the option only payoffs in the good state
of the world, both agents need to value analogously the option when falling into unemployment in
the good state of the world. In consequence, the expected cost of unemployment for both agents’
types has to be the same in the good state of the world. The asset payoffs in both states of the
world but due to the preceding remark, agents need to value the asset similarly in the bad state of
the world: The expected cost of unemployment in the bad state has also to be identical for both
agents’ types. In addition to the market clearing conditions, one can show that these equalities
between expected unemployment costs in each state of the world imply that portfolio liquidation
values do not depend on the state of the world, neither do the security quantities. This is the
consequence of the complete market assumption.

The intuition for the second result of Proposition [f is the following. Type 1 agents, who are
the more likely to fall into unemployment purchase a larger quantity of assets to self-insure against
the risk of falling into unemployment in the bad state of the world. Without options, agents of
type 1 have insured against unemployment in the bad state of the world through the purchase of
assets. In the good state of the world, the asset becomes a better insurance device (because of a
higher sale price and a higher dividend), which benefits more to type 1 agents who hold a larger
asset quantity (due to Assumption @[) In consequence, type 1 agents hold a portfolio that payoffs
too much in the good state of the world: They therefore sell options, in order to decrease their

portfolio liquidation value in the good state of the world. On the other side, type 2 agents have
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purchased a smaller quantity of assets and are not sufficiently insured in the good state of the world
against unemployment (Assumption |§| again). The type 2 agent needs additionally to purchase
options to improve his hedging in the good state of the world, and to decrease the expected cost of
unemployment in that state of the world. It is noteworthy that type 2 agents purchase a positive
quantity of assets, at least when the heterogeneity is not too strongﬂ Both agents’ types therefore
optimally choose not to “issue” tree shares, which are the unique insurance against unemployment
in the bad state.

From a financial point of view, type 1 agents choose a sort of delta hedging strategy at the
equilibrium, in the sense that they optimally chose a portfolio composition, which is less affected
by the variation of the underlying than their portfolio without options was.

This result is consistent with the result of Franke, Stapleton, and Subrahmanyam (1998), who
prove that agents with low or no uninsurable risk have a concave sharing rule, which means that
they sell insurance to high risk agents in the good state of the world. Indeed, the return on the
portfolio holdinds is proportionnaly lower in the good state of the world. This return is obtained
in our setup by low risk agents buying call options.

We now explain how the aggregate uncertainty may affect security holdings and prices. This is

the main theoretical result concerning the volume of options in the business cycle.

Proposition 6 (Aggregate uncertainty effects) In the vicinity of the uncertain equilibrium

(yo = yB), an increase in aggregate uncertainty has the following consequences:

(i) The asset price increases in the good state and decreases in the bad one, while the average

price remains unchanged.
(ii) The option price increases in both states, but more in the good one that in bad one.

(iii) The more volatile the dividends, the larger the option traded volume.

The intuition for these results is the following. We consider a mean preserving spread of
dividends. In that case, the aggregate uncertainty increases: the bad state become relatively
worst, while the good state becomes better. In consequence, the quality of securities as an insurance
device evolves. While the quality of assets in the bad state of the world deteriorates (because of
the aggregate state persistence, it will pay off badly with a large probability), the quality of assets
in the good state of the world and the quality of options in both states appreciate. The spread
between prices in both states increases with the uncertainty, even if the average price of the asset

is not modified (result (i)). Regarding the option, its price increases in both states, but more in

3More precisely, we must have at the uncertain equilibrium: a® v/ (§ + (P +y)V) < o2 u/(§), which holds as soon

as the heterogeneity remains limited.
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the good one than in the bad one. As the price of the underlying asset increases in the good state
of the world, the return on the option, which is (Pg — K)Jr increases in the good state (recall that
the retun on the option is 0 in the bad state of the world). As a consequence, the price of the
option increases. Moreover, as the aggregate states are persistent, this increase is higher in the
good state of the world (result (ii)).

This mean spread of dividends also impacts portfolio compositions. Due to a smaller dividend
in the bad state, type 1 agents, who are the more likely to fall into unemployment, would like
to purchase a larger quantity of assets to obtain a sufficient hedging. Oppositely, a rise in the
dividend in the good state of the world gives them an incentive to purchase less assets. On the
whole, the overall effect remains positive since their first concern lies in the insurance in the bad
state of the world: More volatile dividends yield a larger asset purchase by type 1 agents. These
type 1 agents consequently sell a larger quantity of options in order to decrease their insurance
level in the good state of the world, while type 2 agents purchase these options in order to improve
their hedging in the good state of the world.

In consequence, more volatile dividends yield more volatile asset prices, more volatile (and on
average higher) option prices, and a larger quantity of traded options (result (7i)). Our model
is therefore able to reproduce the stylized fact stating that the open interest of options, i.e. the
number of open contracts, which is similar to |s!| in our economy, increases when asset prices
become more volatile. This fact is notably reported in Buraschi and Jiltsov (2006).

The degree of market incompleteness has also consequences on the portfolio compositions, as

it was the case in the no-option economy. The results are given in the next proposition.

Proposition 7 (Heterogeneity effects) In the vicinity of the symmetric equilibrium (o = a?),

a larger unemployment risk for the type 1 agents (i.e. a larger o) has the following consequences:

(i) The price of both securities increase in both states of the world, but more in the good one

than in the bad one.
(ii) The type 1 agents purchase more assets and sell more options.

A larger heterogeneity raises therefore the volume of traded options.

We now consider an increase in the unemployment risk for type 1 agents (i.e. a larger al) in
the vicinity of the symmetric equilibrium (a! = a?). Type 1 agents experience a higher probability
of falling into unemployment, which raises their expected cost of unemployment. Agents express
therefore a larger demand for self-insurance, which yields larger prices for both securities. The
price increase is more important in the good state of the world, when both securities are a better

hedge against unemployment, due to the aggregate state persistence. To sum up, a larger risk of
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unemployment increases the average security price, but also the price dispersion (result (7)). The
increase in the demand for insurance by agents 1 translates into a higher demand for the asset to
insure in the bad state of the world and a higher quantity of options sold to insure in the good

state of the world, as the option provides only insurance in the good state of the world.

4.4 Effects of the option introduction

We analyze the effects of an option introduction, starting from an economy without aggregate
risk, and where we increase progressively the risk through a mean preserving spread of dividends.
Introducing the option modifies portfolios’ payoffs ex post in each state of the world. In the
economy without option, agents only had the opportunity to purchase a single asset to hedge them
against the risk of unemployment in an “average” state of the world. With the option completing
the market, type 1 agents facing a high idiosyncratic risk insure themselves better in the bad state
of the world and less in the good state of the world, where their unemployment cost decreases more
than the one of the other type because they hold a larger asset quantity. In consequence, in the
economy with option, their portfolio will pay off more in the bad state of the world, while less in
the good state. They better smooth their portfolio payoffs across states of the world. It is moreover
noteworthy that expected portfolio payoffs (tomorrow, contingent in being in a given state today)
are similar in both economies. In fact, asset quantities in the economy without options are chosen,
such as to replicate these expected payoffs.

We now turn to the impact of the option introduction on the ex ante welfare. We analyze the

impact again in the vicinity of the equilibrium without aggregate shocks.

Proposition 8 (Impact of options on the welfare) The option introduction redistributes wel-

fare from agents facing a small risk of unemployment to agents facing a larger risk.

At the first order, the welfare is impacted through (i) the modification of portfolio composition,
while keeping prices equal to prices without aggregate shock and through (ii) the modification of
prices, while keeping quantities equal to the ones without aggregate shocks.

The intuition can be obtained through variations of portfolio compositions, because the price
of the asset is not impacted at the first order by the introduction of options. Since both assets
are in fixed supply, the portfolio compositions of both agents’ types evolve in opposite directions.
This has two important consequences. First, the aggregate ex ante welfare is not impacted at the
first order when the option is introduced. Second, one of both agents’ types will benefit from the
option introduction, while the other will suffer from it. Agents, who are the more likely to fall into
unemployment have the opportunity to better self-insure themselves with options: their portfolio

pays off more in the bad state, while less in the good one. They are able to better smooth out
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their portfolio liquidation values. In consequence, they benefit from the option introduction, which
allows them for a better self-insurance. On the opposite, the other agents’ type suffers from the
option introduction, which deters their insurance ex post. The option introduction allows a welfare
redistribution from agents facing a small risk of unemployment to agents facing a larger risk.

The option introduction is therefore not Pareto improving, which illustrates Elul (1995) and
Cass and Citanna (1998) papers about the impact of financial innovation on welfare. These authors
find the introduction of a new asset is not always Pareto improving. In our case, the result stems
from change in the volatility of agents’ portfolios.

We have described in details the economy with two agents’ types and two aggregate states. We
now generalize our equilibrium to an economy with arbitrary large numbers of agents’ types, of

aggregates states, and of call options.

5 Generalization

We have restricted our attention sofar to a simple economy where options are traded. In fact,
it was the simplest economy, in which options could be traded: the aggregate shock takes only
two values and the heterogeneity is limited to two agents’ types. The introduction of a single
option completes the market for the aggregate risk. The simplicity and the tractability of pricing
equations in this framework has allowed us to derive analytical results regarding the interaction of
aggregate uncertainty and heterogeneity and its impact on security prices and agents’ portfolios.

However, we can prove in a more general setup that an equilibrium exists, where options are
traded. We extend the previous economy along three dimensions. First, we suppose that the
dividend, i.e. the aggregate risk may take n > 1 values denoted {y1,...,yn}. The dividend evolves
again like a first order Markov chain and the probability of transition from state k to state [
(1 < k,l <n) is noted 7y, with obviously > ;" | m; = 1.

Second, we suppose that there are I > 1 types of agents, facing different probabilities to fall into
and to leave unemployment that we note respectively o’ and p’, with i = 1,...,I. The population

l—pi
2—at—pt’

of each type is normalized to 1 and the proportion of employed agents of type i is n° =
Finally, we suppose that the productivity of agents depends both on the agent’s type and on
the aggregate state. We note wi the productivity of agent with type i = 1,...,I and in the state
k=1,...,n.
After studying the existence of a limited heterogeneity equilibrium without options, we intro-
duce L > 1 call options with a one period maturity and a strike K; (I = 1,..., L), such that the

market is not necessary complete for the aggregate risk after the option introduction. We then

prove the existence for the economy with options and necessary conditions for the trade of options.
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5.1 The economy without options

As in the simple two state economy, we conjecture the existence of a limited heterogeneity equi-
librium, where employed agents of all types trade the asset, while unemployed agents are kept out
of financial markets. For each type, we suppose again that there are four classes of agents, which
depend on the past and current employment status.

The conjectured equilibrium is characterized by the n I Euler equations of the employed agents
(one per agent and in each aggregate state), the n market clearing conditions (one in each state)
and the n I Euler inequalities keeping eu agents (and a fortiori the poorest uu) out of the financial
market. In state k = 1,...,n , all employed agents of the same type ¢ = 1,...,I consume the same
amount u'(1/wt) and purchase the same quantity of assets z%. We note P the price of one unit
of tree in that state k. Unemployed agents consume their domestic production d and possibly the
sale value of their financial portfolio.

Equations and inequalities characterizing the equilibrium are (k,h =1,...,nandi=1,...,I):

Py = Bzﬂ'k,j% (14 o (wiu'(0+ (P +y;)zi) — 1)) (P + y5)
j=1 J

I
V=>
=1

P/ (6 + (P +y)zh) > ﬂme <pl; +(1- pi)u’(§)>
j

j=1
Using the implicit function theorem, we extend the equilibrium existence of the previous section

to this much more general framework.

Proposition 9 (Equilibrium existence) We suppose that the condition still holds. In the
general case without options, a unique equilibrium where unemployed agents of all types are excluded
from financial markets while employed agents of all types trade strictly positive quantities of assets,
exists as soon as the tree size V' 1is not too large and the heterogeneity in o and the aggregate

uncertainty remain limited.

5.2 Economy with options

We introduce in the previous economy, L non redundant call options maturing in one period. We
proceed in three steps.

First, for introducing non-redundant options, we need to be sure that asset prices are different
in some states of the world. To make it clear, we consider the economy without option, with no
idiosyncratic shocks and with the dividend as the single source of aggregate risk. The vector of price

P =(Py,...,P,) expresses in that case as a linear function of the dividend vector y = (y1,...,yn),
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such that P = (I, — Bm) "'y, where m = (71)1<k,1<n is the matrix of transition probabilities. In
consequence, as soon as we depart from the no aggregate shock equilibrium (while in its vicinity),
asset prices are different in at least two states of the world and different from each other, except
on a set of measure null[]

Second, the continuity result in the no-option economy implies that prices remain different,
even if we allow for idiosyncratic shocks and for another source of aggregate uncertainty, but
where agents are homogeneous.

Finally, we are now able to introduce options, such that at most one strikes lies between two
different asset prices. So, if there are h different prices supposedly ranked, P; < ... < Py, it is
possible to introduce h — 1 different calls, whose strikes are as follows P} < K1 < P, < ... <
Pn_1 < Kj_1 < Pp. In this economy, options are priced, but not traded.

We now need to prove that introducing heterogeneity does not modify the equilibrium existence.
As in the no-option economy, the conjecture equilibrium is such that: (i) employed agents of all
types participate to the L + 1 financial markets, and (ii) unemployed agents do not trade any
security. In state £k = 1,...,n, an employed agent of type ¢ = 1,...I purchases the quantity 52,1
of options with a strike K; (I =1,...,L) at a price Q.

With options, the equilibrium is characterized by nI(L + 1) Euler equations (L + 1 financial
securities priced in n states of the world where I agents’ types participate), n(L + 1) market

clearing conditions (L + 1 markets) and n I(L + 1) inequalities characterizing the equilibrium are

(k,bh=1,...,n;m=1,...,Landi=1,...,I):

n i L
w i
szﬁ;m,jw—i; <1+a ( W' (8 + (Pj + yj)zi, +l§ (P — K1) sk>—1>)(Pj+yj)
n w' .
Qk,mzﬁzlﬂ'k,jﬁ <1+a ( u' (8 + (P + y5)zh +lzl (P — Ki)* _1>)(Pj_Km)+
= —

J
I . .

V= an Ty,
=1

I
0= n Sk’,'m
i=1

™

n

1
Pk>ﬂ ( ' v
(5+ (Pk+yk)mh+zl 1(Pk _Kl +5h Z 'LU]

j=1

H= o))

1 ~ ;1 B ,
Qrm > B RN T Kl+shz (w; (1-pHu (6))

We now prove the equilibrium existence in a symmetric equilibrium where options are priced

but no traded, and then we generalize using the implicit function theorem.

4More precisely, this set is the finite union of hyperplans of R™.
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Proposition 10 (Equilibrium existence) We suppose that the condition still holds. In the
general case with options, an equilibrium where unemployed agents of all types are excluded from
the L + 1 financial markets while employed agents of all types trade strictly positive quantities of
assets and of the L options, exists as soon as the tree size V' is not too large and the heterogeneity

in o and the aggregate uncertainty remain limited.

As there is a finite number of equations, an equilibrium with incomplete markets for both
the aggregate and idiosyncratic risk can be easily computed, as is done in the next section. The
other interest of this general case is that it allows to identify the conditions under which options
are traded in positive volume in our equilibrium. The first condition is that agents face binding
credit constraints and want to self-insure. In case of an unconstrained economy, security volumes
are undetermined at the equilibrium, and there is no particular role for options. The second
condition is that agents face in addition to their idiosyncratic risk, an aggregate uncertainty, such
that the market for the aggregate risk remains incomplete, at least before the option introduction.
Without uncertainty, the market is complete with a single asset and the redundant option is priced
by portfolio replication as in the seminal paper of Black and Scholes (1973). There is no role
for option volumes in this framework. The last condition is that agents have heterogeneous risk
appetites, such that they are willing to exchange insurance with each other. Otherwise, agents
hold similar portfolios and there is no role for options, which only transfer risk from one agent to
another. Heterogeneity in risk appetite can come either from the different probability to fall into
unemployment, as in the previous section, or from the different productivity levels.

The following proposition summarizes this result.

Proposition 11 Options volumes are undetermined in our economy when one of the following

conditions hold:
(i) Unemployed agents do not face binding credit constraints.
(ii) The aggregate risk vanishes yi, = yp, for all k,h =1,... n.
(iii) The idiosyncratic risk is null o = 0,i =1,..., 1T

(iv) There is no heterogeneity among agents a; = o, and w; = wj, fori,j=1,...,1.

6 Numerical example

As a simple numerical example without any quantitative ambitions, we calibrate the model in

the case of two types of agents with an aggregate risk taking two values and with a time varying
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idiosyncratic risk. As before, agents of type 1 have a higher unemployment risk than agents of
type 2. This illustrative calibration exercise is done to show that the model can roughly match
the difference in the price of the underlying asset, in the price of the option and in the volume of
options in the business cycle.

We start to define good and bad aggregate states. We use Hamilton procedure to estimate a
two state Markov chain on the S&P 500 at a monthlyEI frequency during the period 1999-M1 to
2008-M12 for which we could obtain monthly data on options on the S&P 500. We obtain two
regimes, with the four transition probabilities. The transition matrix between the two aggregate

shocks is the following:
0.9452 0.0548

0.2381 0.7619

In other words, the probability to stay in good times is 0.95 when we are in good times, whereas
the probability to stay in bad times when we are in bad times is 0.76. The average duration of bad
times is thus smaller than the duration of good times what is the standard outcome in this type
of estimation (Hamilton (1994)).

We can compute the average level P of the S&P 500, the dividend y of the S&P 500, the average
price é of the options on the S&P 500, and the average traded open interest 5 (after removing a
deterministic trend), in the good state of the world and in the bad one. We denote state B as the
bad state (low price and low dividend for the S&P 500). As a consequence, Pg is the deviation
from trend of S&P 500 in the bad state of the world. The tilde above the variables indicates that
these values are estimated from the data. We summarize the data by providing the difference of

the values between the bad and the good state of the world. The results are the following ones:
Pe/Ps We/is Qc/Qs 3c/3s

1.26 1.18 1.19 0.95

The previous Table shows that the dividend and price of the S&P 500 are both higher in the
good state of the world, what defines a good state of the world in our economy. The price of the
option is higher in the good state of the world and the volume of option traded is higher in the
bad state of the world. This could be expected as the volatility of asset prices is higher during bad
times.

We now provide a simple calibration to show that the model is able to reproduce the values
given in the previous table. To simplify notations, we denote by the upperscript H the values

concerning agents with a high level of idiosyncratic risk. We first use the same transition matrix

5More specifically, we consider deviations from a deterministic trend on the S&P 500. Data are taken from Shiller

website.
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between aggregate state than the one found in the data : m = T. Second, we assume that the

o

utility is CRRA, such the marginal utility is «/(¢) = ¢~?. Preference parameters as well as the

asset size and the domestic production are calibrated as follows.

o 6 VvV

2 096 5 .1

o is the relative risk aversion. (3 is the discount factor § is the income of unemployed and V is
the volume of the risky asset which has to be small for the equilibrium to exist. The values of the

time-varying parameters is the following

Y o (%) o (%) w K
State B 0.0107 0.63 3.74 1 09
State G 0.0126  0.73 3.79 1 1.16

The values of the dividend process are actually taken from the empirical estimation, the values
of the probabilities to fall into unemployment for both types of agents o and o’ are calibrated
to match the data. The value of the probability to get out of unemployment is set to the values
necessary to insure that the number of each type of employed agentsﬂ is 1. The wage of each
worker when employed is assumed to be constant and equal to 1. Option strikes are arbitrarily
chosen between the two prices of the risky asset in both state of the world, as we do not have the
data on the traded volume for each strike. One can check that assumptions A-D of the paper are
satisfied in this economy. The result of the model is given in the next table, where the data values

are recalled :
Pc/Ps  yclys Qc/Qp s&/sk

Model 1.26 1.18 1.31 0.95
Data 1.26 1.18 1.19 0.95

The Table shows that the model is roughly able to match the data, although the variance of
the price of the option is a little bit too high in this example. To obtain the intuition about the

equilibrium allocation, the next table provides equilibrium portfolio.

st xzH xl

State B —0.0126 0.0648 0.0352
State G —0.0119 0.0513  0.0487
)

First, high risk agents sell the call option to low risk agents (s* = —sf). As a consequence, the

low risk agents sell insurance about the aggregate risk. The high risk agents hold a higher amount

6See Challe, Le Grand and Ragot (2007) for a description of the formula to get this result. As the probability to

get out of unemployment does not affect equilibrium allocation and prices this is just a normalization assumption.
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of the risky asset in both state of the world compared to the low risk agents. The high risk agents
hold a higher amount in the bad state of the world because they want more asset in the bad state
of the world to self-insure. All these results are illustration of the mechanisms described in the

previous sections.

7 Conclusion

We present an equilibrium where infinitely-lived agents face both aggregate risk and uninsurable
idiosyncratic risk. Due to heterogeneity in the exposure to idiosyncratic risk, agents assess differ-
ently the aggregate risk. This creates opportunities to exchange risk through derivative trading.
The uninsurable risk is modeled as an unemployment risk, what allows us to obtain a tractable
framework, as in Scheinkman and Weiss (1986) or Lagos and Wright (2005) among others.

This framework allows us first to obtain simple pricing equations for derivative assets, when
they are not priced by replication. Second, we derive implications for the volume of derivatives
exchanged in the business cycle, which is consistent with the data. Third, we analyze the welfare
implication of the introduction of derivatives and show that these ones are not Pareto improving.
We conclude with a simple numerical example. A route for future research could be to find

simplifying assumption to confront more directly this theory of derivative trading to the data.
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Appendix

A. Proof of Proposition

A solution to formally prove the equilibrium existence is to notice that the equilibrium exists when the asset tree is
null and when there is no heterogeneity and no aggregate risk (Section|A.1)), then to prove using the implicit function
theorem that endogenous variables of the economy are continuous with respect to V, to dividends y, (k = B, Q)

and to probabilities of, i = 1,2 (Section [A.2).

A.l Symmetric economy

Zero volume. We consider a symmetric economy without aggregate risk: yp = yg = y > 0 for all 4, k. The market

equilibrium implies z = In the case of zero volume, the asset price P solves P = 3 (1 + a(u’ (6) — 1)) (P+y),

1%
nl4n2”
which implies:

_ B (ta (5)-1)

=8 (1+a@ (5)-1))

y>0

The condition for the equilibrium price to be positive is 8 (1 + a(v’ (§) — 1)) < 1.
For unemployed agents not to take part into the financial market, we need to have:

Pu' (8)> 8 (p+ (1 —p)uw'(5)) (P+y)

Substituting the price P by its expression, this condition is equivalent to

o (@) =1) (W@ +2£) >0

For this condition to hold, we need that u’ (§) > 1 (Assumption . It is easy to see that both conditions are

fulfilled when condition is fulfilled.

Positive supply. When the asset is in positive supply, V' > 0, the price satisfies the relationship:

P (14a (5+(P4i) )~ 1) (P4 y) =0 (27)

The condition for this equilibrium to exist (and exclude unemployed from financial markets) is:

#) > B (p+(1—p)u'(8) (P+y) (28)

P/ <6 +(P+y)
The equality defines the price as an implicit function of the volume V. To prove the existence of the
equilibrium with small volumes, one has first to prove the continuity of P as a function of V around the point
V = 0. To do so, one can rewrite the equation as G (P,V) = 0. It is obvious that G is continuous and derivable
in V. The derivative Gp (P,0)
Gp(P,0)=1-3(1+a(/ (§)—-1)) >0
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By the implicit function theorem, the equality defines P as a continuous function of V around V = 0. As
P is continuous in V, and as condition is fulfilled in V = 0, there exists a neighborhood W1 (0) € R* such that
condition is fulfilled. Define V* > 0 a point of W (0) and P* the price of the asset for this volume. At this

equilibrium, the quantity of asset held by each agent is z* = ﬁ > 0.

A.2 General case

We define X = (yp,yq,V,al,a?) € (RT)5 the vector of parameters and Z = (Pg, Pg, vk, 4, 2%,3%) € (RT)S
the vector of endogenous variables.
We define the vector F' of length 6 of equations as (¢ = 1,2 and k = 1,2):
1 1
P (2,X)=Ps—B > wp;(1+a" v 6+ (P +y)zp)) (P +y;)
j=B.G

B (Z,X)=Ps—B Y ma;(l+a' v (6+ (P +y;)z6)) (P +v;)
j=B,G

F3 (Z,X) = Py —ﬁ Z TB,j (1 +o¢2u/ ((5+ (Pj +yj):c§;)) (Pj +yj)
j=B,G

Fi(2,X)=Ps—B > ma; 1+ (5+ (P +y;)ag)) (P +y))
j=B,G

Fs(Z,X)=n'ap+n’ap -V

Fs(Z,X)=n'zc+nag -V

F' stacks pricing functions for both agents’ types and the market equilibrium. The first 2 equations are the
pricing equations of type 1 agents in states B and G, the next 2 equations concern agents of type 2, and so on and

so forth. The last 2 equations is the set of market equilibria.

For a given set of parameters X, the equilibrium is defined as:

F(Z,X)=0

® There exists an equilibrium for X* = (yp,yq, V*,al,a?), where unemployed do not trade the asset. The

equilibrium is defined by Z* = (P*, P* z*, z*, x*, z*).

® To prove the equilibrium existence in the vicinity of X*, we show that the Jacobian A of F relative to Y is

A= (fm (Z*,X*))

0z;

invertible:

i,j=1,...,6
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— We derive relative to y;, I = B,G (i = 1,2 and k = 1,2). For sake of simplicity, we suppose that k =1

is similar to k = B and k = 2 is similar to k = G:

OFy;_ , .
2(8751)% =lp= — By (1 + ' (W ((P 4+ w) xp, +6) — 1))
— Brgaat alu” (P +wy) ok +0) (P +w)
OFuyk _
oP

— Second, for 4,7’ = 1,2, k,h = 1,2 (or similarly B, G) (k # h):

OFy(i—1y)+k 0
— =

oz},
OF5;_ ) )
szﬂal Z ﬂ'kjull((Pj+yj)x7k+5)(Pj+yj)2

Oz, 4 ’

j=B,G
OFyin _ 0 OFyyr _ 1
8:5}; ax};

— In the vicinity of the symmetric certain equilibrium, the Jabobian matrix A has this simple shape:

A C 02><2
A= A O2x2 C

O2x2  lox2 laoxa2

C = —Bau ((P*+y)z+6) (P*+y)?diag(1l,1) > 0 is a 2 x 2 diagonal matrix. A is a 2 X 2 matrix
such that Ak,j = lk:j - ,Bﬂ'k,j M with:

M=14a(w (P +y)z* +08)—1+zu (P +y)z+5) (P* +))

The matrix A can be written as A = Io — 8 M T (I3 is the 2 x 2 identity matrix and T' = (7% 1) k,1=B,G)
and is invertible. Indeed, Assumption implies that 0 < 8 M < 1. It is easy to check that the matrix
AA=w (Z 0 (<pT)k) exists and verifies AA A = I, (I, is the identity matrix).
— We now prove that the columns of A are independent of each other and that A is invertible.
Let X = (Xo, X1, X2) € (R). X € ker A implies:
i=12 AXo+CX; =02

X1+ X2 =02

Summing the 2 first equalities over ¢ provides 2 A Xo+C (X1 +X2) = 2 A X¢ = 02. Since A is invertible,
we obtain Xo = 02. We deduce that for : = 1,2, C X; = 0, and that X; = 02 (C is diagonal with
strictly positive elements). We prove thus that ker A = {02} and that A is invertible.

As the Jacobian of F' with respect to Y is invertible at the point (X*,Y™*), the implicit function theorem
proves that there exists a function G such that Y = G (X), for X close to X*. In consequence, our

equilibrium in the vicinity of (X*,Y™).
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B Proof of Proposition @

The equilibrium is defined with the following equations (k = G, B and i = 1,2):

j=B,G
with: > m (P 4 yy) + ol ey (0 (6+ (P +y5) zk) — 1) (P +yj) (30)
j=B,G
= > m(Pj+yy) +aim; (W 5+ (P +yj)ai) —1) (P +y;)
j=B,G
and: nlzi4+n?azi=V (31)

We study the evolution of prices and quantities around the certain equilibrium yg = yp = y, where the asset
price is constant to P and the agents’ asset holdings are denoted respectively ! and 2. The equilibrium variables

are defined as:

P=pF(1+a' (v (5+(P+y)a’) = 1)) (P+y) (32)
with: o (v (6 4+ (P +y)a') —1) =a® (v (§+ (P +y)2?) — 1) (33)
and: ptal 4+ 9222 =V (34)

B.1 Quantities

We derive the equation linking x} and 7 relative to y; (I = B, G):

ST om (Lot (u 0+ (P +yy)ak) — 1)) (5r I 4 1,0)
£ Y
j=B,G
oP; i
+ > megat w0+ (P ) k) (P +yp) ok (52 + 1m) + (P +yy) 5
j=B,G 7 9y
2 ’ 2 aPj
= Z ey (L+a” (W (64 (P +yj)ar) — 1)) (78 + 1j=1)
£ Yl
ji=B.,G
OP; o2
+ > megalt u (0 (P ) ak) (P + ) (2R (52 + Lim) + (P + ) 5
j=B,G Oy 9
Close to the certain equilibrium, the previous equation simplifies into:
1 ’ 1 an
(1+a' (W (0+P+ya)-—1)) Z (5= + 1j=1)
i=B,G O
=B,
opP; O}
+0£1 ! (5+ (P—l—y) CCl) (P+y) Z Tk,j (wl(T; + 1]':1) + (P—i—y)aiyk)
) 1 1
j=B,G
2 ’ 2 8Pj
= (1+a (u (5+(P+y):r ) — 1)) Z T (5= + 1=1)
i=B,G I
, opP; o}
+a’u" (6+ (P+y)a?) (P +y) Tj (SUZ(E)TJJ + 1)+ (P+ y)aiyk)
I 1

j=B,G



Using the equality , we deduce:

oP; 0.
o Prne) 5 m (G 1+ eI
j=B.G b v
OP; ox
2 2 2 J k
= 6 P i — 41 P
au(-l—( +y)$).z Wk’](x(8y1+Jl)+( +)8y>
j=B,G
Wi . . . Baci _ ' Oack
e derive the equation (31) relative to y; and deduce B = " Z By The previous equality simplifies into:
axk at 7 1 o? " 2
n'(P+y )8 —u" (6+(P+y)z )+ S u" (6+ (P+y)a”)
Y n n
2 2 2 1 op;
= (a”z”u” (5+(P+y):c)fozxu (6+(P+y)z )) Z Th,j a—+1j:l
J=B.G v
We deduce finally:
(P+y)8mk P (6+ (P+y)a?) —atz' v (§+ (P+y)a') Z . <8Pj+1 )
== kj\ & =l
Oy Stur G+ (P+y)a)+ Su 0+ (P+y)a?) [ SFe  \Now
2 o w'(6+(P+y)a?) 1.1 v (s+(P+y)at)
_ az a2 (! (5+(P+y) x2)—1 T al (w’(64+(P+y) xl)-1) _ %4’1'
= o !’ (5+(P+y ) . a2 u”(5+(P+y) z2) = G'Trk,j ayl j=l
T oal(u (5+(P+y)z ) 1) n? a2(u”(6+(P+y) 12)71) =

We have divided the numerator and the denominator by a!(u” (§ + (P +y)z!) —1) = a®(u” (6 + (P +y) 2?) —

1). After simplification, we obtain:

Ozt ox? OP;
P k- _ LA S =2 _
n' (P +y)=% o 0’ (P +y)—=—=% o K j:EB Gm,] <8yl + 1],1) (35)

1 u”(6+(P+y)zl) +1,‘2 u’,(5+(P+y)zz)
u’(5+(P+y)zl)—l u’(§+(P+y)z2)—1
0 (36)
1w (Pty)at) u! (§+(P+y) 22)
7w (S+(Pry)at) =1 0w (S+(PHy) 2?) -1

1
Y

k is supposed to be strictly positive (Assumption @ We prove that it holds for standard utility classes. More

. u”(6+z) .. .
precisely, we show that z — —x W(5tz)—1 1S increasing.

Computation of k for CARA. We suppose that u(c) = — X exp(—oc).

L, w0t PAep(-o(@ta) i
uw(§+z)—1 oXexp(—o(6+z))—1 1—exp(oc(6+x))/(c})

The derivative relative to x is:
1 n z exp(o (6 +x))/A _ 1—exp(oc(d+x))/(cA) + zexp(o (6 +x))/A
1—exp(o(5+x))/(cA) (1 —exp(o(d+x))/(oN))? (1 —exp(a (6 +2))/ (X))
zexp(o (6 +x))/A >0
(1 —exp(o (6 +))/ (X))
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Computation of x for CRRA. We suppose that u/(c) = Ac™°.
u” (8 + ) oAX(d+x)°"t & c

TPWGE ) -1 A ta) -1 z+61—(6+z)7/A

The derivative relative to x is:

1) 1 T o(§+x)°1/x
(z+8)21—-BF+x) /X z+5 (1—(6+z)7/N)?
1 1 1) a8 +x)° 1/
_:E+517(6+:c)”/)\<x+5+x17(5+x)"/)\>
1 1 1) o+ )71 /A
’x+51—(5+x)v/x<x+5+”1—(5+x)o/x>>0

Computation of x for quadratic utility functions. We suppose that v/(c) =a —be.

u (6 + ) b

w(d+x)—1 7xa—b(6+x)—l

The derivative relative to x is:

a—b(d+z)—1+bx a—bd—1

@—b0ta)-12  Cla—bota) 12 "

B.2 Prices

We derive the equation (29) relative to y;, { = B, G in the vicinity of the certain equilibrium:

o= (1t (¢ (12 e 2 1)) 3 (G0

+ Bl (54 (P+y)a’) (PHy) > mes (m <(?)i+13 l) F+ )ng

j=B,G
D K u” (6+ (P+y)a’) (an )
1 -1y — - il =— + 1=
( G P 2 s |y e

:ﬂ(1+o/’< (5+(P+y 1)

:ﬂM Z Tk,j (Tyj—f—lj:l)

j=B,G

M_1+ai(u/<5+(P+y)mi)_l)<1_ VoW (64 (P+y)a) u//(5+(P+y)x2)1> .

ntn? W (84 (P +y)at) — 1w (6 + (P +y)a?) -

M is the modified pricing kernel for the valuation of one additional unit of dividend tomorrow.

We deduce:

@ —BMWGG)%yI =AM (WGG li—g + 7mcB ( o+ li= B))
(1 - BMrpp)%E = M (WBG ( + 1= G) +7BB 1= B)
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or

1- BJ/M\WGG —BJ/M\WGB %% B BZ/\/[\ maG li=g + mgB li=B
—BMrpe 1—pBMnrps i % | 786 li=c + BB li=B
—~ —~ — [ orq ] —~ | 1— ﬁ]/\/f\TFBB BM\WGB nge li—¢ +meB li=B
((1 — ﬁMﬂ'Gg)(l — ﬁMWBB) — ﬁ2M27rBG7rGB> ;ﬁl =06BM e e
| B | BMrpa 1-BMnca m8c li—¢ + BB li=B
. . N [ opg ] .
(1 — BMrge — BMnpp — °M*(tpaman — ﬂ'GG?TBB)) 63}1;1 =M
9Pp
L Ou |

(WGG + ﬁf/\/[\((l —nmga)(l —7BB) — TFGGﬂ'BB)) li—a + <1 —Taa + 51/\/[\((1 —7maa)mBe — (1 — WGG)WBB)> li=B
)11:3

(1 —7BB + 5M\(FGG(1 —7mBB) — Taa(l — WBB))) li—¢ + (WBB + ﬂ]/\/f\((l —7ac)(l — mBB) — TGGTBB)

P <7TGG — BM (neG + 55 — 1)) li—¢ + (1 — m¢a) Li=n

(1 - 51\//\[7TGG - /BMWBB + 52M\2(7TGG +7BB — 1)> ;;/; :51\7 (1 -7pB) li=g + <7TBB - 51/\/[\(7TGG + BB — 1)) lLi=B
oyy

We finally deduce:

(ﬂ'GG — BM (7ce + BB — 1)) li—¢ + (1 — mee) Li=s

%};? — M (1—-mBB)li—¢ + (WBB - ﬂM(WGG T BB 1)> Li=s 0
9n | (1=pBM)(1 - (rea +mpp —1)8M) ) :
OP; 1 0P
and: Z Tk, (87] + 1j:l> = —= Tk
=BG v pM S

B.3 Summary

In the no-option economy, the following relationships hold:

org o3 (WGG — BM(rgG + BB — 1)) li—¢ + (1 —7mgg) Li=B
|: Ou1 } :(1 “ A —( (1—-7BB)li—g + <7TBB - BM(ngG + 7R — 1)) Li=B

%L;‘f 716G +mpp — 1)BM)
ol Ox2 Kk OP
1 k 2 k k
WPy = g (P ok = 2T g
oy Ay BM oy,

u”(6+(P+y) 12)
u”(tH»(Per) x2),1
u”(5+(P+y) 12)
u”(6+(P+y) 12)71

Vo oW+ (P+y)zt) w6+ (P+y)a?)
MR W G+ (Pry)a) 1w @+ (Pty)a?) 1

(P o)
u’/ (§+(P+y) xl)—1
u”(5+(P+y) zl)

1
u”(6+(P+y) 11)71 n2

+ 22

with: k=

1
nl

M:1+ai(u/(6+(P+y)wi)fl) (1
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B.4 Lemma

Before going further into the proof, we show the following lemma:

Lemma 12 Let ® : Y — R a continuous and derivable function depending on yg and yg. We note Vy] (E[y])
the variance (mean) of the dividend process y. The impact of a mean preserving spread of dividend expresses as:
o _ 1 |:277TGG77TBB 0P _2-7mgc —TBB o

8V[y} E[y]=constant Bl 2(yG - yB)

1-7mpB dya 1—nge 9yB

Proof. We express yg and yp as a function of Efy] and V]y]:

B B W g S S
B
N o Y VA
yp = Ely] (I\/q(l —9) oVy qQ\/m
ith: g =~ "85
with: ¢ =

2—76e — BB
The derivative of ® relative to V[y] is:
00 o0 oy, 0% o
OVlyl  dyc OVIy] = dyp OVly]

S S R
2/q(T=q)V[y] Oye  Oys
S S Y LY
2¢(1 - ¢)(ye —yB) dyc Oym
(2—mgg — 7BB)* { o 8%
= — 7 (1= =
2(1 - mce)(1 = 7BB)(Yc — yB) ( 7TGG)a?JG ( WBB)@?J
|
B.5 Backto Proposition
Using previous results, we prove that:
2(yc —ys) OPg _ BM ﬂcc*ﬁf/\/f\(WGG+WBBfl) 1
2 —mae —m OV[y] (lfﬂ]/\Z)(lf(TrGGJrﬂBBfl)ﬂM\) 1—-7mBsB
_ 1 (r¢c + BB — 1)51/\/[\
1 =785 1 — (nge +npp — 1)BM
2(yc —ys) 9P _ M |_TBB— BM(rge + 755 — 1)
2—-mce —7mpe OVIY]  (1—BM)(1— (rac + s — 1)BM) 1 - 7mea
_ 1 (7TGG+TFBB*1)ﬂJ/\Z
1 =766 1 - (ree + 7pp — 1)BM
1 oz} 2 oz Kk 0P
P+ Y) a5 — — P +vy = - — <0
TG = T YV T b vl

These equalities proves that: xb < 1}3, :c%; > a:2B and Pg > Pp.
We also prove very easily that:

OFE|P] . 1—-7BB OPq n 1—-7ga OPp —0
Vlyl 2-mge -7 IV[Yl 2-7ge— 7B IV[Y|
_ 0E[z'] _ OE[?

oVy] oV[yl
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Finally, we prove the following result regarding the impact of the variance:

V[P _ (1-mpp)(1 ~7mGa), OPg  0Pp \ Pc — Pp

= 5 2(ye —yB) -
oVly] (2—7mge —7BB) oVlyl  OVIlyl) ve —us

(ree + 755 —1)BM (1 —755)(1 - 7gq) < Lo, 1 > (8PG _9Pg | OPp aPB>
1—(rgg + s —1)BM 2—7aa —TBB dyc Oy Oy Oyg
—~ 2
:2< (rgg + 7B — 1)BM >
1—(rge +mpp —1)BM

1l—7mgp 1—mga

And analogously (i = 1,2):

V) (w \NoviPl (1 Gea+mss—Ds )
oVyl ni B M oVyl ' 1—(rgg + 7B — 1)5]/\4\

(P+vy)

This concludes the proof of Proposition

C Proof of proposition

We study the evolution of prices and quantities around the certain equilibrium a! = a? = a, where the asset prices

are Pg and Pp and the agents’ asset holdings are denoted respectively ¢ and xp. This equilibrium variables are

defined as (k = B, G):

Po=8 > Th; <1+a<U’ <5+(Pj+yj)anTnQ> *1>> (Pj +y;)

j=B,G

and: (n'+nH ez =V

C.1 Quantities

We derive the equation 1’ linking a:,lC and xz relative to ! (I = 1,2) in the vicinity of the symmetric equilibrium:

.ZB:GW (““ <“' <5+ (P + ) #) - 1>) 6% + L=k (u (6+(Pj +yj)anVng) - 1) (P + )
=50,

+0J§G7rk,j u’ ((H— (P +95) 2) (P; + ;) (ﬁ % + (P +y‘j)%)
:]:zB;Gm“’J (1 to <“, <5+ (B +y5) 5 +772) - 1>) % + Li=o7g,j (u’ (5+ (Pj + ) anVﬁg> - 1) (Pj + )

+Oz]§c7ﬂc,j u” ((H—( %5+ ;) 7 +772> (P +yj) (ﬁ % + (P +yj)%ﬁ)

or after simplification:

ozj:zB:,Gm,j u” (6—1— (Pj +yj) 771TV772> (P +y,)? (% _ %)
=(L1=2 — 1;=1) Z Tk,j (u/ (5—|— (P; +v5) o 202) — 1) (Pj + ;)

j=B,G
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Using the market clearing condition, we deduce:

\%
10z, 502 Lyt =BG Th ( (0 + P ) ) —1) (P + )
7]@-*’77—(1:2*1:1)

) 2
da S S <§+(Pj+y])7] — )(P +y5)2

Bzi 7 81}3 Bzé
We deduce that =% > 0 (u” < 0) for k = B, G. Moreover, we have >
dal dal

dal

iif:
YL (U' <5+ (Pj + ;) ﬁ) - 1) (P + ;)

2 jep,c B U <5+(Pj+yf) Prewnd )(P +y5)?

- ( > weu (5+(Pj +9) 7

j=B,G

s e (0 (54 (P +w) +) —1) (P +9s)
S ema e w (54 (P +y5) i ) (P +9,)?

; ( ) )
P+ mpy (U (04 (P +y —1) (P +yy) | >
nJrn Y5) )(] . B]( (P yy)nlJrng (Pj +y5)
- < > 76, (u' (5+(Pj+yy)%) Pj+y; ) ( > mgu (5+(Pj +yj)%) (Pj+yj)2)
j=B,G '+ j=B,G mn
1% , Vv
(1—=75e)(1 —nga) — TaemeE)U’ (5+(Pc+yc ¢+ ya) (u (5+(PB+y3)m)*1) (P +yB) >

nt )
/ \%4
(1 —7BB)(1 — Tae) — TaamrB)U (5+(PB+yB 771"‘772) Pp +yg) (u (5+(Pc+yc)m) —1) (Pe +ya)

u (8+ (Pe +yo) 557 )

772P

<+

W (84 (Pa +ys) 557 )

(Pa +ya) > — ” (Ps +ys)
u’(é—&-(PG—&-yc)W)— u’<5+(PB+yB)W)—1
. .. ozl ozl . (s
A sufficient condition for - > —-¢ is x +— —x %

C.2 Prices

dPy / v

j=B,G
|4 OP;
+8 Z Thj <1+a(u' (6+(Pj +yj)m) —1)) 87045
j=B,G
" Vv oxl vV oP;
+ﬂ06j=ZB:G7Tk,ju (6+(Pj+yj)m) (P + ;) ((Pj T T " Tcﬂ)
\%
=1=: Z Th,j (Ul <5+(Pj +yj)ﬁ) *1> (Pj +yj5)
= nt+n
J 5
DY 1 ( /(5 (P, + ) )[4 @ +y)v Y (5+(Pj+yj)nlin2> op;
+ meg | 1 ta{w |04+ (F+y; 7)—) + oW Dol
J=B,G U ntt <5+%) -1 dat

+fa g’ (5—|— P +vy;
].;G J ( J J) ,,71 +77

28932
2) (Pj +y;) Dol
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. . oz} .
Using the expression of %, we obtain:

OP: ( (=1’ n'n? ) , 14
— = | Li=i + - (11=1 — Li=2) B E e (W |0+ (P +y) ——= | — 1) (P +y)
l i 5
da U U U
" 5+(P+ ) \%4
V (P+y])Vu ( J Yj nl+4n? 8PJ
+8 Th 1+a(u’ (5+ P +y; 7)—1) 14 2 k]
PR Bt P (5r Ery) 1 ) ) o
1 2
o L=+ L= / |4 oP;
= e ﬁj:EBGm,j (u (5+(Pj+yj)7n1+nz -1 (Pj+yj)+ﬁj:§BG7Tk,j M; =

1 2
_ oM L=+ 1" L= oP;
_ﬁ—n1+772 E LURTAY +ﬂ_§ e, My 57
j=B,G j=B,G

(P + )V (6 +E ) ﬁ)

. V

j=B,G
U (5+%) 1
A = "5 P v P
i=|u +(j+yj)m —1) (P +y;)
Using matrix notations, we have:
1 - pBMgmaa —BMp(1 — maa) %i? *ﬁnl 1im1 + 1% Li=y | TecAc+ (1 —7mca)As
—BMc(1 —7BB) 1—-B8MpnpaB %% U (1-7BB)Ac + BB AB
9Pg
i
(1 - BraaMe — BresMs + f*(Tac + e — 1)MaMs) 5; =
B
Dal
5171 lim1 + 72 1= 1—-pBMpree [BMs(1—7ca) maa Ag + (1 —mea) Ar
i 2
U] BMc(1—7mpB) 1—pBMarca (1—mBB)Ag + 7B AB
3 L1 + 1% 11— | (Tee — BMB(rce + 7B — 1)) Ac + (1 —mcc) As -
2
nt+n (rBB — BMc(rec + 78 — 1)) Ap + (1 — mBB) AG
To prove the last result, notice that the sign of %% — % is the sign of (1—8Mp) Ag — (1 —BM¢g) A, which

is always positive. Indeed for small volumes V = 0, this expression collapses to (1 — 3(1 + a(u/(8§) — 1))) (v/ () —

1) (Pg +yc — P —yB) > 0.

D Proof of Proposition

We introduce an option in the economy with a single asset defined by (X*,Y*). We suppose that P > K: the
option has a strictly positive price, but is not traded.

As in the no option economy, we define X = (yg,yq,V,al,a?) € (R1)® the vector of parameters and ZZ =
(PB, Pg,QBp, Qg,;BlB, wlg,:c23,$2c, slB, slG, 525, 52G) € (RT)!2 the vector of endogenous variables.

We define the vector G of length 12 of equations as (¢ = 1,2 and k = 1,2 — k = B, G refers to the aggregate
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state and 4 to the type):
Gaimyin (Z,X) = Po=B > iy (140" (0 (64 (P +yy) 3k + (P — K) i) = 1)) (P, + 1)
j=B,G
Gurr (2,X) =n' w40’z =V

Gorainin (2 X) = Q=8 > moy (1+a" (W (54 (P +y)ak+ (B — K)"si) —1)) (B = K)*
j=B,G

Gro4k (Z,X) =n'si +7° st

G stacks pricing functions for both agents’ types and the market equilibrium. The first 4 equations are the asset
pricing equations, the next 2 ones the asset market equilibrium, the next 4 the option pricing, and the last 2 the

option market clearing.

For a given set of parameters X, the equilibrium is defined as:

G(Z2Z,X)=0

We already know that an equilibrium exists for X* = (yp,yg, V*, a, ), whichis ZZ* = (Pg, Pg,QB,Qc¢,*B,*c, B, G, 04).
We use again the implicit function theorem to prove the equilibrium existence in the vicinity of (X*,ZZ*). We

need therefore to compute derivatives in (X*, ZZ*). We compute now the Jacobian.

® The first four equations:

OGo(;—
—t ik (Z*, X*) =1 — B Z ey (L+a (W 6+ (P +y) o) — 1)) L
P, J=B.G
—Ba Y meiu (64 (P +y5)zk) (P +yj)an 1
=BG
OGly;s_
TRUEDER (75 X*) = —Limg L Ba Y. megu (54 (P +yp) @) (P +y5)°
O j=B,G
8G2(i_1)+k (Z* X*) — 0
0Qq ’
OGo(;—
P2 XY = Ly ik Bam g (64 (P +ve) o) (Po +v6) (Po = K)
1

® The next two equations:

0G4qk
P Z*,X* — 0
op, ( )
oG * * '
#(z X)) =n" Lp=
Oz}
0Gatk (Z*,X*)=0
0Qy
Pouek (7, x%) =0
0s?
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® The next four equations:

0G6ya(i—1)+k

OP,

0G6a(i—1)+k

Z’/
Oz}

0G6a(i—1)4k

0Q,

0Ge6a(i—1)4k

,L'/
Os;

(2%, X*)=—1Li—2 B (1+a (v 0+ (Pe +ya)xr) — 1)) Li—2

—Bamg,gu” (6+ (Pa+va)zk) (Pa — K)xy

(2, X™*) = 11=p

® The last two equations:

9G10+k
oP,
0G10+4%
830%’
0G10+1k
0Q;
0G104%
85}’

(2*,X")=0

(2, X%) =0

(2", X")=0

® The Jacobian has the following expression:

with T = (mp 1), Anrs = diag(0i—1, (1 + o (W' (8 + (P +y;) w5) — 1) —au” (6 + (P +y;) z;) (P — K)zj),;_,

and:

I — BM:y
I, — BM;
0
—BM,
_ﬁM2
0

—OBA (P12
0
n'Ia
—ABA P4y (P-K)
0
0

0
—OPA Py
n*la
0
—afAP 1y (P-K)
0

v
(Z*, X*)=n" 1=

(Z5,X*) = —Liy Lym Bamgu” (64 (Po +ya) zk) (Pe — K)?

—BAP 1y (P-K)
0
0
—afBA(p_k)2
0
n'lz

(Z*,X*) = = Li—y Ly Bamg,g v’ (8 + (Pg + ya) zr) (Pa + ya)(Pe — K)

0
—afBApiy)(P-K)
0
0
—afAp_k)2
n*I

mi;=14a (u' (6+ (P +y;)ax) — 1) —au” (6 + (P +y;) zx) (P — K)zk

M; = (mx,; mi,;) diag(0i—1, (1) j=4,2)

AsT = diag <

j=B,G

> g (G4 (P +y5) ) S; T

>k_1,2

with: S; and T} payoffs in state j, e.g. (P — K)T =0

42

,,,,,



® Let X = (X1,...,Xs) € ker(J). We deduce the following equations:
(I2 = BM1) X1 — afTA(poyy2 Xo — aBTA(pyy)y(p-k)X5 =0
(Ir — BTM1) X1 — aBTA (p )2 X5 — aBTA(p iy (p—x)Xe = 0
—BM2 X1 — afTA(p iy (p—x)X2 + X4 — afTA(p_2 X5 =0
—BM> X1 — afTA(p 1y (p—x) X3 + X4 — aBTA (p_ry2Xe = 0
' Xo + 72 X3=0

n' X5 +1*Xe =0

A linear combination of the first two lines gives (I2 — 8TAp,1) X1 = 0, or X1 = 0 since Iz — ST Ay is
invertible. Analogously we deduce X4 = 0. The previous system simplifies into (X3 is collinear to X2 and

Xe to X5 and a8 > 0):

Apyy2 X2+ Apyyy(p-r)Xs =0

Aty p-m) X2 + Ap_g)2 X5 =0

We obtain finally (i = 1, 2):

> megu’ (64 (P +y5) @) (Py + ;)Xo + me,eu” (84 (Pa + ya) 1) (Po + y6)(Pa — K) X5, =0
j=B,G

me.au” (6 + (Po +ya) x:) (Po +ya)(Pe — K)Xai + megu” (6 + (Po +ya) x:) (Pg — K)° X5, =0

By difference (after multiplication of the last line by I;%%y[? > 0), we obtain easily:

mr5u” (0 + (Pp +yg)xi) (P + yB)2X2,i =0

me.cu” (6 + (Po +ya) x:) (Po +ya)(Po — K)Xai + megu” (6 + (Po +ya) x:) (P — K)* X5, =0

We deduce that Xo = X5 = X3 = Xg = 0 = X1 = X4. In consequence, ker J = Og and the function G is

invertible in the vicinity of (ZZ*,Y™*), and our equilibrium exists.
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E Proof of Proposition

Prices for the asset and the option express as (k = 1,2 and 7 = 1,2):

Py =Brpc (1+a (v (6+ (Pg +ya)ah + (Pe — K) si) — 1)) (Pa +ya)
+ Brr,5 (1+a' (v (64 (Ps+ys)z}) — 1)) (P +yn)
Qr=Bmec (1+a' (v (5+ (P +ye)ah + (Po — K)s},) — 1)) (Pg — K)
with:
ol (W (64 (P +ya)zh + (Pa — K) s) —1) = ®(u' (64 (Pg +ya) 2f + (Pa — K) s3) — 1)
a'(u (6+ (P +yp)a}) — 1) =a’(u (6+ (P +yp)a}) — 1)
and:
nal+ntal =V

nls,lc-i—nlsi:O

(38)

(39)

(40)

(41)

(42)

(43)

It is straightforward that asset and options quantities x}e and s}L€ do not depend on the state of the world k. We

note them respectively z* and s* for i = 1, 2.

We study the evolution of endogenous variables in the vicinity of the certain equilibrium, where yg = yp = v,

P, = P, Qr = Q, s' =0 (the option is priced but not traded). This is simply the certain economy of Section

where a non-traded option is introduced.

Results of Proposition [f] are straightforward in the vicinity of yg = yg = y:

o (v (54 (Pa +ya)a' + (P — K)s') = 1) =a®(u (§ + (Pg + ya) 2° + (Pa — K) s°) — 1)

o'W (§+ (P +yp)z') —1) = a’(u (64 (Pp +yp)2®) — 1)

Since al > a2, the second equality implies u’ (6 + (P +yB) xl) <u (5 + (P +yB) xz) and therefore z1 > 22

since u’ is decreasing.

We additionally have s! < 0 since a!(v/ (6 + (Pg +yg)zt) — 1) < a?(v’ (6 + (Pg + yg) @?) — 1). Indeed, it is

equivalent to:

W (§4+ (Pe+yg)at) -1 o (6+(Pe+yp)al)—1
u (6 +(Pg +yg)z?)—1 ' (§+(Pgp+yp)z?) -1

u'(5+1rx1)—1
u’(5+7rz2)71
slu” (6+(P+y)zt) W (6+(P+y)a?) — 1) — 22w’ (6 + (P +y)a?) (v (64 (P+y)z!)
(' (6 + (P +y)z?) — 1)2

. (5+(P+y)x1) 5 u’ (5+(P+y)m2)

W+ Prya) -1 T w e+ (Prya?) 1

It is sufficient that 7 — is decreasing, or after derivation that:

which holds as soon as x> 0 (cf. expression (36)).
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F Proof of Proposition @

F.1 Quantities

We derive equations (40) and (41)) relative to y;, I = B, G in the vicinity of the certain equilibrium

9P ozt

" " P, 2
Oélu ((S-l—(P—i—y)Il) (xl(Tw+ll:B)+(P+y) azl) :aQu (5+(P—|—y)32) (1‘2(8 B —|—1Z:B)+(P+y)am

8yl

’ P oz Os'
ot (5 4+ (P4 9)a) (G 4 i) + (P G+ (P KOG )
1

oy oy
2 1 2 2 aPG 8ZE2 882)
a v (6+(P+y)x ' (— 4+ li=¢)+ (P+y)— + (P - K)—
6+ P+ 02 (2O 4 1) + (PG + (P )5
We deduce using the definition of k:
1 al‘l 2 81‘2 8PB
P+ = - +y)5— = —k(5— + L=
n (P+y) o n (P+y) o (6yl 1=B)
1 o' | os’ 2 ozt 0s’ OPq
P+ + P-K = - P+y)— — P—K)— = —k(——+ 1=
n( y)ayl n( )Oyl - ( y)ayl n( )ayl (ayl 1=G)
F.2 Prices
We derive the equation relative to y;:
oP, i i [ OP; i
e —B(1+a (u (5+(P+y)$)—1>>’ W’“'J(ayl+1’:”
j=B,G
i i i i OP;
+a u"<5+(P+y)w>(P+y) Ty (" 4+ (—1) %) < J+1l:j)
j=B,G N O
This is exactly the same expression as in the no-option economy.
op . <7TGG — ﬂ]\//z(ﬂ'cc +7TBB — 1)) li—¢ + (1 —mga) Li=p
o BM =
Yt = = = 1—7mpp)li=—a¢ + (8B — BM (7cc + 8B — 1) ) Li=B
ors | "= GM)(1 — (rea + nen — D) | 7T ( ( )

F.3 Back to Proposition @

We are interested in the derivative of ! relative to V[y]:

Azt 9z

2 2—-7mGG —TBB 1
VY] n (P +vy)

(P+)( 1 ozt 1 a:ﬁ)
oVlyl  2(ye —ys) K Y 1—-7mBO0yc 1—7cc Oym

— OPg _H2—7TGG—7FBB( 1 )
oVyl 2(ye — yB)

n' (P+vy)

" 1-7cc
_ 22— TG —TBB (_ 2(yc —ys) OPs " 1 )
2(ye — ynB) 2—mge —m V]y] 1-—mca
. 2 —TGG — TBB 1

— >0
2(ye —yB)(L = 7mae) 1 — (re + e — 1)BM
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Indeed:

2(ye —yB) OPFa _ 1 (r¢c + BB — 1)5]\7
2—mnce—mep OVlYl  1=7BB 1 (nge +mpp —1)8M
2(yc —ys)  OPp 1 (e + BB — 1)BM

2 —rmqa — B OV[Y]

We also have:

- — <0
L =meG 1 - (rga +7ps — 1)BM

Oz? Os? oz 0s?
1 1 2 2
n (P+y) +n (P—K) =-—n (P+y) 5571 (P-K)
V1y] oVly] Vy] Vy]
. 0Pc 7’%2*7@0*#33( 1 >
oV'[y] 2(ye — yB) 1—-7BB
2—TGe — TBEB 1
= — K —
2(ye —yB)(L =7BB) 1 — (rgG + mps — 1)3M
1
2 — - 1 2 — —
0 (P— K) 25— 2o Tea TBD — TBD Z MGG
oV y] 2(ye —yB) 1 - (nge +7s —1)8M (1 —7BB)(1 —7cc)
The last result to prove consists in focusing on the option price. Deriving the equation relative to y; yields:
0Qx i (1 i O0Pg
—_— = 1 ¢ § P ) -1 — + 1=
oy, = PG (1+a" (@ (6 + (P +ya)z') = 1)) ( oy, T h=e)
; ; Oz’ ds* . OP,
g atd (4 (P4 9)e) (P K) (PG + (= K05 405 1 10))
oy oy Oy
— 0P,
= ﬁM(TG + 1li—g)
Y
We deduce:
— 0P, —2— - 1 2— - 1 M
;Qk — Brpg M OPg + By M 266 — BB B TGG — TBB 8 _
Viy] oVl 2(ye —ys) l1-—7BB 2o —yB) 1—=7BB1— (rgc+7rE —1)8M
It is straightforward that g\%] > %.
G Proof of Proposition
As in section we study the evolution of prices and quantities around the certain equilibrium a! = o2 = «, where

the asset prices are P and Pp and options one respectively Qg and @Qp. This equilibrium variables are defined as

(k= B,G):

Po=p Y 7k, <1+Q<U' <5+(Pj+yj)anTnz> —1>) (Pj +y5)

j=B,G

Qr = Bk, (l—i—a (u' (5+(Pc+yc)ﬁ> —1)) (Pe — K)

and: (n'+ 7z =V and (n' +12) s, =0
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G.1 Quantities

Deriving and yields:

1

/ %4 " 14 817
(Li=1 — Li=2) (U (5 + (Pp +yB) m) - 1) +au (6+ (Ps +yB) m) (Ps + yB)@ =
auv” (6 + (Pg+yp) —— | (Ps + )a—gc2
B +YB R B+ YB) 5
1 1.2 u'((i—i—(PB—&-yB)%)—l
n'(Pp +yB) - (Li=2 — 1i=1) 70 n
dal 771 +772 " Vv
Analogously, we show that:
) or' ot w2 W (5 + (P +ya) 7771172) -1
77(PGJFZ/G)WJFW(PG*K)W:(llﬂ*ll:l) T "
o e} n n Otu”(5+(PG+yG)W)

‘We deduce that:

[ L951>0

1" A% " Vv
u (6+(PG+1UG> Tll+ﬂ2> S u <5+(PB+’£/B) 771+7]2>

1
o 2. < 0iif —
u'( §+(Pa+ya) —L— ) —1 u'( 6+(Pp+yp) /L= ) —1
GTYG) T2 BTYB) ST 2
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G 2 Prices

We derive price expressions ([38) and (39) relative to o/, I = B, G.

0Py ’ Vv 0P;
Dol :ng;c;mw (1—|—a (u <5+(Pj—|—yj) m) —1)) 870;
vV 0P

\%4
+8 Z o’ (5+(Pj+yj)m) (P + ;) <mw

oz’ 9s’
P ) 2 (P - K)—s)
j=B,G

dat Oal

LB Y ey <U' <5 + (P + ;) ﬁ) - 1) (P; + ;)

j=B,G

, 1% (Pj + ;) s u” (5+(Pj+yj)#> op
_5Z7Tk,j(l+a(u (5+(P]+y])m)—1) (1+ 870;

j=B,G u’ ((5—1—(]%4—%)#)—1

i 12
+8 <1l:i + (_nt) (Liet — Lima) =1 > Z Th,j (ul (5+ (Pj +y;) #) - 1) (Pj +y;5)

U
1 2
n li=1 + 71" 1= OP;
eI VTR SR NTE
j=B,G j=B,G

(P4 v ¥ (0 (P +u) i)
ety <5+M) 1

. v .
Wlth!Mj:1+a(u/(6+(Pj+yj)m>—1) 14+ ]:BvG

711+772
, \%4
Aj = (u <5+(Pj +y5) m) *1> (P +y5)
, 1%
+ 1l:iﬁj§G7rk,j (U (5 + (P +yj) m) - 1) (Pj +y3)
Brk.c (1 +af (u' (5 + (Pg + y(;):tc?C + (Pe - K) 52) - 1)) (Pa + ya)
+ Bmk,B (1 +a (u/ (5 + (P + yB) aﬁZ) — 1)) (P +yB)

Q= Bmec (1+(1 —ah) (u/ (5+ (Pe + yo) ah + (P —K)s;) - 1)) (Ps - K)

The computation is very similar to the no-option economy and we find identically:

oPg
(1 - pBreaMa — BreMs + B*(ree + mpB — 1)MaMp) s;‘; =
Dal

1 L + 0’ L | (Ta = BMp(n6e + 785 — 1)) Ac + (1~ 766) Ap

>0
n' +n? (reB — BMg(ree + 7B — 1)) A+ (1 — wBB) Ac

B
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Regarding the option price, we have:

90l BWkG(1+a<u <(5+(Pg+yc;)m>71))W

p 1% vV 0Pg o’ ds’
+ fBrr.cau <5+(Pc+yc)m) (PG_K)(U1+772 90 + ( G+yG) - 7)

, 1%
+ 1= 87k, <U <5+ (Pa + ya) m) — 1) (Pa — K)

(Po = K) iz u” (3-+ (Po +y6) 57z )

14
:/Bﬂ—k,G 1+Cl(ul(5+(PG+yG)7l 2)*1) 1+
n+n u’ <5+ (Pa + ye) 7U11772> -1

—1)¢ , \%
+B(1l : (n) (Lo — 11 Q)nnfnz)m,c (u (5+(Pc+yc) W) —1) (Pe — K)

(Ps = K) e o (5 + (Pe + ) 5om )

\4
= Ok, 1+a(u/(§+(PG+yg)ﬁ>—l) 1+
nt+n <§+(Pg+yc)n T )71

1 + 1 Vv
IPLRIEE L SIS <u' <5+ (Pe + ye) m) _ 1) (P — K)

nt+n?

2Q 2Q
7> 5o

> 0, which proves the last result of Proposition B

H Proof of Proposition
We now turn to the impact of option introduction on the welfare.

H.1 General case

ue,i

In order to derive welfares, we need expressions for consumption and labor. For example Cp s is the consumption

of an agent ue of type ¢ = 1,2 who was in the previous period in state k and who is currently in the state j = B, G.
-1
Czejl — C’Zt’;l — u/ (1)
eu, 7

Ch 7 =5+ (Pj+yj)et + (P —K)Ts

uu,L
LY J
Using budget constraints, we obtain:

o' = a5 + Q85 — (P = K)T s + By o — (P + )}
5" =+ Qs s+ By af

l}:?,; i leu‘,l — 0

We deduce the instantaneous utilities that we note uZ’é., where « is the agent’s class, ¢ his type, and k,l = B,G
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aggregate states:

ee,i

upey = u (WD) —u 1) = Qysh + (P — K) sy + (P +y;) wj, — P aj

uue,i
k.j

ueu,i
k,j

u;c“gl =u (4)

Noting v = u (v'"1(1)) — u

[ ee,i ee,i ee,i ee,i ue,i

Ug.crUB g %a,BUB,B UGG+

Ut =

u(W/7(1) —u'TH1) — Qy st — Pyl

(
u (8 + (Pj +yj)zj, + (P — K) T s,)

u— (Qg — (Pg — K)) st +ya =i,
u— (Qg st — (Pg — K) siy) + (P +ya) 2y — Pg zl
u—Qpsy+ (Pp+yp)ry — Ppay
u—Qpsy+ypzy
u—QGsic—Pgac’é
u—QGsiG—PGcC"G
U*QBS]LB 7P3x§3
u—Qpsy — Ppzh
u (8 + (P +yc)zg + (Po — K) sg)
u (8 + (Pe +yc) el + (Po — K) sf)
u (8 + (Pp +yp)zg)
u(8+ (P +yp)zy)

u(0) 14

”1(1), the instantaneous utility vector U’ of an agent i expresses as U’ =
eu,t uu,t uu,t T .
UGG UG G U | OF

(44)

In order to compute intertemporal utility, we need the expression of the transition matrix M?, depending on
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the agent’s type. The matrix express as M? = Q' ® A, with:

at 0 1—a® 0 ) )
) ) 1 1—-a° 0 1—at
o’ 0 1—a* 0 )
Qi ; ; i ryipiy—1 s i 1 0 ' l—a
= 0 1-p 0 pt | =P'D*(P")™", with P' = )
. ) 1 —a 0 —(1-p")
0 1-p° 0 pt ) )
1 0 —(1-p) —(1-p"
and D' = Diag(10 0 ' +p' — 1)
[ TGG 0 1 —mga 0
1 1—7mga 0 1—-rga
Taa 0 1—rmaqa 0 ) 0 1
_ . TBB - TGa
A=| 0 1-7pp 0 e | =QAQT!, with Q =
R ele] 0 —-(1—-7gBB)
0 1—7pgB 0 TBB
1 0 -(1-7gp) —(1—7BB)
and A = Diag(1 00 ngg + 75 — 1)
I at(1—pt) (—ahy(a—p") (—ahy(1—p") (—ah)p?
2—at—p* 2—a®—p* 2—a’—p? 2—a'—p*
—(1-p") (1-p") _p" _
a’+pt—1 at+pr—1 al+pt—1 al+pt—1
(Pi)fl — —at at —(1—a’) (1—a*)
ai+pv7"—1 ai+pif1 ai+PiTI ai+p7"‘—1
o' _ —ad-ph) _ (—ah) =
(at+p'=1)(2—a’—p')  (a'+p'—1)(2—a’—p’)  (a'+p'—1)(2—a’—p") (a’+p*'—1)(2—a’—p*)
I rac(l—7pp) (A—mca)1-7pp) (A—nmge)(1-7pp) (A-mce)TBB
2—-TGG—TBB 2—-TGG—TBB 2—-TGG—TBB 2-TGG—TBB
—(1-7pB) (A-mpp) BB TBB
TgG+rpB—1 Tcctrpp—1 Tectrpp—1 Tagtrep—1
Q-l - kutelel TGG —(1-mgg) (A-mga)
TgG+rpB—1 TcGtrpp—1 Tectrpp—1 Tagtmep—1
tele] —(1—7pB) (A-—mga) —TBB
(rggtmep—1)(2-ngc—7pB) (tgetmep—1)(2-7ngc—7pB) (Tge+tmBB—1)(2-7"gc—7pB) (Tge+tmBB—1)(2-7"GG—7BB)

The ex-ante welfare U’ of an agent of type i is equal to the intertemporal sum of instantaneous utilities:

k=0

_ {i 5t (Pz- ®Q) ((Di)k ®Ak) ((Pi)—l ®Q*1)

Ut = Ut =

k=0

iﬂk ((DZ)/C ®Ak)

k=0

U = (PM@Q)

S M (PHDY (PY T @ (QAMQTY)
k=0

ui

<(Pz')71 ® Q71> u

We denote U. and U! the ex-ante welfares in the economy respectively without and with option. Analogously

and U, are instantaneous utility expressions in economies without and with option.

g

oul oul
and o
oy o1

We compute the derivatives

option is not traded and both welfares equal to each other.
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H.2 1Inthe economy with an option

The utility vector expression li as well as the variation of Z/{; relative to y1, express without option (s}g =0):

] ] v g 5t
v e T —ng—?+y§zg+x
u — Pg(zl, — ziy) + yg 2y Pa(l'?;*w}s)+ oxg
) : ; 9y 9y
u— Pp(zly —ay) +yp xg; dzh
) dya
u+yp Ty _9Pq , _ p g
i 9ya 9y§
u—PG.IG _aPg _PaxG
i dya 81/?
u—PGxG | _oPp 7PazB
ui _ i aua _ 9ya z ay?
a — uprIB 8yci _aﬁ _POxB
_ i dye * 9yg
u PB$B ’ (1+3PG) (P + )811G
u x
uw (6 + (Pe +ya)zh) xl Y) Bye
AP, dx}
u (6 + (Pe +ya) o) W |1+ F8) e+ (P +y) 5B
u(éd+ (P +yp)x ap ozt
E5+ o ; Wy | 988 4 4 (P g y) G
u B yB 1
o]
Wy | Gk o+ (Pty) 5l
L u(é) 14 ] x el [Ze]

04

H.3 1Inthe economy without option

Since portfolios are the same in both states of the world, we have siG = siB = s’ and ac’G = xiB = z* and we deduce:

[ u—(Qc—(Pg—K)) s +yga’ | ~Q-(P-K) g ta +yge
u—Qps'+ypa Qayc y%
i i _ paz! _ 9Pg
u—Qgs' —Pgw oul Qayc 3yc e ©
i i i o _ _ Bi_aPB
U, = U—QBSZI—PBIZ . ® 12 e aPQByG 8yGa aya ©
u (54 (Po +ye)#' + (Pg — K) %) Wy [+ 552 )a + (P +y) B2 + (P - K) g
u (5 + (Ps +yp) o) u;IPPBH( +y)ayc]
L u(é) 12 ] 02
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H.3.1 Effects of the option introduction

We compute the difference between both economies (without and with the option):

[ _ ozt _ 895%; 1
Q- (P-K) % ayG Ty yg ~ By
8zG 81}3 Sl ale
-(Q-(P-K)) 2 ayc TP 5ye ~ove ) TV 8ve ~ Bve
Bz}; 61}3 ozt azlc
-Q3 Dyc < dye  9ya Ty dye  9yg
st o' Ovh
Qf)yc Ty <8yc 9ya
ozl _ d2g
Qayc P dye  9yg
dx! o azlc
1 1 Qayc P dye  9yg
U, _ ou, _ _g#l _p ozl _ 9zh
dyc  Oyc ch 9yc  Oyc
1 ozl
P oz~ B
Qayc 9yg  ya
[Pty (22 - 2ua +(P-K)Z—
zl dya oya dya
/ ozt 5113 _ st
U1 (P+y) dya v + (P K) ayc
/ ozt azg
U1 (P+y) dya dyc
’ 9zt _ 31}3
U1 (P+vy) dya B
L 04 _

Some remarks:

® Welfare variations only depend on quantities variations. The price variations in particular do not influence

welfare variations.

® Since holding variations of the agent 2 are the opposite of the ones of agent 1, the welfare impact of options

will opposite for both agents: one will lose and one will win.

Before going further in the computations of welfare, let us make the following preliminary computations:

Ozt 8xé> _ K

| = —= GG
dya 9y 1—(rgg +78 —1)BM

IEl K
771(P+y)<am1 8B>= — (1 -7BB)

n' (P +y)

1—(r¢gc +7BB —1)BM

Ozl oz} K
1 G B
n (P + — - —= | == TeG + T -1
(P+y) 58 ayg) e TR L
st K
n' (P - K) =- =
9y 1— (nge + 7B — 1)BM

Using pricing equations, we also define 0 < v < 1 as follows:

P Q ’ %
1= e T R = =B +a (W @+ (Pys) - 1)
1_7:%4_:”: 5(1—|—a (5+(P+y)xi)_1))
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Since ot (u/(§ + (P + y)z!) — 1) = a?(u'(§ + (P + y)z?) — 1), v does not depend on the type i.
We therefore obtain that:
-1 =71 -mca)
-1 =y — (g + BB — 1)
v(req +7BB) + (1 - V)7aa
v+1-v(1-7pB)

v(1-7mca)
v(1 —-mga)
Lour L aul ( 5 U2 28u§> K
—2 g% = — —-n"—= ] = = YTBB
Oyc Oya Oya Oya 1— (rgg + 7 — 1)BM
YTBB

—uly (1—-7ge)
—U/I1 TBB
u;1 TGG
u'y (1-7pE)

04

To compute the ex ante utility, we multiply that by the vector of weights, which is equal to:

ai(l=p) (l—a)(1=p) (-a)(1-p) (1-ai)p

2—al—pt’ 2—ail—pt = 2—ai—pt ' 2—qf—pi

[ ngg(l—mgB) (1—mgg)(l—mpp) (A—nge)(l—npp) (1—-7cc)TBB
2—-nqeg —7mBB  2—7@G —TBB  2—Tge—TBB  2—TGG —TBB

|

aul  aul

The difference of variations in ex ante utilities B e for the agent i = 1,2 is equal to:

_ K 1—mae)y
9ya 8yc) - (1_(7TGG+7TBB—1)B) (1-08)2—-mce —7BB) >0 (45)

ol Ul (an vz
Yy lo/Ve;

The aggregate ex ante welfare is unchanged (if we suppose that being of type 1 or 2 is equiprobable). However,

type 1 agents facing a larger unemployment risk benefit from the option introduction, while the other type suffers

from it.

I Proof of Proposition @

We use a proof strategy very similar to Section We define X = (y1,...,yn, V,al,...,al, w%, cewh ,w{, owh) e
(RT)n+1+I+n T the vector of parameters and Z = (P1,..., Pa,zi,...,2L,... 2, 2L) € (RY)"+"T the vector of
endogenous variables.

We define the function F : (RT)»tiHI+n Iy (REyntnl _ (RE)+nT a5 follows (i = 1,...,Jand k= 1,...,n):

P ~ 1—at i
Fli—1yntk (sz)=ifﬁz7rk,j < 5 ta u (P +yj)xk+6)> (Pj +y5)
J

Forpr (X,2)=> niaj, -V
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F stacks the functions concerning each agents and the market equilibrium. The first n equations are the Euler
equations of agents of type 1 in the n states of the world, the second set of n equations concern agents of type 2,

and so on and so forth. The last set of n equations is the set of market equilibria in the n states of the world.

For a given set of parameters X, the equilibrium is defined as

F(X,Z)=0

Symmetric equilibrium. We already know that an equilibrium (X*, Z*) exists for X* = (y,...,y,V*, a,...,a,1,...

(RT)n+1+I+n T The equilibrium is such that Y* = (P,..., P, z,...,x).

Implicit function theorem. To show that the equilibrium exists around X*, we show that the Jacobian Jg of
F relative to Z is invertible in (X*, Z*)

A eas)
9y;

i=1,...,(n+1)I,j=1,...,(n+1)T

® Derivatives of F relative to P, (i =1,...,I, and k,l =1,...,n):

8F'L7 n
le—ﬁﬂkﬂj (1—a+o¢u'(5+(P+y)x))
OP;j
—Brgjazu’ (§+ (P+y)z) (P+y)
8FnL+k -0
oP;
® Derivatives relative to x;: fori,i’ =1,...,I, k,h=1,...,n:
8F7l7 n
N fatupd (4 (P y)a) (P +y)
h

Fpri10zh = lp—in'

® The Jabobian matrix Jr has the following simple shape:

In—BeT I, ... 0

A= 0 i 0
In—BeT 0 e P In
0 nIl, ... oI,

where I, is the n x n identity matrix, T = (7, ;)1<k,1<n and scalars 0 < ¢ < 1 and 1 > 0 are defined as:

p=B(1—-a+au (P+y)z+8)+azu’ (P+y)z+0)(P+y))

Y =—Bau’ (§+(P+y)z)(P+y)°
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® We prove that Jp is invertible. Let X = (Xo, X1,...,X;) € (R")!. If X € ker A, then:

Vie{l,...,I}, (In — B¢T) Xo + ¢ X; = On

A linear combination of the first lines yields easily that (I, — B¢ T)(Z{Zl n* Xo) = 0, and X = 0, since
I, — BT is invertible (the inverse is Y72 BFFT® which exists since 0 < ¢ < 1). Tt is then straightforward

to deduce that X; =0, forall 1 <i < [.

The Jacobian of F' with respect to Z is invertible at the point (X*, Z*), which proves the equilibrium existence

for parameters X in the vicinity of X*.

J Proof of Proposition

We use a proof strategy very similar to Section@ We define X = (yl,...,yn,V,al,...,al,w%,...,w}”...,w{,...,w,{,Kl,.A.,KL) IS
(RT)n+I+I+nI+L the vector of parameters and Z = (Pl,...,Pn,x%,...,x}”,..,a:{,:r:f“QLl,...,Qn,l,...,QLL,...,Qn,L,s%,l,...,s}%l,..

1 1 I I I I+nL+nlL .
ST Lo s Sp Lo sSn1s-r8] pse-sSn ) € (RT)ntnlt+nl+nlL the vector of endogenous variables.

We define the function G : (RT)*H1+I+nI+L y (RE)ntnltnlinll _, (R)ntnltnLinll a5 follows (i =

1,....,Jand k=1,...,n):

n ; L
P 1-a i i i
Glivnr (X, 2) = —= =By m; ( oty (5+(Pj +yp) ek + ) (P — Ki)*t Sm)) (Pj +y5)
j=1

e
Wy, J =1

I
GnI+k (sz) = 2771932 -V
=1

wy w
k J m=1

n i L
1-a' i i i
Gu-vnrti-nnte (X, 2) = Ort_ g > Ty ( —+a'd <5+ (Pi+y)ak+ Y (P — Km)" Sk,m>> (P —Ki)*
j=1 =

I
Girsni+(-1)n+k (X, Z) = Z n' Sk
i=1

Symmetric equilibrium. We already now that for the set of parameters X* = (y1,...,yn, V*, a,...,a,1,...,1,K1,..., K1)
an equilibrium exists, such that Z* = (P1,..., Pn,%1,...,Tn,.. ., 21, Zn,Q1,1,-- -, @Qn,1,.- -, Q1,L,-- -, Qn,1,0,...,0).
In this equilibrium, options are priced but not traded. Strikes and prices are such that: P; < K1 < P2 < Ko <

< P <Kp <Pry1<...< Py

Implicit function theorem. We compute the Jacobian of G in (X*, Z*) and prove that is invertible.
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® We start with the derivatives relative to P; (j,k=1,...,nand i=1,...1):

0G(i—1)n .
B (X 27) = They = ey (1= ot o 6+ (P +yy)ae) +amnu” 6+ (P + ;) ax) (P + )
J
aGnL+k *
X*, 7" =
Sep Lz =0
OG- n i—1)n * * "
U X, 20 = = (L—act o (+ (P yg) o) — aw” (P + yy)on -+ ) (P = K1) 1y1)
aGnLM+k+nl
—ap, (X*,Z2*")=0

. . !
® We derive relative to zj, :

Gi-1)n * rrx
<a;i’ X2 = L klz’*zﬁazmw (6 + (P + ;) zi) (P + y5)°
h =1
Gn LJrk (X Z ) — lh:k ni/
ox¥
Gl— n L+4+(i—1) n+k * *
WD EDE (00 74 = Lo 3w (504 (P4 95) ) (P -+ )Py — )
Lh Gj=l+1
GnL(;W«l»k«l»nl(X Z )
T},
® The derivatives relative to Qj, ., express as:
Glim1)ntk ,ow o
————— (X", Z27)=0
nm ( )
GnL+k * *
X,Z")=0
thm ( )
G—1)n L+(i=1) ntk (X", 2*) = Lnek Lo
0Qn,m ’ wrome
GnLM+k+nl * *
— (X", Z7)=0
9 m ( )

e Finally, derivatives relative to szl :
,m

Gi* n *
(X2 =~ Lo ek S st (G (B ) ) (B 1) (P = Ko
h,m j=m+1
GnL-&-k (X*,Z*) =0
Osy

n

G n 11— n
= 1)a§:< DU (XY, 2 = = Limilnek B Y g u” (8 + (P + y;) an) (P — Ki)(Pj — Km)
h,m

j=14+max(m,l)

Gn L M+k+nl

asi . (X*,Z") = Lyep L '
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® We define now the following matrices (I = 1,...,L):

My = (mi (L= o+ au (§+ (P +yj)a) +axpw” (6 + (P +yi) o) (P +93))) 1<k j<n

Mg, = (mey (1 —a+au (64 (P +yj)or) + azpu’ (6 + (P +y;j) zx) (P — Kl)+))1§k,j§n
r= (Wk,j u” (6 + (P +yj)xk))1§k,jgn

Iy = (P; +yj)1§j§n ER"

O, = (P — K)"), <<, €R"
n
Ayy = —af diag Z 7 W (6 + (P + y5) ) (o) ; () 4 with u,v =y, K
J=1 k=1,...,n
I, = n X n identity matrix

Jn = (1) € R® x R”

s i,

k,l . k,l
E Z(e’) with e’ = 1p—; 1;—;
k,l 1<ij<n i,j k=1 1l=j

® The Jacobian Jg expresses as follows:

In*ﬁMy Ayy Onxn Onxn Onxn AyKl Onxn AyKL

In_ﬂMy Oan Ayy Onxn Onxn Onxn AyKl Onxn
Onxn nlIn 7711n Onxn - Onxn Onxn Onxn Onxn

7ﬂMK1 AyKl 0n><n In Onxn AKlKl Onxn AKlKL

_ﬁMKl Onxn AyKl Onxn I’n Onxn AKlKl 0n><n

Jo =

7ﬁMKL AyKL Onxn In Onxn AKLKl Onxn AKLKL

_ﬁMKL Onxn AyKL Onxn I’n 0n><n AKLKl Onxn
Onxn Onxn 0, ... nlI, ... Opxn
Onxn Onxn Onxn Onxn Wlln

® Let X = (Xo, (X{)ic1,....1, (X )i=1,....0s (X&) iz, ri=1,...1) € R™ x (R™)T x (R™)E x (R™)T*L. Suppose

yeen
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X € ker(Jg). We thus have the following system:

L
Vie{l,....,I}, (In—BMy)Xo+Ayy Xi{+ > Ayg,, Xg™ =0, (46)
m=1
I
> on'Xi=0n (47)
i=1
L .
Vie{l,...,I}, VI€{1,...,L}, —BMg, Xo+dyr, X1 + X5+ > Ak, X3™ =0n (48)
m=1

I
vief{l,...,L}, Y n'Xxy'=0, (49
=1

Using a proper linear combination of together with and , we deduce (I, — My)(ElI:1 n)Xo =

Op. Since Zf:l n* > 0 and I,, — B M invertible, we conclude Xo = 0,,. An analogous manipulation yields

Xé =0y for I =1,..., L. The previous system simplifies into:
L .
Vie {1,~~-7I}7Ayyxi+ Z Ame X;’m :0n
m=1
L .
Vie{l,..., I}, Vie{l,...,L}, Ayxk, Xt 4 Z N Xim =0,
m=1

I I
Vie{l,....L}, Y n'Xxy'=>n'Xi=0,
=1 =1

‘We only need to prove that Xg’m = On. Since Ayy is invertible, we deduce that:
L .
Vie{l,...,I}, Vi€ {1,...,L}, > (Ark, —Byr, By Ayk,,) X3™ =0n
m=1

vie{l,...,I}, Vle{l,...,L}, Vke {1,...,n},

(Z?:1 T, juh (P +y;) (P — Km)*) (E}Ll T gup ;(Pp — KT (P + yj))
2 j=1 kg (P +yj)? Bk

L n
Do D meguil (P — KT (P — Km)t -
m=1 \j=1

Noting Ay = diag (—TI'kJqu) ) , we define the bilinear form (-|-); as follows:

=1,...,n

n
YU,V € R™M?, (UV)e=UT AV == mjul ;U; V;
j=1

It is straightforward to verify that (:|-)x is a scalar product. Using this scalar product, we obtain after some

simple manipulations:

Vie {1, .o, L}, ((HylTy)k (T, [ 5y T, ) — (T, [Ty )k (T | 20— T, i) X575 =0

Summing over ! yields:

Ve {1 B () (s T [y T, )b — (| 26y T, )2) X33 =0
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Since an:l Ilg,, and II, are not collinear (by construction of options, which do not replicate the asset),

the Cauchy-Schwarz inequality implies that:

L L L
(T [Ty )k (3 gy Ty, [y T e = (Ty | 00y Tk, ) > 0

We conclude that for all 1 < ¢ < L, 1 <m < L, for all 1 < k < n, we have X;’,? = 0. In consequence,
X € ker(Jg) iif X = 0. The Jacobian Jg is therefore invertible in (X*, Z*), which concludes the proof: The

equilibrium exists in the vicinity of (X*, Z*).
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