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1. Introduction

Sims (1998) first argued that rational inattention (RI) is a plausible method for introducing
sluggishness, randomness, and delay into economic models. In his formulation agents have finite
Shannon channel capacity, limiting their ability to process signals about the true state of the
world. As a result, an impulse to the economy induces only gradual responses by individuals,
as their limited capacity requires many periods to discover just how much the state has moved.
Sims (2003) and Luo (2007) use this model to explore anomalies in the consumption literature,
particularly the well-known ’excess sensitivity’ and ’excess smoothness’ puzzles, employing a
linear-quadratic version of the standard permanent income model (as in Hall 1978). In that
model RI is equivalent to confronting the household with a signal extraction problem regarding
the value of permanent income (as in Friedman 1957) but permitting the agents to choose the
distribution of the noise terms, subject to their limited capacity.! With normal innovations to
income the optimal distribution of noise is also normal, leading to a simple and analytically
tractable problem.

Of course, the linear-quadratic model has some undesirable features as well. One objection
that is particularly relevant for this paper is that it satisfies the certainty equivalence property,
ruling out any response of saving to uncertainty (that is, precautionary behavior).? Given that
the important component of RI is the introduction of endogenous uncertainty into the household
problem, it is not particularly desirable to use a model in which this uncertainty cannot manifest
itself in decision rules. Fully nonlinear versions of the RI problem are solved in Sims (2005, 2006),
Lewis (2006), Batchuluun, Luo, and Young (2007), and Tutino (2007); these papers show that
the precautionary aspect of Rl is important when channel capacity is small (which it must be
to produce any interesting results). But the models solved in those papers have either very
short horizons or extremely simple setups due to numerical obstacles — the state of the world is
the distribution of perceived states and this distribution is not well-behaved (it is not generally
a member of a known class of distributions and tends to have ’holes,” making it difficult to
characterize with a small number of parameters). It is important to find a class of models
that can produce precautionary behavior while maintaining tractability in the RI setup, if the
properties of finite channel capacity are going to be thoroughly explored.

One class of models that satisfies these desiderata is the risk-sensitive permanent income
model from Hansen, Sargent, and Tallarini (1999).> In this model agents effectively compute

expectations through a distorted lens, increasing their effective risk aversion by overweighting

! This point is made explicitly in Luo and Young (2006) in the context of the stochastic growth model.

2See Simon (1956) and Theil (1957).

#Possibly the first contribution to this literature is van der Ploeg (1993). Hansen and Sargent (2004) demon-
strate that the risk-sensitive model displays a form of certainty equivalence, but that it generates precautionary
savings anyway.



negative outcomes. The resulting decision rules depend explicitly on the variance of the shocks,
producing precautionary savings, but the value functions are still quadratic functions of the
states, leading again to the optimality of Gaussian noise in the RI model. Thus, we preserve
the tractability of the LQ PIH model without being forced to accept certainty equivalence; for
future reference we denote the model with risk sensitivity and rational inattention as the RS-
RI model.* Formally, one can view risk-sensitive agents as ones who have non-state-separable
preferences, as in Epstein and Zin (1989), but with a restricted value for the intertemporal
elasticity of substitution (see Tallarini 2000).

A second class of models that produces precautionary savings but remains within the class
of LQ-Gaussian models is the robust control model of Hansen and Sargent (1995). In robust
control problems, agents are concerned about the possibility that their model is misspecified in
a manner that is difficult to detect statistically; as a result, they choose their decisions as if the
subjective distribution over shocks was chosen by a malevolent nature in order to minimize their
expected utility (that is, the solution to a robust decision-maker’s problem is the equilibrium of
a max-min game between the decision-maker and nature). Hansen and Sargent (2007) present
an observational equivalence result for RS and Robust models for consumption and savings
decisions; any consumption path that could be generated by a model featuring risk sensitivity
can also be generated by a model with robustness. Thus, introducing RI into the Robust model
— which we denote the RB-RI model — is again straightforward, since the model retains the
optimality of Gaussian noise.

Our purpose in this paper is to study the properties of RS-RI and RB-RI models. In par-
ticular, we are interested in two main questions. The first question involves the question of
observational equivalence — do RS-RI and RB-RI models possess combinations of parameters
such that their implied consumption-savings rules are the same? And can those decision rules
also be generated by a standard RE and standard RI model? To preview the results, which
we discuss in more detail below, the answer is yes — any member of the class of LQ-Gaussian
models can produce the same consumption function with appropriate adjustments in some com-
bination of the discount factor, the capacity constraint on information processing, the degree of
risk sensitivity, or the preference for robustness. The second question is how the costs of finite
information-processing capacity differ within the class of observationally-equivalent models; that
is, do observationally-equivalent agents suffer more or less from RI depending on which model
generates their behavior? As a preview, we find here that the costs are not equal — RS-RI
models produce larger welfare losses from RI than do RB-RI and RI models. Thus, we identify

a potential channel through which risk sensitivity and robustness can be disentangled — simply

40f course, quadratic utility carries with it other objectionable properties, such as increasing relative risk
aversion.



ask agents what they would pay to relax their Shannon channel constraint.

Our first step in studying the various RI models is to perform a reduction of the state
space. Multivariate versions of the RI model require a constraint we term 'no subsidization.’
With more than one state variable, agents can allocate their attention differently across these
variables and thus reduce their uncertainty at different rates; RI requires that the uncertainty
regarding one variable cannot be increased in order to reduce uncertainty regarding another,
as this would permit reductions that exceed the channel capacity. This constraint is nonlinear
when the dimension is larger than one, even in the LQ model, so multivariate versions of the RI
model are not any more tractable than the nonlinear models mentioned above. We show that a
PIH model with a general labor income process can be reduced to a model with a unique state
variable — permanent income — that has iid innovations, enabling us to study a model with an
empirically-reasonable income process within the LQ setup.

We then present the basic risk-sensitive (RS) model and derive some results regarding the
behavior of consumption. We show explicitly that precautionary savings is increasing in the
parameter that measures risk sensitivity and that the marginal propensity to consume out of
permanent income is decreasing. From here we proceed by introducing finite Shannon channel
capacity; RI implies that behavior is as if the agent were observing a noisy signal of next period’s
true permanent income, so the agent uses the Kalman filter to update the perceived state. Since
the evolution of the true state is affected by precautionary motives, the evolution of the perceived
state is as well. Thus, RS and RI interact — while the household uses the same Kalman gain
parameter independent of the degree of risk sensitivity, the mean value of the signal received
increases with RS so the perceived state evolves differently.

Because we are able to provide closed-form solutions to the RS-RI model we can provide
two general results. First, introducing RI into the RS model improves the predictions about the
aggregate joint dynamics of consumption and income; this result is obtained because the basic
RS model actually reduces the ability of the model to match the sensitivity of consumption to
income changes.” Second, we show that observational equivalence holds for quantities — we can
find more than one combination of discount factors and risk-sensitivity that imply the same
savings and consumption behavior, whether RI is present or not. The intuition is the same as
that in Hansen, Sargent, and Tallarini (1999) — an agent with RS looks just like a standard
but more patient agent. This equivalence extends to the RI models as well, complementing the
result in Luo (2007) that RE and RI models are also observationally equivalent.

We then turn to the RB-RI model. Here again we derive closed-form solutions and generate

an observational equivalence result, which now extends in multiple directions. That is, we show

’This fact explains the use of habit formation and preference shocks in RS models (such as Hansen, Sargent,
and Tallarini 1999).



that the RB-RI model produces the same consumption-savings decisions as the RS-RI model
and, therefore, the RE and RI models. The intuition remains the same as above — with a
preference for robust decision-making the agent chooses to save more than before, appearing
more patient when viewed through the lens of a standard RE or RI model. Econometrically,
these observational equivalence properties imply that it is impossible to test for the presence of
RI, RS, or robustness using this model and consumption-savings data alone.

We then ask whether anything fundamentally distinguishes the RS-RI model from the RI and
RB-RI models. We find a key difference when we measure the welfare costs of RI — that is, how
much would an agent pay to increase their information-processing capacity to co? Luo (2007)
studied the costs of RI in the standard model and concluded that they are trivial. Generalizing
his result to the RS-RI and RB-RI models, we find that the costs may not be trivial; in particular,
agents in the RS-RI model can suffer very large losses from RI. In fact, we can prove that the
RS-RI model implies that the welfare losses from RI are necessarily larger than those in RB-
RI, and that this gap is increasing as channel capacity converges to 0. One key difference is
that agents in the RI-RS model change their consumption behavior as their capacity changes,
whereas RB-RI agents do not.

The remainder of the paper is organized as follows. Section 2 presents two PIH models with
general income processes and discusses some results regarding optimal consumption-savings
decisions and the joint dynamics of aggregate consumption and income (these models are the
standard PIH model and the RS model). Because the RB model is equivalent to the RS model,
we do not explicitly present and discuss it here, preferring to defer it to the following section.
Section 3 introduces RI into both the RS and RB models and the behavior of consumption and
savings; we provide closed-form solutions for all models here. Section 4 presents our battery of
observational equivalence results. Section 5 then discusses the welfare costs of RI. Section 6

concludes with a discussion of some potential directions that the literature could proceed.

2. Two Rational Expectations Permanent Income Models

In this section, we present two benchmark models. In the first model, we show that within the
LQG framework, the multivariate permanent income model with general income processes can
be reduced to the univariate model with iid innovations to permanent income that can be solved
in closed-form solution. We then present the second model in which risk-sensitivity is introduced

into the univariate PIH model in Section 2.1.

2.1. The Standard Permanent Income Model

We first present a standard rational expectation (RE) version of the PIH model with a general

income process. We then show that it can be reduced to a univariate PIH model with iid



innovations to permanent income. Households solve the dynamic consumption-savings problem

oo
max Fy Zﬁtu(ct) (2.1)
{edZo =0
subject to
wep1 = R(wy — ¢r) + yeva, (2.2)
where u(ct) = —% (¢; — ©)? is the period utility function, ¢ > 0 is the bliss point, equation (2.2)

is the flow budget constraint, ¢; is consumption, w; is cash-on-hand (or market resources), y; is
a general income process with Gaussian white noise innovations, 8 is the discount factor, R is
the constant gross interest rate at which the consumer can borrow and lend freely.5 For the
rest of the paper we will restrict attention to points where ¢; < ¢, so that utility is increasing
and concave. This specification follows that in Hall (1978) and Flavin (1981) and implies that

optimal consumption is determined by permanent income:

1 1 1\ _
Ct:<1_I3R2> 8t_]H<1_ﬂR> C, (23)
where -
st=wi+ Y RIE; [yl (2.4)
j=1

is the expected present value of lifetime resources, consisting of financial wealth plus human

wealth. If s; is defined as a new state variable, we can reformulate the above PIH model as

v(sp) = max Ey
ct

> ,Btu(ct)] (2.5)
t=0

subject to
st+1 = R(st — ¢r) + Get1; (2.6)
a formal proof is contained in Luo (2007). The stochastic term (;y; is equal to

o0

Ger= Y RIYEV(E L — E) [y); (2.7)
j=t+1

% As in Hansen and Sargent (2007) or Hansen, Sargent, and Tallarini (1999), we can also interpret this problem
as applying to a linear production technology that generates consumption and capital,

¢t + ki = Riki—1 + ys,

where Ry is the net physical return on capital and investment is given by i = kt — kt—1. If the allocation is
decentralized the return coincides with the risk-free interest rate R.



that is, (;+1 the time (¢ + 1) innovation to permanent income. v(sp) is the consumer’s value
function under RE. By defining a new state variable s;, the original multivariate optimization
problem has been reduced to a univariate problem; under quadratic utility this model leads to
the well-known random walk result of Hall (1978):

R? -
(e =)+ P G (28)

if SR = 1 the change in consumption depends neither on the past history of labor income
nor on anticipated changes in labor income. We also point out the well-known result that the
standard PIH model with quadratic utility implies the certainty equivalence property holds;
thus, uncertainty has no impact on optimal consumption, so that there is no precautionary
saving in the sense of Kimball (1990). We assume for the remainder of this section that SR = 1,
since this setting is the only one that implies stationary consumption.

Let k; = w; — ¢ denote end of period financial wealth. Then i, = k; — k;_1 is a measure
of saving (or investment). Substituting this expression into (2.2) and using (2.6) and (2.8) we
obtain Ak;y1 = 0; thus, there is no wealth accumulation in response to changes in permanent
income, as all such changes are allocated to consumption.

For simplicity, following Pischke (1995) we suppose that income y; can be expressed as the

sum of aggregate permanent and idiosyncratic transitory components:

Yl = Ypyq + yf+1a (2.9)

where the superscripts p and ¢t denote permanent and transitory, respectively. Each of these

components follows its own stochastic process; y! 1 follows a random walk

Yrir = Ui + €41, (2.10)
and y! 1 follows an iid process
Yip1 = U+ €1, (2.11)

where €;11 and ¢;41 are white noises with mean 0 and variance w? and wz respectively. Substi-

tuting these income processes into (2.8) gives

R—-1
R

Aciy1 = €441 + €t41- (2.12)

The different load factors on the two shocks reflects the standard consumption-smoothing mo-
tives: consume all of a permanent increase in income (€¢4+1) but only the annuity value of a

transitory one (€p41).



We now want to derive some properties of aggregate consumption. Suppose that there
are a continuum of consumers in the model economy. Given the expression of the change in
individual consumption, (2.12), aggregating across all consumers yields the change in aggregate
consumption as

ACt1 = €41, (2.13)

so that aggregate consumption C;, 1 is unpredictable using past information and the smoothness
ratio of aggregate consumption to income is 1.” In other words, the predictions of the standard
PIH model for the joint behavior of aggregate consumption and income is not consistent with
the empirical evidence; in the US data aggregate consumption growth is much smoother than
income and is sensitive to past information.® These two anomalies have been termed the ezcess
smoothness and excess sensitivity puzzles in the literature.” Furthermore, as documented in
Reis (2006), the impulse response of aggregate consumption to aggregate income takes a hump-
shaped form, which means that aggregate consumption reacts to income shocks gradually. The

standard RE PIH model cannot capture this feature in the US data.

2.2. The Risk-sensitive Permanent Income Model

Risk-sensitivity (RS) was first introduced into the LQ-Gaussian framework by Jacobson (1973)
and extended by Whittle (1981,1990). Exploiting the recursive utility framework of Epstein and
Zin (1989), Hansen and Sargent (1995) introduce discounting into the RS specification and show
that the resulting decision rules are time-invariant. Hansen, Sargent, and Tallarini (1999) use
this model to study a risk-sensitive version of the PIH model and show how RS alters the choices
of consumption, investment, and asset prices; Tallarini (2000) addresses many of the same issues
within the stochastic growth model.

We use an RE version of risk-sensitive control based on Kreps and Porteus (1978) preferences
with an exponential certainty equivalence function. The household problem can be written

recursively as

v (s¢) = max {—; (i —2)° + BR: [u (sm)]} , (2.14)

Ct

subject to (2.6). The distorted expectation operator R; is defined by

R o (5¢11)] =~ log By exp (~aw (s111))] (2.15)

where o > 0 measures higher risk aversion vis a vis the von Neumann-Morgenstern specification.

Solving this optimization problem yields the following proposition.

"The idiosyncratic shock, e, would be cancelled out after aggregating over all consumers.
In the US data, the smoothness ratio is around 0.5.
9See Deaton (1992) for a recent review.



Proposition 1. The value function for the RS model is

L BRE-1 5, R(AR 1)
2R? — aw} "’ (5}22 - awg) (R—1)

v(sy) = cS1—

1 RERP-1) 5 B 1
2(R_1)2<BR2_awg) 1—520&

log (1 —2aAw?) | , (2.16)

the consumption function is

2 2\ =
_ BR2-1 (R—BR +(1—R)ozw<)c
ct = /3R2 ol St + 5 5 (217)
¢ <BR — osz) (R-1)
and permanent income evolves according to
- aw? (R—,@R2+(1—R)awg ¢
St41 = R B 55t — R + Ct+1' (218)
BR? — auw? (532 - awg) (R—1)

Proof. See Appendix 7.2. m
Equation (2.17) shows that the parameter controlling risk-sensitivity, «, affects both the

marginal propensity to consume (MPC) out of perceived permanent income, %, and the
¢

2
precautionary savings increment, Ri2i2 ¢.10 The larger the value of a the larger the MPC and
¢

the larger the precautionary saving increment (we impose the restriction 3R? > 1 > ozwg so that

precautionary savings is positive), since

BR2—1
0 (ﬁRQfaa@) <0
Oa
9 ((R—,@R2+(1—R)awg)>

(BR2—aw?)(R-1)
Oa

> 0.

As its name suggests, risk sensitivity makes agents more concerned about outcomes that are
unfavorable; one way to minimize the probability of bad outcomes (here, outcomes where the
marginal utility of consumption becomes very large) is to save a bit more, reducing consumption
relative to the certainty equivalent setup where o = 0. In the long run agents will have more

wealth as the extra precautionary savings generates more returns.

10Given the definition of s; in _(2.6), the MPC out of permanent income equals the MPC out of financial wealth
wy and human wealth 3772, R/ Ey [ye4;].



Relative risk aversion over wealth gambles is given by

7 (st) =

[ol| =

R
R—1 —1

vl

t

which is an decreasing function of 5 Thus, a does not directly impact risk aversion in this
model; what matters for risk aversion is only how close current permanent income is to the bliss
point. « increases sy, however, and thus indirectly increases the risk aversion of the agent; the
IRRA property of quadratic utility functions remains in the RS setting.

We now present some basic results from the RS model, mainly to facilitate comparisons to
the RI model of the next section. The change in consumption can be written as
BR? - R — (1—R)ozw2

ﬁRQ — awg (Ct — 6) + CtJr]_. (219)

Aciy1 = —

Equation (2.19) has two important implications for our purposes. Setting o > 0 implies

that consumption growth becomes more volatile relative to income and becomes more sensitive

BR%—1
BR?

growth is not mean zero unless ¢; = ¢ even when SR = 1; indeed, when SR = 1 consumption

to unanticipated changes in permanent income, since < 1. Furthermore, consumption

will drift upward over time. Counteracting this drift requires BR < 1 such that the tendency to
save for precautionary reasons is exactly counterbalanced by the impatience effect of increasing
consumption; this result is the basis of the observational equivalence result in Hansen, Sargent,
and Tallarini (1999).

As in the last subsection, substituting the specified income processes, (2.9), (2.10), and
(2.11), into (2.19) gives

R
ﬁR2 -1 R R—lgt + €&
A = —-1)=—— 2.20
Ct+1 BR? — au? oot T +(p1—1) ol | (2.20)
9
where p; = RBlR;% € (0,1). Wealth accumulation (Ak) is given by
¢
1-— awg 1

thus, risk-sensitive consumers adjust their optimal plan by consuming only a fraction of any
increase in income. Assets are reduced when income growth is negative and increased income

growth is positive.



Aggregating (2.20) across all consumers gives the change in aggregate consumption:

AC1 =

R ﬁRQ—l &t
—1) —]. 2.22
R—IBRQ—ozwg [€t+1+(P1 )1—p1L] (2.22)

Figure 1 illustrates the response of aggregate consumption growth to an aggregate income shock
€i+1; RS raises the sensitivity of consumption growth to unanticipated changes in aggregate

income. Furthermore, the smoothness ratio of aggregate consumption to income is seen to be

sd [ACY] R pBR?—1 [ 2
= = 2.2
. sd [e¢] R—-18R? — ozwg 1+p1’ (2.23)

where “sd” denotes standard deviation. It is straightforward to prove the following proposition,

which is the key point from this section.

Proposition 2. g—g > 0.

Proof. Clearly the first term is increasing in aw. Then

Thus, p is increasing in a..

RS increases the response of aggregate consumption growth to a change in income, just as it
does for individual income. Thus, RS by itself worsens the standard RE PIH model’s prediction
for the joint behavior of aggregate consumption and income growth by exacerbating the excess
smoothness puzzle, and therefore needs to be combined with other assumptions to resolve the

anomalies.!!

3. Permanent Income Models with Rational Inattention

We now introduce rational inattention (RI) by assuming the consumer faces information process-
ing constraints; as first suggested in Sims (1998), households have only finite Shannon channel
capacity that they can apply to observations of the state of the world. As in Sims (2003),
we use the concept of entropy from information theory to characterize the rate of information
flow; the reduction in entropy is a natural measure of information flow, where entropy is de-

fined as a measure of the uncertainty about a random variable.'> With finite channel capacity,

"Tn Hansen, Sargent, and Tallarini (1999), habit persistence is incorporated into the RS version of the PIH
model. Hansen and Sargent (2007) use habit persistence and/or adjustment costs.
2See Shannon (1948) and Cover and Thomas (1991) for details.
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the consumer will choose a signal that reduces the uncertainty of the state variable subject to
limitations on the extent that entropy can be reduced. Formally, this idea is described by the

information processing constraint
H (s¢41|Z¢) — H (51411 Ze41) < &, (3.1)

where k is the consumer’s channel capacity that imposes an upper bound on the amount of
information that can be transmitted via the channel, H (s¢y1|Z;) denotes the entropy of the
state prior to observing the new signal at ¢ + 1, and H (s;41|Z;+1) denotes the entropy after
observing the new signal.'3

Given the LQG specification, Sims (2003, 2005) showed that D; is distributed N (§t,at2),
where 5; = E; [s;] and 02 = var; [s;] are the conditional mean and variance of the state variable
s¢, respectively. In models with imperfect observations, the optimal decisions are determined by
the perceived state, rather than the actual state. Computational difficulties arise in RI models
because the perceived state is the distribution of the actual state variable conditional on the
information set available at time ¢, Z;, and as we have noted already this object typically has
high dimension. Fortunately, given the LQG specification and the Gaussian distribution of s,
the first two moments, 5; and o7, are enough to characterize the perceived state. In addition,
as we will show, the problem will simplify further because o2 converges to a constant in the
stochastic steady state.

The constraint (3.1) can be rewritten as
2 2
log W)t‘ — log ‘atﬂ‘ < 2k, (3.2)

where o7, = varyy1 [s¢1] and 7 = varg [s;11] = R%0} + var; [(;41] are the posterior and prior
variance of the state variable, s;, 1, respectively.!* As shown in Sims (2003), in any univariate
case, this information constraint completes the characterization of the optimization problem with
RI and the model can be solved explicitly. Furthermore, with a finite capacity x the optimizing
consumer will choose a signal that reduces the conditional variance of s;1 by a limited amount.

Hence, (3.2) must be binding for the optimizing consumer:

log |97| — log |07, | = 2~. (3.3)

13We regard k as a technological parameter. If the base for logarithms is 2, the unit used to measure information
flow is a ‘bit’, and if we use the natural logarithm e, the unit is a ‘nat’. 1 nat is equal to log, e = 1.433 bits. We
will use the nat in this paper. Lewis (2006) studies a model where households can increase their channel capacity
by reducing their leisure; we have not investigated whether that model can be mapped into the LQ-Gaussian
framework.

M Note that here we use the fact that the entropy of a Gaussian random variable is equal to half of its logarithm
variance plus some constant term.
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It is straightforward to show that in the univariate case (3.3) has a steady state 2. In that
LU2

m, where wg = vary [(i41] = (%) w2+ w?, and the consumer

behaves as if he is observing a noisy signal, sj, = st41 + &1, where 11 is the iid endogenous

steady state, 07 =72 =

noise and its variance, o? = var;[£;41], is determined by the usual updating formula of the

variance of a Gaussian distribution:
2 2 2 (.12 2\ —1 2
O¢41 = vy — Yy (wt + Qt) (g (3.4)
Thus, in the steady state we have

w? + RQEZ) 2
It (RE= 1)

0} = 0% = var; [§41] =

For simplicity, we assume that initially the model economy is at the steady state, implying
S[)| To~N (§0,52).
To draw attention to the value of reducing the multivariate PIH model to a univariate one

we note that RI with multiple state variables requires a second constraint:
Uy — % = 0,

which is to be read as ’the matrix defined as the difference between the posterior and the prior
element-by-element must be positive semidefinite.” We term this constraint a 'no subsidization’
condition, as it implies that an agent cannot reduce one variable’s entropy by more than x by
increasing the entropy of another. This constraint takes the form of restrictions on eigenvalues
and thus is not linear except in the univariate case where it is unnecessary.'®> As a result, the
multivariate version of the RI PTH model does not preserve the optimality of Gaussian noise; we
therefore exploit the state reduction presented above and use permanent income as the unique
state variable.

Luo (2007) contains a complete discussion of the basic linear-quadratic-Gaussian RI model,
so we proceed by introducing two models that generalize the RI model to permit precautionary
effects. The first, denoted RS-RI, introduces the risk sensitivity motive that we discussed in the
previous section. The second, denoted RB-RI, assumes that agents have a demand for robust
decision rules (those that are good against a wide range of misspecifications in the model they

use for forecasting income movements). We lay out each model and solve it in this section.

151t is also likely that some variables would generate corner solutions where their entropy is not reduced at all,
further exacerbating the nonlinearity of the constraint.
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3.1. RS-RI Model
The household problem is characterized by the Bellman equation

() = max {—; (¢, —0)* + Ry [0 (@H)]} (3.5)

Ct

subject to the budget constraint, (2.6), and the Kalman filter equation
§t+l = (1 — 9) R (gt - Ct) + 0 (StJr]_ + €t+1) . (36)
The distorted expectation operator is now given by
S 1 i
R [0 (8141)] = ——log Et [exp (—a (31+1))] (3.7)

so| Zo ~ N (§0,52), Sy = Fy[sy] is the perceived state variable, # is the optimal weight on the
new observation of the state, and &;41 is the endogenous noise. The optimal choice of the weight
0 is given by

_exp(2k) —1

0 (k) exp (20) € [0,1]

0’ (k) = 2exp (—2k) > 0;
therefore, we choose to parameterize RI using 6 directly. Furthermore,

lim 6 (k) =1,

R— 00

so that we nest the standard RS specification as a special case of our model. To make eco-

R%2-1
R2

agents must be able to process some minimum amount of information. This condition is similar

nomic sense in subsequent results we impose the condition 6 > > %, which implies that
to one imposed in Luo and Young (2007) that guarantees an agent with higher capacity opti-
mally chooses a noise process with lower variance; we regard this requirement to be intuitively
reasonable. !

The following proposition summarizes the solution to the RI-RS model.

Proposition 1. Given finite channel capacity k and the degree of risk-sensitivity «, the value

16 This assumption is not needed in fully nonlinear versions of the RI model, suggesting an important breakdown
of the linear-quadratic setup as channel capacity gets very small.
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function of a risk-sensitive consumer under RI is

BRZ—1 R(1-BRY)
TR — 2002 T (BRI —aw?) (R—1) " (3.8)
1 R? (BR? — 1) 2 g1

2 ¢ = — _ 2
Q(R—l)Q(BRz_aw%)C 1_52a10g(1 204Awn) 7

v(s1) =

the consumption function is

BR%2 -1 _ (1—aw%)(R—1)+1—ﬂR2f
c

(= St + (39)
BR? — aw? (BR? — aw?) (R — 1)
actual permanent income evolves according to
BR? -1 _ (1—ow?) (R—1)+1—pR*_
—Rs; — R-——— 5 — , 3.10
e ot BR? — aw? ot (BR? — aw?) (R —1) et G (3.10)

and perceived permanent income evolves according to

(1—9)R(1—aw,2])—c9R(BR2—1) (1—aw2)(R—1)+1—5R2
St41 = $+0Rs,— R 1 0
St+1 BR? — aw? Sitblusy (BR? —aw?) (R—1) 0 (Ge1 + &41)
(3.11)
where ,
2 2

Wn = var [nt-‘rl] e mwc

and . e
=0 |— L __ OR&G
L e T (gt“ 1—(1—0)RL)]

Proof. See Appendix 7.3. =

To interpret these expressions, we remind the reader that & is the noise shock induced
by RI and (; is the innovation to permanent income. 7.1 will turn out to be the stochastic
component in the growth rate of consumption (see below); unlike the basic RS model, 741
contains a forecastable stochastic component due to the presence of the MA(co) term. There
are two special cases of interest that are nested in our specification: if @ = 0 we obtain the same
expressions as in Luo (2007) (the basic RI model), and if § = 1 we obtain 7:41 = (41 (the basic
RS model).

Note that the permanent income shock (; and the noise shock & have the same effect on $;41
(they both increase perceived permanent income by 6 < 1) but only (; affects s;41 (it increases
by 1); because the variance of the noise shock will be decreasing in 0, agents with high processing
capacity will end up with s; tracking s; quite closely. The consumption function shows that 6

affects both the MPC out of the perceived state variable BRI-1

BRZ—auw? and the precautionary savings
n
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(1—aw?)(R—1)+1-BR?
(,BRQ—aw%)(R—l)
capacity w% > wg and it then follows that w% is decreasing in 6.

increment only through the variance of the noise distribution. With finite

P ition 2. 24 < 0
roposition © 90 < U.

Proof. By simple calculation we obtain

aw,% _ (1 - RZ) w?

9 (1-(1-0)R?)’ <!

because R >1and 1 — (1—-6)R?>0. =

Thus, both the MPC out of the perceived state variable (the responsiveness of ¢; to 5;) and
the precautionary savings increment (the intercept of the consumption profile) are decreasing in
0 for fixed a, meaning that agents with lower capacity save a larger fraction of any perceived
income increase. Figure 2 illustrates how the combination of («,#) affects the MPC out of
financial and human wealth (which are equal here) when R = 1.01. The relative risk aversion

expression is now

7 (81) = =
15 1

Pal| =

the key difference is that risk aversion depends not on how far actual permanent income is from
the bliss point but rather how far perceived permanent income is from the bliss point. An RS-RI
agent is more risk averse than a standard RS agent whenever s; > s;, which occurs when the
agent receives negative shocks to ¢ or positive shocks to &.

Since agents with low capacity are very concerned about the confluence of low permanent
income and high consumption (meaning they believe their permanent income is high so they
consume a lot and then their new signal indicates that in fact their permanent income was low),
they take actions which reduce the probability of this bad event — they save more.!” The strength
of the precautionary effect is positively related to the amount of uncertainty regarding the true
level of permanent income, and this uncertainty increases as 6 gets smaller. Figure 3 illustrates
the effect of («,0) on the precautionary savings increment. In the absence of risk sensitivity
( = 0) the precautionary savings increment is zero independent of 6; if @ > 0, however,
precautionary savings is decreasing in 6, so that agents with lower capacity will consume less on

average.'®

17 A more complete discussion of precautionary savings in an RI model can be found in Batchuluun, Luo, and
Young (2007).

18Precautionary savings in this model is different from the precautionary savings that arises when there is an
interaction between exogenous income risk and convex marginal utility. Precautionary savings arises here because
RI agents cannot use all available information to make decision, so it does not require convexity of the marginal
utility function.
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3.1.1. Individual Dynamics

The change in individual consumption in the RI-RS economy can be written as

R—BR? + (1 — R) aw? B BR? -1 —0) ¢ — ¢ BR? —
A1 = BR? — aw? e - c)+9R,6’R2 - aw? ((1 - (1 )tO) R£>+05R2 — (CH_l &)
so that

R—BR?*+ (1 - R)aw?_
Acy BRQ an ZFJCt J+ert J_RZFft 1-j ¢ T BR? — aw? e

n

(3.12)

awR

where p; = BRRQW €(0,1), p2=(1—-0)R e (0,1), and

<.

j i—1
k k 1-k k
=3 (ot es) - 2 (A7 08)
k=0 k=0

Thus, consumption growth is seen to be a weighted average of all past permanent income and
noise shocks.

Wealth accumulation under RI is

2

1—-oaw 1 ~
Akpyr = Actr1 — 77 AU + A (St41 — St+1) ;

BR? —1 R

under RI the actual savings of risk-sensitive consumers responds to unperceived changes in the
true state relative to the perceived one.

Figure 4 plots the responses of consumption to the aggregate permanent income shock &;.
It clearly shows that RI has a similar qualitative effect on consumption in the standard RE
model and the RS model;!? quantitatively, RI has larger impacts on consumption in the RS
model because the deviation of the asymptote from that for the standard RE case is larger in
this case. With a stronger preference for risk-sensitivity, the precautionary savings increment
is larger and thus an income shock that is initially undetected would have larger impacts on
consumption during the adjustment process. In addition, we note that the immediate response

of consumption to a shock to permanent income is given by

BR? —1

SR (gt) - Qm

(3.13)

This expression is increasing in «, implying that the more risk-sensitive the household the

19That is, consumption reacts gradually to income shocks, with monotone adjustments to the corresponding
asymptote.
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more consumption responds initially to changes in permanent income. It is also increasing in
0, implying that agents with lower capacity have smaller initial responses, so that RI and RS
have opposing effects. In Figure 5 we plot the short-run responses of consumption growth as a
function of @ for various values of .

With RI agents respond slowly, similar to their response if they faced convex adjustment
costs for their wealth; one resulting implication is that the short-run and long-run responses of

consumption are different. The long-run response is given by

LR (&) = O(Cmo Acris) _ 1 ZT:( T0k). (3.14)

Oey — aw
M k=0

Note that when @ = 0 and p; = 1 and taking the limit as 7" — oo this expression reduces to the

result reported in Luo (2007):
0

1—py

It is clear from the above two expressions that RS has two opposite impacts on the long-run

LR (e;) = (3.15)

responses of consumption to income shocks under RI. First, o increases the long-run response

by a factor 0 7="— Raw?) second, it reduces the long-run response by a factor
d 1
lim (plT kplg) 0<
T—o0 =0 1—po

because |p1]| < 1.

Furthermore, the volatility of individual consumption growth is

2

j—1 Jj—2

var [Ac] (ORR oziz%) Zfzwg—kz I'y—(1+R) Z( Sk k)+z<p1 - kpé)] wg
=0 k=0 k=0

(3.16)

Intuitively, this expression should be decreasing in 6 and increasing in «. With lower 6, agents
have less channel capacity and therefore choose more volatile noise shocks, leading to changes

in consumption that are more sensitive to changes in perceived permanent income.

3.1.2. Aggregate Dynamics

Since the expression for the change in individual consumption (3.12) permits exact aggregation,

we can obtain the change in aggregate consumption as
BR? - = :
AC= 95R2 — aw2 ZF €t—j + ZF B (€] ggo E'[&-1-4] ¢ (3.17)
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where i denotes a particular individual and E’[] is the population average. This expression
shows that even if every consumer only faces the common shock €, the RI economy still has het-
erogeneity since each consumer faces the idiosyncratic noise induced by finite channel capacity.
As argued in Sims (2003), although the randomness in an individual’s response to aggregate
shocks will be idiosyncratic because it arises from the individual’s information-processing con-
straint, there is likely a significant common component; provided that agents face similar needs
for coding macroeconomic information, they will rely on common sources and generate aggregate
noise shocks. Existing theory does not provide a way to determine the common component of
the noise term; we can only state that the common term E* [ﬁ] is between 0 and the part of
the idiosyncratic error & generated by the aggregate income shock ;.

In order to simplify expressions we consider the case where all noises are idiosyncratic (so
that individuals live on isolated islands and do not interact with each other directly or indirectly
via conversation, imitation, newspapers, or other media); in this special case the change in

aggregate consumption can be written as

2
-1

:Sd[ACt]—<9 PR~ 1 > (3.19)

sdle)] — \ BR? — aw?

which means that RI reduces the volatility of aggregate consumption growth in the risk-sensitive
PIH model. Figure 5 illustrates how the combination of RI and RS affects the smoothness ratio
of aggregate consumption. It is clear that incorporating RI into the risk-sensitive PIH model
can reduce the volatility of aggregate consumption and thus make the model better explain the
data in this aspect. For example, when o = 5 x 107, w. = 5.6, R = 1.01, and # = 0.15, the

excess smoothness ratio is about 0.47, very close to its empirical counterpart in the US data.

3.2. Robust-RI Model

We now consider the connections between risk sensitivity and robustness. Hansen and Sargent
(2007) demonstrate a deep connection between the choices made by an agent that is risk-sensitive
and one that has a preference for robustness. An agent with a preference for robust decision
rules considers a range of models and makes decisions that maximize utility given the worst

possible model. Following Hansen and Sargent (2007), the robust PIH problem with inattentive
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consumers can be written as

v (§;) = max min {—; (¢, — ) + BE; (97 + 0 (8141)] } (3.20)

Ct 147

subject to the flow budget constraint

Si41 = R (st — ¢t) + Gq1 + werr (3.21)
and the Kalman filter equation
Sty1 = (1 = 0) [R (5t — ct) +were] + 6 (se41 + &) (3.22)

where v, distorts the mean of the innovation and ¢ > 0 controls how bad the error can be.2’

After substituting (3.21) into (3.22), the Kalman filter equation can be rewritten as
§t+1 =R (é\t — Ct) + weve + Net1- (3.23)

where 111 = 0R (s¢ — 5¢) + 0 (1 + Ep11)-

The following proposition summarizes the solution to the RB-RI model.

Proposition 3. Given ¥ the value function of an agent with preference for robustness under

RI is given by

BRZ—1 R BRZ -1

) = —55m = G20 T R—1BR — o2/ (20)
R? (BR? -1 2_1
(5 ) 2y P ﬂ? swr | (3.24)
2(BR2 w2/ (20)) (R—1)? 1= B2BR =/
the consumption function is
SR 1 (1—w§/(2z9))(3—1)+1—,6R2
Ct gt + E, (325)

T BR? - W/ (20) (5R2 - w2/ (29)) (R 1)

20Formally, this setup is a game between the decision-maker and a malevolent nature that chooses the distortion
process v¢. ¥ > 0 is a penalty parameter that restricts attention to a limited class of distortion processes; it can
be mapped into an entropy condition that implies agents choose rules that are robust against processes which are
close to the trusted one.
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the optimal worst-case distribution is given by

w? BR? -1 W/ R (BR% 1)
== + -5 ( ) . 3.26
" 20 (8R2 w2/ (20)) "2 \R-1) gp (8R2 w2/ (20)) S

Proof. See Appendix 7.4. =

Equation (3.25) displays an important property — it is independent of §. Thus, in the RB-RI
model limited channel capacity does not affect consumption except through changes in the level
of perceived permanent income. The same property holds for (3.26); the worst-case distribution
does not directly depend on the channel capacity. The value function therefore only directly
depends on 6 through the constant term. Individual and aggregate dynamics of consumption
under robustness are very similar to those under RS, so we omit examining the dynamics under

robustness.

4. Observational Equivalence

In this section we detail the observational equivalence results that connect the RI, RS-RI, and
RB-RI models. All three models are capable of producing the same consumption-savings deci-
sions for some combination of parameters (o, (3,1, ), rendering them fundamentally unidentified
by this data alone. Our purpose is to provide intuition about why the observational equivalence
result obtains in three settings — between RI and RS-RI, between RI and RB-RI, and between
RS-RI and RB-RI.

4.1. Observational Equivalence Between RI and RS-RI

Hansen, Sargent, and Tallarini (1999) show that as far as the quantity observations on con-
sumption and investment are concerned, the risk-sensitive version (a > 0, 5) of the PIH model
is observationally equivalent to the standard version (a = 0, /) of the PIH model for a unique
pair of discount factors.?! However, the two models have different implications for asset prices.
In this section we show that holding all parameters constant except the pair (o, ), the RI
version of the PTH model with risk-sensitive consumers (« > 0 and SR < 1) is observationally
equivalent to the standard RI version of the model (« = 0 and SR = 1), extending the obser-
vational equivalence result to a broader class of models. To do so, we fix R and assume that 5
differs across the two settings; thus, 755! is the discount factor needed in the RS-RI model to

achieve OE with the RI model where SR = 1.

2! Hansen, Sargent, and Tallarini (1999) derive the observational equivalence result by fixing all parameters,
including R, except for the pair (a, 8).
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Proposition 1. Let

= (R-1)aw <L (4.1)

5RS,RI —
Then consumption and savings are identical in the RI and RS-RI models.

Proof. See Appendix 7.5. =

This proposition is straightforward to prove by simply setting the coefficients in the con-
sumption function equal and solving for the discount factor. We show in the appendix that
the same outcome is obtained by setting the slope and curvature coefficients in the value func-
tions equal. (4.1) implies that the required discount factor is decreasing as a function of « and

increasing as a function of 6:

d (R—1)w?

s BRS,RI) - _ n <0

Oa ( R2

0 (arsmry __(R—1)adw)

A AN Ay~ a7 R

Holding fixed 6, an agent who is more sensitive to risk (higher a) will save more; thus, to match
an agent who is not sensitive to risk that agent must be less patient. Similarly, holding fixed
a an agent with a higher channel capacity (higher 6) will save less, requiring them to be more
patient to match the saving of an agent who is risk sensitive but has lower channel capacity.
Note that % (BRS’RI ) =0 if & = 0, so that the discount factor would not need to be adjusted
if agents are not risk sensitive; this result simply restates the result in Luo (2007) and arises
because RI does not alter consumption-savings plans when a = 0. Figure 6 plots the locus of
OE between (o, 3) for various different values of 6 (we fix R = 1.01).

4.2. Observational Equivalence Between RI and RB-RI

We now turn to a comparison of RI and RB-RI. As above, we can derive an expression that
links the discount factor in the RB-RI model to the robustness parameter ¢ in such a way that

the agent would make the same choices in the RI and RB-RI models.

Proposition 2. Let
2
BRB,RI_R_(R_DWC/(QI(}) <l (4.2)
N R2? R '

Then consumption and savings are identical in the RI and RB-RI models.

Proof. See Appendix 7.5. m
Here, the discount factor needed in the RB-RI model does not depend on the channel ca-

pacity parameter ¢; this independence is a consequence of the previously-noted independence of
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consumption in this model. It is immediate that the discount factor is an increasing function of

P
O RB.RI R—1w}
90 0) = g g >0

An agent with higher ¢ is less concerned about model misspecification and therefore tends to

save less (equivalently, they consider only models that are very close to the trusted one, leading
to less distortion and therefore less additional saving); in order to match the behavior of an
agent who does not require robust decisions the robust agent must be made more patient. If
1 = oo then % (BRRRI) = 0; again, this result matches that found in Luo (2007).

4.3. Observational Equivalence Between RS-RI and RB-RI

We now turn the final comparisons, where provide settings for («, /3, 6,1) that jointly produce
observational equivalence. These results imply that there exists a fundamental lack of identifi-
cation between the class of models we are considering here (linear-quadratic-Gaussian models);
it would be impossible to distinguish between any of them using only consumption-savings de-

cisions.?2

Proposition 3. Let the following expression hold:

ab 1
1-(1—-60)R2 20’ (43)

Then consumption and savings are identical in the RS-RI and RB-RI models.

Proof. See Appendix (7.5). ®

To interpret these expressions we fix § at some common value, since it does not play a role
here. An agent who is risk-sensitive (o > 0) and suffers from finite Shannon channel capacity
(0 < 1) will make the same choices as an agent who is concerned with robustness (¢ < oco). The

"required” ¢ is given by

MREILLE »
where
09  R?-1
9~ 202 " 2
gz:_l_(;a;;)R <0

22By extension, if we interpret our model as a model of capital accumulation with a linear technology, it is
impossible to distinguish the models using only consumption and investment data.
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That is, if we compare two agents with the same «, the one with higher channel capacity will
behave the same as an agent who is less concerned with model misspecification. If we compare
two agents with the same 6, the one with higher risk sensitivity will behave the same as an agent
who is more concerned with model misspecification.

Another observational equivalence result arises if we fix («, ) for two agents who have the
same 0. Then, there exists a pair of discount factors, SE0RS and SEIEB | guch that the two

agents choose the same consumption plans.

Proposition 4. Let the two discount factors satisfy the relation

(1 _ RQBRI,RS) UJ? 129 (RzﬁRI,RS _ aw%)

BRLRB —
20R? (1 — aw?)

Then consumption and savings are identical in the RS-RI and RB-RI models.

5. Welfare Costs From RI

We present here the welfare cost of RI — what an agent would pay to increase k to 0o (so that the
optimal choice is @ = 1). This calculation is defined as the difference between the value function
with and without information-processing constraints, expressed in terms of a money metric. Luo
(2007) shows that the welfare costs of RI are fairly small in the certainty equivalent environment;
our interest here is assessing how these costs differ in the RS-RI and RB-RI models.??> To make
the comparisons meaningful, we restrict our attention to combinations of preferences that imply
observational equivalence — that is, do agents who look the same (but for different reasons) suffer

the same welfare losses from information-processing capacity limitations?

5.1. Welfare Costs in RS-RI and RB-RI

We assume for this section that («,?) are such that OE obtains between the two models (note
that OE requires that « depend on 6). Within this class we can derive the lifetime utility in the
RS-RI model,

~RS /~ R-1, _. 1 R _ 1 R-1
GRS (St):—WSf‘f'CSt_i (R—lCQ_l—BﬁalOg <1— 7 aw%)), (5.1)

and in the RB-RI model,

“RB /~ R-1, _. 1
of'B (5) = — SR S?+03t_2<

i @+ fR-1 2), (5.2)

R—1°T1-3 R “n

Z0ur calculation is related to Tallarini (2000), who shows how risk-sensitivity increases the welfare cost of
business cycles and the equity premium.
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where § = pRSEI — gRB.RI The only difference between the two functions is the constant
term; this equivalence arises because the slope and curvature parameters are pinned down by

the equalization of the consumption decisions. We note that

, 1 R-1 ,\\ R-1,
g}irb{—alog<1— 7 awn)}— 7 Yn (5.3)

so that the two expressions are equal if & = 0. We also note that

o[ 1 R-1 ,

1 R-1 R-1,
—alog<1—2 7 awn>> w

Thus, we have

R n
for a > 0. This result implies that RS households have lower utility than RB agents do,
conditional on being observationally equivalent. We summarize the previous discussion as a

formal proposition.

Proposition 1. Given the same level of the perceived state $; and assuming (4.3) is satisfied
by (o, ) for fixed (0, 3), it follows that v7° (5;) < v1B (5,).

A similar proposition holds in the absence of RI simply by replacing w% with wg, so that it
holds when # = 1. This result implies that the costs of uncertainty are larger for RS agents
than RB agents whenever the parameters are such that their observable behavior is identical.
Both types of agents respond by saving more than a standard RI agent would; under the OE
restriction for parameters, they therefore generate the same consumption path. But RS agents
are more averse to the remaining fluctuations in consumption than RB agents are, resulting in

higher costs of uncertainty and lower lifetime utility.

Proposition 2. Define the difference between the welfare losses of RS and RB consumers as

1 -1 -1
A= —alog <1 _ A ozw2> - RR w%. (5.4)

A is decreasing in 0.

Proof. By straightforward differentiation we obtain

dA  dA dw}
— = ——" <0,
do clw?7 do
because A 2
R—-1 R—-1 w
— _ fi d - <o.
dw% R—(R—l)aw% 7 >0 for o > 0 an 20 <0
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]
RI increases the difference between the welfare losses of RS and RB consumers who have the
same consumption-savings decisions; as 6 decreases, the cost of RI for the RS agents increases

faster than the cost for the RB agents.

5.2. Quantitative Results

To compute the welfare losses of RS and RB consumers from RI due to deviating from the
first-best RE path, we need the costs of deviating from the RE benchmark. Specifically, we first
assume that at the beginning both RS and RB consumers have unlimited capacity and choose
the same consumption-savings decisions, that is, the OE under RE holds (a = 1/ (29)); we then
increase the degree of inattention and compute the welfare costs of RI due to deviating from
the RE path. After deriving the value functions in all cases, it is straightforward to show that

under the OE, a = 1/ (2¢), the expressions for the expected welfare losses from RI are

BR% -1 1 9 1 9
EA = E ——5F .
[Av ()] 2 BRZ — ch% [St] BRZ — awg [St] + (5.5)
(BR?* —1) Re 1 1 .
E - ——F
R-1 R23 — awg [ R?f — aw? (5] ) +
2_R’B-1
R? (R?B—1)¢ 1 1 N B | 1 = awigre o
— —1lo
2(R—1)2 R25—aw% R2B—aw2 1-82 8 1—o ?]ﬁgjé;ﬂ ’
n
—(R—1)aw?
where # = UV o1 the RS-RI model and
R—1 - BR-1,5 -
EAv (¥)] = R (var (5;) — var (s¢)) + 15 2R (wif — i), (5.6)

(R—1)w?
where 3 = M for the RB-RI model.

To do quantitative welfare analysis in the models we need to know the level of E [s;] (note
that it is equal to E [s;]). First, denote by « the local coefficient of relative risk aversion, which

equals
Ely|

T e-El

for the utility function u (-) evaluated at mean income E [y]. To calculate the welfare losses due
to RI, we set the parameters according to those estimated from post-World War U.S. time series
by Hansen, Sargent, and Tallarini (1999) for a PIH model with two-factor endowment process.

Specifically, we follow the procedure used in Hansen and Sargent (2004) and use the estimated
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one-factor endowment process as follows
Yt+1 = 0.9992y; + €141, (5.7)

and €41 follows an iid process distributed as N (0,5.6). Since the estimated persistence coeffi-
cient is difficult to distinguish from 1, for simplicity we assume that income follows a random
walk.  Following Hansen, Sargent, and Tallarini (1999) we also set the mean income level
E[y] = 16 and then find the value of the bliss point ¢ that generates reasonable relative risk
aversion 7. For example, if 7 is equal to 1, ¢ = 2F [y] = 32. Furthermore, assume that the
ratio of mean financial wealth to mean labor income is 5, that is, E[w]/E[y] = 5.2* Since

St = wy + ﬁyt, we have

Els)] = <5+ R1_1> Ely.

We will use this specification when we make quantitative statements.

Following Cochrane (1989), Pischke (1995), and others, we use a money metric to measure
the welfare cost of deviating from the standard RS and RB solutions. Specifically, dividing the
expected welfare losses F [Av] = E [v(s;0 = 1) — 0(8; 0 < 1)] by the marginal utility of a dollar

at time ¢ and converting it to dollars per quarter yields

$ Loss/quarter: AT = R; 1P E?E]y()a)]’ (5.8)
and
$ Loss/quarter: A8 = ng LB [52};;9)] (5.9)

where Av () and Av (9) are defined in (5.5) and (5.6), respectively.

Our purpose in presenting these numerical results is to demonstrate that the welfare losses
from RI can in fact be considerably larger for RS agents. To this end, Table 1 reports the ratio of
the welfare losses of RS to RB, A% /ARB We set § =1 and o = % to reflect the OE between
robustness and risk-sensitivity in the RE context and then consider lower values of 6, adjusting
parameters appropriately to maintain OE. The costs are uniformly higher for the RS model,
and can in fact be much larger (the rightmost column has ratios that approach 8). Similarly,
Table 2 reports the ratio of the RI-induced welfare losses in the RS-RI and basic RI models for
different values of 6 given observationally-equivalent consumption-savings decisions.Note that
when calculating the welfare losses in the RS model, the value of 3 is determined by (4.1) given

the values of « and 6, while the value of 8 used in the basic RI model is just 1/R. Risk-

24 This number varies largely for different individuals, from 2 to 20. 5 is the average wealth/income ratio in
the Survey of Consumer Finances 2001.
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sensitive consumers also suffer much more from finite information-processing constraints than
do the consumers who are simply more patient.

What is the significance of these calculations? The fact that RS agents suffer much more
from limited information processing capacity suggests that a careful experiment might be able
to distinguish the two types of agents. If a researcher were to ask individuals "What would
you pay to receive more/better information about the state of the economy?’ RS and RB
agents would provide significantly different answers. Given the answers to this question, along
with consumption-savings data, we may be able to determine whether agents are risk-sensitive
or concerned about model misspecification, provided they in fact have limited information-

processing capacity.

6. Conclusion

This paper provides a characterization of the consumption-savings behavior of a single agent who
is both risk-sensitive and limited in their capacity to process signals. The key component to our
model is the presence of precautionary savings, permitting the limited processing capacity to af-
fect the average level of consumption. We show that there still exists an observational equivalence
between models with and without risk-sensitivity even when agents face information-processing
constraints, extending the results of Hansen, Sargent, and Tallarini (1999) to a broader class
of models. However, within the observationally-equivalent class of models the welfare costs of
rational inattention are not constant — models with higher discount factors and correspondingly
lower risk-sensitivity generate larger welfare costs of RI than observationally-equivalent ones
with lower discount factors and higher risk-sensitivity. We also show a connection between ro-
bustness, risk-sensitivity, and RI, in the sense that any combination of the three can plausibly
generate the same consumption-savings decisions. However, as in the case with RS and RI, the
welfare costs of RI are not equivalent across these observably-equivalent specifications.

While our model does permit precautionary savings, it is not as general as we would prefer.
As we have noted above, solving fully-nonlinear versions of the RI model is extremely difficult
given the shape of the optimal distribution of consumption, meaning that only models with short
horizons or very small state spaces can be computed.?> We suspect that methods to deal with
this problem can be developed, particularly for simple one-agent problems like the one studied
here. A more difficult problem with RI models is noted in Sims (2005) — a general equilibrium
setting will involve nonstandard features including inventories, retailing, and probably search.

Implementation of RI solutions is also problematic — under general settings consumption is not a

¥Sims (2006), Lewis (2006), Batchuluun, Luo, and Young (2007), and Tutino (2007) present some nonlinear
solutions to RI models. These models are generally very small, either in terms of the number of states or the
number of periods.
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deterministic function, meaning that the theory does not make clear predictions about what any
individual’s consumption will be, only what will prevail in a dataset of sufficiently large size.
Despite these difficulties, we see rational inattention as an important tool for understanding

consumer behavior.

7. Appendix

7.1. Solving the RI PIH model

To solve the standard PIH model, we first conjecture that the value function takes the following

quadratic form
0 (5;) = —As? — B5; — C, (7.1)

where Ay, A;, and Ay are constants to be determined.?® Substituting (7.1) into the Bellman
equation,

7 (5;) = max {—; (€— )+ BE [0 (%1)]}

Ct

subject to the budget constraint, (2.6), and the Kalman filter equation, (3.6), yields

Ct

1
—Aé\? — Bs; — C' = max {—2 (E — Ct)2 + BE; [—Aé\%Jrl - B§t+1 — C] } . (72)
Second, performing the indicated optimization yields the following first-order condition
— (¢t =€) + BRB + 2B8R*AFE; [5; — ] = 0, (7.3)

SO
2BR?’A _ ¢+ SRB

S 1r28reA” T 11 28R2A”
Substituting Equations (2.6), (3.6), and (7.4), into Equation (7.2) gives

c (7.4)

— A -Bs -C
1( 98R2A __ ¢+ [BRB >2

o \T1r28r2a" T 11 28R24 €

50533&1[ 1 c+BRB}

1+ 28R2A™ "~ 11 28R2A

R z 2R R(¢+ BRB)\ . ¢+ BRB \?
—BA [ — 2 _ 2( 2P
b {<1+26R2A> 5t 1+26R2A( 1+ 23R2A >8t+var[’7t+1]+R <1+2ﬂR2A :

*6Tu0 (2007) solves the RI version of the PIH model with the 3R = 1 restriction.
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OR,
where 711 = 0 [(1-(%%1)121:) + <§t+1 - 1—(1—%)121:)]
Third, collecting and matching terms, the constant coefficients turn out to be

R? -1
1 — BR?
B - IB_szﬁ_R67 (76)
2 2
P vl (77)

C=mo1E T g

Substituting (7.5) and (7.6) into (7.4) yields

1 - 1 1\ _
Ct:<1BR2> StR—1<1BR> c. (7.8)

7.2. Solving the RS model

To solve the Bellman equation (2.14), we conjecture that
v(st) = —As? — Bsy — C, (7.9)

where A, B, and C' are undetermined coefficients. We can then evaluate E; [exp (—aw (s¢11))] to

obtain

Ey [exp (—av (st11))]
= E; [exp (aAs}; + aBsii1 +aC)]

=F, [exp <aAR2 (st — ct)2 + aBR (s; — ¢) + [20AR (s¢ — ¢) + aB] (41 + ozACtzﬂ + aC)]

b2
— (1 —90"1/2
= (1—-2¢) exp <a+2(1_26)> ,

where

a=aAR? (s; — ¢;)*> + aBR (s; — ¢;) + aC, (7.10)
b=[20AR (s; — ¢;) + aB]we, (7.11)
c= aAwg. (7.12)
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Thus, the distorted expectations operator can be written as

Ri [v (st41)]

11 v?
= ! “log(1-2 S
a{ 3 108 C)+“+2(1—2c)}

[20AR (s; — ) + aB]? w?
2
2 (1-2040)

1 1
=5 log (1 — 204Aw2) - aAR? (s; — ¢;)* + aBR (s; — ¢;) + aC +
a

AR? BR aBw?

1
= -log(1-2040}) - ——— (s —a) — 5 (s —a) = |C+
50 og ( o wg) 1—204Awg (51— 1) 1—20[Aw42~ (s —ct) +2(1—2aAwg)

Maximizing the RHS of (2.14) with respect to ¢; yields the first-order condition

_ 2B8AR? BAR
— (¢ — —— (5t — —— =0 7.13
(e —2)+ 1-— 2aAwg (50 —ee) + 1-— 204Awg ’ (7.13)
which means that
¢(1-20Aw?) + BBR
2ABR? c(l 2a wc)—l— I}

Ct (7.14)

T 12042 1 248R2 Tz 20Aw? +2ABR?

Substituting (7.14) and (7.9) into (2.14) gives

— As? — Bs; — C
2

1 2ABR? N BAR — 2ABR%c
=—c s

2\ 120402 +248R*>™" " 1 - 20Aw} + 2A5R?

2

1 9 AR2 1-20Aw? ¢(1-2aAw?)+BAR

2q 10g (1 =20 Aw? ) — 75 5 1 204021 2ABRZSt T 1 20Aw2 4 2ABR?
ﬁ S ¢ S

BR 1—204Awg E(I—QaAwg)—&-BﬁR C oszwg
T 120402 \ T20A0Z12APR? °t T 1 20A0T+2ABR? | T + 2(1-20A03)
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Collecting and matching terms, the constant coefficients turn out to be

 BR*-1
- 28R? — 2awg’
R(1-BR?)

RE(BR-1) 5, B

C= + !
(R—1)* (BR? - g)c 1—62 oz !

( — aw ) - 1)@
% 204Aw2) ,

(7.15)

(7.16)

(7.17)

Substituting (7.15) and (7.16) into (7.14) yields the consumption function (2.17) in the text.

7.3. Solving the RI-RS PIH model

To obtain the solution to the RI-RS model we simply need to replace wg with w% (we omit the

steps):
Ao BR?* -1
- 2BR2 — 2aw3
T
—aw?) (R—1)

(BR
_1 Rz(ﬂRz—l) PR
2

(R — ) (5R2 — aw%) ¢ 1-3 2 10% (1 — 20 Aw )

and the consumption function is

BR2 -1 _  (1—ow?)(R—1)4+1—pR?>_

BR? — aw? s (BR? — aw?) (R — 1)

Ct =
Using this consumption function, the evolution of permanent income is then

spp1 = R (s — ¢) + G
ﬁR2—1 N (I1-—ow?) (R—1)+1—pBR?

ﬁRQ - aw? s~ R (BR? — aw?) (R —1)

= Rs; — C+ (i1,

while perceived permanent income evolves according to

Sip1 =1 —0)R (5t — ) + 0 (St41 + E+1)

(1-0)R(1—ow?) —0R(BR*—1) _

l—aw?)(R—1)+1-— R2
= st +0Rs; — R( aw)( ) B

n

BR2 — aw?

H (ﬁR2 - aw%) (R—1)
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7.4. Solving the Robust RI Model

As before, we conjecture that
7 (5;) = —As? — B5;, — C, (7.19)

where A, B, and C are undetermined coefficients. Substituting this guessed value function,

(3.21), and (3.22) into the Bellman equation gives

1
—A3? — B5; — C' = maxmin {—2 (c—c)* + BE; (97 — A8}, — B8i41 — (] } . (7.20)

Ct vt
We can do the min and max operations in any order, so we choose to do the minimization first.
The first-order condition for v; is

201y — 2AE; [wgyt + R (é\t - Ct)] we — BwC =0,

which means that
- B + 2AR (gt - Ct)

YT (0 aw)

we (7.21)

Substituting (7.21) back the Bellman equation (3.20) gives

2

o 1 B+2AR (3 — N ~
— A5} -B5—C = max { —5 (¢ — ¢)* + BE; |V - & Ct)% — A8} = BSa—C| ¢,
“ 2 2 (29 — Aw?)
(7.22)
where
Se41 = (1= 0) [R (5t — ) +wenn] + 0 (R (s¢ — ¢) + weve + Gey1 + &)
=1 =0)R(5t —ct) +0R (st — ct) +wevr + 0 (Grgr + Ee41)
=R (/S\t - Ct) + wgut + MNt+1

The first-order condition for ¢; is

2
ARwC

(E— Ct)+2/BA <R+ m

ARW? AR
) [R (5 — ¢t) + wewy] + BB (R + i) —2519197”4%5 =0.
Using the solution for 14 the solution for consumption is

2 ABR? e(1-awz/) + BAR
T A2+ 2ABRE T 1= A2]0 + 2A8R2

Ct (723)
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Substituting the above expressions into the Bellman equation gives

— A8} - Bs - C

2
1 2ABR? 5+ —2ABR?*c+BBR 1 B9 |1 B=24Rc + AR
2 1—Aw§/19+2AﬁR2t 17Awg/19+2A,8R2 22A619R27Aw§+19 197Aw§+2A,BR219

2

= RY ~ 1 2BBYR?+2c9 R—Bw?

B —A 2 295t~ 32 2 2 Mt+1
+8E 2ABYR? — Aw;+10 2 2ABIR2—AwZ+Y

¢ B RO . 12BBYR?42c0R—Bw? c

D 2Apir—aczi St T 3 aAmeRE-AuTre T ML (T

Collecting and matching terms, the constant coefficients turn out to be

_ BR?-1
A= 25 R? —wg/ﬁ’
s R 1-pr?
T R-1BRE - W2/ (20)°
1 R? (BR? — 1) L B BRZ—-1
== .
2 (5r— i/ 20)) (o1 1= PR

2
gt:| (JJ?

(7.24)

(7.25)
(7.26)

(7.27)

Substituting (7.25) and (7.26) into (7.23) yields the consumption function (3.25) in the text.

7.5. Observational Equivalence Between RI-RS and RI-RB

Comparing (3.9) with (3.25), we can derive the OE between RS and RB under RI:
aw% = w?/ (29),

which implies that
0 1

“T-a-or " 20
Note that when SR = 1, the standard RI PIH model implies that

R—-1_
St.
R

Ct =

Hence, under RS-RI (a > 0), we can construct the following OE between « and /8

BR*-1 R-—1
ﬁR2—aw%_ R’

which implies that
R—(R-1aw? 1 _

BRLES _

(7.28)

(7.29)

(7.30)

(7.31)

\




Similarly, under RS-RI (¥ > 0), we can construct the following OE between 3 and v

BR? -1 R—-1

BRE-WI/(29) R

which implies that

R—(R-1w?/(20) 1
RI,RB ¢
’ — —_ . 2
Given the OF under RI, the value function under RB-RI can be written as
~RB /~ R?—-1 R2—-1)R R
'URB (St) = —%S? (5 ) CS¢t (733)
20R2 =l /07 (BR2 - w2/ (20)) (R—1)
1 R* (BR* - 1) 2, B BRE-1
- = c — 53 3Wn
2(R2B-wp/20)) (R-1)> 1= O2BR2 =g/
g iton <2R—1C+1—ﬁ oR )
and the value function under RS-RI can be written as
R? -1 _ RP-1)R
15 (5) = b 2 (8 ) st (7.34)

- 2BR? — 20w} it (BR? — aw?) (R — 1)
- (1 R2(BR*-1) , B

1 2
5 1) (R — aw%) ¢ =1 ﬂ%log (1- 2aAw,7)>

R—l,\2 o~

e Wst +CSt—<2R_1C _1_520(].Og(1_20114.wn)>

Therefore, the only difference between the two value functions is the constant term. Note that

) 1 R—-1 L,\| R-1,
(‘PL% {—alog <1—Rawn>} = R W

and

Oa 202

o1 —(R—l)aw% +(R—l)ozw?7
222 \R—(R—1)aw? R

0 (=35 log (1 - o)) __1< Ui S R O
R—(R-1)aw? R K

2
1 [(R -1) awg] > 0.

222 R [R—(R— l)aw%}
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R-1 2

the second line follows whenever “F-aw, is a small number. Hence,

1 R—-1 R—-1
_zalog(l— 7 aw3)> 5 wgfora>0, (7.35)

that is, RS consumers suffer larger welfare losses from RI than do RB consumers.
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Table 1: Comparison of RI-induced welfare losses the RS-RI and RB-RI models
ARS |ARB
(,9) = (5-107%,10°) (107°,5-10*) (5-1075,10%) (107%,5-10°)
0 =10% 2.2473 2.5040 4.7313 7.9944
0 = 40% 2.2460 2.5013 4.7050 7.9028
0 =170% 2.2461 2.5012 4.7023 7.8928
0 =90% 2.2459 2.5009 4.7010 7.8891

Note. The parameters are set as follows: ¢ = 32, F [y] = 16, R = 1.01, and w. = 0.2559.

Table 2: Comparison of RI-induced welfare losses in the RS-RI and basic RI models

ARS AP

(e, 8) = (5-1076,0.9901)  (107°,0.9901) (5-1075,0.9901) (1074,0.9901)
0 = 10% 2.2345 2.4757 4.4690 7.1318
6 = 40% 2.2334 2.4730 4.4442 7.0501
0 = 70% 2.2333 2.4728 4.4416 7.0411
6 = 90% 2.2331 2.4726 4.4404 7.0379

Note. The parameters are set as follows: ¢ = 32, E [y] = 16, R = 1.01, and w, = 0.2559.
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