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Abstract

I study the effects of aversion to risk and ambiguity (uncertainty in the sense of
Knight (1921)) on the value of the market portfolio when investors receive information
that they find difficult to link to fundamentals and hence treat as ambiguous. Investors
consider a set of models that consists of a single normally distributed marginal for fun-
damentals and a family of normally distributed conditionals that relate information to
fundamentals. Hence, they neither know the posterior mean nor the posterior variance
of fundamentals. I show that when investors receive ambiguous information, then the
interpretation of this information can drastically change. This leads to a discontinuity
in the equilibrium price of the market portfolio, excess volatility, negative skewness,
and excess kurtosis of stock market returns. Moreover, a higher signal value does not

always lead to a higher price.
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News, as for instance the default of Lehman Brothers or the rescue of AIG, is often
associated with an increase in stock market volatility. This excess sensitivity of prices to
news about fundamentals is well documented in the literature and in general difficult to ex-
plain In this paper I show that when investors are averse to risk and ambiguity (Knightian
uncertainty) and receive information that they find difficult to link to fundamentals, then
the interpretation of this information can drastically change. This leads to a discontinuity

in the equilibrium price of the market portfolio and excess volatility of stock market returns.

Investors who receive a signal about economic fundamentals face ambiguity and risk
when they evaluate an investment in the market portfolio because they neither know the
model that links this signal to the market portfolio nor the value of the market portfolio
given this signal. If investors are averse to ambiguity, they behave as if they have multiple
models in mind when they process this signal. Specifically, they evaluate the outcome of an
investment with respect to every model they think is plausible and then choose the model
that leads to the lowest expected utility. These preferences are consistent with experimental
evidence (Ellsberg (1961)) and have a solid axiomatic foundation: Gilboa and Schmeidler
(1989) axiomatize this behavior in an atemporal setting and Epstein and Schneider (2003)

generalize their work to a dynamic setting.

To study the effects of risk and ambiguity on the value of the market portfolio I consider
a representative investor with CARA utility who receives a noisy signal about the aggregate
dividend. I follow Epstein and Schneider (2008) and assume that the set of models that
links this signal to the dividend consists of a single normal marginal and a family of normal
conditionals. Hence, processing an ambiguous signal leads to ex-post ambiguity about the
mean and the variance of the dividend even though there is no ex-ante ambiguity about the

dividend.

I show that there is a discontinuity in the equilibrium signal-to-price map and a higher
signal value does not always lead to a higher price. Specifically, the equilibrium stock price
is unique except for a specific signal value at which there is an interval of equilibrium stock
prices. If the signal increases through this critical point, then the price suddenly drops and

hence better information leads to a lower stock price.

The stock price is not monotone in the signal in equilibrium because the model that

!Shiller (1981) and LeRoy and Porter (1981) among others document the excess volatility puzzle.



leads to the lowest expected utility for the representative investor depends on the signal.
Specifically, if the signal is bad, then it is treated as informative and thus the residual
variance is low. Conversely, if the signal is good, then it is treated as uninformative and
thus the residual variance is high. Hence, a bad signal leads to a low risk premium and thus

to a high price.

There is an interval of equilibrium stock prices because the utility of the representative
investor has a kink at the market clearing stock demand. This kink prevails when I aggregate
over investors with different preferences as long as there is a common set of beliefs (models
that link the signal to the dividend). Intuitively, if investors share a common set of beliefs,
then there is an interval of prices at which they do not the change their position in the
asset. All these prices are equilibrium prices when individual demands, which can differ in
magnitude depending on an investor’s risk aversion, add up to the market clearing demand.
This result has the interesting consequence that speculation — which Billot, Chateuneuf, and
Gilboa (2000) show occurs if and only if investors have no belief in common — smoothes out
the discontinuity in the equilibrium-signal-to-price map and hence avoids drastic changes

in the price of the market portfolio

When investors receive ambiguous information and anticipate ambiguous information
in the future, then the equilibrium price is multi-valued for two critical signal values. Specif-
ically, if the signal increases through the first critical value, then the price suddenly drops
whereas if the price increases through the second critical value, then the price suddenly in-
creases. Hence, learning about fundamentals over time increases the sensitivity of prices to
ambiguous information and hence the variance and kurtosis of stock market returns. More-
over, the stock price variance conditional on bad news is always larger than the variance
conditional on good news because the sudden drop for bad news is larger than the sudden

increase for good news.

Ambiguous information affects an investor’s utility through the realization of the current
signal and the informativeness of the current and the future signal. If the current signal
roughly confirms the unconditional mean of the dividend, then the marginal investor treats

both signals as uninformative and hence the risk premium is larger than when the news are

2Investors with standard expected utility preferences engage in speculative trade or betting if and only
if they have different beliefs about the informativeness of the signal.



either good or bad. If one imagined the signal increasing through the first critical value
(which is lower than the unconditional mean of the dividend), the risk premium of the
asset would suddenly increase, whereas if one imagined the signal increasing through the
second critical value (which is higher than the unconditional mean of the dividend), the risk

premium would suddenly decrease.

This paper is most closely related to Epstein and Schneider (2008), who investigate
the impact of ambiguous information on stock prices assuming a representative investor
who is risk neutral and averse to ambiguous information. I extend their work along three
dimension: (i) investors are risk aversejj, (ii) investors are heterogenous, (iii) investors can
learn from ambiguous signals over timeH I show that risk aversion leads to qualitatively very
different implications for the equilibrium signal-to-price map with and without learning over
time, and it amplifies the effects of ambiguous information on the conditional distribution
of stock market returns. Moreover, I prove the existence of a representative investor when

investor have different risk aversion and discuss the properties of the equilibrium when

investors also differ with respect to aversion to ambiguity.

This paper is also related to the literature on limited market participation. Specifically,
Dow and Werlang (1992) show in a partial equilibrium framework, that there is a range of
prices at which investors are neither long or short the asset. Cao, Wang, and Zhang (2005)
extend their result and show that limited stock market participation can arise endogenously
in equilibrium when investors differ with respect to their aversion to ambiguity. I show that
when investor receive ambiguous information, then the worst case scenario belief depends on
the asset demand and the signal. This leads to a demand function that is flat for two ranges
of prices. Specifically, there is an interval of prices at which (i) investors don’t participate
in the market because they are ambiguous about the mean of the asset and (ii) investors
don’t change their long/short position in the asset because they are ambiguous about the

mean and the risk premium of the asset.

Routledge and Zin (2001) and Caballero and Krishnamurthy (2008) study the connec-

tion of ambiguity with liquidity. Routledge and Zin (2001) consider a financial intermediary

3Epstein and Schneider (2008) consider an example in which the signal can take on two values and solve
it numerically when investor are risk averse.

‘Epstein and Schneider’s dynamic model focuses on short learning episodes where investors receive one
ambiguous signal about the next innovation in dividends whereas in this model investor receive and anticipate
an ambiguous signal about a future liquidating dividend.



who makes a market in a derivative security and show that ambiguity can drastically in-
crease the bid-ask spread and hence reduce liquidity. Caballero and Krishnamurthy (2008)
study the effects of ambiguity about the impact of aggregate liquidity shocks on investors
and show that this ambiguity can lead to a socially inefficient flight to quality. In this paper
ambiguous information does not have an effect on market liquidity but nevertheless leads to
drastic changes in the price of the market portfolio and hence excess variance and kurtosis

of stock market returns.

The fact that ambiguity aversion can lead to value functions that are not differentiable
everywhere and hence to a continuum of equilibrium prices for some states of the world is not
new. Epstein and Wang (1994) write in their abstract: “A noteworthy feature of the model
1s that uncertainty may lead to equilibria that are indeterminate, that is, there may exist a
continuum of equilibria for given fundamentals.” The striking result of this paper is that
only the combination of risk aversion and ambiguity aversion leads to a price discontinuity
and an interval of equilibria for a particular signal value when investors process ambiguous
information. Hence, the effects of ambiguity aversion on stock prices can be distinguished

from the effects of risk alone.

This paper is also related to the literature on learning about fundamentals with standard
expected utility preferences to explain the excess volatility puzzle. Brennan and Xia (2001)
and Veronesi (2000) consider an economy in which investors learn from dividends (and a
noisy signal in Veronesi (2000)) about the unobservable expected dividend growth rate.
Brennan and Xia (2001) assume that the expected dividend growth rate follows a mean
reverting Ornstein-Uhlenbeck process whereas Veronesi (2000) assume that it follows an n-
dimensional regime switching process. In this paper investors are also averse to ambiguity
which leads to drastic changes in the interpretation of news and hence excess sensitivity of

prices to news about fundamentals.

This paper is also related to work on the equity premium puzzle, the risk-free rate
puzzle, and the excess volatility puzzle by Maenhout (2004) and Leippold, Trojani, and
Vanini (2008). Maenhout (2004) solves the dynamic portfolio choice problem of an investor
with power utility and Epstein and Zin (1989) preferences and reconciles the equity and
risk-free rate puzzle with a low risk aversion coefficient. Leippold, Trojani, and Vanini

(2008) extend the model of Veronesi (2000) and reconcile the excess volatility puzzle with a



high equity premium and a low risk-free rate. Both papers use the robust control approach
of Hansen and Sargent (2007) to describe aversion to ambiguity. The main difference in
this paper is that the excess sensitivity of prices to news results from a discontinuity in the

equilibrium signal-to-price map which occurs even in a simple static model.

This paper is also related to Garlappi, Uppal, and Wang (2007) and Kogan and Wang
(2003). Garlappi, Uppal, and Wang (2007) discuss the effect of ambiguity on mean /variance
portfolio choice and Kogan and Wang (2003) discuss the implications of ambiguity for the
cross sectional properties of asset returns. In both papers investors have perfect knowledge
about the covariance matrix but are ambiguous about the mean return vector of asset
returns. The main difference of this paper is that I focus on how ambiguity about the
informativeness of news and hence imperfect knowledge of the posterior mean and variance
of fundamentals affects optimal portfolios of investors and, more importantly, equilibrium

prices.

Other papers that discuss ambiguity aversion are summarized below. Epstein and
Schneider (2007) describe how ambiguity averse investors can learn and show with a simple
portfolio choice problem how this can lead to more stock market participation. Chen and
Epstein (2002) study the implications of ambiguity aversion on equilibrium prices in a
representative agent continuous time exchange economy. A similar approach to allow for
model uncertainty is considered by Hansen and Sargent (2007) (and coauthors) who apply
robust control theory to economic problems. They also specify a set of models (or priors) to
incorporate model uncertainty but an investor’s uncertainty aversion is introduced through

a function that penalizes models that differ from a prespecified reference model.

I Ambiguous Information

In this section I show how investors who are averse to risk and ambiguity behave when
the receive ambiguous information about the fundamentals of an asset. I adopt the model
of Epstein and Schneider (2008) in which an investor considers multiple models that link
information to fundamentals and then makes decisions with respect to the model that leads
to the lowest expected utility. This behavior exhibits aversion to ambiguity (Knightian

uncertainty) and is axiomatized by Gilboa and Schmeidler (1989) in a static setting and



generalized to a dynamic setting by Epstein and Schneider (2003)

Suppose an investor receives a signal § about the dividend d. A model consists of a
marginal distribution of the dividend d and a conditional distribution of the signal § given
the dividend d. The investor knows the marginal distribution of the dividend but lacks data
and/or experience to know how to link this signal to the dividend and therefore doesn’t
know the conditional distribution of the signal given the dividend. The investor is averse
to ambiguity and hence behaves as if she would have a set of models (a marginal and a set

of conditionals) in mind when evaluating the outcome of a decisions.

Let u(-) denote the utility function of the investor, m a model, M the set of all models
considered by the investor, and E,,[-] the expectation with respect to the belief generated
by the model m. An ambiguity averse investor in the sense of Gilboa and Schmeidler (1989)

chooses a portfolio # to maximize

in which wg denotes an investor’s initial and @ her future wealth. The price of the risky

asset is denoted by p and the risk-free rate is normalized to zero.

This paper focuses on the effects of risk and ambiguity on asset prices and therefore it is
important to emphasize the difference between aversion to risk and ambiguity. Specifically,
the curvature of the utility function u(-) determines an investor’s risk aversion whereas the
size of M and the “inf” operator describe an investors ambiguity and aversion to ambiguity.
If M is a singleton, then the investor is a standard expected utility maximizer in the sense
of Savage (1954) and hence neutral to ambiguity. I use the terms ambiguity or aversion to
ambiguity interchangeably because the axioms presented by Gilboa and Schmeidler (1989)

do not allow to identify them separately.

Suppose that both the marginal distribution of d and the conditional distribution of §

50ther preferences that exhibit aversion to ambiguity are axiomatized in Klibanoff, Marinacci, and Muk-
erji (2005) and Maccheroni, Marinacci, and Rustichini (2006).

SThis fact is emphasized in Routledge and Zin (2001). Moreover, Klibanoff, Marinacci, and Mukerji
(2005) present a model of preferences that allows for a distinction between ambiguity and attitude towards
ambiguity. The Gilboa and Schmeidler (1989) specification arises as a limiting case when investors have
infinite aversion to ambiguity.



given d is normal. Specifically, there is a single normal marginal of d:

d~N(d,o3) (2)
and there is a family of conditional distributions of § given d:
§=d+¢, E~N(0,07),

in which 02 € [02,02] C [0, OO]H

Each model m € M determines a conditional belief for d given s and hence standard

normal-normal updating for each o2 € [02, 07] leads to

2
04

d|3=5~Ng(d+0(s—d),o5(1-p5)), 52@- (3)

It is convenient to describe the informativeness of the signal by beta and hence the set of

conditional beliefs is given by [3,, O] C [0, 1] with

Ba = 03/ (0g + 0}) (4)

By =03/ (05 + 03). (5)

The utility of an investor who is averse to ambiguous information and holds 6 shares of the
risky asset is therefor

ﬁel[léi{lﬁb] Eg [u <w0 + <cZ— p) 9> | 5= s} . (6)

Investors are more averse to ambiguous information if the set of models and hence the
interval [3,, (] is large and therefore the degree of aversion to ambiguous information can

be measured by Gy — B,.

Suppose the investor has CARA utility over future wealth w; i.e. u(@) = —e~®. Then,

the investor chooses 6 to maximize her certainty equivalentH The certainty equivalent of

T do not rule out the case [02,02] = [0, o).

8The objective function is continuous and the feasible set is compact and hence I can replace the infimum
by the minimum.

9The utility function is strictly increasing and hence optimizing u(CE(-)) is equivalent to optimizing

CE().



the ambiguity averse investor with wealth wg is denoted by CE(#;wg,p,s). It is equal to

the “worst case scenario certainty equivalent” of a Savage investor. Specifically,

CE(#;wg,p,s) = min CE®*(8, 3;wo,p, s), 7
(O:wo.p,5) =, min, (B (6,55 wo, . 5) @)
in which
- 1 .
CES(H,ﬂ;wo,p,s):wo—i—(Eﬁ [d\é’zs}—p)@—a’y\/’arg [d\§:s]02 (8)

denotes the certainty equivalent of a standard expected utility maximizer with wealth wq

and subjective belief 3 (a Savage investor with wealth wy and belief 3).

The assumption of CARA-utility and normally distributed beliefs leads to a mean-
variance portfolio choice problem in which the beta (informativeness) of the signal depends

on the portfolio # and the realization of the signal s. Specifically,

ﬁ* = ﬂ*(ea S) € argmin CES(97 ﬂv wo, P, S)’ (9)

BE[Ba,P]
I discuss the “worst case scenario” for the mean and variance of the risky asset before I de-
termine the certainty equivalent of the ambiguity averse investor (the “worst case scenario”

certainty equivalent of a Savage investor).

Suppose the investor is long the asset (# > 0). Then the worst case scenario for the mean
is a high beta signal if bad news arrives and a low beta signal if good news arrives because the
mean is significantly adjusted downwards with bad news and moderately adjusted upwards

with good news. Specifically,

+Ba(s—d) if s—d>0

in Ealdls=s| = 7 . : g 10
i MEES T+ (s=d) if 5=d<0 (10)
if s—d=0.

Similarly, if the investor is short the asset (# < 0), then the worst case scenario for the mean

is a low beta signal when bad news arrives and a high beta signal when good news arrives.

On the other hand, the worst case scenario for the residual variance is always a low



beta signal. Specifically,

Varg |d |5 =s| =03 (1—f,). 11
Ben[[gﬁ?b} arﬁ[ | § s} o7 (1—0,) (11)

The worst case scenarios for the mean and the variance can not be chosen independently of
each other but depend on the beta of the signal and hence there is a tradeoff between the

effects of beta on the mean and the variance when minimizing CE®(3;-).

The certainty equivalent of an ambiguity averse investor and its properties are deter-

mined in the next proposition.

Proposition 1. Let = —2(s — d)/(vo3). Then,

CES (0, Buiwo,p,5) i 0 <min (6,0)
CE(0;wo,p,s) = CE*(8, By; wo,p,s) if min (é,O) < # < max (é,O) (12)
CES (0, Baiwo,p,5) if 0= max (0,0)

The certainty equivalent CE(-) is a continuous and concave function of the stock demand 6.

Moreover, it is continuously differentiable except for the critical values 8 = 0 and 6 = 6 if

s#d.
Proof. See Appendix [Bl O

The function CE®(-) does not depend on beta at the critical points 0 and 6 but is
otherwise a linear function of beta because the conditional mean and the residual variance
are linear in beta. Hence, the certainty equivalent of an ambiguity averse investor is either

CE®(Ba4;-) or CE®(B;-) and switches from one to the other at 0 and 6.

Figure [1 shows the certainty equivalent of three different Savage investors and the
ambiguity averse investor as a function of the portfolio demand 0. Specifically, the blue
solid line shows the certainty equivalent of a Savage investor with belief 3 = (3,, the black
dashed line shows the certainty equivalent of a Savage investor with belief 8 = (8, + 3)/2,
the red chain-dotted line shows the certainty equivalent of a Savage investor with belief
6 = [, and the black solid line shows the certainty equivalent of the ambiguity averse

investor with belief 8 = (*. The right graph shows the case when investors receive bad

10



news (s < d) and the left graph shows the case when investors receive good news (s > d).

[| —B=8,
2H - — -B=(B,+B, )2
|| - - B=8,

Good News

-2

-4

Bad News

—p=8,

— = -B=(B, B2 ]
- B:Bb

Certainty Equivalent
&
A

Certainty Equivalent
|
(2]
.

i L L L L i L | -16 L i L L L L i
-6 -5 -4 -3 -2 -1 0 1 2 -2 -1 0 1 2 3 4 5 6
Demand Demand

Figure 1: Expected Utility
Both figures show the certainty equivalent as a function of the demand 6§ when 3 = 3, (blue
solid line), 8 = (B4 + (p)/2 (black dashed line), 8 = [ (red chain-dotted line), and g = §*
(black solid line). The parameters are d =5, 04 =1,y=1, wo =1, p=75, B, = 1/5, and
Gy = 4/5.

Suppose an investor receives bad news (right graph). If she is short the asset, then
CE®(-) is uniquely minimized at (3, because the worst case scenario for the mean and the
residual variance is a low beta signal. On the other hand, if she is long the asset, then the
worst case scenario for the mean is a high beta signal whereas the worst case scenario for
the residual variance is a low beta signal. If the long position is sufficiently large (6 > é),
then the variance dominates and CE®(-) is uniquely minimized at 3,. CE®(-) is minimized
at [y for small long positions in the asset (0 < é) because in this case the mean dominates.
The long position for which the effects on the mean and the residual variance offset each

Similar arguments lead to the worst case scenario for an investor who receives

other is @

good news (left graph).

If the signal confirms the expected value of the dividend (s = d), then there is no
ambiguity about the conditional mean and hence CE®(-) is uniquely minimized at 3, for
all portfolio positions because the worst case scenario for the residual variance is always a

low beta signal. In other words, there is no kink in expected utility if s = d.

To summarize, an investor who has CARA utility and is averse to ambiguous informa-

tion in the sense of Gilboa and Schmeidler (1989) will evaluate the outcome of a portfolio

197f 9 = 0, then there is no ambiguity and hence expected utility does not depend on beta.
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with respect the belief 3 that leads to the lowest expected utility. Hence, the indifference
curves of an investor who is either long or short in the risky asset have two kinks if the sig-
nal doesn’t confirm the unconditional mean of the dividend and are otherwise smooth. The
equilibrium price of the market portfolio when investors are averse to risk and ambiguous

information is determined in the next section.

IT Equilibrium

In this section I derive the equilibrium price of the market portfolio when a representative
investor receives an ambiguous signal about the fundamentals of the economy. I show that
small changes in information about the value of the market portfolio can lead to drastic
changes in the price of the market portfolio and better news do not always lead to a higher

price. The proof of the existence of a representative investor is deferred to the next section.

Consider a discrete time economy with two dates 0 and 1. There is a competitive
market in a risk-free asset and a stock. The risk-free asset is in zero-net-supply and the
stock is in positive supply normalized to one. The stock is a claim on a normally distributed
liquidating dividend d at date 1; ie. d ~ N (d, U?l)' There is no ex ante ambiguity about

the distribution of the dividend; i.e. d and o, are known.

Suppose there is a representative investor with CARA-utility; i.e u(x) = —e~7*. There
is no consumption at date zero. At date one the dividend d is revealed and consumed by
the representative investor. The risk-free asset is used as numeraire, so the risk-free rate is

Z€ero.

At date zero the investor receives an ambiguous signal about the dividend. The ambigu-
ous signal is described by a family of conditionals. Specifically, § = d + & with & ~ N (0, 02)
and o2 € [02, ag]. Ambiguity about the informativeness of the signal leads to the family of

conditional beliefs for d given § described in equation @).

The representative investor observes the realization of the ambiguous signal and chooses

12



a portfolio # to maximize

min Eglu(w)|s=s

s.t. w:wo—k(d—p) 0,

in which 8 denotes the informativeness of the signal defined in equation ([3B]) and 3, and S,

are defined in equations () and (Bl), respectively.

In equilibrium the representative investor holds the asset and consumes the liquidating
dividend. Hence, the price of the asset at date one equals the liquidating dividend and

0 = 1. The price at date zero depends on the signal and is determined below.

The equilibrium when the representative investor has standard expected utility pref-
erences (in the sense of Savage (1954)) is provided in the next proposition. The proof is

straightforward and thus omitted.

Proposition 2 (Savage Benchmark). If the representative investor is standard expected

utility maximizers with subjective belief 3, then
p(s) =Eg {d~]§:s}—’yVarﬁ [CZM:S} (14)

The price is a strictly increasing continuous function of the signal because the condi-
tional mean is strictly increasi and continuous in the signal and the conditional variance
does not depend on the signal This is no longer true when investors are averse to am-

biguous information as the next theorem shows.

Theorem 1. Let § =d — 703/2. There is a unique equilibrium stock price correspondence.

Specifically,

{Ega[d|§:8}—vVarga[cﬂézs]} if >3
p(s) € ¢ P(3) if s=3 (15)
{Egb{ciﬁzs]—’yVarﬁb[cZM:s}} if s<3s.

"The conditional expectation and variance in equation () are provided in Lemma [§ of Appendix [F]
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Specifically, p € P(8), if 3 08 € [Ba, O] such that
p:Eﬁ[d\gzg]—nyarﬁ[J\gzg]. (16)
Proof. See Appendix O

A brief description of the proof is as follows. If s > § (s < §), then by Proposition [II
there exists an open neighborhood of the market clearing stock demand # = 1 for which
CE®(-) is uniquely minimized at £, (8,). Hence, the unique maximum of the certainty
equivalent CE(-) on this open neighborhood is attained at § = 1, if and only if the price
is equal to the Savage benchmark price, given in equation (I4]), when the mean and the
variance are determined with respect to the conditional belief characterized by B, (Gp).
Moreover, concavity of the certainty equivalent (see Proposition [Il) implies that the local

maximum is also a global maximum.

If s = §, then there is an interval of equilibrium prices. Intuitively, if the signal s
attains the critical value §, then 6 = 1 and hence by Proposition [ the certainty equivalent
is not differentiable at the market clearing demand @ = 1. Loosely speaking the interval
of prices in this case consists of all prices that are needed to set all marginal utilities (the
subdifferential of the certainty equivalent) to zero at 6§ = 1 Put it differently, the demand
function is constant equal to one for a range of prices at the critical signal value § and hence

all these prices are equilibrium prices

Let pT(5) denote the limit when s approaches § from the right and p~(8) denote the

limit of p(s) when s approaches § from the left. Specifically,

p*(5) = lim p(s) = Bg, [CZ 5= s] — yVarg, [J 5= s} (17)

sl§

| I
|
=
v
=1

i)
<o
||
o
e
I
>
—_
—
—_
oo
S~—

p~(3) =limp(s) = By, |d| 5=5
It is straightforward to verify that P(3) = [p*(8),p™(8)] and

Ap(8) =p*(8) = p7(8) = — (B — Bu) 305 < 0. (19)

128ee Appendix [Al for a definition and discussion of the subdifferential of a function.
13The demand function is determined in Proposition Bl
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The price of the market portfolio is a non-monotone and discontinuous correspondence of
the signal (the price corresndence is upper hemicontinuous but not lower hemicontinuous

and hence not continuous)*¥ Figure 2] shows the equilibrium signal-to-price map.

Aversion to Risk and Ambiguous Information
75 T T T T T

70k p (Shat) .

65

60

Sof i fr " p" (Shat)

Price

50

45

40

35

30 Il i Il Il Il
25 50 75=Shat 100=Dbar 125 150 175

Signal

Figure 2: Equilibrium Signal-to-Price Map
This figure shows the equilibrium signal-to-price map of the market portfolio. The param-
eters are d = 100, 04 = 5, B, = 1/5, 3, = 4/5, and v = 2. Moreover, § = 75, p(3) = 55,
and p~(8) = 70.

The price suddenly drops at the critical signal value § (which is equal to the uncondi-
tional mean minus half the unconditional risk premium of the asset) because the variance
and hence the risk premium suddenly increases when the representative investor changes
the interpretation of the information from a high beta signal to a low beta signal. Hence,

small changes in news can lead to large changes in the price of the market portfolio.

t48ee Mas-Colell, Whinston, and Green (1995) Section M.H. for properties of correspondences.
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The critical signal value for which the representative investor switches the interpretation
of the news is lower if the risk premium is large (the unconditional variance of the dividend
and risk aversion are large) because in this case the news have to be really bad in order for

the mean to dominate the risk premium.

There is no discontinuity in the equilibrium signal to price map if investors are standard
expected utility maximizers (5, = B, = ) and/or if they are risk neutral (v = 0). Hence,
it is possible to distinguish the effects of risk and ambiguity on the price of the market
portfolio Moreover, the price reacts more to bad news (s < §) than to good news (s > §)
because the residual variance does not depend on the signal and the worst case scenario for

the mean is a high beta signal for bad news and a low beta signal for good news

Figure B shows the equilibrium signal-to-price map for different aversion to risk and
ambiguity. Specifically, the left graph shows the equilibrium signal-to-price map when
v = 0 (black solid line), v = 2 (red chain-dotted line), and v = 4 (blue dashed line).
The right graph shows it when [, 85] = [0, 1] (black solid line), [54, O] = [1/10,1/2] (red
chain-dotted line), and [3,, 8] = [4/10,6/10] (blue dashed line).

5The issue of observational equivalence is often raised in the literature (see Backus, Routledge, and Zin
(September 2004) page 37). -
Epstein and Schneider (2008) show that the price reacts more to bad news (s < d) than to good news

(s > d) if investors are averse to ambiguous information but risk neutral.
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Figure 3: Different Aversion to Risk and Ambiguity
The left graph shows the equilibrium signal-to-price map when v = 0 (black solid line),
v = 2 (red chain-dotted line), and v = 4 (blue dashed line). The parameters are: d = 100,
04 =05, B, =1/5, and B, = 4/5. The right figure shows the equilibrium signal-to-price map
when [Gq, Bp] = [0,1] (black solid line), [B4, Bs] = [1/10,1/2] (red chain-dotted line), and
[Bas Bp] = [4/10,6/10] (blue dashed line). The parameters are: d = 100, o4 = 5, and v = 2.

If v = 0, then the price is continuously increasing in the signal s with a kink at s = CZ
This case is shown by the black solid line in the left graph of Figure Bl However, if v > 0,
then the price is neither continuous nor monotone in the signal which is illustrated by the
blue dashed line and the red chain-dotted line in the left graph of Figure Bl The point §
at which the representative investor switches the interpretation of the information moves
to the left when risk aversion increases. Specifically, § = 75 if v = 2 and § = 50 if v = 4.
Hence strong price reactions only occur for very bad news if risk aversion and hence the
risk premium is large. Moreover, the size of the price drop increases with risk aversion
because the the difference in the risk premium for low and high beta signals increases with

risk aversion. The price drops by 15 when v = 2 and 30 when ~ = 4.

The right graph of Figure [ shows that there is a large price reaction to bad news when

"The equilibrium stock price when investors are risk neutral and averse to ambiguous information sim-
plifies to (see Epstein and Schneider (2008))

s)= min E [d §:s]
p() BE[BasBs] s |

= d+ B, max(s — d,0) + B, min(s — d,0).

(20)
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0By is large and a moderate price reaction to good news when (3, is low because the signal
is treated as high beta (/3,) for bad news and low beta (3,) for good news. The price drop
is increasing in the aversion to ambiguous information measured by (&, — 3, because the
difference in the risk premium for low and high beta signals increases. Specifically, the price
drops by 25 when 3, — 3, = 1 (black solid line), by 10 when 3, — 3, = 3/8 (red chain-dotted
line), and by 5 when (3, — 3, = 1/5 (blue dashed line).

II.A°  Unconditional Moments of Price Changes

In this section I discuss the effects of aversion to risk and ambiguity on the unconditional
distribution of changes in the price of the market portfolio. Specifically, I compute the
mean, variance, skewness, and excess kurtosis of the price change d — p (). The “true” or
“objective” conditional distribution (the distribution an econometrician would observe) of
d given § is characterized by 8 € [, 0p]. The moments are plotted as a function of g3 for
three different cases: (i) the Savage case when 7 = 1 and the objective belief § coincides
with the subjective belief of the Savage investor , (ii) the Epstein-Schneider case when v = 0
and [Bq, O] = [1/5,4/5], and (iii) the case when investors are averse to risk and ambiguity.
The first case is represented by the blue dashed line in all four graphs of Figure dl the
second case is represented by the red chain-dotted line in all four graphs, and the last case
is represented by the black solid line when v = 1 and [, B3] = [1/5,4/5] in all four graphs
and by the black dotted line when v = 5 and [3,, 5] = [1/5,4/5] for all graphs except the
top left.

If investors are averse to risk and ambiguity, then the expected price change is larger
than in either the Savage or Epstein-Schneider case because investors require both a risk
premium and an ambiguity premium to hold the market portfolio (see top left graph of
Figure []). Aversion to ambiguity leads to a larger variance than risk aversion because in
the former investors can drastically change the interpretation of the information. This leads
to a kink in the Epstein-Schneider case and a discontinuity when investors are averse to
risk and ambiguity. The skewness and excess kurtosis in the Savage case is zero. Aversion
to ambiguity tends to result in fatter tails while the skewness is positive for low risk aver-
sion and negative for large risk aversion. Intuitively, the price change is positively skewed

when the representative investor is risk neutral because the aggregate dividend is normally
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distributed and the price reacts more to bad signals than to good signals. If the investor is
risk averse, then the discontinuity leads to a large variance of the price change conditional
on negative news and hence, for sufficiently high risk aversion, to a negative skewness of

price changes.
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Figure 4: Unconditional Moments of Price Changes
The top left graph shows the mean, the top right graph shows the variance, the bottom
left graph shows the skewness, and the bottom right graph shows the excess kurtosis of
d— p(§) as a function of the objective distribution characterized by 8 € [(,, 5] . In all four
graphs the blue dashed line represents the Savage case when v = 1 and the subjective belief
coincides with 8 € [B4,3]. The red chain dotted line represents the Epstein-Schneider
case when v = 0 and [8,, 5] = [1/5,4/5]. The case when investors are averse to risk and
ambiguity is shown by the black solid line when v = 1 and [3,, ] = [1/5,4/5] in all four
graphs and by the black dotted line when [3,, 5] = [1/5,4/5] and v = 5 four all graphs

except the top left. The parameters are d = 5 and og = 1.
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Figure [l shows the unconditional moments of the price change d — p(5) as a function
of ambiguity (3, — (3,. The objective distribution is characterized by 8 = (8, + (p)/2.
Ambiguity (5, — B, increases from zero to one such that (3 is always the midpoint of the
interval [, 0]. In all four graphs the blue dashed line represents the Savage case when
v = 1 and the subjective belief coincides with 3. The red chain dotted line represents
the Epstein-Schneider case when v = 0. The case when investors are averse to risk and
ambiguity is shown by the black solid line when « = 1 in all four graphs and by the black
dotted line when v = 5 four all graphs except the top left. The parameters are d = 5 and

oq = 1.

The mean and variance are strictly increasing in the degree of aversion to ambiguity.
The rate of increase is linear for the mean and does not depend on risk aversion whereas
the variance increases exponentially at a rate that is increasing in the level of risk aversion.
The excess kurtosis is increasing in ambiguity for large levels of risk aversion but remains
constant if risk aversion is close to zero. The skewness of price changes is increasing for low

risk aversion and decreasing for large risk aversion.
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Figure 5: Effects of Ambiguity Aversion on Unconditional Moments of Price Changes
The top left graph shows the mean, the top right graph shows the variance, the bottom
left graph shows the skewness, and the bottom right graph shows the excess kurtosis of
d— p(8) as a function of ambiguity (3, — 3,. The objective distribution is characterized by
B = (Ba + Bp)/2. In all four graphs the blue dashed line represents the Savage case when
v = 1 and the subjective belief coincides with 3. The red chain dotted line represents
the Epstein-Schneider case when v = 0. The case when investors are averse to risk and
ambiguity is shown by the black solid line when ~ = 1 in all four graphs and by the black
dotted line when v = 5 four all graphs except the top left. The parameters are d = 5 and

oqg = 1. Ambiguity &, — §, increases from zero to one such that 3 is always the midpoint

of the interval [3,, (]
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IIT Portfolio Choice

In this section I determine the optimal portfolio of an investor who can invest in a risky
asset and a risk-free asset and receives an ambiguous signal about the value of the risky
asset. I show that (i) there is a range of prices for which investors do not change their short
position in the risky asset when they receive good news, (ii) there is a range of prices for
which investors do not change their long position in the risky asset when they receive bad
news, and (iii) there is a range of prices for which investors are neither long or short in the

risky asset when they receive good or bad news.

I have shown in Section[Il that an investor with CARA-utility and aversion to ambiguous

information chooses a portfolio § € R to maximize

CE(#;wo,p,s) = min {wo + (Eg [cﬂ 5= s] —p) § — -~ Varg [dy 5= s] 92}. (21)
BE[Ba,Bb]

The investor is a mean-variance optimizer and averse to ambiguous information and

hence the mean-variance frontier depends on the realization and the informativeness of the

signal. The solution to the portfolio choice problem in this case is provided in the next

proposition.

Proposition 3. The optimal demand function for an investor with risk aversion v and
aversion to ambiguous information described by [Ba, By is continuously decreasing if s = d

and continuously non-increasing if s # d. Specifically,

Eg |:d~|§:.9:| —p

~ P=p1
~Varg, {d |§=1s
—%‘3 min (s — d,0) p1 <p<po
Eg, [d~\§:s}—p

0(p) = . p2<p<p3 (22)

vVarg, [d | 5§ = S:|
—%g max(s—J,O) p3 <p<p4
Eg, [d~]§:s}—p

= P > pa,
’yVarﬁa[ |§=1s
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in which

p1 = Eg, CZ‘ S=s|+ ?Varﬁa [dNI §= s} min (s — d,0) (23)
- d
r~ 2 - _
p2=Eg, |[d|5=s +;Var5b [ | §:8:| min (s — d, 0) (24)
- d
r - 2 - _
ps=Eg |[d|5=s —i—?Vargb { \523} max (s — d,0) (25)
. d
ro~ 2 - _
pa=Eg, |d|5=s|+ ;Varﬁa [d | 5= S:| max (s — d, 0) (26)
- d
Proof. See Appendix [Cl O

I use the subdifferential of the certainty equivalent which I define and calculate in the
Appendix to prove Proposition Bl To provide some more intuition consider three different
investors: a low beta Savage investor (a standard expected utility maximizer with subjec-
tive belief (3,), a high beta Savage investor (a standard expected utility maximizer with

subjective belief 3), and an investor with aversion to ambiguity described by [G,, 5;,])

Let 0,(p) denote the optimal demand of a low beta Savage investor, 6,(p) the optimal
demand of a high beta Savage investor, and 6(p) the optimal demand of an ambiguity averse
investor. Maximizing the certainty equivalent given in equation (§) evaluated at 3, and [

leads to the optimal demand of the low beta and high beta Savage investor. Specifically,

) kit 27
~Varg, [ | § = s]

A ek 29
~Varg, [ | § = s]

The proof is straightforward and thus omitted.

The optimal demand of the ambiguity investor is equal to the optimal demand of the
low beta Savage investor when the signal confirms the expected value of the dividend (s = d)
because in this case there is only ambiguity about the residual variance and hence there is

no kink in expected utility (see Proposition [II).

8The discussion follows closely Routledge and Zin (2001).
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If the price satisfies p < p; or p > p4, then the ambiguity averse investor behaves
like a low beta Savage investor and hence 6(p) = 6,(p). For instance, suppose an investor
receives good news (s = 125 > d = 100) and the price of the asset is high (p = 192.5).
Then the certainty equivalent of the ambiguity averse investor coincides with the certainty
equivalent of a low beta Savage investor for large short positions and all long positions in
the asset, and coincides with the certainty equivalent of a high beta Savage investor for
small long positions. In this case, the optimal demand of the ambiguity averse investor
satisfies the first order condition of the low beta Savage investor because the price is so high
(p = 192.5 > py = 147.5) such that the optimal short position (0* = —2) is larger than
the critical value 6 = —1 This case is illustrated in the left graph of Figure Bl Similarly,
if investors receive bad news (s = 25 < d = 100) and py < p < ps3, then the ambiguity

averse investor behaves like a high beta Savage investor and hence 0(p) = 6,(p). This case

is illustrated in the right graph of Figure [6l
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Figure 6: Expected Utility is Smooth at an Optimum
The blue dashed line shows the certainty equivalent of a low beta Savage investor, the
red chain-dotted line shows the certainty equivalent of a high beta Savage investor, and
the black solid line shows the certainty equivalent of an ambiguity averse investor. The
left graph shows the certainty equivalent as a function of the demand when s = 125 and
p = 125 whereas the right graphs shows the certainty equivalent when s = 25 and p = 22.5.
The parameters are wg = 10, d = 100, 04 = 5, B, = 1/10, 3, = 9/10, and v = 2.

However, if p1 < p < po or p3 < p < p4, then the behavior of an ambiguity averse
investor is different than the behavior of a Savage investor. Specifically, a marginal change
of the price in this range doesn’t change the optimal demand. To illustrate that suppose

the price of the risky asset is 43.75 and the realization of the signal is 62.5. The ambiguity

9The subdifferential of the certainty equivalent is single-valued and equal to zero at the optimal demand.
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averse investor behaves like a high beta Savage investor and increases her demand until
the critical value § = 1.5. If she would continue to increase her long position, then the
utility would still increase and hence, 8 = 1.5 would not be optimal for a high beta Savage
investor. However, at 6 = 6 = 1.5 the ambiguity averse investor does no longer behave like
a high beta Savage investor. Specifically, a further increase of the long position would mean
a change to the behavior of a low beta Savage investor. However, for a low beta Savage
investor the price of the risk asset is too large and thus her expected utility would go down
with a further increase of the long position. Hence, to be at the kink is optimal for the

ambiguity averse investor This case is illustrated in the left graph of Figure [7

The behavior of an ambiguity averse investor is distinctly different than the behavior of

a Savage investor at 6 = 1.5. To see this suppose the price increases from p < ps to p = ps.

It is still optimal for the ambiguity averse investor to hold 6 = 1.5 shares of the risky asset

even though expected utility has decreased from 40 to 17.5 because of the rise in the price

of the risky asset. This case is illustrated in Figure[ll Hence, a change in the price does not

change the portfolio but it changes expected util. In contrast, a Savage investor would
2

reduces her long position when the price goes up

The investor doesn’t hold the asset if its price lies between the highest and lowest
valuation of the dividend given the signal . This is the well known non-participation result
discussed in Dow and Werlang (1992), Cao, Wang, and Zhang (2005), and Epstein and
Schneider (2007). However, if investors receive ambiguous information, then the investor
neither changes her long nor her short position if the price lies between the highest and
lowest valuation of the mean minus § times the risk premium of the asset. Hence, the
demand function is flat for two price ranges because the worst case scenario belief depends

on the portfolio and the signal.

Figure 8 shows the optimal demand function when s > d (red dashed line), s = d (black
line), and s < d (blue chain-dotted line). Suppose the investor receives bad news (s < d
and hence 6 > 0). Then there is a range of low prices for which she does not change her

long position 6. Hence, the demand for the asset may be larger, than if she would have

20The subdifferential of the certainty equivalent is multi-valued and contains zero at the optimal demand.

2LTf the price of the risky asset lies between the highest and lowest valuation of the asset, then it is optimal
not to hold the asset. In this case a marginal change in the price neither changes the position in the asset
nor the utility value.
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Figure 7: Expected Utility has a Kink at the Optimum
The blue dashed line shows the certainty equivalent of a low beta Savage investor, the red
chain-dotted line shows the certainty equivalent of a high beta Savage investor, and the
black solid line shows the certainty equivalent of an ambiguity averse investor as a function
of demand. The left graph shows the certainty equivalent when p = 43.75 and the right
graph shows the certainty equivalent when p = 58.75. The parameters are d = 100, o4 = 5,
Ba = 1/10, B, = 9/10, v = 2, s = 62.5, and wy = 11.875.

received good news. Intuitively, the investor changes the interpretation of bad news for low

prices but not for good news.

IV Aggregation

Consider the one period economy described in Section [T and suppose there are H investors
that all receive the same ambiguous signal but may differ with respect to initial wealth
and aversion to risk and ambiguity. Let wg, denote investor h’s initial wealth, 7; her
risk aversion coefficient, and [Bun, Opn] the interval that describe her aversion to ambiguous

information.

Definition 1 (Equilibrium). The signal to-price-map p(s) is an equilibrium Vs € R if and

only if (i) each investor chooses a portfolio 0y, to mazimize

ﬁhe[iﬁg}f;vﬁbh}Eﬁh [uh (th + (cZ— p(s)) 9h> | 5= s] , VseR (29)

and (ii) markets clear; i.e. S5 0 = 1.

There exists a representative investor if all investors are standard expected utility max-
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This figures shows optimal demand of an ambiguity averse investor with bad news (s = 90,
blue chain-dotted line), confirming news (s = 100, black line), and good news (s = 110, red
dashed line). The parameters are E[d] = d =100, 04 =5, 8, = 1/5, B, =4/5, and v = 1.

Figure 8: Optimal Demand
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imizers. I show in the next proposition that this is still true when all investors have the

same aversion to ambiguous information.

Proposition 4 (Representative Investor). Assume that all investors have the same aversion
to ambiguous information described by [Ba, Bp]. Then, there exists a representative investor
with aversion to ambiguous information described by [Ba, Bp], initial wealth equal to wy =

Zthl wop, and absolute risk aversion equal to

1

T=-E 1
Doh=17y

Proof. See Appendix O

Intuitively, the range of prices at which the demand function given in equation (22
changes its slope does not depend on risk aversion and hence individual demands can be

added up as in the standard expected utility case.

Hence, the equilibrium signal-to-price map is given in TheoremMwithy = 1/ 37, (1/73)
and [Ban, Bon] = [Ba; Bo] V .

Suppose there is also heterogeneity in aversion to ambiguous information and define
[Bas Bp] = ﬂle[ﬁah, Bpr)- I show in the next proposition that there is a still a discontinuity
in the equilibrium signal-to-price map when investors are heterogeneous in their aversion

to ambiguous information.

Proposition 5 (Aggregation). Suppose there exists an equilibrium. Then there is a discon-
tinuity in the equilibrium signal-to-price map if B, # Bp. The interval of equilibrium prices

is given by P. Specifically, p € P, if 3 3 € [Ba, O] such that
p=Eg |:CZ|§:§] — vVarg [J|§:§],
in which § =d —~y02%/2 and v =1/ S (1)
Proof. See Appendix [Dl O

Figure [ provides the intuition for the result. It shows the demand function for three

investors and aggregate demand. All three investors differ with respect to their aversion
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to risk and ambiguity. The first investor has the highest degree of aversion to risk and
ambiguity (71 =5 and [Ba1, Bp1] = [1/10,9/10]). Her demand (blue solid line) thus doesn’t
change for a wide range of prices and is only moderately decreasing otherwise. The sec-
ond investor has the lowest degree of aversion to ambiguous information (y2 = 5/4 and
[Ba2, Bp2] = [1/4,3/4]) whereas the third investor has the lowest degree of risk aversion
(v3 = 1 and [Ba3, 03] = [1/4,4/5]). The investor with the lowest degree of aversion to
ambiguity determines the range of prices for which aggregate demand (black solid line) is
flat; i.e. [Bq, 0] = [1/4,3/4]. The individual demand for the second investor (green chain-
dotted line) is constant equal to 2/5 for the same range of prices whereas the demand for
the third investor (red dashed line) is 1/2 and the demand for the first investor (blue solid
line) is 1/10 for an even wider range of prices. Hence, aggregate demand sums up to the
market clearing stock demand of one and the range of prices at which the investor with
the smallest aversion to ambiguity doesn’t change her demand comprises the interval of

equilibrium prices.
It immediately follows from Proposition [ that:

Remark 1. There is no discontinuity in the equilibrium signal-to-price map if there is an

investor who is neutral to ambiguous information.

Risk averse investors with subjective expected utility engage in betting or speculative
trade if and only if their beliefs differ. If agents are also ambiguity averse, then there is spec-
ulative trade if and only if investors don’t have a belief in common; i.e. ﬂthl [Bah, Bon] = 0
Hence, if there is no speculative trade, then there will be a discontinuity in the equilibrium
signal to price map except for the case in which investors have only one belief in common.
Put it differently, there is no discontinuity in the equilibrium signal-to-price map if there is

speculative trade.

Remark 2. Assume that there is no speculative trade. There is a discontinuity in the

equilibrium signal-to-price map if and only if investors have more than one belief in common.

22This is shown by Billot, Chateuneuf, and Gilboa (2000) for Gilboa and Schmeidler (1989) preferences
and extended to a broader class of preferences that exhibit aversion to ambiguity, including the convex
Choquet model of Schmeidler (1989), the smooth second-order prior models of Klibanoff, Marinacci, and
Mukerji (2005) and Nau (2006), the second-order expected utility model of Ergin and Gul (2004), the
multiplier model of Hansen and Sargent (2001), and the variational preferences of Maccheroni, Marinacci,
and Rustichini (2006) by Rigotti, Shannon, and Strzalecki (2008).
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This figure shows the individual demand functions of three investors and aggregate demand.
The investors differ with respect to their aversion to risk and ambiguity. Specifically, 4 = 5
and [ﬁal,ﬁbl] = [1/10, 9/10], Y2 = 5/4 and [ﬁag,ﬁbg] = [1/4, 3/4], and Y3 = 1 and [ﬁa3,ﬁb3] =
[1/4,4/5]. The parameters are d = 100, o4 = 5, and s = 93.75. The signal value s is equal
to the critical signal value § = 93.75 for an investor with risk aversion equal to v = 1/2
(aggregate risk aversion). The individual demand functions add up to one for a range of
prices at which the second investor (an investor with aversion to ambiguity described by
the intersection of all three investor’s beliefs) doesn’t change her demand. Hence, there is
an interval of equilibrium stock prices.

Figure 9: Aggregation
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V Two Ambiguous Signals

We know from Epstein and Schneider (2008) that investors who anticipate ambiguous in-
formation about the value of an asset require a premium to hold the asset. In this section
I discuss the effects of aversion to risk and ambiguity on the value of the market portfolio
when investor can learn from ambiguous signals about the underlying fundamentals. In this
case a model that links this ambiguous information to fundamentals will affect the mean,
the risk premium, and the ambiguity premium of the market portfolio. I show that there
are two discontinuities in the equilibrium signal-to-price map. Specifically, there is a sudden
drop in the equilibrium price of the market portfolio for bad news and a sudden increases

in the equilibrium price for good news.

Consider a discrete time economy with four dates 0, 1, 2, and 3. There is a competitive
market in a risk-free asset and a stock. The risk-free asset is in zero-net-supply and the
stock is in positive supply normalized to one. The stock is a claim on a normally distributed
liquidating dividend d at date 3; i.e. d ~ N (d, 062[). There is no ex ante ambiguity about

the distribution of the dividend; i.e. d and o4 are known.

Suppose there is a representative investor with CARA-utility, i.e. u(x) = —e™7* and
~4 > 0. There is no interim consumption. At date 3 the dividend d is revealed and consumed
by the representative investor. The risk-free asset is used as numeraire, so the risk-free rate

is zero.

At date 2 the representative investor observes a noisy signal of the dividend. Specifically,
So=d+ &, 5N (0,0’%) . (31)

At date 1 the representative investor observes a noisy signal of §5. Specifically,
Si=5+a, & ~N(0,07). (32)

The representative investor is ambiguous about the informativeness of both signals and
hence makes decision with respect to a family of signal noise distributions described by

(024, 0] and [014, 015], respectivelyl?

23 This simple two signal structure is a parsimonious way to study the impact of ambiguous information
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At date zero there is no ambiguity about the liquidating dividend but there is ambiguity
about future information regarding the liquidating dividend described by the signals 51 and

S9.

To summarize, a model or prior m consists of a normal marginal distribution for funda-
mentals denoted by pg and two normal conditionals that link information to fundamentals.
Specifically, the conditional distribution of §; given ss is denoted by /1 and the conditional
distribution of § given d is denoted by lo. Hence, a model can be defined as a normal
marginal and two normal conditionals; i.e. m = (uo,l1,l2). Let M denote the set of all
possible models, Lo denote the set of all conditionals of §o given d and L£; the set of all

conditionals of §; given sy. It follows that M = {up} x L1 x La.
Portfolio Choice

For t =0, 1, 2, and 3, let w; denote wealth at time ¢, p; the price of the stock at time
t, and 0; the number of shares of the stock in an investor’s portfolio at time t. The budget

constraint of an investor is

Wep1 = Wi + O (per1 — pr), Vt=0,1,2. (33)

I use dynamic programming to solve for the optimal portfolio at each date Specifi-

cally, an investor chooses 65 to maximize

n%g/f\/t E,, [u <w2 + 05 (J—pg)) | 51 = 51,80 = 32} . (34)

The value function at date 2 is defined as

Vo(wa, s1,82) = Gs;é% Tég}’w E. [u (wg + 05 (J—pg)) | 51 = 81,82 = 32] . (35)

At date 1 an investor chooses 61 to maximize

ﬁg/fvt Em [Va (w1 + 01 (p2(52,51) — p1) , 52,51) | 51 = 51]. (36)

on asset prices and changes in asset prices when investors are averse to risk and ambiguity. Moreover, it
captures an investor’s ability to learn over time about fundamentals from ambiguous information.
24 Preferences are dynamically consistent (see Epstein and Schneider (2003)).
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The value function at date 1 is defined as

Vl(wl,sl) = sup inf Em [VQ (w1 + 91 (p2(§2,81) —pl) ,52,81) ‘ 51 = 81] . (37)
01€ER meM

At date 0 an investor chooses 6y to maximize

mlgﬁ En [Vi (wo + 00 (p1(81) — po), 51)] - (38)

The value function at date 0 is defined as

Vo(wo) = 98127)2 mlgfvl Ep, [Vi (wo + 00 (p1(51) — po) ,51)] - (39)
0

There is no requirement for the m attaining the infimum to be the same at each date. On
the contrary it is important to allow an investor to choose different models at each date to

guarantee dynamic consistency.
Equilibrium

In equilibrium the representative investor holds the asset and consumes the liquidating

dividend; i.e. p3 =d and 0y = 6; = 5 = 1.

I use dynamic programming to derive equilibrium stock prices. Specifically, the deriva-
tion in each period consists of four steps: (i) determine the set of conditional beliefs described
by the set of models M, (ii) for each price and portfolio solve for the conditional belief that
minimizes expected utility, (iii) for each price choose a portfolio that maximizes expected
utility with respect to the worst case scenario conditional belief determined in part (ii), (iv)
find the price such that the optimal portfolio determined in part (iii) equals the market

portfolio.

The equilibrium when the signal noise variance is known is provided in the next propo-

sition. The proof is straightforward and thus omitted.
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Proposition 6 (Savage Benchmark). Fiz (01,02). Then

pa2(s2) = Eq, [cﬂ 59 = 32} — vVarg, [d~] Sy = 32] (40)
pi(s1) = E(o1,00) [dy = sl] —yVar (g, g,) [cﬂ 3 = 31} . (41)
Po = E5;,00) [d~:| —YVar (g, o) [J} . (42)

The effects of ambiguous information on the conditional distribution of fundamentals
and the derivation of the equilibrium stock price when investors are averse to ambiguous
information is provided below. I proceed in two steps: (i) I determine and discuss the set
of conditional beliefs at each date and (ii) I determine the equilibrium price of the market

portfolio at each date.
Beliefs

At date 2 investors have ambiguous information about the fundamentals of the econ-
omy. Each model m € M links this information to fundamentals and hence determines a
conditional belief for d given s1 and ss. The unconditional distribution of d is known and S9
is a sufficient statistic (I is irrelevant) and hence the set of conditional beliefs is determined
by applying Bayes rule to each Iy € Eg Specifically, standard normal-normal updating

for each oy € [024, 09 leads to

2
04

d| 32 =53 ~ N (d+ By, (s2 — d), 03(1 — Bys,)) Bajs, = (43)

03—1—03.

Ambiguity about the informativeness of 5o leads to ambiguity about the posterior mean

and variance and hence to a family of conditional beliefs (see the discussion in Section [I).

At date 1 investors have ambiguous information and anticipate ambiguous information
about the fundamentals of the economy. Specifically, every model m € M determines a
conditional belief for 55 given s;. The set of conditional beliefs is determined by applying
Bayes rule to each (l1,l3) € (L1 x L3). Specifically, standard normal-normal updating for

each (01,02) € [014,01] X [024, 02 leads to

S2 | s1=s5~N (J+ ﬁsz\m(gl - J)) (Uc2l + O-%)(l - 632\31)) ) (44)

258ee Appendix [ for normal-normal updating rules.
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in which
o? + o2
d 2
afl + 0% + a%

ﬁ82|81 = (45)

Ambiguity about the informativeness of §; and S5 leads to ambiguity about the posterior
mean and variance. Moreover, the posterior mean depends on the realization of §; and

hence the worst case scenario belief will depend on s;.

Suppose the investor has long position in the asset. The worst case scenario for the

mean is when investors put more weight on bad news than on good news. Specifically,

J"" ﬁsﬂsl (O-lb70-2a) (31 - d_) if S1 — d_> 0

I[nin | E(017U2) [52 | §1 = 81] = J—l— 582‘51 (Ula,agb) (81 — CZ) if S1 — Ci< 0 (46)
01 € [01a,01p _ —
o2 € [024; 02p) d if s —d=0.

The slope f,,|s,, which measures how much weight to put on s; and how much information
about §s is revealed by s1, is strictly decreasing in the signal noise variance of the first signal
but strictly increasing in the signal noise variance of the second signal because investors

learn more from the current signal if there is more noise in the future signal.

The worst case scenario for the residual variance is a lot of noise in both signals.

Specifically,

max Var(al,ag) ['§2 | s1 = 81] = (0c2l + Ugb)(l - ﬁsg\sl (O-lb70-2b))- (47)
o1 € [01a,01p]

02 € [024, 02p]

At date 0 investors anticipate future ambiguous information about the fundamentals of
the economy. Specifically, every model m € M determines a belief for §;. The set of beliefs
is determined by applying Bayes rule to each (l1,l2) € (L1 x L2). Specifically, standard

normal-normal updating for each (o1,02) € [014,01p] X [024, 0] leads to
51~ N (d, o3+ o5+ O'%) . (48)

Ambiguity about the informativeness of future signals leads to ambiguity about the posterior
variance and thus to a family of beliefs at date zero even though there is no ex ante ambiguity

about the dividend at date 3. This concludes the derivation of the family of conditional
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beliefs at each date. I now proceed with the derivation of the equilibrium at each date.
Equilibrium

The set of models considered at date 2 leads to a set of conditional beliefs described by

the interval [og,, 0. Hence, the value function given in equation (BH) is

Vo(wg, s2) = max  min }E(,.2 [u (wg + 09 (d— pg)) | 59 = 32} (49)

02€R 02€[024,02

The optimization problem at date 2 is the same as the static optimization problem dis-
cussed in the previous sections and hence the equilibrium signal-to-price map is provided
o

in Theorem []

Let CE(02; we, p2, s2) denote the certainty equivalent of the ambiguity averse investor
defined in equation (7)) and determined in equation (I2)). Plugging in for the equilibrium
price correspondence ps(S2) leads to a unique equilibrium certainty equivalent correspon-

dence. Specifically,

{ wa + 3 Var,,, [d~| 59 = 82] } if 59> 89
CEs(s2) € { CE4(5y) if sy =59 (50)
{ wa + 3 Varg,, [dy S9 = 32] } if s9 < 59,

Specifically, CEq € CE2(82), if 3 09 € [024, 09p) such that
CEs = ws + % Var,, [J| Gy = §2} . (51)

This concludes the derivation at date 2.

The set of models considered at date 1 leads to a set of conditional beliefs characterized

by the two intervals [014,015] and [024,095]. Hence, the value function given in equation

B7) is

Vi = i E CEs (w9, § S1 =
1w, 51) g}g}é (01,02)6[01?,1;37}X[Gza,@b} (01,02) e (CE2 (@2, 82)) [ 81 = sl (52)

in which wy = w1 + 01 (p2(S2) — p1) and po(+) is given in equation (I5]) and CE4(-) is given

6Tt 80 =d — ’)103/27 B2 = Bajs, (02), P2a = Bajs, (026), and Bap = Bg|s,(024) in Theorem m
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in equation (BI). The price and the certainty equivalent are multi-valued at $o but the

probability of §; = §9 is zero and hence the expectation in equation (52)) is well defined.

To gain some more intuition consider first the case in which investors are risk neutral.
In this case the price of the market portfolio is equal to the expected future stock price

when the worst case scenario is used to evaluate the expected value. Specifically,

pi(s1) = min E(5,,00) [P2(52) | 31 = s1], (53)

(01,02)€[01a,015] X [024,02p)

in which
p2(82) = d + Pay (52 — d) — (Bop — B2q) max (52 — d,0) (54)

and hence

E(o1,00) [P2(32) | 51 = 51] = d + By E(gy 0y [82 — d | 51 = 51]

— (B2 — P2a)B(y,00) [max(5y — d,0) | 51 = s1] .

(55)

The investors knows that an ambiguous signal will arrive and hence requires an ambiguity
premium to hold the asset. The ambiguity premium, which is given by the last term of
equation (BH)), is determined in Proposition [7 of Appendix[El It is strictly increasing in the
posterior mean and variance. Hence, ambiguity about the informativeness of both signals
will affect the posterior mean and variance and thus the mean and ambiguity premium of
the asset. Moreover, the mean and the ambiguity premium will depend on the realization

of 51.

The posterior variance dominates if the signals roughly confirms the unconditional
mean of the divided s; ~ d whereas the posterior mean dominates when the news are
either very good or very bad (| s; — d [>> 0). Specifically, if the signal roughly confirms
the unconditional mean of the dividend, then the worst case scenario is a large ambiguity
premium. The ambiguity premium is large when the residual variance is large and hence
both signals are treated as high noise. However, if the signal is either good (| sy — d |>> 0)

or bad ((s1 < d)), then the worst case scenario is a low posterior mean. Hence, the current

signal §; is treated as low noise for very bad news (s; < d) and otherwise as high noise

whereas the future signal 39 is treated as low noise for very good news (s; > d) and high
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noise otherwise

The next figure shows the equilibrium price as a function of the signal. Ambiguous
information has two effects on the price of the market portfolio: (i) investors put more
weight on bad than on good news and hence the price reacts more to bad news than to
good news and (ii) the price of the asset is lower than the mean of the asset because investors
anticipated that they will receive ambiguous information in the future and thus require a
premium to hold the asset. Moreover, the mean and the ambiguity premium are continuous
functions of the signal and hence the price of the market portfolio is a continuous and

concave function of the signal.

2"There are parameter values for which the worst case scenario signal noise distribution of either signal is
attained in the interior of the signal noise interval for a small ranges of signal values. See Proposition [7 in
Appendix [El
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Figure 10: Equilibrium Signal-to-Price Map at Date 1
This figure shows the equilibrium signal-to-price map at date one when investors are risk
neutral and ambiguity averse. The parameters are: d = 200, o4 = 5, and [O‘%a,U%b] =

(08, 053] = [1/3,3].

I solve for the equilibrium price numerically when investors are averse to risk and
ambiguity. The worst case scenario for the representative investor depends on the realization
of the current signal and the informativeness of the current and future signal. Specifically,
I find that the representative investor treats 51 as informative and So as uninformative for
bad news, §; as uninformative and §o as informative for good news, and both signals as
uninformative for news that roughly confirm the unconditional mean of the dividend. Figure
[ shows the equilibrium signal to price map pi(s1) for v = 2 and [0},,0%] = [0%,,0%] =

1/3,3].
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Figure 11: Equilibrium Signal-to-Price Map at Date 1
This figure shows the equilibrium signal-to-price map at date one. The parameters are:

d =200, 04 =5, v =2, and [03,,0%] = [03,,0%] = [1/3,3].

Investors put more weight on bad than on good news and hence the price reacts more
to bad news than to good news. Moreover, the price of the asset is lower than the mean of
the asset because investors require a risk and ambiguity premium to hold the asset. If the
signal roughly confirms the unconditional mean of the dividend, then the residual variance
is larger than if the signal is very good or bad. Hence, if the signal increases trough the
first critical signal value which is lower than the unconditional mean of the dividend, then
the residual variance suddenly increases and hence the price drops. On the other had, if the
signal increase trough the second critical value which is larger than the unconditional mean

of the dividend, then the residual variance suddenly drops and hence the price increases.

The set of models considered at date 0 leads to a set of conditional beliefs characterized
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by the two intervals [o14,015] and |24, 09). Hence, the value function given in equation

39) is thus

Vo(wp) = max min E u (CEq (w1, §
0(wo) A el o L 102) [u (CEy (w1, 51))], (56)
in which @1 = wo + 6y (p1(51) — po) and p1(-) and CE;(-) are to be determined numerically.
The price and the certainty equivalent are multivalued at two critical signal values but
the probability of attaining either of these two values is zero and hence the expectation in

equation (BO) is well deﬁned

The price at date one is non-increasing and concave if the representative investor is risk

neutral and hence the worst case scenario is a large signal noise of both signals. Specifically,
po = min E p1(51

(01,02)€[014,015] X [024,02p] (01,02) [Pr(51)] (57)

= BE(oy,00) [P1(51)]

The numerical derivation of the price at date zero for risk averse investors is omitted.

VI Conclusion

In this paper I study the effects of aversion to risk and ambiguity on the value of the market
portfolio when investors receive ambiguous information about fundamentals. I consider
investors with CARA-utility who consider a set of models that consists of a single normally
distributed marginal for fundamentals and a family of normally distributed conditionals
that relate information to fundamentals. I show that when investors receive ambiguous
information, then the interpretation of this information can change drastically. This leads
to a discontinuity in the equilibrium-signal-to-price map. Moreover, the model can explain

(i) excess volatility, (ii) negative skewness, and (iii) excess kurtosis of stock market returns.

28Suppose the two period model is extended to an N period model with signal structure 8, = 811+ Ent1,
Ent+1 ~ N(0, 0',,2L+1), and oy € [Gan,0nn]. Then it would still be the case that the minimization problem at
each date would be at most two dimensional.
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A Convex Analysis

In this section I provide some elementary results of Convex Analysis that I will use in the
remainder of the appendix for all proofs. A good reference is the book by Bertsekas, Nedi¢,

and Ozdaglar (2003).

Let f: R — R be a continuous function that is differentiable except for a finite number of

points. Let A/ denote the finite set of points at which f(x) is not differentiable.

Definition 2 (Left and Right Derivative of f). Let f’ (£) denote the left derivative and
fi.(€) denote the right derivative of the function f(x) evaluated at v = ¢. Specifically,

£1(&) = lim £'(@) (58)
£(6) = lim f'(x). (59)
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Lemma 1. The function f(z) is concave if (i) " (x) < 0Va € R\N and (i) f'(z) > f'(x)
Ve eN.

Proof. Straightforward. O
Definition 3 (Subgradient and Sudifferential). Let f : R — R be a concave function. The
scalar d € R is a subgradient of f at a point € € R if

flz) < f(&) + (z—€)d, Vr € R. (60)

The set of all subgradients of a concave function f at £ € R is called the subdifferential of f
at & and is denoted by Of(§).

The subdifferential of f can be characterized by its right and left derivative. This is shown

in the next Lemma.

Lemma 2 (Subdifferential of f(x)). Let f: R — R be a continuous and concave function.
Then,
0f@) = {d| fi@) <d< f ()}, VaeR. (61)

Proof. See exercise 4.5 in Bertsekas, Nedi¢, and Ozdaglar (2003). O

Necessary and sufficient conditions to obtain the maximum of f are provided in the next

lemma.

Lemma 3 (Maximum of f(z)). Let f : R — R be a continuous and concave function.
Then,
¢ € argmaz f(x) if and only if  0€ If(§). (62)

TER

Proof. Straightforward. O

B Ambiguous Information

In this section I prove Proposition [[l T will proceed in four steps: (i) I determine CE(:)

in Lemma [ (ii) then I discuss continuity and differentiability of CE(-), (iii) then I derive
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the left and right derivative of CE(-) at all points for which it is not differentiable, (iv) I

conclude this section with the proof of Proposition [I1

Let’s define two functions for notional convenience: fix 5 € [B,,0] and let ¢3(8) =

CE® (6, 3;wo, p, s) and fix s € R and let 1,(8) = CE(6; w, s, p).

Lemma 4. The certainty equivalent of the ambiguity averse investor is given by

=w+ (d—p) 9——fyad92

(d
+ max (s —d+ ;’yade O> (Ba max(6,0) + [, min(6,0))

1
+min (s —d + 270 0> (Bp max(6,0) + [, min(6,0))
Moreover, let § = —2(s — d)/(y02). Then,

¢p.(0) if 0<min (é, o)
bs(0) = ¢,(0) if min <é, 0) < 0 < max <é,0>
$p.(0) if 6> max (é,o) .

Proof. Plugging in for the conditional mean and variance in equation (§]) leads to

63(6) = wo + (d+ Bs — ) —p) 6 — 3703(1 — F)6°.

Let n(0) = s — d + 37026 and g(B;60) = Bn(6). Hence,

¢3(0) = wo + (d —p)d — %70392 +0g(5;6).

(63)

(66)

If 0 is positive then ¢3(6) is minimized with respect to 3 if g(3, 6) is minimized with respect

to B whereas if 6 is negative then ¢g(#) is minimized with respect to 3 if g(/3, ) is maximized

with respect to 8. Specifically,

- 1
0(0) = wo + (d = p)9 = 57036% + max{9, 0}gnin(0) + min{6, 0} g (6).
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in which

Gmin(0) = ﬁe%i{lﬁb} 9(8;0) = B, max{n(6),0} + B, min{n(6),0} (68)
Imax(0) = sl 9(8;0) = By min{n(#),0} + B, max{n(9),0}. (69)

Plugging 7(0), gmin(#), and gmax(0) into equation (67) and rearranging terms leads to
equation (B3). The parameter § = —2(s — d)/ (y032) is the unique root of the function
n(-), i.e. n(d) = 0. Moreover, n(f) > 0if § > 0 and n(#) < 0 if § < §. Evaluating equation
@3) for the three different cases: (i) s —d =0« 0 =0, (ii) s—d < 0 < 6 > 0, and (iii)
s—d <0< 0 <0 leads to equation (64). O

Lemma 5. 1,(0) is continuous V0 € R. If s = d, then ¢4(0) is continuously differentiable
VO eR. If s #d, then 1s(0) is continuously differentiable ¥ 6 € R\ {0, 6}.

Proof. Consider equation (G3]). Both the min(-) and max(-) function are continuous and
hence 95(0) is a continuous function of 6. If s = d, then () = ¢g,(f) and hence is

continuously differentiable.

The functions min(x,a) and max(z,a) are continuously differentiable expect for z = a.

Hence, if s # d, then 1,(0) is continuously differentiable except when § = 0 and 6 = 6. The

latter follows directly from 7(6) = 0. O

The right and left derivative of ¥5(6) are determined in the next lemma.

Lemma 6 (The right and left derivative of 15(6)). Let s # d. Then 1s(0) is not differen-
tiable at 0 = 0 and 6 = 0. Moreover,

f s—d>0
p if s (70)
P

S (0) = _
if s—d<0

d+ Bu(s —d) —
d+ By(s —d) —

,(0){ d+By(s—d)—p if s—d>0 -
p

d4 Bu(s—d)—p if s—d<0
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1/)?(@){ d+2(s—d)—p—py(s—d) if s—d>0

_ ) _ _ (72)
d+2(s—d)—p—L0u(s—d) if s—d<0
o d+2(s—d)—p—LBu(s—d) if s—d>0
ve(0) =4 ) _ _ (73)
d+2(s—d)—p—0p(s—d) if s—d<0
Moreover, if s = d, then 6 =0 and
Ui (0) = 9 (0) = Y (0) =d —p (74)
Proof. Taking the first derivative of ¢3(6) given in equations (8) and (G5) leads to
¢5(0) = Eg [dy 523] — p —yVarg {dNI §:s} 6
(75)

— d+ B(s — d) —p—103(1 — B

Consider three cases: (i) s —d =0« 0=0, (i) s—d <0< 0 >0, and (i) s —d < 0 <
6 <.

1. If § = 0, then t4(8) = ¢4, (0) ¥ 6 € R and hence

bs(0) = 15(0) = 97 (0) = 25 (0)

d—p. (76)

2. If § > 0, then taking the derivatives of 14(6) given in equation (64 with respect to 0
except for # =0 and 0 = 6 leads to

¢ (0) if 9<0
Vi) =1 ¢ (0) if 0<f<d (77)
¢y, (0) if 6> 0.

Moreover, taking the limit of ¥/(#) given in equation (Z7) at # = @ from above leads
to

(0) = lim 9 (0) = lim ¢l3 ()
016 016

=d+Ba(s—d) —p— 7031 — B,)0 (78)

—d—p+2(s —d) — Bu(s — ).
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Similarly, taking the limit of 1,(0) at § = 6 from below leads to

U (0) = lim ¢(0) = lim ¢, (0)
016 016

= d+ s —d) —p—03(1 — By)b (79)

—d—p+2(s —d) — By(s — d).

Taking the limit of ¢/ (6) given in equation (7)) at # = 0 from above leads to

1+ RT / T /

=d+ B(s—d) —p.

Similarly, taking the limit of ¢(6) at § = 0 from below leads to

¥ (0) = lim ¥{(6) = lim &, (6) .

=d+ Ba(s —d) — p.
3. The proof for the case 6 < 0 is similar and thus omitted.
O

Proof of Proposition[d. 1 have determined CE(+) in Lemma[ and I have shown in Lemma
that CE(-) is continuous and continuously differentiable except for the critical values § = 0

and@zéifs;écz.

It remains to show that () is concave. Both ¢g,(6) and ¢g,(#) are concave functions.
Hence, it remains to show that the difference between the right derivative and the left
derivative at # = 0 and § = @ (the points where both functions are connected but not

differentiable) is negative (see Lemma [I).

Let s —d > 0, then

UH(0) — v (0) = — (By — Ba) (s —d) < 0 (82)
H(0) =9 (0) = = (By — Ba) (s — d) < 0. (83)
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Similarly, let s — d < 0, then

SO =T (0) = (B~ Ba) (s —d) <0 (84)
W§H(0) = ¥ (0) = (B = ) (s = d) <0 (85)

If s —d =0, then 1,(-) is concave because ¥5(6) = ¢g,(8) V0 € R.

C Portfolio Choice

I have shown in Proposition [I] that CE(6;wq,p,s) = 1s(f) is a continuous and concave
function of the stock demand 6. Hence, if zero is contained in the subdifferential of
CE(6*; wo, p, s), then it follows from Lemmal[2 that 6* is a global maximum of CE(8; wg, p, s)
forall 8 € R.

The subdifferential of CE(6;wo,p, s) is determined in the next lemma. The proof follows

directly from Lemma 2l and Lemma [6] and is thus omitted.

Lemma 7 (Subdifferential of CE(0)). If s = d, then the subdifferential of 1s(0) is single-
valued. Specifically,

If s # d, then the subdifferential is single valued except for =0 and 6 = 0. Specifically,

ovs(0) = {yL(0)} VO eR\{0,0}, (87)

in which
<Z5/5a () if 6 <min (é, 0)
{0) =1 ¢5,(8) if min(9,0) <6 < max (6,0
¢, (0) if 0> max (é, 0) .

N—
—~~
[0.9)
o
~
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The subdifferential is multi-valued at 6 = 0 and 6 = 0. Specifically,

0(0) = {d | ¥H(0) < d < vl (0))} (89)
O(0) = {d | v (0) < d < vZ (D)} (90)

in which

5(0) =mp,(s) Tpssqy +mp,(s) Lpseqy — P

=d—p+ B, max{s — d,0} + B, min{s — d,0} oy
Uy (0) =mp,(s) Zgsay +mp,(s) Lis<qy — P 92)
=d—p+ Bymax{s —d,0} + B, min{s — d,0}
F0) = (ms(3) = 07a,) Tsay + (s () = 00, ) Tz — )
=d+2(s—d) —p— Bymax{s —d,0} — B, min{s — d, 0}
Wi (0) = (mﬁa(S) - éAm) Ti>qy + (mﬁa(S) - éAﬁa) Ti<qy =P ”
=d+2(s —d) — p— By,max{s — d,0} — B, min{s — d, 0},
in which mathcallyy is the indicator function and
ma(s) = By [d\g:s} =d+ (s — d) (95)
\g = yVarg [J| 5= s} = yo2(1 - f). (96)

Proof of Proposition[3. Tt follows from Lemma [3] that there is a unique maximum of the
certainty equivalent of an ambiguity averse investor if and only if zero is contained in the
subdifferential of the certainty equivalent. The certainty equivalent of an ambiguity averse

investor is given in equation (I2]) and its subdifferential is provided in Lemma [7

Consider three cases: (i) s —d=0<0=0, (i) s—d >0« 0 <0, and (iii) s —d < 0 <
0> 0.

The certainty equivalent is smooth in the first case and thus the proof is trivial.

Consider the case s > d. The certainty equivalent is differentiable except for the critical
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points 0 and 6 < 0. Specifically,

¢y (0) =mp, —p—Ag,0 if 0<0
Vi) = ¢, (0) =mg, —p—Ag0 if 6<0<0 (97)
5, (0)

mﬁa—p—)\ﬁae if 6>0.

I first determine the range of prices at which the subdifferential of the certainty equivalent is
single valued and equal to zero. Specifically, ¢j; (6*) = 0 implies that 0" = (mg, (s) —p)/Ag,-
Hence, ¥ (6%) = ¢}, (0*) = 0 if and only if 6" > 0 or 6% < 0. The range of prices for which
this is true is mg,(s) > p and mg,(s) — GAg, < p. Similarly, ¢5,(0%) = 0 implies that
0* = (mpg,(s) — p)/Ag,- Hence, ¥, (6%) = ¢/, (0*) = 0 if and only if § < 6* < 0. The
range of prices for which this is true is mg,(s) < p and mg,(s) — éAﬁb > p. Moreover,
mg, (s) < mg,(s) and mg,(s) — OAg, < mg,(s) — OXg, for all B, < B, if s > d.

It remains to determine the optimal demands if mg, (s) < p < mg,(s) and if mg, (s) —éAgb <
p < mg,(s) —OXg,. T conjecture that (i) §* = 0 if and only if myg, (s) < p < mg, (s) and (ii)
0* = 0 if and only if mg,(s) — OAg, < p < mg,(s) — OAs,.

The first conjecture is true if and only if the subdifferential of 15(f) contains zero when

evaluated at 6 = 0. Hence,

0 € 0s(0) & Yr(0) <0 A Y (0) >0 mg,(s)—p<0 A mg,(s)—p=>0.

The second conjecture is true if and only if the subdifferential of 14(#) contains zero when

evaluated at 0 = 6. Hence,

0€ 0s(0) & YL (0) <0 A Y (0) >0

& mpg,(s) — Ohg, —p <0 A mg,(s) —OAg, —p > 0.

The proof for the case s < d is similar and thus omitted. O
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D Equilibrium

Proof of Proposition [{] 1 know from Proposition [3] that the optimal demand of an investor

with initial wealth wpg, risk aversion 7, and aversion to ambiguous information described

by [5a75b] is

( ~
Eg, [d!§:s} —p
. pP=p
v Varg, [d |s=s
— 557 win (s — d,0) p1L<p<p2
Eg, [aﬂs-s} —p
On(p) = - P2 <p=<p3 (98)
vn Varg, {d | s = s}
— 557 max (s — d,0) p3<p<ps
Eg, |:d~|§:.9:| —p
= D > pa,
vn Varg, [d | 5= s]

with p1, ..., ps given in equations (23)), ..., 28] respectively. The price levels py, ..., ps are
the same for each investor and hence adding up the individual demands of all investor for

all five intervals leads to the aggregate demand function

( ~
Eg [d!EZS] —p
@ H
. 2 oh=1 Vlh P=p1
Varg, [d | s = s]
—fg min(s—d,O Zthl% P1<p<Dp2
H E [dy §:s} -
Bb p
0(p) =D On = — Yt p2 <p<ps (99)
h=1 Varg, [d | 5= s]
—02—5 maX(S—J,O Zf:l% p3 < p < py
Eg [d|§:s] —p
@ H
— Eh:l% D > p4,
Varg, [d | s = s]

which is the demand function of the representative investor with initial wealth wy =

Zthl wop, risk aversion v =1/ <EhH:1 1/7h>, and ambiguity [, Op)- O

Proof of Theorem[1. Take the optimal demand function given in equation (22]) of Proposi-

tion Bl and set it equal to the market clearing stock demand of one.
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Consider four cases (i) s = 3, (ii) s < 3, (ii) § < s <0 and (vi) s > 0 with § = d — y03/2.

(i) if s = &, then § = 1. The optimal demand 6(p) equals § = 1 = —2min(§ — d, 0)/(vo?) if

and only if p; < p < ps. Evaluating p; and py at § leads to

p1 = Eg, [cﬂ s = §] — vVarg, {dNI 5= §} (100)

p2 = Eg, [CZ| s = §} — yVarg, [d~| s = §] (101)

Hence, P(8) = [p1,p2] is the set of equilibrium prices. Moreover, it is straightforward to

show that p € P(8), if 3 8 € [Ba, Op) such that
p:Eg[CZ|§:§]—’}/Val‘ﬁ|:d~|§:§]. (102)

If s < §, then 6 > 1 and hence the market clearing stock demand is optimal and equal to

one if and only if

p(s) = Eg, {dNI 5= s} — vVarg, [dy 5= s} . (103)

In this case the inequality
p2 = Eg, [CZ\§:3] — f~Varg, [d!ézs] <p<Eg [d~]§:s} = p3.

is always satisfied.

Similarly, if § < s < 0, then 6 < 1 and hence the market clearing stock demand is optimal

and equal to one if and only if
p(s) =Eg, {dNI 5= s} — vVarg, [dy 5= s] . (104)
In this case the inequality
p<p =Eg, [d~]§:s} — yVarg, [d~]§:s}

is always satisfied.

Similarly, if s > 0, then 6 < 0 and hence the market clearing stock demand is optimal and
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equal to one if and only if

p(s) = Eg, |d| 5= s| —Varg, |d] 5= 5| (105)
In this case the inequality
p>pi=Ey [J|§:s} — fyVarg, [J|§:s}
0

is always satisfied. This concludes the proof

Proof of Proposition[3. Suppose there exists and equilibrium. Moreover, let [3,, 5] =

O Bans Bon)s v = 1/ S8 (1)), and 3 = d — 403/2. Define,

pr =B, [d]5=3] + 5 Varg, [d]5= 3] min (s - 4,0) (106)
d
pa = Ep, {J\ §= §] + %Varﬁb [dy 5= é} min (§ — d,0) (107)

Hence, investor h’s optimal demand for the price range p; < p < ps is constant. Specifically,

22 min (§ —d,0)  Vp1 <p<po.

On(p) = — o
d

Summing over all investors leads to

u P I
Z9h(17):——2 min(&—d,O)Z—:l Vp1 <p<ps.
h=1 94 h1 Th

If B, < Bp, then p; < po and hence, there is an interval of equilibrium prices if investors

share more than one belief. In this case P = [p1, p2] and it is straightforward to show that
p € P, if 35 € [Ba, By such that
p=Eg [d\ézﬁ] — yVarg [d~\§:§]
If 8, = By, then p(8) = p1 < po, then there is a unique equilibrium price if investors share

only one belief.
O
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E Dynamic Model

Proposition 7. The asset price at date one is a non-decreasing concave function of the

signal. Specifically,

pi(s1) = min E(o1,00) [P2(52) | 51 = 51] (108)

(01,02)€[01a,01] X [02a,028]

= d + Bab E(or (s1),05(s1)) [52 — d | 81 = s1] — A0 (51), 05 (51); 51) (109)
i which

A(o1,02;51) = (B2 — B2a) B(oy,00) [max(sa — d,0) | 51 = s1]

v(o1,09) _1m(o1,09351)° m(o1,09;51)
= (B2 — (2a) ————e 2 v +m(og,09;51)N | ———— ;

2m 1)(0’1,0’2)

(110)

and N (-) denotes the cumulative distribution function of a standard normal distribution
and m(o1,09;51) and v(oy,02) denote the conditional mean and variance of 53 — d given

s1, respectively.

Moreover,
015,024) if $1< 314

01,02q4) if 810 < s1 <351

O1a,02) if 81c <51 < 814

(
(
(01(s1),03(51)) = 4 (01a,024) if 31y < 51 < B1c (111)
(
(

Ola,02) if $1> 814

It is straightforward to solve for &1, &2, 814, Sib, S1c, and S1q4 numerically. There are
parameter values for which S14 > 81p and S1. > S14. In this case the minimum is always

attained at the boundary.

Proof. 1 use Lemma [I0 to determine the conditional expectation in equation (I08]). Then I

write down the Karusch-Kuhn-Tucker conditions to solve for the minimum of the optimiza-
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tion problem

min E(C,1 ) [p2(82) | 51 = s1]

01,02

s.t. 01 <01 <o

024 < 02 < Oy

F Normal Distribution

This appendix summarizes properties of normally distributed variables. The proofs are

straightforward and hence omitted.

Lemma 8 (Normal-Normal Updating). Let

d=d+2; & % N(0,03)
So=d+é & < N(0,03) (112)
Si=5+a & L N(0,6)

The marginal distribution of So and §1 is normal. Specifically,

5y ~ N(d,o2 + 03) (113)

51~ N(d,0%+ o3 + o}). (114)

The distribution of d | so, d | s1, and 35 | s1 is normal. Specifically,

d| sy~ N(d+ Bas, (52— d) , 07 (1= Baisy)) (115)
011~ N+ gy (51— ). 3 (1 ) (10
S2 |81~ N(J+582\81 (31 - CD (03 +o ) (1 - 682\31)) (117)
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with

Var|d] o2
= = 118
Bajs Var|s9) 0’3 + 02 (118)
Var|d] o2
= = 11
Bd\s1 Var|s,] 0_3 _’_O_% —I—O'% (119)
Var|so] 02+ 03
= = . 12
Bealan Var[si] 02+ 03+ 07 (120)

Lemma 9. Let x denote a normally distributed variable. Specifically, x ~ N(u,d?). More-

over, let —oo < a<b< oo and a € R. Then,

Moreover,

and

Lemma 10.

E =E,; [ 1{4<a<p)]
2 _ 2_p
_ aptla2e? N un+ ao a _N w+ao .
€ . p (121)
— eau-}-%azUQ (N <b_ (lu +040'2)> _ N (CL - (lu +040'2)>> .
o o
2 _
lim E = eotzo’e” (1 - N <7M a0 b>>
a— —00 o
9 (122)
— eau+%aza2N <b_ (:u t+ao )> ,
o
lim E = et +30%0% )y <7“ oo’ - a)
b—oo o
9 (123)
_ eaﬂ+%0¢202 <1—N <CL— (b+ao )>> 7
o
lim E = e™tae’’,
a— —oo (124)

b — oo

Let = denote a normally distributed variable. Specifically, x ~ N(u,o?).
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Moreover, let —oco < a <b< oo and o € R. Then,

E =E, [2e*1{4<,<p}]
(st )

m) - (W» ‘ (125)

B V2
+ (i + ao?) et e’ (N <
o o

i <eaa—%(“7“)2_eba—%(“7”)2>

- V2
2 2
T (1 + ao?) comt ot <N <M> N (M)) .
o o
Moreover,
2
: _ g b _l(ﬂ)z 2 autlaZe? b— (u+ aoc?)
1 E— —_—— X3 o U3 N oo\ rer
a_1>I_nOO \/ﬁ € + (,u + oo )e =
: g _1l(n=a)? 19 9 ,U-I-OéUz—a
lim F = et 2( 3 ) +(,u+0402)ea”+20‘ o N<7>
b—o00 \/ﬂ o (126)
lim E = (N + a0_2)eau+%a202
b — oo
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