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Abstract

We investigate the extent to which misperceptions about the economy can become self
reinforcing and thereby contribute to time-varying macroeconomic dynamics. To do so,
we build a New Keynesian model with long-horizon expectations and dynamic predictor
selection. Because agents solve multiperiod optimisation problems (households maximise
expected lifetime utility and firms maximise the discounted flow of future profits), their
current decisions are influenced by expectations of the infinite future and cannot in
general be characterised by the Euler equations that typically represent the rational
expectations equilibrium of these models. We assume that agents have access to a set
of alternative predictors that can be used to form expectations. Agents choose among
these predictors based on noisy measures of their recent performance. This dynamic
predictor selection generates endogenous fluctuations in the proportions of agents using
each predictor, contributing to macroeconomic dynamics.

We explore the behaviour of our model when agents have access to two simple pre-
dictors, one of which is consistent with a mistaken belief that macroeconomic variables
are more persistent. We show that the presence of a ‘persistent predictor’ can lead to
changes in beliefs which are self reinforcing, giving rise to endogenous fluctutions in the
time series properties of the economy. Moreover, we show that such fluctuations arise

even if we replace the ‘persistent predictor’ with learning under constant gain.
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views expressed in this paper are those of the authors and not necessarily those of the Bank of England. We
would like to thank Charlie Bean, Cars Hommes and Peter Sinclair for useful discussions on earlier versions
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1 Introduction

The notion that expectations may be a source of economic fluctuations has a long history,
dating back at least to Pigou (1929) and Keynes (1936). But the dominant paradigm in
macroeconomics invokes rational expectations, which removes the possibility that endogenous
changes in expectations formation may be an important source of economic dynamics.! And
we observe sharp changes in the time series properties of macroeconomic data, that are difficult
to account for in standard rational expectations models. Within the rational expectations
paradigm the focus has therefore been to investigate structural change or changes in policy to
explain these properties, with less attention on the role of expectations.

Of course, academics have long debated the extent to which rational expectations can be

considered reasonable a priori. Lucas (1986) argues that:?

the question whether people are in general “rational” or “adaptive” does not seem
to me worth arguing over. Which of these answers is most useful will depend on
the situations in which we are trying to predict behavior and on the experiences

the people in question have had with such situations.

Monetary policymakers recognise the importance of this question too. Bernanke (2007)
has recently asked: “What is the right conceptual framework for thinking about inflation ex-
pectations in the current context?”?® He argues that models of learning are useful deviations
from the assumption of rational expectations, which seems inappropriate when there is struc-
tural change or uncertainty about policy objectives. Indeed, there is now a vast literature
exploring models in which agents update the way they form expectations in the light of new
data, capturing learning about the economy.*

The presence of non-rational expectations creates the potential for dynamic feedback be-
tween macroeconomic outcomes and expectations, as discussed, for example, in the Bank of
England’s February 2008 Inflation Report:®

IThere is of course an extensive literature that examines the behaviour of ‘indeterminate’ rational expec-
tations models. A recent example, applied to monetary policy issues, is Lubik & Schorfheide (2004). Models
of rational behaviour in which rational behaviour gives rise to ‘higher order beliefs’ have also been examined

(see for example, Morris & Shin (2003)).
2Page S402.
30f course, many policymakers have voiced concerns about the possible sensitivity of the economy to

alternative assumptions about the way firms and households form expectations (see, for example, King (2005)).
4 A reference is Evans & Honkapohja (2001). Evans & Honkapohja (2008) provide a review recent literature

review, with a focus on monetary policy applications. Sargent (2007) relates the lessons from learning models

to a variety of historical episodes.
SPage 45.



If households’ and businesses’ medium-term inflation expectations are heavily in-
fluenced by their recent experience, then repeated above-target outturns may cause
them to place weight on the assumption that inflation will be persistently above
[the inflation target of] 2% If those expectations were built into higher wages and

prices, that would raise medium-term inflationary pressures.

In this paper we explore the dynamic feedback between outcomes and expectations in
a benchmark New Keynesian model with long-horizon expectations and dynamic predictor
selection. We solve the decision rules of households and firms conditional on their expectations
for future events that are outside of their control. In this way the role played by expectations in
the model is left explicit, so that spending and price-setting decisions depend on so-called ‘long-
horizon expectations’ as articulated by Preston (2005).° Specifically, households’ consumption
decisions depend on the discounted sum of expected future income and real interest rates and
firms’ prices depend on the discounted sum of their expected wage costs, productivity and
inflation. A popular alternative approach is to use the behavioural equations of the model
under rational expectations — which delivers Euler equations describing spending and inflation
— and to replace the (rational) expectations terms with alternative expectations (see, for
example, Evans & Honkapohja (2001)). Both approaches can be defended as descriptions of
(distinct) forms of boundedly rational behaviour. We prefer the description implied by the
long-horizon expectations approach and employ them in our model.”

The feedback between outcomes and expectations is generated by dynamic predictor se-
lection: the notion that agents choose between a small set of forecasting rules (or ‘predictors’)
based on noisy observations of past performance. This approach has several advantages.
First, it can bring about time variation in the persistence and variance of macroeconomic
variables, as shown by Brazier et al. (2007). Second, it is consistent with experimental evi-
dence about the way expectations are formed, and the way use of these rules varies over time
(see, for example, Anufriev & Hommes (2006)). And third, it allows different expectational
rules to coexist: and such heterogeneity appears to be a feature of the survey data on ex-
pectations. We introduce predictor choice into our long horizon expectations model using
the techniques developed by Brock & Hommes (1997), Brock & de Fontnouvelle (2000) and
Branch & Evans (2006), who in turn take as inspiration the discrete decision, multinomial
logit models set out in Manski & McFadden (1981).

We explore the interaction between the beliefs of firms and households and the properties

of our model economy. We show that fluctuations in the expectations formation process —

6Models that incorporated this type of approach date back at least to Townsend (1983) and Sargent (1991).
"Harrison & Taylor (2008) present evidence that the behaviour of the economy differs under the two

alternatives may be significantly different, particularly when expectations are far from rational.
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the dynamic predictor selection which occurs endogenously in response to shocks — can bring
about changes in the properties of the model that act (at least temporarily) to reinforce the
initial change in beliefs. Misperceptions can for a time be self-reinforcing; and this mechanism
is a candidate explanation for time-variation in the moments of data. Our approach is to
investigate the behaviour of our model when agents have access to a predictor that (wrongly)
anticipates that inflation shocks will be long-lasting (motivated in part by the quote from
the Bank of England Inflation Report above). We show that misperceptions can indeed be
temporarily self-reinforcing, leading to marked time-variation in the time series properties of
the data. Moreover, this result survives even when agents’ misperceptions are generated by a
constant-gain learning algorithm.

Our paper is related to several (large) strands of the literature, as noted above. Our
work is perhaps most closely related to that of Branch & McGough (2006b), who introduce
heterogeneous expectations in the familiar setting of a New Keynesian model. In subsequent
work, Branch & McGough (2006a) endogenise the proportion of agents using each predictor
and examine the properties of a set of monetary policy rules. Our main innovations are that
we examine predictor choice in the context of a model with long-horizon expectations and
we allow one of the predictors to be updated over time via constant gain learning. While
Milani (2007) estimates a model in which learning rules with different gain parameters are
dynamically selected, he does not use a model with long-horizon expectations. Moreover, while
learning models generally make the important step away from rational expectations by allowing
agent’s subjective expectations to deviate from those implied by the model, they typically
assume homogeneity of expectations across agents. Incorporating dynamic predictor selection
allows us both to separate subjective and model-consistent expectations and to introduce
heterogeneity of expectations. Our model allows for both heterogeneity of individual agents
(eg across different households) and between types of agents (eg firms and households may
have access to different sets of predictors).

Section 2 sets out the model, which incorporates standard New Keynesian assumptions.
We also describe the assumptions about expectations formation and the parameterisation of
the model. Section 3 presents the results of our application, demonstrating that the presence
of misperceptions about the persistence of macroeconomic data can be self-reinforcing. Section

4 concludes.

2 The model

Here we set out a baseline New Keynesian model and present the solution under alternative

assumptions about expectations. A more detailed derivation is presented in Appendix A. So



here we focus on the maximisation problems of the agents in the model and the associated
log-linearised decision rules. We begin with the familiar rational expectations benchmark in
Section 2.1 and in Section 2.2 we turn to the model under non-rational expectations. Since
many of the equations carry over from the rational expectations version, we focus discussion

on the decision rules of households and firms.

2.1 The rational expectations benchmark

In this section we describe the economic environment faced by agents in our model and charac-
terise optimal behaviour and equilibrium under the assumption that expectations are rational.
2.1.1 Households

There is a continuum of households of unit mass, indexed by i € (0,1). We assume that

household 7 solves:

0 1—0o 14~
c.?—1 h;
E. s—t 1,8 . 1,8

s=t
where ¢ is consumption and A is hours worked and the parameters ¢ and ~ are both strictly
positive.®  We use E, to denote the mathematical expectations operator conditional on the
information available to the household at date . We impose the assumption that when
making decisions about consumption at date ¢ and beyond, the household has access to data
up to and including date t — 1. This timing assumption is comparable with the informational
assumptions that apply to agents that use non-rational predictors in the analysis of Section
2.2.

More specifically, we assume that at the beginning of the period, the household forms
a consumption plan before splitting its activities between a ‘shopper’ and a ‘worker’. The
shopper enters the goods market and purchases the consumption decided upon in the plan.
The worker enters the labour market and supplies labour according the the intratemporal
optimality condition relating consumption and labour supply, given the market wage.’

This type of approach has been used in a variety of rational expectations models under

imperfect information, including (for example) Lucas (1980) and Rotemberg & Woodford

8This rules out the case of linear disutility of work in utility (y = 0). Given our informational assumptions
(to be discussed), this case is problematic because households are unable to forecast their total labour income

when their labour supply is demand determined.
9This timing assumption is necessary to ensure that the labour supply responds to meet demand. Given

our assumptions about price setting behaviour — explained in Section 2.1.2 — if the household sets either the
nominal wage or the amount of labour supplied based solely on date ¢ — 1 information, then the real wage is

unable to move to the level required to clear the labour market.



(1999). The latter is particularly interesting as it presents a sticky price New Keynesian model
with rational expectations, under the assumption that consumption and pricing decisions are
made on the basis of information sets that include only lagged values of endogenous variables.
While they do not formally model the labour market, Rotemberg and Woodford’s approach is
in fact very similar to ours. They assume that households are producers as well as consumers
and include the disutility from producing output in the household utility function. Because
prices are set in advance of the shocks hitting the economy in the current period, output is
demand determined. This means that households will in general produce more or less than
they expected at the start of the period. This corresponds to the notion that the 'worker’ of
the household supplies more or less labour than anticipated at the start of the period in our
model.

The household’s budget constraint is
Bi,s - Rslei,sfl - Wshi,s - Ds + Psci,s =0

where B is the household’s holdings of nominal (one period) bonds, W is the nominal wage,
R measures the nominal interest rate paid on bonds, D is a collection of transfers (from
government and firms) and P is the nominal price level.

Maximisation of utility gives rise to an Euler equation in consumption which can be written

in log-linearised form as:
& =By 161 — 0 "By (ét — ﬁt+1> (1)

where we use the notation Z; = In (z,/x) for each variable z; to denote its log-deviation from
its steady-state value, . Our worker-shopper assumption means that the labour supply
relationship is given by:!’

ilt = ’}’717@1& — 0’771615 (2)

2.1.2 Firms

We assume that there are two types of firms — retailers and producers — and we consider each
of them in turn.
Retailers are perfectly competitive and operate a production technology that combines the

inputs of producers using a Dixit-Stiglitz technology:

. =
Y = % {/ xj,tudj}
0

0The equation in the text differs from the planned labour supply at the start of the period (given by

h? = y~1E,_11d; — 0y 1¢) because the real wage adjusts to clear the labour market.
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where z; is the quantity of output purchased from producer j, z is a productivity shock and
1> 0. We assume that the log-linearised behaviour of the shock z is
2y = pzét—l + U’f (3)

where u* is an iid shock and |p,| < 1.
Retailers sell their output to consumers and the government at nominal price P. Denoting

the price of output purchased from producer j as P;, the cost-minimising price index for output

K
Lop— pn—1
P=z" {/ Py d]]
0

and the associated demand curve for the output of producer j is:

1
. _1
Tit = 2 o {—Pjt} My
gt — ~t t
Py

is

The set of producers j € (0,1) produce differentiated products that form a Dixit-Stiglitz
bundle consumed by households and the government. They produce using a constant returns
in the single input (labour):

Tt = athjy
where q; is a stochastic aggregate productivity term (common to all producers) and we assume
that log-linearised productivity follows a simple AR(1) process:
Qp = pole—1 + Uy (4)

where u® is an iid shock and |p,| < 1.
Aggregating the production function across producers, combined with the production func-

tion of retailers, and log-linearising gives:'!
Qt—ét:&t‘i‘ﬁt (5)
The real profit of producer j is:

1
Py P, w op P\ "
= oot (- 27 () T

Under a Calvo pricing scheme, the objective function for a producer that is able to reset

prices is thus:
> Py w,\ [P\ ¢
§ : s—t J S Jit w
i — A () (E - a_s) (E) .

' The Dixit-Stiglitz aggregator for output is not equivalent to the simple sum of production functions across

firms: there is a wedge between the two measures. This linearisation makes use of the fact that the distortion
is second order so can be ignored when considering a linear approximation to the model. See Christiano et al.
(2005) for a discussion.



where A represents the stochastic discount factor of a representative household and 0 < o < 1
is the probability that the producer is not allowed to reset its price each period. As in the
treatment of households, we assume that the producer’s expectations are conditional on the
information available up to the end of period ¢ — 1.

The log-linearised first order condition for newly set prices can be combined with the

log-linearised expression for the retailer’s price index to give:

I, = (1—a)1—pa)E_ [y —a)+ (1 —a)E_1I,
+afBE Tl — p, (1—aBp,) 21 — (6)
which is a version of the New Keynesian Phillips curve.!? In this expression, we have sub-

stituted out for the expectations of the future shock z;,; using the agents’ knowledge of the

process driving it and the fact that their information set is based on date ¢ — 1 information.

2.1.3 Government and market clearing

The government budget constraint is:
Biq = Rt—le—l + Gt — PtTt

where BY is nominal government debt (one period bonds), R is the nominal interest rate,

G (= P x g) is nominal spending and P x 7 is nominal tax revenue.'® In real terms:

Ry 4
b = —b)  +qg — T
t Ht t—1 t t

and we assume that the government issues no debt:
B! =b!=0

for all periods t. This means that the government runs a balanced budget each quarter and
government spending is financed by (lump sum) tax revenue. The log-linearised expression

for government spending is:

Gt = pyIn gy +uf (7)

12Under the conventional assumption that expectations are based on information up to and including date

t we can exploit the fact that E, I, = 11, and equation 6 becomes the standard New Keynesian Phillips curve:

I, = M [y — @] + BEtﬁt+1 + (aBp, — 1) %

13We consider our model as the ‘cashless limit’ (Woodford (2003)) of an economy in which households
demand fiat money, the issuance of which generates seignoreige for the government. We do so for analytical
convenience since the inclusion of money would create an additional choice variable and associated decision

rule for households.



where 0 < p, < 1 and uf is iid.
Monetary policy is conducted using a Taylor rule with interest rate smoothing and an iid

shock, which has the log-linearised representation:

Bro= (1= 6,) (611 + 6,501) + 0 Foy + uf (8)

Market clearing dictates that all output is consumed by households or government:

U = (1 - ¢g) Ct+ Yyt 9)

where 1), is a parameter denoting the steady-state share of government expenditure in output.

2.2 The model under non-rational expectations

In this section we consider a variant of the model in which households and firms hold non-
rational expectations. We will assume that households and firms employ relatively simple
forecasting rules or ‘predictors’ to form their expectations. So in what follows, we will use the
term ‘predictors’ as a shorthand for non-rational expectations.

The key point in this setup is that different agents may use different predictors and there-
fore make different decisions. This means that we need to pay attention to the heterogeneity
across agents and then aggregate appropriately. Here we focus on how the decision rules
of households and firms are affected by the use of non-rational expectations. We assume
throughout that households (and firms) make their current decisions on the basis of their
currently held expectations, without factoring in the possibility that those expectations will
evolve as new information arrives. This is the ‘anticipated utility’ assumption that is ex-
tensively used in the literature on least squares learning.'* The anticipated utility approach
makes it easier to write down the decision rules of individual households and firms, since they
do not depend on the entire sequence of future forecasting rules that may be chosen and is

thus very useful in delivering a tractable version of the model.

2.2.1 Households

As before we start with an individual household among the continuum of households of unit

mass. Household ¢ € (0, 1) solves:

— 1
1 T _1 hl-;-’y

r- - Cis
maXEi,t—1ZBs_t [ o _Xl—i—v

s=t

!4The anticipated utility approach was introduced by Kreps (1998). Recent work by Cogley & Sargent
(2006) indicates that, in some circumstances, behaviour under anticipated utility can outperform that under

rational expectations as an approximation to fully optimal behaviour.
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subject to
b Rs—l
1,8 Hs

bis—1—wshis —ds+cis =0 (10)
where now we use the notation F; to denote the expectations of household i. The ‘’ nota-
tion signals that the expectation is not rational and the 7 subscript makes it clear that the
expectation is specific to the individual household.

The Lagrangean for the problem is formed in the same way as in the rational expectations
version and gives rise to the same first order conditions for ¢;, h; and b;, though with the
expectation operator Em,l in place of the rational expectations operator E;_;. The appendix

demonstrates that the household’s consumption is given by:

A 5 = o pe (1 —p) (L +971) s
Cit = %Efi,t—l >, B o 5
AT +B7 b1 + (M - Q/Jg) ds

- §Ei,t—1 Zzozt Bs_t <Rs - 12-[S-ﬁ-l>

(11)

Equation 11 looks very much like a consumption function: current consumption depends
on existing asset holdings plus the expected stream of future net income. So in this case
— in constrast to the rational expectations version of the model — long-horizon expectations

5 The decision rules above therefore determine the household’s choice variables as a

matter.!
function of the expected path of the variables outside of their control. In the following period,
new shocks will have arrived, expectations will be updated and the household constructs a

new consumption plan.

2.2.2 Firms

Since retailers do not form expectations, their behaviour is unaffected. And the environment
faced by producers is essentially the same as that described in Section 2.1.2 though in this case
the expectations of producer j is denoted as the (non-rational) expectation E;;. A producer

J given the chance to reset its price maximises:

_ S . P Wy P _i 1—p
s St (52) ()
s—t S S S

15The assumption of non-rational expectations is not the only way in which long-horizon expectations may

matter. For example, Rotemberg & Woodford (1999) assume that the information delay differs across firms
so that expectations based on information at dates t — 1 and ¢t — 2 are relevant for pricing behaviour at date
t. This assumption means that the conventional representation of the New Keynesian Phillips curve cannot
be uncovered — so long-horizon expectations remain in their aggregate supply curve — see equation 22 on page
65 of Rotemberg & Woodford (1999).
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which has a first order condition given by:

1
B S - —1p;r  lws Pie\ "5
Ejoa S A, (Bay ™t (BBt ZB) (Rit) "5y, g
" 1s:t (e < H Ht,s+ua5) (Ht,s) Y

where we define the price set by producer j relative to the previous period’s aggregate price

level as:
Py = 20t
=
! P
and the relative inflation factor
P,
IL, s = =TI, xII,_y x ... xII; for s > ¢
Py

where we normalise by the aggregate price level from the previous period because this is
contained in producers’ information set.!®
Appendix A shows that linearising around the steady state described in Section A.1.4 gives

the following pricing equation:

i = (1= Ba)Ejp1 > (Ba)™ (i — ) + Ejpo1 Yy (Ba)* 11, (12)

which makes it clear that if producers have different expectations about future costs and future

inflation, then they will set different prices even when free to set them simultaneously.

2.2.3 Aggregation

To continue with the description of the model under heuristic expectations, we need to aggre-
gate decisions of consumers and firms. We assume that there are a finite set of ‘heuristics’ or
‘predictors’ available to each group of agents. From this point on we will use the index i (j)
to denote the decisions of a household (firm) using predictor ¢ € {1,....,I} (j € {1,..., J}).
This is appropriate if all agents that use the same predictors make the same decisions,
which is the case if there is no dependence of current decisions on past decisions. Since
households have access to financial assets that can be carried between periods, we need to
carefully consider the aggregation of household decisions over time. Though the government
issues a zero supply of one period nominal bonds each period, individual consumers can in
principle trade with each other using these bonds. While the total net (private) supply of
bonds across the population is zero (by market clearing) an individual household may carry

forward a positive or negative bond position from the previous period, reflecting surprise

16 Conventional treatments usually define the relative price of a firm j in terms of the current aggregate price

level: p;; = Pj+/P;. There is no loss of generality in following our approach.
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income gains and losses.!” Fortunately, since we know that consumption plans are a linear
function of previously accumulated financial assets, we can aggregate across households under
reasonable assumptions. For example, aggregation is straightforward if we assume that the
groups of households using each predictor (which pins down their view of human wealth) are
either fixed or randomly drawn from the population as a whole.'®

We assume that the mass of households (firms) using predictor i (j) is given by n; (m;)

where
I J
E n; = E m; =1
i=1 j=1

This means that the model equations can be written as follows. The average re-set price

of producers is

p; = Z}]:l M Pjt
- (1 N Ba) Zj:l mJ}tEJ}t—l Zzit (ﬁa)s_t (ws - ds) + Z;‘]ﬂ mj,tEj,t—l ZZ; (5a)s_t f-[s
where, for each j € {1,..., J}, m; is the fraction of producers setting price p; and inflation is
given by:
I, = (1 —a)p; — 2

The linearised resource constraint and monetary policy rule are the same as in the rational

expectations model:

g =(1=1,) &+ V.0
Ry = (1-9,) <¢nﬁt—1 + %Qt—l) + ¢rﬁ)t—1 + Uf
The average level of consumption is:

. I .
et =D iy MitCit

— I r- o0 s— _ ~ 7
= —1_%15(1;”) i it i1 >, B [(1 — ) (L) s + (1 — 1) ds:|

I 7~ _ A A~
— O B Y B (Rs — HSH)

17Consider a household that starts the period with no financial assets (bonds) and an overly pessimistic

view of the future stream of future earnings. This household chooses to consume relatively little and receives
a positive surprise when income exceeds expenditure during the period and hence ends the period with a
higher level of financial assets than they had planned at the start of the period. Similarly, there will be other
households that receive a negative surprise about net income and accumulate fewer bonds than they had

anticipated.
18When the proportions are fixed over time, aggregate consumption depends linearly on the total bond

holdings of households in the previous period (which sum to zero by market clearing). When the proportions
change over time, but are composed of randomly selected households, the law of large numbers implies that
the average financial wealth of households in each cohort is zero. Other assumptions can be made, though

will typically require additional equations to keep track of the wealth distribution.
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where we use the fact that bond market clearing requires:

I ~
Z ni,sbi,s =0
i=1
for all s.

2.2.4 Specification of expectations

So far we have considered households’ and firms’ decisions without taking a stand on how
they form expectations. In this section we assume that they use backward-looking predictors,
and specify a general form for those predictors. We also describe how households and firms
choose which predictors to use: this allows us to complete the description of the model by
providing an account of how the predictor proportions n;, (i =1,...,1 Jand m; (j =1,...,J)
are determined.

In the rest of this paper, and without loss of generality, we assume that I = J = 2. For
notation convenience for households we denote n; = n so that ny = 1 —n. Similarly for firms
we use the notation m; = m so that my = 1 — m. We assume that the fraction using each
predictor evolves according to the observed forecast errors for that predictor. In particular

the proportion n at date t is determined by:'
1 ' 1
ny = — tanh | —— (Eh—-25)] + 3 (13)

where 6, is a 4 x 1 vector of ‘intensities of choice’ and (Zf, — Z,) is the 4 x 1 vector of the
differences of ‘fitness measures’ for the variables of interest for households (i, d, Rand II).

The fitness measures are defined as geometric averages of past squared errors:
=h _ =h ~
Sit = H’hSEi,t—l + (1 - Kh) Sig—1 0 LT 1,2

where rj, > 0 specifies the speed at which past mean squared errors are discounted (or equiv-
alently, the effective window of past forecast errors that are used to evaluate the predictors).

We similarly assume that the choice of m is governed by:
1 0 /_ _ 1
my = 5 tanh |:—§ (‘:‘{,t — :515) + 5
where 6 is a 3 x 1 vector of intensities of choice and <E{t - Egt) is the 3 x 1 vector of the
fitness measure for 0, a and II. This evolves according to

=, = kpSEj 1+ (1 — k) Eﬁt_l L j=1,2

Jit

Y9This formulation comes from Branch (2004) and maps a 4 x 1 vector to the unit interval.
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For the greatest level of flexibility, we assume that households and firms use a VAR to
form expectations of the variables that they care about. We define the vector of endogenous
variables as &, = [¢ U I, P Wy R, d; a g¢ 2;]" and the vector of three (i.i.d.) exogenous
variables plus a constant as ¢, = [u¢ u{ u® u? 1)’. Now we assume that firms’ and households’
expectations of endogenous variables are generated by a general VAR forecasting model of the

following form:
§=F& 1+ GG
This form permits a wide variety of forecasting models. For example, if we assume that
the fourth column of G is equal to a zero vector and specify F' so that the largest eigenvalue is
less than 1 in magnitude, then expectations will ultimately converge to the steady state values
of endogenous variables described in Section A.1.4. Setting both the F' and G matrices to
zero generates the ‘steady state predictors’ analysed in Brazier et al. (2007).

This approach means that, for firms, we have:

Ej,t£t+s = F;J (Ff,jgt—l + Gf,]ct) fOI' j = 1, ceey J

and for households:
Ei,t§t+s = F}fz (Fh,ift—l + Gh,iCt)
The current period decisions for consumption and prices depend on discounted sums of

expected future outturns. We can transform our VAR forecasting model to perform these

summations. So for example, for some arbitrary F', G and discount rate § € (0, 1) we have:

g 58Et—1ft+s = (E :5st> (thfl + GCt)
s=0 s=0
= (I =6F)" (F&y + GC,)

which is valid as long as the eigenvalues of F' are all less than 37! in absolute magnitude.
Two equations in the model contain terms with expectation operators: firms’ price equation

and households’ consumption equation. Starting with firms, we have:
2
P = Z My Dj
j=1

2 oo 00
= Z ;¢ ((1 — 60&) Ej,t—l Z (BOé)S_t (QIJS - ds) + Ejﬂg_l Z (BQ)S_t ﬂ5>
7j=1 s=t s=t

o0 e}

2 o
= Z Myt ((1 — Ba) Ej,tfl Z (5605% s — (1 = fa) Ej,tfl Z (505)571t as + E’j,tfl Z (504)871e ﬂs)
j=1 s=t

s=t s=t
Now we can use the VAR representation of expectations and perform the summations as

above using the VAR coefficient matrices. We use selector matrices — denoted S° — to pick out

14



the summation of the forecast for the variable of interest: thus S® is the matrix that selects

the forecast error for the variable z. So the pricing equation can be written as:
(1= Ba) SU(I = BaFy;) ™ (Frjwe + Gpyz)

2
B =Dy | = (1= B0) S°(I = BaFy) " (Fpyres + Gryz)
j=1 +S™ (I = BaFy) " (Fryai + Gpyz)

Collecting terms, and defining V;; = (I — faFy ;)" gives:
2
pi =Y mys (1= Ba) (S = 8%) + S7) Vi, (Fpjais + Gpyz)]
j=1
Analogous arguments can be applied to the consumption equation of households giving;:
2
G = Z ni,téz’,t
i=1
- Bor B
= Z N ¢ [(lﬁsw + ka8 — ;SR + ;SﬂFh,i) Vi (Frive—1 + Ghizt)
i=1

where, V},, = (I — BFhvi)_l and

2.3 Model parameters

The parameters can be divided into two groups. First, the so-called ‘deep’ parameters of the
model describe the preferences and constraints of households and firms and must be specified
in order to solve the model under rational expectations. Second, the parameters that are
specific to the non rational expectations version of the model. We consider each group in

turn.

2.3.1 ‘Deep’ parameters

The table below documents the choice of the key parameters of the model.

a  0.75 B 0.99
v 0.50 o, 0.50
o 2.26 o, 214
1100 o, 0.97
v, 0.22 o, 1.79
¢ 1.50 p, 0.30
¢, 0125  p, 0.10
o, 0.25 p, 0.60
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The calibration of 5 is standard in this type of model as is the choice of o (implying a
duration of price contracts of one year). We calibrate o and 1, representing the, the coefficient
of relative risk aversion and the share of government spending in output from the estimates
of Nelson & Nikolov (2002) using UK data. We also set the variance of the productivity
process (62/ (1 — p?)) to be the same as their estimates, though we choose a lower persistence
(p,)- The reason for this choice is to allow the potential for the model to generate endogenous
changes in persistence that do not depend on the forcing processes driving the model. Similarly
we choose a low value for the autocorrelation of the government spending process (p,) and we

set its variance equal to the variance of the productivity process. We assume that the cost

2
z

push shocks have a relatively low persistence (p,) and variance (¢02) compared with the other
shocks. This choice is designed to ensure that cost push shocks play a relatively minor role so
that there is some scope for misperceptions about those shocks to generate somewhat different
views about the behaviour of the economy. This is an important aspect of the application we
present in Section 3.

The specification of the monetary policy rule implies long-run coefficients on inflation and
output (¢, and ¢,) in line with Taylor (1993) and a moderate degree of interest rate smoothing
¢, = 0.25. Again, we want to allow the predictor choice mechanisms to have some potential
to materially affect the persistence and variability of the variables in the model. The variance
of monetary policy shocks is consistent with the midpoint of a range of estimates of Taylor-
type rules on UK data. The Frisch elasticity of labour supply (y~!) is somewhat larger than
typical empirical estimates from DSGE models (see for example Smets & Wouters (2003)).
This assumption helps to keep the overall variability of the model in a plausible range and is
important given the key role of the real wage in clearing the labour market. The elasticity of
demand in product markets l% is set to imply a markup of 10% which is in line with estimates
using UK data.

2.3.2 ‘Expectations’ parameters

The expectations parameters are those that govern the predictor choice mechanism. The
‘intensities of choice’ determine the extent to which agents switch to better performing pre-
dictors. So, for households, the proportion of households choosing predictor 1 (of the two
available) is given by equation (13) introduced in Section 2.2.4. The vector ), represents the
intensities of choice for the household. If each element of 6, tends to infinity, then all agents
immediately switch to the best performing predictor (as measured by the average difference
in mean squared error). Conversely, if each element of §;, tends to zero, agents are indifferent

between the two predictors, regardless of their relative performance so that n =1 —n = 0.5.
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The mapping described by this function can be motivated by appealing to a story in which
agents observe the true relative predictor performance with noise. The extreme of infinitely
large 6}, elements corresponds to the case in which the variance of noise is zero and the extreme
of #;, = 0 corresponds to a situation in which the variance of the noise is infinitely large. As
described in Section 2.2.4, there is an analogous function that governs the choice of predictors
by firms and the intensities of choice in this function () are calibrated jointly with those for
households.

Because the intensities of choice affect the choice of predictors by households and firms,
the choice of these parameters is clearly important for the behaviour of the model. Our
approach to calibrating them is based on the view that we want the elements of the 0, and 0,
to compensate for the fact that some variables that agents forecast may be far more volatile
than others. For example, the household must forecast dividend payments, which could
be significantly more volatile than other variables that the household forecasts (for example
inflation). Our strategy proceeds in two steps. First, we set the elements of 6 = {6,0¢} so

that each element of an ‘average fitness measure’ vector is equalised

nZf, +(1—n)=h,

mE{,t + (1 —m) Eg,t

where ¢ is the unit vector. Appendix B describes the details of the algorithm, which uses
an asymptotic representation of the model in which the predictor proportions n and m are
determined according to the predictor choice equations. Because the first step is based on an
asymptotic representation of the model (in which the fitness measure coincides with the mean
squared error), it can only pin down the relative size of the elements in 6. So the second step
is to rescale the entire 6 vector to ensure that there is sufficient predictor switching in dynamic

simulations of the model. This procedure leads to the following settings for the intensities of

choice:
0n 0
IT 21.2 21.2
w 20 20
R 438 —
d 001 -
a - 2.2

The other parameters that are important for the dynamic behaviour of the model are those
that control the extent to which agents discount past mean squared errors when computing
the fitness measure. We set these parameters to x;, = 0.03 and x; = 0.06, based on gain

parameters estimated using survey measures of inflation expections. [To be completed].
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3 Self-reinforcing misperceptions

In this section we explore the interaction between the beliefs of firms and households and the
properties of our model economy. We show that fluctuations in the expectations formation
process - the dynamic predictor selection which occurs endogenously in response to shocks
- can bring about changes in the properties of the model that act (at least temporarily) to
reinforce the initial change in beliefs. Misperceptions can for a time be self-reinforcing; and
this mechanism is a candidate explanation for time-variation in the moments of data.

Our approach is to investigate the behaviour of our model when agents have access to a
predictor that (wrongly) anticipates that inflation shocks will be long-lasting. We start by
motivating our experiments, before detailing how we have implemented misperceptions, and
reporting results. Finally, we contrast the results with the case in which agents have access to

a constant-gain learning algorithm.

3.1 Misperceptions about macroeconomic persistence

The idea that changes in beliefs may become self reinforcing is one that is of obvious concern
to policymakers. In particular, the risk that elevated inflation expectations can become
embedded in the wage and price setting process is one that monetary policy makers seek to
avert. This is illustrated by the quote from the Bank of England’s February 2008 Inflation

Report, cited in the Introduction:

If households’ and businesses’ medium-term inflation expectations are heavily in-
fluenced by their recent experience, then repeated above-target outturns may cause
them to place weight on the assumption that inflation will be persistently above
2%. If those expectations were built into higher wages and prices, that would raise

medium-term inflationary pressures.

The quote recognises the potential for beliefs about the economy (expectations of persis-
tently high inflation) to lead to changes in behaviour (higher wages and prices) that reinforce
that belief (higher medium-term inflationary pressure).

We use this concern on the part of policymakers to motivate our analysis in this section.
We explore the extent to which, if agents begin to use predictors that embed assumptions of
greater macroeconomic persistence, these beliefs may become self-reinforcing. And we study
whether this type of mechanism can materially affect the behaviour of our model economy,

and generate time-variation in the moments of the data generated by the model.
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3.2 Implementing misperceptions in our model

To place some structure on the beliefs that agents in our model hold, we consider the following
scenario. In line with our focus on non-rational expectations, we limit all agents in the
model to forecast using AR(1) forecasting rules. A forecasting rule that serves as a natural
benchmark in this environment is one that brings about a form of restricted perceptions

equilibrium.?’

When all agents hold these beliefs, the data generating process of the model
is such that, subject to their restricted perceptions, agents’ beliefs are confirmed. With this
in mind, we posit that households and firms are unsure about the degree of persistence in the
variables on which their decisions depend. Specifically, agents choose between two alternative
restricted perception forecasting rules: a benchmark rule consistent with the true processes
for the shocks in the economy (the best-performing AR(1) forecasting rule, if all agents share
these beliefs, which we call the restricted perceptions predictor or RPP); and an alternative
rule consistent with the misperception that the cost-push shock is persistent (p, = 0.9), when
in fact it is not. We call the second predictor the ‘misperceptions predictor’ (MP).

The alternative beliefs are reported in Table 1, which lists the AR(1) coefficients that
characterise our two forecasting rules. We run 500 simulations of 4000 periods each, using the
model calibration detailed in Section 2.3, allowing agents to choose between the forecasting
rules as described. We discard the first 2000 periods of data from each run and compute
statistics on the remaining periods. We focus on the distribution of variance and persistence
estimates computed on non-overlapping samples of length 40 periods, for inflation, interest
rates and output. These we compare to the equivalent statistics derived from simulations in
which agents share common beliefs: in one case rational expectations (RE), and in another

the benchmark restricted perceptions predictor (RPP).

RPP MP
z 010 0.90
I 020 0.77
R 028 0.61
c 044 0.87
y 031 0.65
d 040 0.70
w 0.16 0.82
a 060 0.60
g 030 0.30

Table 1: AR(1) coefficients describing RPP and MP forecasting rules

20Gee, for example, Branch (2004).
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3.3 Implications of misperceptions

When agents can choose between the two forecasting rules, the model generates time-variation
in the moments of the data.

Table 2 reports summary statistics for the distribution of variance estimates (the 5th,
50th and 95th percentiles). Figure 1 plots a kernel density estimate of the distribution of
variance estimates for inflation. Similarly, Table 3 and Figure 2 charaterise the distribution
of persistence estimates. The simple measure of persistence used is the first-order serial
correlation coefficient (allowing for a constant term in the regression).

For inflation and interest rates, the median estimates of variance and persistence are
markedly higher in the misperceptions case than when expectations are rational. Output is
more variable but no more persistent. Moreover, the distributions are positively skewed, in-
dicating the model’s ability to generate periods of particularly volatile or persistent outcomes.
This is a direct consequence of the non-linearity that the predictor switching mechanism en-

tails.

Switching: Switching;:

RPP/MP RPP/learning
5 50 95 5 50 95 5 50 95 5 50 95
IT{0.19 029 042]0.18 0.27 0.401{0.21 035 1.07|0.19 0.29 0.48
r | 088 1.35 1.96|0.89 137 2.02]0.99 1.63 3.38|0.92 1.43 2.18
y 1022 033 050017 0.26 0.38|0.22 0.38 0.92]0.17 0.28 0.46

Table 2: Summary statistics for variances

RE RPP

The top panel of Figure 3 shows an illustrative run of simulated data, comparing in the
blue and green lines respectively the paths for inflation when all agents’ beliefs coincide with
the RPP, and when agents are allowed to switch between the RPP and the MP. At the start
of the period the paths for inflation are little different under the alternative assumptions about
beliefs. Consistent with this, the dashed green line in the second panel of the figure is close
to 0, indicating that almost all firms’ beliefs are given by the RPP. After about 40 periods a
succession of large negative draws of the productivity shock begins to push inflation up. At
this time the behaviour of inflation is more accurately forecasted by the MP, which embodies
the misperceived belief that the cost-push shock, and hence inflation, is highly persistent.
Large forecast errors for the RPP cause households and firms to switch to the MP. With
more persistent beliefs about the inflation process, lagged inflation gains higher weight in the
price setting process, and actual inflation is more persistent also. In this sense, the shift

towards the misperceived beliefs is self-reinforcing.
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3.4 Misperceptions through constant gain learning

Our experiments so far have allowed for agents’ beliefs to be consistent with an arbitrary
misperception. But there are plausible mechanisms through which such misperceptions may
arise endogenously in response to realisations of data. One example that has received much
attention in the literature is adaptive learning (see Honkapohja and Evans 2001). In this
section we explore whether agents in our model choose to use a constant-gain learning process
to inform their expectations, when they have a choice between learning and the RPP that
we have described already. We find that at times they do, and that this has qualitatively
similar but quantitatively smaller effects on the time series properties of the model economy
compared to the arbitrary misperceptions case we described earlier.

We repeated exactly the same set of experiments as in the previous section, now allowing
agents to switch between the RPP and a forecasting rule informed by a constant-gain learning
process. The results are detailed in the fourth columns of Tables 2 and 3. Comparing them
to the benchmark case where beliefs are common at the RPP, we note that there are small
increases in the variability of 40 period estimates of persistence and volatility which are most
noticeable in the upper tail of the distribution of inflation persistence estimates. This is clear
from the red line in Figure 2.

For much of the time the learning rule generates belief that are similar to the RPP. This
is intuitive: if the economy is behaving as if agents use the RPP, then the learning rule is
close to the RPP, agents are indifferent between it and the RPP, and outturns are such as to
validate both the RPP and the learning rule. Returning to the top panel of Figure 3, this is
the situation at the start of the period shown. But the remainder of the simulation shows that
large shocks can cause a divergence of the path taken by inflation when large shocks come
along.

The third panel of Figure 3 shows the AR(1) coefficient for inflation estimated under the
learning processes used by firms and households. As inflation rises, so does its estimated
persistence. The performance of the learning and RPP predictors diverge, and firms and
households switch to using the learning predictor (as illustrated in the second panel of the
Figure). This tends to increase the persistence of inflation; and so on.

In general learning mitigates the fluctuations in inflation that occur in the case where the
alternative to the RPP predictor is the (fixed) MP. However at times learning can result in
beliefs that are closer to the MP, and the behaviour of the economy alters accordingly. So
we cannot rule out that endogenously generated fluctuations in beliefs can be self-reinforcing,

and generate time variation in economic dynamics.

21



Switching: Switching:
RPP/MP RPP/MP
5) 50 95 5) 50 95 5) 50 95 5 50 95

RE RPP

IT'|-0.23 0.03 0.30]-0.09 0.18 042 | 0.01 040 0.78 | -0.08 0.23 0.56
R |-0.05 0.21 044 | 0.00 0.27 049| 0.07 0.38 0.69| 0.02 0.29 0.53
y |-0.01 0.27 0.50 |-0.01 0.25 048 -0.05 0.23 048 | 0.00 0.26 0.49

Table 3: Summary statistics for persistence

Distribution of 40 period variance estimates: RE (black), RPE (green), MP (blue), L (red)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Distributions of inflation variances
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Distribution of 40 period persistence estimates: RE (black), RPE (green), MP (blue), L (red)

3 T T

15

05

-0.5 0 0.5

Figure 2: Distribution of inflation persistence measures

4 Conclusions

[To be completed]

23



Annual inflation: RPE(blue) MP(green), Learning(red)

20 40 60 80 100 120 140 160 180 200

20 40 60 80 100 120 140 160 180 200

Figure 3: Inflation behaviour under alternative assumptions about beliefs: top panel is annual
inflation; middle panel, fraction of agents using misperceptions/learning predictor; bottom

panel, estimated inflation persistence in learning predictor
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A Derivation of the model

A.1 The rational expectations case
A.1.1 Households

As noted in the main text, household i solves:

_ 1
-1 ht7

o !
max Iy, Zﬁs_t [ L2 —X
s=t

1l—0o 1+~

subject to
Rs—l

11,
The Lagrangean for the problem is:

bi,s - b'i,sfl - wshi,s - ds + Cis = 0

(1=0) (i, = 1) = 25 hi

)
—t
max F;_{ E 5°
Rsfl
s—t _)\z’,s (bi,s - H_Sbi,s—l - wshi,s - ds + Ci,s)

and the first order conditions for ¢;, h; and b; are:

Et,1 |:Ci_,: — )\i,s:| =0 (14)

Ei [_Xhzs + )\i,sws} =0 (15)
R,

Ei |:_)\i,s + 5—)\i,s+1:| =0 (16)
1_Is—l—l

A.1.2 Firms

As noted in the text, the first order condition for a producer resetting its price at date t is:

i 11 1 w P\ n s
E _ AS 6% s—t (u—_ _.I_ — il ) (L’t) Zs‘u‘ s — 0

or

1
- - — 1 pj 1w, pie ) * S
B A, s—t (K= 1 Djt | 1 Ws\ [ Pjt oy =0 17
tl; (504) < m Ht,s+Mas>(Ht,s) zs' oy ( )

if we define the price set by firm j relative to the previous period’s aggregate price level as:
D
B4

Pit =

and the relative inflation factor

P

II; , =
" Py

=1, xII,_y x ... xII, for s > ¢t
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where we normalise by the aggregate price level from the previous period because this is
contained in firms’ information set.

Since all firms are identical in terms of their information and production constraints, all
firms that are able to change prices at date ¢ will choose the same price, which we denote as

*

p;. Thus

*

1
o0 . _ 1 * 1 ws _ﬁ 1—p
E_1 Y A (Ba) t(“_ - )(é’t) 2" ys =0
s=t (28

1% Ht,s W as

1 p=1 ﬁ
po= Ztl[/ Py dj}
0

= z! [Z (1—a)a” (Pt*k)#‘l] -

k=0

The reatiler’s price is:

where the equality follows from grouping the firms into cohorts according to the date at which

they last reset their price and noting that the mass of firms that have not reset their price

k

since date t — k is (1 — a) a”. This means that the aggregate price level can be written as

p=1 p—1 | p—1
Jop [aPt:a (L-a) (P }

1\ i\ "
1= 1— -
“ (Zth> T «) (Zth>

A.1.3 Government and market clearing

so that

The government budget constraint is:
Big = Rt—le—l + Gt — PtTt

where BY is nominal government debt (one period bonds), R is the nominal interest rate, G

21

is nominal spending and P X 7 is nominal tax revenue.”" In real terms:

R
bj = —ﬂtlbtg—l + 9 — Tt

and we assume that the government issues no debt:

B =1 =0

2I'We consider our model as the ‘cashless limit’ (Woodford (2003)) of an economy in which households
demand fiat money, the issuance of which generates seignoreige for the government. We do so for analytical
convenience since the inclusion of money would create an additional choice variable and associated decision

rule for households.
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for all periods t. This means that the government runs a balanced budget each quarter and
government spending is financed by tax revenue. Government spending follows an exogenous
process:

Ing, = p,Ingi—1+ (1—p,) Ing + v

where 0 < p, < 1 and uf is iid. We use g to denote the steady state level of government

spending.
Monetary policy is conducted using a Taylor rule with interest rate smoothing and an iid
shock:
6 6,71 % ¢
Re | (e V7 (Y)Y Re\™ exp [u]
R IT Y R ¢

where again variables without subscripts are steady-state values.

Market clearing dictates that all output is consumed by households or government:>2

Ye = Ct T+ Gt

A corollary of this market clearing condition is that the market for nominal one period

bonds also clears. This requires that
b =b,+bl =0

where b;% denotes the real-valued supply of all (private and publicly issued) nominal bonds.
Given that government debt issuance is zero, we require that the net supply of private bonds
is zero: by = 0. Because all households are identical, this means that no consumer issues
or holds debt in equilibrium. Another implication of this assumption is that all households
choose the same level of consumption:

Cit = Ct

As noted in Section 2.1.1, the ‘worker’ of the household supplies labour according to the

intratemporal labour supply condition based on the market real wage:
Xhiy = ¢ w (18)
Finally, the total transfers to consumers consist of dividends net of lump sum taxes:

dt:At_Tt

22This holds under the conventional assumption that households and government consume the same basket

of goods, which they purchase at the same price.
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in equilibrium this is given by:?

di = yi — wihy — g4
or
dt = Ct — wtht
A.1.4 Steady state

We now consider a steady state around which the model equations will be linearised. We
assume that steady-state inflation (ie the inflation target) is II = 1 which means that the

Euler equation gives
R=p""

Since steady-state productivities are a = z = 1, this immediately this implies:
y=nh
and from market clearing and the specification of steady state government spending, we have:
y=ctg=ct+igy

so that:
¢= (1 - wg) Yy
where ¢, is the (exogenous) steady state share of government procurement in output.

From the pricing equation in steady state, we see that:
w=1-—p
Using the results above in the labour supply function implies
XRT7 = (1=4p,) " (1= p)
which means that if we choose the weight on disutility from work to be
x=(1—v,) " (1—p)
then the steady state solution satisfies
y=h=1
These observations allow us to express steady-state dividends as:

d=c—wh=1-¢,—1—p)y=pn—1,

23This equality follows from the fact that firm’s output x is remunerated at a price equal to the aggregate

price level adjusted by the factor z=! as shown in the main text. Since (to a first order approximation)

y = z - x the revenue from selling z is equivalent to the value of retail output.
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A.1.5 Log-linearised model under rational expectations

We now log-linearise the model equations around the steady state analysed in Section A.1.4.
We denote k;, = In (k:/k) as the log deviation of k; from its steady state level k. Linearising
the first order condition for consumption 14 and labour supply 18 (using the linearised first

order condition for bond holdings 16) gives
& = By 1éo1 — 0 By (Rt - ﬂm) (19)
he =y My — 077, (20)
The linearised resource constraint is
U = (1 - %) Ct+ VGt (21)
and the process for government spending satisfies
Gi = PyGe—1 + uf (22)
The linearised monetary policy rule is
Ry=(1-¢,) <¢nﬂt—1 + ¢y?3t—1> + ¢, Ry +uf (23)

The production function implies that**

o — 2 = Gy + Iy (24)
where productivity follows the process
e = padet + (25)
The pricing equation implies that
Eea Y (Ba)™ | (5 = Mhs) = (s = a)| =0
s=t

or

o= (1=Ba) By Y (Ba)™ (i, —a, + 11, )

s=t

= (]_ — BO&) Et—l |:UAJ,§ — &t + f.[t:| + (]. — BO&) Et—l Z (60&)8_t (QI)S — ds + ﬂt75>
s=t+1

= (1= Ba) Biy [t — a0+ M| + Ba (1= Ba) By 3 (B0)™ ) (i, — g + T + 1)

s=t+1
= (1—=Ba) B[y —a,] + B 10, + Bab,_1pi

24This equation is subject to the caveat noted in footnote [x] in the main text.
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where the final equality makes use of the law of iterated conditional expectations.

the expression for the aggregate price level gives:

p—1 p—1

1 w p;:k w
1= 1—
¢ (Zth> T “) (Zth>

so that
ﬂt = (1 _04)13: — %

Using this information in the log-linearised pricing equation gives:

Linearising

I, = (1 —a) (1= Ba) By [ty — a) + (1 — ) B0, + aBE Il — p. (1 — afp,) 21 — u?

(26)

which is a version of the New Keynesian Phillips curve. Note that here we have substituted

out for the expectations (based on date t — 1 information) of the z shock. Equations 19-26

can be solved for the eight variables in the model: {é, fz, 7, R, a, g, f[, w}.%

A.2 The model under non-rational expectations

Here we focus on how the decision rules of households and firms are affected by the use of

non-rational expectations. We will linearise the model equations around the same steady

state analysed in Section A.1.4 and many of the linearised equations will carry across from

the rational expectations case presented in Section A.1.5.

A.3 Households

As noted in the main text, household i € (0, 1) solves:

~ 0 lea Tty
max F; ,_ st e
-1 ; B T Xl Yoy

subject to
b Rs—l

_—bis— - shis_ds 1‘5:0
, I, s—1 — Wshy, + ¢,

The Lagrangean for the problem is formed in the same way as in the rational expectations

version and gives rise to the following first order conditions for ¢;, h; and b;:

Ei,tfl [Cia — )\i,s] =0

2,8

25Solutions for other variables, such as net dividend payments can be derived recursively.
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Ei,tfl [_Xhzs + )\i,sws:| =0

~ R,
Eij 1 | —=Xis + ﬁ—)\i,s+1 =0
Hs+1
for s = t,t +1,.... The only difference from the rational expectations case at this stage is

that the expectations operator ENi,t,l replaces the rational expectations operator E;_;.

To proceed, we first log-linearise the equations around the steady state described in Section
A.1.4. As before #; = In (z;/7) denotes the log deviation of x; from its steady state level x.
We also define 7; = (z; — x) as the absolute difference of z; from its steady state. The latter
will be used for bond holdings, since we linearise around a steady state in which bond market

clearing implies b = 0. Linearising gives:

Bis — B Wisir — (1- ) (w +hy - H) » 2
—(p—1,) ds+ (1 —1p,) éis

By [—aém - A] ~0 (28)

Bis [yﬁw —, — )\} ~0 (29)

Eiy [—S\i,s + Aior1 + (RS - ﬂsﬂﬂ =0 (30)

where we make use of the fact that in the steady state: SR/II = 1; w = 1 — u; h = 1;
d=p—1,and c=1—1 %
To derive the decision rules, we begin with the budget constraint 27. We know that:

- Bz‘,t — 5_15@#1 —(1—p) <lDt + ilzt)
it—1 .
- (/“L - wg) di + (1 - Qbg) éi’t
i Ei,t+1 — 6_1Bi,t —(1—p) (wt+1 + ilz',tﬂ)
it—1 .
- (M - 1/Jg> dpr1 + (1 - ¢g) Citr1

which means that we can combine the equations to give:

5 bitr1 — (1 —p) (wtﬂ + ﬁi,t+1>

- — (n— %) dy1 + (1- ¢g) Cit+1

—B " Bies — (1= ) (0 + he)
— (=) di (1= 0,) &

26Note also that equation 27 contains a term representing the interest component of income from bond

holdings (given by —pp1 (Rs_l — IAL>) which disappears when we linearise around the steady state described
in Section A.1.4, in which b = 0.
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Repeated substitution in this fashion yields:

. - > (1—1/))éis—5_11~7¢t—1—(/$—¢)ds
Ei B l S tbis s—t g ’ ’ ) g _ 0
t—1 sggoﬁ ,+1+;ﬁ _(1-p) (ws+hi,s)
or
Eipa ) B (1—v,) éis (31)
s=t

where we have imposed the constraint:
. r- —t7
lim Fj; 15 b1 =0
S§—0Q

which is standard in the RE literature. In this context the assumption represents the assump-
tion that the household’s perceptions about wealth are in some sense bounded. Households
are not allowed to believe that they can increase their borrowing faster than the financing re-
quirements in the long run. Imposing this assumption means that we will be able to derive a
consumption function from the conventional condition stating that the households’s expected
consumption stream exhausts the present value of their expected net income.

How strong is this assumption? Under rational expectations, conditions of this type will
generally hold (at least along the equilibrium path if not under more general conditions). But
there is no reason to assume that the behaviour of a household with arbitrary expectations
over future events will satisfy this constraint. This means that our model effectively focuses
attention on expectations schemes that have ‘sensible’ long-run properties. Moreover, in
principle we should check on a case-by-case basis whether the expectations implied by the
forecasting rules that we consider satisfy this constraint. ~We expect that general ‘VAR’
expectations of the form considered in Section 2.2.4 will satisfy this constraint as long as the
eigenvalues in the projection matrices are not too large. It is not clear, however, that ruling
out ‘bubble’ solutions in consumption decisions offers the best chance of generating strong
expectational dynamics: laboratory experiments with subjects based on asset pricing models
suggest that trend following behaviour can coordinate expectations on paths that look (locally)
like explosive bubble solutions as shown by Anufriev & Hommes (2006).

To proceed, we combine 28 and 29 to give:

~ ~ o
_ -1~ A
Ei,t—lhi,s = Lt {7 Ws — ;Ci,s:|
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Using this information allows us to write 31 as:

By Jr-v,+ 222, (32

s=t v

_ mzﬁst(B Bora + (-, de )

— ) (L+71) s
Combining 28 and 30 allows us to see that:

R 1 -
Eir 1Cirr1 = Ezt 1|:Czt+ (Rt Ht+1>]

and that in general

1 & . .
Bipnben = iy eyt — (R_—H>
t—1C4, t—1 it JZ k—1 k

k=t+1

~ . 1
= Eit [Ci,t + —StRS}
o- b
for s=t+1,t+ 2, ... where

0 s=t

Skt = A
" Z?:t+1 (Rs—l _Hs> s=t+1,t+2,...

Putting this into 32 gives:
o(l- R I
[1 — P+ %} Eii Z g [Ci,t + ;st}
s=t
o — ) (L) i )
= zt 1 B
Z ( ¥,) ds

+ﬁ lbzt 1 + (/J“
which can be written as:

) 1—-4 . (1 —p) (L4+71) g
e = e > (

— 1, + +B8 b1 + (1 — 0, ds

To complete the description of the consumption equation, we need to unpack the final
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term:

Eiza Z BISE = By Z gt Z <Rk—1 _ﬂk>

s=t+1 s=t+1 k=t+1

[ 3 (Rt - 1:Lt+1> +

~ B2 (R =gt ) + B2 (Ripr — Miga ) +

B3Ry —Tey1 ) + 8% (Repr — Moo ) + B° (étw - ﬂt+3) +

SIED DA (N

s=t+1

so that the consumption equation can be written:

- Q—p)(L+y Y
éi,t = ! 1# zt IZﬁSt( )( +’Y ) )

¢+ +8 i1 + (1 —,) d

~i,t71 Z Bt (Rs — ﬂs+1>
s=t

A.4 Firms

The environment faced by firms is essentially the same as that described in Section 2.1.2.
To analyse their optimal pricing decision, we begin with a version of the pricing equation 17

derived in Section 2.1.2:

1
1pt 17~Us Dit B Llow
A ( el N Sy =0
Bur Yooy (o 2 () T

where in this case the only difference from equation 17 is that the expectation of firm j is
denoted as the (non-rational) expectation E;; ;

Linearising around the steady state described in Section A.1.4 gives:

o0

Eyur y (Ba) ™ | (e = Tos) = (s = a)| =0

s=t

or

P = (1= ) ]tlzﬂa”( —a,+ 11,
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To complete the derivation of the optimal relative price, consider the final term:

[ 11+
_ = s—t & _ Ball, + Ball, 1+
Ej,t—l Z (504) th,s = Ej,t—l ; N t+12 A 92
s=t (Ba)™ I + (Ba)” iy + (Ba)™ o+

I, (1+ Ba + (Ba)? +...) +
= Eji1 | W (Ba+ (Ba)? + (Ba)’ +..) +
My ((B0)” + (B)’ + (Ba)* +...) + .

so that the optimal relative price can be written as:

Die = (1= Bo) Ejes Z (Ba)*™ (s — ) + Ejs1 Z (Ba)* "1,

A.5 Aggregation

As explained in the text, we assume that there are a finite set of ‘predictors’ available to each
group of agents. From this point on we will use the index i (j) to denote the decisions of a
household (firm) using predictor i € {1,...,I} (j € {1,...,J}). The mass of households (firms)

using predictor ¢ (j) is given by n; (m;) where

This means that the model equations can be written as follows. The average re-set price

of firms is
o J .
by = Z —1 M tPjt
= (1= Ba) iy myeBj1 Yo, (Ba) ™ (s — as) + 07—y mja By Yooe, (Be) ™ 114

where, for each j € {1, ..., J}, m; is the fraction of firms setting price p; .
Inflation is given by:
ﬂt =(1-a)p; — %4

The linearised resource constraint and monetary policy rule are the same as in the rational

expectations model:
G = (1=1,) & + V0
Bo = (1=6,) (801 +6,511) + 6, Ry +uf
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The average level of consumption is:

R I R
Ct = Zizl N tCit

_ I ~ 00 _ _ ~ ~
- 1,wg1+§(1;u) im Mg B D22, B° ' [(1 — ) (L+~71) s + (N - 1/19) dS}

I ~ _ A A~
B g Zi:1 B Z:it—i—l B ! <Rs - Hs+1)

where we use the fact that bond market clearing requires:

for all s.
Turning to the labour market, we note that our assumptions about the worker/shopper
behaviour of the household gives:
UA)t = ’)/ilt + O'ét
where we exploit the log-linear form of the labour supply choice of the household’s ‘worker’.
Noting that h, = §, — a; — % = (1 —1,) & + 1,6 — G — 2 we have:
Wy = [y (1= v,) + 0] & + by — vy — V2

In this version of the model we need to solve out for net dividends since households must
forecast this variable when making their consumption plans. We can see that the definition

of dividends and the market clearing conditions imply:
dt = At — Tt

in equilibrium this is given by:

which means that

B Calibration of the intensities of choice

The procedure for setting the elements of # is a simple iterative one. We start with an initial
guess for ¢ and solve for the predictor proportions (m**, n**) that represent the fixed point of

the following mappings:



which solve for the optimal asymptotic values of m and n as a function of the pair (m,n).?” To
derive the mapping 7y we perform the following experiment. For each value of n we find the
m* which would be generated asymptotically by the predictor choice mapping (that is if the
predictor proportions remained at n and m*) forever. The T, mapping is constructed anal-
ogously and the point (m**, n**) represents the intersection of these curves in (m,n) space.?®

With this information in hand we examine whether

kk

[1]

(m**
—L <€t
*k *k

n**

4
{ )+ (1= m) = (e, 0)

[1]

n
m (m™,
where € > 0 is a small number and the mean squared errors are evaluated (as the notation sug-
gests) using the asymptotic representation of the model with predictor proportions (m**, n**).
If this condition is satisfied we stop the process and accept the vector 6. If it is not satisfied
we try another guess for §. The sequence of guesses are guided by a numerical optimisation
procedure.

This approach, though arbitrary, ensures that predictor choice is not dominated by the
behaviour of a subset of very volatile variables. There are other ways that we could calibrate
the intensities of choice which we intend to examine in further work. One approach might
be to replace the ¢ vector with a vector of weights representing the relative importance of
each variable to household’s utility or firm’s profits. Another would be to use evidence from
predictor choice models that have been fitted to behaviour observed in laboratory experiments
as in Anufriev & Hommes (2006).

2TThese mappings are similar to the ‘T-maps’ considered in the predictor choice literature — see for example

Branch (2004).
28Qur approach assumes that this point is unique, though it need not be. For our applications, however,

there is indeed a unique point.
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