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Abstract

In both static and dynamic, independent private values setups, the corresponding efficient
allocation is implementable if the distribution of agents’ values is known. Lack of knowledge
about the distribution is inconsequential in the static case. But, if distribution of agents’
values is not known in a dynamic framework, and if the designer gradually learns about it
by observing present values, endogenously arising informational externalities may prevent
the implementation of the efficient allocation if learning is too "fast", i.e., if present obser-
vations have a large impact on expectations about the future. We provide necessary and
sufficient conditions for the efficient allocation to be implementable, and we draw a parallel

to situations with direct informational externalities.

1 Introduction

In this paper we analyze the conditions under which an efficient allocation of resources is achiev-
able in a dynamic private values setting where the designer gradually learns about the distrib-
ution of agents’ values.

As an application, consider the sequential allocation of scarce spectrum to emerging tech-
nologies. Whenever a new technology appears, a benevolent designer is faced with a problem:
should he allocate a valuable chunk of spectrum right now while forfeiting (at least for a long
period of time) the option of allocating it to a possibly superior, future technology? It makes
sense to assume here that current firms have a better knowledge of their technological prowess
than the designer. Moreover, it is reasonable to assume that the assessment of future techno-
logical possibilities, can be improved by observing the current technology. As we shall show

below, if current technology owners are strategic, the learning process about the future interacts
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with, and disturbs in a subtle way the process by which the present information necessary for an
efficient decision can be extracted. Efficient implementation becomes possible only if learning is
not "too fast".

Another good example is a hiring process in an organization who is filling several positions
at different hierarchy levels over time (an university department, say). While all candidates
prefer higher level positions, some aspect of their ability to perform the needed tasks at each
level of the hierarchy is privately known to the candidates. If contracts with current employees
are difficult to adjust, the designer must carefully compare the quality of present candidates -
which can serve as a signal about the "market" - to the expected quality of candidates that may
become available in the future.

The above examples are typical for a large class of situations where "investors" faced with a
fixed amount of resources need to distribute them over time to a sequence of randomly arriving
opportunities. As above, a transaction typically consists of a physical and a monetary part. An
important assumption in our model is that both parts cannot be made contingent on information
revealed in the future by other strategic agents. This assumption, which is discussed in a more
detailed way in Section 7.1, is natural in contexts where new information arrives with a significant
delay.

The theoretical study of the efficient allocation of resources to privately informed, strategic
agents revolves around the seminal analysis due to Vickrey, Clarke and Groves (Vickrey (25),
Clarke (7), Groves (13)). The VCG mechanisms work by aligning private and social interests
via individual payments that correspond to the externality imposed by an agent’s presence on
others. Given these payments, all agents have the same goal - to maximize social welfare. An
important requirement behind the VCG construction is that the externality imposed by an
agent on others does not depend on that agent’s information. This requirement is fulfilled in
the standard private values framework where agents are completely informed about their own
values for the various outcomes. Moreover, since the VCG mechanism implements the efficient
allocation in dominant strategies, it can be executed even if the joint distribution of values is
unknown. Thus, informational assumptions about this distribution are immaterial, and learning
about it is not required from a welfare point of view.

The classical VCG model is static - all agents live simultaneously, and an allocation decision is
taken only once. But, a generalization of the marginal externality idea allows the implementation
of the sequentially efficient allocation also in dynamic settings with private values as long as the
distribution of values is known to the designer (see Parkes and Singh, 2003). Knowledge of
this distribution is now crucial since, in order to compute the correct monetary transfers that
align private and social interests, the designer needs to calculate the correct expected externality

imposed by an agent over time. Athey and Segal (3) and Bergemann and Valiméki (4) generalize



the VCG analysis to a framework where agents obtain private information over time, focusing
on budget balancedness, and on individual rationality, respectively.

The assumption, used in most studies of dynamic mechanism design, that the designer knows
the (future) distribution of agents’ values is unlikely to be fulfilled in most applications. Whereas
this assumption is completely inconsequential in the static case, we show here that dropping it
and replacing it with the assumption that the designer continually updates his beliefs about this
distribution may lead to an impossibility of implementing the efficient allocation.

In a nut-shell, a necessary condition for extracting truthful information about values is the
monotonicity of the allocation rule: agents with higher values should not be worse-off than con-
temporaneous agents with lower values. This requirement, however, may not coincide with what
a dynamic efficient allocation stipulates: after observing a high value of a present agent, a "suf-
ficiently optimistic" designer wants to keep, say, a high quality object for future allocation since
he may expect even higher values in the future. In contrast, he may want to allocate the object
right now if the present agent’s value is lower, in which case the designer becomes "sufficiently
pessimistic" about the future. When it happens, this lack of monotonicity due to sufficiently fast
learning destroys incentive compatibility - the ability to extract truthful information from the
present agent - and the efficient assignment cannot be implemented. Implementation is possible
only if, roughly speaking, the belief updating process is not too fast, i.e., if the designer’s beliefs
do not change dramatically after each new observation.

We want to stress here that it is the combination of dynamic decision making and learning
that may prevent the implementation of the efficient allocation. This happens even if all valua-
tions are private because the externality imposed by a present agent on others becomes, via the
designer’s observation cum learning process, indirectly dependent on that agent’s information.
In other words, learning generates indirect informational externalities.

The above basic insight is both simple and general. In order not to obscure its simplicity,
we chose to present it in the lean and elegant dynamic assignment framework due to Derman,
Lieberman and Ross (9) (DLR hereafter). Our insight continues to play a role in much more
general models of dynamic mechanism design.

In the DLR model, a finite set of heterogenous, commonly ranked objects needs to be assigned
to a set of agents who arrive one at a time. After each arrival the designer needs to decide
which object (if any) to assign to the present agent. Using dynamic programming, DLR have
characterized the dynamically efficient policy in terms of cutoffs that, compared to the attribute
of the present agent, determine at each point in time which object this agent should get. In
their model both the attribute of the present agent (which determine his value for the various
available objects) and the future distribution of attributes are known to the designer. We first

show that the efficient policy characterized by these authors continues to be implementable



even if arriving agents have private information about their attributes. (Bayesian) learning
in the complete-information DLR model has been analyzed by Albright (2) who showed that
DLR’s qualitative results continue to hold also for the case where the social planner uses current
information in order to learn about the distribution of forthcoming agents’s types. In both these
papers, however, the agents do not act strategically, and hence the problem of implementability
does not arise. Our main results are presented in a model that adds both private information
about attributes and strategic behavior to Albright’s model.

In the DLR model with either complete information, or with private values and a known
distribution of types, the cutoffs (or reservation values) determining the dynamic efficient policy
turn out to be Markovian, i.e., they do not depend on the previous history in previous stages,
nor on the (reported) type of the currently arriving agent. In contrast, Albright’s model with
learning about the distribution of values exhibits history-dependent cutoffs. Their dependence
on the type of the agent who arrives at the current stage creates the implementation problem
discussed above, whenever these types are private information. If learning is not "too fast", it
is possible though to describe the efficient cutoffs in terms of fixed points that do not depend
on the type of the arriving agent, and efficient implementation becomes possible.

The extensive literature on search considered the optimal stopping problem faced by a deci-
sion maker who is confronted with a stream of price quotations generated from some unknown,
exogenous distribution!. In his seminal paper, Rothschild (28) derived sufficient conditions
for the optimal policy to satisfy the reservation price property®. A search policy satisfies the
reservation-price property if stopping search at any price would imply stopping the search also
at all more favorable prices. At each point in time, this reservation-price may depend on the
history of all observed offers, as in our model. The structure of Rothschild’s model (and of
many models in the large literature that followed) is different from ours in one main respect: the
price quotations are not generated by strategic agents, and thus there are no information reve-
lation problems, nor any incentive constraints®. Thus the monotonicity requirement behind the
reservation price property is not due to an explicit economic constraint, whereas monotonicity
is tightly related to incentive compatibility in our model.

In contrast to DLR, who focused on dynamic welfare maximization, there is an extensive

literature on dynamic revenue maximization in the field of Management and Operation Re-

'For an extensive survey of the classical search literature, see Lippman and McCall (20).
2Rothschild’s characterization is performed under the assumption that price quotations are derived from some

discrete distribution. Rosenfield and Shapiro (27) offer a generalization to continuous distributions.
See also Kohn and Shavel (19) who showed that the optimal decision whether to continue the search is always

characterized by the cutoff level of the best available offer.
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search?. The standard assumption in this strand of literature is that the distribution of agents’s
attributes (i.e., the demand function) is known. Riley and Zeckhauser (26) considered a sin-
gle object revenue-maximizing procedure where there is learning about the distribution of the
agents’ values. In their model, the optimal mechanism is a sequence of take-it-or-leave-it offers.
While this sequence can be either increasing or decreasing over time, Chen and Wang (6) showed
that the optimal sequence of the offers will decline over time if the possible distributions are
ranked in the hazard rate order. This happens because then each rejection shifts the seller’s
beliefs towards the lower distribution, i.e., the seller becomes more pessimistic.

As discussed above, our private values model exhibits indirect informational externalities
due to learning. Dasgupta and Maskin (2000) and Jehiel and Moldovanu (2001) have examined
both the possible extensions and limitations of the VCG analysis to static frameworks with
direct informational externalities, where the values of agents depend on information a-priori held
by others (theirs is a so-called framework with interdependent values). In particular, efficient
implementation - via generalized VCG mechanisms - is possible only if the private information is
one-dimensional and if a single-crossing condition holds. Even with a single privately informed
agent, efficient implementation is generically impossible if the private information is multi-
dimensional. Kittsteiner and Moldovanu (18) used these insights in a dynamic auction model
for queueing environments where agents have private information about own processing times.

We will show that the introduction of learning about the distribution of values in the dynamic
model with private values yields qualitative insights that parallel the case of direct informational
externalities in a dynamic model where the distribution of values is known. In particular, the
efficient policy can always be implemented if the designer is able to delay the necessary monetary
transfers after all observations about types have been made, analogously to insights developed
by Mezzetti (21) for the static case with interdependent values, and by Athey and Segal (3) for
a dynamic model where private information arrives over time.

Segal (29) analyzes revenue maximization in a static environment (i.e., all agents live si-
multaneously and there is one allocation decision to be made) with an unknown distribution
of the agents’ values. Although this paper deals with a private values environment, Segal ob-
serves that, analogously to what happens in our model, each agent has an informational effect
on others, since his/her disclosed types reveals also some information about the types of his
opponents. As a consequence, in the revenue maximizing procedure, the terms of trade for a
given agent will be affected by information conveyed by others. Since in Segal’s static private

values environment utilization of a standard VCG mechanism does not require any knowledge

*See the surveys by Bitran and Caldentey (5) and Elmaghraby and Keskinocak (10), and to the book by Talluri
and Van Ryzin (30). Gershkov and Moldovanu (12) explore the relationship between the revenue maximizing and

welfare maximizing policies.



about the joint distribution of values and therefore always leads to the efficient outcome, the
type of problems highlighted in our dynamic environment cannot occur there.

Finally, we would like to mention several other strands of the literature have emphasized
the trade-off between the maximization of current versus future profits in the presence of less
than perfect information. For example, optimal experimentation by a monopolist facing an
unknown demand was studied in Mirman, Samuelson and Urbano (22) in a model with two
periods, and by Keller and Rady (17) in the infinite horizon case. Since myopically maximizing
the current profit may not be the most informative strategy, in their models there is a trade-off
between immediate profit maximization and more intensive learning that may increase the future
profits®. For another, quite different example, consider the so-called ratchet effect analyzed by
Freixas, Guesnerie and Tirole (11) and Weitzman (31) among others: in a repeated principal-
agent interactions, leakage of private information in some period affects the optimal reward
scheme at future periods. Thus, the agent will strategically choose his present action in order

to manipulate the principal’s beliefs, allowing for future information rents.

The paper is organized as follows. In Section 2 we present a non-technical illustration of our
main idea. Section 3 describes the sequential assignment model and the various informational
scenarios that will be treated. In Section 4 we present the main result of Derman, Lieber-
man, Ross (9) concerning the efficient dynamic assignment under complete information about
presently arriving agents and under certainty about the distribution of types. In Section 4 we
show that the DLR solution can be implemented, via appropriate payments, also in a private
values framework with incomplete information about the types of arriving agents (while keeping
the assumption that the designer knows the distribution of types). In Section 5 we present
the main result of Albright (2) about the efficient dynamic assignment in a framework where
arriving types are observable (complete information), but where the designer does not know
the distribution of types. After each observation, the designer’s belief about that distribution
is updated. In Section 6, the main section, we show that the first best dynamic assignment
need not be implementable if there is both incomplete information about arriving types, and
learning about the distribution of types. We also offer several sufficient conditions under which
efficient implementation is possible, and illustrate these with examples using conjugate prior
families and Bayesian updating®. In Section 6.1 we show that the dynamic efficient assignment
can always be implemented if all payments to the designer can be delayed until the end of the

entire allocation process. In Section 7 we draw a parallel between the difficulties illustrated

>The problem of the single decision maker that has to make a sequence of decisions in an unknown environment
is also considered in Aghion et al. (1). Their main result displays conditions under which, eventually, the decision

maker adopts the correct decision.
5Our general treatment is not confined to Bayesian learning.



in the previous sections and those arising in a framework without learning but where arriving

agents have interdependent values. Section 8 concludes.

2 An Illustration

One object can be allocated to one of two agents that arrive sequentially, one per period. Each
agent derives utility from the object only if he gets it in the period of arrival. Valuations x;
and z9 are private and independently drawn from the interval [0,2] , according to a uniform
distribution. We call the "complete information case" the situation where the value of agents
becomes known to the designer upon arrival, while in the "incomplete information case" the
designer must first extract this information. For implementing allocations in the later case, we
assume that both physical and monetary transfers to an agent must be made "online" upon
arrival (i.e., they cannot be delayed and made contingent on information that may arrive at a
later point in time).

Assume first, as commonly done in the auction/mechanism design literature, that the de-
signer knows the distribution of values. The complete information dynamic efficient allocation
is very simple: allocate the object to the first arriving agent if z; > 1, and allocate the object
to the second agent otherwise (note that 1 is the expectation of the value for the second agent).
This allocation can be obviously implemented also in the incomplete information case by posting
a price of 1 in the first period, and a price of 0 in the second.

Assume now that the designer does not precisely know the distribution of values: with proba-
bility 0.5 he believes that the distribution is uniform on the interval [0, 1], while with probability
0.5 he believes that it is uniform on [1, 2]. Let us first compute the complete information efficient

dynamic allocation:

1. If the z; < 1, the designer updates his belief about x5 , and the posterior is that xo is
uniformly distributed on [0, 1]. Thus, the efficient allocation calls for assigning the object

to the first agent if z; > 0.5 , and to the second agent otherwise.

2. If the 1 > 1, the posterior is that x9 is uniformly distributed on [1,2]. Thus, the efficient
allocation calls for assigning the object to the first agent if 1 > 1.5, and to the second

agent otherwise.

3. If the object has not been allocated at the first stage, it is always assigned to the second

agent.

4. To conclude, the first agent should get the object if 1 € [0.5,1] U [1.5,2], and the second
agent should get the object otherwise. In particular, the set of types for which agent 1



should get the object is not convex.

Unfortunately, the complete information efficient allocation cannot be implemented in the
incomplete information case. To see that, assume that the designer makes a (possibly negative)
transfer of ¢1 to the first agent if this agent announces z; € [0.5,1] and a transfer of 71 if this

agent announces Zp € [1,1.5]. Implementability of the efficient allocation requires that:

x1+t; > 71 for any z1 € [0.5,1]

71 > x1+t; for any z; € [1,1.5]

While the first inequality implies t; > 71 —0.5, the second one implies t; < 71 —1.5. Together,
these inequalities yield 0.5 +¢; > 1.5 +t; < 0.5 > 1.5, a contradiction.

The problem is that the designer "learns too fast", i.e., the report of the first agent has a
very significant impact on the updating process of the designer’s belief. The information gained
through learning may be used to the detriment of the first agent who becomes then reluctant to
report truthfully.

Observe that the complete information efficient allocation can be implemented in the incom-
plete information case if the transfer to the first agent can be delayed until after the second

period. The following scheme does the job:

1. If z; € [0.5,1] the first agent gets the object and pays either 0.5 if 5 < 1 or 100 if Zy > 1

[\)

. If 71 € [1.5, 2] the first agent gets the object and pays either 1.5 if 5 > 1 or 100 if Zy < 1
3. If 1 € ]0,0.5] U [1,1.5] the first agent does not get the object and pays nothing.

4. If the object has not been allocated in the first stage it is assigned to the second agent

without any further transfers’.

In the above scheme, the second agent’s report serves as a check on the first agent’s report.
Since the first agent’s payment (which does not directly depend the agent’s own report) can be

delayed, it can be used as a punishment if a lie is subsequently detected.

3 The Model

There are m items and n agents. Each item i is characterized by a "type" p;, and each agent

J is characterized by a "type" x;. If an item with type p; > 0 is assigned to an agent with

"In this example, the second agent is always indifferent between lying and telling the truth, and we assume
that he tells the truth.



type x; then this agent enjoys a utility given by p;z;. Getting no item generates utility of zero.
The goal is to find an assignment that maximizes total welfare. In a static problem where all
types are given, it is well known (see Hardy, Littlewood and Polya, (15)) that total welfare is
maximized by assigning the item with the highest type to the agent with the highest type, the
item with the second highest type to the agent with the second highest type, and so on... This
assignment rule is called "assortative matching".

The main feature that makes the present problem interesting is the assumption that agents
arrive sequentially, one agent per period of time, and that each can only be served upon arrival,
i.e. there is no recall. Let period n denote the first period, period n — 1 denote the second
period, ...period 1 denote the last period. After an item is assigned, it cannot be reallocated in
the future. If m > n we can obviously discard the m — n worst items without welfare loss. If
m < n we can add "dummy" objects with p; = 0. Thus, we can assume w.l.o.g. that m = n.

While the items’ properties 0 < p; < ps... < p,,, are assumed to be known constants, the
agents’ properties are assumed to be independent and identically distributed random variables
X; on [0,400) with common c.d.f. F.

We consider below four distinct versions of the model. These differ in the respective under-

lying informational assumptions:

1. Complete Information: Arriving agents know their type, and this type is also observable
by the designer at the time of arrival. There is uncertainty about the future (represented

by the known distribution of types F').

2. Incomplete Information: Arriving agents know their type, but this is not observable
by the designer. Thus, he/she may need to spend some resources in order to extract
information about types (i.e, some information rents are left to the agents). This yields a

standard private values models with independent types.

3. Complete Information 4+ Learning: Agents know their type and the type is also
observable by the designer at arrival times. But, the distribution from which the types
are sampled, F', is unknown. At stage n, the belief about F' is originally described by
a prior distribution & = &,,, which is then updated as successive types are observed.
The posterior belief about the distribution of types after observing types x,..., T, is
given by ®,,_1 (zp,...,Tm). For any possible belief, we assume that the implied marginal

distribution of types has a finite mean.

4. Incomplete Information 4+ Learning: Agents know their type, but the type is not

observable by the designer, and resources are needed to extract information about these.



Moreover, the distribution from which the types are sampled is unknown. The beliefs

about this distribution evolve as described above.

4 Dynamic Efficiency under Complete Information

Derman, Lieberman and Ross (9) have characterized the allocation policy that maximizes the
total expected welfare in the complete-information model. Their main results are summarized

in the Theorem below:
Theorem 1 (DLR, 1972)

1. Consider the arrival of an agent with type x in period k > 1. There exist constants 0 =
apr < apg < agg... < app = 00 such that the efficient sequential policy - that maximizes
the expected value of the total reward - assigns the item with the i — th smallest type if x €

(@i—1,k, air). The constants a; ) depend on the distribution F' but not on the p's8

2. Each a; ) equals the expected value of the agent’s type to whom the item with i —th smallest
type is assigned in a problem with k — 1 periods. These constants can be calculated by the

following recursive formulae:
Ak
A k41 = / .’L‘dF(SC) + ai,l,kF(ai,l,k) + ai,k[l — F(ai7k)] (1)
ai—1,k

where we set +00-0= —00-0=0.

3. In a problem with n periods and with items types 0 < p1 < p2 < ... < p, , total expected

welfare is given by Y i | PiGin+1-

Note that the complete information efficient dynamic policy - called first best - is history
independent: the efficient cutoffs at any stage k are not affected by previous decisions nor by

previous reports.

5 Dynamic Efficiency under Incomplete Information

This section analyses the case where the designer cannot observe arriving types, but knows the
distribution F' from which types are drawn. We start with the characterization of the set of

implementable allocations.

8The basic form of the optimal policy remains the same for any supermodular reward function. But then the

constants a; ; depend on the p's.
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Without loss of generality, we restrict attention to direct mechanisms where every agent,
upon arrival, reports his characteristic z; and where the mechanism specifies an allocation (which
item, if any, the agent gets) and a payment. Both physical allocation and payment at period
k may, in principle, depend on the signals previously observed. Let the history at period k,
Hj, € [0,00)" %1 be the ordered set of all signals reported by the agents that arrived at
periods 7, ...,k +1.° An allocation policy is called deterministic if, at any period k, and for any
possible type of the agent that arrives at k it applies a non-random allocation rule.

Denote by ¢, : Hy x [0,00) x I, — I} a deterministic allocation policy for period k, where
I1j, is the set of available objects at k, and denote by qx : Hy X [0,00) x II — R the associated
payment rule. Note that the cardinality of set Il is k.

The next Proposition shows that a deterministic allocation policy is implementable if and

only if, at each stage, it is based on a partition of the agents’ type space.

Proposition 2 Assume that p; # p; for any pj,p € I, 7 # 1. A deterministic policy ¢y,
is implementable if and only if there exist k + 1 functions 0 = yom, (Hi) < yim, (Hg) <
Yo, (Hi) < - < g, (Hg) = oo, such that z; € (yj—1,1m, (Hi),yjn, (Hi)) = ép (Hg, 2, ) =
p(j) where p(;) denotes the j’th lowest element of the set 1.1 Moreover, the associated payment

scheme must satisfy qr (Hy, vy, 1x) = qr (Hy, Tk, Ug) if ¢ (Hy, o1, ) = ¢ (Hy, 73, Hg).

Proof. = If two reports lead to the same physical allocation, then, in any incentive compat-
ible mechanism, the associated payments should be the same as well. A direct mechanism is
equivalent here to a mechanism where the arriving agent at period k chooses an object and a
payment from a menu (p;, Qj)?:y For any history Hy, if some type xj, prefers the pair (pm, ¢m)
over any other pair (p;,q;) with p,, > p;, then any type zx > xj also prefers (pp,qm) over
(p1,q)- Similarly, if some type xj prefers (pm,qm) over (p;,q) with p,, < p; then any type
T < xp also prefers (pm,qm) over (p;,q;). These observations allow us to conclude that an
implementable policy must partition the set of the agents’ reported types as in the Proposition’s
statement. Otherwise, there exist k, Hy, Il and Zj; > xp > xj such that ¢, (Hy, 7y, ;) =
o (Hk,%, Hk) # ¢ (Hy, x, ). Assume first that ¢, (Hy, Tg, Hg) > ¢y (Hg, g, ). Since
type xy prefers (¢, (Hy, xr, i) , qx (Hy, z, 1)) over (¢, (Hy, T, i) , gk (Hg, Tg, Il ) ), the same
should hold also for type xj, a contradiction to incentive compatibility. Assume next that
¢r, (Hp, 2, 1) < oy (Hy, w, 1y,). Since type xy prefers (¢, (Hg, x, x) , qr (Hg, x5, Ij)) over
((bk (Hk,%, Hk) s qk (Hk,%, Hk)), the same should hold also for type Ty, which yields again a

contradiction.

9The history should also include also the set of the past decisions. Since the set of the present available objects

contains all the relevant information, we omit this part for notational simplicity.
0Types at the boundary between two intervals can be assigned to either one of the neighboring elements of

the partition. That is p; (yim, (Hr+1),1:) € {pi,pit1}, 1=1,2,.,k— 1.

11



That is, an agent who arrives at time k gets object p(,,) if he reports a type contained in the in-
terval (Ym—111, (Hg) , Ym,11, (Hk)). Moreover, if zy > xy, then ¢, (Hy, T, i) > ¢y, (Hi, zg, ).
A similar argument shows that ¢, (Hy, yim, (Hi), 1) € {p(i),p(iﬂ)} for i € {1,2,...,k}.

<= The proof is constructive. Given a partition-based allocation policy, we design a payment
scheme ¢; that, for any j € {1,...,k}, will induce type z € (yj—1,m, (Hg),y;mn, (H)] to choose
the object with type p(;). Without loss of generality, we assume that an agent who is indifferent
between two best price-quality pairs in the menu (pj, qj)?zl chooses the object with lower type
among the two. Consider then the following payment scheme

J
¢ (Hp, 2, Tk) = > (p() = Pli—1))¥i-1.1m, (Hi) - (2)
i=2
for xy, € (yj—1m, (Hi),yjm, (Hg)| and ¢ (Hg, zx, 1) = 0. Note that type =y = y;m, (Hg) is
indifferent between (p(j),qj) and (p(j+1),qj+1). Moreover, any type above y;, (Hy) prefers
(p(j+1),qj+1) over (p(j),qj), while any type below, prefers (p(j),qj) over (p(j+1),qj+1). There-
fore, any type xy € (yjm, (Hr),yj+1,m, (H)] prefers (p(ji1), gj+1) over any other pairs in the
menu.!! m

We assumed above that the inventory available at k contains only objects with distinct types.
If there are some identical objects, there exist other implementable policies that do not take the
form of partitions. But, for each such policy, there exists another implementable policy that
is based on a partition, and that generates the same expected utility for all agents and for the
designer.

Together with the partition-based characterization of Theorem 1, Proposition 2 shows that

incomplete information per-se is not an obstacle towards achieving first-best dynamic efficiency.

Corollary 3 The first-best policy is implementable also under incomplete information.

6 Dynamic Efficiency under Complete Information and Learn-
ing

In this section we address the dynamic welfare maximization problem where the types of arriving
agents are observable, but where the distribution of types is unknown. In this framework, each
observation of an agent’s type reveals some information about the distribution of future agents’

types. This information can be used to improve the forecast of types arriving at later stages,

"' The payment given in (2) is not the only one implementing the partition 0 < y1m, (Hx) < yo,m, (Hg) <
-+ < yp, (Hr) = co. Adding to the payment any function that does not depend on the reported type of the
agent will not change the implemented partition. However, in any individually rational mechanism ¢; should be

non-positive.
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and thus to improve the decision making in the present period where one needs to assess and
compare present and option values.
The next result extends the complete information insight of Derman, Lieberman and Ross

(9) to the setup with learning:
Theorem 4 (Albright, 1977)

1. Assume that types xn, .., Tp+1 have been observed, and consider the arrival of an agent with
type . in period k > 1. There exist functions 0 = ag  (Pr—1(Hy, z1)) < a1k (Pr—1(Hg, 1))
ag (Pr—1(Hg,x)) ... < apr (Pr—1(Hy,xr)) = 00 such that the efficient dynamic pol-
icy - which mazimizes the expected value of the total reward - assigns the item with the
i — th smallest type if x € (ai—1k (Pr—1(Hg, k), @ik (Pr—1(Hk,xr))]. The constants
a;j (Pr—1(Hg, zr)) do not depend on the p's.

IN

2. EBach a; j11 (Pr(Hit1,Tr4+1)) equals the expected value of the agent’s type to which the item
with i — th smallest type is assigned in a problem with k periods before the period k signal

is observed. These constants are related to each other by the following recursive formulae:

aikr1 (Pr(Her1, Trr1)) Z/A. zdG () (3)

[ e @ (o) G @) + [ a (@ (Hy o) dG(a)
Aiyk Ai,k
where G is the distribution of the X ’s which is derived from the current posterior ®p(H, Tr11),
and where A; , = {7 : 2 < a; 1k (Pr—1(Hg, 7))},

A=Az a1 (Pr—1(Hy, 1)) <z < g (Pp—1(Hg, v1))} and
Aip={z 2> a;} (Pp_1(Hy,zp))}. 12

In contrast to the case where the distribution of types is known, the first-best policy is
now history dependent because every past observation affects the designer’s beliefs about the
characteristics of forthcoming agents.

As was noted by Albright, the actual calculation of the cutoffs is generally quite difficult.
The next example illustrates the Theorem’s result for a distribution of types that is uniform on
the interval [0, W], where the upper bound W is unknown. We assume that the designer’s prior
over W is a Pareto distribution. Note that the family of Pareto distributions is the conjugate

prior family to the uniform distribution with an unknown upper bound.!?

12We set 4000 = —00-0 = 0.
13Given Bayesian updating of beliefs, a class of prior probabilities is said to be conjugate if it is closed under

sampling.
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Example 5 The agents’ types distribute uniformly on the interval [0, W], but W is unknown.
The designer is endowed with a prior belief about the parameter W that is given by a Pareto
distribution, P(«, R) with parameters o, R , where o > 1. That is, the density of the prior is
given by:
2l if W>R

{ 0 otherwise
By the defining property of conjugate families, after observing agents’ types Ty, .., Tm, the de-
signer’s beliefs about W will still be described by a Pareto distribution, but with updated para-
meters o (Tp, .., Tm) and R (Ty, .., Tm).

Assume that at the penultimate period, k = 2, the parameters of the Pareto distribution are
a(Zp,..,x3) = ag and R (zy,..,x3) = Re. If at that period an agent with type xo arrives, and if
there are two available objects with types, p1 < pa, the efficient allocation is to assign the object
with type py whenever xo > E [X1]|X9 = x3]. The expected value of the type at period 1 (which
coincides with the efficient cutoff at period 2) is given by

as +1
a19(z2) = E[X1|Xa = 9] = —

max{ Rz, z2}

The next figure plots the efficient cutoff a1 2(x2) (solid line) and the type of the agent arriving
in period 2 (dashed line) for values Ry =1 and o = 2.

0 + f + f + f ' f + {
0 1 2 3 4
X2
Note that ag > 1 implies a;{;;l < 1, and thus the unique solution to the equation 0‘22(;21 max {Rg, x} =
T is xt = 0‘227";1]%2. Therefore, the efficient allocation rule can be described as follows: if the

agent’s type is above O;?TJZIRQ, he gets the object pa; otherwise, he gets p;.
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We now proceed to stage k = 3. Assume that the agent that arrives at this stage has a type

of x3. Similar computations to the above yield the following efficient allocation rule:

1. The agents gets the object with characteristic ps if and only if

az+2 1 1
> = R Qw8 9T 5
T3 = a3 (J,‘g) maX{ 3)x3} <80£3 +8 + 2 T 2053)

2. He gets the object with characteristic py if and only if

a3 + 2 1
x < aj3(x3) =max{R3,x3} (sz—FS + 2043)

3. He gets the object pa otherwise.

Finally, the updating rule is ag = ag + 1 and Ry = max {R3,x3}.

7 The Trade-off between Dynamic Efficiency and Learning un-

der Incomplete Information

In an exact parallel to our analysis of complete information first-best policy characterized by
Derman, Lieberman and Ross (see Theorem 1 and Corollary3) we now ask whether it is possible
to implement the first best policy with learning, described in Theorem 4, when we add incomplete
information.

Although history dependent allocation rules were not necessary for the implementation of
the first best policy without learning, recall that the general implementation result, Proposition
2, allowed for such rules. Moreover, recall that its proof used only the incentive compatibility
constraints of the currently arriving agent. Therefore, an analogous result holds even if the

distribution of agents’ types is unknown, and if learning takes place:

Proposition 6 Assume that p; # p; for any pj,p € I, 7 # 1. A deterministic policy ¢y
is implementable if and only if there exist k + 1 functions 0 = yom, (Hir) < yim, (Hg) <
Yo, (Hi) < -+ < ypm, (Hi) = o0, such that x; € (yj—1nm, (Hi),yjn, (Hi)) = é5 (H, 24, y) =
p(j) where p(;) denotes the j’th lowest element of the set II,.'4 Moreover, the associated payment

scheme must satisfy qr (Hy, v¢, 1x) = qr (Hy, Tk, Ug) if ¢ (Hy, 21, ) = ¢ (Hy, 73, Hg).

Y Types at the boundary between two intervals can be assigned to either one of the neighboring elements of
the partition. That is p; (yi,m, (Hr),:) € {pi,piv1}, 1 =10,2,.,k — 1.
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Proof. The proof is similar to the proof of Proposition 2 and it is omitted here!®. m

Roughly speaking, an implementable policy may use the current information revealed by
the period k agent only to determine the allocation at all future stages. But, in marked contrast
to the case with a known distribution, Theorem 4 shows that, at stage k, the efficient policy is
described in terms of cutoffs that generally depend on the type of the agent arriving at k. As
we shall see below, it is this feature that generates problems when trying to extract information
from this agent, and hence when trying to implement the first-best policy. The crucial question
is whether we can alternatively describe the efficient policy at any stage k in terms of cutoffs
that are independent of the type of the agent arriving at k- such a description will involve the
existence of certain fixed points (recall the construction of the optimal policy for stage k = 2 in
Example 5).

It is interesting to note here that Morgan (23) focused on the existence of fixed points that
do not depend on current information for the determination of the reservation value function
in an optimal search model with learning. His analysis was conducted under the assumption of
complete information, and the goal of his exercise was to find simpler ex-ante calculable formulas
for probabilities of search duration and for the expected value of search.

Out next Theorem exhibits a necessary and sufficient condition for the implementability
of the first-best policy in the incomplete-information + learning framework, and an additional

sufficient condition that can be easily checked in applications:

Theorem 7 1) Consider the first-best policy (which takes into account learning), characterized
in Theorem 4. This policy is implementable if and only if for any period k, for any object p;,
and for any belief ®y_1(Hy, xy), the set

Aip ={zg s aim15 (Pp—1Hy, xr)) < o < a4 (Pp—1(Hg, xx))} is convex (i.e., it is an inter-
val)

2) Assume that for any k , and for any i € {0, .., k}, the cutoff a;p (Pr_, (Hy,zx)) is differ-
entiable with respect to the signal of the agent arriving at k, and assume that for any xy, it holds
that

(;zkai,k (Pr—1(Hg, 1)) < 1,
Then, there exist constants 0 = ag, (Hy) < aj; (Hg) < a3y (Hg) ... < ag; (Hg) = oo that do

not depend on xy such that for any i € {1,...,k}

vk € (ai—1k (Pr—1(Hr, 2k)) , @ik (Pr—1(Hr, 21))] = 21 € (a7_1 1 (Hi) , a7y (Hy)]-

In particular, the first-best policy can be implemented also under incomplete information.

5For the case of several identical objects see the remark after Proposition 2.
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Proof. Recall from Theorem 4 that the current agent k should get the object with characteristic
p; if and only if his type belongs to the set

Aie = {op a1k (Pr—1(Hr,2r)) < 2 < @ (Pr—1(Hy, 1))} -

The first claim follows then immediately from Proposition 6.

For the second part, recall that a; ; (®r—1(Hp, xx)) equals the expected value of the agent’s
type to which the item with i-th smallest type is assigned. This yields a;j (®r—1(Hg,zx)) > 0
for any 4, k and any posterior ®;_1. The inequality

%%k (Pr_1(Hg,x)) < 1 implies then that the equation
= a; (Pr—1 (Hy,x))

has a unique solution, which we denote by a; (Hp). From Theorem 4 we know that a; i (®Pr—1(Hg, xx)) >
ai—1k (Pr—1(Hg, x)), which, in turn, implies that a; (Hg) > aiyp, (Hy). Therefore, the set
k
{a: w (H, k)} . partitions agent’s k type space. Moreover, by definition, the cutoffs in this set are
I l:
independent of agent’s k type. Finally, if 3, > a;—1 1 (®Pr—1(Hk, zx)), the definition of a}_, , (Hy)
implies that x > a’ ;. (Hy), and xj, < a;  (Pr—1(Hg, xx)) implies xy, < af . (Hy). Therefore,

rp € (ai—1p (Pp—1(Hg, 1)) @ik (L1 (Hy, 21))] = 2 € (a7_1 5, (Hg) , af y (Hy)]-

If the cutoffs a; i (Pr—_1(Hp,x)) are only slightly affected by the information conveyed by
the signal xj, (which means that the current optimal allocation doesn’t significantly react to new
information, and that learning is a gradual) then the efficient allocation can be implemented.
Recall that in the limiting case of no learning - where we know that the efficient allocation
is implementable - we have %ai,k(q)k—l) = 0 . An example in the Appendix shows that
differentiability and %ai’k (Pr—1) < 1 are only the sufficient but not necessary conditions.

We present below two examples of distributions where the resulting sets A; ; are convex.

Hence the above Theorem implies that the first-best policy is implementable in both cases.
Example 8 (Albright 1977)

1. The agents’ types distribute uniformly with support [w, W], but the bounds w and W are
unknown. The conjugate prior family is the Bivariate Pareto distribution with parameters

a, r, R, and with density

(W_w)cx+l

aletl)(f-n)” if W>R and w<r
0 otherwise
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The efficient cutoffs for period k are given by a; i, (Pr—1) = % + %b@n (ag) where
bin(ar) = ajf (Pp—1) with 1, = —1, Ry = 1 and o = ay. The updating rule for the
hyperparameters of the distribution of (w, W) is as follows:

ap = apyr1+1
ry = min{x, 71}
Ry = max{x, Rgi1}

2. The agents’ types distribute according to a Gamma distribution Gamma (o, 5) with un-
known inverse scale (or rate) parameter 3. The conjugate family for for this case is of
the form Gamma (7,0). The efficient cutoffs for period k are given by a;j (Pr_1) =
Okbim (Vg, i), where by (ar) = a; ) (Pr—1) for 6 =1, and v = v,. The updating rule for
the hyperparameters for the distribution of B is

Ve = Vip1 Tt o
0y = Okp1+x.

Our next result considers a simple but structurally important case where the first-best policy

has a very special structure, and therefore can be always implemented:

Proposition 9 Assume that p1 < ps < ..p,, and assume that, for any sequence of arriving types,
the sequence of beliefs ® = @, ®,,_1, .., P1 induce successive marginal distributions of types that
form a submartingale (supermartingale). Then, the complete information, dynamically efficient
policy is to allocate the items successively in ascending (descending) order of types: p1, p2,..pn

(Pn, Pn-1,--,p1)- These policies are implementable using type-independent transfers'®.

Proof. The simple form of the efficient policies follows by Theorem 2 of Derman, Lieberman
and Ross (1972). The second claim follows trivially since no information needs to be extracted
from the agents in order to implement these policies. =

The entire above analysis has assumed that the agents’ types are independently distributed.
Qualitatively similar dynamic implementation problems occur if types are correlated, even if the

distribution of types is known - see also Section 8 below.

7.1 Delayed Mechanisms

As we showed in the illustration (see Section 2), the ability to delay payments until all relevant
information has been revealed allows much more flexibility. This contrasts the insight for inde-
pendent private values frameworks without learning where delaying payments does not improve

the ability to achieve efficient outcomes (see Parkes and Singh (24)).

YSTf the induced sequence is a martingale, then any allocation policy is efficient and implementable.
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Assume now that the designer still needs to allocates the objects upon arrival, but that he is
able to delay payments until the end of stage one (which is the last stage). Consider the following
mechanism: upon arrival, agents report their types, and objects are assigned according to the
first-best allocation policy described in Theorem 4. If agent k gets object p(j;), j > 2 he pays
Z?ZQ(p(Z-) — p(i_l)):v(i_l) where z(q), .., T(,) represent the order set of the revealed types, which
is fully known at the end of stage one, and if gets object p(;) he pays zero. It is easy to see that

reporting truthfully is an equilibrium. Thus, we have proved!”:

Proposition 10 If payments can be delayed until no more arrivals occur, it is always possible

to implement the first-best allocation policy.

Although theoretically appealing, a delayed scheme such as the one above may be problematic

in real-life situations where arrivals are separated by significant periods of time because:

1. The first arriving agents may not even "exist" anymore when the later ones arrive.

2. The last agent’s signal has no effect on his own allocation (both physical and monetary),
but it does influence the payments of all preceding agents. It is not clear what are the
incentives of this agent to report truthfully'®. Moreover, this feature is conducive to col-
lusive agreements, and more significantly so than in static frameworks where the colluders
need to jointly solve both a physical and a monetary allocation problem under two-sided

incomplete information.

3. It seems difficult both to write contracts that cover numerous contigencies that may occur
in a distant, uncertain future, and to execute monetary payments based on events that

may not be verifiable any more since they lie in the distant past.

8 Sequential Assignment with Interdependent Values

In this Section we very briefly describe a simple variation of Derman-Lieberman-Ross basic
model (without any learning) where agents have interdependent types. Our goal is to show that
this model exhibits, both conceptually and technically, the same problems/possible solutions as
those encountered in the incomplete information + learning framework analyzed above.

We will show how interdependence in types leads to history dependent optimal partitions,
and we exhibit the necessary mechanism adjustments needed to implement the welfare maxi-

mizing allocation in the sequential arrival model with incomplete information. As above, not

17An analogous result for a much more general model has been proven by Athey and Segal (3) - see their

Proposition 1.
¥See also Mezzetti (21).
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all incentive-compatible mechanisms can be replicated by "online" mechanisms where monetary
transfers need to be simultaneous to physical allocations.

A general formulation is to assume that the type (or value) of the agent arriving in period
k, is a certain function of the types of all other agents. The types of agents arriving at later
stages cannot be observed at stage k, and they do not influence the analysis: one computes
the expected value over all these signals, and uses that value for allocation decisions at stage
k. Thus, only signals of agents arriving before period k are of interest. We choose below the
simplest formulation for our purposes: if the agent who arrives at stage k£ has type x; and if
he gets an object with type p;, then his utility is given by p;vr, where vy = x + axgi1 , where
ZTx11 is the type of the agent that arrived at the previous stage k + 1, and where a > 0. Thus,
the agent arriving in period k cares only about his own signal and the signal of the agent who

arrived one period earlier.

Proposition 11 1. Assume that the values of the agents in period n,m — 1,...k + 1 were
UnyUn—1, -, Vkt1, and consider the arrival of an agent with value vy (or type xp = v —
axpy1) in period k > 1. There exist functions —oo = ag (vi) < a1 k(vk) < agp(vg)... <
agk(vg) = oo such that the efficient sequential policy assigns the item with the i—th remain-
ing smallest type if vy € (a;—1 k(vk), aik(vk)]. These functions depend on the distribution
of agents’ types F, but not on the p's.

2. Denote by c; (vy) the i-th lowest term in the set {{aiyk(vk)};:ll ,Uk}. Then the expected

utility from stage k onward is given by
k

Zp(i)ci,k (vk)

i=1
where p(;) denotes the i—th lowest available object.

3. Assume that a < 1. Then, for each i, and for each vy, vp—1, .., Vky1, the equation a; (vy) =

v has a unique solution, denoted by a} ;. = af . (Vn, Vn—1, .., Vg41)-
4. The efficient assignment is implementable if o < 1.

Proof. 1-2. The proof is by induction. The claims are correct for £k = 1. Suppose that the
claims are correct if there are still m stages to go. Then, at the previous stage (m + 1), the
expected utility from allocating the item with type p(;) to the current agent is given by:

Jj—1 m+1

P@)Vm+1 + E:vmzp(i)ci,m (vm) + Exg,, Z P(i)Ci—1,m (Vm)
=1 i=j+1
Jj—1 m+1

- p(j)'Um+1 + Zp(i)EmmCi,m (/l}m> + Z p(i)E{Emci—l,m (Um)
i=1 1=j+1
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Letting a; m+1 (Vm+1) = Eu,,Ci,m () and applying the well known theorem (due to Hardy)
about the optimality of assortative matching completes the proof, as in the standard private
values problem (see Theorem 1).

3-4. By the above claims, a; (vy) represents the stage k value expectation for the agent that
will be assigned in the future to the remaining item with the i—lowest type. We now calculate
the derivative %ivk). If the remaining item with the i—lowest type will be allocated in stages
k— 2,k —3,..1, the value of the respective agent does not depend on v, and the contribution
of these terms to the derivative is thus zero. The remaining item with the i—lowest type will

be allocated in stage k — 1 with probability [F(a;k—1(vk—1)) — F(ai—1k—1(vk—1))]. Note that

U1 = Tp1 + ax), = Tp_1 + v — a2zp4q, and hence 5L = o Together, these observations
yield:

da; k(v

21@56) = a[F(ajr-1(vk-1)) — Fai-1k-1(vk-1))] < 1

We obtain that the equation a; ;(vy) = vy has a unique solution. The rest of the proof follows
as in Theorem 7. In particular, consider for each period k the following system of prices, one

for each the remaining k objects:

kK _
o
tay = (Pe) — Pyt

- .
t](cj) =30 (pl&ﬂ) *p](ci))ai,k

t]fk:) =Y (plfi+1) - p](ci))a’;'k,k
Faced with the above menu of prices, each arriving agent truthfully reveals his type, and the
complete information efficient sequential assignment is implemented. =
The above construction extends the logic behind dynamic VCG mechanisms to models with
interdependent values. The insight behind the extension parallels the one used for the construc-
tion of generalized VCG mechanisms for static environments with one-dimensional signals and

interdependent values (see for example Dasgupta and Maskin(8) and Jehiel and Moldovanu(16))

9 Conclusion

We have analyzed the conditions under which an efficient allocation of resources is implementable
in a dynamic private values setting where the designer gradually learns about the distribution
of agents’ values. Learning by the designer generates indirect informational externalities which
may destroy the incentives for truthful revelation. Efficient implementation is possible only if

the belief updating process is not too fast, i.e.,the designer’s beliefs do not dramatically change
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after each new observation. Analogous phenomena occur in a model where the designer is
completely informed about the distribution of the agents’ values, but these are interdependent.
In particular, we can use an insight from that theory (see Jehiel and Moldovanu (16)) to conclude
that dynamic efficient implementation is generically impossible in the model with learning if
values are private and if agents’ signals are multidimensional. Thus, inefficiency is the rule in
the general dynamic model with arbitrarily heterogenous objects unless, for each object, the
decision over its assignment can be separated from the assignment decisions over other objects.

Theoretically, it is always possible to implement the efficient policy if the designer is able to
delay the necessary monetary transfers after all allocation decisions have been made!”. Thus,
for applications, it is important to single out the frameworks where such schemes are feasible

and robust.

10 Appendix

The example below shows that the sufficient condition on derivatives in Theorem 7 is not nec-

essary.

Example 12 (Example 5 continued) The agents’ types distribute uniformly on [0, W], with
W unknown. The designer has a prior belief about W given by a Pareto distribution, P(a, R)
with parameters o, R , where o« > 1. Let k = 3, and assume that the current hyperparameters
of the Pareto distribution describing the current belief about the upper bound W are R3 =1 and
asz = 1.1. The efficient allocation is described by the following type-dependent cutoffs

2 1 1

a23(®y) = max{Rs, s} (% 5+ 2a3) = 1.1391 max {1, 23}
2 1

a3 (CI’Q) = maXx {R3,$3} (m + 20@) = 0.77max{1,:c3}

The above cutoffs are not everywhere differentiable in xs3, and 8%3@,3 (®2) > 1 for xzg > 1.
Nevertheless, as the next figure illustrates, there do exist type-independent cutoffs that induce

the same allocation (hence allowing first-best implementation).

Y9 The computer science literature distinguishes between "online" and "offline" mechanisms. Delaying payments

is possible in the latter form.
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5
X

In this case, the agent that arrives at period k = 3 should never gets the object with characteristic
p3, because a high type of that agent induces the belief that subsequent agents will have even
higher types. The agent gets object pa if his type is above 0.77, and gets object p1 otherwise. The

payment scheme that induces truthful revelation is

B 0 if = €[0,0.77]
i 0.77 (pa — 1) if &> 0.77
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