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1 Introduction

Stochastic general equilibrium models with incomplete markets and a large number (or
even a continuum) of heterogeneous agents have recently become more widely used in
economics. In most cases, only a numerical solution to these models can be computed.
The main computational challenge in solving these models is that, theoretically, the state
vector includes the whole cross-sectional distribution of individual state variables of the
agents in the economy (which in the case of a continuum of agents is an infinite-dimensional
object).

Krusell and Smith (1998) and Den Haan (1997) have shown that in some versions of
the stochastic growth model with heterogenous agents, a very good approximate solution
can be obtained by some form of approximate aggregation: agents are supposed to base
their decision not on the whole state vector of the economy, but only on a very small set of
aggregate statistics (such as moments of the cross-sectional distribution of capital). This
is a deviation from the assumption of strictly rational expectations, but all the available
accuracy checks indicate that the resulting approximation is very good (cf. Den Haan
(2008)). Krusell and Smith (2006) explains and extends this approximate aggregation
result in detail.

These results raise a number of questions. Does the approximate aggregation result
carry over to other classes of heterogenous agent models? Can even better approximations
be obtained by using medium-dimensional (10 to 100 dimensions, say) approximations?
How can we solve models with medium-dimensional state space? Which state variables
(statistics of the cross-sectional distribution) should be used in that case? In the present
paper I address those issues, taking as examples two widely used models, a version of the
Krusell/Smith model, and a model of heterogeneous firms with state-dependent pricing
and idiosyncratic firm-productivity shocks.

The starting point of the analysis is the method developed in Reiter (2008a). It uses
a high-dimensional, non-parametric approximation to the cross-sectional distribution, and
computes a solution that is nonlinear in individual decision variables, but linear in ag-
gregate variables. The nonlinearity in individual variables allows to handle inequality
constraints such as borrowing constraints, while the linearity in aggregate variables allows
to handle a large number of aggregate state variables (on a PC, around 1000 to 2000) which
characterize the cross-sectional distribution. This method can be seen as an analogue of the
well-known linearization methods for business cycle models, generalized to models of het-
erogenous agents and incomplete markets. While linearization has important shortcomings
(for example, one cannot study portfolio choice problems in such a setting), a linearized
model is an ideal laboratory to study approximate aggregation. Even high-dimensional
linear models can be accurately analyzed, and the statistical analysis can be done ana-
lytically, so that one never has to resort to simulation techniques as they were used, for
example, by Krusell and Smith (1998). Furthermore, there is a large literature in systems-
and control theory that deals with model reduction in linear settings, this means, the ap-
proximation of a given high-dimensional dynamical system by a lower-dimensional one.
One can exploit this literature, even if the approximation problem in a general equilibrium



heterogeneous-agent economy is conceptually more difficult than finding an approximate
model for an ex-ante given dynamical system, which is what the control literature usually
considers.

The paper makes five contributions. First it investigates the possibility of approximate
aggregation in a simple version of the Krusell/Smith model. Similar to what the literature
has found, a one-moment approximation is a very good approximation if the only shock to
the economy is a technology shock (this is not true for the state-dependent pricing model).
However, if there are shocks that affect the cross-sectional distribution of wealth rather
directly (such as a shock to redistributive taxation), then a one-moment approximation is
not precise any longer. The good news is that commonly used accuracy statistics would
indicate the failure of the approximation in these cases.

Second, it discusses and compares two approaches to low-dimensional approximation:
the well known method of Krusell and Smith (1998), and a collocation approach that builds
on Reiter (2002) and Reiter (2008b). It shows that the two approaches are equivalent in a
linearized setting, but that the latter one has important computational advantages, which
make it feasible to handle medium-dimensional approximations efficiently.

The question then arises whether approximate aggregation can give a high-precision
solution if a larger set of statistics is used. The third contribution of the paper is to discuss
various ways to select a set of statistics of the distribution such that these statistics help
to predict future relevant aggregate variables (such as factor prices). For this, I draw on
the engineering literature on model reduction, to choose those statistics in an optimal way.
It turns out, both for the Krusell/Smith model and the sticky price model, that between
15 and 50 statistics are needed to get a high-precision approximation. This is probably
not due to the particular aspects of these economic models, but rather mirrors the findings
in the engineering literature, saying that high-dimensional dynamic systems with only a
few inputs (here, shocks) and few outputs (here, relevant macroeconomic variables) can
usually be well approximated by a much lower-dimensional approximate model.

Fourth, it develops a method to compute medium-dimensional approximations of the
linearized model even in those cases where the number of state variables is so big (up to
100000, say) that not even an exact linearized solution can be computed. This part of the
paper draws heavily on advanced sparse-matrix methods.

Finally, the paper outlines how the results of the linearized model can be used to get
precise (relative to the existing literature) higher-order approximations to the nonlinear
models, using a medium-dimensional set of statistics. The details of the non-linear method,
however, are left to a companion paper.

2 The Stochastic Growth Model

There is a continuum of infinitely lived households of unit mass. Households are ex ante
identical, and differ ex post through the realization of their individual labor productivity.
They supply their labor inelastically. Production takes place in competitive firms with
constant-returns-to-scale technology. A government is introduced into this model to the



sole purpose of creating some random redistribution of wealth. This helps to identify the
effect of the wealth distribution on the dynamics of aggregate capital.

2.1 Production

Output is produced by perfectly competitive firms, using the Cobb-Douglas gross produc-
tion function

}/t = y(Kt—h Lt7 @t) = A@thoilLtlia, O<ax<xl (1)

where A is a constant. Production at the beginning of period ¢ uses K; 1, the aggregate
capital stock determined at the end of period t — 1. Since labor supply is exogenous, and
individual productivity shocks cancel due to the law of large numbers, aggregate labor
input is constant and normalized to L, = 1. Capital accumulates as

Kt — (1 - 6)Kt,1 + }/; — Ct (2)

where ¢ is the depreciation rate and C} is aggregate consumption. The aggregate produc-
tivity parameter ©, follows the AR(1) process

log ©141 = pe log O + €141 (3)

where €g is an i.i.d. shock with expectation 0 and standard deviation o,. The before tax
gross interest rate R; and the wage W; are determined competitively:

Rt: ]-+yK(Kt—17Lt7@t)_5 (4)
Wt = yL(thbLb@t) (5)

2.2 The Government

The only purpose of the government is to create some random redistribution between
capital and labor. The government levies a tax 77 at the beginning of ¢ on the capital
stock accumulated at the end of period ¢t — 1. The after tax gross interest rate R; is then
related to the before tax rate by

R, =R, —1F (6)

Furthermore, the government taxes The revenues are redistributed lump sum, providing a
transfer T; to every household. The government has to balance its budget every period:

Tt = Ttth,1 (7)

The tax rate follows an AR(1) process around its steady state value 7+*:

T =T = p (7 = ™) + i (8)

where ¢, is an i.i.d. shock with expectation 0 and standard deviation o.



2.3 The Household

There is a continuum of households, indexed by i. Households differ ex post by their
labor productivity & ;. Labor productivity of household ¢ is the product of a permanent
component 0, ;, and an i.i.d. component ;. Both are normalized to have unit mean:

E@m = 1 (9)
E&i=Ei1&:=1 (10)

Permanent productivity 6,; follows an np-state Markov chain and takes on the values
01,...,0,,. Transitory productivity &, has a discrete distribution, taking on the values &
with probabilities w$, i = 1,...,n,."

The household supplies inelastically one unit of labor. Its labor earnings are therefore
given by

Yti = Wi(1 - Ttl)‘gt,z‘ft,i (11)

Household 7 enters period ¢ with asset holdings k;_; ; left at the end of the last period. It
receives the after tax gross interest rate R; on its assets, such that the available resources
after income of period t (“cash on hand”) are given by

T = Reki_1i + Yu (12)
(13)
Cash on hand is split between consumption and asset holdings:
ki =24 — cig (14)
We impose the liquidity constraint
ki >k (15)

The solution of the household problem is given by a consumption function Sy(x,p), or
equivalently a savings function

ki(z,p) = x — Sz, p) (16)

where the subscript ¢ denotes the dependence on a vector of aggregate state variables,
which will be specified later. The first order condition of the household problem is the
Euler equation

U (Si(w4,6:) > BE [RiaU' (Seg1(Rigr (w0 — Si(e,64)) + Yeg1, 0e41))]

and Sy(x,0;) = vy — k (17a)
or
U (Se(24,0:)) = BE [Rir U’ (Sesr (Resr (20 — Se(4,00)) + Yt1, 0141))]
and S;(z,0;) < xy — k (17Db)

Tn Reiter (2008a), productivity is assumed to have a continuous distribution. This leads to more
complex transition processes and requires a more sophisticated discretization procedure. All this just
distracts from the focus of the present paper, so I use a simpler model setup.



where Ry;y1 = 1+7(2¢41). The expectation in (17) is over the distribution of 6,11, {1 and
the aggregate state €2,,1, which together determine next period’s net income ;1. Since
the household problem is concave, Equ. (17) together with the constraint (15) are both
necessary and sufficient for a solution of the household problem. Notice that the solution
depends on the aggregate state (), only through the expected future dynamics of the factor
prices.

2.4 Finite Approximation of the Model Equations
2.4.1 Savings, Consumption and the Euler Equation

At each point in time, and for any value of productivity ép, the savings behavior is charac-
terized by a critical level x,; where the borrowing constraint starts binding, and a smooth
function for x > x,;. I approximate the savings function by a piecewise linear approxima-
tion.? The savings function k;(z, p) can then be represented by (n,+ 1)np numbers, repre-
senting the critical level and the level of saving at ng grid points of x, foreachp=1,... np.
These numbers are collected into the vector s;. The details of the approximation are given
in Appendix ?77.

Since we approximate the saving function by a piecewise linear function with ng + 1
degrees of freedom, we apply a collocation method and require the Euler equation (17) to
hold with equality at the knot points Z;:

np Ny

U’ <‘§p(fit71;st 1 > ﬁzz Wp g5 [ Pt 17@ )U <‘§( i, 'S )ﬂ +77icpt’

g=1 j=1

where S, (x;s,) is short for  — k,(z;s;) and

~

1 = R(P,_1,0,) (fit—l — Sp(Zig—1; St—1)> + W (P, 0.)0,& + T (18b)

The 7, are the expectation errors that result from the aggregate shocks (idiosyncratic
shocks are handled by summing over the quadrature points). They are determined en-
dogenously in the solution of the system.

We use the fact that gross interest rate R(P,_1, ©,) and wage rate W(P,_1,0,) are a
function of the end of last period’s capital and today’s productivity. Equ. (18a) uses the
notation of Sims (2001): the 7, are the expectation errors that result from the aggregate
shocks (idiosyncratic shocks are handled by summing over the quadrature points). They
are determined endogenously in the solution of the system (cf. Section ?7?).

2In Reiter (2008a, Section 3.1.1), I use cubic splines with 100 knot points, here I use piecewise linear
approximation with a higher number of knot points; later the number of variables will be reduced by a
specific projection technique, cf.Section 8.



2.4.2 Wealth Distribution

In the theoretical model, the ergodic cross-sectional distribution of wealth has an infinite
number of discrete mass points, because households at the borrowing constraint £ = 0
return to the region of positive k in packages of positive mass, since the distribution
of idiosyncratic productivity is discrete. I approximate this complicated distribution by a
finite number of mass points at a predefined grid k = ko, k1, . . ., kn , = k™. The maximum
level k™ must be chosen such that in equilibrium very few households are close to it.
The key element of the approximation is the following. If the mass p of households in
period t saves the amount & with k; < k < ki1, we approximate this by assuming that
p - o(i, k) households end up at grid point kl, while p - (1 — ¢(3, k)) households end up at
grid point k;, 1, such that ¢(i, k)i + (1 — ¢(i, k) ki1 = k. Somewhat more formally, define

1 - ,—Ci]:%,;z if by <k < ki
o(i k) = ,f__%'.‘_ll if kiiy <k <k (19)
0 otherwise

It gives the fraction of households with savings k& which end up at grid point k;. For any
k, ¢(i, k) is non-negative and ¢(i, k) > 0 for at most two values of 1.

Define P,(p, j) as the fraction of households at time ¢ that have productivity level ép
and capital level k;. Then define P;(p) as the column vector (P;(p,0),. .., Pi(p,n,))T, and
stack all the P;(p)’s into the column vector

P, = : (20)
Pt (np)

which describes the cross-sectional distribution of capital at time ¢t. We can now describe
the dynamics of the capital distribution for a given savings function. For a level of perma-
nent productivity 6, the transition from the distribution P;(j) at the beginning of period
t (after the shock to productivity has realized) and the end-of-period distribution P;(,j) is
given by .

P(j) = 11} (05, wi, i, Th)) Po(j) (21)

where the elements of the transition matrix H;? are given by

14 (1, 5) Zws (Reke—1j + Wil — 7))04 & 53 5¢-1)) (22)

7j=1

From the properties of ¢(i, k), each column of H? has at most 2n, non-zero elements.
Using the Markov transition matrix of permanent productivity II?, we can write the
transition from end-of-period distributions ¢ — 1 and ¢ as the linear dynamic equation P;:

P, = I (s, wy, Ry, T3)) Pe_y = I1(Q) P4 (23)

7



where

m o ... 0 0
. 0 ... 0 0
— P 2
MQ) = L, 8T | g 08 e (24)
0 0 .. 0 I,

The transition matrix II is a function of s;, w;, R; and T}, which in turn are functions of
the current aggregate state vector () = (Py_1, Oy, 7F).
The details are given in Appendix ?7.

2.4.3 The Discrete Model

With the finite approximations defined above, we can now reduce the model to a finite
set of equations in each period t. The Discrete Model consists of the equations (3), (8),
(18), (23) and the government budget constraint

1=K (P =Y (Z Pt<p,j>) g (25)

where K (P;) is aggregate capital, the first moment of the cross-sectional distribution of
capital.

These equations define, for each period t, a system of ng + ng + 4 equations in just as
many variables: s;, P; (note that one of the P,(j,4) is redundant since probabilities sum to
unity), T3, ©; and 7F. Of those, P; are endogenous state variables, ©; and 7/ are exogenous
state variables, while s; and T; are control or “jump” variables.

2.5 Parameter Values and Functional Forms

I will show numerical results for two different calibrations of the model. The first version
follows Reiter (2008a). Variations in individual productivity are i.i.d., which means that
np = 1. To make those fluctuations more important, the frequency of the model is annual.
This calibration serves two purposes. First, it is similar to the original model (Krusell and
Smith 1998) and most of the following literature, such that our results are well comparable
to earlier findings. Second, by using np = 1 and ng = 1000, we have around 1000 state
variables, such that the exact linearized solution can be computed. This allows a rigorous
measurement of the approximation errors induced by approximate aggregation. Therefore
I will document the failure of low-dimensional approximations in this framework.

The second calibration allows for persistent variations in individual productivity, using
np = 11. The frequency of the model is quarterly, which leads to a sparser transition
probability matrix than in an annual model. The purpose of this calibration is to show
that the CM allows to achieve a high-precision solution even in a case where the number
of state variables (here around 11000) is too high to permit an exact linearized solution.
From an economic point of view, this calibration is interesting because it leads to a realistic
distribution of income, consumption and wealth, with a calibration of income that is similar
to what microeconometricians find.



The Distributions of Earnings

Gini Quintiles Top Groups (%)
Economy 1st  2nd 3rd 4th 5th  90-95 95-99 99-100
U.S. 0.63 -0.40 3.19 12.49 23.33 61.39 12.38 16.37 14.76
CDR 0.63 0.00 3.74 14.59 15.99 65.68 15.15 17.65 14.93

The Distributions of Wealth (%)

Gini Quintiles Top Groups (%)
Economy 1st  2nd 3rd 4th 5th  90-95 95-99 99-100
U.S. 0.78 -0.39 1.74 572 1343 79.49 12.62 23.95 29.55
CDR 0.79 021 1.21 193 14.68 &81.97 1697 18.21 29.85

Table 1: Earnings and wealth distribution
Source: Castaneda, Diaz-Gimenez, and Rios-Rull (2003).

2.5.1 The small calibration

Here I follow Reiter (2008a). The frequency of the model is annual. Standard values are
used for most of the the model parameters: 3 = 0.95, « = 1/3, 6 = 0.1. For the utility
function I use CRRA
-1

Ule) = T (26)
with risk aversion parameter v = 1 (the reader can use the computer programs to explore
other degrees of risk aversion). The parameter A in the production function is set to
A= (871 -1+ 0)/a, such that the steady state capital stock of the representative agent
model equals 1.

For the technology shock I choose pg = 0.8 and o, = 0.014, which are standard values,
in annual terms. I choose the tax shock as uncorrelated, p, = 0, to create unpredictable
short-run redistributions. Taxes fluctuate around zero, so 7** = 0. The variability of the
tax shock is set to o, = 0.02.

The labor income distribution is assumed to be log-normal. Following Carroll (2001),
I choose standard deviation and mean of log(&;;) as o = 0.2 and u = —0.502, which gives
an expected value of productivity of 1, as required by (10). Reiter (2008a) also considers a
Pareto distribution, to obtain a more realistic cross-sectional variation of capital, but here
I will achieve this by persistent productivity shocks, cf. Section 2.5.2.

2.5.2 The big calibration

With a persistent component in individual productivity, the model should be able to explain
broadly the features of the distribution of earnings and wealth, that are detailed in Table 1.
[DETAILS TO BE FILLED IN.]



3 The State-Dependent Pricing Model

The model of this section is similar to Reiter, Sveen, and Weinke (2009) insofar as price set-
ting and monetary policy are concerned. There the model also features lumpy investment
decision of the firms. In the present paper, I abstract from capital, and rather consider
firm-specific stochastic productivity.

3.1 Households

The representative household maximizes expected discounted utility

E Y BU (Crar, Livs)

k=0
where 3 is the subjective discount factor, L; is the number of hours worked and C; denotes
a Dixit-Stiglitz consumption aggregate

= (/ C ) dz) (27)

with corresponding price index

1

az(/o H()“dz)€ (28)

where € is the elasticity of substitution between different varieties of goods C} (7). With
this price index, and with households allocating their spending optimally on the available
goods, consumption expenditure can be written as P;C;. I use the period utility function

U(Cy, L) =InCy +nln (1 — Ly)

Even though financial assets are not traded in equilibrium, it is convenient to assume
complete financial markets in the model. The household budget equation then reads

P,Cy+ Ey{Qi1+1 D11} < Dy + PW, Ly + T3, (29)

where ()¢;+1 denotes the stochastic discount factor for random nominal payments and
D, gives the nominal payoff associated with the portfolio held at the end of period ¢.
We have also used the notation W, for the real wage and . T; is nominal dividend income
resulting from ownership of firms. Note that the stochastic discount factor is unambiguous
in equilibrium since households are identical.

Denoting the real stochastic discount factor by Qf,; = Q41 ( ) the household
Euler equation is given by

Coy1)
o =0(5) (30)
t
The first order condition for labor supply is
¢C; (1= Ny)™% = W, (31)

10



3.2 Firms

There is a continuum of firms and each of them is the monopolistically competitive producer
of a differentiated good. Each firm i € [0, 1] is assumed to maximize its market value subject
to constraints implied by the demand for its good and the production technology it has
access to. Moreover each firm faces random fixed costs of price adjustment. This implies
generalized (S, s) rules for price-setting. Productivity shocks and monetary policy shocks
represent the sources of aggregate uncertainty. In each period the time line is as follows.

1. The cost of price adjusting, c¢,, and the idiosyncratic productivity shock o realize.
2. The firm changes its price (or not).
Production takes place.

The cost of adjusting the capital stock, ci, realizes.

AR

The firm invests (or not).

Each firm produces with the Cobb-Douglas production function

where oy, and ak denote the shares of labor and capital in production. The aggregate level
of technology, Z;, is assumed to be given by the following process

InZy =z = p.2e1+ ez, (33)

where e, ; is i.i.d. with zero mean.
In order to change its price the firm must pay a fixed cost, denoted by C,; (i), which
is measured in units of the aggregate good and given by

Coa (P0) P (1) = { e ) =0

¢, otherwise,
Each period, ¢, is drawn independently, from a distribution with a tent-shaped density.
Cost-minimization on the part of households and firms implies that demand for good i

is given by
P, (i)\ ¢
Y (i) = ( t(”) vy, (35)
B
where aggregate demand is Y, = C; 4+ C,,, the sum of consumption and aggregate price-

setting costs, Cpy = [ Cly (4) di.
Each firm maximizes its market value

E Y QF i A®ik (1) = Cprar (1)} (36)
k=0

(34)

where @, (i) = P, (i) Y; (1) — WL (i) — ( is the gross operating surplus. The maximization
is done subject to the constraints in equations (32), (??), (34) and (35).

11



3.3 Market Clearing and Monetary Policy

The goods and labor market clearing conditions are
Y, (i) = Y (i) for all 4. (37)
1
0

Monetary policy takes the form of a simple interest rate rule

17¢'r
P\
R, = Rfﬁ (61 (—Pttl) ) et

where parameters ¢, and ¢, measure the responsiveness of the nominal interest rate to
changes in current inflation and past nominal interest rates, respectively, and e, is i.i.d.
with zero mean.

(39)

3.4 Parameter values

I use standard parameter values. [DETAILS TO BE FILLED IN.]

4 Models of approximate aggregation

In this paper I do not ask whether the discrete model is a good approximation to the theo-
retical model. This is an important question, which I leave for future work. I rather focus
on the question whether the solution to the discrete model, which has a high-dimensional
state vector, can be approximated well by a lower-dimensional model, in the spirit of
Krusell and Smith (1998) and a large subsequent literature. In the context of linearized
solutions, I will therefore consider the solution to the discrete model as the “exact solu-
tion”, and the solutions to the low-dimensional models as approximate solutions. We will
find that an approximate model with a state vector of dimension about 20 will give a very
precise solution, much more precise than the one-moment solution advocated by Krusell
and Smith (1998).

Investigating the accuracy of low- or medium-dimensional approximations is useful in
at least two respects. First, it helps in getting high-accuracy solutions in cases where the
discrete model has an even larger state vector, such that the exact solution can no longer
be computed (cf. Section 8). And furthermore, the low-dimensional model can be used to
obtain higher-order approximations (cf. Section 9).

4.1 State-space reduction by bounded rationality

To reduce the dimension of the state space, we make the bounded-rationality assumption
that the household bases its saving decision on a small vector of state variables, which

12



contains only partial information about the true high-dimensional state vector. Assume
for now that household savings of time ¢ depend only on the lagged exogenous state Z; 1,
current shocks ¢;, and a vector M, _; which contains statistics on the beginning-of-period
distribution P;_;.

St = S(Mt_l, Zt—la Et) (40)

In the literature, P;_; usually contains moments such as the cross-sectional mean and
variance of capital. Here we allow all linear functions of the cross-sectional distribution:

with H; a known vector. Since the aggregate capital stock plays a crucial role in the
economy, determining factor prices, we always use it as the first statistic, such that

the choice of other statistics will be discussed in Section 5.

Notice that in (44) we allow that M; to depend on Z;_; and ¢; separately, not just
through Z;. Since M, contains icomplete information about the true state P, past variables
such as Z;_; carry additional information on M; that goes beyond what is contained in Z;.

Given any household savings function (40), one can then derive what this implies for
the dynamics of the aggregate distribution of wealth. A linear approximation to aggregate
dynamics is of the form

{Pt Etp*} = A(S) {Ptzlt__lp*} + B(S)e (43)

The specification (40) is a deviation from the assumption of household optimization under
perfectly rational expectations. The question is then: how should household expectations
be formulated so as to achieve approximate consistency between individual behavior and
expectations, and the aggregate dynamics in equilibrium. Section 4.2 and 4.3 describe
two different approaches, and Section 4.4 will be shown that they are very closely related.

4.2 A linear Krusell/Smith algorithm

Key to the Krusell/Smith algorithm is the assumption that economic agents suppose the
following aggregate law of motion for the aggregate variables that affect their decisions:

e i e i o

This assumption is part of the bounded-rationality argument, because (44) is not exactly
true in our economy. The high-dimensional dynamic system (23) does not exactly aggregate
to the low-dimensional system (44). The idea of Krusell and Smith (1998) is to find the
transition matrices A, and B, such that (44) is approximately true in equilibrium. Notice

13



that a nonlinear version of the KS algorithm could (and should) replace (44) by a nonlinear
law of motion, but in our linearized context, the VAR(1) specification (44) is the most
natural formulation.

The linear Krusell/Smith algorithm is then:

1. For given matrices A, and B,, solve the model consisting of the equations (3),(8),
(18), (44) and (25) by linearization about the steady state. Effectively, this solve the
household problem for the given aggregate law of motion (ALM) in Equ. (44).

2. From the solution, compute the linear dynamic system (43). This describes the
distribution dynamics, given the household behavior computed in step 1.

3. Estimate the VAR model (44), using as data generating process the aggregate distri-
bution dynamics computed in step 2. This is not done by simulating the model, but
by computing the asymptotic regression coefficients, as explained in Appendix ?7.
Call the estimation results Ap and ép.

4. Iterate over A, and B, (using either fixed point iteration or a quasi-Newton method)
until consistency is achieved, that means A, = A, and B, = B,.

Unlike the original Krusell/Smith algorithm, this linearized algorithm is not affected by
any sampling error.

Given the matrix A,, we can replace Equ. (23) by Equ. (44), and again have a system
of ng + ng + 4 equations, namely (3),(8), (18), (44) and (25), in just as many variables.
I call this system the modified Krusell/Smith model. Again we collect all those variables
in the vector z;, and solve the model by linear approximation. This gives us a solution
st (M;_1,log Oy, 7F).

4.3 Collocation method approach

Under “bounded rationality”, household behavior cannot be consistent with rational expec-
tations for all realizations of the cross-sectional distribution. The idea of the Collocation
method is to assume that behavior is consistent with rational expectations in situations
where the cross-sectional distribution is “typical” in some sense. To be more precise, for
any vector of statistics M, we consider a “typical realization” P?" (M) of the cross-sectional
distribution. Of course, we require that it really has those characteristics:

HP” (M) =M (45)

What does “typical” mean? We will interpret it here as the expected value of P conditional
on (45), where the expectation is taken over the ergodic distribution of P, according to
some approximate model solution. This will be made precise below. In the context of
linearized solutions, P?"(M) can be written as

P (M) = P* + D" (M — M*) (46)
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Then we require that for any M; ; next period’s statistic M, are computed by applying
the aggregate transition matrix II(M;_1, 2,1, ¢) to the proxy distribution PP"(M;_4):

M; = HH(MtA; Zt—1, et)Dpthfl (47)

For a given DP", the model then consists of the equations (3),(8), (18), (25) and (47). This
can again be solved by linearization about the steady state.

An iterative approach is needed in order to find a suitable matrix DP" (unless we assume
we have already solved the exact model; this is relevant if we want to go on to a nonlinear
solution, cf. Section 9):

1.

Set n,, = 1 and set the according H. For given m, choose the proxy distribution
that is closest to the the steady state among all distributions satisfying the moment
condition (cf. Section ?7).

Solve the Collocation method model by linearization. This gives us a savings function

S.

. Compute the A(S) and B(S) that describe the dynamics of z; = {Et}, which was
¢

explained in Section 4.1.

Compute the unconditional covariance matrix of x as implied by the model solution.
For that, let us define £ (A, B,3) as the unique symmetric solution to the discrete
Lyapunov equation

L (A B,Y) =AL(A B, X) AT + BuB” (48)

where we assume that the matrix A is stable in the sense that all eigenvalues are
smaller than unity in absolute value. Then the covariance matrix of z is given by

L (A(S), B(S), %.).

Choose a new n,, and corresponding H,,.

Compute a new DP" in the following way. Define H, = [O 1 ] as the matrix that
selects Z from xx. Then define H = {Hm] and set

H,
D" = L(A(S), B(S), %) H'[HL (A(S), B(S), %) H' (49)
The interpretation of (49) is that DP" [AZ/[} gives the expected value of x conditional
on Hx = ]\Z/[ , assuming a joint normal distribution for z. Notice that HDP" = I,

which guarantees that the proxy distribution for the statistics M really has these
statistics. Obviously, the last n, rows of DP" are equal to H,, because the Z are
among the conditioning variables. [DEFINE nz!!?7]

Repeat steps 2-6 until convergence is reached, in some suitable sense.
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4.4 Equivalence between KS and Collocation method

Define z; = (M;_1,Z;_1,¢€;) as the vector of all state variables that affect the household
saving function. Notice that Z; ; and € enter the savings function separately, not just

through Z;, because Z; ; affects the proxy distribution while ¢ does not. Define M; =
{]\Z/[t} . Equ. (18) defines a set of ny + 1 Euler equations, at the n, + 1 knot points in the
t

approximation of the savings function. These equations depend on the variables s;_1, z;
and s;. After linearization, they can be written as

818t71 + Et,1 |:(92Mt,1 + ggSt + 546t] =0 (50)

where the &; are constant matrices (they depend on the choice of knot points Z;, the
Gaussian quadrature points éj etc., but not on any variables of the model). Note that
future shocks do not appear in (51) because they have zero condition expectation and
(51) is linear. The solution of the linear model including (40) delivers the decision rule
s; = Sy M,_; + S.e;, so that (50) becomes

(91 <SxMt,2 + Seet,l) + Et—l [(82 + ggsx)Mt,1 + ((94 + 535'6)@] =0 (51)
A solution to the KS algorithm consists in matrices S;, A,, B,, such that

1. S, satisfies the linearized Euler equation (51).

E1SuM + Sce + (& + £35,)(AM + Bye) =0, VM, e (52)

2. A(S) and A, are stable ?

3. The matrices A, and B, satisfy the normal equations

HAS)C (S)H' = A,HL (S)H' (53)
HB(S) = B, (54)

where A(S) and B(S) are defined as in (??), and £ (S) is defined as the solution of
L(S) = A(S)L(S) AS)" + B(S)2.B(S) (55)

Note that B, plays no essential role in this algorithm because of certainty-equivalence.
For a given DP", a solution to the Collocation method algorithm consists in a matrix
S, such that

1. A(S) is stable

3The stability of A(S) implies the stability of A,, cf. Appendix ?7?.
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2. S, satisfies the linearized Euler equation (51).

E1Su M + See + (& + E3S,)H(A(S)D" M + B(S)e) =0,  VM,e  (56)

Proposition 1. If (S,, Ay, B,) are a solution of the KS algorithm , then S, is a solution
to the Collocation method algorithm if for the proxy distribution we use

D" =L (S)H'[HL(S)H'])' (57)

Notice that DP" in (57) is not known ex ante, because it depends on S,, so that a iterative
algorithm is necessary. To interpret (57), notice that DP" delivers as proxy distribution
the expected value of P condition on M, under the assumption that the joint distribution
of the P is given by (55).

4.5 TIterative solutions: KS versus Collocation method

The Krusell/Smith approach and the Collocation method approach are theoretically equiv-
alent in the sense that if they both converge, they converge to the same solution. Never-
theless, in order to find the fixed point, they give rise to different iterative schemes with
very different convergence properties. My experience from solving the model of Section 2
shows that the KS approach is fine as long as we use one or two moments. Using more
than two moments, it becomes very difficult to implement, for the following reasons:

1. Fixed point iteration does not converge, because some eigenvalues of the Jacobian at
the solution are strongly positive

2. quasi-Newton methods are

e slow, many function calls for Jacobian

e difficult to make converge.

In contrast, the Collocation method approach works fine. Fixed point iteration leads us to
a very precise solution after only two or three steps.

To understand the differences in the iterative procedures, notice that the linearized
Euler equation in the fixed point boils down to

E1Sy + (Ex + E3S, ) H(AS)L(S) H'[HL (S)H'| ™' =0 (58a)
S.+HB(S) =0 (58b)

With the Collocation method, the fixed point iteration becomes

ESF 4 (& + ESFYH(A(SH)L (S H' [HL (S*) H'] ' =0 (59a)
S* 4+ HB(S*) =0 (59b)
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With Krusell/Smith, the fixed point iteration becomes

E1SE+ (Ea+ ESHH(AS ML (S H' [HL (S5 H/rl =0 (

SF+HB(S* 1) =0 (
In step k of the KS fixed point iteration (60), we take aggregate behavior A(S*1) and
B(S8%71) as given from the last iteration, while in the Collocation method fixed point
iteration, we solve for A(S*) and B(S*) simultaneously with S*, and use the ALM of
the last period only through the term DP" = £ (S*1) H' [HL (SF71) H’}_l. Why is this
better? The idea is that DP" should have only a small influence on individual behavior.
This can be seen most clearly in two limiting cases:

e “Exact aggregation”: S* allows exact aggregation if there exists a matrix A such
that )
AH = HA(SY) (61)

Then (59a) reduces to £ S+ (E,+E3S¥) A = 0, such that the effect of S¥~! disappears.
This is trivially the case if H has full rank, which means that we use as many statistics
as there are state variables in the discrete model.

e “Ergodic aggregation”: If £ (S) does not have full rank, it means that the economy
effectively lives in a lower-dimensional subspace of the n-dimensional space of distri-
butions. Assume that H spans this subspace, so that HL (S) H' has the same rank

H] has full rank and

as L (S). This implies that there exists a matrix L such that [ I

LL(S)H' = 0. Then

£(S)H'[HL(S)H ™ = [ﬂl m L(S)H'[HL(S)H ™ = ml H (62)

(62) shows that the exact choice of L (S) does not matter as long as H spans the ergodic set
of (technically: H spans the set of eigenvectors of £ (S) with strictly positive eigenvalues).

Notice that ergodic aggregation is weaker than exact aggregation. The latter condition
assumes exact aggregability for the whole state space, while the former assumes aggrega-
bility only in the ergodic distribution. Exact aggregation then need not hold starting from
an arbitrary initial distribution.

5 Model reduction: finding a set of statistics

There is a large literature in the systems and control theory that deals with model reduction
in linear settings, this means, the approximation of a given high-dimensional dynamical
system by a lower-dimensional one. To find a general equilibrium of the heterogeneous-
agent economy, the approximation problem is conceptually more complicated. We assume
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that economic agents use a simplified description of the high-dimensional economic reality
for their decision making. The approximate model that agents use then feeds back into
their decisions, and therefore into the high-dimensional dynamics again. This leads to a
fixed point problem: consistency is achieved if the approximate model that agents use for
their decision making is a good approximation to the true high-dimensional system that
results from agents’ decisions. The results from system theory help in finding optimal low-
or medium dimensional approximations to the high-dimensional system. In order to solve
for general equilibrium, ideas from the literature on heterogeneous agents model will have
to be brought into the picture.

Here we define the approximation problem as a problem of approximating the dynamics
of an exogenously given stochastic process. Our approximation problem can be described
as follows. Assume that the true dynamics is given by

Ty = Al't_l + BGt (63)
We search for a matrix H such that the vector of statistics
m=Hz (64)

gives a good approximation to the dynamic system (63) in the sense that there exist
matrices A and B such that the dynamics of

my = Amt,1 + éEt (65)

is similar to the dynamics of m implied by (63) together with (64).
There are a number of approaches to constructing a set of statistics m:

1. Higher moments, either of k, or log k or some other useful transformation of cap-
ital. Care must be taken to avoid multicollinearity, for example by using Cheby-
shev polynomials rather than monomials. This is the approach usually taken in the
macroeconomics literature.

2. Principal component analysis (PCA). Given (63), we can compute the uncon-
ditional covariance matrix £ (A, B,%.) of the state vector . PCA gives us the
components of £ (A, B,Y,) that are most important, in the sense that they are the
components of the state vector that are really moving over time. It turns out that
the numerical rank of £ (A, B, %) is much lower than the dimension of the system,
so that we can obtain an almost perfect solution if the number of statistics we use
equals the numerical rank of the covariance matrix.

3. As we said above, what is really important in the stochastic growth model is to pre-
dict future capital stocks, since they determine prices, which is all that the economic
agents have to know. (In the sticky price model, the situation is a bit more compli-
cated, since more variables have to be taken into account at any point in time.) To
fix ideas, let us concentrate for now on the growth model. From the viewpoint of a
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household that has to make his consumption and savings decision, the approximation
problem can be considered as perfectly solved if

Et|A,B[m17t+i] = Et‘A7B[h1xt+i], L= 1, 2, . (66)

Notice that in the context of linearized solutions, we do not worry about predictions
of higher moments of m;, because the solution is of the certainty-equivalence type
anyway. Since Eya g[hii4;] = hiA'xy, it is natural to consider the Krylov subspace

where @ goes from 1 up to some chosen forecasting horizon 7. With this choice, we
obtain

M1 = Eya,plhiig] (68)

Mo = Bya[Mes11] = Eyaplhieigo) (69)

(70)

mt,T = Et|A,B[mt+1,T71] = Et\A,B[hlthJrT] (71)

This means that the m; predict the future capital stock as well as some future inter-
mediate m;. A problem remains. To obtain high accuracy, a long forecasting horizon
T is needed, so that it seems that we need a large number of statistics. Fortunately,
and similar to what we have said in the discussion of PCA, the numerical rank of
this Krylov subspace is relatively small. We don’t need more states than what is
the numerical rank of the Krylov subspace. The statistics are then obtained as an
orthonormal basis of the Krylov subspace.

4. The concept of Balanced Reduction combines the ideas of PCA and the Krylov
subspace method. One can show that there is a variable transformation, applied to
the state vector x, such that in the transformed state space the states are ordered
such that earlier states are more important both in the sense that they have higher

ergodic variance and that they are more useful in predicting future capital stocks.
[MORE DETAILED EXPLANATIONS AND FORMULA TO BE FILLED IN]

6 Results I: Approximating the exact solution by lower-
dimensional systems

First we look at cases where we can compute the exact solution of the linearized discrete
model, and ask whether it is possible to approximate the dynamics of the exact solution
by a lower-dimensional model. In Section 7 we will then see whether a similar accuracy
can be obtained by a bounded-rationality solution, where we assume that the agents in the
economy, not just the outside observer, use a simplified model.
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6.1 Measuring the Accuracy of Approximate Models

When measuring accuracy, two different questions can be asked. First, how well does a
model predict the relevant aggregate variables (for example capital) on average?, where the
average is taken over the ergodic distribution of the model solution. Second, how well does
the approximate model predict the transition path from an arbitrary starting distribution
2. For this we need two accuracy measures.

Accuracy measure 1: unconditional mean squared error

The first measure, (77), addresses the main concern in Den Haan (2007), who suggests to
use long-term forecasts to assess accuracy. In fact, the statistic (77) is the unconditional
variance of an infinite horizon forecast.

While the state variables of the approximate model are not the same as of the exact
model, both models are driven by the same shocks e.

We combine (63) and (65) into

xf = A'x} | + B¢ (72)

I B A /R

The unconditional variance-covariance matrix >, of * is obtained by solving the discrete
Lyapunov equation
Yor = A AT 4 B*Y BT (74)

The i-th non-central moment m,; is a linear function of the state variables, both in the
exact and the approximate models. So we can write the moments of the exact and any
approximate model as m;; = H;z; and m;,; = F[iit, respectively, with known row vectors
H; and H;. From (??) and (??) it is clear that the unconditional expected error is zero:

E(mi,t — 7”77,1-7,5) =0 (75)

The unconditional mean squared error is then given by

Bl — ) = (B ] 5 | T (76)

Below we will report the root mean squared error, normalized by the standard deviation
of My ¢:

. HT
(H; —H;] S, {_ ! T}
HS, HY (77)

This statistic can be interpreted as the average of an infinite-horizon forecast error under
a typical realization of the driving shocks.
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Accuracy measure 2: precision of transition path

For a n-step prediction of the statistics m = Hx, the difference between the exact and the
approximate model is given by H A"x — A" Hx. The maximum in the prediction error over
all possible x is then given by the matrix norm

|HA" — A"H|; (78)

The results below report the maximum of (78) over n =1, ..., 200.

6.2 Results for the stochastic growth model

Figure 1 considers the small calibration (idiosyncratic productivity is i.i.d.) of the model of
Section 2. The exact model characterizes the cross-sectional distribution by 1000 variables,
so with the exogenous processes it has in total 1002 state variables. Figure 1 reports
approximation errors using 4 different sets of statistics, in each case varying the number of
statistics used from 1 to 80. All statistics refer to the approximation of mean capital. This
is the relevant statistic in this model, because it determines all the prices in the economy.
Numbers are decimal logs. The upper left panel measures the approximation error as the
infinite horizon forecast error (accuracy measure 1 in Section 6.1). With 1 moment only
(the mean capital stock, as in Krusell and Smith (1998)), the forecast error is around
0.1 percent (of steady state capital), similar to what people have found in the literature
following Krusell/Smith. Using more statistics, this error can be reduced to 1078. The
polynomial approximations become numerically unstable for more than 30 statistics. This
is because the higher moments are more and more stochastically dependent among each
other. The other model reduction schemes suffer much less from this problem. The Krylov
subspace approximation and the balanced reduction perform about equally well. The same
results hold also if we look at the approximation error in the two impulse responses. An
interesting insight emerges from the lower right panel, which gives the maximum error
from a transition path (that is, the maximum error that could result starting from an
arbitrary initial distribution). Using more and more moments of the distribution, or using
PCA for the approximation, does not reduce this error. Even if we use dozens of statistics
to characterize the distributions, there We can avoid this problem by using the Krylov
subspace or the balanced reduction method. Those methods were designed so as to contain
the necessary information for predicting the future capital stock.

Figure 2 provides similar information for the sticky price model. The same conclusions
arise, except that an approximation with only 1 or 2 moments is more than one order of
magnitude worse than in the case of the stochastic growth model.
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7 Results 1I: Bounded-rationality solution of the mod-
els

In the last section we have seen that approximate models with moderate dimension (around
50) can yield very precise approximations to our high-dimensional model. In this exercise,
the model solution is obtained under strictly rational expectations, and only the outside
observer tries to approximate the given model by a lower-order model. In a bounded-
rationality solution, as explained in Section 4, it is the economic agents who use an approx-
imation to form a decision. The approximation therefore directly affects the solution of the
model. The question is whether this solution comes close to the true rational-expectations
solution.

We start by looking at the stochastic growth model using only one statistic, the aggre-
gate capital stock. This is what most of the literature following Krusell and Smith (1998))
has done. Figure 3 shows impulse responses to a technology shock of four types of solutions:
the exact (rational expectations) solution, the best approximation to the exact solution
(called “VAR”; this is the solution considered already Section 6); the approximate model
solution (“boundedly-rational”, either with the Krusell-Smith method or the Collocation
method method; the two solutions are identical, as should be clear from Proposition 1); the
true dynamics resulting from the model if the household saving function of the approximate
model is used. The figure shows that the four solutions are visually indistinguishable. This
is the famous result that “one moment is enough”. Figure 4 shows the analogous result
for the tax shock. It looks quite different. All the approximations are far off the exact
solution. What happens here? Let’s first understand the impulse response to a tax shock:

1. On impulse, the tax shock is a redistribution from the rich to the poor.

2. First round effect: for given expected interest rates, aggregate consumption goes up,
saving goes down, because the poor (in terms of assets) have a larger propensity to
consume out of their wealth.

3. Second-round effect: the reduction in aggregate savings means that future capital
goes down, and therefore expected future interest rates go up. This has the tendency
to increase savings, and therefore partly offsets the first-round effect.

Where goes the one-moment approximation wrong? By looking at the mean only, house-
holds forget about the effect of the redistribution as soon as they forget the shock itself.
Then they underestimate the future reduction in saving and the corresponding increase
in interest rates, which results in a smaller second-round effect. This means that the first
round effect (reduction in saving) is even stronger.

The good news from Figure 4 is that a careful accuracy check reveals the failure of
the approximation. While the comparison to the exact solution is usually not available
(because the exact solution cannot be computed), it is always possible to compare the
model outcome to the simulation outcome that results from simulating the distribution of
capital using the decision functions of the approximate model (compare lines “CM ALM”
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and “CM sim.” in the figure). They differ by the same order of magnitude as the difference
between exact and approximate solution. A careful application of approximate-aggregation
methods should always do this check.

Figure 5, which shows both the one-moment and the 8-moments approximate solution
(Collocation method method) next to the exact solution, shows that 8 moments are enough
to get a good approximation.

To get a very precise approximation, even more moments are needed. Using Krylov
subspace approximation and 50 statistics, the infinite-horizon standard deviation (distance
of approximate solution to exact solution) is 6 - 107%, which is not quite as good as the
approximations in Figure 1, but one has to consider that the numerical errors involved in
the bounded-rationality solution are much Since the square root of the machine precision
is 1078, which is the maximum one could expect in such a complicated computation, an
error of 6-107% comes reasonably close.

Results for the sticky price model are similar [DETAILS TO BE FILLED IN.]

The following conclusions emerge:

e The bounded-rationality solution with 1 moment fails on model with substantial
redistribution.

e This failure is visible from usual accuracy checks.

e Problem can be solved by using more moments (8 are fine)

8 Handling very big systems

So far we have looked at models where the exact solution of the linearized discrete model can
be computed. In more complicated models this will not be true, for example in the model
of Section 2, if we approximate household productivity by a high-dimensional Markov
chain, and still want to maintain a fine representation of the cross-sectional distribution,
the number of states may be between 10000 and 100000. To handle such a system, we have
to do the following;:

e Make sure that the transition matrix is sparse. From each point in the state space,
there is only a limited set of points that an economic agent can reach in the next
period with positive probability. This requires, for example, that idiosyncratic shocks
have small support. If the transition matrix is very sparse, it is still possible to
compute the invariant distribution of the model without aggregate shocks.

e Reduce the state space (number of state variables) by the methods described in
Section 5.

e Reduce the number of decision variables; this could be done by general projection
methods. However, one can also use approximation ideas that are parallel to the
methods used in state-space reduction.
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[DETAILS OF THE METHOD AND RESULTS TO BE FILLED IN. SO FAR I HAVE
SOLVED MODELS WITH UP TO 30000 STATE VARIABLES IN THIS WAY |

9 Nonlinear solution

The linearized model can be seen as an analogue of the well-known linearization methods
for business cycle models, generalized to models of heterogenous agents and incomplete
markets. It also shares the shortcoming of those methods. If we want to model the
nonlinear effects of big aggregate shocks, or if we want to model asset choice, we may
need a solution that is nonlinear not just in individual but also in aggregate variables.
Nevertheless, even in cases where a linearized solution is not sufficient, it turns out that
the solution to the linearized model is an essential ingredient in obtaining a precise higher
solution. The linearized solution serves the following purposes:

1. To obtain higher order approximations of the solution, it is necessary to substantially
limit the number of state variables (I can currently handle up to 20 state variables for
a second-order approximation, with a method that combines the ideas from Reiter
(2008a) and from Reiter (2008b)). This can be done by the methods of Section 5.

2. Projection approaches to higher order approximations need grids for the aggregate
state variables. It is usually very difficult to construct reasonable grids in a medium-
sized state space. Knowing the variance-covariance matrix of the state variables in
the linearized model allows to construct a reasonable grid (that means, a grid that
describes the part of the state space in which the solution really lies).

3. The solution from the linearized model will often be an excellent starting point for
higher-order approximations, reducing the number of iteration steps in the nonlinear
procedure.

A detailed description of the nonlinear algorithm is left to a companion paper.

10 Conclusions

Using two prominent examples of heterogeneous agent models, the paper has shown that a
medium-dimensional (20 to 50 state variables) approximation of the model is sufficient to
provide a solution that comes very close to the exact solution. A collocation method has
been provided that allows the computation of solutions with this size of the state space.
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Figure 1: logl0 of approximation errors, stochastic growth model
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