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Abstract

This paper proves the existence and robustness of partially-revealing
rational expectations equilibria (REE) when this equilibrium concept is
expanded to allow for some agents to have preferences that display ambi-
guity aversion. Furthermore, the generic existence of fully- revealing REE
is proven for a commonly-used subset of the class of ambiguity averse
preferences. This finding illustrates that models with ambiguity aversion
provide a relatively tractable framework through which partial informa-
tion revelation may be studied in a general equilibrium setting without
relying on particular distributional assumptions or the presence of noise
traders. Constructive examples provide further insight into the properties

of these equilibria.
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1 Introduction

Market prices convey information. In every market equilibrium, positive prices
at least inform participants that there is some demand for all goods. In many
markets, prices convey much more information, including market participants’
private information about relevant economic variables. The concept of a rational
expectations equilibrium (REE) formalized in Radner (1979) was formulated to
study the dissemination of privately held information through market prices.
One of the startling results of the pursuant literature [Radner (1979) and Allen
(1981)] is that when REE exist and the market has no “noise” (see for example
Grossman and Stiglitz (1980)), equilibrium market prices almost surely reveal
all agents’ private information.

The sharpness of this result proved to limit the application of REE as an
equilibrium concept. Generally, one tends to think of the amount of private
information held by individuals as both diverse (i.e. varying in quality and
the set of markets to which it applies) and diffuse (i.e. held by many different
participants in the market). The idea that all of this information is, almost
surely, fully conveyed in a finite-dimensional market statistic like the equilibrium
price proved too simplistic for many applications.

The aim of this paper is to demonstrate that the full-revelation property of
the REE concept need not hold when the class of conceivable preferences for
market participants is expanded beyond the standard subjective expected util-
ity model of Savage (1954). Specifically, we demonstrate that when at least one
investor has preferences that display ambiguity aversion (see for example Gilboa
and Schmeidler (1989), and Schmeidler (1989)) then the concept of REE (suit-
ably generalized to allow for the generalization of preferences) permits robust
equilibria that are partially revealing. We show explicitly that there exists a

parameter set with positive Lebesgue measure in which partially-revealing REE



exist.

Generally speaking, when applied to markets where investors may display
ambiguity aversion, the REE concept permits a richer set of information reve-
lation phenomena than the analogous model populated by only expected utility
maximizers. These results also serve to highlight important additional differ-
ences between investors with preferences that display ambiguity aversion and
investors who have subjective expected utility preferences.

It has been noted, for example by Zambrano (2005), that in Walrasian equi-
librium models, subjective expected utility places no restriction on observable
market data. As such, in a Walrasian equilibrium one is never able to deter-
mine conclusively that a participant has preferences that are anything other
than subjective expected utility. While this observational difficulty remains
when the stricter concept of REE is employed (since only prices and not the
price function is ever observed), this work highlights the fact that the mech-
anism by which ambiguity averse investors convey privately held information
to the market differs from the way that subjective expected utility maximizing
agents convey privately held information.

It is interesting to contrast the present examples with the examples of
partially-revealing REE given in Grossman and Stiglitz (1980) and the expan-
sive literature that followed. While that literature also gives examples of REE
that are partially revealing, these seem to depend on the particular distribution
of payoffs (normal) as well as the utility function of investors (constant absolute
risk aversion). These models also usually make use of noise traders, or traders
whose preferences are not explicitly modeledﬂ

In the model presented here however, no assumptions beyond those neces-

sary to ensure the existence of equilibrium are placed on the von Neumann-

I'Diamond and Verrecchia (1981) and Ganguli and Yang (2007) construct partially revealing
REE in this framework without the presence of noise traders.



Morgenstern utility functions of the investors. Additionally, the preferences of
all investors are specified ex ante and none of these investors is “irrational” in
the sense that each has well-specified preferences and makes decisions that are
optimal given these preferences and the constraints facedEI

Other work on the construction of partially revealing REE in exchange
economies includes, inter alia, Ausubel (1990), Jordan (1982), Pietra and Siconolfi
(1997), Polemarchakis and Siconolfi (1993), Heifetz and Polemarchakis (1998),
and Rahi (1995). The constructions by Ausubel (1990) and Jordan (1982) re-
quire that there be more dimensions of uncertainty than the prices. In partic-
ular, Ausubel (1990) shows that partial revelation can be robust in the class of
economies he considers. The construction of Heifetz and Polemarchakis (1998)
requires log-linear utilities whose coefficients depend linearly on the state in a
multi-dimensional state space. Polemarchakis and Siconolfi (1993) and Rahi
(1995) permit only nominal assets, while Pietra and Siconolfi (1997) introduce
extrinsic uncertainty to get non-revelation REE.

The remainder of the paper proceeds as follows. Section[2]outlines the model
and the definition of an REE while section 3 contains explicit examples of the
nature of REE in a market with ambiguity aversion. Section 4 contains results
for the more general case and section 5 concludes. The appendix provides an-
alytical results on equilibria with ambiguity averse investors that are necessary

but tangential to the discussion in the paper.

2 The model

The market is populated by a finite set N'= {1,...,n,..., N} of investors who

live for 2 periods labeled 1 and 2. At the end of period 2, one of a finite set 2

2See Blume and Easley (forthcoming) and Gilboa, Postlewaite, and Schmeidler (2007) for
insightful discussions on rationality.



of possible states of nature is realized and investors in the economy consume.
A typical element of €2 is denoted w.

In period 1, some information is revealed to each investor. Investor n € N
receives a private signal s™ that comes from a finite set 8™ = {1,...,5™}. Let
the set of all possible collections of private information that might be available to
the market be labeled ¥ = x,,cArS™ with representative element o and let F be
the discrete o-algebra over ¥. The investors’ private signals convey information
about how likely each of the elements in €2, which realize at the end of period
2, are (a more precise formulation is provided in section .

Each investor has an endowment e™ € Rlﬂ_ of a single consumption good and
must choose a consumption allocation in X = R‘fl for period 2. This allocation
is financed by trading contingent claims on consumption over €) in the market
that opens in the beginning of period 2.

The market opens at the beginning of period 2 and in equilibrium, each
investor derives information about the private signals of other investors by ob-
serving the prices of the contingent claims that are traded in the market as
described in section Let P C RI®l be the space of possible prices over
contingent claims that can be purchased at the beginning of period 2. The
conditions imposed on preferences and endowments ensure that P may be nor-
malized so that it is equal to Al R‘fl (the || — 1-dimensional simplex).
This normalization will be assumed throughout the paper but to avoid confu-
sion, the notation P will be used to refer to the price space and Al®?l will refer

to the space of probability distributions over €.

2.1 Preferences and beliefs

The market is populated by both expected utility and ambiguity averse in-

vestors. The set of expected utility maximizing investors is denoted N and



has cardinality N¥ > 1 while N4 is the set of ambiguity averse investors which
has cardinality N4 > 1. Preferences for the ambiguity averse investors will be
described first.

To start, define C(A®!) to be the collection of non-empty, convex, closed
subsets of Al Let 'y”A : F — C(AI®”l) be a mapping that for each set of joint
signals f assigns a set of probability distributions that is to be interpreted as
the information that f conveys to investor n4 € NA. The set 'y”A(f) is the
collection of probability distributions that the ambiguity averse investor believes
may govern the resolution of uncertainty over {2 when she knows that the joint
signal o € f. Let I'g be the space of all such mappings.

Furthermore, we will assume that each ambiguity averse investor holds a
marginal distribution 7" over the set of joint signals 3. This could be ex-
tended to allow for ambiguity averse investors whose preferences demonstrate
ambiguity over the space of joint signals without any qualitative change in the
results. Each 'y”A (-) can then be viewed as an update of the set of prior prob-
abilities over X x € by an application of Bayes Rule to each prior along the
lines suggested by Epstein and Schneider (2003). However, that generaliza-
tion requires significantly more investment in notation and we do not pursue it
here. The space of beliefs for each ambiguity averse investor is then given by
I' = APl x Iy, where A®l denotes the space of probability distributions over
3.

Investors in N'Z have beliefs over the space £ x€2. These can be characterized
for any investor n¥ by functions of the form 7T2E . F — A9l that for each

nE
m

information set f assign a conditional probability distribution over 2 and
which denotes the marginal distribution over the signal space X. The space of
such beliefs for each n” is denoted II.

Investors utilize information both from their private signal and from prices.



Abusing notation slightly, we let f(s™) € F be the set of joint signals o that
have o(n) = s™, where o(n) is the nth component of o. Each investor n knows
by her private signal that o € f(s™).

A price function ¢ : ¥ — P defines a price for every joint signal o. In
equilibrium, information is gathered from prices by using the equilibrium price
function ¢, so if the observed price is p, then ¢~1(p) is the information revealed
by price p to all investors n € A. Combining the information derived from
her personal signal and that inferred from prices, investor n in equilibrium has
information f(s™) N ¢~!(p). The next assumption describes the preferences of

the investors in the economy.
Assumption 1. Given any information set f € F,

1. Investor n* € N4 has preferences that can be represented by the utility

function

U"A(sc"A;f) = min Eyu"A(gc"A). (2.1)
vev(f)

with y(f)  Al?In R‘ﬂr for all " € X.

2. Investor n¥ € N'F has preferences given by

E E E E

U ("5 f) = B gy [u™ (&), (2.2)

. Q
for all z” € X with 77" (f) € Al®In R‘Jrl

3. For allm € NEUNA, the von Neumann-Morgenstern (vN-M) utility func-
tion u™(-) satisfies u™ € C% u™(-) > 0,u™’(:) < 0, and lim._qu"'(c) =

Q.

It is useful to note that the definition of investor nt’s preferences includes

as a special case the situation in which n? is an expected utility maximizer.



From the characterization of preferences we now move on to the mechanics of

the market.

2.2 Equilibrium

For any price vector p € P, the set of feasible consumption bundles (or budget

set) of investor n is

F(e",p)={x € X :p(e" — ") > 0}. (2.3)

With this notation at hand, we can now define the equilibrium notion of

interest.
Definition 1. A pair (x,¢), where ¢ : ¥ — P is a price function and z : ¥ —
Rf‘m an allocation, is a rational expectations equilibrium (REE) if for all n and

o, (z,¢) satisfies
1. 2"(0) € argmax U™ (2" (0); f(o(n)) N ¢~ (p(0))) s.t. 2™ € F(e™, (o))

2. Y en(€(o) —a"(0)) =0

Definition 2. An REE price function ¢ is said to be fully-revealing if it is injec-
tive. It is said to be partially-revealing if it is not fully-revealingﬂ An REE is
called fully-revealing if the corresponding price function is fully-revealing and is

called partially-revealing otherwise.

Having fully described the model and defined equilibrium, the next section

gives examples by way of introducing the paper’s main results.

30ur notion of partially-revealing REE prices includes the case where the prices are non-
revealing, i.e., ¢ is a constant function.



3 Examples

3.1 Existence and Robustness

Consider a pure exchange economy populated by two investors who will be
denoted by a (for ambiguity averse) and e (for expected utility). There are two
possible payoff-relevant states (labeled 1 and 2) that can be realized in period
2. Investors may receive one of two possible signals that convey information on
the environment that will prevail in this market. The signals are labeled s; and
59.

The first investor will be denoted investor a. Her preferences, given the
information that is available at time 1, can be described by a utility function of
the form

U? = min E;[u(z)] = mu®(z(1) + (1 — m)u(x(2)) (3.1)

TEY

where 7y is a compact, convex subset of the open unit interval denoting the set
of probabilities of state 1 occurring.
The second investor will be denoted investor e. His preferences, given the

information available at time 1, can be represented by the utility function
U¢ = E[u®(z)] = muf(xz(1)) + (1 — m)u(z(2)) (3.2)

where 7 € (0, 1) denotes the probability of state 1.

Each investor has the endowment € € R, | in state 1 and state 2. Further-
more, assume that u® and u® are strictly increasing, strictly concave and that
lim, .o u"(x) = oo for i € {e,a}.

For this example the set of possible signal profiles is

¥ ={o=(s%5") € {(s1,51), (51,52), (52,51), (52,52) } }. (3.3)



Let m(s®) (respectively v(s)) represent investor e’s (a’s) beliefs about state one
being realized given his (her) signal s¢ (s*). Let m(sg) represent e’s distribution
over states given that he knows only that o € {(s, 1), (i, s2)}. Suppose that
the investors update their beliefs given their individual signals in such a way

that the following condition holds

7(s1) € v(s1,81) Ny(s1,82)

m(s2) € v(s2,51) N¥(s2,52)
Then we have the following.
Claim 1. A partially revealing REE exists for the given economy.

Proof. Consider the allocation z¢(c) = 2%(c) = € for all ¢ € ¥ and the price
function satisfying ¢((s1,sx)) = m(s1) and ¢((s2,sk)) = 7(s2) for k € {1,2}.
First it is necessary to check that given the individual signals received by each
investor the given allocation and prices are an Arrow-Debreu equilibrium. Then
we verify that it is still an equilibrium given the information available in the
price function.

First note that the allocation is market clearing. We now show that such an
allocation is optimal given market prices. To do so, we investigate the necessary
and sufficient conditions for an optimum for each investor. These conditions are
demonstrated in the appendix for ambiguity averse investors.

Now, consider the first order conditions for investor e. Given the assumption
of strict concavity these are necessary and sufficient to ensure that an allocation

is optimal for investor e under the given price. Given that investor e has received

10



signal sg, his first order conditionsﬂ evaluated at the proposed equilibrium are

7(sk) m(sk)u'(€)

1—m(sg) (1 —m(sk))u' () (3.5)

)\e

m(sg)e+ (1 —m(sp))e<e

These conditions are satisfied for the proposed equilibrium values given any
signal sg.

Before stating the related conditions for investor a, a bit of notation is re-
quired. Throughout the paper, if £ € R™ and A C R™ then the notation
x o A is used to denote the set of vectors B C R™ given by B = {b : b =
[x1a1 -+ Tmay) for all @ € A}. The first order conditions under the proposed
equilibrium for investor a (see Appendix given that she has received the

signal s; and investor e has received the signal s; are

Y mlsw) e u(e) - y(sk, s1)

1—m(sg) (3.6)

m(si)e+ (1 —m(sp))e < é

Condition is satisfied by letting A* = u%(¢) and then noting that
implies that (w(sg), (1 — 7(sx)) € ~(si,sk) for each k and I. The resource
constraint condition also holds.

Thus, if agents do not condition their behavior on market prices then this
is an equilibrium. What remains is to verify that no additional information is
available from market prices.

To see this, consider investor e. Knowing the market mechanism, he knows

that investor a’s beliefs are such that regardless of the signals that either of them

4Two additional “complementary slackness” conditions will also hold but given the as-
sumption that w(c) € (0,1) for all o € ¥, the multipliers for these conditions will always be
zero.
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receive, a will fully insure. Furthermore, he knows that she will do so at the
equilibrium prices that clear markets. Thus, prices differ across the signals that
investor e receives, but for any signal s¢, prices do not differ across the signal
that investor a receives and so investor e can garner no further information from
market prices.

Now consider investor a. She knows her own signal, and can also determine
investor e’s signal from market prices. However, assumption implies that
even with knowledge of e’s signal, investor a still chooses to fully insure so the
given allocation is still an equilibrium when the information content of prices is
considered. m

The next result shows that in the space of updated beliefs, the set over which
such a partially-revealing REE exists has positive Lebesgue measure. This result
is the direct analog of the proposition in Radner (1979)[page 668]. First, we note
that an updated belief for investor a given the signal ¢ can be characterized by
two points (the lower and upper bound of probabilities of state 1 occurring
given the joint signal o). Thus, the set of possible updates that a may have is
isomorphic to a subset of [0,1]® (two points for each of the four possible joint
signals)ﬂ Label this set ©¢. Likewise, the set of possible updates that e may
have given the joint signals ¢ is isomorphic to a point in [0, 1]* (one point—
representing the probability of state 1 occurring—for each of the four possible
joint signals). This set is labeled ©°. To state the result, let © = ¢ x ©% and

endow this space with the usual subspace topology inherited from R'2.

Claim 2. The set 0 € © for which assumption[3.4] holds has positive Lebesgue

measure.

5The space of beliefs is characterized by a subset of this space because of the condition
that given a particular joint signal o, the upper bound of the probability of state 1 occurring
must be at least as great as the lower bound of the probability of state 1 occurring.
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Proof. Let m € ©¢ have the property that

7 ¢ bd©° (3.7)

and define 0 < €; < mingepg o || — 7||, where bd ©¢ denotes the boundary of

©¢. Consider the set ©¢ C ©°¢ defined by

O°={r €0 |z -7 < e} (3.8)

The set ©° is open in ©°.

Now consider the set ©%. For convenience, let us adopt the convention that
the coordinates {1,2,3,4} will refer to the lower bound of the probabilities of
state 1 occurring given the four possible joint signals. Similarly, the coordinates
{5,6,7,8} will refer to the upper bound of the probability of state 1 occurring
given the four possible joint signals.

What remains to be shown is that there is a corresponding open set @ € ©¢
that has positive measure (in ©%) for which condition [3.4| holds. First we define
the following sets.

0% = {x € © : (i) < min y(i) for i € {1,2,3,4}}

yeor (3.9)

0 ={z € 0%:z(i) > max y(i —4) for ¢ € {5,6,7,8}}
yeoe°

Now define ©% = ©¢ N ©?*. By condition (3.7), © is non-empty and open. It
can be seen that for all y € ©°¢, each set of beliefs represented by a point in
©® contains y and as such the product ©¢ x ©¢ is non-empty, and hence (in
conjunction with its openness) has positive Lebesgue measure in the space O.
Then ©% x ©¢ will be the product of two open sets and hence open under

the product topology. Since the product topology and the metric topology are
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equivalent on this space, ©% x ©° is open under the metric topology. m
This example has shown that with ambiguity averse investors, standard REE
may be partially revealing. It further shows explicitly the set of economies

(parameterized by beliefs) for which this partially-revealing equilibrium exists.

3.2 Comparative Statics

The next example illustrates some of the qualitative properties of these equilibria
through comparative statics. Some simplifying assumptions are made so that
salient points can be highlighted, but the qualitative properties of the example
hold in a broader setting.

Suppose that there are two investors, an expected utility investor labeled e
and an ambiguity averse investor labeled a. There are two states of the world,
labeled {1,2}. Aggregate consumption in state 1 is given by x4 € and aggregate
consumption in state 2 is z. The endowments of the investors are: ¢ = (z, )
and e* = (¢,0). Only investor a receives a signal s € {s1,s2} that conveys
information about the relative likelihood of each state occurring. The vN-M
utility function for both investors is log(-).

Investor e’s beliefs are denoted w. Without knowing a’s signal, investor e
believes that the probability of state 1 occurring is 7 = % On the other hand,
e’s conditional beliefs are given by 7(1|s;) = 71 and 7(1|s2) = ma. These beliefs
are interpreted as the “correct” probabilities of state 1 occurring given the signal
s. We assume that

- - = - = th < (3 10)
m™ + =T m, with 7 2. .
2 1 9 2 2 ) 1 2

Investor a’s signal conveys (to him) information with some ambiguity. When
he receives signal s, he believes that the true probability of state 1 occurring is

in the set [ — o, T + .
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The parameter a > 0 can be thought of as describing the amount of ambi-
guity inherent in investor a’s preferences. In the limit as a goes to zero, investor
a becomes an expected utility maximizing investor. This comparative statics
exercise will analyze the change in equilibrium price that arises from changes in
Q.

We will normalize the price of consumption in state 2 to be 1 and call the
price of state 1 consumption p.

Given beliefs 7, it can be seen that e’s demand for consumption in state 1 is

e(py — TPz + )
z¢(p) = ) . (3.11)

Investor a’s demand for consumption in state 1 when the signal s; has been

received is

(rrta)ep Tt
b p >

1—(mp+a)
a = — +
z(p) =4 1 e <p < e (3.12)
(mx—a) -
Tk p(x €p p S 17721:% (ja) .

From these demands it can be shown that the equilibrium price when e

knows only that s € {s1,s2} and a fully insures isﬂ

Va?+e? —¢
Ppr = PP (3.13)

Therefore, if « is large enough that

mee{ T — T+«
x 1—(m—a) 1—(m +a)
\/mee{ Ty — T + « ]

x 1—(m—a)’1—(m+a)

} " (3.14)

6The fact that this price does not depend on 7 (e’s beliefs when he doesn’t know a’s signal)

is an artifact of the assumption that = = % The qualitative properties of this equilibrium

hold when 7 # %, but the expressions become much more cumbersome.
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Figure 1: The solid lines give the equilibrium prices for a partially-revealing
REE as a function of the parameter a.

Ppr(@)

.¥
pyr(a;s1)

then there will exist a partially-revealing equilibrium with ¢(s1) = ¢(s2) = ppr-
This REE price is illustrated in figure
However, as « decreases toward zero, the condition (3.14]) will fail to hold.

At the point at which either one of the two inclusions in (3.14]) do not hold,

there is only a fully-revealing REE and it has the form

pfr(sl) = a0
(I—m)z+ (1 - (m —a))e (3.15)
B ToX
Pr(s2) = o (= (e —a))e

Of note is that since in general ps,(s1) # psr(S2) 7 Ppr, as the amount of ambi-
guity (parametrized by «) crosses the threshold at which either of the inclusions
in doesn’t hold (denoted by & in the diagram), there is a discontinuous
jump in the equilibrium prices away from the partially-revealing price pj, to the

two fully-revealing prices py,(s1) and py,(s2). This is demonstrated in figure

16



One may also construct a (self-fulfilling) fully-revealing REE when the PR-
REE exists in the following way. Assuming that a’s signal is known to both
investors, one can find a different price under each signal that equilibrates the
market. The function that maps the signals into these prices is an REE price
function with the corresponding allocations. The dotted lines in figure [I| show
the signal-dependent prices corresponding to this full revelation REE. Conse-
quently, there always exists a fully-revealing REE in this example and this REE’s
price correspondence is continuous in «.

Having provided some intuition on the nature of equilibrium to be demon-

strated, the next section gives the main results of this paper.

4 Partially and fully-revealing REE

This section presents the core results of the paper. We first demonstrate the
existence of beliefs which permit a partially-revealing REE in propostion [2]
The main result on robustness of these partially-revealing REE will then be
presented as theorem [I]

We start with the observation that since expected utility maximizers are a
special case of ambiguity averse investors, applying Radner (1979) immediately

gives the following result.

Observation 1. There exist beliefs (7!, . .. ,WNA, T, 7TNE) for which an REE

exists.

To demonstrate the existence of partially-revealing REE we start by ana-
lyzing the behavior of one ambiguity averse investor, who is called investor 1.
In particular, we will investigate the beliefs of investor 1. To show that there
exist some beliefs for which there is a partially-revealing REE we need a few
preliminary results.

For the next few results we restrict attention to class of ambiguity averse

17



preferences where the set of beliefs satisfy the following assumption (see for
example Siniscalchi (2006), who provides an axiomatization for this class of

ambiguity-averse preferences).

Assumption 2. For any information set f € F, the conditional beliefs v(f) of

investor 1 are finitely-generated by at most L < oo extreme points.

Given assumption [2| any conditional belief v(f) can be represented by its
extreme points. This set of extreme points is a point in AI2IE where L is the
number of extreme points. So, given conditional beliefs (y(f),7(f)) € v
V" let W (y(f), n(f)) be the set of Arrow-Debreu equilibria when all investors

hold these updated beliefs.

Proposition 1. Let {7v2(f),... AN ), (), 7N ()} be conditional be-
liefs for investors 2,..., N when each investor knows that the joint signal o is in
f. There exists a probability distribution © € Al such that if investor 1’s beliefs
satisfy @ € Y1 (f) then all equilibria in W (y(f), 7(f)) satisfy x'(w) = 21 (') for

all distinct w,w’ € Q.

Proof. Consider a hypothetical economy in which investor 1 has Leontief pref-
erences of the form U'(z) = min,ecq 2z(w) and all other investors have beliefs

given by {V2(f),.... v (F). 7 (f),- - 7N ()}

For any strictly positive price vector p € P, investor 1’s excess demand is

! =pell — el (4.1)
where 1 is the |Q|-dimensional vector of 1’s.

An Arrow-Debreu equilibrium exists for this economy. The proof of existence
of the Arrow-Debreu equilibrium is essentially identical to that presented in
Mas-Colell, Whinston, and Green (1995)[Proposition 17.C.1]. Let Z(p) be the

excess demand correspondence for this economy. It must be shown that
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1. Z(p) continuous in p.

2. Z(p) is homogeneous of degree zero in p.

3. pZ(p) =0 for all p.

4. There is a b > 0 such that Z,, > —b for all w € Q and all p.

5. If p* is a sequence of prices converging to p where p(w) = 0 for some w

then max{Z(1;p*),..., Z(|Q|;p*)} — oo as p* — p.

The first four items follow from the fact that each of the preferences for in-
vestors in this economy are continuous, strictly convex and locally non-satiated.
The final property holds because x™(p*) — oo for all investors but 1 and her
demand z'(w) is bounded below by 0, so excess demand is bounded below by
—max,eq e!(w). Thus, there is an equilibrium (x, p) for which 2! satisfies .

From the equilibrium in this economy one can derive conditions on the beliefs
of investor 1 that ensure that her demand is equal to at the equilibrium
price. From the first order conditions given in it can be seen that if for the
equilibrium price p, beliefs satisfy p € v(f) then the full-insurance allocation
will be optimal for investor 1. Therefore, any beliefs  that satisfy this condition
will guarantee that investor 1 fully insures in this economy. m

The previous result demonstrates that for any set of updated beliefs for the
other investors in the economy, there is always a set of beliefs for investor 1 with
the property that if she holds these beliefs then she will hold a riskless portfolio
in equilibrium.

The next task is to demonstrate that from any REE one can construct an
REE that reveals less information by allowing a single investor’s preferences to

demonstrate sufficient ambiguity aversion.

Definition 3. Let (x,¢) be a rational expectations equilibrium. The partition

induced by the equilibrium (z,¢) is a partition {¥1,...,3x} of ¥ such that
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¢(0) = ¢(0’) for all 0,0’ € Iy, for each k € {1,...,K}. An equilibrium (z’, ¢')
is said to reveal less information than the equilibrium (z,¢) if the o-algebra
generated by the partition induced by (2’,¢’) is strictly coarser than the o-

algebra generated by the partition induced by (x, @).

Proposition 2. Let (x,¢) be an REE under beliefs {y*,. .. AN L ,mN")
and let o and o' be two joint signals that differ only in the private signal of
investor 1 (who is assumed to be ambiguity averse). There exists a set of beliefs

Y, ... ,'yNA’, T ,WNE/} and an REFE that reveals strictly less information

than (z, @).

Proof. The proof is constructive. Let ¢’,0” € ¥ be two joint signals that differ
only in 1’s private signal. Denote by (Z,$) our candidate partially-revealing

REE. For all ¢ ¢ {0’,0"}, let (Z(0),#(c)) = (z(0), ¢(c)). Denote by

({0 0", AN (o ")) ({0 oY), 7N (ol 0" Y (4.2)

the conditional beliefs for investors 2,..., N when they know only that o €
{o’, 0"'}.In this equilibrium investors 2, ..., N are unable to precisely distinguish
the signal investor 1 has received. Let (Z(c”), (")) € W (v (¢"),v2({o", 0" }), ..., 7" ({o’,0"'}))

where ~ satisfies

¢(0’) €+ (0"). (4.3)

This implies that 2! (w; 0’) = 1 (w';0") for all w,w’ € Q. By Proposition such

beliefs exist. Define (z(c”), ¢(c”)) = (z(c’), #(c")). The allocation and price

functions (Z, ¢) are a partially-revealing REE if 4/ satisfies
¢(0') = d(a") €' (0") N (o). (4.4)
Note that prices are the same across joint signals ¢’ and ¢”. Since these
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prices constitute an Arrow-Debreu equilibrium given the beliefs of each trader
2,..., N when they know only that o € {¢’, 0"}, their behavior is optimal under
the price ¢(o’) = QE(U’I)D

Finally, since by construction (Z(c),¢(c)) is an Arrow-Debreu equilibrium
for each joint signal o, it is an REE and because ¢(0') = ¢(c”), it is an REE
that reveals less information than (z,¢). m

Nothing in the previous theorem requires that ambiguity averse investors
have beliefs that are finitely generated. The only constraint is that there exist
an REE in the economy. Thus, if the preferences of all investors were generalized
to display ambiguity aversion and it were known that a fully-revealing REE
existed, then the method of constructing partially-revealing REE from fully-
revealing REE used to prove proposition 2 would apply equally well.

The inclusion has economic content. For any price vector ¢(c) € P, if
an investor’s beliefs  satisfy ¢(o) € (o) then the investor believes that it is
possible that the price vector represents the true probability distribution over
states in €2. That is, the investor believes that the market may have assigned
relative prices to assets in these states that are exactly the likelihood of these
assets paying off. Since investor 1 is ambiguity averse she has a desire to fully-
insure as long as prices do not differ from what she thinks might be the true
probabilities over states. The condition implies that the information that
she receives in her own private signal under both ¢’ and ¢ does not give her
any reason to bet against the odds that the market presents her. This happens
even though it can be the case that the set of distributions that she believes
to be possible given ¢’ and the set she believes to be possible under ¢ differ

greatly. The only requirement is that both (o) and v(¢”) have the price vector

Tt is possible that the partially-revealing price ¢(-) has the property that ¢(c’) = @(c’"")
for some o'’ # o’. 1If this occurs, the proof for the generic existence of fully-revealing
REE (appendix can be adapted to show that this occurs with probability zero and thus
perturbing beliefs under the signal o'’/ will break the equality.
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@(0) as a common interior element.

Equation can be interpreted as a restriction on the relative informa-
tiveness of investor 1’s signal. On the other hand, says nothing about
the absolute informativeness of 1’s portion of the joint signals ¢’ and ¢”. It
is entirely consistent with the previous result to assume that if some other
investor knew 1’s private signal he would hold beliefs that are very different
than he does when he cannot determine the signal. That is, generically in II,
™ (") # 7 (¢") # 7" ({o’,0"}), meaning that beliefs under these three
different states of information are likely to vary.

It can be seen that the existence of these partially-revealing REE does not
fall out of the realm of the results established by Radner (1979). In particular,
investor 1 could be an expected utility maximizing investor who happens to
believe that ¢’ and ¢’ convey the same information to her. Then her conditional
beliefs over €2 will be the same under these two signals. However, it is apparent
that in a world in which all investors maximize expected utility this phenomenon
is not robust. That is, perturbing 1’s beliefs slightly must then induce a fully-
revealing REE. In a world in which investors are ambiguity averse however,
perturbation of beliefs does not necessarily remove the possibility of a partially-
revealing REE.

In the following, we use int[y(o)] to refer to the interior of (o) as a subset

of Al

Lemma 4.1. Suppose that for some p € P, p € int[y(c) N~y(c’)] for some v €
TN and some o,0" € 3, with 0 # o’. Then there exists an open neighborhood
B, C rv* of beliefs with positive Lebesque measure in V" and an open neigh-
borhood By, C P with positive Lebesgue measure for which B, € int[y'(c)Ny' (o))

for ally' € B,.

Proof. This is a direct corollary of Lemma [A-T1]in the appendix. m
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We now show for a special case that partial revelation is a robust property
when there is an ambiguity-averse investor present. We denote by I' the space

of ambiguity averse beliefs when N4 = 1.

Proposition 3. If there is a single ambiguity averse investor and at least one
expected utility maximizing investor, then there exists a set A € T' x IIN " with
positive Lebesgque measure such that for each (v, m) € A there exists a partially-

revealing REE.

Proof. Let (vy,7) € I x IN~! permit a partially-revealing REE. By proposition
2 such a (v, m) exists. The proof will show that there exists an ¢ > 0 such that
for all (v/, ") that satisfy ||(v',7") — (v, 7)|| < €, there is a partially-revealing
REE.

From the proof of proposition 2 it can be seen that a sufficient condition,
under our assumptions, for a partially-revealing REE to exist is condition .
It will be shown that such a condition holds locally around (v, 7) by showing
that both sides of the inclusion are “continuous” in (v, ) in a specific sense.
Let ¢’ and ¢” be two signals for which condition hold.

First, it is demonstrated that the equilibrium price function ¢(¢’) = ¢(c”)
is locally continuous around (v, 7). To see this, notice that for o € {o’,0"},
Z(p,m(0),7v(0)) is locally differentiable in p. Furthermore, by lemmathere
exists a neighborhood B, of v in which D,Z(p,v, ) exists and is the zero
matrix. Assume for now that Z(p,y(c),n(0)) is regular (i.e. detD,Z # 0) at
the equilibrium price p. Then there exists a neighborhood B, of p, B, of m and
B, of v and a differentiable function ¢(m,~) such that Z(¢(m,~),~,7) = 0 for
all v/, 7" € B, x By;. Thus, if p is a regular point then the equilibrium price
function ¢ is locally continuous in (v, 7) and thus for any e there exist ¢, and
0r such that if 7’ € B(m,d,) and v € B(7,d,) then ||¢(+,7") — ¢(y, )| < e.

Now, it must be verified that there exists a partially-revealing REE for which
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the equilibrium price ¢(c) = ¢(¢’) is a regular point. To see this, consider
an economy populated by one investor with Leontief preferences and N¥ > 1
expected utility maximizing investors. Excess demand Z(p, 7) for this economy

is differentiable for all prices p € int P and is given by

Z(p,m)= Y (@"(p) —€") +pe'l (4.5)
neNE

where prices are assumed to be normalized to sum to one and 1 is a vector of
ones.

Furthermore, the Jacobian of excess demand is

The term D, Z(-) has rank N¥(|]Q| — 1), which implies that DZ(p, ) always
has at least rank (]©2] — 1). Then, by the Transversality Theorem, for almost all
m, detD,Z(p, ) # 0 when Z(p,7) = 0. By proposition for all possible beliefs
7 there exists a partially-revealing REE, so for almost all of these Z(p, ) is
determinate which implies that for almost all of these 7 there exists a function
é(7y, ) that is continuous in (v, 7).

Now, by Lemmawe may choose neighborhoods By around ¢(o) and B,
around v for which By € inty/(¢’) N +/(¢”) for all v/ € B,. Since ¢(v,7)
is continuous in +,m, there exists a neighborhood B((v,7),€y,) such that
o', ') € By for all (v/,7") € B((7,7),€y,x)-

Combining the continuity of ¢ with Lemma[d.1] choose € so that B((v, ), €)N
B, C B, and B((y,7m),€) N B((v,7),€y,x) C B((7,7),€y,=). This implies that
for all (v, #") € B((v,n),€), ¢(v',7’") € v'(c")N~'(c") this set contains an open
e-ball in T x IIV” and thus has positive measure. m

Before proceeding to show the generality of the preceding special case, we
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note the following result which will be used later.

Lemma 4.2. Let z(p,7y) represent demand for an ambiguity averse investor
with beliefs y. Assume that 7y is finitely-generated by the points {w,71,..., 71}

and that for a particular price p

Tou'(z(p,7)) —Ap =0
ple —z(p,v)) =0 (4.7)

7 = argmin Eru(z)
TEY

(that is, T is the unique minimizing element of the linear functional E u(z(p,7))).

Then x(p,~) is locally differentiable in the vertices {7, m1,...,m—1} of the be-
liefs 7.

Proof. First we demonstrate that 7 is the unique local minimizer (in v) of
Eru(x) if and only if Fru(x) < Eru(z) for all [. Necessity of the condition
follows directly from the definition.

For sufficiency, by assumption we have that Ezu(z(p,v)) < Eru(z(p,v)) for
all m € v with 7w # 7. Since every m € 7 can be characterized as a linear combi-

nation a7 + ZlL:_ll oy with ZlL:_Ol o = 1, we have that for « # (1,0,...,0)

weN
L-1
= Z apT(w) + Z agm(w) | u(z(w))
weN =1
L—-1
=ap Y Awu(zw)+ Y > amw)u(z(w)) (4.8)
wenN weN =1
L-1
> ayg Z T(wu(z(w)) + Z Z T (w)u(z(w))
we we =1
=) mwhulzw)
weN
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Thus, if ¥ minimizes E,u(z) over {7, m,...,7—1} then T minimizes F u(x)
over 7.

Now, let z(p,7) represent the demand of an expected utility maximizing
investor who holds beliefs 7 and has the same endowment and von Neumann-
Morgenstern utility function as the ambiguity averse investor who has demand
x(p,v). It will be shown that if y(m,m,...,m,_1) are the beliefs of the am-
biguity averse investor generated by the set of points {m,m,..., 71}, then
in a neighborhood of 7 we have that z(p,7) = z(p,y(w,71,...,71)). That is,
x(p,y(mw,71,...,71)) is locally differentiable in 7.

Applying the implicit function theorem to this expected utility investor’s first
order conditions shows that z(p,7) is differentiable (and hence continuous) in
7. Furthermore x(p, 7) = (P, v(7, 71, ...,7—1)) by assumption. Since E u(x)
is continuous in 7 and z (by the continuity of u), we have that for every 7’ in

some open neighborhood Bz of 7
Epu(x(p, ') < Equ(x(p, 7)), foralll € {1,...,L—1}. (4.9)
By the definition of z(p, ), for all 7’ € Bx

T ou(z(p, ') — Ap =0 (4.10)

ple - a(p, 7)) = 0.

Investigating the first order conditions for the ambiguity averse investor given
in Corollary [2| of section of the appendix we see that for all 7’ € Bj, the
investor’s first order conditions are satisfied by the allocation x(p, 7’ )ﬂ Thus
x(m,y(m,71,...,m—1)) = z(p,7) in Bz and is hence differentiable in .

To see that it is locally differentiable in the other vertices of the set 7,

81n terms of the Corollary, from equation (@.9)) we see that vo(x(p,7’)) = 7 in the neigh-
borhood Bz.
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simply note that locally changing these vertices does not change the minimizing
distribution in the set v and hence the derivative with respect to these vertices
is zero. m

And finally, we present the main result of the paper.

Theorem 1. If assumption[Z holds, there exists a set A of positive measure in

TN < TINV" such that for each (v, m) € A, a partially-revealing REE exists.

Proof. Suppose (z, @) is a partially-revealing REE, under the beliefs (71, . .. AN T ,WNE),
that does not distinguish the distinct signals o and ¢’. Suppose further that o

and o differ only in the signal received by investor 1. By proposition 3 such REE

exist. Then, for all ambiguity averse investors other than investor 1, one may

assign beliefs such that (x, ¢) is still an equilibrium, but for which z is locally

differentiable in 7. To see how this is done, consider the first order conditions

for ambiguity averse investors given in corollary [2| in the appendix.

Let 7 be the unique set of beliefs satisfying
A\p =mou(z) (4.11)

Then we define a closed, convex set of beliefs (o) which has the property
that

Eru(z) < Eru(z) for all 7 € (o), 7 # 7. (4.12)

To see that this can be done, we notice that the set of beliefs satisfying
equation is the intersection of an |Q|-dimensional half space and the |Q|—1
dimensional simplex in R/, Then select a finite set of points (71, ma, ..., Tr_1)
such that for each [ € {1,..., L — 1} equation holds.

By the proof of Lemma we have that 2" (p, ) is locally differentiable in
the vertices that define v for all n > 2. Thus, the result from Proposition

applies and demonstrates the existence of an open ball in 'V % TIN” for which
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there is a partially-revealing REE. m

Since the set of beliefs (7, 7) for which such a partially-revealing REE exists
has positive Lebesgue measure, it is not an artifact of carefully chosen model
parameters. In this sense, the inclusion of ambiguity-averse investors in a tradi-
tional REE framework provides for fundamentally different equilibria than those
robustly found when all investors have subjective expected utility preferences.

It is worth pointing out that assumption [2] is needed for the application
of the Transversality Theorem. Although we restrict the attention to beliefs
that satisfy this assumption, the existence of a partially-revealing REE can be
established without it. It may also be possible to establish that the inclusion
condition is robust without it. To our knowledge, there is no version of the
Transversality Theorem that can be applied when the space of parameters (the
space of conditional beliefs in our case) is infinite dimensional and the function
of interest is not Frechet-differentiable in the parameter[’]

As mentioned earlier, Ausubel (1990) provides an interesting class of economies
without ‘noise’, where partial revelation is robust. However, in that model,
unlike the present framework, the space of private information has higher di-
mension than the space of prices. In particular, the state space, which is the
same as the space of private information in Ausubel (1990), is described by two
random variables one of which is continuously distributed while the other takes
on elements in a finite set. The investors in the model conform to the Savage ex-
pected utility framework, but have state-dependent vonNeumann-Morgenstern
utilities, and are either informed about one or both of the random variables or
completely uniformed.

In contrast, here, the space signals and that of payoff-relevant is assumed

to be finite. Indeed, we operate within the framework of Radner (1979), where

9The closest possibility to our knowledge is theorem 3.7 in Shannon (2006) which requires
Frechet equi-differentiability.
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only full revelation is generic with Savage expected utility investors, except for
allowing ambiguity averse investors. We also allow for possibly larger informa-
tion (non) revelation by allowing for the private signals to be arbitrary across
investors, other than the restriction that they take on values in a finite set.

A similarity between the partial revelation equilibria of Ausubel (1990) and
the ones constructed here is that the REE prices are two-to-one mappings.
There is partial revelation in that two signals (or states of information) are
not revealed by the equilibrium prices. While proposition [2| here provides an
existence result, it is clear how one could increase the cardinality of the set of
signals that are not revealed for the present model. The construction would
work along the lines of the inclusion condition and the increase in non-
revelation could be due to the same ambiguity averse investor or due to two (or
more) ambiguity averse investorm In Ausubel (1990), there may exist other
partial revelation REE that reveal less than the ones constructed explicitly, but
it is not clear how to obtain them. [(]

Ausubel (1990) does establish that the REE with price functions that are
two-to-one mappings are the only REE within a subclass of the economies he
considers. We do not establish uniqueness of the partial revelation REE that we
construct. Indeed, one would expect full revelation REE to exist in our adap-
tation of the Radner (1979) framework and as we show in appendix these
will exist generically for an interesting subclass of the economies we considerE
Also, we conjecture that partial revelation equilibria with ambiguity averse in-
vestors may take on other forms than the one we establish using full-insurance
in the present setting.

Before concluding, we point to three papers that are of related interest.

10However, the condition would become harder to satisfy.

11 One possibility of course is to expand the space of private information.

12We conjecture that full revelation will be generic in the entire class of economies we
consider, but have not been able to establish this so far.
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Ozsoylev and Werner (2007) introduce an ambiguity averse uninformed trader
into an extension of the basic set-up of Grossman and Stiglitz (1980) that allows
for ambiguity. They find that the unique partially revealing REE is peicewise
linear unlike the unique linear partial revelation REE price in Grossman and
Stiglitz (1980). However, the partial revelation in the basic model of Ozsoylev
and Werner (2007) occurs due to ‘noise traders’ as in Grossman and Stiglitz
(1980). When they introduce an ambiguity averse informed trader, they achieve
partial revelation without ‘noise’ in a manner analogous to the more general
results here.

One of the earliest papers that introduced ambiguity-averse traders into the
REE framework is Tallon (1998). He showed by example that an ambiguity-
averse uninformed trader would buy ‘redundant’ private information even when
the REE price is fully-revealing. This suggests that ambiguity aversion might
also help understand the Grossman and Stiglitz (1980) paradox - no investor will
have an incentive to acquire private information if all information is revealed
through the equilibrium price system - in a manner that is different from partial
revelation.

Epstein and Schneider (forthcoming) assess the impact of ambiguous infor-
mation on portfolio choice and asset prices in a dynamic representative investor
setting. They find several interesting features such as stronger portfolio reac-
tions to bad news than good, ambiguity premia that depend on idiosyncratic
risk and skewness in returns, and persistent negative effects on prices from neg-
ative shocks to information quality without changes in fundamentals. These
features and our results on the informational role of prices in the presence of
ambiguity averse investors suggest that the effects of ambiguous information in

asset markets is a promising area of future research.
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5 Conclusion

This paper has shown that when the REE concept is extended to include in-
vestors whose preferences are not of the expected utility form that the informa-
tion content of prices can vary drastically. It is clear that the implications of the
presence of ambiguity averse agents in financial, insurance or other information-
centric markets are yet to be fully understood. Models that explicitly allow for
the presence of asymmetric information and ambiguity aversion in such markets
may yield results that differ from those of more “traditional” models. In such
markets it is not always (or even almost always) true that all privately held
information is revealed through market prices, a result that stands in sharp
contrast to previous work.

While we focus on the multiple-priors model developed by Gilboa and Schmei-
dler (1989), the methods we use to construct partially revealing REE can be
extended to other models of decision-making. Some possibilities include con-
vex preferences that are represented by the Choquet expected utility model of
Schmeidler (1989) or by the a-maxmin model of Ghirardato, Maccheroni, and

Marinacci (2004).
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A Appendix

A.1 Decision making under ambiguity

The goal of this appendix is to collect several results which are used throughout
the paper. Some of the results may be found in Aubin (1979) and in cases where
the proof is not expositionally important and can be found elsewhere we have
cited an appropriate reference.

For what follows, let X = RY and let f : X — R be a continuous and

concave function. The set 0f(xo) for xy € X is defined to be
Of (xo) = {p€ RV : f(x) — f(x0) < p- (x — ) for all 2 € X} (A1)

is called the superdifferential of f at xq.
It can be seen that if x¢y maximizes the function f over the set X and
o € int X then

0 € df (o). (A.2)

If f is a strictly concave function and has a maximum in int X then the
condition (A.2)) is both necessary and sufficient for zy to be a maximum.
The rest of the results are applied specifically to the utility functions of

interest, i.e. they apply for functions of the form U(z) = minycy Eru(z) =

Mitiney 3 eq m(@)u(z(w).

Lemma A.1. If u(-) is strictly increasing and strictly concave then U(x) is
increasing in each of its arguments and strictly concave. Furthermore, if v N

bd A2l =, then U(z) is strictly increasing in each of its arguments.

Proof. Let x,2' and o’ be such that for all w # ', z(w) = 2’'(w) but z(w') <

' (w"). Suppose that U(z') < U(z) and let 7° € argmin, ¢, > cq T(w)u(z'(w)).
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Then

min T(w)u(z' (w)) < min ) 7(w)u(z(w))
weN weN
< D (w)u(zw)
weN

This last inequality implies that

0< ) (W) (u(zw)) - ule’ (@) (A.3)

weN

which with the definition of 7* gives
0 <7 (W) (u((w)) - ula'(W))) (A.4)

which is a contradiction since wu(-) is strictly increasing. Notice that if v N
bd AI®l = () and we start with the weak inequality U(z') < U(x) then all of the
strict inequalities become weak and the final inequality can be satisfied only for
7*(w) = 0 which is again a contradiction.
To show strict concavity, notice that for each m € v, the function ) | o m(w)u(z(w))

is strictly concave. Define 7*(x) € argmin, ., > o m(w)u(z(w)).
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Let 2,2’ € X. Then for a € (0,1) we have that

aU(z) + (1 — a)U(a') (A.5)

= amin Y m(wu(z(w))+ (1 —a)min Y 7(w)u(@'(w))  (A.6)

weN weN
< min {a r(@u(a@) + (1 —a) Y w(w)u(w'(w»} (A7)
weN weR
= min { 3 () [ou(a(w)) + (1 - a)u(m’(wm} (A.8)
weR

< min { > w(wulaz(w) + (1 - a)x/(w))} (A.9)

= U(az+ (1 —a)x). (A.10)

Equation (A.6]) holds by definition. Equations (A.7) and (A.8]) follow from the
definition of the minimum and an algebraic manipulation. (A.9) follows from

the strict concavity of u(-) and (A.10|) again holds by definition. m
For the remainder of the appendix we will assume that the conditions present

in assumption [I| hold. The next lemma is a direct result of these assumptions.
Lemma A.2. Assume that for investor n, Assumption |1| in the body of the

paper holds. Then for any price vector p € int X, if

x € argmax U"(x) (A.11)
z€B(e™,p)

then x € int X.

Proof. Assumption [I] ensures that the Inada condition at 0 holds for every pos-

sible state w. m

Lemma A.3. For the strictly concave function U and a compact, conver set

Y C X that is defined by the system of linear inequalities g(x) > 0 there exists
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a Lagrange multiplier A € Ry such that

argmax L(z, \) = U(x) + Ag(z) = argmax U (x). (A.12)
zeX €Y

In particular, for each investor n there exists a Lagrange multiplier \™ such that

max U"(z) = maxU"(z) + \"p(e" —z) = L™ (z, \") (A.13)

z€B(e™,p zeX

Furthermore, if u™(-) is strictly concave then L(xz, ) is also strictly concave in

x.

Proof. U™ is continuous and concave and meets the necessary constraint quali-
fication in (Aubin 1979)[5.3.1, Theorem 1] m

Let L(xz,\) = U(z) + Ap(e — x). By the strict concavity of U(x) and the
linearity of the constraint it can be seen that L(xz, A) is strictly concave in x.

As such a necessary condition for a solution to max L(x, \) for a given A is that

0 € dL(x, \) (A.14)

To derive the first order conditions for an ambiguity averse investor the

following lemma is needed.

Lemma A.4. Let f : X — R be superdifferentiable and g : X — R be affine
(and thus Gateauzx differentiable). If L = f + g then

OL(z) = 0f(x) + dg(x) = 0f(z) + ¢'(x). (A.15)

Proof. Tt is straight forward to show that 0 f(z)+0g(z) C dL(x). What remains
to be shown is that dL(x) C df(x) + dg(x).

Suppose that there exists p € OL(x) such that p ¢ Of(z) + dg(x). By
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assumption

f) +9(y) — f(x) —g(z) <ply —z) for all y € X. (A.16)

Since ¢ is Gateaux differentiable, dg(z) = {¢'(z)} (i.e. it is a single vector in
RWY labeled ¢'(x).) Without loss of generality one may define p = ¢'(x) + p'.
Since p' + ¢'(x) ¢ Of (x) + 0g(x) = Of (x) + ¢'(x) this implies that p’ ¢ Of(x).

Therefore, there exists a y* € X such that

fy*) = flx) > p'(y" — ). (A.17)

Since g(z) is affine,

9y*) —glx) = ¢'(x)(y* — ). (A.18)

Summing (A.17) and (A.18) yields

fW) +9(*) = flx) —g(x) > (' + g (2)(y" — =) (A.19)

which contradicts (A.16]). m

Of note in the previous lemma is the fact that it is not true in general that
OL(x) = 0f(x) + 0g(z) when g is not affine.

Applying the lemma [A.4] implies the following necessary condition for ambi-
guity averse investors.

0 € AU (zp) — Ap. (A.20)

Assumption [I| ensures that all optimal allocations are interior. This fact,

combined with the previous lemma implies the following result.
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Proposition 4. Let g be a solution to the problem

max U(z A21
Lmax () (A.21)
If xg € int X then
Ap € U (zo)
(A.22)
ple—x)=0

The condition are necessary for utility maximization. If U(-) is strictly
concave then these will also be sufficient.

The next corollary provides the intuition behind the robustness of the partially-
revealing REE discussed in the paper. Essentially, it gives a sufficient condition

for two investors to behave identically in equilibrium.

Corollary 1. Suppose that for two investors m and n, €™ = e” and that for

the allocation xg, OU™(xg) C OU™(xo). Then if xq is a solution to

max U™(x A.23
o (2) (A.23)
then it is also a solution to
max U"™(xz A.24
z€B(e™,p) ( ) ( )

Proof. 1f holds for investor m then it must hold for investor n as well
since the budget constraints are the same and the Euler condition [A:20] is a
weaker condition for investor n. m

To obtain an idea of the geometry of the set U (¢) it is helpful to characterize

it in terms of quantities that are somewhat easier to calculate.

Definition 4. For the continuous function U(x) define the derivative from the
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right of U at x( in the direction y to be

DU(z0)(y) = Tim 2o+ ay) = Ulao)

A2
Jim, o (A.25)

Of note in the preceding definition is that y need not be in X, although for
sufficiently small « it must be true that x¢o + ay € X since U is only defined

over X.

Lemma A.5.

DU (x = min A.26
(z0)(y) Lcmin | py (A.26)

Proof. Aubin (1979)[Section 4.3.2, proposition 4] m

Therefore we have that for xq
U (z0) = {p € RY, : py > D(z0)(y) for all y € R} (A.27)

The function DU (z)(+) is the support function of the OU(x). Since compact
and convex sets may be completely characterized as the intersection of all of the
half spaces in which they are contained and the support function characterizes

such half spaces, we turn to the function DU (x)(-) to better understand U (x).

Lemma A.6. Let yo(x) = {m € v:U(z) = Eru(x)}. Then
DU(zo)(y) = min DE;u(z)(y) (A.28)

TEYo(x)

Proof. Aubin (1979)[Section 4.3.3, proposition 6] m
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Standard calculus shows that

DEu(z)(y) = lim LrilrFoy) = Bru@)

a—0t (6]
d
= %Eﬂu(:z: + oy)]a=o+ (A.29)
= E,u/(z)y

Applying this to the definition of U (z¢) gives

U (zo) = {peRY, :py > mir(l )Eﬂu’(z)(y) for all y € RV}, (A.30)
TEYo (T

From this, the superdifferential for some allocations can be calculated di-

rectly.

Lemma A.7. Consider an investor with beliefs given by v € C(AIY). Let 2 be

an allocation such that z(w) = z(w') for all w,w’ € Q.
oU (z) =/ (z) 0. (A.31)

Proof. Noting that v/(z(w)) = v/(x(w’)) for all w,w’ and applying equation
(A30) gives

oU(z)={pe R_‘;I_g_ cpy > (x) HliI(l )E,Ty for all y € RV}, (A.32)
TEYo (X

As defined in lemma ~vo = ~ for the allocation z since all probability
distributions in 7 give the same expected value for the constant random variable

u(z). By definition, E;y = my so one can rewrite equation (A.32)) as

oU(z) = {peRY, : ujp(ic) > Iglelgl my for all y € RV Y. (A.33)

But the right hand side of the inequality in the definition is the support function
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for the set . As such, is equivalent to pu/(z) € v. m
Alternatively, if for a particular allocation x the set 7o (z) is a singleton, the

equation (A.30]) reduces to the single vector

U (x) = {[r(w)u'(z(w))]lweal- (A.34)

The general case follows.

Lemma A.8. The superdifferential of U at the point x is given by
OU(x) =/ (x) o yo(x) (A.35)
Proof. The following manipulation of the definition of U (z) gives the result.

oU(z)= {peRY, :py> mir(l )Ewu'(:r)y for all y € RV}
TEYo (T

= {peRY :py> mir(l )[7r -/ (x)]y for all y € R} (A.36)
TEYo (T

= {peRY, :py> min gy for all y € RV}
geu’ (z)vo(x)

Corollary 2. Let n be an investor whose preferences satisfy Assumption[l, An

allocation o € X is a solution to the problem
maxU"(z) s.t. x € B(e",p) (A.37)

if and only if
Ap € Yo(x0) o u' (o)
(A.38)
ple —x9) =0

Corollary 3. Let n and m be two different investors having beliefs ™ and ™,

but identical vN-M wutility functions u(-) and equal endowments (e™ = e™). If
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Yo' (x) C g (x) then if x € X solves
max U™ (z) s.t. © € B(e™,p) (A.39)

then x also solves

maxU"(z) s.t. x € B(e",p) (A.40)

Proof. Inspecting equations (A.22)) shows that any solution to these equations

for beliefs 4™ is also a solution for beliefs v"*. m

Proposition 5. Let (x,p) € XY x P be an Arrow-Debreu equilibrium for the
economy characterized by g = (44, ..., ¥N) € TN, If g = (3,...,4N) satisfies

n

Y3 (x™) CAF(z™) then (x,p) is an equilibrium for the economy § as well.

Proof. Applying corollary [3| for each investor shows that the allocation x con-
tinues to be utility maximizing for all investors. Markets must also clear since

(z,p) is an equilibrium for the economy g. ®

Lemma A.9. Assume that €™ > 0 for all n, and that each investor satisfies
assumption . Let g ={~%,...,7"} € G". Let £(g) be an economy where beliefs
for each investor n are given by g(n). Then a Walrasian equilibrium exists for

each economy E(g) for all g € G™.

Proof. Tt suffices to check that the conditions presented in (Debreu 1959)[Section

5.7] are satisfied for every economy E(g). It is straightforward to show that

1. X is closed, convex and has a lower bound for each investors’ preference

ordering
2. No investor is satiated in X

3. For each 2/ € X the sets {z € X|U™(z) > U™(2)} and {x € X|U"(z) <

U™(z')} are closed for all investors n.
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4. HU™(2') > U™(x) then U™ (tz' + (1 — t)z) > U™(zx) for t € (0,1).
5. There exists € X such that x < €™ for all n (by assumption).

For an endowment economy these conditions are sufficient to guarantee the

existence of equilibrium. =

Lemma A.10. For any economy E(g) let E : G — P represent the equilibrium

price correspondence. Then E(g) is upper-hemicontinuous in g.

Proof. Let g* be a sequence of economies converging to ¢ and let p* be the
equilibrium price vector for economy g*. Then Z(p*, g¥) = 0 for all k. By the
continuity of Z(-, g*) if p* converges then its limit is also a market clearing price.
]

From general equilibrium results we now move on to more specific results
on the space of beliefs for both ambiguity averse and expected utility investors.
In order to analyze the size of the set of economies for which an REE exists
it is necessary to investigate the properties of the space of economies that are
considered in this paper. The fact that partially-revealing REE occur for a set
of beliefs that has positive measure requires that this set of beliefs be explicitly
described.

First a characterization of the beliefs of the ambiguity averse investor is given
and it is shown that these beliefs can be embedded in a finite-dimensional Eu-
clidean space. This embedding allows us to use Lebesgue measure on the space
of beliefs. After characterizing the beliefs of the ambiguity averse investor the
space of beliefs for expected utility maximizing investors will be characterized.

As noted in Assumption |2 the conditional beliefs of investor 1 can always be
represented as the convex hull of a finite set of extreme points. Therefore, if the
beliefs of investor 1 are given by {v(0)},ex, each of these conditional beliefs

can be characterized by a set of L probability distributions in Al2l. So for any
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joint signal o, beliefs for the investor can be identified with an element of the
space Al’IF. Since the cardinality of the set of joint signals is ||, the beliefs for

IQILIE] Tt is clear

investor 1 can be characterized by an element of the space A
that any point in AI2IEZ] represents a set of beliefs that meet our assumptions
for investor 1. However, since the order of the distributions (m1,...,7) that
define y(0) doesn’t matter when generating the convex hull of these points, there
are always multiple elements of AlI?ILI=l that represent the same beliefs over €.
The fact that the map from points in AI®IZIZl into beliefs on ¥ is not injective
will not matter for the applications in this paper. To ease the exposition, for
this appendix we will abuse notation slightly and let I' = ALl keeping in
mind that I' as defined in the body is the function space of beliefs related to
the set AIILIEI

This formulation of beliefs is used because it allows for the discussion of
convergence of beliefs in the traditional sense. A sequence vk C T is said to
converge to some element v € T' if it converges in the standard (Euclidean,
metric) sense.

To obtain the robustness results of Lemma [£.1] which is in turned used to

prove Theorem [3] we need the following lemma.

Lemma A.11. Let v be any set of beliefs in I'. Let m € int[y(o) N (o))
for some 0,0’ € ¥. Then there exist open neighborhoods B(v,e,) C T' and

B(m, ex) C Al such that for all ' € B(v,€,), B(m, ex) C int[y' (o) N+ (c")].

Proof. Define

inf |7 — =] (A.41)

d(v(o), B(m, 6;.)) - webdv(al) wEB(m,ek)

Without loss of generality we may select €l so that d(vy(o), B(m,e€k)) > 0.

This implies that if B(7,el) is the closure of B(r,el) then B(w,€l) € int v(o).
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It can be seen that d(y(o), B(m,el)) > d(y(o), B(m,€l)).
The function d(y(o), B) is continuous in v if B is a compact setE To see
this, let {my,..., 7} be the extreme points of the set v(0) and @Q be the finite

set of facets (L — 1 dimensional faces) of the convex polytope v(o), equation

(A.41)) can be rewritten as

d(y(0),B) = ﬂ@hﬂ%%ﬂaJMJ*”H

= %gﬁBm—WH

= min  min |7’ -7

qeQ w'eq,meB
= min min E T — T
I

q€Q a€eALl neB

The facets of (o) are found by taking convex combinations of sets of (L —
1) vertices of (o). For each facet ¢, the function ming ey rep ||’ — 7| =
mingeaz zep || 2, cum — 7| is absolutely continuous over ¢ in its vertices (since
q is a compact set). Therefore the distance mingeq ||¢ — 7|| is the minimum
of a finite set of absolutely continuous functions and is therefore absolutely
continuous in the set of vertices.

Since d(y(0), B) is continuous in v, there exists a neighborhood B(v,€l)
such that for all v/ € B(y,€l), d(v'(0), B(m,€})) > 0. From this it can be
shown that if 4" € B(y,€l), then B(m, €l) € int+/ (o).

This process is then repeated for y(c’) to show that there exists an €2 and
€2 such that B(m,e2) C int+'(0”) for all o/ € B(y,€2)).

Then, choosing €, and €., so that B(m, ;) C B(m, €2 )NB(m,€2) and B(7,€,) C
B(v,€})NB(v, €2) it is seen that for any 7' € B(7, €y), B(m,ex) C+'(0)Ny'(0”).

13Recall that « is an element of the finite-dimensional space I' meaning that v(o) and v(o’)
belong to the finite dimensional space Al®IL
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Characterizing the space of beliefs for investors 2,..., N is more intuitive.
Beliefs for these investors are given by m,, 7. € Al¥l x AlI®IZI The following

result is used implicitly in Theorem

Lemma A.12. LetII be the space of beliefs for investor n > N'F. For anye > 0
there exists a 6 > 0 such that if || — || < § with ' € II then ||n'({0,0'}) —

w({o,0' || < e.

Proof. By Bayes rule, given any beliefs ,

_ T (0)Te(0) + T (o) me(0”)

r({0.0"}) L (A.42)

In light of Assumption [1} it is seen that 7({o,0’}) is continuous in 7. and 7,

which proves the lemma. =

A.2 The generic existence of fully-revealing REE

The goal of this section is to lay out the proof of the generic existence of fully-

revealing rational expectations equilibrium. It is largely self-contained.

Definition 5. Let X be a subset of R™. A function f : X — R" is Lipschitz

continuous of rank K if for all z,y € X,

[f(y) = f(2)] < Kly — z. (A.43)

The next result follows from the properties of the Lebesgue measure on R™.

Lemma A.13. A set A C R™ has Lebesgue measure zero iff for each € > 0

there exists a countable set of cubes {S£}52, such that for each €

1. AC Uz, S
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2. 352, m(S5) <e

The following lemma is adapted from Boothby (2003)[Section 6, lemma 1.12,
p227].
Lemma A.14. Let A C R" and suppose that A has Lebesgue measure 0 in

R™. If f : R™ — R™ is a Lipschitz continuous function then f(A) has Lebesgue

measure 0 in R™.

Proof. Let u represent Lebesgue measure in R”™.
By assumption, since u(A) = 0, for any € > 0 there exists a set of cubes

{S£}52, that satisfies

1. ACUX, 8¢

2. 32 uSE) <e

Let 6§ be side length of the cube S;. The volume of each cube S§ is given
by
V(S§) = (&)™ (A.44)

By the Lipschitz continuity of f, there exists an K > 0 such that for each
z,y € A, |f(z) — f(y)| < K|z — y|. Hence, denoting the center of the cube Sf
by a$, it follows that f(Sf) must be contained in a cube R with center f(af)
and side length less than or equal to Kd5.

As such, the volume of f(S5) satisfies

V(f(57)) < V(R]) = (K6;)™ = K™V(S55). (A.45)

Finally, for any e > 0, one may select a set of cubes { R§}52, that satisfies the
conditions of lemma[A.T3] by using the above procedure and selecting a cover of

A that has total volume less than or equal to ¢/(K™). ®
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The next two definitions and the next lemma follow Clarke (1983). By
Rademacher’s Theorem, a function F' : R™ — RF that is Lipschitz continuous
on an open subset of R™ is differentiable almost anywhere on that subset. Let
Ap be the set of points in the domain for the function F' at which F' is not

differentiable.

Definition 6. The generalized Jacobian of F' at x, denoted 0F(x) is given by

OF (z) = co{lim JF(x;) : z; — x,2; ¢ Ap}. (A.46)

where JF(x;) is the Jacobian of F' at the point of differentiability x;.

The generalized Jacobian is a set of matrices (being a singleton if F' is dif-

ferentiable at x) defined for all  in the domain of a Lipschitz function F'.

Definition 7. Let G : R¥ — R*. The generalized Jacobian G(x) is said to be

of mazimal rank if every matrix M € 0G(xo) is non-singular.

In order to state the next lemma and proposition, some notation must
be clarified. Let F : R¥ x R™ — RF. Define x = (z1,29,...,2;) and y =
(y1,Y2---,Ym) and let (2,9) solve F(z,y) = 0.

Let 0, F(x,y) be the set of all k& x k matrices M such that for some k x m

matrix M’, the k x (k + m) matrix [M, M'] belongs to 0F(z,y).

Lemma A.15 (Clarke, p256, Corollary). Suppose that 0, F(&,9) is of mazimal
rank. Then there exists a neighborhood Y of y and a Lipschitz function  : Y —

R* such that ((§) = & and such that, for ally € Y, F(((y),y) = 0.

Recall from Radner (1979) that a full communication equilibrium (FCE) is a
set of Walrasian equilibria (one for each joint signal o) where in the equilibrium
corresponding to each joint signal o, investors hold the beliefs that they would
hold if they knew all private information (i.e. they know that the joint signal

is ). An FCE is said to be confounding if ¢(c) = ¢(¢’) for some distinct

47



o,0’ € ¥. An FCE is a fully-revealing REE if it is not confounding. It will be
shown that the set of (vy,7) € I'N" x TIY® for which an FCE is confounding is
of measure zero. We assume that N¥ > 1.

First, let IT = A2V ” be the space of EU investors’ conditional beliefs over
Q) given any set of information. Likewise, let ' = C(A'Q‘)NA be the space of
conditional beliefs for ambiguity averse investors. We assume that the beliefs
of each ambiguity averse investor are the core of a convex capacity. Let ZF :
PxIl — le‘ represent the excess demand function of all expected utility
maximizing investors. That is, Z¥(p,7) represents excess demand when EU
investors hold beliefs 7 € II and the price is p.

Let ZA4: PxT — IR'_?‘ represent aggregate excess demand for the ambiguity
averse investors. From theorem 3 of Rigotti and Shannon (2006), the excess
demand is Lipschitz continuous. As above, Z4(p, ) gives excess demand when
prices are p and the ambiguity averse investors hold beliefs v € I.

The price vector p is an equilibrium price vector given beliefs (m,v) € IxT
if and only if Z(p,7,7) = Z¥(p,n) + Z4(p,7) = 0. To examine whether an
FCE is confounding, we attempt to determine the size of the set of beliefs that
will generate identical prices.

Consider the following system of equations.

Z(p1,m1,7)
F(p1,p2,m1,m2,71,%2) = | Z(p2,m2,72) | =0 (A.47)

P1 — P2

For an FCE to be confounding it must be true that for some distinct ¢/, 0" €
F, there exists a solution to the system F(p1, p2, w(c’), w(c”),v(c"),v(c¢")) = 0.
Let B be the set of all (p1,p2, 71, m2,71,72) € P2 x 112 x T'2 that solve the

system (A.47). Let T(B) be the projection of this set into the space I12 x 2. We
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show that the set 7'(B) has measure zero in I12 x I'2. The following proposition

provides the key result for this proof.

Proposition 6. Let

Z(plﬂTl,’Yl)
F(p1,p2,71,m2,71,%) = | Z(pg,m2,72) | =0 (A.48)

P1— P2

For any (71,72) € 12, let OF (p1,p2, ™, ™) be the generalized Jacobian corre-
sponding to the arguments (p1,p2,m1,72). Then, every M € OF (p1,p2, T, mT2)
is of rank 3(|Q| — 1).

Proof. To see this, note that for a fixed v € I'? the system is differentiable in
71 and 7y but because of the possible non-differentiability of Z4(-,7), it need
not be strictly differentiable in (p;, p2). However, it is true that every possible

M € OF (p1, p2, ™1, m2), will have the following form:

b1 p2 T1 T2

1: A 0 C 0
(A.49)

2: 0 B 0 D

3: I -1 0 O

where I is the (|Q2] — 1) x (|| — 1) identity matrix. The (|| — 1) x (]| — 1)
matrices A and B will vary across elements of 9F(-), but the identity matrices
and the matrices C and D will not. Now consider the (]| — 1) x N¥(|Q] — 1)
matrix C. The form of matrix D is similar. Since only ZZ(-) depends on 7

and only investor n’s demand is affected by n’s beliefs, C', will have the form

C = (01,02,--- ,ONE). (A.50)
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Applying the implicit function thereom to the investor’s first order conditions

reveals that each C™ is given by

(2 (1))
TG () 0 0
0 _M 0
cn = w(=(2) . (A.51)
M (@(|9]-1)
0 W@ T))

By inspection the matrix C™ spans a space of dimension (|2 — 1). Thus
the columns corresponding to p;, C!, and D' will span a space of dimension
3(|2 — 1), regardless of the entries in the matrix A. Thus, all matrices in

OF (p1,p2,m,m2) span a space of dimension 3(|Q2] —1). =

Proposition 7. Consider the following system of equations.

Z(plaﬂ-lv’yl)
F(p17p277r17ﬂ-27’yl772) = Z(p277'['2,’y2) = 0 (A52)

P1 — P2

Let pppz be Lebesgue measure on 112 and let T(B(7y1,72)) be the set of w1, € 112

for which this system has a solution for a fived (v1,72) € T'2. Then for a fived
V1,72, H112 (T(B(’ylv 72))) =0.

Proof. By Proposition @ and Lemma the set of solutions B(vy1,72) is
a2(]Q — 1) +2NF(|Q| — 1) = 3(|Q] — 1) = (2NF - 1)(|Q] — 1) dimensional
manifold in P? x H2 Let P x II; x II, be the space corresponding to the
exogenous variables in Proposition @ Let {S;}52, be a countable covering of
the space P x II; x II,. Proposition |§| and Lemma then tell us that there
exist Lipschitz functions {(;}5°, such that U2, {((S;)} covers T(B(’yl,fyg))ﬁ

14That is, every solution point is locally homeomorphic to a subset of RENE-1(21-1) Gee
Sternberg (1983) for this definition.
15To see how this is done, start with an arbitrary countable covering {Ai};?il of PxII; xIls.
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By Lemma the set ¢;(.S;) has measure zero in 12 since the set P x l'fl X ﬁg
is homeomorphic to Euclidean space of dimension (2N —1)(|Q2| — 1) while the
dimension of 112 is 2N ¥(|Q] — 1).

Then since {¢;(S;)}$2, covers T(B(y1,72)),

prez (T(B(71,72))) < pre (U246 (53)) = Zunz (Gi(Si))- (A.53)

By Lemma urr2 (¢ (S;)) = 0 for all 4, which proves the result. ®

Before stating the theorem, one clarification must be made about the space
of beliefs. If each ambiguity averse investors’ beliefs can be generated by the
core of a convex capacity, then each conditional belief can be generated by a set

of the form:

v(o) = {r e AlY=1: 7 (w) > a(w)}. (A.54)

As such, beliefs for each joint signal can be described by a point a = {a(1),2),...,|Q])}
under the restriction that the resulting set must be convex and non-empty. The
set of such points is a subset of Euclidean space, and so it makes sense to impose

Lebesgue measure on this set. This clarification leads to the following theorem.

Theorem 2. Let Z(p,w,) represent aggregate excess demand. If Z(p,m,7) is

Lipschitz continuous in p then the set of beliefs in II x T’ for which there is not a

For each Aj;, let B; be the set of points in B such that the projection of each point into
PxII; xIIy is in S;. For each of these points b, Lemmasays that there is an open set V3, C
P2 xI12 - (f’ Xﬁl ><~l_f2), an open set W;, € P x l:f1 ><~Tf2 and a Lipschitz function (3, that maps
points in (P xIIy xII2)NW} into points in (B—(P xIIy xII2))NV;. By definition {W} }4ec g, is an
open cover of A; and {V, }pe B, is an open cover of B;. Since A; and B; are subsets of Euclidean
space, each of these open covers has a countable subcover (see Munkres (2000)[Theorems 30.2
and 30.3]) which we label {W,}7°, and {V},};2 | respectively. Let B; be the collection of b € B;
such that either Vi, € {Vp}52, or W, € {W,}p2,. Let us then replace each element A; with
the countable covering W; = {Wj}pep,. The countable covering over P x I x Iz formed
in this way is countable since it is a countable collection of countable sets. The collection
{Cv}ven; is a countable collection of Lipschitz functions. Define another countable collection
of Lipschitz function from P x II; x Il into II2, {632, = {{Civ}veB,; 521 to be Cin(p, ¢, d) =
(p,c,d, T (¢in(p, ¢, d))) where (p,c,d) € Wy, and T(¢p(p, ¢, d)) is the component projection of
Civ(p, ¢, d) into TI12. The collection {¢;}$2, along with the sets {S;}52; = {W,;}2, have the
stated properties.
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fully-revealing rational expectations equilibrium has measure zero in TN xIIN .

Proof. Let figs o be the product measure over IT2 x 2. Let pp, be the Lebesgue

measure defined over I'2 and let 2 be the Lebesgue measure over I12. We define
T(B(71,72)) = {m1,m € 12 : (w1, 72,71, 72) € T(B)}. (A.55)

We now employ the properties of the product measure and note that (see

theorem 8.6 in Rudin (1987))

iz p2 (T(B)) = /m ppie (T(B(y1,72)))dpia (A.56)

From this it can be seen that if pp.(T(B(71,72))) = 0 for ppe-almost all vy, 72,
then pg. o (T(B)) = 0. In fact, from Propositionwe see that pi, (T(B(71,72))) =
0 for all (y1,72) € T2

Thus, in the space I12 x I'2, the set T(B) of confounding beliefs is of Wiz po
measure Zero.

As in Radner (1979), one may then extend this result to show that for any
finite set of joint signals, the set of beliefs that lead an FCE to be confounding

has measure zero. m
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